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HOLDER STABLY DETERMINING THE TIME-DEPENDENT ELECTROMAGNETIC POTENTIAL OF
THE SCHRODINGER EQUATION

YAVAR KIAN* AND ERIC SOCCORSI*

ABSTRACT. We consider the inverse problem of determining the time and space dependent electromagnetic potential of the
Schrodinger equation in a bounded domain of R™, n > 2, by boundary observation of the solution over the entire time span.
Assuming that the divergence of the magnetic potential is fixed, we prove that the electric potential and the magnetic potential
can be Holder stably retrieved from these data, whereas stability estimates for inverse time-dependent coefficients problems
of evolution partial differential equations are usually of logarithmic type.
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1. INTRODUCTION

1.1. Statement of the problem. Let (2 be a bounded, simply connected domain of R™, n > 2, with C? boundary 0f2.
For T € (0,400), we consider the initial boundary value problem (IBVP)

(10 +As+q@u=0 inQ:=(0,T) x Q,
w(0,:) =0 in Q, (1.1)
u=yg onX:=(0,T)x T,
where A 4 is the Laplace operator (V + ¢ A(t, x)) - (V 4 i A(t, x)), associated with the real-valued magnetic potential
A= (a5)1<5<n € WHS(Q3R)", e
Ay = zn: (0n, + ia;(t, :1:))2 = A+ 2iA(t,x) -V +i(V-At,x)) — |At, z)? (1.2)
j=1

and ¢ € L>®(Q;R) is a real-valued electric potential. Here and in the remaining part of this text, we denote by
V = (Ogy,...,0:,)7T the gradient operator with respect to the spatial variable = := (1, ...,x,) € R", the symbol
- (resp., | - |) stands for the Euclidian scalar product (resp., norm) in R", and the divergence operator with respect to
x € R" is represented by the notation V-.

For all s,r € (0,400) and for X being either 2 or 02, we equip the functional spaces H™*((0,7) x X) :=
H"(0,T; L*(X)) N L?(0,T; H*(X)) with the following norm

||U||§1ns((o,:r)xx) = ||U||§1r(o,T;L2(x)) + HUH%Q(O,T;HS(X))v
and we write H™*(Q) (resp., H™*(X)) instead of H™*((0,T) x Q) (resp., H™*((0,T") x 0f2)). Then, for all

geH(E) = {g e HYE(S); 9(0,7) = dig(0,) = 0on 00}

we establish in Proposition 2] below, that there exists a unique solution u, € H?(Q) to (LI) and that the mapping
g+ ug is continuous. As a corollary the Dirichlet-to-Neumann (DN) operator associated with (L)), defined by

Apg: HE) — LQ(E)
g — (0, +1A-v)ug,

(1.3)
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where v(x) denotes the unit outward normal to OS2 at x, is bounded. The main purpose of this paper is to examine the
stability issue in the inverse problem of determining the electromagnetic potential (A4, ¢) from the knowledge of A 4 .

However, there is a natural obstruction to uniqueness in this problem, in the sense that the mapping (4, q) — Aa 4
is not injective. This can be seen from the identity

0+ Aa+q=e (i, + Az + e, € WHX(Q)

arising from (L2) with (A,§) = Ga4(¢) := (A — Vo,q + 0,¢), which entails that (i, + A; + §)e'®u, =
e (i0y + Aa + q)ug = 0 for all g € H(X). Therefore, if ¢ vanishes on ¥ then it is apparent that e*®u,, is the
H'2(Q)-solution to (II), where (A, §) is substituted for (4, ¢). Consequently, it holds true that

Ajaz9=(0,+ iA-v)ePu, = (0, +iA-v)u, = Aa 49,

despite of the fact that (/1, ¢) does not coincide with (A, q) whenever ¢ is not uniformly zero in (). Otherwise
stated, since the DN map (L3) is invariant under the gauge transformation (A, ¢) +— G4 4(¢) associated with ¢ €

W22(Q) = {¢p € W3>(Q); @)= = 0}, then it is hopeless to retrieve (A, q) through A4, and the best we can
expect is to determine the gauge class G 4. ,(W3(Q)) 1= {Ga.4(¢), ¢ € W2™°(Q)} of (A,¢q). Moreover, for any
two gauge equivalent electromagnetic potentials (A, ¢) and (A, §), there exists a unique ¢ € W;"°°(Q) such that we
have (A,§) = G 4(¢) and we notice for each for ¢ € (0,T) that the function ¢(¢,-) is solution to the following
elliptic system:

—A¢(t,) =V - (A= A)t,) inQ,
o(t,") =0 on 9.

Therefore, if the time-dependent electromagnetic potential (A, ¢) can be determined modulo gauge invariance by A 4 4
then it is actually possible to recover (A4, q) itself provided the divergence V - A is known.

1.2. What is known so far. Since inverse problems are of great interest in applied sciences, it is no surprise that the
determination of coefficients in partial differential equations such as the magnetic Schrodinger equation under study
in this article has attracted the attention of numerous mathematicians over the previous decades.

For instance, using the Bukhgeim-Klibanov method [[14], Baudouin and Puel [2] proved Lipschitz stable identifi-
cation of the time independent electric potential in the dynamical (i.e., non stationary) Schrodinger equation from a
single boundary observation of the solution. Here the measurement can be performed on any subpart of the boundary
fulfilling the geometric control property expressed by Bardos, Lebeau and Rauch in [1]]. This condition was removed
by Bellassoued and Choulli in [3], provided the electric potential is a priori known in a neighborhood of the boundary.
We refer to [18] for the Lipschitz stable reconstruction of the magnetic potential in the Coulomb gauge class by a finite
number of boundary measurements of the solution to the Schrdinger equation. More recently, in [12]], Ben Aicha and
Mejri claimed simultaneous Lipschitz stable determination of the electric potential and the divergence free magnetic
potential, from the same type of boundary data.

All the above mentioned results involve a finite number of boundary observations of the solution, performed over
the entire time span. This is no longer the case in [[6] where the magnetic field was stably recovered from the knowledge
of the DN map associated with the dynamic Schrodinger equation. In the same spirit, Bellassoued and Dos Santos
Ferreira proved stable identification of the electric potential by the DN map associated with the Schrodinger equation
on a Riemannian manifold in [[7]]. This result was extended in [3]] to simultaneous determination of the electric potential
and the magnetic field. We also refer to [30]] for an extensive treatment of similar inverse problems. We stress
out that all the above results were established in a bounded domain and that the analysis carried out in (resp. 5]
and [6]) was adapted to the case of unbounded cylindrical domains in [8] (resp., [9] and [33] [34]).

All the above mentioned works are concerned with space-only dependent (i.e. time independent) coefficients.
Actually, there is only a very small number of papers available in the mathematical literature, dealing with the inverse
problem of determining time-dependent coefficients of the Schrodinger equation. For instance, it was proved in [20]
that the DN map uniquely determines the time-dependent electromagnetic potential modulo gauge invariance. The
stability issue for the same problem was examined in [I7], where the time-dependent electric potential was logarithmic
stably recovered from boundary observation for all times and internal measurement at final time, of the solution. More
recently, in [11]], this approach was adapted to the case of an electromagnetic potential with sufficiently small time
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independent magnetic part. To the best of our best knowledge, these two last articles are the only mathematical papers
studying the stability issue in the inverse problem of determining time-dependent coefficients of the Schrodinger

equation. Nevertheless, we point out that similar problems were addressed in [4] [T0} 15} (16, 211 22| 24| 25| 26} 28], 29,
for either parabolic, hyperbolic, or even time-fractional diffusion equations.

1.3. Main result. The main result of this paper is the following Holder stability estimate of the electromagnetic
potential entering the Schrédinger equation in (I.I), with respect to the DN map.

Theorem 1.1. Fix M € (0, +o00) and for j = 1,2, let A; € W5=(Q)" N H*(Q)" and q; € W*>°(Q) satisfy the
three following conditions:

Og Ay (t,x) = 0y As(t, ), (t,x) € X, a € N, |a| < 5, (1.4)
V- Ai(t,x) =V - As(t,x), (t,z) €Q (1.5)
and
2
> (I4llws. @y + 14516y + a5 lwase(q)) < M. (1.6)
j=1

Then, there exist three positive constants, r and s, depending only on n, and C, depending only on T, Q) and M, such
that we have

A1 = Az r2(0,7;m5(0)) < CllAasq — Adage " 1.7)
and
lor — @2lla-1(@) < CllAasg — Al (1.8)

In Theorem([[.T]and the remaining part of this article, the DN maps A 4, 4, j = 1,2, lie in the space B(H(X), L*(X))
).

J

of linear bounded operators from H () into L?(X) and || - || denotes the usual norm in B(H.(X), L?(X)

1.4. Brief comments and outline. To the author’s best knowledge, Theorem [[1]is the only result available in the
mathematical literature claiming Holder stable determination of space and time varying coefficients appearing in an
evolution PDE (all the other existing stability estimates derived in this framework are at best of logarithmic type).
Moreover, even if the identification of unknown coefficients depending on both time and space variable is of great
interest in its own, it is worth mentioning that it can also be linked with the inverse problem of determining a nonlinear
perturbation of a PDE. As a matter of fact it was proved in [16] by mean of a linearization process that the
semilinear term entering a nonlinear parabolic equation can be identified by solving the inverse problem of determining
the time-dependent coefficient of a related linear parabolic equation. From this viewpoint there is no doubt that
Theorem[L1lis a useful tool for adapting this strategy to the case of semilinear Schrodinger equations.

The remaining part of this article is organized as follows. In the coming section, Section 2, we study the well-
posdeness of problem (I.I) and we prove that the DN map (T.3) is well defined as a linear bounded operator from
H(X) into L*(X). In Section 3] we build a set of geometrical optics solutions to (II) which are the main tool for
deriving Theorem[I.1l Finally, the proof of the stability estimate (I.7) is presented in Section 4] whereas the one of
(L.8) is given in Section 5l

2. ANALYSIS OF THE FORWARD PROBLEM
The main result of this section is the following existence and uniqueness result for the IBVP (L.T).
Proposition 2.1. For M € (0,+00), let A € W2°°(Q;R)" and ¢ € WH>(Q; R) satisfy

[ Allwz.0(@yn + [lgllwre(q) < M. (2.1)

Then, for every g € H(X), the system (L1) admits a unique solution v € HY2(Q). Moreover, there exists a positive
constant C, depending only on M, T and (), such that we have

[ull mr12(@) < Cllgllaes)- (2.2)

With reference to (I3) and the continuity of the trace operator from H'?(Q) into L?(X), Proposition 2.Jlimmedi-
ately entails the following:
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Corollary 2.1. Under the conditions of Proposition 21} the DN map A4 4 is well defined by (L3) and acts as a
bounded operator from H(X) into L*(3).

The proof of Proposition 2.1] can be found in Section 23] by mean of an existence and uniqueness result for the
IBVP (1) with homogeneous Dirichlet boundary condition and suitable source term, stated in Section As a
preamble, we recall that the sesquilinear form associated with the operator —A 4, ) + q(t,-) = —(V + iA(t,-)) -
(V +iA(t, ")) +q(t,-) is H*(Q)-elliptic with respect to L*(Q2), uniformy in t € (0, 7).

2.1. H*(Q)-ellipticity with respect to L*({2). We define the magnetic gradient V 4, associated with A € L>(Q)",
by

Vau(t,z) == (V +iA(t,x))u(z), u € HY(Q), (t,x) € Q, (2.3)
and for ¢ € L>°(Q), we introduce the sesquilinear form
a(t;u,v) = / Vau(t,z) - Vav(t,z)dx —|—/ q(t, z)u(z)v(x)dz, u,v € HY(Q). 2.4)
Q Q
Then, the Holder inequality yields
IVull7 2y
IV ault, Mgy > 52 = 20 Al wgye lulli2ce).
for every u € H} () and t € (0,T), so we get
a(t; u,u) + AlulF2(0) = allullin gy, v € Hg(Q), t € (0,T), (2.5)

with A := % + ||q||2L°°(Q) + 2HAH200(Q)n and o 1= %

2.2. Existence and uniqueness result. The proof of Proposition2.I]essentially boils down to the following existence
and uniqueness result for the following IBVP associated with a suitable source term F:

(10 +Aa+q@u=F inQ,
v(0,-) =0 in €, (2.6)
v=20 on Y.

Lemma 2.2. Let M, A and q be the same as in Proposition21land let F € H* (0, T; L?(2)) verify F(0,-) = 0 a.e.
in Q. Then, the system (Z.8) admits a unique solution v € C([0,T], H}(Q) N H*(Q)) N C*([0,T], L*(Y)) satisfying

[vlleqo.r).m2(0) + lvllexo.m.L2@)) < CIF| ar0,7:L2(0)) 2.7
for some positive constant C depending only on T, Q) and M.

Proof. We proceed as in the derivation of [35, Section 3, Theorem 10.1] by applying the Faedo-Galerkin method.
Namely, we pick a Hilbert basis {ey, k € N*} of H}(f2) and consider an approximated solution of size m € N* :=
{1,2,...} of @8, of the form

’Um(tu :E) = ng,m(t)ek(x)7 (tu :E) € Q7 (28)
k=1
where the functions gy, ,,, are defined in such a way that we have

i<8tvm(ta ')a ek>L2(Q) - CL(t; Um(t, ')a ek) = <F(t7 ')7 €k>L2(Q)a le (07 T)v
Um(ou ) = 07

(2.9)

forall k = 1,...,m. Since F' € W11(0,T; L*(Q2)) then (Z.9) admits a unique solution v,,, € W1°°(0,T; H}(Q))
such that the function w,, := 0;vy, solves the following Cauchy problem for every k = 1,...,m:
7;<81511)771(t5 ')a ek>L2(Q) - a(t; wm(tv ')7 ek) - a/(t; Um, (tv ')7 ek) + <8tF(ta ')a ek>L2(Q)7 te (Oa T)a

(2.10)
wm(0) = 0.
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Here, forall ¢ € (0,7) and all u,v € H}(Q), we have set with reference to (Z.3)-2.4)

a'(t;u,v) =i | 9A(t, ) - (u(a:)VAv(t,x) Vau(t, z)v(x )) dzr + | 9uq(t, z)u(z)v(x)dz. (2.11)
Q Q

1) The first part of the proof is to establish three a priori estimates for the functions v,,, and w,,.
a) To this end, we fix ¢ € (0,7") and we multiply for each k € {1,...,m} the first line of (2.9) by g (¢), sum up
over k = 1,...,m, and infer from (2.8) that
i<atvm(t7 ')7 ’Um(tu ')>L2(Q) - a/(t7 ’Um(tu ')7 ’Um(ta )) = <F(t7 ')7 ’Um(ta ')>L2(Q)'
Taking the imaginary part of both sides of the above identity then yields
d

T lom(s: M2 () = 2m(F (s, ), Oom(s, ) 120, 5 € (0,7).

Since v, (0, -) = 0, we get upon integrating the above identity over (0, t) that

t t t
[ (t, 720y = 2Im/O (F(s5-),vm(s,-)) 2@y ds < /0 1F'(s, 172 (s + /O [ (s, )12 () ds
Therefore, by Gronwall’s lemma, there exists a positive constant ¢y, depending only on 7', €2 and M such that we
have:
lvmll Lo 0,7;22(2)) < collFllz2(q)- (2.12)

b) Similarly, by multiplying the first line of (Z.9) by g,wn(t), summing up over k = 1,...,m, and applying (2.8)

once more, we get that
100 (8, )32y — alts (. ), (2, )) = (F(t, ), Brvnm (b, ) (e, 1 € (0,7).
Upon taking this time the real part in the above identity, we find that
a(s;vm(s, ), 0vm(s,-)) + a(s; 0pvm(s, ), vm(s,-)) = —2Re(F (s, ), Ovm (s, ) L2(q), s € (0,T),

which may be equivalently rewritten as

ia(s;vm(s, s um(s,-)) = a' (s30m(s, ), vm(s, ) — 2Re(F (s, -), Opum(s, ) r2(q), s € (0,T).

ds
Now, by integrating with respect to s over (0, t), we obtain that
t t
a(t; v (t, ), vm(t,-)) :/ a'(s;vm(s,+), vm(s,-))ds —2Re/ (F(s,-), 0svm(s, ")) L2 (0)ds. (2.13)
0 0
Next, as fO &gvm( )>L2(Q)d8 = <F(t, ) ’Um(t ')>L2 (Q) — f(f 6tF ) ’Um( )>L2(Q)d8 we get

/O<F( )5 Ogvm (8, +)) L2(yds| < || F'(L, )| L2 [[vm (2, )HL2(Q)+/ 10:F' (s, )2 () [[vm (s, )|l L2 (o) s,

so that [|vy, (¢, -)[|3 () can be upper bounded with the aid of (2.5), (2.11) and 2.13), by the following expression

o ([ oo Wit + [ 100Gt ) + 21zl 820 + 2 lomt) o
where c is a positive constant depending only on M. From this, the two basic inequahtles
IE(E ) 2@ llom (8 )l 2@) < ||vm( Wiz + = I\F(tw)llizm)
and
t t
IE () 720) = 2Re/0 (F(s,7),0:F (s,)) L2 ds < /0 (”F(Sa W72 + 10:F (s, ')H%Q(Q)) ds,

and from the estimate (2.12), it then follows that

2 A}

t
2
ot Wiy < 2 [ oo s +2 (e + 25+ B+ 28 ) 1P 1
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Then, an application of Gronwall’s lemma provides a constant C' = C(T', M, &) € (0, +00) such that
||”WHL°°(0-,T;H1(Q)) < C||FHH1(O,T;L2(Q))' (2.14)

c) Further, we put p(t, z) := |A(t, z)|* + q(t, z) for (t,z) € @, integrate by parts in the first integral of (Z.11) and
obtain for all u,v € H}((2) that

a(tyu,v) = z/ (u(x)atA(t,x) -Vo(z) — 0;A(t, ) - Vu(a:)v(a:)) dr + | 9p(t, x)u(z)v(x)dx
Q Q

= /Q (—=2i0LA(t, z) - Vu(x) + (Opp(t,x) — iV - O A(L, z))u(x)) @d:c.

This and 2.10) yield
Z'<6twm(t,'),€k>L2(Q) _a(t;wm(tu')uek) = <Fm(t7')7ek>L2(Q)7 te (OuT)u (2 15)
wp (0) =0,

forallk =1,..., m, where

Fo(t,x) == =210, A(t, x) - Vo (t,x) + (Oip(t, ) — iV - OLA(L, x))om (L, ) + O F(t, x), (t,z) € Q.  (2.16)
Next, multiplying the first line in 2.13) by g}, ,,,(t) and summing up over k = 1,...,m, lead to
Z<atwm(t7 ')7 U}m(t, ')>L2(Q) - (L(t, wm(tu ')7 ’U}m(t, )) = <Fm(t7 ')7 ’U}m(t, ')>L2(Q)7 te (07 T)

Therefore, we have

d

E”wm(sa )H%%Q) = 2Im(Fy, (s, ), wm (s, ')>L2(Q)7 s€(0,7).
Now, for each ¢ € (0,7"), we find upon integrating both sides of the above identity over (0, ¢) that

t t
(8 sy < | T s + [ 1B e

which, combined with (Z.16), entails

t
ot Wiy < [ s,V eqoyds + ¢ (10F gy + ol orancan)
for some constant ¢ = ¢(T', M) € (0, +00). Therefore, we have
lwm(t, )20y < ¢ (19F 1320 + lomli = ozimrsay ) » £ € (0,T),
by Gronwall’s lemma, and consequently
meHL""(O,T;H(Q)) < CHF”Hl(O,T;L?(Q))a (2.17)

by (2.14), where C is another positive constant depending only on 7', M and «.

2) Having established (Z.14) and (2.17), we turn now to showing existence of a solution to (Z.6). This can be done in
accordance with (ZI4) by extracting a subsequence (V7 )’ Of (V3 )m» Which converges to v € L>(0,T; H}(Q)) in
the weak-star topology of L>°(0,T'; H}(£2)). By substituting m’ for m in (2.9) and sending m’ to infinity, we get that
(i +Aa+qv=F inQ,
v(0,-) =0 in Q.

(2.18)

As a consequence, we have 9;v € L°°(0,T; H=1(2)) and hence v € L*>(0,T; H}(Q)) N W1e°(0,T; H=1()).
Further, due to (2.17) and the Banach-Alaoglu theorem, there exists a subsequence of (W )m which converges to
w € L>=(0,T; L)) in the weak-star topology of L>°(0,T; L*(Q)). Since w,, = Ozvy, for every m € N* then
we necessarily have ;v = w € L>(0,T; L?()) and thus v € L>(0,T; H}(2)) N W (0,T; L?()). Further,
by arguing in the exact same way as in the derivation of Theorem 8.3 and Remark 10.2, Chapter 3], we get that



HOLDER STABLY DETERMINING THE TIME-DEPENDENT ELECTROMAGNETIC POTENTIAL 7

v € C([0,T]; HY(Q)) N CL([0,T]; L*(R2)). Moreover, for all fixed ¢t € [0, 7], we deduce from (Z.I8) that v(¢,-) is
solution to the elliptic boundary value problem

(AA + Q(ta )) U(t, ) = F(ta ) - iatv(tv ) in Qa

u(t,-) =0, on 0f).

As F — idw € C([0,T]; L*(£2)) then we have v € C([0, 7], H}(Q) N H*(Q)) and @7 follows directly from this,
24, @14 and @.ID. O

Remark 2.3. a) With reference to (212), we point out for further use that the solution v to (2.2)) satisfies the estimate

[Vl Lo 0,7:22(02)) < ol Fllz2(q),

for some constant cy depending only on ), T and M.
b) Let M, A and q be the same as in Lemma and let F € H(0,T;L*(Q)) satisfy F(T,-) = 0. Putting

At,z) == —A(T — t,), §(t,x) :== q(T — t,z) and F(t,z) := F(T — t,z) for (t,z) € Q, we see that we have

(i +Aa+qu="F inQ,
o(T,-)=0 in €, (2.19)
v=20 onx,

F) is substituted for (A, q, F).

if and only if 5(t, ) := v(T — t, x) is a solution to the system @.6) where (A, g,
0) N H2(Q)) NCH[0,T], L3(2)) to

Therefore, by Lemma there exists a unique solution v € C([0,T], H}(
2.19), and it is clear that v verifies the estimate (2.).

2.3. Completion of the proof of Proposition 2.1l In light of [36, Theorem 2.3, Chapter 4] there exists G € H 3,2 (@)
satisfying
G(0,-) = 0,G(0,-) =0inQand G =gonT,

and
1Glla32@) < Cllgllne) (2.20)
for some positive constant C, depending only on €2 and 7. Therefore, the function
F:=—(id; + A +q)G € H(0,T; L*(Q)) (2.21)

verifies F(0,-) = 0 in Q. Let v be the C([0,T], H}(2) N H%(Q)) N C*([0, T, L*(£2))-solution to (2.6), associated
with the source term F' defined by (2Z.21), which is given by Lemma2.2l Then, u := G +v € H?(Q) is a solution to
(L) and (2.2)) follows directly from (2.7) and (2.20). Finally, we get that such a solution is unique by applying 2.2)
with g = 0.

3. GO SOLUTIONS

In this section we build appropriate geometric optics (GO) solutions to the magnetic Schrédinger equation in @,
which are used in the derivation of the stability estimates of Theorem[I.1] presented in Sections @ and 3l
Namely, given 4; € W5>°(Q)" N H5(Q)™ and q; € W*°°(Q), j = 1, 2, fulfilling the conditions (L4)-(L6), we
seek a solution u; to the magnetic Schrédinger equation
(i8t+AAj +qj)uj =0in Q, (31)
of the form
uj(t, ) = @0 (t, ) (uj1(t,2) + 0 uya(t, 2)) + rj0(t, ) with o, (¢, z) 1= glo(—ottzw) (3.2)

Here 0 € (1,400) andw € S"7! := {y € R"; |y| = 1} are arbitrarily fixed and the remainder term r; , in the
asymptotic expansion of u; with respect to o1, scales at most like 0~! as ¢ — +o0, in a sense that we will make
precise below. Moreover, we impose that u; 1 and u; 2 be in H3(Q), and that they satisfy

w - vAjUj,l = 0 and 2iw - VAJ.U]"Q + (iat + AAj + qj)u‘m =0inQ, 3.3)
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and

30 € (O, %) , (e (0,0)U(T—=6,T)) = (uj1(t,x) =ujo(t,z) =0, 2 € Q). 3.4)

The two conditons in (3.3) can be understood from the formal commutator formula [i0; + A 4, o | = 10196 + Aps +
2V g - Va,; = 2i0p,w - V 4, entailing
(10 + Aa, +45)(u; = rj0) = (i0r + Da; + ¢5) o (ujn + 0 ')
= Yo (2iaw . vAjUj,l + (iat + AAj + qj)uj,l + 2iw - VAjUjQ + O'_I(iat + AAj + qj‘)u]'g)
in Q. This and (31)-(32) lead to defining 71 , by

(10 + Da, + q1)r1,0 = =0 Lo (i0r + Aa, + q1)ur2 inQ,

r,0(0,-) =0 in Q, (3.5)
1,0 =0 on Y,

and 2 , by
(10 + Aa, + q2)r2,0 = —0 Lo (10 + Aa, + q2)uzz  inQ,
r2.0(T,-) =0 inQ, (3.6)
2o =0 on Y.

The initial condition in (3.3) and the final condition in (3.6) are imposed in such a way that the product rq ,73
vanishes at both ends of the time interval (0, 7).

The first step of the construction of the functions u; 1, for j, k = 1, 2, involves extending the two magnetic potentials
Ap and Ay to (0,T) x R™ as follows. First, we refer to [40, Theorem 5 in Section 3] and pick a magnetic potential
Ay € W5((0,T) x R™;R)™ N H®((0,T) x R™; R)" which coincides with A; in @ and satisfies

3R € (0, +00), Vt € [0,T], supp A (t,-) C {x € R", |z| < R}
and the estimate
| A1 llws.o ((0,7)xrry < CllAllws.(qyn and || 1] goo.7)xrnyn < C|l A1l o Q)n (3.7

for some positive constant C' depending only on 7" and 2. Thus, putting

: As(t,z) ifzeq,
Ao(t,z) = A2lbo) it (3.8)
Ai(t,z) ifz e R\ Q

we infer from (T4) that Ay € W>>°((0,T) x R™)* N H%((0,T) x R™)™. Moreover, it is clear from (37)-3.8) upon
possibly substituting max(1, C) for C in (37), that

”AJ'HW5’°°((O,T)><]R")" < Clgﬁg | Ax |lws. ()~ and HAJ'”HG((O,T)XR")" < C,?;%XQ | Al zoQyns J=1,2. (3.9)

The next step is to introduce two functions, the first one x = x5 € C*°(R; [0, 1]), being supported in (6,7 — ¢),
satisfies x () = 1if t € [20,T — 26| and fulfills

Vk € N, 3C) € (0,400), [[x|lwreem < Cré*,
whereas the second one is defined for 7 € R, ¢ € wt :={r € R"; 2-w =0}andy € S* ! Nw™, by

Bt,x) =y-V (ei(”*g'z) exp (—z/ Alt,z + sw) -wds)) , (t,x) € (0,T) x R™. (3.10)
R

Here we have set A := A; — Ay (thatis A = A; — Ay inQ and A = 0in ((0,T) x R™) \ Q) in such a way that we
have w - VA(t,z) = 0 forall (t,z) € (0,7) x R™.
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Now, a direct calculation shows that each of the two functions

up 1 (t, ) := x(t)B(t, z) exp (z‘/om Ay(t,x + sw) ~wds>

and

—+o0
u2.1(t, ) == x(t) exp <z As(t,z + sw) -wds)
0

is a solution to the first equation of (3.3) satisfying the condition (3.4). Further, it follows from this,(I.6) and (3.9)-
(B10) that
||u1,1HH3(Q) § O<7’, §>45_3 and ||u271HH3(Q) § 05_3, (311)

where C' denotes a positive constant depending only €2, T"and M, which may change from line to line, and (7, &) is a
shorthand for (1 4 72 4 ¢2)1/2,

Similarly, using that any € R"™ decomposes into the sum 2 = 2| + sw with s ;= z-wand x| = = — sw € wt,
it can be checked through standard computations that

1 S S ~
ujo(t, x| +sw) = _Z/ exp <—z/ Atz + sow) ~wd52> (10 +Ax, +qj)uji(t, v +s1w)dsy, j = 1,2,
0 S1

is a solution to the second equation of (3.3) obeying the condition (3:4). Further, by (T.6) and (3:9) we have
||u1,2HH3(Q) < O<7’, §>6574 and ||u272HH3(Q) < 0574, (3.12)

and
H(Zat + Ay, + ql)u172||L2(Q) < C(r, §>56_2 and ||(u9t + Ay, + q2)u2)2HL2(Q) < Co2. (3.13)

Having specified u; j, for j, k = 1, 2, we turn now to examining the remainder term r; . We first infer from Lemma
(resp., Statement b) of Remark 2.3) that ry , (resp. ra,) is well defined as the C([0,T], H}(Q) N H*(Q)) N
C([0,T], L?(£2))-solution to (B.3) (resp., (3.6)). Next, Statement a) in Remark 2.3]and (3.13) yield

Ir1ollz2@) < Cll(i0: + Aa, + q1)ur 2| 2o < C(r,€)°6 20" (3.14)
On the other hand, we know from (2.7) and (3.12)) that
171,01l 220,752 () < Clle" o9 (10, + Ay, + (J1)U1,2||H1(0,T;L2(Q))U_1 < C(r,8)% %0,
Thus, interpolating with G.14), we have |71, || 2(0, 7,11 (0)) < C(7, )67 and hence
171,00l 20,7500 () + OlIT10 | L2(q) < C(T,£)°672. (3.15)
Analogously, we establish that
72,61l L2 (0,711 () + Ollr2,0ll L2(0) < C72. (3.16)

Having built u; ;, and 7 ,, for j, k = 1, 2, fulfilling (3.I)—(3.4), we are now in position to derive the stability estimates

()-8 of Therorem [T 1]

4. PROOF OF THE STABILITY ESTIMATE (I.7)
We stick to the notations of Section[3and recall from (3.4) that
u1(0,2) = ua(T,x) =0, z € Q. 4.1)

The proof of (I.7) boils down to a suitable estimate of the Fourier transform of the function x2 A, presented in Lemma
4.2]
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4.1. Estimation of the Fourier transform of y2A. We start by proving the following technical estimate.

Lemma 4.1. There exists a constant C = C(T,Q, M) € (0, 4+00) such that we have

/]R B () B(t, x)el o~ Albatswywds g o) . dpdt
< C((r0% %0 |Aa, g — Adgygoll + (7,6)%67 %71, (4.2)
uniformly in & € w.
Proof. For j = 1,2, put1; , :=u; — ;. = u; in ¥ and let v be the H'?(Q)-solution to
(10 +Aay, +q2)v2 =0 in@Q,
v2(0,) =0 in €,
v = Y1 on X,
given by Proposition 211 In light of (3.I) the function w := vy — u4 then solves
(i10: + A, + q@2)w =2iA-Vuy + Vuy  inQ,
w(0,-) =0 in ,
w=0 on X,

with V := iV - A — (|A1]? — | A2]?) + ¢1 — ¢2. Next, by multiplying the first equation of the above system by 75 and
integrating by parts over ), we deduce from (3.1) and (&.1) that

/ (20A -V + V)uy(t, z)us(t, x)dxdt = / Opw(t, v)u(t, x)do(x)dt. (4.3)
Q b

Further, since (0, +iA2-v)va = Au, 0,010 and (O, +iA1-v)ur = Aa, g Y10, Wehave Opw = (Aa, o —Aay g0 ) V1,0
in virtue of (I4)), and hence

/3vw(t,$)u2(t,iﬂ)d0($)dt‘ < (A azge — Ay g) V1ol V2.0l L2z
3
< ClAarg — Mo llY1ellus) Y20l s)
< C”AAz,qz - AAz;Q2H<Tv §>66_8067 (4.4)

by Corollary 211 the continuity of the trace operator from H?(Q) into H(X), (3.2) and the estimates (311)-(G12).
On the other hand, we know from (3.2)) that

/ (20A -V + Vuiuz(t, x)dedt = —20/ (A - w)uy 1tz (t, x)dedt +
Q Q

~2 / XDt w)e o ATt eds Ay 0y wdadt + 7, (4.5)
Q
where

ro= _20/ w1 (Tzp0 ' + @oTa,) Alt, z) - wdzdt
Q

_2/ A - (90(7 (Vu171 + VULQU_l) + VT‘LU) ’u,_g(t, :v)dacdt +/ V’U,lu_g(t, :v)dacdt
Q Q

Since |r| < C(r,£)8676 by BI3)-(B.16), it then follows from (£3) that

0_71

/ (21A -V + V)uiuz(t, x)dxdt‘
Q

> 2 '/ X2 () B(t, x)e Jo Altztsw)wds A(1 g) -wdwdt' — O, )86 %01,
Q
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which, combined with {@3)-(&.4), yields {.2). O

Having established Lemma [4.1] we may now estimate the Fourier transform of yA. We recall that the Fourier
transform of a function f € L*(R'*™)" is defined for all (1,&) € R x R" by

A n+1

f(r,8) == (2m)" = / e_i(t7+m'£)f(t, x)dxdt.
R1+n
Lemma 4.2. There exists a positive constant C, depending only on T, Q) and M, such that the inequality
61 FAT 6] < C (1, 0% 0% [Ans — Aasall + (1. 55507Y) 4.6)
holds for any (7,&) € R*™,

Proof. The estimate (£.6) being obviously true for £ = 0, we will solely focus on the case £ # 0. We use the
decomposition z = x + kw, where k := x - w and z; := x — Kw, and recall from (B10) that we have 3(¢,z) =
B(t, 2 ), so we obtain

/ 2()B(L, m)et Jo = Aatswywds 4 (¢ gy - wdadt
R1+n

/ / / XP()B(t, xL)e’ 1= Alwotsw)wds A4 g ) 4 kw) - wde, drdt
RJR Jwt

Z// X2(t)ﬂ(t7$L) (/ 8Keif:°° A(t,ﬂaL-l-sw).wdsdH) da | dt
RJwt R
Z/ X2(t) </ ﬁ(tv'rL) (1 _ eifRA(t,mJ_Jrsw)'wds) da:l) dt

R wt

_ Z/ X2(t)67it7- (/ Y- v (efi@acj_efi I A(t,zL+sw)~wd5) (1 _ ei I A(t,IJ_JFSUJ)'UJdS) d$L> dt. 4.7
R wt

Next, as we have

/ Y- \V/ (e—iﬁmLe—i Jr A(t,wL-i-sw)-wds) (1 _ ei I A(t,wL-l—sw)»wds) dr|
wl

_ / V- (yefig.zj_efi I A(t,zL+sw)~wd5) (1 _ ei I A(t,IJ_JFSUJ)'UJdS) dr |
wl

= —z/ eiE'“y~V(/ A(t,xl—l—sw)wuds) dx
wt R
by integrating by parts, (47) and the Fubini theorem entail

/ (OBt x)et o~ Alwtsw)wds Ay o) . wodaudt
R1+n

_ / C(De ( /w ) ( /R Y V(AL z, —i—sw)-w)ds) e_if'“d:vj_) dt

= RXQ(t)e“T (/n e Ty V(A(t,z) -w)dx) dt

R
= / N e T N2 (1) V(A(t, @) - w)dadt.
Rn+1

Therefore, taking y = ‘—é and applying Stokes formula to the above integral, we obtain

i / (B, m)et Jo = Aatsw)wds 44 gy - wdadt
R1+n

= —¢ e TN (W A(L, x) - wdadt

]Rn+1
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= —(27) T [ECA(E) - w

which yields
€] [\2A(T,€) - w| < O, €)% ([ Ay gy — Ay g ll0® + (7, €)20%071), (4.8)
in virtue of (4.2).
Further, since V - A = 0 in @, by (L3), then we have x2A(, ) - £ = 0 by direct calculation and hence
n—1
X2A(T7 5) = Z (X2A(T7 5) : ek) €k,
k=1

for any orthonormal basis {e1,...,e,_1} of £*. Finally, @.8) follows directly from this upon applying #.8) with
w=epfork=1,...,n—1. ]
Having established Lemmal£.2] we are now in position to derive the stability estimate (I.7).

4.2. Completion of the proof. We start by estimating ||x*Al| .2 (0,7, 15 ()= Recalling from (L4) that x*A is sup-
ported in (5, T — &) x €2, we see that

IX*AllZ20,7: 85 () :/ (O I2A(T, €)[Pdédr,

R1+n

where, as usual, (£) denotes (1 + |§|2)%. Next, for R € (1, +00) fixed, we put Bg := {(7,&) € R*"; |(1,€)| < R},
use that x?A € HY(R; H5(R™))" N L?(R; H®(R™))", and obtain

Loy, (@ 0FA O e < R (€D NEA(r, ) Pdedr

R1+n\BR

< R7? (HXQAH?{l(R;HS(Rn))n + ||X2AH%2(R;H6(R"))") )

Therefore, we have
/ (€)1 |\2A(r, €)|2dedr < CR™2672|| A||% @n SCR™267%, 4.9)
R1+7\Bp

where C' is a generic positive constant depending only on 2, T" and M, which may change from line to line. Further,
setting B := {(7,£) € R"*™; |¢| < R™7 }, we get

[ e orar < [T opacr
BrNER £|<R7_

A
< U+ RO e i (/ / sdédf>
—RJ|¢|<R™ ™

/ (PP A(r, §)Pdgdr < (2m) =DM T2IQR| Al )0 B
BrNER
This and (.9) yield

and hence

/ (€A ) Pdedr < OR 267" @10

(RY"\Br)U(BrRNER)

On the other hand, putting € := ||A4,,4, — (1,€) € Br \ ERg, that
|X/274(7',§)|2 O(R%Hzirleglo 2, Rati65-12 o2)

<
< O(RY5™16510e2 | R195—12,-2)

which involves

Br\E (O I\2A(r, €)Pdedr < C(R¥T76716510¢ 1 R¥OT76712572),
R R
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It follows from this and @.10) that
XAl 20,705 )n < C(R*TM67 100106  RPOT15712672 + R72572). 4.11)
Further, by noticing that ||A — x2A|| 120,715 ) < |11 — X[ 20,1 || Allws. () and taking advantage of the
fact that the [0, 1]-valued function 1 — y vanishes in [26, ' — 24], we get that [|1 — X*[|72 o 1) = 026(1 —x2(t))%dt +
fg_%(l — X*(t))?dt < 49. This entails | A — x*A[|Z2 o 1,55 ())n < 4l Al[fy5. ()0 and consequently
1A[Z2 0. rests (. < C (ERZH15716610 4 pR0+n6=125=2 | p=25=2 1 5 (4.12)

by invoking (@I1). Now, the strategy is to choose & as a power of R so that =262 = §, i.e. § = R~3, and to do

the same with o, that is to take ¢ = R~ 5, in such a way that the three last terms in the right hand side of (#.12)

_3
are equal to R3. Evidently, as we have § € (O, %), by assumption, this requires that R be fixed in ((%) . oo).

Summing up, we infer from (@12)) that
_2
A2 0.7 m15(62) < C (R230+6"62 YR ) . (4.13)

1
Therefore, we get (L) with r := 355t forall € € (0, ¢,), where €, := ()", upon choosing R = ¢~*" in @I3),
whereas || A|| 20,715 Q) < ZM e for all € € [e,, +00). This achieves the proof of (7).

T
€r

5. PROOF OF THE STABILITY ESTIMATE (L8]

Here we use the definitions and notations introduced in Sections 3] and [ unless for the function /3, which is no
longer given by (3.10) but is rather defined by

B(t,x) = e T8 (. 2) € (0,T) x R™

As this definition formally coincides with (3.10) in the particular case where A is uniformly zero and y = i, it is
apparent that the estimates derived in Sections[3]and [l remain valid with this specific choice of 3.

Thus, in light of . I11)-@.16) and (@.3)-.4), it holds true that

/ Vg uz1(t, I)d:z:dt‘
R1+n
< O (Al (&% + [Aasge = Ao [, %050 + (%071 (5.)

Next, from the very definition of V', we have

/ Vuy uz1(t, x)dedt = / quy 1Tz 1 (t, x)dzdt — z/ A -V (upquz1)(t, z)dxdt
R1+n R1+n

R1+n

— A- (Al + Ag)ul)lm(t, :v)d:vdt,

R1+n

by applying the Stokes formula. This, G.11)—@.16) and (3.1} yield
/ qu1,1Tz,1(t, x)dxdt
R1+n

< C (||A||L°°(Q)" <T7 §>85_60 + ||AA27¢12 - AA27q2 ||<Tu £>66_806 + <Tu £>66_40_1) . (5.3)

On the other hand, we have

5.2)

/ qui i (t, @)dedt = / X (O)q(t,w)e Tt T Al s gy,
R1+n

Rl +n
whence

/ x2(t)q(t,x)e“”“'%xdt‘
Ri+n

<

/ qui1u21 (t, :v)dacdt' +
]R1+n

/ q(t7x)e—i(t‘r+m-5) (ei 0+°° A(t,z+sw)-wds _ 1) d(Edt' )
R1+n
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Thus, applying the mean value theorem, we get that

/ xz(t)q(t,w)e‘“”*””'@d:vﬂ<
R1+n

Plugging (3.3) into the above estimate, we find that

0. 6)] < C (14110 (7, 2070 + [ anas = Are (7, % 50° + (7, €% 4071) . (5.4)

/ qullu_gldxdt’ + CHA”Loo(Q)n
]R1+n

The next step of the proof is to upper bound ||A|[ oy~ in terms of [[A4, 4 — Aa, |- To this end, we pick
p € (n+ 1,400), apply the Sobolev embedding theorem (see e.g. Corollary IX.14]) and find that [| A|| ()3 <
C||Allw1.» (@)~ Interpolating, we obtain

1/2 1/2 1/2 1
Al @ < CIAIE» @ | All gy < CIAI g < CIAII g

and hence
Al oo (@)r < CllAay g — Aol P,
with the help of (I.7). Inserting the above estimate into (3.4) then yields

(&) < C (M s = Mo I77747, 055750 + [ Dt = A7, €55 + (7, €00 00
and (I8) follows from this by arguing in the same way as in the derivation of (I.7) from (@12).
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