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INSTABILITY OF THE SOLITARY WAVES FOR THE GENERALIZED
BOUSSINESQ EQUATIONS

BING LI, MASAHITO OHTA, YIFEI WU, AND JUN XUE*

ABSTRACT. In this work, we consider the generalized Boussinesq equation
02u — O2u + 02(02u + |ulPu) =0, (t,z) e R xR,
with 0 < p < oco. This equation has the traveling wave solutions ¢, (z — wt), with the
frequency w € (—1,1) and ¢,, satisfying
_awm(bw + (1 - w2)¢w - ¢£+1 =0.
Bona and Sachs [2] proved that the traveling wave ¢, (z — wt) is orbitally stable when
0<p<4,b< w? < 1. Liu [9] proved the orbital instability under the conditions 0 < p < 4,

w? < Zorp>4, w? <1. In this paper, we prove the orbital instability in the degenerate
case 0 <p <4,w? =12

1. INTRODUCTION

In this paper, we consider the stability theory of the generalized Boussinesq equation
Ofu — OPu + 02(0%u + |ulPu) = 0, (t,z) e R x R, (1.1)
with the initial data
u(0,2) = up(x), u(0,z)=uy(z). (1.2)
Here 0 < p < 0.

The Boussinesq equation was originally derived by Boussinesq [3]. It arises from studying
an approximation to the evolution of the free surface of a water wave.

Equation (L)) has the solitary wave solution u(z,t) = ¢, (r—wt), where ¢, is the ground
state solution of the following elliptic equation

—Ope o + (1 — W), — P =0, lw| < 1. (1.3)

The ground state solution ¢, is an even function and it has the property of exponential decay,
that is, |p,| < Cre~“2#l for some C1, Cy > 0 and |0,¢,,| < Cse~C4*! for some Cs, Cy > 0.
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Equation (LT)) has the equivalent system form

{“t — (1.4)

Uy = (—Uge + u — |u|Pu),.

Then the system (IL4]) has the following solitary wave solution

()= o).

For the H! x L?-solution (u,v)? of (LI)-(L2), the momentum Q and the energy E are
conserved under the flow, where

Q ( ; ) = /Ruvd:c; (1.5)

U _1 2 2 2 _L p+2
B(4) =5 [+ oo - o a2 (16)

There are several related results for the generalized Boussinesq equation. For a local
existence result, Liu [9] proved that the system (C4) is locally well-posed in H'(R) x L?(R).
For the stability theories, Bona and Sachs [2] proved that when 0 < p <4, & < w? < 1, the
solitary wave solution is orbitally stable. Liu [9] proved the orbital instability if 0 < p < 4 and
w® < Borp>4andw? < 1. Liu [I0] proved that when the wave speed w = 0, the solitary
wave solution is strongly unstable by blow-up. Liu, Ohta, and Todorova [II] showed that
when 0 < p < oo and 0 < 2(p + 2)w? < p, the solitary wave solution is strongly unstable by
blow-up. For the abstract Hamiltonian systems, we refer the readers to Grillakis, Shatah, and
Strauss [0l 6] for the stability /instability theories, in which the Vakhitov-Kolokolov stability
criteria of the solitary waves were confirmed except the degenerate cases. In the degenerate
cases, it was also proved by Comech and Pelinovsky [4] (see also [14]) that the solitary
wave solution is orbitally unstable under some regularity restrictions in the nonlinearity (for
example, p should be suitably large in our cases). In this paper, we consider the stability
theory on the solitary wave solutions of the generalized Boussinesq equation and aim to show
its instability in the degenerate cases without any regularity restriction. It is worth noting
that none of the above two frameworks of Grillakis, Shatah and Strauss [5, [6] and Comech
and Pelinovsky [4] are available in our cases, either because of the degeneration or because
of insufficient regularity of the nonlinearity.

Before starting our theorem, we give some definitions. Let vy = ffoo ui(y)dy, 4 =
(u,v)T, @y = (ug,vo)?, and <I>_w> = (¢, —w,)T. For € > 0, we denote the set U, (<I>_w))

— o . R
U.(®,) = {7 € H'(R) x L*(R) : ;gﬂg |7 — ®u(- — )| ixre < €} (1.7)

as

Definition 1.1. We say that the solitary wave solution ¢, (x—wt) of (1)) is orbitally stable
if for any € > 0, there exists 6 > 0 such that if ||y — Py||gixr2 < 9, then the solution u(t)
of ) with @(0) = iy exists for all t € R, and u(t) € U.(®,) for all t € R. Otherwise,

oo (x — wt) is said to be orbitally unstable.
Then the main result in the present paper is the following.

Theorem 1.2. Let 0 < p < 4, w € (—1,1) and ¢, be the solution of ([L3). If |w| = \/Z,
then the solitary wave solution ¢,(x — wt) is orbitally unstable.
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The main method that we use in the present paper is from [19], in which the instability
of the standing wave solutions of the Klein-Gordon equation in the degenerate cases was
proved. Instead of construction of the Lyapunov functional, the argument in [19] is to use
the monotonicity of the virial quantity to control the modulations. However, the details of
this argument depend sensitively on the problem, and the key ingredients of our proof are
the following.

(1) The nonstandard modulation and coercivity properties are given. More precisely,
define the functional S, as

S, (@) = E(i) + wQ().
Inspired by [12, 13, 18], we establish the following nonstandard coercivity properties. We

= —
prove the existence of suitable directions T',, ¥, € H'(R) x L?(R) such that the following
coercivity properties hold. Suppose that 7 € H'(R) x L*(R) satisfies

(7T0) = (7.8) =0
then
(se @2} 2 5o

— — —

The choices of T',,, ¥,, play important roles in our estimation. W, can be regarded as the
o . . = — —

negative direction, which satisfies <Sw (@w)llfw,llfw> < 0. However, we remark that I',, ¢

H
Ker(S!(®,)), which is much different from the standard. Moreover, by suitably setting the
translation and scaling parameters y, A\, we can establish the modulation by writing

i = (i7+ B ) (- — y(1))

— — — —
such that 77 verifies similar orthogonal conditions above (by replacing T, ¥, with 'y, ¥,
respectively).

(2) A subtle control on the modulated translation parameters is obtained. Instead of
the rough control of the modulation parameter y as § — A = O(||7]|| g1 xr2), we obtain the
following finer estimate:

. _ — — _ o — .
i = lloall 2 Q) — Q(E)] ~ lallz2 [QU) — Q@2)] + Ol
— —
The subtle estimate benefits from the choices of I',,, ¥, in the first step and the dynamic of
the solution. This estimate has great effects when we set up the structure of virial identity
I'(t) in the following.
(3) The monotonicity of the virial quantity is constructed. The key ingredient here is to

suitably define a quantity /(#) and obtain its monotonicity. To this end, the crucial issue is
to prove the following structure of I'(t) as

I'(t) = pliio) + h(N) + R(q0),
where
p(ty) > Cra, C) > 0;
h(A) > Cy(X — w)* + Cza(X —w)* +o(A —w)?, Oy >0,C5 >0,

and R(%) is an easy remainder term which can be dominated by p and h. Here a is the
difference between the initial data and the soliton. The obstacles in the proof come from
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nonconservation terms among I’(t) and how to eliminate the first-order terms about 77 and

A. These make much technical complexity. By a delicate analysis and the utilization of the

estimates above, we overcome all difficulties and finally obtain the monotonicity of I(t).
The rest of the paper is organized as follows. In Section 2l we give some preliminaries.

In Section B we show the coercivity property of the Hessian S’ (CIDW). In Section [ we show
the existence of modulation parameters. In Section [, we control the modulation parameters
obtained in Section dl In Section [6] we show the localized virial identities. Finally, we prove
the main theorem in Section [7

2. PRELIMINARY

2.1. Notations. For f,g € L*(R) = L*(R,R), we define

(frg) = /f

and regard L2(R) as a real Hilbert space. Similarly, for f, g € (LQ(]R))2 = (L*(R, R))Q, we
define

<ﬁ@=47@“ﬂ@w-

For a function f(z), its Li%-norm || f| . = ( \f(a:)\qu) " and its H'-norm || f|m; =
R

(1132 + 19:£132)%. For f'= (f,9)", its H' x L*norm || fllan.rz = (| F13n + llgl32)?.

Further, we write X SY or Y 2 X to indicate X < CY for some constant C' > 0. We
use the notation X ~ Y to denote X <Y < X. We also use O(Y) to denote any quantity
X such that | X| <Y and use o(Y) to denote any quantity X such that X/Y — 0if Y — 0.
Throughout the whole paper, the letter C' will denote various positive constants which are
of no importance in our analysis.

2.2. Some basic definitions and properties. In the rest o_f) this paper, we consider the
case of 0 < p < 4, and w, = w = tw.. Let @ = (u,v)T, = (P, —wo,)T. Recall the

conserved equalities,

Q(u) = /Ruvdx,

47

E(id) = S (l[ullzz + lualze + llvll72) - mllﬂll’ﬁw-

First, we give some basic properties on the momentum and energy.

Lemma 2.1. Let |w| = /%; then the following equality holds:

2Q(®3)| =0,

A=w



INSTABILITY OF SOLITARY WAVES
Proof. Note that for A € (—1,1), we have

%
Q(®x) = —AlloallZ=.
By rescaling, we find

éx(x) = (1= X2)2 6o (VI=N2).
This implies that
Q(®2) = —A(1 — 225 4|y 2.

By a straightforward computation, we have

2_3 4
HQB) = (1= X H (1= X 3

Finally, we substitute \? = 2 into the equality above and thus complete the proof.

Now we define the functional S, as
S,(U) = E(u) + wQ(u).

Q’@:(jj),

El(’lj) _ ( _8xxu+u - |u|pu ) ,

Then we have

v
p i —Ugr +u — |ufPu 4 wu
S (1) = ( v+ wu ’

o,

(2.4)

(2.5)

Note that Sjj( u,) = (. Moreover, for the real-valued vector f = (f,9)", a direct computation

shows

" r _8:1::1: - 1 Z
su@)f— (IS A D),

and for any vector E, 7,

— -
(s1(@E7) = (SL(22)7.€)
—
Moreover, taking the derivative of S/, (<I>w) = (0 with respect to w gives

Then a consequence of Lemma 2.1] is
Corollary 2.2. Let A € (—1,1), |w| = w,; then

Sy (@) = $1(82) = o((A — w)?).
Proof. From the definition of S, (%) in (Z3]), we have

Sy (®3) — 53 (B2) = 5(B3) — 5.(82) + (A - ) (Q(B) - Q(22) ).

H nd
Recall that S/, ((IJw) = 0; then we use Taylor’s expansion to calculate

Sy (@3) — Sy (@)

(2.6)

(2.7)
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1 —\ (= =\ (= =
(o) (8- 2). (- a2))

-0 Q) — QE)) +o((A - w)?). (2.8)
Note that

then we find

%
= — (A —w)’0Q ((IJ)\) ’/\:w +o((A— w)2),
where we have used equality (2.7) in the second step. Using Lemma 2], we have
H
2Q(@)| =0,

Hence, N .
Q(2x) ~ Q%) = 0(A ~w),
and — = = (= —
(su(@) (21— al), (B3 - ®2)) = o((A —w)?),
Taking these two results into (Z8]), we obtain the desired estimate. U

3. COERCIVITY

H
In this section, we prove a coercivity property on the Hessian of the action S (<I>w).

_>
First, we study the kernel of S” (CIDW) in the following lemma. The proof is standard, and it
is a consequence of the result from [17].

%
Lemma 3.1. The kernel of S(®.,) satisfies that

s —
Ker(S0(®2)) = {Co.®]: C € R},
- —
Proof. First, we need to show the relationship “2”. For any f € {C’@z@w :C € R}, using
(C3), we have

s1(@)F = su(@) (coal) = ¢ (POt BLZ)0m AN ) G oy

> —
Then (BI) implies that f is in the kernel of S/ (®,,), and we have the conclusion

Ker(S1(82)) > {C0.8.: C € R},
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: ) 7 .
Second, we prove the reverse relationship “C”. For any f € Ker(S"(®d,)), by the
. 7\ .
expression of S//(®,,) in (20), we have

{4%f+u—w%f—@+mﬁf=a )
g+wf=0.
By the work of Weinstein [17], the only solutions to (8.2) are
= C0,¢.,
{2:—0f8$¢w, C eR.

This implies that fE {C’@x@_: :C e R}, and we have

KeT(Sx(CITLz)) C {C’@x@_: :C e R}.
Finally, combining the two relationship gives us

Ker(s5(80)) = {C0.0.: C € R},
This gives the proof of the lemma. O

The second lemma is the uniqueness of the negative eigenvalue of S” ((ID_:)

Lemma 3.2. Sﬁ(CIT:) exists only one negative eigenvalue.

Proof. Tt is known that the operator —0,, + (1 —w?) — (p+1)¢P has only one negative eigen-
value (see [I7]), and we denote it by A_;. Then there exists a unique associated eigenvector
¢ € H'(R) such that

020 + (1 = )¢ — (p + 1)gh¢ = A (3.3)
Using the expression of SZ(CIT:) in (2.6]), we have

(su@a)®.,20)

:/ (=Osatbs + G — (0 + 16" = W, —wo, + wdy,) - ( —(ff?b ) dz
R w

= _pHwa’pﬁgﬁQ—Q < 0.

_>
This implies that S”(®,,) has at least one negative eigenvalue, say, po. Assume its associated
eigenvector 77y = (&, m0)7, that is,

=7\ = ~
S(Pu)ily = pofo-
%
Using the expression of S”(®,,) in ([2.6]) again, the last equality yields
{—8xx§o + & — (p+ D)oo + wio = pobo,
Mo + wéo = Hoo-

From the second equality, we have ng = —ngo- Then we substitute it into the first equality
to get
2

L= po

~Ohato + (1= ) — (p+ D)6 = po( —— +1)&
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Hence, by [B.3), (1o, 7o) is exactly the pair satisfying

1 B 9
o =3 <)\_1 +wr+1-— \/)\2_1 +2(w? — 1A + (w2 + 1)2>, o = wC |. (3.4)
po —1
H
This implies that S/(®,) has exactly one simple negative eigenvalue. This completes the
proof of Lemma [3.2] O
The next lemma gives one of the negative direction of S/ (@w).
Lemma 3.3. Let
T 1 aw(bw = _ (bw
ww_$<_waw¢w)’ \I,w_(o)'
Then
— - =
SI(®w)th, = U, (3.5)
Moreover, we have
— - —
(U@, ) < 0.

Proof. Taking the derivative of (L3]) with respect to w, we have
0 (D) + (1 = w?)Oubs — (p+ 1) L0000 = 2w, (3.6)
Using the expression of S” (QT:) in (2.6]), we have
- 1 — — w2 _ D
Sx ((I)—w))’ll)w _ axx(aw¢w) + (1 w )aw¢w (p + 1)¢waw¢w )
2w 0
This combined with (3.6]) gives
0T\ 7 o (bw o g
SI(Py) b = ( 0 ) =, (3.7)
Now we show <SZ(<IT:)1EW,IEW> < 0. From ([B.1), we have
e e Barrs
(@)= (T.5) [l (s Yo
_ 1 2
— 5 [ doude = Aol (33

Note that, by ([2.2]),

2_1
¢ullZ2 = (1 —w?)? "2 [|go]l 2.
Hence,

4 w
Ol bullie = —(1—) — 1) ——llullz: < 0.

1 —w?

This completes the proof. 0

Now we prove the following coercivity property.
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Proposition 3.4. Let |w| < 1. Suppose that 7 = (,n7)T € HY(R) x L*(R) satisfies
(i, 0.85) = (7,92) =0, (3.9)
where \IT: = (¢,,0)T. Then
(SU(®2)7.7) 2 3
Proof. From the expression of S (QT;) in ([2.6]), we can write S (CIT:) as
S(@)) =L+V,

1 0
of the self-adjoint operator L.

%
Step 1. Analyse the spectrum of S (CIDW).

_ _ P
where L = ( az(fﬁ 1 w)’ and V = ( (p+1)¢%, 8) Hence V' is a compact perturbation

We first compute the essential spectrum of L. Note that for any f = (f,¢)T € H'(R) x

L*(R),
e = (N () ()

=/R(—8mf+f+wg,wf+g)- ( g ) dz

= 10:f 1172 + 1122 + 20(f, 9) + llgll7-

= /7 z2 + 2w(f, 9)- (3.10)
For the term 2w(f, g), applying Holder’s and Young’s inequalities, we have

20(f, ) < 1wl 7o
Taking this estimate into (3I0), we have

(LF,f) = (1= DIl e

Since |w| < 1, we get

(LF Y 2 N e
This means that there exists § > 0 such that the essential spectrum of L is [0, +00). By
Weyl’s Theorem, S” (QT:) and L share the same essential spectrum. So we obtain the essential
spectrum of S (CIT:) Recall that we have obtained the only one negative eigenvalue i of
Sy (CIT:) in Lemma [3.2] and the kernel of S” (CIT:) in Lemma 3.1l So the discrete spectrum of
Sl (CIT:) is o, 0, and the essential spectrum is [J, +00).
Step 2. Positivity.
The argument here is inspired by [I, §]. By Lemma B.2] we have the unique negative

eigenvalue (9 and eigenvector 7jy of S ((IJW). For convenience, we normalize the eigenvector 7
such that [|7jo||2xz2 = 1. Hence, for vector 77 € H'(R) x L*(R), by the spectral decomposition

theorem we can write the decomposition of 77 along the spectrum of S/ (@w),

. . —
n= a77770 + bnaxq)w + gm
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— — —
where a,, b, € R, 0,®, € Ker (Sx (<I>w)> and g, lies in the positive eigenspace of S, (<I>w),
that is, g, satisfies

— — — —>
<g777770> = <gT77 am@w) = 07
and there exists an absolute constant o > 0 such that

(SL(®2) 0. 50) > 0512210 (3.11)

— —
Since 177 satisfies the orthogonality condition <ﬁ, 8x¢w> =0 in (39) and <ff0, 8$<I>w> =0, we
have b, = 0, and thus

—

1= ayfo + gy (3.12)
Substituting (B.12)) into <S”( )T, n> we get
1 — 1 — —
<Sw ((I)W) > <S ( )<a77770 + ), ayllo + gn>
— — _) — —
<5”( )710,770> + 2M0an<9m770> + <S£ ((I)w)gmgn>'
Due to the orthogonality property of eigenvector (g,,7y) = 0, we have
—\ L o -\ L
<S”( )’f] ’f]> 2<SZ((I%)7)0,770> + <S¢Z((I>w)gnagn>
— — % — —
= poa; (7o, 7o) + <5Z£(¢>w)gmgn>
% — —
= poay + <SZ(<I>w)gn, gn>- (3.13)
To 1/1,, by spectral decomposition theorem again, we may write
— 5 —) 5
ww = ano + baa:q)w + 9,

where a,b € R, and g lies in the positive eigenspace of S”( ) We note that <1/1w, 0, P > =0.
Indeed, since ¢,, is an even function, we have that d,¢,, is even and 0,¢,, is odd. Hence, we

get
<Jw,8z<17:> Hw /&Jqsw )

Then b = 0, and thus
,lvz)w = (l’ffo + g :
Therefore, a similar computation as above shows that

(SL(@2) s i) = (SL(®2) (0l + ). allo + 7)
= (SL®2) @), aih) + (SL(B1)3.5)
= e + (1(22)3,9).

—> - —
For convenience, let —dg = <SZ (q)w)z/;w,z/;w>. Then by Lemma B3] we know that oy > 0.

Moreover, we have

—00 = poa® + (SL(®2),7). (3.14)
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Using the orthogonality assumption <n, v > =0 in (39) and (3.3]), we have

0= (7,9.) = <anno+gn, L(®0))
<anno + gn, S1(®2) (aifo + g)>
<anno, " ano> <9n,5” w)>
= poacy (i, 7o) <s~( 23,

= [oQay + <S(Z ((I)w)ga §n>

So we get the equality
1 — - =
0 = poaa, + <Sw (®.)d, ,7>.

By the Cauchy-Schwarz inequality, we have

(o) = (SU(®0)3.3)

< (52(@2)3.3)(SL(22)d,.5,)
This gives
(—po0®)(—poas) < <S"( )G, g><5"(¢z})§n,§n>- (3.15)

The last equality combining with (3.I4]) implies that

o (s0@)a.9) (su@)ang)  (S0®0)3.9)(S0@)dn )

o
—Hol, < = <

that is,

(3.16)

Inserting (B.16) into (B.I3]), we obtain
(G = =
(@) 2 (1- S i@y g

~ (su(®)5.5) + o

Recalling that g, satisfies (BI1), we have

— g0 .
(s0(@)i.7) = : G132 12 @ > 0. (3.17)

juiy % .
(S1(®2)5.9) + 6,
From the expression of 77 in (B.I12) and the inequality (3I0]), we have

171 222 = llanio + GallZzw 2 = an + 1GallZ2 12
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<S”( )7, g><5”( )i >

Hodo

< (S1(@2)7.7).

A 2
(SL@)77) 2 [l e (3.18)
To obtain the final conclusion, we still need to estimate

(SU(®2)7.77) 2 3
o,

Using the expression of S/ (®,,) in (Z0), we have

+ ”gW”L2><L2

Therefore, this gives

<5"( )T T) = /R(—ﬁmﬁﬂ“—(p+1)¢ié+wn,n+W£)-(f])dx
:81 22 _)22><2 de — prd.
Hau+mmlxwgéwx @+n4m|§x

Thus by Hélder’s and Young’s inequalities and (B3.18]), we get
0,613 = (SL@)7.7) — 2 [ enda+ (p+1) [ 10P€ e~ 132,
< (S0(@2)7,7) + 2l almlze + b+ Dllgull €132
< {82(@0)7.71) + (1ol + 0+ D0l ) 32
< (SL(@)TA) + 1222 S (S0, 7). (3.19)
Therefore, together ([B.I8) and (B.19)), we obtain

—| —| —>—»—»
1z = 10u€ 22 + 132 S (S2(@2)7.7).

Thus we obtain the desired result. O

Applying Proposition B.4] we obtain the following corollary, which is the nonstandard
coercivity property and one of the key ingredients in our proof. Corollary .5 shows that we

can replace the element 0,®,, in the orthogonal condition ([3.20) by a suitably defined vector
= —
I',. The new orthogonal condition <ﬁ, Fw> = 0 has an essential effect on the estimates of

the translation parameter y and A in Section [Bl

Corollary 3.5. Let |w| < 1. Suppose that 7 € H'(R) x L*(R) satisfies
— —
(7.10) = (7.95) =0, (3.20)
where ITZ € H'(R) x L*(R) and 8961“_: = \IT: = (¢.,0)". Then

(S0®@2)717) 2 [l - (3.21)
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Proof. We define

- — -
E=1+b0,9,, &€ H' (R)x L*R).
If we choose
(7.0.8.)
b — T
105 Pu[|72, 12
then
Moreover, by (3.20), we have
o= — — — —
<§,\11 > <77 + 00, w,\lfw> - <j \I/w> + b<8$<1>w,\11w>. (3.22)

Note that

b<axqi>,q7>w> - b/ (0.6, (~)020.) ( %J ) dz = b/ Dy dr = 0,
R R

— —> —
Hence, <§ \Ifw> = 0. Therefore, £ satisfies the orthogonality condition (3.9) in Proposition
B4l Then using the conclusion of Proposition B4 and S”(® )0 <I> =0, we get

<SZ(‘IT:)77, 77> = <S”(<IT>)(5_ bo, (1)_>> (g_ b0, (I)—>>>
<S" CIT: )E, €> — 2b<S”(—>)8x<IT> £> +b2<5”( w)ﬁx@,axqi>
— (SUEDEE) 2 1B

H
where we have used the self-adjoint property of the operator S”(®,,) in the second step.

Now we claim that ||§||Hle2 2 17|31, 2 Indeed, using the orthogonality assumption

B20), we have -
(€)= (40080 T) = 0 [ (0 —w)- () = bl

Thus, by Hélder’s inequality, we have

- =

)] e
bl = oo S 8l (3.23)

6,11

Now from (3.23)),

—| = —> d d
7z = ||E = 00.22)| <l S
HlxL? Hlx L2

This completes the proof. O
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4. MODULATION

We now suppose for contradiction that the solitary wave solution is stable; that is, for
any € > 0, there exists 0 > 0 such that when

. —
|ty — P || prixr2 <9,

we have

ieU.(B). (4.1)

Then the modulation theory shows that by choosing suitable parameters, the orthogonality
conditions in Corollary can be verified. The modulation is obtained via the standard
implicit function theorem.

Proposition 4.1.L>M0dulatz'0n). Let |w| = w.. There exists ¢ > 0 such that for any
e €(0,89), u € Us (CIDW), the following properties are verified. There exist C'-functions

y:R—-R, MN:R—RT
such that if we define 17 by

. 5 -—
(t) = a(t,- +y(t) — Prw, (4.2)
then 17 satisfies the following orthogonality conditions for any t € R:
e d B d
<777 F)\(t)> = <777 ‘I])\(t)> = 07 (43>

— N —
where Ty € HY(R) x L*(R) and 9,I'y = Uy = ( %\ ) . Moreover, the following estimate

verifies that
17l xze + [A —w| S e (4.4)

Proof. We use the implicit function theorem to prove this proposition. Here we only give the
important steps of the proof and refer the reader to [17, I8 12} 13] for the similar argument.
Define

5 —
p=(@Ay),  po=(Puiw,0).
H
Let € be the parameter decided later, and define the functional pair (Fi, F3y) : U. (<I>w) x R x
RT — R? as

Rp) = (7.T3), B =(70,).

We claim il)lat there exists 9 > 0, such that for any e € (0,¢g¢), there exists a unique C*
map: U.(®,) — R* x R such that (Fi(p), Fa(p)) = 0.

Indeed, firstly we have
Fi(po) = Fa(po) = 0.

Second, we prove that
8)\F1 8yF1

0F o | 7Y

P=Ppo

|J|=\

Indeed, a direct calculation gives that
L= . — =
8>\F1(p) = 8)\<?7, F)\> = 8,\<u(t, T+ y(t)) — (I)A(t)a F)\>
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. — = —
= <u(t, T + y(t)) — (I))\(t)a 8)\1—‘>\> — <a>\q))\(t), F)\>.

—
When p = pg, we observe that ﬁ(t, T+ y(t)) — ®,) = 0, and the first term vanishes. For the

second term, we note that I'y is an odd vector and 0\®,) is an even vector, so we get

8,\F1 (p) =0.
p=po
A similar computation shows that
. — — =
ORp)|  =(odaw+y.T)|  =(a®L )] = —leulB
P=Po p=po p=po
— — 1 1
ORp)|  =—(a2 W) = —(0eno)| = —Salleal] = ool
P=po P=po P=po 2 p= 2w
- =
or0)|  =(BB) = [smnd -0
P=Po p=po R p=po
Then we find that

’ NFL 0,F

1 4
= —||¢ull1> # 0.
8)\F2 8yF2 . 2w||¢ ||L27é

Therefore, the impliﬁcit function theorem implies that there exists ¢y > 0 such that for any
e € (0,e9), U € U (CIDW), there exist unique C'-functions

y:U(By) =R, A:U.(D) — RY
such that

<77F_§> = <ﬁ, \17;> =0. (4.5)

au)\ av)\ _J—l 8uF’1 avFI
oy Ovy/) O Fy O,Fy )"

Furthermore,

This implies that
L =
|>\ — CL)| S ||U — (PUJHHlXLQ < €.

This finishes the proof of the proposition. 0

5. DYNAMIC OF THE PARAMETERS

In this section, we control the modulation parameters y and A. The effect of giving a
precise control on modulation parameters is to obtain the structure of I'(¢) in Section[7l The
main result is the following.
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H

Proposition 5.1. Let @ = (u,v)” be the solution of () with @ € U.(®y,), where € is
obtained in Proposition[J1l Let y, X\, 7 = (£,m)" be the parameters and vector obtained in
Proposition [{.1]; then

. _ — — _ . — .

i 3= ol 2 [QE) — Q(@2)| — llaalli2 @) — Q(@2)] + O r2)
and

A= O(|1ill 1 xz2).
The proof of the proposition is split into the following two lemmas. The first lemma is

Lemma 5.2. Under the same assumption in Proposition [2.1], we have

g — A=l 220, 65) + O (7% x12)

and

A= Ol ic12)-

Proof. Recall the definition 7j(t) = @(t, - + y(t)) — ®yp) in [@2), that is,

{u(t, ) = oz —y(1) +&(tx —y(1)),
(5.1)
u(t,x) = =Aga(z = y(t)) +n(t,x = y(t)).
Using the first equation of the equivalent system (I.4]), we have
AOrdx = (5 = N)Oabx = =& + (5 = N)0a€ + Ao + 0o, (5-2)

— o
We recall the definition of I'y in Proposition £l and denote 7, as the first component of I'y.
Now we multiply both sides of equality (5.2]) by =, and integrate to obtain

(ADrdA ) — (I — N)Dur, )
= (=&, )+ (T = M0, ) + MOE, 1) + (Dam, ) (5.3)

We know that ¢, is an even function and «, is an odd function, so O@,\(b)\, ) = 0. By the
orthogonality condition (3]), we have

(0.6, 1) = (i1, ¥3) = 0,
so we get
<é>%> = 8t<€7/y)\> - <€7 8t7)\> = 8t<ﬁ7 1—_‘)\)> - <§a at’Y)\> - _<§a at’Y)\) = _)‘<§a a)\V)\>'
Thus, we simplify equality (B3] to obtain
(¥ — A)HQ\”%? - j‘(&v A = —(n, a)- (5.4)

H
Next we multiply both sides of equality (5.2]) by the first component of ¥, and integrate to
obtain

(A2, B2) — (7 — A)(0un, 62)
= (=&, 02) + (1 — N)(0:€, 62) + (AL, 62) + (0um, D). (5.5)
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Now we consider the term in (&H) one by one. From Lemma 21 we have 0)||¢a[7. =
N
: . 1. ) A )
(A0x0x,03) = A | 920005 = SADIaIZe = — o ll0allZe-
R

The term —(y — A){(0,0x, ¢») vanishes as ¢, is an even function. By the orthogonality
condition (4.3]), we have

(£,6x) = DUl 63) — (€ i) = AT, T3) — (€, 0i62) = —(€, D).
Thus we simplify equality (5.5) to obtain

5[ = g5 lloallzs — (6. 0on] + (- A& Bebr) =~ n ). (56

— > =
Since U, I"y, @, are smooth functions with exponential decay, combining (&.4]) and (&.0]), we
get

(1 = Ndall7 — ME ) = —(n, 6r),

: 1 9 ) . (5.7)

)\[ ~ olleallze — <€>8)\¢>\>:| (= A Do) = Ol 1 er2)-
We denote

A— ( —(&, 0n) [oA]l72 )
_%Hfb/\”%z —(&,0\0n) (£,0.01) )
Then by a direct calculation, we get
( A ) _ 4 ( —(1, d2) ) _ ( O(I17) i1 x12) )
g—A O([I7ll 1 xz2) oAl 2, 3 + O (7131 p2) )

This proves the lemma. [l

The second lemma we need is the following.

Lemma 5.3. Under the same assumption in Proposition [21], we have
— —

[ nonds = [Qt@) - ()] + [Q(E2) - Q@)] + 0100

Proof. Using equality (5.1]) and the expression Q@) = [, uv dz, we have

R
am-a( %rf)

:/R—Aqsidx—A/Rg@dx+/Rn¢Adx+/Rgndx.

%
Now we analyse the last equality one by one. By (1), we have Q(CID ,\) = fR —\¢3 dx. Recall
—
that we have the orthogonality condition <ﬁ, 1\ A(t)> =0 in ([@3)), then

—
—)\/qu)\dx = —)\/ﬁ-llf)\(t) dz = 0.
R R
The final term gives [, énda = O(||77]|%:, ;2). Therefore,

Qi) = Q(3)) + / néad + O(|ifl%10)-
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From the conservation law of momentum, we know

/R noada = Qi) — Q(&2) + O ([l o)
7 —

= Qi) - Q(®2)] + [@(®2) = Q@)] + Ol «.2).

This proves the lemma. O
Now we are ready to prove Proposition Gl
Proof of Proposition[5.1l. Combining the estimates obtained in Lemmas [(.2]and [5.3] we have

o= A= —l6al? [ norcde + Oz
= lloal 22 [Q(@Y) = Q(@2) | = loallz2 Qo) — Q(@2)] + O (Il 2)-

This gives the proof of the proposition. O

6. LOCALIZED VIRIAL IDENTITIES

The following lemmas are the localized virial identities. One can see [11] for the details
of the proof.

Let v is a H?-solution of ,v = u, and

L(t) = / vow dx.
R
Lemma 6.1. Let @ € H'(R) x L?(R) be the solution of the system (L), then
L) = llvllZe = lulfe — llusllFe + [lull 752
Let
L(t) = / o(z —y(t))uvdz,
R
then we have the following lemma.

Lemma 6.2. Let ¢ € C3(R), @ € H'(R) x L3(R) be the solution of (L4, then

I(t) = — Q/RSOI(SC —y(t))uvdz — % /Rgpl(x —y(1)) <3|um‘2 Lo? ol %MHQ) dz
+ % /RQOW (:E — y(t))u2 dx.
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7. PROOF OF THE MAIN THEOREM

This section is devoted to prove our main theorem.

7.1. Virial identities. Let ¢(z) be a smooth cutoff function, where

v <R y
@ ={o 1 Som (7.)

0< ¢ <1, 0" $ 5 for any x € R. Moreover, we denote

I(t) = (% . 2) L) + 2L (t).

Then we have the following lemma.

Lemma 7.1. Let R > 0, y, \, i7 = (£,n)T be the parameters and vector obtained in Propo-
sition[{.1. Then

I'(t) = — 2(% + 1)E(a’0) _ (zu% + 2>\>Q( o) + (2 _gp2dzp )H@HLQ

. | 4—p 4 - »
~2(j - A) Qi) + (2 2= F) el + 27||A5 s + R@). (7.2)
where

R(u)

3 1 1 1
Q/R [1 - w/(x—y(t))] <yuv + aui + §u2 + §v2 - %\u\p“) dx

+ /R ¢" (z — y(t))u* dz. (7.3)

Proof. From Lemma[6.2] and the conservation law of momentum, we change the form of I5(t)
as

L(t) = — y/R [gp’(x — y(t)) -1+ 1] uvdx + % /Rgo"'(x — y(t))u2 dzx

1 2(p+1)
_ 5/R [w'(x —y(t)) =1+ 1] [3|u$|2 + o4l — mwpﬂ dz

o 1 (p+1) 1
=~ 9Q() — 5 [Bllul + s + ol = 2l + 5 [ (o - t)ut s
R

3 1 1 1
+/R [1 — ¢ (z - y(t))] (yuv + §|u$|2 + 51)2 + §u2 — %Mp“) dz

Then a direct computation gives

4
I'(t) :(2—9 — 2) I (t) + 215(t)
4 4 4 2(p+4) pe2
= — —+1> U$22+<_—3>022+<—_+1>U22 pp
(5 el + (5 = 3) el (= 4 1) i 52l
1, 1 1
+ 2/ [1 — ¢ (z - y(t))] <yuv + ;|u$|2 +=0® + —u? — ]i|u|p+2> dz
R

2" T T
i / S (1 — () u? de — 25Q(d).
R
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From the conservation law of energy, we have

2B (tly) = ||uallZ2 + 0lIZ2 + Jullz> —

”u:vap+2

P+ 2
Then

4 4 4 2p+4), o
— ——|—1>um2+<——3>v2+<——+1>u2+ ul[P17,
(5 )l + (5 =3l + (= -+ 1)l + 5ol
4
:—2<—+1)E(ﬁo)+
p
4 d
:—2(—+1)E(u0)+
p
4
:—2(5+1)E(ﬁo)+ o+ Al )\—Q( )+2<1—>\2 p DNl

By orthogonality condition ({3]) and using formula (E]]), we have the following two equalities:
lullZ> = loallZ2 + 2(a, &) + lI€]1Z2

_>
= lloallZe + 205, + 181172 = lleallZe + lIE]1Z-,

24-p)1 p
| Ml + el

2(4 — 4—

DL uls + i) + 2(1 - ¥l

2(4 —

p)

[v+ Mull72 = || = Ada + 1+ Apa + AE[72 = [|IAE + 772
Hence, using the equalities above, we obtain
4 2(4 —
') =— 2(]; +1) B(io) + ( g 2y 4 a2 — 4)\—Q( ) +2(1- =P p Y 2

. 3 1 1 p+1
2 [1— "z —y(t ]( DL i p+2)d
+ /]R ¢ (z —y(t)) yuv+2um+20 +2 p+2|u| x

T / o — y(t))u? dz — 25Q(ii)
2(4 —p)
P

B 4 . 2 A=D -
__2(]—)+1)E(u0)+ [+ A&[[72 — 4A D Q(to)

+2(1= 222 (ol + €l

3., 1, 1., pti
2 [1— 'z — y(t ]( L i p+2)d
+ /R ¢ (z —y(t)) yuv+2um+20 +2 p+2|u| x

+ /Rsp”/ (x — y(t))u2 dz — 2(y — A+ N)Q(up)
_ 2(% n 1)E(a’0) - 2A<24]’%p + 1)Q(uo) + 2(1 Skt )H‘bA”LQ

. . 4 — 4 —
=205 = NQi) +2(1 - =L ) el +2—|M£+TIHL2 + R(@).
This proves the lemma. U

Now we consider R(%) in (T.3).

Lemma 7.2. Let R(u) be defined in (L3); then

. . 1
R(i@) = O([iflfr1 <12 + 35).
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Proof. Using the definition of the cutoff function ¢ in (1), we have

LRV BT

3 1 1 1
(yuv + S fug + cu 4 o2 - BT il \ \p“) dz + / " (z —y(t))u’ dx
2 p+2 R

2 2

. 1
</ (14 16/ — 1) (1ol + Jual? + 02 7 4+ Ju?) do + =
{lz—y(®)|>R}

By Holder’s inequality, |¢'| < 1, and |g]| < 1 (from Lemma [5.2)), we have

1
|R(’LT)| S/ﬂ - (|u$|2+u2+1)2+|u|1’7+2) dl“|‘ﬁ
z—y(t)|>

1

S / [(6}@ + 887 4 (dr + )%+ (Aon — 1) + [oa + £[PP? | do + —3,
{lal>R) R

where we have used equality (£2) in the last step. Further, using the property of exponential
decay of 0,¢,, we have

/ (0p02)? dz < c/ e Clldy Q.
{l=|>R} {|z|>R}

Then Young’s inequality gives

{lz[>R}

< /{ o [@o .0
1

m

< =+ 1.0 (7.4)
Using a similar method, we can prove
| erde <l el (7.5)
{l=|>R}

JRCER C<R + i), (7.6

{lz[>R}
[ Jerreran < og + ). (r7)

{lz[>R}

Thus, we combine ((T4)-(Z.7) to obtain

| ()] <C(R+||n||H1><L2)

This implies that

. . 1
R(i@) = O([ifl71 <12 + 35).

This proves the lemma. O
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7.2. Structure of I'(t). Our purpose is to control the difference between u and the mod-
ulated solitons and the modulated scaling parameter. Note that the quantities involved in
I'(t) are nonconserved; the main issue is to analyse the quantities in detail. In particular,
we structure I'(t) as follows.

Denote

plis) = =2(5 +1) [Bla) - B(®)] —2A (2L + 1) [@(@) - Q)]

+ 20l QM) [Q() - Q(22)]. (75)
h(\) = — 2(% + 1)E(cITj) - 2)\(24_Tp + 1)@(@75) +2(1- )\2%> N2

- 2H¢A|r;3@<ﬁo> Q@) - Q(@l)]. (7.9)
R@) =R(@) + 2(1 - ¥ L) el + 27 L+l

- 2@(%){@ -\ - m[@@) ]

+lloall 2 Qi) — (32| } (7.10)

Now we rewrite I’(t) as follows. In particular, we remark that there are no one-order terms
with respect to 17 and .

Lemma 7.3.
I'(t) = p(ido) + h(N) + R().

Proof. We will make a direct calculation. From (.2)), we know that
I'(t) = —2(% +1) E(do) - 2)\<24]’%p +1)Q(@0) +2(1 - b )H%HLQ
4— 4—
=205 = N)QU0) +2(1 = 2= L) el + 27%5 + 3 + R(@)
4 . — 4—p . —
— 9 (]3 +1) [B(@) - B(®2)] - 27 (2T +1) Q@) - Q(&2) ]
+ 2061 2QU0) | Q(a0) - Q(&.)]

_ 2(% +1)B(®2) —_2>A(2471+ 1) Q@) +2(1- V‘l%’) loall2
]

— 2|oal Q0 )[Q(%) - Q(®.)

4
+ R@) +2(1 - ¥ L) el + 22 Iag + i

- 2@(%){@ =) = a2 [Q(83) — Q(®2)] + llonlz# @) - Q(@T)]}

= p(ido) + h(\) + R(4).
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This completes the proof. ([

By Lemma and Proposition (.1l we obtain

~ _, 1

7.3. Positivity of the main parts. The main parts of I'(t), p(iy), and h(\) are considered

in this subsection. We shall prove their positivity in the following.

Lemma 7.4. Let iy = (1+ a)qT: for some small positive constant a. Then
1) p(ty) > Cra,  for some C) > 0;
2) h(\) > Co(A — w)* + O(a(X — w)?) + o((A —w)?)  for some Cy > 0.

Proof. 1) Recall the definition of p(uy) in (Z.8):

Sy 4 . 4—p —
(o) ——2(5+1> [E(u) } A(2T+1>[ (@ 0)-@(%)]
+ 2] :l1 2 Q) Qi) — Q(32)]. (7.12)
First, by Taylor’s type expansion, we have

E(ﬁo)—E(?) <El(q) ) UO (I)—(Z +O ”UO (I) HH1><L2)

= a( F'(®),8.) + O(a?)
Using the expression of E’ (<I>_w>) in (2Z5), we have

—

E('L_[O) - E((I)W) - G/R(—amgbw + ¢u — ¢f}+17 _wng) ' ( _f;bw ) dz + O(az)

= a/R(—amgbw + (1 — Wy, — P + Wy, —woy) - ( —(ffu:bw ) dz + O(a?)
= 200?62 + O(a?), (7.13)

%
where we have used equation (3] in the last step. Next, we compute the term Q(uy)—Q ((IDw)

in (T.12):
Qlity) — Q(®2) = (Q'(®2), o — ) + O(llio — Bl .2)
= a(Q'(82),85) + O(a?).
Using the expression of @)’ (QT:) in (24), we have
Q(ﬁo) B Q(q}—“’)) = a/ﬂ{;<_w¢wa (bw) ' ( _iu;bw ) dx + O(CL2)
= —2aw||¢,||72 + O(a®). (7.14)
Then we put (TI3]) and (ZI4) into the expression of p(ip):

plin) == 2(5 + 1) [B(a) - B(®)] ~2A(2L + 1) [@(@) - Q(E)]
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_ . 5 —
+ 20l QU0) | Qi) — Q)]
4 4 —
= — 2(5 + 1) |:26Lw2H(Z§WH%2 + O(aQ)} — 2)\(27]) + 1) [— 2aw|| ¢ ||72 + O(a?)

+ 26 7Q(70) | - 2awllu|E: + O(a?)]

_ 2 (4, 4- _ [z
= — daw 1) l60]22 + dawA (2L + 1) [[6u]2: — 4awQ(do) ;-4
P p [oAl7:
+O(a?). (7.15)
For the term 4aw) <24p%p + 1) | P2, we have
4 — 4 —
4aw)\<27p + 1) o2 = 4aw2<27p + 1) dul22 + OlalX — w)). (7.16)
2
For the term —4aw@ () ||||Zw|||| we use the expression ¢, (z) = (1 — wQ)%gbo (V1—w?z) in
[(22) and Taylor’s type expansion again to calculate
2_1 2 1
y 1 —w?)r 1 —w?)r
_4an< )Hgb || _ _4an(ﬁO)( W )g : ||¢0||L2 — 4 WQ('IIO)( W )2 .
loallz: (1= A2) 72| goI2, (1—M2)r 2

= —4awQ(ii)(1 — ) |(1 = w?) ¥ + O(A =)
= —dawQ(to) + Q(Uo)O(alA — wl).
From the definition of Q(#) in (ILHl), we have
5 —
Qi) = Q((1+ )82) = (1 + 0?3
Combining the last two estimates, we obtain

2
L2

Finally we put (ZI6) and (ZI7) into (Z.IH]) to obtain

. 4 8—p
plito) = = da? (= 1) 9uf: + daw?—Ellgu 7,
+ 4aw?|| ¢ |32 + O(alX — wl]) + O(a?)

4aw?||pol|72 + O(a®) + O(alX — w)). (7.17)

4_
:4aw27p”<bw|]%2 +O(alr — w|) + O(a?).

Choosing a and ¢y small enough, where ¢ is the constant in Proposition 4] and by (4],
we obtain conclusion 1) of this lemma.

2) Recall the definition of h(X) from (Z.9):
) +

h) = —2(31) B(@0) -2\ (2L +1)Q(@) +2(1- D) ol
— 2ol 2QU@) [Q(E)) - Q(a) . (7.18)
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First, we consider the last term and claim that

2ol 3R [Q(2)) - Q(®.)]
= 2w [Q(@A) — Q(<I>_w>)] +o((A —w)?) + O(a(X — w)?). (7.19)

To prove ([ZI9), we need the following equalities, which can be obtained by Taylor’s type
expansion and Lemma 2.1t

Q) — Q(B) = QB (A —w) +O((A —w)?)

= O0((A —w)?), (7.20)
Q(to) — Q(GIT:) = O(a), (7.21)
loallzz = llgullzz = O(IA — wl). (7.22)

Using ([Z.20)—(7.22), we obtain
~2llol 2 [Q(®) - Q(®.)]

— 2@ @) - @
Further, from (1)), we get
20| 2Q(02) [Q(®)) — Q(82)
= 2l (~wllbuld) - [Q(®) - Q)]
= 20[Q(®)) - Q(a0)].

Thus, we obtain

~2]énll72Q(d >[Q( V- Q@ }
= 2[Q(®)) - Q(&)] +o O(a(r - w)?).
This proves (Z.19).
Inserting (ZI9) into ([TI8), we get
h()\) = —2(% + 1)E(cITj) - 2)\<24]’%p + 1)@(@75) + 2(1 - A24p%p) EN

+20[Q(B) - Q(82)] + o((A — w)?) + O(a(A — w)?).

Let
hi(\) = — 2(% +1)EB(8) - 2A(24%p +1)Q(®.)
21Dl 20 [Q@) - Q@) (2
Then

h(A) = hi(A) + o((A = w)?) + O(a(X — w)?). (7.24)
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Now we claim that
hi(w) =0, hj(w)=0, hj(w)>0. (7.25)
We prove the claim by the following three steps.
Step 1. hy(w) = 0.
By the definition of h;()), we have

4 4 — 4 —
h(w) = — 2(]—) v 1>E(<ITW>) - 2w(2Tp + 1)@(@7,) +2(1- w27p> 612
By (1) and E(CIT:) in (L), we have
4 1 ,
hl(w) = _2<]_7 + 1) (5 /Rl (|a$¢w|2 + |¢w|2 + | - w¢w dl‘ - —/ |¢w| i dl‘

222 ) ([ wstdr) +2(1- ) ol

8
= W 6uli: + 20z =0,

where we have used w? = £ in the above computation. Therefore, we have h(w) = 0.

4
Step 2. hi(w) = 0.
Using the expression of hy(\) in (Z.23), we have
H

4 —
Moy =-2(2=F+ 1)@(@ e
ra(1- it g )awmum) +200,Q(®5). (7.26)
By (21) and Lemma 2.1} we have

, B 4—p — 4—p = 4—p
hi(w) = —2(27 + 1)@(‘1%) + 47@(‘1%) + 2<1 - w27>8>\(||¢>\”%2) —

— 4—p
= —2(®2) +2(1 - F)ar(loal)],_ (7.27)
Now we compute the term 9y (||¢x]/22) N Note that
H
AQ(Pr) = A(=Alloallz2) = ~lloallZ: — A (lIoalZ2);
then Lemma 2.1 gives
1
o(lonlte)] =Ll (729

Taking (Z.28)) into (L.27), we get
4 — 1
() = 206l +2(1 - = F) (= S llulih)

2 4—0p

i Cat R e [ L
W p
24

= — | — —1) w 2 :O
5wt = 1)l
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Thus, we prove the result i} (w) = 0.
Step 3. hi(w) > 0.
Taking the derivative of (Z.26]) with respect to A, we have

P 4—p 4—p
h{(k)=—4—|l¢wHL2—8A . i (lloallz2)

4
+2(1— X)) + 2050 (E3).

Since
H
0RQ(Px) = —R (Nall72)
= =20\ (||9all72) — AR (lI9all72).
we have
, 4
B == 4= Lol - (2JA+W)8A<|1¢A1\%2)
4 —
Hence,
, 8- 4
) = = 4Ll — = Loy(loall)|__ +2(1 - 5) Rl

Using (Z.28) and w? = £, we have

4—p 16
hi(w) =— 4TII¢WIIL2 T Lllgal2. = ;II%II@ > 0.

Thus, we prove the result 2] (w) > 0. This proves the claim (7.25]).
Using (Z.25) and Taylor’s type extension, we get
1
(V) = h(w) + 1 (@) A = w) + SR (A = w)* + o((A —w)’)
> Cy(A — w)® + o(A — w)?,

where Cy = 1h{(w) > 0. Putting this into (Z24), we obtain the conclusion 2) of this
lemma. U

Hence, combining Lemmas and [[4] and (ZI1]), we have

/ o 1
I'(t) > Cra+ Co(A =) + O (1l 12+ a(r = )* + ). (7.29)

7.4. Upper control of ||7]]|gixz2. From (Z29), to prove the monotonicity of I'(t), we only
need to estimate ||7]| g1xz2. In this subsection, we give the following estimate on ||7f]| g1 x 2.

Lemma 7.5. Let 17 be defined in ([4.3); then
17712 S OlalA = w] +a) +o((A = w)?).

~Y
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%
Proof. First, since @ = (<I>,\ + ﬁ) (r —y) in (B.J), we have

_ = =\ 1 N o ,
Sn(@) = $1 () =(4(®2).7) + 5{ V@)L, 7) + ol [l112).
— .
Using S/, (CIDW) = 0 and Taylor’s type extension, we have

Su(i0) — 3(%3) =5 (SU@ ) + o131 1)
Then by the estimate ([B.2I]) in Corollary B3] we get
S (i) = S5(®3) 2 lFncre
Second, note that
Sa(i@) — Sa(®2) = Su(do) — Sa(B1) + 5r(B2) — Sa (@),

and Taylor’s type extension gives

Sa(il) = Sx(®2) = Bld) — B(®2) + A(@(%) - Q(cﬁ))
o) +

= S.() = 5u(8a) + (- ) QL w>>
- <S;(<1T>) - @, +O<||uo o ||HW) )0l = @2l 1)
= 0(a® + al\ — w)).

By Corollary 2.2, we have
— —
S)\ ((I)w) - S)\((I))\) = O(()\ — w)Q).
Finally, we get the desired result:
, . — . — — —
17117 w22 S Sa(@) = Sa(®2) = Sa(tdo) — Sx (D) + Sa(Pu) — Sx(Pr)
= O(alX — w| + a®) + o((A — w)?).

This completes the proof. O
7.5. Proof of Theorem [I.2 As in the discussion above, we assume that o € U, (CITLZ), and

thus |\ — w| < e. First, we note that from the definition of I(¢) and Young’s inequality, we
have the time uniform boundedness of I(t):

%
sup I(t) < R(chwui,w + 1). (7.30)
teR
Now we estimate on I'(t). From (7.29) and Lemma [T.5]

1
I’(t) Z Cla -+ Cg()\ — w)2 + O(H’f_f”%}lez) + O<CL()\ — W)Q + E)

> %Cla +Cy(A — w)? + O(alA — w| + a?) + o((A — w)?) + 0(%).

By ([@4), choosing R satisfying % < a?, and choosing ¢, ay small enough, we obtain that for
any a € (0,aop),

1
I'(t) > 501(1 + Co(A — w)* + 0(a® + a|A — w|) + o(A — w)?
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1
> Cla + 502()\ — w)2.

o |

This implies I(t) — 400 when ¢t — +o00, which is contradicted with (Z.30). Hence we prove
the instability of the solitary wave ¢, (x — wt) and thus give the proof of Theorem [[2
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