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A DEGREE SEQUENCE KOMLOS THEOREM*

JOSEPH HYDE'!, HONG LIU¥, AND ANDREW TREGLOWNT

Abstract. An important result of Komlés [Tiling Turdn theorems, Combinatorica, 2000] yields
the asymptotically exact minimum degree threshold that ensures a graph G contains an H-tiling
covering an xth proportion of the vertices of G (for any fixed z € (0,1) and graph H). We give a
degree sequence strengthening of this result which allows for a large proportion of the vertices in the
host graph G to have degree substantially smaller than that required by Komlés’s theorem. We also
demonstrate that for certain graphs H, the degree sequence condition is essentially best possible in
more than one sense.
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1. Introduction. A central branch of extremal combinatorics concerns the study
of conditions that force a graph G to contain some given substructure. For example,
Turan’s famous theorem determines the number of edges required to force a graph G
to contain a copy of a fixed clique K. on r vertices. Tutte’s theorem characterizes all
those graphs G that contain a perfect matching.

The study of graph tilings has proven to be a rich topic within this area: Given
two graphs H and G, an H-tiling in G is a collection of vertex-disjoint copies of H
in G. An H-tiling is called perfect if it covers all the vertices of G. Perfect H-tilings
are also often referred to as H-factors, perfect H-packings, or perfect H-matchings.
H-tilings can be viewed as generalizations of both the notion of a matching (which
corresponds to the case when H is a single edge) and the Turdn problem (i.e., a copy
of H in G is simply an H-tiling of size one).

A cornerstone result in the area is the Hajnal-Szemerédi theorem [6] from 1970,
which characterizes the minimum degree that ensures a graph contains a perfect K-
tiling.

THEOREM 1.1 (Hajnal and Szemerédi [6]). Every graph G whose order n is
divisible by r and whose minimum degree satisfies §(G) > (1 — 1/r)n contains a
perfect K,.-tiling. Moreover, there are n-vertex graphs G with 6(G) = (1 —1/r)n—1
that do not contain a perfect K,-tiling.

Although the minimum degree condition in the Hajnal-Szemerédi theorem is
tight, this does not mean one cannot strengthen this result. Indeed, Kierstead and
Kostochka [7] proved an Ore-type generalization of Theorem 1.1 where now one re-
places the minimum degree condition with the condition that the sum of the degrees
of every pair of nonadjacent vertices in G is at least 2(1 — 1/r)n — 1. A conjecture
of Balogh, Kostochka, and Treglown [3, Conjecture 7] would, if true, give a degree
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sequence strengthening of the Hajnal-Szemerédi theorem; in this conjecture one al-
lows for G to have almost n/r vertices of degree less than (1 —1/r)n. An asymptotic
version of this conjecture was proven in [16].

There has also been significant interest in the minimum degree threshold that
ensures a perfect H-tiling for an arbitrary graph H. After earlier work on this topic
(see, e.g., [2, 9]), Kithn and Osthus [11, 12] determined, up to an additive constant,
the minimum degree that forces a perfect H-tiling for any fixed graph H.

The focus of this paper is not on perfect H-tilings but rather on H-tilings covering
an xth proportion of a graph G (for some fixed x € (0,1)). The focal result on this
topic is a theorem of Komlés [8] which determines asymptotically the minimum degree
that ensures a graph G contains an H-tiling covering an xth proportion of its vertices.
Before we can state this result, we require two definitions. The critical chromatic
number x..(H) of a graph H is defined as

|H|
|H| —o(H)’

where o(H) denotes the size of the smallest possible color class in any y (H)-coloring
of H. For all z € (0, 1), define

gH(x):=x<1—M)+(1_x) (1_Ti1).

THEOREM 1.2 (Komlés [8]). Suppose H is a graph of chromatic number r. Given
any n > 0, there exists an ng = no(n, z, H) € N such that if G is a graph on n > ng
vertices and

Xer(H) := (x(H) — 1)

0(G) > gu(z)n,
then G contains an H-tiling covering at least (x — n)n vertices.

Note that the minimum degree condition in Theorem 1.2 is best possible in the
sense that given any fixed H and = € (0, 1), one cannot replace gy (z) with any fixed
g (z) < gu(x) (see [8, Theorem 7] for a proof of this). A consequence of the Erdds—
Stone theorem is that every n-vertex graph G with §(G) > (1—-1/(x(H)—1)4o(1))n
contains a copy of H. So a way to interpret Theorem 1.2 is that, for very small
2 > 0, the minimum degree threshold is governed essentially by the value of x(H) —1;
however, as one increases z, the value of x..(H) plays an increasing role in the value
of the threshold.

An attractive consequence of Theorem 1.2 is the following result concerning almost
perfect H-tilings.

THEOREM 1.3 (Komlds [8]). Letn > 0, and let H be a graph. Then there exists
an ng = no(n, H) € N such that every graph G on n > ng vertices with

5(G) > (1— XI(H))”

contains an H-tiling covering all but at most nn vertices.

As with Theorem 1.2, the minimum degree condition in Theorem 1.3 is best
possible in the sense that one cannot replace the (1 — 1/x.-(H)) term here with any
smaller fixed constant. Despite this, Shoukoufandeh and Zhao [14] proved that one
can strengthen the conclusion of the theorem to ensure the H-tiling covers all but a
constant number of vertices (this constant depends only on H).

The main result of this paper is to prove the following degree sequence strength-
ening of Theorem 1.3.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Degree
(1-$)n - ;
(1 <2) ] |

dy d; --------- din ..........................

Fic. 1. The degree sequence in Theorem 1.4.

Graph | Bound on d; | Bound on d% Angle of slope
Cs 2n/5 3n/5 12
Ky 1 n/(t+1) 1/t
Ky (t—2)n/t (t—1)n/t 1
Ko 5n/12 7n/12 2/5

Fic. 2. Values of the start points, endpoints, and angles of the slope in Theorem 1.4 for certain
graphs.

THEOREM 1.4. Let n > 0 and H be a graph with x(H) = r. Let 0 := o(H),
h:=1|H|, and w := (h—0) /(r — 1). Then there exists an ng = ng(n, H) € N such
that the following holds: Suppose G is a graph on n > ngy vertices with degree sequence
di <ds <---<d, such that

diZ(l—w+0>n+ai for all 1§i§%’.
h w

Then G contains an H-tiling covering all but at most nn vertices.

Note that if one considers an r-partition of H with smallest vertex class of size
o = o(H) and set i = wn/h, then we obtain that (1 — (w+o)/h)n+oij/w =1 —
1/Xer(H). Thus, Theorem 1.4 is a significant strengthening of Theorem 1.3. Indeed,
Theorem 1.4 allows for up to wn/h vertices to have degree below that in Theorem 1.3.
In particular, when H is bipartite, the degree sequence condition in Theorem 1.4 starts
at d; > 1 and allows for at least half of the vertices of H to have degree less than that
required by Komlds’s theorem. Figure 1 gives a visualization of the degree sequence
in Theorem 1.4. Figure 2 presents some key properties of the degree sequence in
Theorem 1.4 for several graphs. Here, “Angle of slope” refers to the value o/w.

The degree sequence in Theorem 1.4 is best possible in more than one sense for
many graphs H. For all graphs H, one cannot allow significantly more than wn/h
vertices to have degree below the “Komlés threshold,” so in this sense the bound on the
number of “small degree” vertices in Theorem 1.4 is tight. Further, for many graphs
H, we show that the degree sequence cannot start at a lower value and the angle of
the “slope” in Figure 1 is best possible. This is discussed in more depth in section 3.

Theorem 1.4 deals with almost perfect tilings. A natural question now is whether
such a degree sequence strengthening also exists for tilings covering an zth propor-
tion of vertices, as in Theorem 1.2. Indeed, the following result is a straightforward
consequence of Theorem 1.4.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Degree

F1G. 3. The degree sequence in Theorem 1.5 for x = 2/3 (long dashed), x = 1/3 (medium dashed).

THEOREM 1.5. Let x € (0,1) and H be a graph with x(H) = r. Set n > 0.
Let 0 := o(H), h := |H|, and w := (h—0) /(r — 1). Then there exists an ng =
no(n,x, H) € N such that the following holds: Suppose G is a graph on n > ng
vertices with degree sequence di < dy < --- < d,, such that

E) et (r—1)ao

diZ(gH(x)— - 1 for all 1§i§(h_“)n.

h— zo (r—=1)h

Then G contains an H-tiling covering at least (x — n)n vertices.

Theorem 1.5 is an improvement on Theorem 1.2. Indeed, Theorem 1.5 allows
for almost (h — xo)n/(r — 1)h vertices to have degree below gp(z)n. Observe that
as x approaches 0, the degree sequence condition in Theorem 1.5 tends toward the
condition 6(G) > (1 — 1/(r — 1))n and thus accords with the Erdés—Stone theorem
(see Figure 3).

Piguet and Saumell [13, Theorem 1.3] recently proved another generalization of
Theorem 1.2. In their result they only require a certain fraction of the vertices to
satisfy the degree condition of Theorem 1.2, and all other vertices have no restriction
on their degree (so some could even be isolated vertices). Note, though, that our
result allows for more vertices to have small degree (i.e., smaller than the bound in
Theorem 1.2) at the price of having some restriction of the degrees of these vertices.
In the case of almost perfect H-tilings, Theorem 1.4 allows a large proportion of
the vertices to have small degree, while in this case [13, Theorem 1.3] corresponds
precisely to Komlés’s theorem (Theorem 1.3 above).

As well as considering minimum degree and degree sequence conditions, it is also
natural to seek conditions on the density of a graph G that forces an H-tiling covering
a given fraction of the vertices of G. We remark, though, that only limited progress
has been made on this question (though Allen et al. [1] did resolve this problem in
the case of K3-tilings).

Organization of the paper. The paper is organized as follows. In the next
section we provide some essential notation and definitions. Then in section 3 we

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 01/08/20 to 147.188.108.97. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

A DEGREE SEQUENCE KOMLOS THEOREM 2045

give extremal examples for both Theorems 1.4 and 1.5. We introduce an “error
term” version (Theorem 4.1) of Theorem 1.4 in section 4 and show that it implies
Theorem 1.4. Szemerédi’s regularity lemma and several auxiliary results are presented
in section 5. Then in section 6 we provide the tools that we will need to prove
Theorem 4.1. We prove a result that iteratively constructs an almost perfect H-tiling
and then use this result to prove Theorem 4.1 in section 7. To conclude section 7 we
show that Theorem 1.4 implies Theorem 1.5.

2. Notation and definitions. Let G be a graph. We define V(G) to be the
vertex set of G and E(G) to be the edge set of G. Let X C V(G). Then G[X] is
the graph induced by X on G and has vertex set X and edge set E(G[X]) := {zy €
E(G) : z,y € X}. We also define G \ X to be the graph with vertex set V(G) \ X
and edge set E(G\ X) := {zy € E(G) : z,y € V(G) \ X}. For each z € V(G), we
define the neighborhood of x in G to be Ng(x) := {y € V(G) : xy € E(G)} and define
da(z) := |Ng(x)|. We drop the subscript G if it is clear from context which graph
we are considering. We write dg(z, X) for the number of edges in G that z sends to
vertices in X. Given a subgraph G’ C G, we will write dg(z, G’) := dg(x, V(G")). Let
A, B C V(G) be disjoint. Then we define eq(A, B) := |[{zy € E(G) : x € A,y € B}|.

Let t € N. We define the blow-up G(t) to be the graph constructed by first
replacing each vertex = € V(G) by a set V,, of t vertices and then replacing each edge
zy € E(G) with the edges of the complete bipartite graph with vertex sets V, and V,.

Let v € N. We will refer to a vertex class of size v of G as a v-class of G. Set
r,o,w € N, and 0 < w. We define the r-partite bottle graph B with neck o and width
w to be the complete r-partite graph with one o-class and (r — 1) w-classes.

Let i € N and Hy,Hs,...,H; be a collection of graphs. We define an
(Hi1,Hs, ..., H;)-tiling in G to be a collection of vertex-disjoint copies of graphs from
the set {Hy, Ha,...,H;} in G. An (Hy, Ho, ..., H;)-tiling is called perfect if it covers
all vertices in G.

We write 0 < a < b < ¢ < 1 to mean that we can choose the constants a, b, ¢ from
right to left. More precisely, there exist nondecreasing functions f : (0,1] — (0,1]
and ¢ : (0,1] — (0,1] such that for all a < f(b) and b < g(c), our calculations and
arguments in our proofs are correct. Larger hierarchies are defined similarly. Note
that a < b implies that we may assume, e.g., a < b or a < b2.

3. Extremal examples. In this section we present three extremal examples.
The first demonstrates that the “slope” of the degree sequence in Theorem 1.4 is best
possible for bottle graphs. The second shows that for many graphs H, the degree
sequence in Theorem 1.4 “starts” at the correct place. The third shows that, for any
graph H, to ensure an H-tiling covering at least (x — n)n vertices we cannot have
significantly more than (h — xo)n/(r — 1)h vertices with degree below the “Komlds
threshold” of gp (z)n.

EXTREMAL EXAMPLE 1. Set n € R. Let B be an r-partite bottle graph with
neck ¢ and width w, where b := |B|. The following extremal example G on n vertices
demonstrates that Theorem 1.4 is best possible for such graphs B in the sense that G
satisfies the degree sequence of Theorem 1.4 except for a small linear part that only
just fails the degree sequence but does not contain a B-tiling covering all but at most
nn vertices.

PROPOSITION 3.1. Setn € R and n € N such that 0 < 1/n < n < 1. Let B be
a bottle graph with neck o and width w, where b := |B|. Additionally assume that b
divides n. Then for any 1 < k < wn/b — 2nn, there exists a graph G on n vertices

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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whose degree sequence di < --- < d, satisfies

d; > (1_“;;0)%2)2- forall i€ {1,... k=1 k+2m+1,...,wn/b},

d; = (1—w+a>n+ [gk} forall k<i<k+2nn,
b w

but such that G does not contain a B-tiling covering all but at most nn vertices.

Proof. Let G be the graph on n vertices with r vertex classes Vi, ..., V,., where
[Vi| = on/b and |Va| = |V3] = --- = |V;| = wn/b. Label the vertices of V; as
ai,ag,...,0., - Similarly, label the vertices of Va as c1,¢a,.. ., cunyp- The edge set

of GG is constructed as follows.

First, let G have the following edges:

e All edges with an endpoint in V; and the other endpoint in V(G) \ Vs, in
particular G[V;], is complete.

e All edges with an endpoint in V; and the other endpoint in V(G) \ (V1 UV;)
for2<i<r.

e Given any 1 <¢ <wn/band j < [oi/w] include all edges c;a;.

So at the moment G does satisfy the degree sequence in Theorem 1.4; we therefore
modify G slightly. Forallk +1 < i < k+2npnand [ok/w]|+1 < j < [o(k+2nn)/w]
delete each edge between ¢; and a; (see Figure 4). One can easily check that G satisfies
the degree sequence in the statement of the proposition. In particular, the vertices of
degree (1 — “£2)n+ [2k] are i, ..., Chtann-

Define A := {a1,...,a[5/01} and C := {c1, ..., Cry2yn}. Note that there are no
edges between C and V; \ 4 in G.

Cram 3.2. Let T be a B-tiling of G. Then T does not cover at least 3nn/2
vertices in C.

Consider any copy B’ of B in G that contains an element of C. As C is an
independent set in GG, B’ contains at most w elements from C. Since there are no
edges between C' and V1 \ A in G, B’ contains at least o vertices in A. This implies
that at most [ok/w]|(w/o) < k + nn/2 vertices in C' can be covered by T. Since
|C| = k + 2nn, we have that T' does not cover at least 3nn/2 vertices in C. Therefore,
Claim 3.2 holds. Hence, G does not have a B-tiling covering all but at most nn
vertices. ]

Proposition 3.1 implies that for bottle graphs B, the degree sequence in Theo-
rem 1.4 cannot be lowered significantly in a small part of the degree sequence and
still ensure an almost perfect B-tiling, so the “slope” of the degree sequence in Theo-
rem 1.4 cannot be improved on. It would be interesting to find other classes of graphs
H for which the slope in Theorem 1.4 is also best possible; we suspect, though, that
there are graphs H where the slope is not best possible.

EXTREMAL EXAMPLE 2. The next example shows that for many graphs H, The-
orem 1.4 is best possible in the sense that we cannot start the degree sequence at a
significantly lower value.

PROPOSITION 3.3. Let H be an r-partite graph so that, for every x € V(H),
H[N(z)] is (r — 1)-partite. Let h := |H|, 0 := o(H), and set w := (h —0)/(r — 1).
Additionally, suppose o < w. Let 0 < 1/n < n < (w—o0)/h, where h divides n. Then
there is an n-vertex graph G with

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Va Vs Ve

Vi

F1G. 4. An example of a graph G in Proposition 3.1, where o = 1,w = 2.

(i) [nm] + 1 vertices of degree (1 — <F%)n;
(i) all other vertices have degree at least (1 —1/xer(H))n = (1 —w/h)n,
and G does not have an H-tiling covering all but at most nn vertices.

Proof. Let G be the complete r-partite graph on n vertices with vertex classes
Vi,..., Ve, where |Vi| = on/h + |nn] + 1, |Vo| = wn/h — |nn] — 1 and |V5]| = -+ =
[V.] = wn/h. Let V' C V; be of size |[nn] + 1. Delete from G all edges with one
endpoint in V’ and the other in V5. By construction G satisfies (i) and (ii). Note that
since the neighborhood of any x € V' induces an (r — 2)-partite subgraph of G, no
vertex in V' lies in a copy of H in G. So G does not have an H-tiling covering all but
at most nn vertices. O

EXTREMAL EXAMPLE 3. Set n € R and = € (0,1]. Let H be a graph with
x(H) =:r. Let h:=|H|, 0 := o(H), and set w := (h — o)/(r — 1). Define gg(1) :=
1 —w/h. We give an extremal example G on n vertices which satisfies the degree
sequence of Theorem 1.5 except that (h — zo)n/(r — 1)h + nn vertices have degree at
most (gg () —n)n but does not contain an H-tiling covering at least (x —n)n vertices.

PROPOSITION 3.4. Setp € R and x € (0,1]. Let H be a graph with x(H) =: r.
Let h:=|H|, 0 := o(H), and set w := (h —0)/(r —1). Then there exists a graph G
on n vertices whose degree sequence di < --- < d,, satisfies

= (gu(x) =) for all i < C—Tont .
h—xo
dz - gH(x)n fO?” all 7> (’r — l)hn + nn,

but such that G does not contain an H-tiling covering at least (x — n)n vertices.

Proof. Let G be the complete r-partite graph on n vertices with vertex classes
Vi,...,V, such that
o [Vif =52 —

h—xo)r
o [Va] = ((rfl)all +nn;

h—zo)n
o V3] =--- =V, = ((7-—1)3L :

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Consider any H-tiling T of G. Observe that T' can contain at most zn/h —nn/o
copies of H. Indeed, to attain this bound one requires that all color classes of size o
in copies of H are placed into V;. Hence, at most z(r — l)wn/h — (r — L)wnn/c
vertices are covered by T in Vo U ---UV,.. Thus, at most (x — n)n — (r — L)wnn/c
vertices are covered by T. Hence, G does not contain an H-tiling covering at least
(z — n)n vertices. |

4. Deriving Theorem 1.4 from a weaker result. To prove Theorem 1.4 we
will first prove the following “error term” version.

THEOREM 4.1. Let n > 0 and H be a graph with x(H) = r. Let h := |H|,
o:=0o(H), and set w := (h—0)/(r —1). Then there exists an ng = no(n, H) € N
such that the following holds: Suppose G is a graph on n > ng vertices with degree
sequence di < dgo < --- < d,, such that

d; > (1_W;Lra>n—|—gi—|—77n forall 1<i< 4t
w

Then G has an H-tiling covering all but at most nn vertices.

Theorem 4.1 implies Theorem 1.4. Indeed, a simple argument (as in [8]) allows
us to remove the error terms.

Proof of Theorem 1.4. Set 0 < 7 < n,1/h, and let n € N be sufficiently large.
Suppose G is an n-vertex graph as in the statement of Theorem 1.4. Let A be a set
of Tn vertices, and define G* to be the graph with vertex set V(G) U A and edge set
E(G")=EG@)U{zy:z € V(G)UA,y € A,z # y}. Then G* has degree sequence
dg+1 <dg2 <+ < dg+ (147)n, Where

g .
>n—|—z+7'n2 (1—
w

foralllgigw—h"and

w+ o w+o

G’—( h h

1+7)n+ gi—&—ﬂn —|—ﬂn
( w

w+o wT

2h

dg=i = (1 - ) 14+7)n+ it (1+7)n
w

for all 4 <4 < “)(1277)" By Theorem 4.1 we have that G* has an H-tiling T covering
all but at most g7 (1 + 7)n vertices.

Now, remove every copy of H from T that contains a vertex in A. Then we have
removed at most (h — 1)7n vertices from V(G) C V(G*). Moreover, this implies that
there exists an H-tiling in G covering all but at most (h —1)7n + %7 (1 +7)n vertices.

Since (h —1)mn + $7-(1 4 7)n < nn, Theorem 1.4 holds. O

Outline of the proof of Theorem 4.1. The aim of the rest of the paper is
to prove Theorem 4.1; we now outline the proof of this result. We first show that it
suffices to prove Theorem 4.1 in the case when H = B, a bottle graph with neck o
and width w (where 0 < w). In particular, Theorem 4.1 is already known in the case
when H is a balanced r-partite graph [16].

We then employ a variant of an idea of Komlds [8]. Roughly speaking, the idea is
as follows: Let B* be a suitably large blown-up copy of B. We apply the regularity
lemma (Lemma 5.2) to obtain a reduced graph R of G. If R contains an almost
perfect B*-tiling, then one can rather straightforwardly conclude that GG contains
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an almost perfect B-tiling, as required (for this we apply Lemma 6.1). Otherwise,
suppose that the largest B*-tiling in R covers precisely d < (1 —o(1))|R)| vertices. We
then show that, for some ¢ € N, there is a B*-tiling in the blow-up R(t) of R covering
substantially more than dt vertices. Thus, crucially, the largest B*-tiling in R(¢)
covers a higher proportion of vertices than the largest B*-tiling in R. By repeating
this argument, we obtain a blow-up R’ of R that contains an almost perfect B*-tiling.
We then show that this implies G contains an almost perfect B-tiling, as desired.

Other applications of this general method have been used in the past [4, 5, 16].
Note, however, our approach has different challenges. Indeed, the process of moving
from a B*-tiling B in R to a proportionally larger B*-tiling in R(t) is rather subtle.
In particular, what we would like to do is conclude that one can find a tiling By (not
necessarily of copies of B*) in R that covers a larger proportion of the vertices in R and
that when one takes a suitable blow-up R(t) of R, then By corresponds to a B*-tiling in
R(t). However, the vertices in R that are uncovered by B could perhaps all be “small
degree” vertices (i.e., they do not have degree as large as that in Theorem 1.3). This
is a barrier to finding such a special tiling By. (Intuitively, one can imagine that if one
has large degree vertices outside of B, then one can glue such vertices onto B in such a
way as to obtain our desired tiling By.) In this case, one has to (through perhaps many
steps) modify B and then blow-up R to obtain an intermediate blow-up R(t') of R
such that (i) there is a B*-tiling B’ in R(¢') that covers the same proportion of vertices
compared to the tiling B in R and (ii) many of the vertices in R(¢') uncovered by B’
are now such that they can be “glued” onto B’ to obtain our desired larger tiling By.

Despite these technicalities the proof of Theorem 4.1 is perhaps surprisingly short.
The main work of the proof is encoded in Lemma 7.1, which ensures one can modify
the tiling B as above.

5. Szemerédi’s regularity lemma and auxiliary results. A key tool in the
proof of Theorem 4.1 is Szemerédi’s regularity lemma [15]. To state this lemma we
will need the following notion of e-regularity.

DEFINITION 5.1. Let G = (A, B) be a bipartite graph with vertex classes A and
B. We define the density of G to be

eG(A7B)
dg(A,B) := ————.
|A[|B]
Set ¢ > 0. We say that G is e-regular if for all X C A and Y C B with | X| > ¢|4]
and |Y'| > ¢|B| we have that |dg(X,Y) — dg(A, B)| < e.

LEMMA 5.2. (degree form of Szemerédi’s regularity lemma). Let e € (0,1) and
M’ € N. Then there exist natural numbers M and ng such that for any graph G on
n > ng vertices and any d € (0,1), there is a partition of the vertices of G into subsets
Vo, Vi, ..., Vi and a spanning subgraph G' of G such that the following hold:
M <k<M;
Vol < en;
Vil ==Vl = ¢;
de/ () > dg(x) — (d+e)n for all x € V(G);
e(G'[Vi]) =0 for alli > 1;
for all1 <i,j <k with i # j, the pair (V;,V})qa is e-regular and has density
either 0 or at least d.

We call Vi,...,V}, the clusters of our partition, Vy the exceptional set, and G’
the pure graph. We define the reduced graph R of G with parameters ¢, d, and M’ to
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be the graph whose vertex set is V1,...,V, and in which V;V; is an edge if and only
if (Vi,V;)q is e-regular with density at least d. Note also that |R| = k.

The proof of the next result is analogous to that of [16, Lemma 5.2]. It states
that the degree sequence of G in Theorem 4.1 is “inherited” by its reduced graph R.

LEMMA 5.3. Set M',ng € N, and ¢,d,n,b,w, o to be positive constants such that
1/ng < 1/M' < e € d < n < 1/b and where w+ o < b. Suppose G is a graph on
n > ng vertices with degree sequence dy < dy < --- < d,, such that

b—w—o

a-‘ - wn
(5.1) dizTn—i—;z—an forall 1 <i < 4.

Let R be the reduced graph of G with parameters €, d, and M', and set k := |R|. Then
R has degree sequence dr;1 < dpa < --- <dp such that

b—w-— k
(5.2) dri > ———k+ Zi+ T forall 1 <i< 4k,
w

Proof. Let Vi,..., Vi be the clusters of G and Vj the exceptional set, and let
G’ be the pure graph of G. Set ¢ := |Vj| = --- = |V,|. Clearly we may assume
dR(‘/l) S dR(VQ) S S dR(Vk) Now consider anyi S wTk Set S = Ulgjgi‘/vj.
Then |S| = ¢i < wgk < 4. Thus, by (5.1) there exists a vertex x € S such that
da(z) > dg; > =%=%n + (2)qi + nn. Suppose that x € V;, where 1 < j < i. Since
we have that kq < n, Lemma 5.2 implies that

de(x) — b—w-—
dr(Vj) > G(x)q Yol 5 > q < 2 )qi+nn—(d+2&:)n)>
b—w—-o nk
> —k —
- b 5 w i 2
Since dr; = dr(V;) > dr(Vj), we have that (5.2) holds. 0

We will also apply the following well-known fact.

FAacT 5.4. Let 0 < e < a and £’ := max{e/«a,2e}. Let (A, B) be an e-regular pair
of density d. Suppose A" C A and B’ C B, where |A’'| > a|A| and |B’| > «|B|. Then
(A, B') is an &'-regular pair with density d’', where |d' — d| < e.

LEMMA 5.5 (key lemma [10]). Suppose that 0 < & < d, that q,t € N, and that R
is a graph where V(R) = {v1,...,vx}. We construct a graph G as follows: Replace
every vertex v; € V(R) by a set V; of q vertices, and replace each edge of R by an
e-reqular pair of density at least d. For each v; € V(R), let U; denote the set of
t vertices in R(t) corresponding to v;. Let H be a subgraph of R(t) with mazimum
degree A, and set h = |H|. Set § :=d—¢c and g9 := 6°/(2+ A). Ife < ¢ and
t—1 < eoq, then there are at least (c0q)" labeled copies of H in G so that if x € V(H)
lies in U;, then x is embedded into V; in G.

6. Tools for proving Theorem 4.1. In this section we provide further tools
that we will need to prove Theorem 4.1. The following lemma is a special case of
Lemma 11 in [8] (which in turn is easily implied by the key lemma above).

LEMMA 6.1. Set 0 < 8 < 1/2, and let B be the bottle graph with neck o and width
w. Setd € (0,1). Then there exists an ' > 0 such that for all e < €', the following
holds for all g € N: Let G be a graph constructed from B by replacing every vertex of
B by q vertices and replacing the edges of B with e-reqular pairs of density at least d.
Then G has a B-tiling covering all but at most a B-proportion of the vertices in G.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 01/08/20 to 147.188.108.97. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

A DEGREE SEQUENCE KOMLOS THEOREM 2051

Given a bottle graph B, the next lemma ensures that various blown-up copies of
graphs contain perfect B-tilings.

LEMMA 6.2. Set m € N. Let B be an r-partite bottle graph with neck o and width
w, where b := |B| and o < w. Define B’ to be the r-partite bottle graph with neck o
and width w — 1, and let B* := B(m). Define t := (w — 0)b. Then B(mt), B*(mt),
B'(mt), and K.(mt) all have perfect B*-tilings.

Proof. Clearly, B(mt) and B*(mt) both have perfect B*-tilings. It remains to
show that B’(mt) and K,.(mt) have perfect B*-tilings.

For K, (mt), tile (w — o)r copies of B* into K,.(mt) such that their (om)-classes
are distributed evenly amongst the r vertex classes of K, (mt). Indeed, we can view
this as tiling (w — o) collections of r copies of B* into K,(mt) such that for each
collection C, each vertex class of K,.(mt) contains the (om)-class of precisely one
copy of B* in C.

For B'(mt), first tile (w — 1 — 0)b vertex-disjoint copies of B* into B’(mt) such
that each (om)-class is placed into the (omt)-class in B’(mt). So our current B*-tiling
covers all but omt —om(w — 1 —o)b = omb vertices in the (omt)-class in B’(mt) and
all but (w — 1)mt —wm(w — 1 — 0)b = omb vertices in each (wmt)-class in B’(mit).
Then the remaining vertices to be covered in B'(mt) form a K, (omb) which can be
tiled with or copies of B*. 0

The next result states that the degree sequence of G in Theorem 4.1 is inherited
by any blown-up copy of G.

PROPOSITION 6.3. Let n,s € N and b,w,o > 0 such that wn > b and w+ o < b.
Set n > 0. Suppose G is a graph on n vertices with degree sequence dg1 < dg2 <
- <dg,, such that

b—w—

dei >
Gi=""%

Un—&—gi—i—nn foralllgig%”.
w

Then G := G(s) has degree sequence dg ) < dgy < -+ < dg s such that

h—w—
d@iZ#ns—&—gi—i—(nn—g)s foralllgig“’gs.
’ b w w

Proof. For any 1 < j < ns we see that
de,; = s-dg,1j/s)-
Suppose that j < #¢* —s. Then [j/s] < %*, and we have

d >b—w—J _’_0(,/1 n >b—w—a +0,+
A > ————ns+ —[j/s]s ns > ——ns + — ns.
Gj = b wj s =2 b wJ n

w

In particular, if we take any i < “p*, we have

b—w-—o

b—w—
de; > fns—i-g(i—s)—&—nns: i

0. o
ns+—z+(nn——). a
b w

w

The following result acts as a springboard from which to begin the proof of
Lemma 7.1.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 01/08/20 to 147.188.108.97. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

2052 JOSEPH HYDE, HONG LIU, AND ANDREW TREGLOWN

PROPOSITION 6.4. Set n > 0 and m € N, and let B be an r-partite bottle graph
with neck o and width w, where b := |B|. Define B* := B(m). Then there exists
no € N such that the following holds: Suppose G is a graph on n > ng vertices with
degree sequence dy < ds < --- < d,, where

di>b7wfa

> n—l—gi—knn foralllgig%.
b w

Then there exists a copy of B* in G.

Proof. Set A := A(B*). Let n be sufficiently large, and define constants &,d > 0
and M’ € Nsuchthat 0 < 1/n < 1/M' < e € d < 1/b,1,1/A. Let G be an n-vertex
graph as in the statement of the proposition. Applying Lemma 5.2 with parameters ¢,
d, and M’ to G, we obtain clusters Vi, ..., Vi, an exceptional set Vj, and a pure graph
G'. Set q := |Vi| = --- = |Vg|. Let R be the reduced graph of G with parameters
g, d, and M’, where k := |R|. By Lemma 5.3 we have that R has degree sequence
dry < dr2 < --- < dpy, where

b—w— k k
(6.1) dR,iZ%kﬂ-gi-‘r% for all 1§i§%.

By doing the following steps, we find a set {z1,...,2,} C V(R) such that {z1,...,2,}
induces a copy of K, in R:
Step 1: Choose a vertex x1 € V(R) such that

Such a vertex exists by (6.1).
Step i for each ¢ € {2,...,r —1}: We have that {1, x2,...,2;_1} induces a copy
of Ki—l in R and

w
dr(21),dr(z2),...,dr(xi—1) > k — Zk + .

Let Nr(z1,x9,...,2,—1) := Ng(x1) N Nr(z2) N--- N Nr(z;—1). Then

i — 1 : — 1)nk
|NR(.’E1,£L'2,...,£CZ',1)‘ Z k— (Z )wk-l- (Z 3)77
b—(r—2)w (t—1nk w+o (1 — Dk
> = k .
2 b k+ 3 b + 3

Here the last equality follows as b = o + (r — 1)w. Hence, by (6.1) there exists
y € Nr(w1,22,...,2;-1) such that dp(y) > k — Sk + % Let z; := y.
Step r: We have that {x1,x9,...,2,-1} induces a copy of K,_; in R. Moreover,

o r—1)nk
N1, 2y 2p )] > Tk LK
b 3
Choose z,. to be any vertex in Ng(x1, %o, ..., Tpr_1).
Therefore, there exists a copy of K, in R, which implies that there exists a copy
of B* in R(wm). By Lemma 5.5 we have that there exists a copy of B* in G. d

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 01/08/20 to 147.188.108.97. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

A DEGREE SEQUENCE KOMLOS THEOREM 2053

A crucial tool in the proof of Theorem 4.1 is Lemma 7.1 below. Before stating
this lemma, we need two more definitions.

DEFINITION 6.5. Set ¢ € N. Let G be a graph on n vertices, and B be a bottle
graph with neck o and width w. Suppose that there exists a B-tiling T of G, and let
{z1,...,20} CV(G)\V(T). We say that {z1,..., 2z} is an expanding set of size £ for
T in G if the following is true: There exists an injection f : {z1,...,2¢} — T such
that z; has a neighbor in every w-vertex class of f(z;) for each 1 <7 < /.

DEFINITION 6.6. Set k,¢,m € N. Let G be a graph on n vertices, and let
(v1,v2,...,v,) be an ordering of the vertices of G. Let B be a bottle graph with
neck om and width wm. Suppose that there exists a B-tiling T of G, and let
{z1,...,2¢} CV(G)\V(T). Denote by Qr the set of all vertices in V(G) that belong
to wm-classes of copies of B in T. Let z € {21,...,2/} and y € Qr, and denote by B,
the copy of B in T that contains y. Then there exist 1 < ¢,j < n such that z := v;,
y :=vj, and ¢ # j. We say that (z,y) is a k-swapping pair with respect to (v1,...,v,)
if the following is true: z is adjacent to at least o vertices in the om-class of By, z,
is adjacent to at least w vertices in each wm-class of B, that does not contain y, and
j > i+k. Wesay that {z1,...,2¢} is a k-swapping set of size  for T in G with respect
to (v1,...,v,) if there exists a set of £ vertices {y1,...,y¢} C Qr such that (z;,y;) is
a k-swapping pair with respect to (vi,...,v,) for each 1 <4 </ and B,, # B,, for
all p # q.

Suppose B is a B-tiling in a reduced graph R. Very roughly speaking, the purpose
of expanding sets is to extend B to a larger tiling, while swapping sets allows us to
“rotate” which vertices are uncovered by our tiling (which helps for future expansion
of B to a larger tiling).

7. Almost perfect H-tilings in graphs.

LEMMA 7.1. Let B be an r-partite bottle graph with neck o and width w, where
b:=|B|. Setn,y >0 and n,m € N such that 0 < 1/n < v < 1/m < n < 1/b. Set
B* := B(m). Let G be a graph on n vertices with degree sequence dy < dg < -+ < d,,
where b

—w—o0

d; > 5
Let V(G) = {v1,...,v,} such that dg(v;) = d; for all 1 < i < n. Suppose the largest
B*-tiling in G covers precisely n' < (1 — n)n vertices. Then for any B*-tiling T
covering n' vertices in G there exists an expanding set of size yn for T in G or an

I _swapping set of size yn for T in G with respect to (vy,...,v,).

n—l—gz’—i—nn foralllgig%.

Proof. By repeatedly applying Proposition 6.4, we see that n’ > nn/2. Define
a bijection I : V(G) — [n], where I(x) = i implies that dg(x) = d;. Let V(G) :=
{v1,...,v,} such that I(v;) = 4. Set n” :=n —n', and let G” := G\ V(T). Let
V(G") = {x1,...,xpr}, where I(z1) < I(x2) < -+- < I(xn~). For each 1 < i < n’|
set s; := I(x;). Then dg(z;) = ds,. Choose j to be the largest integer such that

b—w
dg(z;) <

n+ (n—2v)n.

Notice that s; < wn/b. We will refer to x1,...,z; as small vertices and z11,..., Ty~
as big vertices.
Case 1: Suppose we have yn big vertices z1, ..., 2y, € V(G”) such that
b—w ,

(7.1) dg(zi,G") < — % for all 1 <4 <n.
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Then

bw,

dg(z;,T) > —&-Zn for all 1<i<n.

Set w* := wm. For each 1 < ¢ < yn, we see that z; can be adjacent to at most
a Z’_T‘“—proportion of the vertices in T" without having a neighbor in each w*-class of
some copy of B* in T. Since v < 1/m <« n <« 1/b, for each 1 < i < yn there are at
least
(b5 + ) — (S520) g
w* Cdwr T m

copies of B* in T that have at least one neighbor of z; in each of their w*-classes.
Thus, we can define an injection f : {z1,...,2y,} = T such that z; has a neighbor in
each w*-class of f(z;) for each 1 < i < ~n. Hence, {z1,...,2y,} is an expanding set
of size yn for T in G.

Case 2: We may assume there does not exist an expanding set of size yn for T' in
G.

In particular, there are at most yn — 1 vertices in V(G”) that have a neighbor
in every w*-class of yn copies of B* in T. (Note that these could be small or big
vertices.) Remove such vertices from V(G”), and call the remaining graph GY. In
particular, no big vertex in GY satisfies (7.1). Set n{ := |GY|.

Subcase A: Suppose we have yn small vertices x;,,...,2; , € V(GY) such that
" b-—w—o n!!
(7.2) da(z,,G) < ————nf + 2g+27n for all 1 </¢<yn.

b

Then by (7.2) and the degree sequence condition of the lemma, we have

(7.3) de(x;,,T) > bw%n’ + (gsi[ — %ig) + % forall 1 <?¢<~yn.
Let k € {1,...,vyn}. Denote by QZ} the set of all vertices in G that belong to w*-
classes of copies of B* in T'. Set ¢* := om. We aim to count the number of vertices
y € Q0 such that (x;,,y) is an “X*-swapping pair (with respect to (v1,...,v,)). Let
T: denote the subcollection of coples By of B* in T such that x;, is adjacent to a
vertex in every w*-class of By. Then since we removed earlier all vertices that have a
neighbor in every w*-class of yn copies of B* in T, we have

dG(xikaTl) < (’}/TL - 1>bm

Suppose y € QF, and let By be the copy of B* in T contalmng y. We say y is
swappable with x;, if x;, is adJacent to at least o vertices in the o*-class of B} and
at least w vertices in each w*-class of By that does not contain y. Denote the set of
vertices that are swappable with z;, by S(x;,). Let Tz denote the subcollection of
copies By of B* in T'\ T} such that By does not contain any vertex in S(z;, ). Then

de(zi,, To) < (bm —wm — om + o — 1)|T3].

Note that the —wm term is present since z;, cannot be adjacent to a vertex in every
w*-class of any copy of B* in T\ Ty. Let T5 := T\ (71 UT5). Then

dG(SCik,Tg) S (bm — wm)\T3|
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Observe that |T1| + |Ts| + |T3| = n’/bm. Then

da (2, T) = da(xiy,, Th) + da(zi,, To U T3)
(7.4)

—w— 1
S(vn—l)ber(b w=o '+("m)n')+am|T3|-

b
Using (7.3) and (7.4) we see that

7 —1 - 1 b - 1 ! 7 —1
Ty > Siy —lk M (yn—1b (e —1)n > Six — Uk M 7
wm 20m o bom? wm 8om

where the the last inequality follows as v < 1/m < n < 1/b.
Note that as T3 N Ty = @, every copy Bs of B* in T3 must contain a vertex from
S(x;,). By definition of swappable, this in fact implies that every copy Bs of B* in

T3 must contain w* vertices from S(x;,). Hence, there are at least s;, — i + g

vertices in S(x;, ). Not all vertices in S(x;, ) may form an wyn/o-swapping pair with
x4, (with respect to (v1,...,v,)). Indeed, there are at most s;, — ip 4+ “2* vertices
wyn

y € S(x,) with I(y) < s;, + <= (and so do not form an wyn/o-swapping pair with
x;, ). Hence, since v < 1/m,n,1/b, there are at least

vertices y € Q7 such that (z;,,y) is an “I*-swapping pair. Therefore, since k €

{1,...,yn} was arbitrary, for each ¢ € {1,...,yn} there exist at least brm~yn vertices
y € Q% such that (z;,,y) is an “X*-swapping pair. Hence, there exists a set of vertices

o
{y1,-- -, yyn} € QF such that (z;,,y,) is an “I*-swapping pair for each 1 < £ < yn
and By # By for all i # j. Thus, {x;,,..., 2, } is an “I*-swapping set of size yn
for T in G.

Subcase B: Assume there does not exist an <%

= -swapping set of size yn for T in

G.

Then there are at most yn—1 small vertices x € V(GY) that satisfy (7.2). Remove
such vertices from V(GY), call the remaining graph G5, and set nf := |G4|. Then for
every small vertex x; € V(G5) we have

b—w—0o , o

day (2i) > y et it .-

For every big vertex y € V(GY), recall that y does not satisfy (7.1). So since |G” \
GY| < 27yn, we have

w 1 "
Ny + YNy .

b—
d 1" >
GQ(y)f b

Thus, G4 has degree sequence dgy1 < dgy2 < -+ < dgy ny such that

b—w—o o wny
dayi > Tn'z’ + EZ +yny forall 1<i< T2

Hence, by Proposition 6.4 there exists a copy of B* in G, contradicting that the
largest B*-tiling in G covers n/ vertices.
Thus, Lemma 7.1 holds. O
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With Lemma 7.1 at hand we now can prove Theorem 4.1.

Proof of Theorem 4.1. If 0 = w, then Theorem 4.1 is equivalent to the (nondi-
rected) graph version of [16, Theorem 4.2].

So we may assume that ¢ < w. Set ¢’ := (r — 1)o and ' := (r — 1)w. Let B
be the r-partite bottle graph with neck ¢’ and width w’, set b := |B|, and observe
that B has a perfect H-tiling. Let ¢ := (w’ — o’)b. Note that it suffices to prove the
theorem under the additional assumption that n < 1/b. Define additional constants
e,d,v € R and M’,m € N such that

0<1l/ng1/M <e<gd<y<<1l/m<n<K1/b.

Let B* := B(m), and set

S = j—;, Q:=1[1/vy] and z:=Q(S+1).

Note that B* has a perfect H-tiling.

Suppose G is an n-vertex graph as in the statement of the theorem. Apply
Lemma 5.2 with parameters €, d, and M’ to G. This gives us clusters V,...,V}, an
exceptional set Vp, and a pure graph G’, where [Vo| < en and |Vi| =+ = |Vi| =: ¢.
Let R be the reduced graph of G with parameters ¢,d and M’; thus, k = |R|. By
Lemma 5.3, R has degree sequence dr;; < drga < --- < dg,; such that

w+o o. nk
dr;>(1- k+—i+ —
R, < h ) +w’6+2

! ! ! k k /k
<1w4bro>k+zli+?72 foralllgig%:w .

b

In what follows, when we consider an s-swapping set in some blow-up R(w) of R,
we always implicitly mean an s-swapping set in R(w) with respect to (vy, ..., Vgw),
where V(R(w)) = {v1, ..., Vpw} and dr(w)(v1) < dgw)(v2) < -+ < dgw) (Vkw). That
is, each blow-up R(w) of R comes equipped with an ordering of its vertices based on
the degrees; these orderings are defined by the functions I; below.

CLAM 7.2. R':=R((mt)?) contains a B*-tiling T covering at least (1—n/2)k(mt)*
= (1 —1n/2)|R'| vertices.

Proof of Claim 7.2. If R contains a B*-tiling covering at least (1 —7/2)k vertices,
then Lemma 6.2 implies that Claim 7.2 holds. Suppose then that the largest B*-tiling
T in R covers exactly ¢ vertices, where ¢ < (1 —n/2)k. Then by Lemma 7.1, there
exists an expanding set of size vk for T in R or an “I*-swapping set of size vk for T’
in R. Define B’ to be the r-partite bottle graph with neck ¢’ and width w’ — 1. Set
w* = w'm.

Step 1: Find a B*-tiling covering at least (c+~k)(mt)>T! vertices in R((mt)5+1).

Case 1: There exists an expanding set {z1,...,2y} for T and hence also an
associated injection f : {z1,..., 255} = T.

In this case we do the following: For each 1 <i < ~k, separate R[z; U f(z;)] into
a copy of K, (containing z; and one vertex from each w*-class of f(z;)), a copy of B,
and a copy of B(m — 1). Then we have a (B*, B(m — 1), B/, K,.)-tiling in R covering
at least ¢ + vk vertices. By Lemma 6.2, R(mt) contains a B*-tiling covering at least
(¢ + vk)mt vertices. Further applying Lemma 6.2 we obtain a B*-tiling covering at
least (c 4+ vk)(mt) S+ vertices in R((mt)°T!), as desired.
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Case 2: There does not exist an expanding set of size vk for T in R.
For each 1 < j < S, Proposition 6.3 implies that R((mt)?) has degree sequence

dR((mt)i),1 < Adr((mt)i),2 < =+ < dR((mt)i),k(mt)i Such that

dR((mtyi),i 2 (1 - J) k(mt) + Zi+ (’72 - Z) (mt) forall 1 < i< 2htmt)’,

Define for 0 < j < S bijections I; : V(R((mt)?)) — [k(mt)7], where I;(z) := i
implies that dg((n)i) () = dR((mt)i),i- In particular, suppose that € V(R), and let
T1,...,T(py)s denote the (mt)? vertices in R((mt)’) that correspond to . Suppose
that Ip(z) = i. Then we may assume that

(7.5) Ij(zs) = (i — 1)(mt)? + s > (Io(z) — 1)(mt)? for each 1 < s < (mt).

To put all this another way, one can view Iy as an ordering of the vertices in R in terms
of the vertex degrees; I; is the ordering of R((mt)?) “inherited” from the ordering Iy.
Note that for all 0 < j < S,

(7.6) Y L) | <k (mt)¥.

€V (R((mt)7))

Denote by % the set of all vertices in V(R) that belong to w*-classes of copies
of B* in T. As there does not exist an expanding set of size vk for T in R, then there
exists an “’Zk—swapping set {z1,..., 2y} for T in R. Hence, there also exists a set
{y1,.. ., yye} € Q@ such that (z;,y;) is an “;k—swapping pair for each 1 <4 < vk such
that B; # B;jl for all i # j and such that Iy(y;) > Io(z) + wTvk for all 1 <i < k.

For each 1 <i < vk, note that R[(z;UV (B;;,))\{y:}] can be separated into a copy
of B containing z; and a copy of B(m — 1). Then we have a (B*, B(m — 1), B)-tiling

T covering c vertices in R. Further, since each (z;,y;) is an ‘”;k -swapping pair, we
have that
27.2
wy’k
7.7 I > I .
(7.7 YDREAE) S I SENPAE) s

z€V(R)\V (T}) z€V(R)\V(T)

By Lemma 6.2, T;(mt) contains a perfect B*-tiling T”; i.e., 7" is a B*-tiling
covering c(mt) vertices in R(mt). Observe that T” in R(mt) covers proportionally the
same amount of vertices as T in R. Further, (7.5) and (7.7) imply that

3 () Y (o(@) = 1) | (mt)?

€V (R(m)\V(T") €V (R)\V (1Y)

Y

(7.8) (mt)?.

v

]
S
&
+

zeV(R)\V(T)

Denote by 2%, the set of all vertices in R(mt) that belong to w*-classes of copies
of B* in T”. Suppose that there does not exist an expanding set of size ykmt for T’ in

LAs in Definition 6.6.
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R(mt). Then by Lemma 7.1 there must exist an @—swapping set of size vkmt for
T" in R(mt). As before we can produce a (B*, B(m — 1), B)-tiling T] covering c¢(mi)
vertices in R(mt). Then by Lemma 6.2, T](mt) contains a perfect B*-tiling T"; i.e.,
T" is a B*-tiling covering c(mt)? vertices in R((mt)?). Observe, similarly as before,
that 7" in R((mt)?) covers proportionally the same amount of vertices as 7' in R and

w m 2
S In(z) > 3 L) | + 20EmO7 (2

2
z€V (R((mt)2))\V(T") z€V (R(mt))\V(T’) g
(7.8) w kQ
S > @) |+ L) ey
z€V(R)\V(T)

Note that (7.6) implies that one can repeat this argument at most S times; that
is, for some j < S we must obtain an expanding set of size vk(mt)? in R((mt)?). More
precisely, we obtain a B*-tiling T7W) in R((mt)?) covering c(mt)? vertices such that
there exists an expanding set of size yk(mt)? for T in R((mt)7). Then as before,
one can use this expanding set and Lemma 6.2 to obtain a B*-tiling covering at least
(c 4+ vk)(mt)S+! vertices in R((mt)S*1), as desired.

General step: Repeating the whole argument from Step 1 at most ) times we see
that R((mt)2S+D) = R((mt)?) = R’ has a B*-tiling T covering at least (1—1n/2)|R’|
vertices. Thus, Claim 7.2 holds. 0

Now for each 1 < ¢ < k, partition V; into classes V;*, Vi 1,...,V (mi)=, where
¢ = 1|Vii| = lg/(mt)*] > q/(2(mt)?) for all 1 < j < (mt)®. Lemma 5.2 implies that
gk > (1 — €)n; therefore,

(7.9) ¢IR| = g/ (mt)* [k(mt)* > gk — k(mt)* > (1 — 2¢)n.

Fact 5.4 tells us that for each e-regular pair (V;,,V;,)e with density at least d we
have that (V;, j,, Vi, j»)a is 2e(mt)*-regular with density at least d —e > d/2 (for all
1 < j1,J2 < (mt)?). Note that 2¢(mt)* < /2. So we can label the vertex set of R’
so that V(R) ={V;; : 1 <i<k,1<j<(mt)*} and see that if V;, ;, Vi, j, € E(R’),
then (Vi, j,, Via jo)o is €1/2-regular with density at least d/2.

We know by Claim 7.2 that R’ has a B*-tiling T that covers at least
(1 —n/2)|R| vertices. Let B* be a copy of B* in T, and label the vertices of B*
so that V(B*) = {wldlvviz,jw R wbmgjbm,}' Set V' := V;hh U V;z,jz U---u Vibm,jbm'
Applying Lemma 6.1 with 12, ¢, d/2,'/? playing the roles of 3,q,d, e, we have that
G'[V'] has a B*-tiling covering at least (1 —n?)q’bm vertices. Applying Lemma 6.1 in
this way to each copy of B* in T we see that G’ C G has a B*-tiling covering at least

(7.9)

(1 =n?) g'bm) x (1 =n/2) |R']) /bm = (1 =7") (1 =n/2) (1 —22)n > (1 —n)n
vertices. Since each copy of B* has a perfect H-tiling, G contains an H-tiling covering
all but at most nn vertices. ]

Theorem 1.4 easily implies Theorem 1.5.

Proof of Theorem 1.5. Let H, x € (0,1), and 1 > 0 be as in the statement of the
theorem. Suppose n is sufficiently large, and let G be an n-vertex graph as in the
statement of the theorem.
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Note that it suffices to prove the result in the case when = € (0,1)NQ. Thus, there
exist a,b € N such that © = a/b. Define oy := a(r—1)o and w; := a(r—1)w+(b—a)h =
bh —aco. Let Hy be the r-partite bottle graph with neck o7 and width wy, and observe
that o1 < wy and |Hy| = b(r — 1)h.

Claim. H; contains an H-tiling covering x|H;| vertices.

The claim follows since one can tile Hy with a(r — 1) copies of H, where each
o-class lies in the o1-class of Hy. Thus, we have an H-tiling covering a(r—1)h = x|H;|
vertices in Hy, as desired.

Note that

To (r— 1):100 wy + o1 o1 .
S _ N el -1
di 2 (gH(x) h >n+ h—zo (1 b(r—l)h)n—i_wll

for all i+ < ((h f;’h) b(r 1) . Thus, applying Theorem 1.4 with H; playing the role
of H, we produce an H;-tiling in G covering all but at most nn vertices. Then the
claim implies that we have an H-tiling in G covering at least (1 —n)n > (z —n)n
vertices. |

8. Concluding remarks. In this paper we have given a particular degree se-
quence condition that forces a graph to contain an almost perfect H-tiling (Theorem
1.4). In fact, in general for a fixed graph H, Theorem 1.4 yields a whole class of
degree sequences that force an almost perfect H-tiling. Indeed, we have the following
consequence of Theorem 1.4.

THEOREM 8.1. Let n > 0 and H be a graph with x(H) = r and h := |H|. Set
o € R such that o(H) < 0 < h/r and w := (h — 0)/(r — 1). Then there exists an
ng = no(n, o, H) € N such that the following holds: Suppose G is a graph on n > ng
vertices with degree sequence di < dy < --- < d,, such that

diz(l—w—i_U)n—&—Uz’ forall 1<i<en.
h w

Then G contains an H-tiling covering all but at most nn vertices.

Proof. Note that it suffices to prove the theorem under the assumption that o €
Q. To prove Theorem 8.1, we define a certain bottle graph H* and then apply
Theorem 1.4 with input H* to conclude our result.

Since o € Q, there exist a,b € N such that 0 = a/b. Let w(H) := (h—0o(H))/(r—
1) and t := b(r — 1)(w(H) — o(H)). We define H* to be the r-partite bottle graph
with neck ot and width wt (note ot,wt € N). Also, notice that |H*| = ht.

Claim. H* contains a perfect H-tiling.

We tile ¢ copies of H into H*. First, tile b(r — 1)(w(H) — o) copies of H into H*
such that the o(H)-classes are all placed in the ot-class of H*. This leaves

ob(r— 1) (w(H) —o(H)) —c(H)b(r — 1) (w(H) —0) =w(H)b(r —1)(c —c(H))
vertices in the ot-class of H* to be covered and

wh(r —1)(w(H) = o(H)) = w(H)b(r — 1)(w(H) — o)
((r = Dw(w(H) = o(H)) = (r = w(H)(w(H) - 0))
) = (h—o(H))(w(H) — o))

— ~—
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vertices in each wt-class of H* to be covered. Let H be the r-partite complete graph
with one vertex class of size (r—1)w(H) and (r—1) vertex classes of size (r—2)w(H)+
o(H). Observe that H has a perfect H-tiling (using r — 1 copies of H). To cover the
remaining vertices of H*, tile b(c — o(H)) copies of H into H* such that every vertex
class of size (r — 1)w(H) is placed in the ot class of H*. Observe that

((r = 2)w(H) + o(H))b(o — o(H)) = b(h — w(H))(0 — o(H)).

Hence, H* contains a perfect H-tiling, and the claim holds.

Suppose G is as in the statement of Theorem 8.1. Applying Theorem 1.4 with
input G and H*, we obtain that G contains an H *-tiling covering all but at most nn
vertices. (Note the degree sequence in Theorem 8.1 is precisely the degree sequence
of Theorem 1.4 with input H*.) Since each copy of H* has a perfect H-tiling, we
conclude that G contains an H-tiling covering all but at most nn vertices. ]

In a similar way, Theorem 1.5 yields a class of degree sequences forcing an almost
z-proportional H-tiling in G.

THEOREM 8.2. Let x € (0,1) and H be a graph with x(H) =r and h := |H|. Set
n>0. Let 0 € R such that o(H) < o < h/r andw = (h—0) /(r —1). Then there

exists an ng = no(n,x,0, H) € N such that the following holds: Suppose G is a graph
on n > ng vertices with degree sequence di < do < --- < d,, such that

xro r—1)xo . . 2o
d; > (gH(x) — 7) n—+ %z forall 1<i< ((};71)h) n.

Then G contains an H-tiling covering at least (x — n)n vertices.

Proof. Define H* as in the proof of Theorem 8.1. Applying Theorem 1.5 with
input H*, we obtain that G contains an H*-tiling covering all but at most (z — n)n
vertices. Since each copy of H* has a perfect H-tiling, we conclude that G contains
an H-tiling covering all but at most (x — n)n vertices. O
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