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Order Preserving Interpolation for
Summation-by-Parts Operators at
Non-Conforming Grid Interfaces

Martin Almquist* Siyang Wang' Jonatan Werpers?*

Abstract

We study non-conforming grid interfaces for summation-by-parts
finite difference methods applied to partial differential equations with
second derivatives in space. To maintain energy stability, previous
efforts have been forced to accept a reduction of the global convergence
rate by one order, due to large truncation errors at the non-conforming
interface. We avoid the order reduction by generalizing the interface
treatment and introducing order preserving interpolation operators.
We prove that, given two diagonal-norm summation-by-parts schemes,
order preserving interpolation operators with the necessary properties
are guaranteed to exist, regardless of the grid-point distributions along
the interface. The new methods retain the stability and global accuracy
properties of the underlying schemes for conforming interfaces.

1 Introduction

Adaptive mesh refinement is essential for efficiency in any simulation that
requires high resolution in a localized area. For wave-dominated phenom-
ena, high-order finite difference (FD) methods are often computationally
efficient, but not always robust. By combining summation-by-parts (SBP)
operators [I1] with simultaneous approximation terms (SATs) [4], the SBP-
SAT methodology leads to energy stable and conservative high-order FD
methods on multi-block and curvilinear grids [6} 25].

Mattsson and Carpenter [15] extended the SBP-SAT framework to locally
refined grids by constructing SBP preserving interpolation operators for non-
conforming grid interfaces. They proved energy stability for conservation
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laws and parabolic equations. The approach has since been extended to
the Schrédinger equation [20], the second order wave equation [29], and the
advection-diffusion equation [12]. For equations with second derivatives in
space, it has been observed that the SATs at the non-conforming interfaces
worsen the largest local truncation error, and hence the global convergence
rate, by one order, as compared to conforming interfaces [12] 19 26]. The
obvious remedy would have been to increase the order of accuracy of the
interpolation operators, but [I3] showed that this is impossible because the
order of the interpolation operators is bounded from above by the order
of the quadrature rule associated with every SBP operator [9]. Following
this discovery, [7] constructed interpolation operators corresponding to novel
degree-preserving first derivative SBP operators that are based on extra-high
order quadrature rules. Unlike traditional SBP FD operators, the boundary
closures of the degree-preserving operators depend on the number of grid
points. It is not obvious how well this approach would extend to equations
with second derivatives and variable coefficients considering the significant
effort involved in constructing such SBP operators [14].

In this work we circumvent the order reduction for second order PDEs
without increasing the quadrature order. Instead, we introduce new interpo-
lation operators referred to as order-preserving (OP) interpolation operators.
The key property of the OP operators is that they come in two pairs. While
each pair suffers from the accuracy restriction derived in [12} 3], it is pos-
sible to avoid accuracy reduction at the interface by using particular SATs.
We prove a theoretical result, which states that given two diagonal-norm
SBP operators, it is always possible to construct matching OP interpolation
operators. Encouraged by this result, we construct OP operators for the spe-
cial case of 2:1 grid refinement and perform numerical experiments. With
these new interpolation operators, our experiments show the same global
convergence rates as if the interfaces were conforming for the heat equation,
the Schrédinger equation, and the second order wave equation.

SBP preserving interpolation operators are not only used for coupling
FD grid blocks of equal sizes. In [I0], they were used to couple FD and dis-
continuous Galerkin methods, and in [I2] it was shown that they are the key
to coupling arbitrary SBP schemes on general meshes. In [19], interpolation
operators for so called T-junctions, i.e. grids that are non-conforming at the
block level, were constructed. A recent study also coupled finite difference
and finite element methods [8]. Although we only present experiments with
FD methods, the ideas in this paper apply to hybrid methods.

The numerical experiments in [19] showed quite erratic convergence be-
haviour when interpolation operators were used for the Schrodinger equation.
Although the average rate was approximately as expected, the rate from one
refinement level to the next varied noticeably. Numerical experiments in this
paper show that erratic convergence behaviour for the Schrédinger equation
can be mitigated by using the same discretization of the Laplacian as for the



second order wave equation.

The paper is organized as follows. We introduce some notation in section
2l In section [3] we introduce the OP operators for the Schrodinger and heat
equations. In section [4] we prove that, given two SBP operators based on
diagonal quadrature rules, OP interpolation operators always exist. Using
OP operators, we derive an order-preserving coupling for the second order
wave equation in section f] We then discuss three different discretizations
of the Laplacian and their properties in section [6] In section [7, we present
numerical experiments with the Schrédinger, heat, and second order wave
equations. The OP coupling exhibits one order higher global convergence
compared with previous approaches using the interpolation operators derived
in [I5]. We conclude in section [§]

2 Preliminaries

In this section we introduce some notation and recall the properties of second
derivative SBP operators that will be needed in subsequent sections.

Let © denote a bounded domain in R? and let f = [f1,..., fi]? and
g =01,...,9m] be vector-valued functions with m components in C?(£2).
We will use the standard inner product and norm on L?(Q), i.e.

(f,9)q = /Q £9d2 1£13 = (f, Do (1)

where * denotes conjugate transpose. For integration along the boundary
0L, we use the notation

<f79>ag = /aszf*g dr.

We will frequently use the normal derivative on 0f2, defined by

ofi
on

where 7 denotes the outward unit normal. With this notation, Green’s first
identity reads

_ (1 9%\ _ (vt v,
(.80 = (fu ) = (VhTao. ©)

Let U = [-1,0] x [0,1] and V = [0,1] x [0,1]. We denote the interface
between U and V by I". The outer boundaries are I'yy = QU\I' and Ty, = 9V'\
I". Throughout this paper we will consider initial-boundary value problems



in the form

Lyu=0, (z,y)eU, tel0,T],
Lyv=0, (z,y)eV, te]|0,T],
u—v=0, (z,y)el, tel0,T],
anﬁ—% + O‘V% =0, (z,y)el, tel0,T], (3)
Byu =0, (z,y)ely, telo,T],
Byv =0, (x,y)ely, tel0,T],

augmented with suitable initial conditions at time ¢ = 0. Here Ly, are linear
differential operators of second order in space and first or second order in
time; Ny are outward unit normals on the interface I'; oy are scalar
coefficients; and By are boundary operators. Because our focus is on
the interface treatment, we assume that the boundary operators By are
such that the problems are well-posed and will henceforth omit them in the
analysis.

2.1 Summation-by-parts finite difference operators

Consider an interval J = [zy, x,] and a grid vector x = [x1,...,2x]T that
discretizes J. Let F,G € C*(J) and let F(x) = [F(z1),..., F(zy)]" denote
the restriction of I’ to x. Consider a difference operator Do that approxi-
mates the second derivative, i.e.

DoF(x) ~ F"(x).

We say that Ds has the summation-by-parts (SBP) property [I§] if it can
be decomposed as

Dy =H ' (—=D"HD + e,d! — e,d}),

where H = HT > 0; le are row vectors that interpolate to the left and right
boundaries of the domain; dzT are row vectors that approximate the first
derivatives at the domain boundaries; and F (§)T5TH DG(x) approximates
/ S F 'G’ dz. Note that although the operator D is accurate in the integrated

sense, D by itself is not necessarily an accurate approximation of the first
derivative. We further require that

DTHD = hy(dpd” + dd}) + M, (4)

where 7 is a positive constant and M is symmetric positive semidefinite. The
property in is essential for the inter-block coupling in the second order
wave equation [16].

Let € denote the unit square. We assume for ease of notation that €2 is
discretized by a tensor-product grid with N grid points in each coordinate



direction. Let Dy denote an SBP operator corresponding to a single grid line
and let I denote the N x N identity matrix. On §2, we will use the following
operators:

Dyy = Do @1, Dy, =1® Do,
D,=D®l, D,=I1®D
DA = Dy + Dy, Ho=H®H
W - Ve M, = Heo
ew.E = ey @1, esN =1® e,
dw = —dg® I, ds = —1 ®dy,
dp = d, ® 1, dy = 1 d,.

Note the minus signs in the definitions of dy,g, which ensure that all bound-
ary derivative operators dyy s g N approximate the outward normal deriva-

tive.

Let f and g denote the restrictions of m-valued functions f = [f1,..., fm]”
and g = [g1,...,gm|” to the grid. We store the discrete values in N2 x m
matrices,

f=[f £ ... f,], g=[g1 & ... 8nml,
where f; denotes the restriction of f; to the grid. We define the operator ]_N)v
by
Dofi = Dot Dyfi|.
(CNQXm

We further define a discrete inner product in , and a corresponding

norm,
m
(f.g) =Y Hogi |fII* = (£.£). (5)
i=1
Notice that approximates . For boundary integrals we use the notation
(el elygi) = (efy)" H(efyg:), (6)
and
<<ejl/—{'/fz>>2 = <€%I—'/fi7 6%f1> .
Because of the SBP properties, the discrete operators satisfy a discrete ver-
sion of Green’s identity ,

(fi, Dagi) = — (Evfi,ﬁvgi) + Z (el dlgi) .
ae{W,5,E,N} (7)



Because of the property in we have

<5vfu 5ng‘) = £/ (M, + M,)g; + Z hy (dif, dlg:), (8)
ac{W,S,E,N}

where M, , are symmetric positive semidefinite.

2.2 Notation for two-block discretizations

Consider the two-block problem . Let u and v approximate u and v,
respectively. In each grid block we introduce SBP finite difference operators
in the way described in the previous section. The operators could be based
on different numbers of grid points or different orders of accuracy and are
hence not identical, in general. For notational convenience however, we will
not use different symbols for the differential operators, e.g. Da. But in this
setting it is important to distinguish between the different quadratures that
are used in the two blocks. Let H, 5 denote the one-dimensional quadrature
matrix H used in U and let H‘F, denote the quadrature matrix in V. The
corresponding two-dimensional quadrature matrices are

Hy = H; ® HY;, Hy = Hi ® Hy.

We will write (-, -);; for the inner product used in U and (-, )y, for the inner
product in V. Similarly, the boundary integrals corresponding to @ will be
denoted by (-,-);; and (,-)y,. Using the summation-by-parts fomula for
U and V we can write

(u7 DA¢)U = <egu, d£¢>U - (ﬁvu, 5V¢>U ) (9)

and _ N
(v, Dawp)y = (ehyv,divwp),, — (Dov, Dyy)

Here, we have ignored all boundary terms not belonging to the interface
between U and V since they do not enter the stability analysis of the interface
treatment. They should be taken care of by proper enforcement of well-posed
boundary conditions.

Similarly, the property in leads to

- (10)

(Evu, Evcp)U = hyYa <d§u, dggo>U +u” (Mm + My) P, (11)

d
" (ﬁvv, 5v¢>v = hyYo <d7V;/v, d%i/)>v +v* (]\796 + My> P, (12)

where h,, denote the grid spacings and the constants 7, , correspond to the
(possibly different) SBP operators used in U and V.



3 Parabolic and Schrodinger type equations

In this section we consider initial-boundary value problems of the form

u—alAu=0, (x,y)eU, te]l0,T],

vy — bAv = 0, (x,y)GV, te[07 T]7
u—v=0, (zy)€T, te0,T], (13)

a4 b =0, (z,y) €T, telo,T],

with initial data for v and v. We assume that a and b are constant coef-
ficients with non-negative real parts. If a and b are real and positive, ([13)
is a parabolic problem. Purely imaginary a and b yield a Schrodinger-type
problem.

Before discretizing , we derive an energy estimate for the continuous
problem. Multiplying the first equation in by »* and integrating over
U yields

ou ou
= Au)p = S 2 — — ) = 2
(u,up)y = alu, Au)y a<u, 8ﬁU>aU a||Vullz a<u, 3ﬁU>p a||Vul|z,

where we discarded terms related to outer boundaries in the last step. By
repeating the procedure on V' and using the interface conditions, we obtain
the estimate

d ) :
37 el + [10117) = = (@ + ) Vullg = (b + )Vl

3.1 Semi-discrete approximation
The semi-discrete approximation of ((13) can be written as

u; —aDau = SAT,,

(14)
vy —bDaAv = SAT,,

where SAT, , are penalty terms that weakly impose the interface conditions

on I'. For notational convenience we write e.g. uy for %‘. We make the
ansatz
SAT, = t,a*Hy;'dp Hf; (efu — I, ety v) + o, Hy e p HY (adfu + I2,,bd,v),

SAT, = 7,b" Hy, dw Hy (el v — ISy, eh) + o, Hy tew HY (bdly v + I, adbu),

u

where 7, , and oy, are scalar penalty parameters. The interpolation opera-
tors qu’;; and Ij’;i interpolate between the two different grids that discretize
the interface I'. The superscripts e and d specify what the interpolation
operator is applied to; either the solution itself (e), or the normal derivative
(d). In the case of matching grids (and matching quadratures), all the inter-

polation operators can be replaced by identity matrices. Note that the above



ansatz is more general than those used for the Schrodinger equation in [20]
and parabolic equations in [I5]. The extra generality is what will enable us
to obtain higher order of accuracy. The above ansatz reduces to the ones in
[15], 20] if we set

e _ 7d e __7d
v2u I’u2uﬂ u2v Iu2v'

In the following subsection we analyze the local truncation errors introduced
by SAT, , in , to determine what accuracies we require of the different
interpolation operators. After that, we derive stability conditions on the
interpolation operators.

3.2 Local truncation errors and convergence rates

Let x,, and x,, be two different grid vectors that discretize an interval .J. Let
f be a smooth function and let f, and f, denote its restrictions to x, and
Xy, respectively. If I,0, and I,o, are interpolation operators of orders g2,
and g9, then

Lyouty = £, + O(th2U)a

15
Iv2ufv = fu + O(hqv2u)a ( )

where the interpolation error in denotes the maximum error over all
grid points.

Traditional diagonal-norm SBP operators [14] [I8] with 2pth order of ac-
curacy in the interior are of order p at a fixed number of near-boundary grid
points. In two dimensions, all grid points near an interface or boundary are
affected by the pth order errors. Still, for equations with second derivatives in
space, numerical experiments often show min(2p, p 4+ 2)th order convergence
rates. For one dimensional problems, a general normal mode analysis shows
that the convergence rate of pointwise stable schemes is at least min(2p, p+2)
[24]. A detailed analysis of a class of SBP-SAT discretizations for the second
order wave equation proves that, with properly chosen penalty parameter,
the convergence rate sometimes exceeds min(2p,p + 2) [27]. This result is
extended to two dimensional problems in [28]. However, when conforming
grid interfaces are present the rate does not exceed min(2p, p+2), in general.
We will refer to min(2p, p+2) as the ideal rate that we hope to preserve when
using interpolation operators at non-conforming interfaces.

The boundary derivative operators d%;,, g.s.n are typically constructed to
be of order p+1 to ensure that SATs at boundaries and conforming interfaces
do not cause truncation errors larger than pth order. Hence, we can ignore
their effect in this discussion. To analyze the local truncation errors of the
SATs, we let w,, denote the restrictions of the exact solution to the grids
on the left and right sides of the interface. Assume that e.g. IS,  is of order



e .
¢59,- The truncation errors are

* —1 r T T
T, = Tya HU dEHU (eEWU - ISQuewwv)

~h=2 thg2u
—1 r, T T
+ 0w Hitep HYy (adbwy, + I, bdyw,)
~h=1 thgQu

= O(h%2u=2) 4 O(R%u=1),

and 1 r T T
. pr—
T, = 7,b" H,“dw Hy, (eyywy — L9, W)
~h—2 th'in

+ oy Hy'ew Hy; (bdjyw, + I, ad;w,)

~h-1
= O(h%2=2) 4 O(huzo™L),

Note that to balance the errors from the different interpolation operators we
require

d
~hv2u

d d
q;i?v - qSQu = Qu2v +1= Q20 + 1.

That is, IS,
and I%,,.

Suppose that diagonal-norm SBP operators of interior order 2p are used
on both sides of the interface. The inner product matrices of traditional SBP
finite difference operators of interior accuracy 2p correspond to quadrature
rules of order 2p [9]. As will be discussed in more detail in section[d] the order
of the inner product matrix is what limits the accuracy of the interpolation
operators. The highest achievable accuracy turns out to be

, and I¢, should ideally be one order more accurate than I%,

qzeﬂv = q'i?u =p+ 17 QSQ'U = QgQU =D,

which leads to
Tuw = O(hP™h).

Recall that the diagonal-norm SBP derivative operators have accuracy p at
all grid points along the interface. Ideally we would have wanted T, , =
O(hP), but since that is impossible, the best we can do is to construct in-
terpolation operators such that T,,, = O(hP~1) only at O(1) grid points
along the interface. It is not obvious how the global convergence rate will
be affected by a localized large truncation error. Because the error is more
localized than that of the derivative operators, one would expect at least
(p+ 1)th order global convergence, but could hope for higher order. Indeed,
we observe (p + 2)th order global convergence for p = 2,3 in the numerical
experiments in section [7]



In the less general interface coupling with

e __gd __ e _ gd _
u2v ]u2'u — Lu2v, Iv2u - I’U2’M — Lv2u,

we obtain local truncation errors
Tu — O(th2u_2)’ T’l} — O(hQuQv_2)‘

The stability requirements on the interpolation operators limit the accuracies
according to (see [12])
Gu2v + Qu2u < 2]7 + 1.

In this case, it is inevitable that max(T,, T,) = O(h?~2). Hence, with the
new OP coupling, the largest local truncation error is of one order higher
than the largest local truncation error in previous approaches. Therefore, it
is reasonable to expect an improvement by one order in global convergence
rate.

3.3 Stability

The aim in this subsection is to derive stability conditions on the interpola-
tion operators. We first introduce the notation

Ig

. T1€ b . 7d g ._ 7€ b ._ 7d
u2v T Iu?v’ Iu2v T Iu?v’ I T Iv2u =1 2u

v2u v2u v

where the superscripts g and b denote “good” and “bad”. The error analysis
in the previous subsection showed that all the SATs in give truncation
errors of equal order if the good interpolation operators are one order more
accurate than the bad ones.

To analyze stability we multiply the first and second equations in ([14])
by u*Hy and v* Hy, respectively, which leads to

(w,w)y = a(u,Dau)y + (u, SAT,),; ,
(v, vi)y =b(v,Dav)y + (v, SATY),, .

Using the summation-by-parts formulas @D and 7 we obtain
a(u,Dau); =a <e§u, d§u>U —a <5vu, ﬁvu>U
= a(ehu,dfu), — a| Dyull?,
and similarly
b(v,Dav), =b <e%v,d¥,{,v>v — b||Dyv]?.
The SATs yield

(0, SAT,)y = Tua*(dku, ehu— 1Y%, el vy +oulehu, adgu+ 10, bdl vy,

10



(v, SAT,)y = 1,b*(dlyv, elyv =19, ebu)y 40, (el v, bdly v+ 12y, adku)y .
We can now conclude that the discrete energy rate is

d *\ ([ 79 *\ (| 79 *
T (Il + IvIl}) = —(a+a*)|| Dyullf; — (b +b")[| Dy vy + w* Aw,

where we have defined
T

€pu 13 (14
T
. GWV . a923 Q24
w = A=
dTu ) o ok )
YE 13 23
* *
dyy v Qg Ogy

and
a3 = (a + at} + aoy) Hy,
a1y = boy Hip Ly, — b1y (Ily,) Hyy,
Q23 = —aT, (Ig2u) HU + aUUHVIu2U7
agq = (b+ b1 4 bo,)Hy.
The matrix A is symmetric and has zeros on the diagonal. To ensure that
w* Aw is non-positive we need all the elements of A to vanish. When the
grids are conforming and the same SBP operators are used in U and V, all
interpolation operators can be replaced by identity matrices and the inner
products are the same, i.e. HY, = H‘E The stability conditions then reduce
to
1+7, +0,=0,
oy —TF=0
. (16)
—T, +0, =0,
1+7, 4+ 0, =0,
which is equivalent to
1+7 +7,=0,

There is one free parameter, but the only solution that treats the left and
right directions identically is [2], 20]

Tu =0y =Ty =0y =—1/2. (17)

Now we return to the general case of non-conforming grids. If the interpola-
tion operators satisfy

H[I}ISQ (1521)) Hlp/v

(I 2u) HU = HVISZW

v
then the condition that all entries of A equal zero again reduces to
and the parameter values in ((17)) yield stability. The stability condition
relates ISQU to 17, and I b% to I%,,,- Thus, we may use two pairs of operators
that are unrelated to one another.

(18)

11



3.4 The stability condition in terms of Hilbert adjoints

Let Ny and Ny denote the number of grid points along the interface in U
and V', respectively. The matrices H 5 and H‘F/ define inner products in CNv
and CM by

(ur, ¢r)y, = wpHiér, (vr,er)y. = viHjer.

Let the resulting inner product spaces be denoted by Ur and Vr. It follows
from the completeness of C that also Ur and Vp are complete, and hence
Hilbert spaces. By definition, the Hilbert adjoint LT of a linear operator
L : Ur — Vr satsifies

(v, Lu)v. = (LTv,u)p. Yu € Ur,v € Vp. (19)

Linear operators from C™ to C" are represented by rectangular matrices and
hence is equivalent to the condition

HYL = (LY)*HE.
We note that the stability condition can be equivalently written as

ISQU = (ISQU)T7
IgQu = (IZQU)T

v

(20)

To obtain a stable scheme, it is enough to choose two interpolation oper-
ators, say 1%, and I, . The two remaining operators I%,, and I’ are
uniquely determined as the adjoints of the first two operators. But for the
scheme to be accurate, both I, and I7, . as well as their adjoints, must be
accurate interpolation operators. Naturally, the stability condition is
also essential for dual-consistent (or adjoint-consistent) discretizations with
non-conforming grids.

Let ¢(I) denote the order of accuracy of an interpolation operator I.
Based on the stability and accuracy analysis in this section, we introduce

the following definition.

Definition 1. Given two inner product matrices Hg and H‘F/ that corre-
spond to quadrature rules of order 2p, we say that the interpolation operators
I, 1%, 1%, and IY,, constitute a set of order preserving interpolation
operators if

U

IgQu = (1321))T7
IgQu = (IZQU)T’
and g g
q (Iu2v) =q (Iv2u) =P + 17

q (1'221)) =q <Ig2u> =D

The order preserving (OP) operators are defined so that the scheme
is stable with truncation error of order p — 1 in maximum norm.

12



4 Existence of interpolation operators

In this section we will restate the known results that bound the sum of the
orders of the interpolation operators 0, and I, = :52” from above. As an
example, in the case of traditional SBP operators with 2pth order interior

stencils on both sides of the interface, the bound is

Q(Iu2v> + q(IUQu) S 21? + 1. (21)

It is important to note that the sum of the orders is an odd number. When
using only one adjoint pair of interpolation operators, the global order will
be dictated by min(q(Iy2y), ¢(Iy24)), which can not exceed p. Hence, previous
approaches [12| [15] 19, 26] have not had a reason to let max(q(Iy2y), ¢(Ip2u)) =
p+ 1. The OP approach with two pairs of operators utilizes the extra order
to improve the global convergence rate.

After restating the known results we present a new theorem that shows
that the bounds similar to are always sharp. That is, one can always
construct an adjoint pair I,9, = IZEQU with the maximal accuracy allowed by
the bounds. Further, the total order of accuracy may be divided arbitrarily
between [0, and I,9,. Guided by the new existence result, we proceed to
construct new OP interpolation operators for the special case of a 2:1 grid
size ratio and 2pth order interior stencils on both sides, for 2p = 2,4, 6, 8.

4.1 Theoretical results

Consider two vectors x,, = [71,...,7n,]T and x, = [£1,...,&n,]T that dis-
cretize an interval J = [o,]. For monomials 7, j > 0, we write e.g.
x), = [le,...,xg\,u]T. Consider two inner product matrices H,,. In this

section we use the inner product notation

(0, )y =" Hyp, (v,1)y =V Hy1p.

We also introduce Vandermonde-like matrices

m,n __ m m+1 n
Xt =[x xrT X

Assume that the inner product matrices H,,, correspond to quadrature rules
of orders gy, on X, ,. This means that H, , integrate polynomials of degree
less than ¢, , exactly, i.e.,
o 1 o o
') [ p— A NG T S S 22
and similarly for H,. We also assume that the orders are not in fact higher
than gy ., i.e.,

1

P LA IR A By 8

(xux), #

13



with similar conditions for H,. In the case ¢, = ¢, = q, we assume that H,,
and H, do not have the same leading order error, i.e.,

(xixh), # (x0,x),, it+i=q

This condition is justifiable in practice. Consider for example the case when
H, and H, are based on the same quadrature formula but with different
numbers of grid points, e.g. N, > N,. Then we expect H, to have a smaller
truncation error than H, and hence the leading order error terms will not
be equal.

The order conditions (22 imply that

(XOHTH, X% = (XOYTH, X% i+ j = min(qu, q) — 1.

An interpolation operator I, is accurate of order ¢ if it is exact for poly-
nomials of degree up to ¢ — 1, i.e.

Loy X201 = x 01,
The first important theorem is due to Lundquist et al. [12].

Theorem 1. If 1,5, = Ig:zm then

Q(IuZU) + Q(IUQU) < min(Qu7Qv) + 1.
Proof. See [12]. O

A proof of Theorem (1] for the special case g, = g, first appeared in [13].

The following theorem shows that given two inner product matrices, it
is always possible to construct an adjoint pair I,9, = Il% with the maximal
accuracy allowed by Theorem

Theorem 2. Let qu2, and qyo, be integers such that 1 < quoy < Ny, 1 <
Guv2u < Ny and

Qu2v + quay < min(Qu) QU) + 1.

Then there exists 2, such that we may set L2, = I];QU and obtain

q(lu2v) = quav,  q(Lv2u) = Gu2u-
Proof. We seek I,,2,, such that q(Ly2,) = quav, i.€.,
Lp X tw2v ™t = X auzo—d, (23)
i

u2v?

Upon setting Iy, = the condition that q(Iy2,) = Gu2y yields

0, -1 _ 0, -1 _ 7t 0, -1 __ —17T 0, -1
Xu qv2u — I’U2’U,X'U quv2u — Iu27_)XU quv2u — Hu Iu2'uH’UX’U qu2u ,

14



which we may write as

IT H’UXO’ quau—1 — Huon(I’UQu_l‘ 24
v u

u2v

Thus, we are seeking an operator 1,9, that satsfies the two accuracy condi-
tions and . At this point, we require the assumption that Ny > qy2v,
i.e. that there are sufficiently many grid points. We organize the remainder
of the proof into two parts. First, we show that the result holds in the case
Ny = quoy. Second, we prove the result for N, > quo,.

Assume that N, = quao. In this case, Xg %1 = V&2 where V"
denotes the Vandermonde matrix of order n. The Vandermonde matrix is
square and invertible, so the first accuracy condition determines I,9,
uniquely:

Tyo0 = X37 qu2v_1(vgu2v)_1.

Substituting the expression for I,2, in the second condition yields
(V) T (e )T, X0 — g, X0
which is equivalent to
(X T, Xt = (X T, Xt (25)

If is satisfied, then I,9, and Il% are accurate of orders quo, and gyoy.
But is satisfied for any qyoy, qu2y such that guo, + Gu2y < min(qy, gv) +1,
because both quadrature matrices integrate such polynomials exactly.

It remains to prove that we can find I,2, with the desired accuracy prop-
erties when N, > ¢u9,. To obtain an invertible matrix in the left-hand side
of we can pad the system with extra equations where the right-hand
side is arbitrary, i.e.,

LoV = K=t = [xD0 ! X, ] (26)

where the entries of )ZU are arbitrary. The columns of )~(v are the results of
applying I,9, to polynomials of degree larger than or equal to gu2,, which
we do not need to put any conditions on. By solving for I,9, and
substituting in the second condition 7 we arrive at the system

(j(v'quv_l)THvXS» qu2u—1 — (VuNu)THqua QUZu—l’ (27)

and we must prove that there exists X, that satisfies this equation. Using
the block structure of X&** ™ and V. Ne, can be written as

(X87 Qu2U71)THUX’87 qu2u—1 B (ng QuQv_l)THquv Gv2u—1
X’g—’Hnga quau—1 (X’quvy Nu_l)THquv Quau—1

15



The upper system of equations is again satisfied if qy2,+qp2u, < min(qy, ¢,)+1
because both quadrature matrices integrate such polynomials exactly. It
remains to show that we can find X, that satisfies

XZ—‘H’UXS, Gv2u—1 — (Xgu2v7 Nufl)THuXSa qu2u—1 .

Let A = (Xo® YTH, and B = (X0 7 YT H, X2 M1 g5 that the
system can be written as

AX, = B,

where A € R%2uxNv A gufficient condition for a solution matrix )Z'U to exist
is that A has full row rank. Because

rank(H,) = N,, rank(X2%21) = min(gyu, No),

it follows that
rank(A) = min(qyoy, Ny).

Hence, A has full row rank if N, > gy2,. This proves the theorem. O

Remark Let min(qy,, q,) = 2p. By Theorem (1} q(Iu2,) + ¢(Ly2u) < 2p + 1.
Theorem |2 guarantees that interpolation operator pairs such that q(l,2,) +
q(Iy2y) = 2p + 1 exist. Further, it shows that we may distribute the total
order of 2p+ 1 freely. In this paper, we are only interested in operators such
that

Q(IUQU) =p+ 17 Q(Iv2u) =D

or
q(Lu20) =p, q(Ly2u) =p+1,

because these choices lead to a balance of truncation errors in the numerical
scheme. However, operator pairs such that e.g.

Q(IUQU) =p+ 2, Q(Iv2u) =p— 1,
are also guaranteed to exist.

Remark Note that Theorem [2 only concerns the interpolation error in max-
imum norm. For e.g. finite volume, finite element and discontinuous Galerkin
methods, this is all that matters. However, to obtain the ideal convergence
rate with traditional finite difference methods we require the interpolation
operators to have smaller /2-errors than the point-wise errors guaranteed by
Theorem 2] That is, the interpolation operators should be accurate of orders
Gu2v and qyo,, at O(1) grid points only, and at least one order more accurate
at remaining grid points. Theorem [2] does not guarantee that such operators
exist. In our experience however, it is not difficult to obtain high order for
the interior grid points where the quadrature weights are constant.

16



4.2 Examples of order preserving interpolation operators

For the numerical experiments in section |7, we have constructed OP inter-
polation operators for the special case of a 2:1 grid size ratio and 2pth order
interior stencils on both sides, for 2p = 2,4,6,8. They are compatible with
diagonal-norm SBP operators with minimal number of boundary points on
equidistant grids, see e.g. [23]. Actually, they are compatible with any SBP
operator based on the same norm matrix. The norm matrices Ha), are

. 1
szhdlag(bl ])
— hding ([17 59 43 49 ¢ .
H4_hd1ag([48 I3 Is 13 1 ])7
T 13649 12013 2711 5359 7877 43801
Hg = hdiag ([43200 8640 1320 4320 8640 13200 1 ° ])7
He — hdia ([1498139 1107307 20761 1304999 299527 103097 670091 5127739 1 . 1)
8 = & \ 15080320 725760 80640 725760 725760 80640 725760 5080320 :

As prescribed in sectlon the constructed OP operators satisfy ¢(1%,,) =
q(1%,) = p+ 1 and q(I%,) = q(I%,) = p. These large truncation errors
are localized to the boundary closures, which are comparable in size to the
boundary closures of the corresponding difference operators. All constructed
interpolation operators have repeating stencils of order 2p in the interior.
When constructing the OP operators, we made an ansatz that [, is
sparse, with non-zero boundary blocks of size m X n and an interior band-
width d. The accuracy conditions of I,s, and Il% were required to be
fulfilled exactly. If the linear system that results from the accuracy condi-
tions did not have a solution, m, n and d were successively increased un-
til the system became solvable. Any remaining free parameters were then
used to minimize the ¢? error when interpolating a sine function with 8
grid points per wavelength on the coarse grid. Figure [1| shows the spar-
sity pattern for the p = 2 case. The OP operators are available at https:
//bitbucket.org/martinalmquist/op_interpolation_operators.

5 The second order wave equation

In this section we will use OP interpolation operators to derive stable and
accurate discretizations of the wave equation with non-conforming interfaces.
The new schemes are similar to those derived in [26], but with truncation er-
rors of order p—1 instead of p—2. Since numerical experiments in [26] showed
global convergence rates of order p + 1, one may expect the new schemes to
converge with rate p + 2, which is supported by numerical experiments in
section [Tl
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Figure 1: Non-zero elements for an example pair of interpolation operators
(p = 2). The grid ratio is 2 and the coarse grid has 20 points. Modified
boundary blocks are shown in red.

We consider the problem

Ut — C%AU = 07 (.Q?, y) € U’ te [0’ T]’

Vet — C%AU = 0, (.CC, y) S V7 t € [07 T]’
u—v=0, (z,y)el, tel0,T], )

c%aéf%‘i‘cga(%:oa (z,y) T, tel0,T],

augmented with initial data for u, u;, v, and v;. We assume that c; o are
real, positive constants. The problem is energy-conserving and satisfies

d
&Ewave = 07
where )
Euwave = 5 (el + NVl + o3 + Sl Vo) - (29)

5.1 Semi-discrete approximation

The semi-discrete approximation of (28) can be written as

Uy — c%DAu = SAT,,
Vi — chAv = SAT,,

18



where SAT, , are penalty terms that weakly impose the interface conditions
on I'. We here make the ansatz

v

1 [T Ou
SAT, = — HUl h—c%eEHE(egu — IgQuea/v) + h—cgeEHEIf:Qu([ngegu — ea/v):|

r2
_ 1
+ HU1 %1 dEHE(egu — [g2uejv;/v) — §eEH5(c§dgu + cgli’%d%}v)]

-1 |Tv 2 r T T Ouv 2 T b T T
SAT, =— H,, h—CQewHV(er —I%, epu) + h—clevalu%(Ig%er - eEu)]
v u

.2
+Hy' | ZdwHy (v — I,

1
egu) - iewH‘l;(cgda/v —+ C%Ingdgu)] .

Assuming that the penalty parameters 7,, and o,, all are O(1), all the
SATs give rise to local truncation errors that are O(hP~1).

Compared to the SBP-SAT method for conforming interfaces [16], there
is an additional penalty term on each side of the interface. The second term
in SAT, evaluates the residual of the condition u = v on the grid at the
v-side of the interface, and then uses Ig% to interpolate the residual to the
u grid. We point out that the order of accuracy of I%,, does not affect the
order of the local truncation error of this term. The second term in SAT, is
analogous. Notice that in the case of conforming grids we may replace all
interpolation operators by the identity matrix, in which case the above ansatz
reduces to the one used in [16].

Theorem 3. The scheme is stable if o, = Ty = fﬁ and oy = Ty = 4(%,
where 0,0, > 1.

Proof. Multiplying the first equation in by u] Hy yields

-
(g, up)y = ci (uy, Dan)y — h—ucf <e§ut, efu — Ig2ue%v>U
u
Ou 2/ T b T T
- FuCQ <6Euta Ivzu(I{(bv@Eu - 6WV)>U
v
C% T T T (31)
+ 5} (dpuy, epu— Ig2ueWV>U

1
-5 <egut, 2d%u + cgfg2udg;v>U

We now rewrite the terms one by one. By the SBP properties of Da, we
have

& (ug, Dau)y = cf {efuy, d§u>U —c (Dvut, Dvu>U
We write the first boundary integral in as the sum of two integrals,

T T g T __Tu 2/ T T

——c] <6Eut, epu — Iv2ueWV>U =——c <eEut, eEu>U
hu hu

Tu

2/ T g T
+ h Cl <€EUt, Iv2uewv>U .
u
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We also write the second boundary integral in as the sum of two inte-
grals, and use the adjoint property of the interpolation operators in the first
of them to obtain

Ou 2/ T b g T T Uu 2 T
h 7 C <€Eut’Iv2u(Iu2veEu_€WV)> < u2veEut7 u2v8Eu>V
v

Ou 2 b
+ c<e w, ), e v>
h 2 EY fo2utW U

v

For the third boundary integral in , we have

M‘»—Qw

(diug, epu— I efyv), = = <dEut, epu), — %1 (dug, I%, el V), -

Using the adjoint property in the last boundary integral in leads to
1
—5 <egut7 CldEu + CZIbQUdTV;/V>U = — <€gu¢, d§u>U

<I732ve§ut, da/v>v )

Do ‘wﬁw l\D‘,_.Qw

Gathering terms, we obtain

(W, )y == 5 g7 15 (e Bt — (cbu. dpu),; + | Dvulf

dd[n
2 dt

N (32)
-

<dEut7 52u€WV> +*hu C% <€§ut7[g2ue%v>U

U

Ou 2 T C2 T
+ — N Iu%eEut,eWV>V < u2veEut7dWV>V‘
()

By repeating the procedure above for the second equation in (30]), we arrive
at a similar expression for (v, vy)y:

c2d [

(vevily == 53 |1 lehodt = (v dii)y + 1Dovi

N (33)
.

<dWVt7 u2v6Eu>V + h’U C% <€7V;/Vt7 I'32v6§u>v

v

% 2/79 T T T
Ta (Lauew vt )y, — < Ly eiyve dpu),, -
u
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Adding and leads to

1d ~ D

L (Ol + vl + 21 Dol + 1 Dovi?) =
2 d Ty,

- [ et — (ekw dgu)y, + <<fﬁzuewV>>?f]
c2d [

- Eza [h (e vV — (ewv,dipv)y + h, «Iﬂ?v@Eu»%/]

2
- 2 <dEut’Iv2u€WV>U Cl < queWVt7d£u>U
+ hfﬁ <6Eut7132ueWV>U < v2u€WVt7€§u>U

2 T 2 g T
+ h C2< u2veEutveWV>V h 02 <€WVt7[u2veEu>V
v

52 <152v€Euta djv;/v>v - 52 <d71,;/vt, Ig2v€gu>v :

The choice 7, = 0y, Ty = 0y, yields

d
*gwave = 0, 34
” (34)

where we have defined

1
Euave = 5 (el + Ivell} + Dol + S Dovli} + i, + 34,

with
T T \2 T \2
Ay = h*u (et — 2 (epu, I%,ely V), + (Ietr Vi)
(7
T . T
— <6E11 d u> <d u, v2u€WV>U
Tu
= —{epu— I, el V)i — (diu, epu — I, efyv),
and -
vy T 2 T T T
Ay = h7<<€WV I{(izv@Eu»v - <dWV7 ewvV — Ig2veEu>V'
v
We note that A, and A, are zero to the order of accuracy because Iv2ueWV ~
%u and u2v€:£u ~ e:{,;,v. Hence, the discrete energy Epqve mimics the

continuous energy Fque in (29)).
For stability it remains to prove that we can choose 7, so that Eyqve is
non-negative. By completing the squares in A, , we obtain

Tu h h

Ay = 2= (e = Iy, eqpv — T;;dgu»%] - ﬁ«dgu))%

S

and

To hy hy
Ay = hy <<6WV ISQUQEU - %d%v»% - i, <<d7V;/V>>%/-

21



Because of and , we have
IDvullf > huyuldpu),  IDeVIF > By (dEv)Y-
We can now derive a lower bound for &,,qe:
2 wave = uelly + [velly + 3 Dvulf + 3 Dyvlfy + cfA, + 3 A,
> & (IDvullf + Au) + & (IDevI} + A,
h h
> C% huYu — — <<d§u>>2U + C% hoyw — — <<d§v>>%/
4T, 4,

(2

It follows that Eypqpe => 0 if

Hence, with appropriate values of the penalty parameters, the discrete energy
Ewave 1s a semi-norm of [u,v]. The estimate shows that Eyqpe is nON-
increasing in time. Because Eyqpe contains ||ug||Z; +]|v¢||?,, one can show that
the solution grows at most linearly in time, see e.g. [27]. Thus, the scheme

is stable. O

Remark Energy stability is guaranteed by Theorem [3|as long as the penalty
parameters satisfy 6, , > 1. However, the choice 0,,, = 1 reduces the rank of
the discrete spatial operator by 1, and leads to a convergence rate lower than
the ideal rate [27]. It is therefore important to set 6,, > 1. Large values
of 6,, may improve the accuracy, but lead to a large spectral radius of the
discretization matrix and hence a small time step in explicit time stepping

methods [17].

6 Three different discretizations of the Laplacian

In this section we discuss the properties of the different discrete approxima-
tions of the Laplacian that have been introduced in this paper. Recall that,
with Dirichlet or Neumann boundary conditions, the continuous Laplacian
is symmetric and negative semidefinite in the L? inner product. We shall
investigate the symmetry and definiteness of the discrete Laplacians.

To suppress unnecessary notation, we assume in this section that the
PDE coefficients are continuous across the domain interface I' (the discussion
applies to discontinuous coefficients too). That is, we consider with
a = b =1 (the heat equation) or a = b = i (the Schrédinger equation), or
the wave equation with ¢ = ¢ = 1. Let w! = [uT VT} and let H
denote the global quadrature defined by

1)
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The scheme ((14) can be written in the forms
w; = Dpw (heat equation), w; = iDgw (Schrodinger equation),

where Dy, and D, are different approximations of the Laplacian, including the
SATs for the interface conditions. For stability, the symmetric parts of H Dy,
and 1 H D4 must be negative semidefinite. The penalty parameters in are
such that H D, is non-symmetric but has a negative semidefinite symmetric
part, while HDjy is symmetric but (in all the cases we have investigated)
indefinite.

Similarly, the scheme (30) can be written as

wy = Dy, w (wave equation), (35)

where D,, is the third type of approximation of the Laplacian, including
the SATs for the interface conditions. The scheme is stable if D,, is
symmetric and negative semidefinite in the discrete inner product. The
penalty parameters derived in Theorem [3] ensure precisely this. Hence, D,,
mimics both of these properties of the continuous Laplacian. Note also that
neither of the schemes

wi = Dpw,  wy = Dgw,
is a stable discretization of the wave equation, but
w; = D,w and w; =iD,w

are stable discretizations of the heat and Schrodinger equations. So, for
the heat and Schrodinger equations, we have two possible discrete Lapla-
cians. While Dy and D; are simple in the sense that they involve fewer
penalty terms, one might argue that D,, could be a better discretization of
the Laplacian since it too is symmetric and negative semidefinite. In sec-
tion |Z|, we show that it can be beneficial to use D,, in place of Dy when
discretizing the Schrédinger equation, because it leads to smaller errors and
smoother convergence behaviour.

7 Numerical experiments

In this section we present numerical experiments with the heat, Schrédinger,
and wave equations. We use narrow-stencil diagonal-norm SBP operators
[18] of interior orders 2p = 4 and 2p = 6 to approximate the spatial deriva-
tives. We compare the new interface treatment based on OP interpolation
operators with previous approaches that use only one pair of interpolation op-
erators and hence suffer from accuracy reduction. For the non-OP schemes,
we use interpolation operators developed by Mattsson and Carpenter [I5].
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Figure 2: The exact solution of the heat equation at time ¢ = 0, plotted on
a grid of 21 x 21 points in the left block and 41 x 41 points in the right block.

The new and old schemes are abbreviated as OP and MC, respectively. We
also let R% and R% denote the left and right half planes, respectively.

The reason for not including second order accurate schemes in the com-
parison is that MC discretizations converge with the ideal second order rate
and there is nothing to gain in using OP interpolation.

7.1 The heat equation

We consider the heat equation

ug — MAu=0, (z,y) €R?, t>0,
v — XAv =0, (z,y) €R%, t>0,
u—v=0, z =0, t >0,

MUz — Aovy = 0, z =0, t >0,

(36)

where the diffusion coefficients A\ and Ay are constant. The equation admits
analytical solutions in the form

wt

u = cos(kiz + koy)e " + v cos(kyz — koy)e ™,
v = (147)cos(kx + koy)e ",

where w = A\ (k2 +£3), k = Jw/A2 — k3 and v = (A\1k1 — Aok)/(A1k1 + A2k).
We choose the diffusion coefficients Ay = 0.1 and Ao = 0.025 and set ki =
ko = 0.5. The exact solution corresponding to these parameter values at
the initial time ¢ = 0 is plotted in Figure 2] In the computation we restrict
the domain to [—10, 10] x [0, 10], impose Dirichlet boundary conditions at all
outer boundaries, and use the exact solution to obtain initial and boundary
data. The Dirichlet boundary conditions are imposed weakly by the SAT
method [2].

Because the diffusion coefficient ratio is A1 /Ay = 4, the spatial frequency
in the right half plane is twice as large as that in the left half plane. To
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Figure 3: Error plot for the heat equation. OP vs. MC interpolation opera-
tors. N denotes the number of grid points in the coarse block.

resolve this solution efficiently, we use Cartesian grids with grid sizes h,, and
hy = 0.5h, in the left and right blocks, respectively. This results in a non-
conforming interface at x = 0 with mesh refinement ratio 1:2, as shown in
Figure Equation is discretized in space by the scheme , and is
integrated in time by the 4th order backward differentiation formula with
a time step At = 0.25h,. We set the final time T" = 2, at which point the
exact solution has the same shape as the initial solution, with the maximum
amplitude diffused from 1.20 to 1.09.

In Figurewe plot the ¢2-errors of the solution at time t = 2. We observe
that with the MC interpolation operators, the convergence rate is p+ 1, and
with the OP interpolation operators, the rate is p + 2, where p = 2, 3.

We have also performed the above experiment with the symmetric, nega-
tive semidefinite spatial discretization in , and obtained similar ¢2-errors
and convergence rates. This suggests that the slightly simpler scheme ([14)
works well for the heat equation, if solution accuracy is the primary concern.
However, the symmetric discrete operator is self-adjoint just like the contin-
uous spatial operator, and hence is a dual-consistent scheme, while ([14)
is not [5].
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7.2 The Schrodinger equation

Consider the time dependent Schrédinger equation with a potential step,

uy = 1Au, (z,y) €R2, t>0,
v = iAv +iVou, (x,9) €R%, t >0, (37)
u =0, z =0, t >0,
Uy = Vg, x =0, t >0,

where Vp is constant. The equation admits exact solutions of the form
u(z,y,t) = Aeilkrothoy—wt) | poi(—kiathay—wt)

o,y 1) = Ceilhothay=at),

where

~ ki —k
w=k+k3, ki=+/Vo—+k2, B:AliF%E C=A+B.
1 1

We set A =1, Vy = 372 and ki = ko = 7, which yields w = 272, El = 27,
B = —% and C' = % In the computations we restrict the spatial domain
o [-1,1] x [0,1]. We impose Dirichlet boundary conditions and use the
exact solution as initial and boundary data. Because the solution has a
larger wavenumber for z > 0 we use two blocks with a 2:1 grid size ratio
as depicted in Figure We use the SBP in time method [22] with an
operator based on the Gauss quadrature rule with 4 points [3] to advance
the solution to the final time T' = 0.5. The time step is chosen as At = 0.1h,.
Numerical experiments indicate that this time step is small enough that the
spatial errors dominate. We use 4th and 6th order spatial discretizations
and compare MC with OP interpolation operators.

When using the indefinite discretization of the Laplacian, both MC and
OP exhibit erratic convergence rates in the 6th order case, see Figures
and [6] Similar behavior was observed in [I9]. When using the semidefi-
nite discrete Laplacian instead, the convergence is smoother and the errors
are smaller, in particular for 6th order. Hence, we propose to always use
the semidefinite Laplacian for the Schrédinger equation, even though the
indefinite Laplacian also is stable.

Note that when switching to the semidefinite Laplacian, we changed not
only the interface coupling but also the SATs that impose the Dirichlet
boundary conditions on the outer boundaries. In the indefinite Laplacian
we used the Dirichlet treatment in [2I], and in the semidefinite Laplacian
we impose the Dirichlet conditions as in [I7]. Replacing only the interface
treatment or only the boundary treatment did not result in significantly im-
proved convergence behavior. In the semidefinite Laplacian, we used the
penalty strength 1.2 for both boundary and interface SATs.
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Figure [7] compares OP with MC, when using the semidefinite Laplacian.
As hypothesized, MC converges with rate p+ 1 while OP converges with rate
p+2.

1
1
H
0.5
N
> 0
= -0.5
-1
0 u
-1 0 1

xT

Figure 4: The exact solution in the experiments with the Schrédinger equa-
tion at time ¢ = 0, plotted on a grid of 21 x 21 points in the left block and
41 x 41 points in the right block.
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—e— 4th order MC, semidefinite Laplacian
—=—6th order MC, indefinite Laplacian
—A— 6th order MC, semidefinite Laplacian
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Figure 5: Error plot for the Schrédinger equation using MC interpolation op-
erators, comparing semidefinite and indefinite discretizations of the Laplacian.
N denotes the number of grid points in the coarse block.
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Figure 6: Error plot for the Schrédinger equation using OP interpolation op-

erators, comparing semidefinite and indefinite discretizations of the Laplacian.
N denotes the number of grid points in the coarse block.
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Figure 7: Error plot for the Schréodinger equation. OP vs. MC interpolation

operators, using the semidefinite discretization of the Laplacian. N denotes
the number of grid points in the coarse block.
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Figure 8: The exact solution of the wave equation at time ¢ = 0, plotted on

a grid of 21 x 21 points in the left block and 41 x 41 points in the right block.

7.3 The wave equation

We consider the wave equation

up — 3Au =0, (z,y) €RZ, t>0,
Vit — C%AU = O, (SC, y) S R%, t > 0,

u—v =0, z =0, t >0, (38)
c%u:c — cgvx =0, z =0, t >0,
By using Snell’s law, we can derive an analytical solution in the form
u = cos(x + y — V2e1t) + kg cos(z — y + V2¢1t), (30)

v = (1+ ky)cos(k1z + y + V2c1t),

where ky = \/2c2/c2 — 1 and kg = (¢ — c3k1) /(2 + 3k1).

In the experiment, we consider a piecewise constant wave speed by setting
c1 = 1 and co = 0.5. This choice makes the wave number in the right
half plane twice as large as that in the left half plane, which can be seen
in the plot of the exact solution at time ¢ = 0 in Figure [§] We restrict
the domain to [—10,10] x [0, 10], impose Dirichlet boundary conditions at
all outer boundaries, and use the exact solution to obtain the initial
and boundary data. To keep the number of grid points per wavelength
approximately constant, we use a Cartesian mesh with mesh size h, in the
left block, and h, = 0.5h,, in the right block.

Equation is discretized in space by the scheme , with either
MC or OP interpolation operators. The Dirichlet boundary conditions are
imposed weakly by the SAT method [I, [I7]. We choose the values 6, =
0, = 3 for the penalty parameters in Theorem [3] i.e. three times the limit
value required for energy stability. In the penalty terms corresponding to
the Dirichlet boundary conditions, we also set the penalty parameter to
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Figure 9: Error plot for the wave equation. OP vs. MC interpolation opera-
tors. N denotes the number of grid points in the coarse block.

three times the limit value. We use the classical 4th order Runge-Kutta
method to advance the solution to time 7" = 2. The time step is chosen as
At = 0.1h,, which is small enough that the error is dominated by the spatial
discretization. In the error plot in Figure[d] it is clear that the convergence
rate for the scheme with the OP operators is p + 2, whereas for MC it is
p+ 1, where p = 2, 3.

8 Conclusion

We have studied non-conforming grid interfaces for time dependent partial
differential equations with second derivatives in space. To remedy previously
observed decreases in convergence rates, we have introduced order preserv-
ing (OP) interpolation operators for the non-conforming grid interfaces. The
schemes based on OP operators are energy-stable and decrease the largest
local truncation errors by one order compared to previous approaches. Nu-
merical experiments demonstrate that the smaller truncation errors lead to
an improvement of one order in global convergence rates.

The OP interpolation operators come in two pairs, where the two oper-
ators in a pair are the Hilbert adjoints of one another, i.e.

)T’ IgQU - (ISQU)T7

where the inner products of the Hilbert spaces are defined by the quadra-
ture rules that accompany the SBP operators. Let ¢(I) denote the or-
der of accuracy of the interpolation operator I. For traditional diagonal-
norm SBP operators of interior order 2p, it has previously been shown that

Iz??u = (Ig

u2v
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q(I)+q(I") < 2p+41. Theorem [2|in this paper shows that given two quadra-
ture rules of order 2p, it is always possible to obtain ¢(I) + q(IT) = 2p + 1.
Moreover, the total order of 2p + 1 may be distributed arbitrarily between I
and IT. This guarantees that OP operators with the desired properties exist.

To summarize, we propose the following schemes. For the second order
wave equation, we propose the scheme , with penalty parameters as in
Theorem . For the Schrodinger equation, i.e. with @ = i and b = i3,
where o, 8 € R, we propose to use the spatial operator resulting from the
wave equation scheme , with cf replaced by i and cg replaced by i(5.
For the heat equation, i.e. with a,b € R, one may use either the scheme
(14) or the spatial operator resulting from the wave equation scheme (30|
with ¢? replaced by a and ¢ replaced by b.
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