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DERIVATION OF LINEARISED POLYCRYSTALS FROM A 2D
SYSTEM OF EDGE DISLOCATIONS
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ABSTRACT. In this paper we show the emergence of polycrystalline structures as a
result of elastic energy minimisation. For this purpose, we introduce a variational
model for two-dimensional systems of edge dislocations, within the so-called core
radius approach, and we derive the I'-limit of the elastic energy functional as the
lattice space tends to zero.

In the energy regime under investigation, the symmetric and skew part of the
strain become decoupled in the limit, the dislocation measure being the curl of
the skew part of the strain. The limit energy is given by the sum of a plastic
term, acting on the dislocation density, and an elastic term, which depends on
the symmetric strains. Minimisers under suitable boundary conditions are piece-
wise constant antisymmetric strain fields, representing in our model a polycrystal
whose grains are mutually rotated by infinitesimal angles.
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FIGURE 1. Section of an iron-carbon alloy. The darker regions are single

crystal grains separated by grain boundaries represented by lighter lines
(source [20], licensed under CC BY-NC-SA 2.0 UK).

1. INTRODUCTION

Many solids in nature exhibit a polycrystalline structure. A single phase polycrystal is
formed by many individual crystal grains, having the same underlying periodic atomic
structure, but rotated with respect to each other. The region that separates two grains
with different orientation is called grain boundary. Since the grains are mutually rotated,
the periodic crystalline structure is disrupted at grain boundaries. As a consequence, grain
boundaries are regions where dislocations occur, inducing high energy concentration.

Polycrystalline structures, which a priori may seem energetically not convenient, arise
from the crystallisation of a melt. As the temperature decreases, crystallisation starts
from a number of points within the melt. These single grains grow until they meet.
Since their orientation is generally different, the grains are not able to arrange in a single
crystal and grain boundaries appear as local minimizers of the energy, in fact as metastable
configurations. After crystallisation there is a grain growth phase, when the solid tries
to minimise the energy by reducing the boundary area. This process happens by atomic
diffusion within the material, and it is thermally activated (see [12, Ch 5.7], [I9]). On a
mesoscopic scale a polycrystal resembles the structure in Figure [T}

Our purpose is to describe, and to some extent to predict, polycrystalline structures by
variational principles. To this end, we first derive by I'-convergence, as the lattice spacing
tends to zero, a total energy functional depending on the strain and on the dislocation
density. Then, we focus on the ground states of such energy, neglecting the fundamental
mechanisms driving the formation and evolution of grain boundaries. The main feature
of the model proposed in this paper is that grain boundaries and the corresponding
grain orientations are not introduced as internal variables of the energy; in fact, they
spontaneously arise as a result of the only energy minimisation under suitable boundary
conditions.
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FIGURE 2. Left: schematic picture of two grains mutually rotated by an
angle 6. Centre: schematic picture of a SATGB. The two grains are joined
together and the lattice misfit is accommodated by an array of edge dis-
locations spaced § apart and represented by red dots (pictures after [16]).
Right: HRTEM of a SATGB in silicon. The green lines represent rows of
atoms ending within the crystal. Their end points inside the crystal are
edge dislocations, which correspond to the red atoms in the central picture.
The blue lines show the mutual rotation between the grains (image from [9,
Section 7.2.2| with permission of the author H. Foell).

Let us introduce our model by first discussing the case of two dimensional small angle
tilt grain boundaries (from now on abbreviated to SATGB). The atomic structure of
SATGBs is well understood (see, for example, [12, Ch 3.4], [17]). In fact, the lattice
mismatch between two grains mutually tilted by a small angle # is accommodated by a
single array of edge dislocations at the grain boundary, evenly spaced at distance § ~ /0,
where ¢ represents the atomic lattice spacing. Therefore, the number of dislocations at a
SATGB is of the order /= (see Figure [2)). The elastic energy of a SATGB is given by the
celebrated Read-Shockley formula introduced in [17]

(1) Elastic Energy = Eqf(A + |log¥|),

where Fy and A are positive constants depending only on the material. Recently Lau-
teri and Luckhaus in [14], starting from a nonlinear elastic energy, proved compactness
properties and energy bounds in agreement with the Read-Shockley formula.

In thiinputs paper we focus on lower energy regimes, deriving by I'-convergence, as the
lattice spacing ¢ — 0 and the number of dislocations N. — oo, a certain limit energy
functional F that can be regarded as a linearised version of the Read-Shockley formula.
We work in the setting of linearised planar elasticity as introduced in [I0] and in particular
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we require good separation of the dislocation cores. Such good separation hypothesis will
in turn imply that the number of dislocations at grain boundaries is of the order

(2) N, <« g )
As a consequence, we cannot allow a number of dislocations sufficient to accommodate
small rotations # between grains, but rather we can have rotations by an infinitesimal
angle  ~ 0, that is, antisymmetric matrices. In this respect our analysis represents the
linearised counterpart of the Read-Shockley formula: grains are micro-rotated by infini-
tesimal angles and the corresponding ground states can be seen as linearised polycrystals,
whose energy is linear with respect to the number of dislocations at grain boundaries.
We now briefly introduce the setting of our problem following [10]. In linearised planar
elasticity, the reference configuration is a bounded domain  C R2, representing a
horizontal section of an infinite cylindrical crystal €2 x R. A displacement is a regular
map u: 2 — R? and the stored energy density W: M?*? — [0, +00) is defined by

1
W(F) := §CF F,
where C is a fourth order stress tensor that satisfies
cHFY™? < CF: F < c|[FY™* for every F € M*?.

Here ™ := (F + FT)/2 and c is some positive constant. The energy density W acts on
gradient strain fields § := Vu and the elastic energy induced by 5 is defined as

/Q W(8)dz.

Following the semi-discrete dislocation model (see 3,7, [10]), dislocations are introduced
as point defects of the strain §. More specifically, a straight dislocation line vy orthogonal
to the cross section {2 is identified with the point xqg = v N Q2. We then require

(3) Curl B = € by, ,

in the sense of distributions. Here & := ({1, &,0) is the Burgers vector, orthogonal to -,
so that (7,&) defines an edge dislocation. Therefore, with the identification above, also
(w0, &) represents an edge dislocation (see Figure . It is immediate to check that
implies
/ W(B)dxzclogg, for every o >¢e¢>0.
Bo (20)\Be (z0) €

From the above inequality we deduce that, as € — 0, the energy diverges logarithmically
in neighbourhoods of zy. To overcome this problem we adopt the so-called core radius

approach. Namely, we remove from 2 the ball B.(zy), called the core region, where &
is proportional to the underlying lattice spacing, and we replace by the circulation

condition
/ B-tds=¢.
9Be(x0)

In the above formula ¢ is the unit tangent vector to dB.(zo) and ds in the 1 - dimensional
Hausdorff measure. A generic distribution of N dislocations will therefore be identified
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FIGURE 3. Left: cylindrical domain © x R. The dislocation (7, £) is of edge
type. The green plane represents the extra half-plane of atoms correspond-
ing to v. Right: section 2 of the cylindrical domain in the left picture. The
red point o = v N () represents the section of the dislocation line, so that
(20, &) identifies an edge dislocation. The green line is the intersection of
the extra half-plane of atoms in the left picture with €.

with the points {z;}Y,. To each x; we associate a corresponding Burgers vector &;
belonging to a finite set S C R? of admissible Burgers vectors, which depends on the
underlying crystalline structure. Clearly the Burgers vector scales like ¢; for example for
a square lattice we have & = e{%e;, +e2}. From now on we will always renormalise the
Burgers vectors, scaling them by €71, so that S becomes a fixed set independent of the
lattice spacing. The energy is in turn scaled by €72, since it is quadratic with respect to
the Burgers vector. Following [10], we make a technical hypothesis of good separation
for the dislocation cores, by introducing a small scale p. > ¢, called hard core radius.
Any cluster of dislocations contained in a ball B, (z,) C € will be identified with a
multiple dislocation & d,,, where & is the sum of the Burgers vectors corresponding to the
dislocations in the cluster (see Figure {4] Left). Therefore £ € S, where

S := Span; S

is the set of multiple Burgers vectors. Under this assumption, a generic distribution of
dislocations is identified with a measure

N
p=> &b, &ES,
=1

where

|z, — x| > 2p.,  dist(xy, 0Q) > p., forevery 1 <i, jk<N,i#j.
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FIGURE 4. Left: clusters of dislocations (blue points) inside the balls
B,_(x;) are identified with a single dislocation &; 0., centred at x; (red spot).
The size of the red spot in this schematic picture exemplifies the magnitude
of the total Burgers vector in the cluster. Right: the drilled domain Q. ().
Balls of radius ¢, centred at the dislocation points x;, are removed from 2.
A circulation condition on the strain is assigned on each 0B.(z;).

Denote by Q. (p) := Q\ U, B:(z;) the drilled domain (see Figure 4| Right). The admissible
strains associated to p are matrix fields 8 € L?(Q.(u); M?*?) such that

Curl L Q. () =0

and

(4) / B-tds=¢&, forevery i¢=1,...,N.
OB (x;)

The elastic energy corresponding to (u, 5) is defined by

(5) E.(p, B) = W(B) dz .

Qe (p)
The energy induced by the dislocation distribution p is given by minimising over the
set of all strains satisfying . From it follows that the energy is always positive if
p# 0.

The energy contribution of a single dislocation core is of order |loge| (see Proposition
3.2). Therefore, for a system of N. dislocations, with N, — oo as ¢ — 0, the relevant
energy regime is

E. ~ N_.|loge]|.

This scaling was already studied in [6] for N. < C. The critical regime N, ~ |loge| has

been considered for Ginzburg Landau vortices in [13] and for edge dislocations in [10],

where the authors, assuming that the dislocations are well separated, characterise the

[-limit of “OEg—EaP. We will later discuss how this compares to our I'-convergence result.
For our analysis we will consider a higher energy regime corresponding to

1
B > N. > |loge]|
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(see Section [2| for the precise assumptions on N.). We will see that this energy regime
will account for grain boundaries that are mutually rotated by infinitesimal angles 6 ~ 0.
To be more specific, one can split the contribution of E. into

E.(p, B) = EX™*(u, B) + EX (1, B)

where E5 is the self-energy concentrated in the hard core region U;B,_(z;) while Enter
is the interaction energy computed outside the hard core region. In Theorem we will
prove that the I'-limit as ¢ — 0 of the rescaled functionals F., with respect to the strains
and the dislocation measures, is of the form

(6) Fusd) = [ wisydor [ (44 .

The first term of F comes from the interaction energy. It represents the elastic energy of
the symmetric field S, which is the weak limit of the symmetric part of the strains rescaled
by /Nc|loge|. Instead, the antisymmetric part of the strain, rescaled by N., weakly
converges to an antisymmetric field A. Therefore, since N, > |log ¢, the symmetric part
of the strain is of lower order with respect to the antisymmetric part.

The second term of F is the plastic energy. The density function ¢ is positively 1-
homogeneous and it can be defined as the relaxation of a cell-problem formula (see Propo-
sition [3.2). The measure y in is the weak-* limit of the dislocation measures rescaled
by N., and dp/d|p| represents the Radon-Nikodym derivative of p with respect to |ul.
Notice that A and p come from the same rescaling N., whereas the symmetric part S
is of lower order, namely /N.|loge|. As a consequence, the compatibility condition (4]
passes to the limit as

Curl A =p.

This implies that the elastic and plastic terms in F are decoupled. Indeed this is the main
difference with the critical regime N, = |loge| studied in [I0], where the contribution of
the symmetric and antisymmetric part of the strain, as well as the dislocation measure,
have the same order |loge|. This results, in [I0], into the coupling of the two terms of
the energy, through the condition Curl § = p where g = S + A.

Next we focus on the study of the I'-limit F. Precisely, we impose piecewise constant
Dirichlet boundary conditions on A, and we show that F is minimised by strains that
are locally constant and take values in the set of antisymmetric matrices. More precisely,
there is a Caccioppoli partition of €2 with sets of finite perimeter where the antisym-
metric strain is constant. Such sets represent the grains of the polycrystal, while the
corresponding constant antisymmetric matrices represents their orientation. We call such
configurations linearised polycrystals. This definition is motivated by the fact that anti-
symmetric matrices can be considered as infinitesimal rotations, being the linearisation
about the identity of the set of rotations. The proof of this result is based on the simple
observation that the variational problem is equivalent to minimise some anisotropic total
variation of a scalar function, which is locally constant on 0f). By the coarea formula,
one can easily show that there always exists a piece-wise constant minimiser.

The paper is organised as follows. In Section [2| we introduce the rigorous mathematical
setting of the problem. In Section [3{ we recall some results from [I0], which will be useful
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for the I'-convergence analysis of the rescaled energy E.. The main I'-convergence result
will be proved in Section[dl In Section [5]we will include Dirichlet type boundary conditions
to the I'-convergence analysis performed in the previous section. Finally, in Section [0 we
will show that the plastic part of F is minimised by linearised polycrystals, by prescribing
piecewise constant boundary conditions on the antisymmetric part of the limit strain.

2. SETTING OF THE PROBLEM

Let Q C R? be a bounded open domain with Lipschitz continuous boundary. The
set () represents a horizontal section of an infinite cylindrical crystal 2 x R. Define as
S := {by,...,bs} the class of Burgers vectors. We will assume that S contains at least
two linearly independent vectors so that Spany S = R2%. We then define the set of slip
directions

S := Span, S,

that coincides with the set of Burgers vectors for multiple dislocations. An edge dislocation
can be identified with a point x € 2 and a vector ¢ € S.

Let € > 0 be a parameter representing the interatomic distance of the crystal and
denote by {N.} C N the number of dislocations present in the crystal at the scale . As
in [10], we introduce a hard core radius p. — 0, and we assume that

(1) limg_yo pe/e® = 400 for every fixed 0 < s < 1,
(i) lim. o N.p? =0,
(iii) lim._,o “N—g‘ = +00.
The first condition implies that the hard core region contains almost all the self energy (see
Proposition , the second one guarantees that the area of the hard core region tends
to zero, while the third one corresponds to the supercritical regime, where the interaction

energy is dominant with respect to the self energy. The above conditions are compatible
if

(7) p. =¥, N, =g

for some positive ¢(g) converging to zero slowly enough (for instance such that t(g)|loge| <<
log(|loge|)). The class of admissible dislocations is defined by

M
( ) ADE(Q) = {,u EM(Q,R2> Du = Z§15x17 M e N7 g’L € Sa
8 i=1

B, (x;) CQ, |z; — x| > 2p., for every i and j # k:} :

Here M(€Q;R?) denotes the space of R? valued Radon measures on € and B,(zx) is the
ball of radius r centred at x € R2.
Fix a dislocations measure p = Zf\il &bz, € AD.(Q2). For r > 0 define

(9) (1) = Q\ U, By (7).



LINEARISED POLYCRYSTALS 9

The class of admissible strains associated with y is given by the maps 3 € L*(Q.(u); R?)
such that

Curl BLL Q. () =0, / B-tds=¢& forevery i=1,...,M.
8B (x:)

The identity Curl 8 = 0 is intended in the sense of distributions, where Curl 8 € D'(€; R?)
is defined as

(10) Curl 3 := (31512 — 11,01 B2 — 32521) .

The integrand f - t is intended in the sense of traces, since § € H(Curl,Q.(1)) (see [5]
Theorem 2, p. 204]), and ¢ is the unit tangent vector to 0B.(x;), obtained by a counter-
clockwise rotation of 7/2 of the outer normal v to B.(z), that is ¢ := Jv with

(11) J = (? _01) :

In the following it will be useful to extend the admissible strains to the whole €. Therefore,
for a dislocation measure p = SM &0,, € AD.(Q), we introduce the class AS.(u) of
admissible strains as
AS.(n) ::{/3 € L2(QM2): B=01in Q\ (), Curl f=0in Q)
(12)
/ B'tds—&,/ BSkewdx:(),foreveryi:l,...,M}.
OBe(w:) Qe ()

Here FV := (F' — F'T) /2. The last condition in is not restrictive and will guarantee
the uniqueness of the minimising strain.

The energy associated to an admissible pair (p, 5) with u € AD.(2) and 8 € AS.(u)
is defined by

(13) Bnp)= [ WEde= [ Wig)as.

Qe ()
where

1 1
W(F) := éCF: F = §CFsym: v
is the strain energy density, where C is the elasticity tensor satisfying
(14) cHEY™2 < W(F) < | ™ for every F € M**?,

for some given ¢ > 0. Since the elasticity tensor also satisfies the symmetry properties
Cijkl = Cklij = Cijlk = Cjik:l (see [2]), it follows that

1 1
—CF: F = =-Cps™,; psym |
2 2

Notice that for any p € AD.(2) the minimum problem

(15) min{ o )W(ﬁ) de: € ASE(,u)}

has a unique solution. This can be seen by removing a finite number of cuts L from . (u)
so that Q. () \ L becomes simply connected and observing that there exists a displacement
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gradient such that Vu = § in Q.(u) \ L. Then we can apply the classic Korn inequality
(see, e.g., [4]) to Vu, and conclude by using the direct method of calculus of variations.
We recall that in our analysis we assume the supercritical regime

(16) N: > |loge|.

As already discussed, the relevant scaling for the asymptotic study of E. is given by
N.|loge|. Therefore we introduce the scaled energy functional defined on the space

M(Q;R?) x L2(Q; M?**?) as

1
— B (u, if D.(Q), S. :
a7 F(up) = Njoge FwA) € ADAD), § € AS(n)

400 otherwise.

3. PRELIMINARIES

In this section we will recall some results and notations from [10] that will be needed
in the following I'-convergence analysis.

3.1. Cell formula for the self-energy. In this section we will rigorously define the
density function ¢ appearing in the I['-limit F introduced in @ In order to do so,
following [10), Section 4|, we will introduce the self-energy (&) stored in the core region
of a single dislocation & dg centred at the origin.

Let us start by defining, for every € € R? and 0 < r; < 5, the space

OB,

(18) AS;, (€)= {B € L*(B,, \ B,;;M**?): Curl 8 =0, p-tds = §} :

where B, is the ball of radius r centred at the origin. For strains belonging to such class,
we have the following bound from below of the energy (see [10, Remark 3]).

Proposition 3.1. Let 0 < r; < % and £ € R. There exists a constant ¢ > 0 such that,
for every B € ASy, ,,(€),

(19) [P = dePlos .
Bry\Bry "1
Let C. := By \ B., with 0 < ¢ < 1, and introduce 1. : R> — R through the cell problem

(20) bo(€) = mm{ CW(ﬂ)dJE:BEASE,l(f)}-

B |log €|
It is easy to show that the minimum in exists, by combining the classic Korn inequality
with the direct method of the calculus of variations. It is also immediate to check that
the minimiser 3.(¢) of satisfies the boundary value problem

DivCA.(¢) =0 in C.,
CB.(§) - v=0  on 0C,

where v is the outer normal to OC.. Also, there exists a strain [y(£): R* — M?*? with
1B0(&)(z)| < c|z|7|€] (see [2]) that is a distributional solution to
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1) {Divwo(g) —0 inRZ

Curl 50(5) = 6(50 in R2.
The following result holds true (see [10, Corollary 6]).

Proposition 3.2 (Self-energy). There exists a constant C' > 0 such that for every € € R?,

Cle?
|loge|

1
(22) $l8) < 1o / W (E) de < e(6) +

In particular, for every & € R?, we have that
lim ¢ (§) = ¥(§) ,
e—0

pointwise, where the map v : R? — R is the self-energy defined by

(23) $(€) =i W(5o(£)) de

m S
b Tlog el Jo,
Moreover, there exists a constant ¢ > 0 such that, for every & € R?,
(24) cTHEP <€) < cléf.

We now want to show that the self-energy (&) is indeed concentrated in the hardcore
region B,_\ B: of the dislocation ¢ §y. To this end, define the map v¢.: R* — R as

_ 1 ) .
(25) (€)= o min { [, W@ geas.,, <s>} ,
for ¢ € R2. It will also be useful to introduce v, : R2 — R as
(26)
V(&) = L min / W(B)dx: Be AS.,.(§), B-t= B-t on &B. U 0B, ¢,
| log €| B, \Be

where 3 € AS. ,. (&) is a fixed given strain such that

(27) B < & Bl

]

for some positive constant K. By , it is immediate to see that problems — are
well posed. The following results holds (see [10, Remark 7, Proposition 8§]).

Proposition 3.3. We have ¥.(€) = 1.(£)(1 + o(€)) and 1.(€) = ¥.(€)(1 + o(e)), with
o(e) = 0 as € — 0 uniformly with respect to & € R%. In particular

pointwise, where 1 is the self-energy defined in .
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Now, we can define the density p: R? — [0, +00) as the relaxation of the self-energy 1,

N N
(28) p(€) := inf {Z M) s D Ml =& NN, A >0, & € S} .
k=1

k=1
The properties of ¢ are summarised in the following proposition.

Proposition 3.4. The function ¢ defined in 18 convex and positively 1-homogeneous,
that is

©(AE) = Ap(€),  for every € €R?, A > 0.
Moreover there exists a constant ¢ > 0 such that
(29) cHEN < p(€) < el
for every € € R%. In particular, the infimum in is actually a minimum.

3.2. Korn type inequality. We will now recall the generalised Korn inequality proved
in [I0, Theorem 11].

Theorem 3.5 (Generalised Korn inequality). There exists a constant C > 0, depending
only on Q, with the following property: for every § € L'(Q; M?**?) with

Curl B = p € M(;R?),

we have
(30) [1s=apa<c( [ impas w?)
Q Q
where A is the constant 2 X 2 antisymmetric matriz defined by A := ﬁ fQ Bskev dx.

3.3. Remarks on the distributional Curl. We conclude this section with some con-
siderations on the distributional Curl of admissible strains (see [10, Remark 1|).
Remark 3.6 (Curl of admissible strains). Let u € AD.(Q2) and 8 € AS.(11). Recalling
definition ((10)), we can define the scalar distribution
0 0
curl B(i) = Biz — a_mﬁil )

" on

where (3(; denotes the i-th row of 3. This means that for any test function ¢ in Cg°((2),
we can write

(31) feurl . ) = = [ By IV da.
Q

where J is the counter-clockwise rotation of 7/2, as defined in . Notice that, if
Buy € L*(Q;R?), then implies that curl 3 is well defined also for ¢ € Hj(Q2) and
acts continuously on it. Therefore

Curl 3 € H ' (Q;R?) for every f3 € AS.(1),
where H1(Q; R?) denotes the dual of the space H}(Q;R?).
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Further, if = Y"1 & 0., € AD.(Q), then the circulation condition
/ B-tds=¢, forevery 1=1,..., M,
OBc(z;)

can be written as

(Curl g, ¢) Z &ici,
for every p € Hy(Q) such that ¢ = ¢; in B.(x Z) If in addition ¢ € C°(Q2) N Hy (), then
@m&@=/¢W-
Q

4. '-CONVERGENCE ANALYSIS

In this section we will study, by means of I'-convergence, the behaviour as ¢ — 0 of
the functionals F.: M(Q;R?) x L*(; M?**?) — R defined in (17)), in the energy regime
N: > |loge|. In Theorem [4.2| we will prove that the I'-limit for the sequence F. is given
by the functional F: (M(; R?)NH1(Q; R?)) x L2(Q; M2X2) x L2(Q; M%*2 ) — R defined

Sym skew
as

du
W d d if CurlA =
(32) Flu, S, A) : / “/ (dr |> 3 Curl A=

otherwise ,

where ¢ is the energy density introduced in . The topology under which the I'-
convergence result holds is given by the following definition.

Definition 4.1. We say that the family (also referred to as sequence in the following)
(pe, B-) € M(;R?) x L*(Q; M?*?) is converging to a triplet (u,S, A) € M(Q;R?) x
L2(; M2X2) x L2(Q; M2X2 ) if

Sym skew

(33) Re sy i MR,

Sym skew
(34) _m L S and e

/N:|log €] Ne

Theorem 4.2. The following I'-convergence result holds true.

(i) (Compactness) Let €, — 0 and assume that (u,, 3,) € M(Q;R?) x L*(Q; M?*2) is
such that sup,, F¢, (tin, Bn) < E, for some positive constant E. Then there exists

(1, S, A) € (M(;R?) N H - R?)) x L2 M2X2) x L2(Q;M232),

sym skew

— A weakly in  L*(Q; M**?).

with Curl A = p, such that up to subsequences (not relabelled), (pn,, Bn) converges
to (u, S, A) in the sense of Definition[{.1]

(i1) (I-convergence) The functionals F. defined in [-converge to the functional
F defined in , with respect to the convergence of Definition . Specifically,
for every

(1, S, A) € (M(Q;R?) N HHQ;R?)) x LA(Q;M22) x L*(Q;M%2)

sym skew
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such that Curl A = u we have:
e ([-liminf inequality) For all sequences (u.,3.) € M(Q;R?) x L?(Q; M?*?)
converging to (u1, S, A) in the sense of Definition [{.1],

F(u, S, A) < lim iglf Fope, Be) -

e (I-limsup inequality) There exists a recovery sequence (u., 8:) € M(2; R?) x
L2(; M?*2) | such that (., B-) converges to (u, S, A) in the sense of Definition

[4.1, and
lim sup F (e, Be) < F(p, S, A) .

e—0

Remark 4.3. Since A is antisymmetric, there exist u € L?(Q) such that

(35) A= (_Ou g) .

Notice that Curl A = Du. Therefore, Curl A € M(Q;R?) implies that u € BV () and
curl p = 0.

4.1. Compactness. We will prove the compactness statement in Theorem [£.2] Assume
that (i, 3,) is a sequence in M (2;R?) x L?(2; M?**?) such that

(36) sup Fe, (fn, Bn) < E.
The proof is divided into four parts.

Part 1. Compactness of the rescaled measures.

Let g, == Yo" n,i0z,, € ADe, (). We show that the total variation of p,/N;, is
uniformly bounded, i.e., there exists C' > 0 such that

(37) |un

J<c,

for every n € N. Since the function y — 3, (z,; + y) belongs to AS., ,., (§4,i), we have

My,

> ¥ ioge 2o .
W (pB,) dx
Nenl 10g 8n| Z Bpen (Z‘n’i)\Bgn (acn i) ( )

My

E > F., (pn, Brn) =

),
SR S— W (Bn(zn,i +y))
N Tiogen] 21 o om0

where ¢, is defined in (25)). Let ¢ be the self-energy in and set ¢ := 1 ming 1 ¢(§).
Notice that ¢ > 0, by . By Proposition H =y p01ntW1se as € — 0 therefore for

gnz ’
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sufficiently large n, we have 1., (£) > ¢ for every ¢ € R? with |¢| = 1. Hence,

2 (5’”>>i§nj|5 I
en = Ngn - n,i
!un( )

(gn,z) =

=1

The last inequality follows from the fact that the vectors fm are bounded away from zero.
By putting together the above estimates, we conclude that , and in turn hold
true.

Part 2. Compactness of the rescaled g™.

This follows immediately by the bounds on the energy . Indeed by , and
(14),

(38) CN,, |loge,| > CE., (pn, Bn) > C’/ |ﬁZym|2dx,
Q

and the weak compactness of 3™ /,/N., |loge,| in L?(£2; M?*?) follows.
Part 3. Compactness of the rescaled 35<v.

Now that the bounds (37 . are established, the idea is to apply the generalised Korn
inequality of Theorem in order to obtain a uniform upper bound for S /N_
L*(2; M?*2). In order to do that, we need a control over | Curl 5,|(€2). In fact, even
if 5, is related to pu, by circulation compatibility conditions, the relationship between
| Curl 8,](€2) and |u,|(©2) has to be clarified. In order to obtain a bound for | Curl 3,|(£2)
in terms of |j,](€2), we will define new strains 3, that have the same order of energy of
B3, and that satisfy | Curl £,](Q) = || ().

Recall that pu, = Zf‘i’i §in0s, .- Define the annuli Cj,, := Ba., (%in) \ Be, (i) and the
functions K ,,: C;,, — M**? by
T — Tin

1
Kin(x) = %fi,n X

|z — xin]?’

where J is the counter-clockwise rotation of 7/2. It is immediate to check that
/ ‘Ki,n|2 dr = C|§l,n‘2 )
Ci,n
where the constant C' > 0 does not depend on ¢,. By Proposition we also have

/ B de > Clénl?,

i,n

where, again, the constant C' > 0 does not depend on ¢,,. Therefore

(39) / Kool de < C / B2 d
C’L‘,n Ci,n
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Note that Curl Ki,n = &in0s,,, in D'(R* R?), hence Curl(f, — K;,,) = 0 in C;,,. Moreover
fBBS (= n)(ﬁn — K;,) - tds =0, therefore there exists v;,, € H'(C; ,; R?) such that Vu;,, =

ﬁn_ znlnczn By-

/ A% Sym\zdx < C’/ |3Y™ 2 da .
Cim C

i,n

By applying the classic Korn inequality we get

/ Vosn — Agnl d < c/ Ve de < c/ B da,
Cin Ci,n Ci,n

for some constant matrix A;,, € M%2 and some constant C' > 0. By standard extension

methods, there exists u;,, € H (Bae, (7;,,); R?) such that Vu;,, = Vuv;,, — A;,, in C;,, and
I N el L T e
B2€n (xz n) C’L,n Ci,n

Define §,: Q — M?*2 by setting

_ o 571(1;) if < an(,un) )
(41) Bu(z) = {Vui,n(x) + Ay if v € B, (z;).

From and , we have
/ yﬁsymIQ dr _/ 5sym‘2 dr + Z/ sym‘Z dr
an (/J“n) ETL (J"Z n)

<c / B2 dr < ON, | logenl
0

Moreover by construction Curl Bn is concentrated on 0B., (z;,,) and we have

(42)  [Curl B,|(Be, (win)) = |pnl(Be, (2i)) for allé, [ Curl 5,[() = |al ().
Therefore we can apply the generalised Korn inequality of Theorem to get

/ |5n—fxn|2dxsc*( / |Bzym|2dx+<|un|<m>2)
Q Q

< C (N, [logen| + N2 ) <CONZ

where A, = ﬁ fQ Bf}‘ew € Mglfefv The last inequality follows from the assumption

|loge,| < N.,. Now recall that by hypothesis the average of (3, is a symmetric matrix
and 5, = 0in Q\ Q¢, (1,). Therefore, since symmetric and skew matrices are orthogonal,

we have |8, — Apn|? = |Ba|* + |An|?, so that

/ |Bal® dz < / B — An|* da < / 1B — Ap|? dz < CN?
Qen (Nn) an (.un) Q
which yields the desired compactness property for 85V /N_ in L?(; M2*?).

Part 4. € H'(Q;R?) and Curl A = p.
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Recall that pu, = M €n,id,, € AD. () and 3, € AS., (1,). Let p € C3(Q2) and
©n € HJ(Q2) be a sequence converging to ¢ uniformly and strongly in Hj(€2), and such
that

On =@(zn:) In B (Tn)-
By Remark we then have

/ On dit, = (Curl B, o) = / Bnd Vi, dx .
Q Q
Hence, by invoking , and , we have

1 1

i 1
= [1m
n—00 Nsn

/ﬁnJchndx—/AJV@dx—<Cur1A,<p).
Q Q

From this we conclude that Curl A = p. Moreover, since A € L?*(Q2;M?*?), then by
definition Curl A € H~1(Q; R?). Hence also u € H'(Q;R?).

4.2. T-liminf inequality. We now want to prove the I-liminf inequality of Theorem [£.2]
Let p. € AD(Q), B. € AS.(u.) and

(1,8, A) € (M(R?) N HHQR?)) x LA M) x LA MES)

sym skew

such that Curl A = pu. Assume that (p., 8:) converges to (i, S, A) in the sense of Definition
L1l We have to show that

(43) lim iglf]-"g(ug, Be) > F(p, S, A).

In order to do so, we decompose the energy in

1

- W(B.)d
N.[logz] Jo (Be) d+

pe (ee)

W(5.) dx

pe (e)

1
14 —/WBE dx -
( >Ns|10g5| Q (%) Nc|loge| Joro

and study the two contributions separately.

Recall that p. = Zij‘fl ci0z. ;- Since we are assuming that p. /N = 11, this implies that
|pe](©2)/N¢ is uniformly bounded, hence M. < C'N. for some uniform constant C' > 0.
Moreover N.p2 — 0 by hypothesis, therefore Xo,_ — 1 in L'(Q), as

Me
/ Xe, —1]dz =B, (r.:)| = mp?M. < Cp*N.
& i=1
Since g™ /y/N|loge| — S, we deduce that
"X,

v/ Ne|log e

— S weakly in  L*(;M**?).
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Hence, by weak lower semicontinuity,

. 1 . B2 Xq

liminf —— / W(B.)dr = liminf [ W [ ——=L- | dx
e—»0  N.|loge| Q. (1) (Be) =0 Jqo («/N5|log€|>

> /QW(S) dx

Let us consider the second integral in (44]). By Proposition we have

! 65 d!E—Z

[log el Jao,. (u0)

(45)

ZL'
|1Og€| Bpe xsz

Ziije(ga,z 1+0 Z¢€az )
=1

where o(¢) — 0 as ¢ — 0. By the properties of ¢ (Proposition and by Reshetnyak’s
lower semicontinuity Theorem (|1, Theorem 2.38]),

(46)

1 1 &
hrgn_)lglf N ;w(fe,z) =z hrsn_gglf N. ZW(&,Z)
— lim inf e d
gren N/ <d|,ug> |“"/ (dl I) -
By (46)-(47) we get

1 du
liminf —— W (5. de/gp(—)d,u,
=0 N|loge| Jora,. (u) (8e) Q d|pl g

Pe

that together with (45)) yields the I'-liminf inequality (43).

(47)

4.3. I'-limsup inequality. In this section we prove the I'-limsup inequality of Theorem
Before proceeding, we need the following technical lemma to construct the recovery
sequence for the measure p. Let us first introduce some notation. For a sequence of
atomic vector valued measures of the form v, := waal Qe 0, , and a sequence r. — 0, we

define the corresponding diffused measures

(48) e = Wzasmﬂ_&s(@«“), Dre = QW Zau’Hll_aBrs(x“).
€ =1 € =1

For ., € supp v., define the functions K25*, KZ5*: B, (w.,;) — M?*? as

EZ’

F-Qle i 1 T — Tey
Qe @ (v —xe;), K j'(7v):=;-0,;0J :

49) KX'(2) = — =
(49) () 2r e O T

&t 2mr?

€

where J is the counter-clockwise rotation of 7/2. Finally define K7 R' ver () — M2*2 as

(50) KY = ZKO‘“XBTE (), K= Z K25'Xp, (o) -
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It is easy to show that
(51) Curl K = o' — 97, Curl K= = v, — 0=

g )
The following easy lemma will be used in some density argument in the construction
of the recovery sequence.

Lemma 4.4. Let n € N, and set

(52)
M n2\;

Spi=R¢&:= Z)\kfk with M € N, & € S, A\, > 0 such that z; == . €N foralljy.
= 2 M

The union of such sets is dense in R2.
Lemma 4.5. Let conditions (i), (ii) and (i) of Section[d hold true. Then we have:
(A) Let n € N, £ € S, defined as in and let y = Edx. Set A = 224:1 Ak,

Te 1= 2\/+TE Then, there exists a sequence 1, = 224:1 &l with nf = l]\i{ Oz, s
such that n. € AD.(Q2), and

k
(53) Inel Medz in M(;R), e Ay MO R?),
N. N.
nee nC
(54) ‘ ~ = < —=
Ne  llg-rame — VN

for some constant C independent of n, where the measure 1. is defined according

to .

(B) Let pi, v as in (A), let g € C°(Q;R?) and set 0 := g(z)dx. Then, there exists a
sequence 1. satisfying all the properties in (A) and a sequence o. = Zfigl Ce0y.
with (., € S, such that supp(o.)N supp(n.) =0, n. + 0. € AD.(Q2) and

O¢ * : 2 : -1 2
——0 in M(Q;R%), —— — 0 in H (Q;R%),
/Ne| log e \/ N:| loge|

where the measures 67 are defined according to (48)).
In particular there exists a constant C > 0 such that

(56) H. < Cy/N|loge|, M. < CN,,
where M, = Zkle MF.

Oe

(55)

Proof. Step 1. Proof of (A), the case M =1 and p = & dx with £ € S.

We cover R? with squares of side length 2r.. Divide each of them in four squares of side
length 7., and plug a mass £, , at the centre of one of such r.-squares, obtaining in this
way a measure v, on R? which is 2r, periodic. We notice that we leave some free space
just in order to accomplish also point (B). Then we define 7. as the restriction of v, on all
the 2r.-squares contained in € (see Figure [5|). Notice that 1. € AD.(Q) since . > 2p..
Also, the density of Nisﬁgg — i has zero average on each 2r.-square, so that it converges

to zero weakly in L?(Q; R?) and is verified.
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,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

FIGURE 5. Approximating p = £ dx with the 2r.-periodic atomic measure
ne- The red dots represent Dirac masses £, ; in the support of 7..

Let v, : R? — R? be the 2r.-periodic solution to Av, = N%l?f — . By construction it
is easy to see that
1 ~r 1 ~7 ~T
(57) ﬁyag — < vl mr ey < Cre, ang - FV; < COr..
e H-1(9) e e a1 ar2

These last estimates clearly imply .
Step 2. Proof of (A), the general case £ € S,,.

Cover R? with squares of side length 2nr,, and divide each of them in four squares of side
length nr.. As in Step 1, pick one of these nr.-squares in all 2nr.-squares in a periodic
manner. Finally, divide each of these selected nr.-squares in n? squares of side length r..
Now, plug at the centres of each of these n? squares a mass &, g, with 1 <k < M, in
such a way that the resulting measure v, is 2nr.-periodic, and on each 2nr.-square there
are exactly z, masses with weight &, where z; is defined in . Then, defining 7. as the
restriction of v, on the union of all 2nr.-squares contained in €2, and arguing as in the
proof of Step 1, we have that holds true, while holds true with C' replaced by
nC, so that follows.

Step 3. Proof of (B).

We have at disposal C'N, squares of side length nr., left free from the constructions in
Step 2. Clearly, we can plug masses with weights in S at the centre of ¢y/N,|loge| of
such free squares, in such a way that holds true. O

We are now ready to prove the I'-limsup inequality of Theorem [£.2]
Proof of T'-limsup inequality of Theorem [f.3. Let
(1,8, A) € (M(R?) N HHQR?)) x LA MZE) x L2 MES)

with Curl A = p. We will construct a recovery sequence in three steps.
Step 1. The case u = £ dr with S € C1(Q; M2x2).

Sym
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In this step we assume that p := £dx, A € L*(Q;M%2) with CurlA = g and S €

o skew
CH(;MZ57). We will construct a recovery sequence . € AD(Q2), f= € AS.(ue), such
that (ue, B:) converges to (u, S, A) in the sense of Definition {4.1| and
1
58 lim su —/W Edaz:S/VVS+ dz .
59 wswp i [ Wa)dr < [(07(5)+ 6(6)

By Proposition , there exist Ay > 0, § € S, M € N, such that ¢ = Zkle A& and

(59) P(€) =D Mtb(&),

where ¢ is the self-energy defined in (28)). By standard density arguments in I'-convergence,
we will assume without loss of generality that £ € S, is as in for some n € N.

Set o := Curl S. Since S € C'(%Q; MZ2), then o = g(x) dx for some continuous function
g: Q — R2 Letn. := Zf\fl cilz. ;y Oc 1= Zijl (.i0y. , and . := C//N; be the sequences
given by Lemmal[4.5] (B). Set p. :=n.+0.. By (53), and the hypothesis N, > |loge|,
[Le 1S a recovery sequence for .

Let 7j7=, 0=, 67¢, 67 be defined according to (48). Notice that K fi’ € AS. , (&) and it

g 17¢e 17e

satisfies . Therefore, by Proposition there exist strains 1215,1- such that

(i) f{ls,i S Asf,ps (fa,i)a
(i) At = Kfil -t on 0B, () U OB, (a..),
and

(60) !

[logel| Jp,, (20 )\Be(ae)

Now extend A.; to be K&5' in B, (2.,) \ By.(2-;) and zero in Q \ (B, (z.;) \ Bo(z.;)).
Set,

W(A.) de = (&) (1 + o(e)).

H, M,
(61) Se = Z Kscs’i X B (ye,i)\Be (yei) » Ae = Z Aei -
=1 i=1

Hence, recalling definition (48)) we have
(62) Curl S. = =67 + 65, Curl A, = —ij= 4 7.
Define Q. := J Vu., R. := J Vv, where u,., v. solve
(63) {Ausz(}gs—\/ma in | {Avazﬁgs—Neu in
2= =Cye on 0f); 5= =Cye on 0f2,

where the constants C,, ., C, . are satisfy the compatibility condition

/ Cueds = [ = —/N.|loge|dz, / Cyeds = / e — Nopdx.
80 Q 89 Q

In this way,
(64) CurlQ. =l — v/ N.|logel o, Curl R. =7l — N.p.
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. . 1 .
Notice that by construction —\/m(]CuA +|Cye| = 0 as € — 0. Therefore, using also

, and standard elliptic estimates, we have
QE RE

) N S—
/Ne|loge| - /Ne|loge|

Also notice that

(65) -0 in  L?(;M**?).

QE+R€
/Nc|loge|

We can now define the candidate recovery sequence as

(66) t—0 in H Y2(0Q;R?) N L'Y(00Q;R?).

(67) e = Ne + O, Be = (S: + As) Xo () »
where

(68) Se = /N.[loge| S + 5. — KZ* + Q.
(69) A= N.A+A.— K" +R..

By definition and (51)), (62)), (64)), it is immediate to check that
CurlS. =o0:, CuwrlA. =7 in Q.
Recalling that u. = n. + 0., we deduce that
Curle =S+ =4 in Q, Curl 5. L Q.(pe) = 0.

Moreover, the circulation condition faB () fe - tds = pu.(x) is satisfied for every point

x € supp p.. Hence . € AS:(pu.).
In order for (e, B:) to be the desired recovery sequence, we need to prove that

Sym

(70) _m L S weakly in L*(Q; M**?),
/Ne|loge|

skew

(71) 5\7 — A weakly in L*(Q;M**?),
1
2 lim ——— ) dr = dx .
™) it (W)= [V()+ ol e
In view of —, in order to prove , we have to show that
A : 2 2x2

(73) ———0 in LM,

V/N: |log €|

S KUE kﬂe

(74) > = 2 0 in L*(Q;M*?) .

) ) %
VN:loge| /N:Jloge| /N |loge
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We have
. M.
AP L ¥ / il
dm = ————-— |KEEZJZ dl’
/ng (uz) Nl log g Ne|loge| 2_; Bre(@e\Bpe (re)
M
(75) < L / lz —x '|_2 dx
- N ’10g€’ Z Brs(ws,i)\BPs(mfai) )
Ng|log5| | log el

as € — 0, where the last inequality follows from . Moreover, by , , , ,
and the definition of u* given by Lemma we have

1 1 1 A
lim—/VVA6 dr = lim ———— W(A,) dx
=0 Nellogel Jo 4 ==0 N[ loge] Q\ng(us) A
1 &
(76) :li_{%ﬁzw(gs,i)(l%—o —hm—zyna »)(1+o(€))

— 10 S Ab(&) = /Q (&) dr.

From (14), (75), we conclude that A./\/N.|loge| is bounded in L?(Q; M?*?) and its

energy is concentrated in the hard core region. We easily deduce that holds true.
We pass to the proof of . One can readily see that

Ko |? C 1 M.
JBP e Oy eapaog i
o Ne|logel N|loge| = 1l Jp, (2., N.|loge|

as € — 0. The statement for K Je can be proved in a similar way. Finally, since H, < N,
by , we have

A g B
EA i < CHE(logra loge)
QNEHOgsl NE|10g€|

which concludes the proof of
We are left to prove . By the symmetries of the elasticity tensor C and definition

,We have
() =WlS 5 _ K + © +
N.|loge| V/Nclloge|  /N.|loge| +/N:|loge
A, K R.
+ —~ +
VNNloge]  /Nalloge] | /Nloge]
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By (74) and (63), we get

1 A
lim—/W Jde=1lim [ WS+ ———x | dz
e—0 N.|loge| Jq (Be) e0 Jo ( /N.] logs|)

By recalling and , , by Hélder inequality we deduce .
Step 2. The case = 3.1, Xo,& dx and S € O (Q; M2%2).

Sym
In this step we assume that S € C'(Q;M2%2) and A € L*(Q;MZ) with p := Curl A
locally constant, i.e., u = Zle Xq,& dx, with & € R? and with Q; C Q that are Lip-
schitz pairwise disjoint domains such that |Q \ UZ,Q;| = 0. We will construct the re-
covery sequence by combining the previous step with classical localisation arguments of

['-convergence.
Let Sl = SLQ[, Al = ALQ[, My = ,uI_Ql = él dr. Denote by (HZ,E:BI,&) the
recovery sequence for (j,S;, A;) given by Step 1. We can now define u. € M(Q;R?) and

Be: Q — M?*? as
L L
ﬂa = ZXQl /Bl,€7 He ‘= ZNZ,& .
=1 =1

By construction p. € AD.(Q2) and f. satisfies the circulation condition on every 0B.(z.),
with z. € supp u.. Also notice that on each set {2; belonging to the partition of €2, we
have

Curl B. L () = 0.

However Curl 8. could concentrate on the intersection region between two elements of the
partition {€;}%,. To overcome this problem, it is sufficient to notice that by construction

Curl 8. L Q. (1) <2L: fre = /NollogelS = N.A
/Ne|loge| o /Ne|log e
L

_ Z Qe + R e .
= || V/Ne| log e H-1/2(00,:R?) |
where @), ., R;. are defined according to , with Q replaced by €);. Therefore by ,
Curl 8. L Q. (1)
V/Nelloge]

Hence we can add a vanishing perturbation to 8. (on the scale y/N.|loge|), in order to
obtain the desired recovery sequence in AS.(j.).

H~-1(Q;R2) l H~=1/2(0Q;R?)

— 0 strongly in  H '(Q;R?).

Step 3. The general case.

Let (u, S, A) be in the domain of the I'-limit F. In view of Step 2 and by standard density
arguments of I'-convergence, it is sufficient to find sequences (u,, S,, A,) such that pu, is
locally constant as in Step 2,

(78) S, € CHE,M272) | A, € L*(Q;MZ2), with Curl A, = iy,

sym skew
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and such that
(79) Su— S, Ay Ain L(QMZ), g, 5 pin MOGED), [l (Q) - |ul(Q),

where S and A are the symmetric and antisymmetric part of 3, respectively. In fact , we
have to show that implies

(80) lim F(un, Bn) = F(u, S, A).

n—0o0

Since S,, — S strongly in L?(Q2; M?*?), then

lim [ W(S,)dr = / W(S)dz.

n—oo o)

Also, [j1](€2) = |ul(€2) implies

: dpin du
lim 90( )dunzfso(—)du,
n—oo Jo '\ d| ] o \dlyl e

by Reshetnyak’s Theorem ([1I, Theorem 2.39])), so that is proved.
Let us then proceed to the construction of the sequences S,, A, and u, satisfying
properties (78)-(79). Clearly, we can approximate S in L*(;MZ2x2) with a sequence

> sym
S € CHQ;MZ2). Then, by Remark (4.3)), writing A as in we have that u is in
BV () N L*(Q)). Therefore, by standard density results in BV we can find a sequence of

piecewise affine functions u,, with

u, — u in L*(Q), Du,, = Du = p, | Duy|(2) — |Dul|(2) = |p|(£2).

Setting u,, := Du,, and A, as in with u replaced by u,, it is readily seen that pu, is
piecewise constant, and that and holds true, and this concludes the proof of the
[-limsup inequality. ]

Remark 4.6. Recalling and inspecting the density arguments in Step 3 above, we
notice that we can provide a recovery sequence . for the limit strain § = S + A such
that

(81) % -t — A-tin HY2(0Q;R?) N LY(0Q; R?).

5. RELAXED DIRICHLET-TYPE BOUNDARY CONDITIONS

The aim of this section is to add a Dirichlet type boundary condition to the I'-
convergence statement of Theorem (.2l Fix a boundary condition

(82) ga € L*(Q;ME2) : Curlgs € H 1 R?) N M(Q;R?).

skew

The rescaled energy functionals F94: M(Q; R?)x L?(Q; M**?) — R, taking into account
the boundary conditions, are defined by

(83) Fir(p, B) = m E.(p, B) + /8Q @((gA - %) ~t> ds
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if p € AD(Q), p € AS.(1n), and +oo otherwise, while the candidate I'-limit is the
functional

(84)  Foa: (H QR NM(QR?) x LA MZ2) x [A(Q;MY2) - R,

Sym skew

with
) P A= [ W [ (%) il + [ elloa—2)-)ds,

if Curl A = p and F94(u, S, A) := oo otherwise. Here ds coincides with H!'L 9. The
boundary term appearing in the definition of F%4 and F94 are intended in the sense of
traces of BV functions (see [I]). Indeed, since A and g4 are antisymmetric, there exist

u,a € L*(Q) such that
0 u 0 a
AZ(—U 0)’ gA:(—a 0)’

Notice that Curl A = Du and Curlgs = Da in the sense of distributions. Therefore,
as already observed in Remark [4.3] conditions Curl 4, Curlgs € M(€2;R?) imply that
a,u € BV(Q). Hence a and u admit traces on 92 that belong to L'(9Q;R?). By noting
that
| eloa=a-0ds= [ olw—am)as.
o9 09
where v is the inner normal to €2, we conclude that the definition of F94 is well-posed, as
well as the definition of F24.
We are now ready to state the I'-convergence result with boundary conditions.

Theorem 5.1. The following I'-convergence statement holds with respect to the conver-

gence of Definition [{.1]

(i) (Compactness) Let e, — 0 and assume that (p,, 3,) € M(Q;R?) x L?(Q; M?*?)
is such that sup, F24(jn, B,) < E, for some positive constant E. Then there
eists (1,5, A) € (H7(RY) N M(QR?)) x L2(Q;M22) x L2 (M) such
that (pn, Bn) converges to (p, S, A) in the sense of Definition [{.1. Moreover p €
H7Y(Q;R?) and Curl A = p.

(11) (P-convergence) The energy functionals F94 defined in [-converge with re-
spect to the convergence of Definition to the functional F94 defined in .

Specifically, for every
(1,8, A) € (M(Q;R?) N HHQR?)) x LA M20) x L2 M)

sym skew

such that Curl A = u, we have:
e (I-liminf inequality) for every sequence (p., ) € M(2;R?) x L?*(Q2; M?*?)
converging to (i, S, A) in the sense of Deﬁmtion we have

FI4(pu, S, A) < lim iglf Fi4(phe, Be) -
e—

e (I-limsup inequality) there exists a recovery sequence (ue, B:) € M(Q;R?) x
L2(2; M?%2) such that (., B) converges to (u, S, A) in the sense of Definition
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and
lim sup F24 (e, ) < F94(u, S, A) .

e—0
The compactness statement readily follows from the compactness of Theorem [4.2] since
F94(p, B) > Fe(u, B). Let us proceed with the proof of the I'-convergence result.

Proof of T-limsup inequality of Theorem [5.1 Let (u, S, A) be given in the domain of the
[-limit F94. We will construct a recovery sequence in two steps, relying on Theorem [£.2]

Step 1. Approximation of the boundary values.

For ¢ > 0 fixed, set ws := {z € Q: dist(x,09Q) > ¢}, so that ws CC 2, and assume with-
out loss of generality that ws is Lipschitz. Define S5 € L2(€; M2X2) and As € L?(; M%<2)

sym skew
as
A inw S nw
(86) As = {gA in Q(S\’ ws , 55 = {O in 96\7 Ws -
Further, let us; € M(;R?) be such that
(87) ps = plws + Curlga L (Q\ ws) + (ga — A) -t H' L Ows .
Notice that
(88) Curl As = s and s € HH(Q;R?),

therefore (us, Ss, As) belongs to the domain of the functional F. Also note that
Ss — S, As — A in L*(Q;M**?),

(89) o
o = i MR sl () = (@) + [ 1(aa=4)-tds,
as 0 — 0. Therefore, by Reshetnyak’s Theorem (see |1, Theorem 2.39]), we have
(90) (lsiné'F(MtSaS(SvA(S) = ‘FgA(/’lH S? A) :
—

It will now be sufficient to construct dislocation measures p5. and strains f5. such that
(ise, Bse) converges to (s, Ss, As) in the sense of Definition and that

(91) li_I}(l)]'}gA(Ma,s, Bse) = F (s, S5, As) -

Indeed, by taking a diagonal sequence (ys, ., fs. ) and using , , the thesis will
follow.

Step 2. Recovery sequence for strains satisfying the boundary condition.

Let us now proceed to construct the sequence (,u‘g;, Jgfg) as stated in the previous step.

From Theorem [4.2] there exist a sequence (fis,., 85¢) converging to (u, S, A) in the sense
of Definition [.1], and such that

(92> ll—I}é ]:e(McS,s; 65,6) = ]:(:ua Sa A) .

Moreover (see Remark , we can assume that (. satisfies , from which it easily
follows .
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U

Proof of T-liminf inequality of Theorem[5.1. Let (u, S, A) be in the domain of the I™-limit
F94. Assume that (u.,[.) converges to (u,S,A) in the sense of Definition By
combining an extension argument with the I'-liminf inequality in Theorem we will
show that

(03) F4(p, S, A) < lin inf 24y, 52).
e—

Fix 6 > 0 and define Us := {x € R?: dist(z,Q) < d}. By standard reflexion arguments

one can extend ga to ga € L?(Us; MA<2), in such a way that fi4 := Curl §a is a measure

on Uy satisfying |jia|(9Q) = 0. Consider now the functions f. defined as in (1)) (with e,
replaced by ¢), and set

B L BE n Q, /B— A in Q,
| N.ga in Us\ Q, " lga in Us\Q.

By construction we have ﬁf_i — B in L*(Uy), so that

Curl 5. . ~
fie 1= 1;36 A4 ((ga—A) - OH'LOQ + Curl g4 L (Us \ Q)

Recalling , and , we conclude

(94) hmlnffg (e, Be) >hm1nf (&™) d

Vo=l
+11m1nf—/ (dﬁzi)dlug—i-/mgo((gfl—]i—a) )ds

dfic . dCurl g4 .
> W (S dx+hm1nf/ ( )d - —/ (—~)d Curl g
/ ) did) M e ? \dCu g ) 1941

> [wisyaes [ (35) dul+ [ ollan— ) 0ds = 72405, ),
O

6. LINEARISED POLYCRYSTALS AS MINIMISERS OF THE [-LIMIT

Let Q C R? be a bounded domain with Lipschitz continuous boundary. Let k& € N be
fixed and let {U;}¥_, be a Caccioppoli partition of 2 (see [I, Section 4.4]). Moreover fix
my,...,mg € Ry with m; < m;yq, and define the piecewise constant function a € BV ()
as

k
(95) a:= ZmiXUi :
i=1
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In particular, implies that a € L>(Q) and Da € M(Q;R?). We can now define the
piecewise constant boundary condition g4 € L>®(; M2X2) as

skew
0 a
(96) ga = (_a 0).

Notice that g4 € L*(Q;M%2) and Curlgy = Da, therefore Curlgy € H~'(Q;R?) N

skew
M(Q;R?). In this way g4 is an admissible boundary condition for F94, as required in

82)-

We wish to minimise the I'-limit with boundary condition g4 prescribed by —
(196)). Since the elastic energy and plastic energy are decoupled in F94, and there is no
boundary condition fixed on the elastic part of the strain S, we have

inf F94(Curl A4, S, A) = inf F94(Curl 4,0, A) .

Therefore it is sufficient to study

inf{/w(CuﬂAH/ p((ga— A) - t)ds = A€ L*(Q; ML),
Q o

(97)
CurlA € H Y R*) N M(Q;RQ)} ;

where ¢ is the unit tangent to 0 defined as the 7/2 counter-clockwise rotation of the
outer normal v to Q, ¢: R* — [0, 00) is the density defined in (28)), and

(98) /QSO(N) ::/ng(%) d|pl

is the anisotropic ¢-total variation for a measure p € M(£2; R?). Note that is well-
posed, since ¢ satisfies the properties given in Proposition [3.4]
For A € L?(; MZ%%2), we have that

skew

(99) A= (_Ou "‘5) |

for some u € L*(Q). Moreover Curl A = Du, therefore condition Curl A € M(;R?)
implies u € BV (2). Also notice that

/8990((9A—A)-t)ds:/aQSO((U—a)l/)ds,

where a is the piecewise constant function . We claim that is equivalent to the
following minimisation problem

(100) inf {/Q@(Du) + /m o((u—a)v)ds: uc BV(Q)} |

Indeed, we already showed that if A is a competitor for (97)), then the function u, given
by (99), belongs to BV(f2), and it is a competitor for (100). Conversely, assume that
u € BV () and define A through (99). Since u € BV (12), then Curl A = Du € M(§%; R?).
Moreover, recall that the immersion BV (Q) < L?*(Q) is continuous, therefore u € L*(Q),
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which implies A € L*(Q; M**?), so that Curl A € H~*(€;R?). This shows that (97)) and
(100f) are equivalent.

The main result of this section is that, given the piecewise constant boundary condition
a defined in (7)), there exists a piecewise constant minimiser @ to (100). In our model
the function u corresponds to a linearised polycrystal.

Theorem 6.1. There exists a locally constant minimiser © € BV (Q) to (100)), i.e.,

k
u= E miXQw
=1

where {Q,;}5_, is a Caccioppoli partition of Q, and the values m; are the ones of .

The proof of this theorem relies on the anisotropic coarea formula. For the readers
convenience we briefly recall it here. For E C  of finite perimeter, the anisotropic
p-perimeter of E in (2 is defined as

Per,(E,Q) := /QQD(DXE).

Since ¢ is convex and positively 1-homogenous, the anisotropic coarea formula holds true
for every u € BV (2):

(101) /ng(Du):/_oo Per,,(E;, Q) dt |

[ee]

where E; is the level set E; := {z € Q: u(x) > t}, defined for every ¢ € R.
Proof of Theorem [6.1]

Step 1. Equivalent minimisation problem.

We start by rewriting as a boundary value problem in BV. Let ¥ = {z €
R?: dist(z,Q) < 1}, so that Q cC . Consider a piecewise constant extension a €
BV () of the function a € BV () defined in (97)), that is,

k
a= E m; XU-’ )
i=1

where {U/}*_, is a Caccioppoli partition of (', agreeing with {U;}%_, on Q. This is possible
since the extension can be chosen such that |Da|(02) = 0, that is, we are not creating
any jump on 0f2. Consider the new minimisation problem

(102) I :=inf {/ o(Du) : uwe BV(Q), u=aae. in Q"\ Q} :
Finding a solution to (102)) is equivalent to finding a solution to (100). Indeed, if u €
BV (') is such that v = a in '\ Q then
(103) Du=Dul_Q+ (u? —a®)vH' LN+ Da L (\Q),
Q

where u®, a? € LY(0R) are the traces of u and a on 9. Notice that we can use a* in
(103) because the extension a is such that |Dal(992) = 0, hence we have a}, = ayq = a*
H" l-a.e. in OQ.
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Step 2. Existence of a minimiser for ((102)).
Let u; € BV (') be a minimising sequence for (102)), that is u; = a a.e. on '\ Q and
(104) lim [ ¢o(Du;)=1.

J—00 QO
By standard truncation arguments we can assume that ||u || < max;|m;|. In particular,
from ([104)), we deduce that sup; ||uj||BV(Q/) < 0o. By compactness in BV, there exists
@i € BV(Q) such that, up to subsequences, u; — @ in L'(Q') and Du; — Di weakly in
M(Y;R?). Since u; = a a.e. on '\ ©Q, the strong convergence in L' implies that (up to
subsequences) u; — @ a.e. in ', so that @ = @ a.e. in '\ Q. From Reshetnyak’s lower
semicontinuity Theorem we conclude that

| o) <tmint [ o(Duy) =1,

J]—00

so that @ is a minimiser for (102]).
Step 3. Existence of a piecewise constant minimiser for (100]).

Let u be a minimiser for (102). By a standard truncation argument we can assume that
my < u < my a.e. on . Formula (101)) then reads

k-1

(105) / p(Du) = /m+ Per,(E;, Q) dt

i=1 v

where F; = {x € Q:u(x) > t} for t € R. By the mean value theorem, for every
i=1,...,k—1, there exists t; € (m;,m;+1) such that

miy1
(106) / Per,(E;, Q) dt > (mi11 — m;) Pery(E,, Q).

We define the piecewise constant function
u(zx) :=m; ifreE, | N Eny,,
fori =1,..., k, where we have set Ey, := € and we notice that E,, = 0 set theoretically.
Since the sets E; have finite perimeter in ', we have that @ € BV(Q'). Moreover, by

construction, & = a on Q' \ €2, so that @ is a piecewise constant competitor for (102]). It
is immediate to compute that

k—1
Du = Z(mi—H —m;) VEy, H! LO"E,
i=1
so that
k-1
/ o(Da) =Y (miy1 — mz)/ e(vE,) '
’ =1 8*Eti
(107)
k-1

(miJrl — mz) Perq:(Etm Q/) .
1

(2
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By minimality of u and ((105))-(107)) we conclude that @ is a locally constant minimiser for
(102). Hence @], is a locally constant minimiser for (100j). O

7. CONCLUSIONS AND PERSPECTIVES

The aim of this paper is to describe polycrystalline structures from a variational point
of view. Grain boundaries and the corresponding grain orientations are not introduced
as internal variables of the energy, but they spontaneously arise as a result of energy
minimisation, under suitable boundary conditions.

We work under the hypothesis of linear planar elasticity as in [10], with the reference
configuration Q C R? representing a section of an infinite cylindrical crystal. The elastic
energy functional depends on the lattice spacing € of the crystal and we allow N. edge
dislocations in the reference configuration, with N. — oo as ¢ — 0. Each dislocation
contributes by a factor |loge| to the elastic energy, so that the natural rescaling for the
energy functional is N,|loge|. We work in the energy regime

1
g>>N5>>|log5|,

which accounts for grain boundaries that are mutually rotated by an infinitesimal angle
0~ 0.

After rescaling the elastic energy of such system of dislocations and sending the lattice
spacing ¢ to zero, in Theorem [£.2] we derive by I'-convergence a macroscopic energy
functional of the form

]:(M,S,A):/CS:de+/go(d—M) d|y|,
Q Q d|pl

where C is the linear elasticity tensor and ¢ is a positively 1-homogeneous density func-
tion, defined through a suitable cell-problem. The elastic energy is computed on S, that
represents the elastic part of the macroscopic strain. The plastic energy depends only on
the dislocation measure p, which is coupled to the plastic part A of the macroscopic strain
through the relation 4 = Curl A. As a consequence, p is a curl-free vector Radon measure.
The contributions of elastic energy and plastic energy are decoupled in the I'-limit F, due
to the fact that S and A live on different scales: y/N.|loge| and NV, respectively.

Indeed this is the main difference with the energy regime N, = |loge| studied in [10],
where S and A live on the same scale |loge|. In [I0] the authors derive a macroscopic
energy that has the same structure as F, but in which the contributions of elastic energy
and plastic energy are coupled by the relation p = Curl 3, where 5 = S + A represents
the whole macroscopic strain.

Once the I'-limit F is obtained, we impose a piecewise constant Dirichlet boundary
condition on A, and minimise F under such constraint. In Theorem we prove that F
admits piecewise constant minimisers, of the form

k
A=>"Aixq,,
=1
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where the A;’s are antisymmetric matrices and {Q;} is a Caccioppoli partition of 2.
We interpret A as a linearised polycrystal, with €2; representing a single grain having
orientation A;. This interpretation is motivated by the fact that antisymmetric matrices
can be considered as infinitesimal rotations. The (linear) energy corresponding to A can
be seen as a linearised version of the Read-Shockley formula for small angle tilt grain
boundaries, i.e.,

(108) E = Ey0(1 + |log#)),

where Ey, > 0 is a constant depending only on the material and 6 is the angle formed
by two grains. Indeed, the Read-Shockley formula is obtained in [I7] by computing the
elastic energy for an evenly spaced array of 1/e dislocations at the grain boundaries.
Our energy regime accounts only for V. < 1/e dislocations, therefore we do not have
enough dislocations to create true rotations between grains. Nevertheless we still observe
polycrystalline structures, but the rotation angles between grains are infinitesimal.

Recently Lauteri and Luckhaus [I4] proved some compactness properties and energy
bounds in agreement with the Read-Shockley formula. It would be desirable to understand
if our I'-limit can be deduced from their model as the angle 6 between grains tends to zero.
Moreover, it would be interesting to push our I'-convergence analysis to energy regimes
of order “Oga|, corresponding to NV, ~ % In this regime true rotations should emerge and
the Read-Shockley formula could be possibly derived by I'-convergence. At present, our
technical assumption on well separation between dislocations is not compatible with such
an energy regime.

Another natural question is whether the minimiser Ais unique, or at least if all the
minimisers are piece-wise constant. We suspect that, by enforcing piece-wise constant
boundary conditions, generically all minimisers are piece-wise constant.

A further problem is to deduce our I'-limit F by starting from a nonlinear energy
computed on small deformations v = x + cu, in the energy regime N. > |loge|. A
similar analysis was already performed in [15] (see also [18], [11]), where the authors derive
the I'-limit obtained in [I0] starting from a nonlinear energy, under the assumption that
N =~ |loge|. It seems possible to adapt the techniques used in [I5] to our case. This
problem is currently under investigation by the authors.

Finally, a further step forward in our analysis is the following: in this paper the forma-
tion of polycrystalline structures is driven by relaxed boundary conditions, as usual for
minimisation problems in BV spacess. It would be interesting to deal with true boundary
conditions, which we expect to lead to the same I'-limit F94 defined in . Moreover, it
would be interesting to replace boundary conditions by forcing terms. For instance, bulk
forces in competition with surface energies at grain boundaries should result in polycrys-
tals exhibiting some intrinsic length scale. This is the case of semi-coherent interfaces,
separated by periodic nets of dislocations (see [§]).
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