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Abstract

On a two-dimensional circular domain, we analyze the formation of spatio-temporal patterns for a class of coupled
bulk-surface reaction-diffusion models for which a passive diffusion process occurring in the interior bulk domain is
linearly coupled to a nonlinear reaction-diffusion process on the domain boundary. For this coupled PDE system
we construct a radially symmetric steady state solution and from a linearized stability analysis formulate criteria for
which this base state can undergo either a Hopf bifurcation, a symmetry-breaking pitchfork (or Turing) bifurcation,
or a codimension-two pitchfork-Hopf bifurcation. For each of these three types of bifurcations, a multiple time-scale
asymptotic analysis is used to derive normal form amplitude equations characterizing the local branching behavior of
spatio-temporal patterns in the weakly nonlinear regime. Among the novel aspects of this weakly nonlinear analysis
are the two-dimensionality of the bulk domain, the systematic treatment of arbitrary reaction kinetics restricted to
the boundary, the bifurcation parameters which arise in the boundary conditions, and the underlying spectral problem
where both the differential operator and the boundary conditions involve the eigenvalue parameter. The normal
form theory is illustrated for both Schnakenberg and Brusselator reaction kinetics, and the weakly nonlinear results
are favorably compared with numerical bifurcation results and results from time-dependent PDE simulations of the
coupled bulk-surface system. Overall, the results show the existence of either subcritical or supercritical Hopf and
symmetry-breaking bifurcations, and mixed-mode oscillations characteristic of codimension-two bifurcations. Finally,
the formation of global structures such as large amplitude rotating waves is briefly explored through PDE numerical
simulations.

1 Introduction
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If a passive linear diffusion process in a bounded domain is coupled to a nonlinear reaction-diffusion process on the
domain boundary, spatio-temporal patterns can occur that otherwise would not be present without this bulk-surface
coupling. Such a pattern formation mechanism is relevant in a variety of applications in which boundaries play an active
<] role in the overall dynamics. For instance, in some biological cell signalling contexts certain proteins cycle from an active
LO) cellular membrane to a cytoplasmic bulk via adsorption and desorption processes. Applications of this type include
the formation of surface-bound Turing patterns through symmetry-breaking instabilities (cf. [18], [22], [23]) as well as
the onset of Min-protein pole-to-pole oscillations prior to cell division in E. Coli (cf. [14], [15]). In many prior studies
- (eg. [22], [23], [18]), the coupled bulk-surface systems have mainly been analyzed through either a linear stability analysis,
which typically involves finding the conditions for a Turing-type diffusion-driven instability, or from time-dependent PDE
numerical simulations (cf. [20], [19]).
—] In a simplified geometry consisting of a 1-D spatial bulk domain, these models become coupled PDE-ODE models,
=" and were studied in [7], [9], [8] and [10]. There, dynamically active units, modeled by nonlinear ODEs, are spatially
. 2 segregated and are coupled through a linear bulk diffusion field. This setup serves as a modeling paradigm for the study
>< of synchrony under diffusion sensing. In contrast to the classical types of PDE-ODE models where the coupling occurs
E in all of space (cf. [16]), the type of coupling considered here, and in [7]-[10], is restricted to the boundaries, and is
expressed in terms of Robin-type boundary conditions. In [7]-[10], this class of 1-D coupled PDE-ODE systems was
analyzed through a combination of linear stability analysis, direct numerical PDE simulations, and numerical bifurcation
software. The numerical bifurcation studies have allowed for the computation of global branches of synchronous and
asynchronous periodic solutions in terms of bulk diffusion coefficients and coupling rates. As an extension of the linear
stability theory, in [9] a weakly nonlinear analysis was developed to study the local branching behavior of synchronous
oscillations for the idealized case of a single bulk species diffusing between two identical membranes, each consisting of a
single active species.
To extend this previous work, our goal in this paper is to provide a comprehensive weakly nonlinear, or normal form,
analysis, to study the various bifurcations associated with a class of dimensionless coupled bulk-surface reaction-diffusion
systems for which the bulk domain 2 consists of the disk

QO ={zeR?||z]| <R}, (1.1)
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of radius R. In the bulk domain we assume that two bulk species U, V undergo passive diffusion with linear decay in €.
This leads to the following PDEs in the bulk region
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Here D,,, D, are the constant bulk diffusion coefficients, while o,,, o, are the constant bulk decay rates. Since €2 is the disk,
the Laplacian A in (1.2) is conveniently written in terms of polar coordinates (r,0) as A = 0,.. +r~10, + 7~ 20p9. Next,
we assume that the flux normal to the boundary is proportional to the difference between the surface-bound species
densities, denoted by u, v, and the bulk species densities evaluated on the boundary. This yields linear Robin-type
boundary conditions for (1.2):

zeQ, t>0. (1.2)
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where K, K, are coupling rate constants, also known as Langmuir rate constants. Finally, on the domain boundary the
dynamics of the two surface-bound species are assumed to be governed by a system of reaction-diffusion equations with
periodic boundary conditions in the azimuthal coordinate:

v d, 0%u v d, 0%
O Ku(u—Ulr) + fu), o= T 08 Ky (0= V]pmr) + g(u0). (1.4)
Here f(u,v) and g(u,v) are the given reaction kinetics, while d,,, d, are surface diffusion coefficients. In the absence of
surface diffusion, this model reduces to the coupled PDE-ODE system studied through linear stability analysis in [18]
for a slightly different boundary condition and with Gierer-Meinhardt kinetics on the circular membrane. As a remark,
since a biologically-realistic membrane possesses some width, the coupled bulk-surface model, defined by (1.2)—(1.4),
provides only an approximation to this more complicated setting in the case where the width of the membrane is small
in comparison with the characteristic length scale of the bulk domain. Our coupled bulk-surface model, as introduced
above, is given in dimensionless form. We refer the reader to Appendix §B for a derivation of the system (1.2)—(1.4) from
a model with physical units.

Our primary goal herein is to characterize the dynamics of the coupled system in the weakly nonlinear regime near
one of three distinct bifurcations; a Hopf bifurcation, for which the spatial mode is trivial with a nonzero temporal
frequency, a pitchfork bifurcation, for which the spatial mode is nontrivial with a zero temporal frequency, and finally
a codimension-two pitchfork-Hopf bifurcation, which occurs when the previous two bifurcations coincide. By deriving
amplitude, or rather, normal form equations, we will characterize the branching behavior in the vicinity of these three
bifurcations. Although the use of weakly nonlinear analysis to study pattern formation in reaction-diffusion systems,
convection processes, and fluid flows is well-established and ubiquitous in the literature (cf. [3], [26]), the development
of a weakly nonlinear theory to characterize pattern formation near bifurcation points of coupled bulk-surface models
requires a careful analysis of the spectral problem for the linearization, where both the differential operator and the
boundary conditions involve the eigenvalue parameter. This analysis is at the core of performing a weakly nonlinear
analysis using a multiple time-scale expansion method. We believe such a spectral problem has not been considered
previously in the context of two-dimensional pattern formation problems. We also give a systematic treatment of the
three distinct bifurcations for arbitrary reaction kinetics on the surface.

In our formulation, we will suppose that when uncoupled from the bulk domain, the reaction-diffusion system on
the surface (1.4) possesses a unique spatially uniform steady state, which is linearly stable with respect to any spatial
perturbation. Consequently, we will restrict the parameter space to cases where d,, = d,, in order to avoid the short-range
activation combined with long-range inhibition paradigm, typical of Turing instabilities. Rather than using the surface
diffusion coefficients as bifurcation parameters, we will vary the bulk diffusion coefficients and the coupling rates, so
that the loss of stability of the base state results from the diffusive coupling with the bulk domain. In terms of these
bifurcation parameters that are associated with the boundary conditions (1.3), in §2 we find that multi-scale expansion
methods are particularly convenient for deriving amplitude equations characterizing the local branching behavior.

Although arbitrary reaction kinetics are employed in our analysis, we will apply our weakly nonlinear theory to either
the well-known Schnakenberg or Brusselator kinetics. In nondimensional forms, the Schnakenberg kinetics are

flu,v) = a—u+uv, g(u,v) = b —u?v; a,b>0, b—a<(b+a)?, (1.5)

while the Brusselator kinetics are given by
flu,v) =a— (b+ 1u+u’v, g(u,v) = bu — u?v; a>0, 0<b<a®+1. (1.6)

To validate our weakly nonlinear theory, a combination of numerical bifurcation analysis, for the computation of global
bifurcation branches, and full time-dependent PDE numerical simulations are employed. Classical values for the param-
eters a and b are used. For the Schnakenberg kinetics, these are ¢ = 0.1 and b = 0.9 (cf. [20]). For the Brusselator
kinetics, @ = 3 will be taken, while different values of b, all with b < a? + 1, will be considered. For these parameters
values, the uncoupled bulk-surface system without surface diffusion admits a unique stable steady state and no patterns
appear. In this way, the patterns observed arise from the coupling between the bulk and surface. We remark that a
symmetry-breaking bifurcation mechanism for particular forms of the nonlinearities has also been explored in [22] and
[20] through full PDE simulations.



The outline of this paper is as follows. In §2, for arbitrary reaction kinetics, we derive amplitude equations (normal
forms) near either a Hopf, a pitchfork, or a pitchfork-Hopf, bifurcation point of the linearization of the base state. In
83, we analyze these normal forms and interpret their equilibria in terms of limit cycles or Turing-type patterns of the
coupled original system. Subsections 3.1 and 3.2, respectively, treat separately the codimension-one and the codimension-
two cases. Numerical validation of the weakly nonlinear theory with the classical Schnakenberg and Brusselator reaction
kinetics is provided in §4. §5 is distinct from the previous sections in that, through PDE simulations, it gives a glimpse
into novel nonlinear patterns that can occur for the coupled system away from bifurcation points. In particular, the
dynamics and formation of rotating waves is explored for a coupled bulk-surface reaction-diffusion system with a slightly
more general boundary condition than (1.3). Finally, in §6, we briefly summarize the paper and discuss a few open
problems that warrant further study.

2 Weakly nonlinear theory

In this section, the method of multiple time-scales is used to derive amplitude equations describing the branching behavior
near three distinct bifurcations:

e Trivial mode n = 0 undergoes a Hopf bifurcation, at which the bifurcating solution is invariant under rotation and
reflection symmetries.

e Nontrivial mode {n, —n} € Z\{0} loses stability through a pitchfork bifurcation, at which the bifurcating solutions
are equivariant under rotation and reflection symmetries.

e Pitchfork-Hopf (Turing-Hopf), when the previous two bifurcations occur simultaneously.

From the linear stability analysis, curves of codimension-one bifurcation points and their codimension-two intersection
have been computed in the plane of parameters (K,, D, ) (see Fig. 1 and Fig. 2). This motivates introducing a two-
parameter bifurcation analysis.

2.1 Preliminaries

Before formulating the multiple time-scale asymptotic expansion, the coupled bulk-surface system (1.1)—(1.4) is rewritten
as an evolution equation, which then facilitates below the introduction of an extended linear operator and its adjoint:

D,AU — o, U
. D,AV — o,V
W=FW)= Lynugg — Ku (u—U) + f(u,v) | - 2.1)

Va0 — Ky (v —V) + g(u,v)

Here F' is a nonlinear functional acting on W, defined as a space of vector functions whose components satisfy the
appropriate Langmuir boundary conditions:

U(r,0)
V(r,0) | | DuO:Ulr=r = Ky (u — Ul,=R)
W=JW= ) 2.2
u(a) DvarV|T=R =K, (7} - V|r=R) ( )
v(6)
The radially symmetric steady state (i.e. the base state) for (2.1) is given by
An(0)dolwnr) T s . Kulo(wyR)
. of )%((ﬁf))e;ue Wy = /D—u, Ap(0) = Duwulg(qu%)JrKulo(qu) 03
e = | Bo(O)qmmea te | > =./Z By(0)= Kolo(wo R) ’ (2.3)
Ue Wy = D, 0 - quwvlé(va)+KuIO(W17R)

where u, = (ue,v.)7 is the surface steady state vector satisfying the nonlinear algebraic equation

o Dy wy, I} (wy R)
{Kupo(o)ue - f(uea 'Ue) = 0 {po(o) - Duqué(qu;J-‘y-Kqu(qu) (2 4)

Kyq0(0)ve — glue, ve) = 0 0(0) = s

Here I, (2) for n € Z are the usual modified Bessel functions. Next, by expanding the nonlinear functional about the
base state, we get

W =F(W.)+LW = W.) + B(W = We,W = W) +C(W = Wo, W = Wo, W = W) + ..., (2.5)
=0

where L is the linearized operator defined by

D, AU — o, U
D,AV — 0o,V
EVY = gy — Ko (= U) + fout foo | ° (26)

%099 — K, (v=V)+gu+ gy



while B and C are, respectively, bilinear and trilinear forms. For each n € Z, the eigenfunctions for the linearized operator
are given by

A, (A In (Qur (& 7 Ato, Kuln(QuR)
_ ! )5 G ?ff;¢L inf Q= /"5 AN = Da @ KL @)
Wn - Bn()\)f QUR) 2 d)n e ’ Q o Ao, B )\ _ K'UI'rL(QrUR) (27)
. v = D, ° n(A) = DoQull, (R R)+ Ko I, (20 R)
The eigenvector ¢, = (¢, 1,)T satisfies a homogeneous linear system
n2d, n2d,
[¢n()‘)] ¢n = Je — A - Kupn()\> + — R El qun()\) + ﬁ E2 ¢n = 0; (28>
with Je, Eq, Fa, pn(A), and ¢, () defined as
. Dy QI (R4 R)
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e — g ge 9 ) *ezei € 9 o D,Q, ] (Q R) o . ( 9)
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Here, the vectors e; and ey form the standard orthonormal basis in the phase space defined by the species v and v. A
nontrivial solution to system (2.8) will exist when the following transcendental equation is satisfied:

Fo(\) = det [®,()\)] = 0. (2.10)

In the multi-scale analysis below, an application of the solvability condition requires the formulation of an adjoint
linear operator L£*, defined by

D, AU* — o, U*
L) = D,AV* — o, V* (2.11)
B %uge — K, (u* = U*) + fou* +ggv* | -
RV — Ko (07 = V) + fou + ggo*

For the special case of Langmuir boundary conditions, the dual space satisfies W* = W, which means that both the
boundary conditions and their adjoint are identical. Furthermore, the adjoint eigenfunctions yield

I, (Qur
An()\) ™ (Q“ R) Td)*
inf

Wr = ml’:(‘%;))e%z e, (2.12)

o

It is then readily verified that W,, and W} form an orthogonal set of eigenfunctions, satisfying

Wi W) =0, ifm#n, (2.13)

where the inner-product in (2.13) is defined by

2t rR 2m
= / / [U*U + V*V| rdrd§ + / [uFu + v*v] Rdf . (2.14)
o Jo 0

The set of eigenfunctions can be normalized so that (Wx, W,,) = 1 for all n. Finally, using the previous definitions of
linear operators, eigenfunctions and inner-product, one may easily verify that the following properties hold:

LWo=MW,, LW = W, (W5 LW) = (LW W). (2.15)

Lastly, we define more precisely the bilinear and trilinear forms that arise in the expansion (2.5). They are defined by

0 0
B(W;, W) = 0 ;o C(Wy, Wy, W) = 0 . (2.16)
B(ujauk) C(uj,uk,ul)

The first two components of B and C vanish since the diffusion process occurring in the bulk is linear. The reduced
bilinear and trilinear forms B and C' are defined by

1
g(f @ ul )Te(u; @ uy),

where ® is the Kronecker product and H., T, are matrices involving the second and third order partial derivatives

1
B(uj, ug) = §(I®u§5)Heuj, Cluj, ug, uw) =
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2.2 Multi-scale expansion

Let p = (K,,D,)T denote the vector of bifurcation parameters. As usual, a slow time-scale 7 = £2t, with ¢ < 1, is
introduced. Using the same scaling, the parameters are slightly perturbed,

p=po+em,  |ml =1 (2.17)

Here g is the bifurcation point and g4 is a unit vector indicating the direction of the bifurcation. The full system is then
expanded in a regular asymptotic power series around the base state as

W =W, +eW; +*Wa + W5 + O (e%) (2.18)

where the subscript here refers to the expansion order rather than the mode of the eigenfunction. Next, by inserting
(2.17) and (2.18) into (2.5), and collecting powers of ¢ we obtain that

0
2 3 2 WEVe(T)egﬂl
eO W1 +e“O Wy + ¢ ((9tW3+8-,—W1) =eLWi +¢ £W2+B(W1,W1) + 0
—qo(0)veeT
. o(O)veer s (2.19)
3 %Vlegm 4
+e% | LW3 + 2B(Wy, W) + C(Wq, Wi, W1) + v +0 (),
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where the vectors e; and ey are now the standard orthonormal basis in the parameter space defined by K, and D,,. The
perturbed boundary conditions satisfy

3
> e (Du0,U; + KUy — Kyuj) + O (eY) =0, r=R.
j=1

\ (2.20)
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where the vector 3 is defined by
1
= . 2.21
B (_K’UO/D’UO) ( )

2.3 Weakly nonlinear analysis of patterns
The leading order solution corresponds to the base state defined by (2.3) evaluated at the bifurcation point u = pg. Next,

by collecting terms at O (¢) we get the linearized problem

DU8TU1 = Ku(ul — Ul)

, T=R. 2.22
DvoarV1 = KUO(UI - ‘/1) ( )

OW1 = L(po; Wh), {

Here the notation L(uo;-) indicates that the linear operator is evaluated at the bifurcation point. The solution of the
linearized system depends on the type of bifurcation and the spatial mode considered. We will consider the following
three cases:

e Hopf bifurcation. The critical eigenvalues and spatial mode are respectively A = +i\; and n = 0, which yields
Wi = WoAo(T)e 1t + WoAg()e Mt (2.23)
where the eigenfunction W is evaluated at po and A = iAj.

e Pitchfork bifurcation. The critical eigenvalue is A = 0 and because of the reflection symmetry, if n # 0 is a
critical spatial mode, then so is —n. Moreover, it is known that the center manifold preserves the symmetries of
the system. Therefore, the center eigenspace and manifold are also two-dimensional, and the solution in the linear
regime has the form

W1 =Wy An(1) + W An(1), (2.24)
where W.,, are evaluated at pg and A = 0.

e Pitchfork-Hopf bifurcation. The critical spatial modes are {0,n, —n}, with n # 0, and the bifurcating eigenval-
ues of the linearized problem are {£i\;,0}. This yields a four-dimensional center eigenspace of the form

Wi = WoAo(T)e M+ WoAo(r)e M+ W, A (1) + W An(7) . (2.25)

Again, all the eigenfunctions above are evaluated at the bifurcation point and the critical set of eigenvalues.



The goal of our analysis is to derive evolution equations for the complex amplitudes Ay and A,,, where the subscript here
indicates which spatial mode has exchanged stability through the bifurcation.
By collecting terms of order O(e?) in (2.19), we obtain

0
2V T
QW = L(po; Wa) + BW1, W) + [ 6(8)62 e (2.26)
—qo(0)vee] 111
together with the appropriate boundary conditions, as obtained from (2.20):
DuarUg = KU(UQ — UQ) r—R (2 27)
D00, Vo = Kyo(v2 — Vo) + qo(O)veS Ty~ '

The evaluation of the quadratic terms B(Wy, W;) will depend on whether we consider the bifurcations (2.23), (2.24) or
(2.25). Below, the nontrivial part of the bilinear form is stated explicitly for each case.

e Hopf bifurcation:
ixrt TN L A2 A T\ —2iArt
B(uy,u1) = A2B(¢q, ¢o)e* Mt + 2| Ag|>B(¢o, do) + Ao B(o, do)e 2 M. (2.28)
e Pitchfork bifurcation:
A2 2in0 2 -2 —2ind
B(uhul) - AnB(d)n7¢n)e +2‘An| B(¢nu¢fn) +An B(d)fna(r/)fn)e . (229)
e Pitchfork-Hopf bifurcation:
i TN A2 R(A. )2
B(uy,u1) = AJB(po, o)e* " + 2| Ao|>B(eo, po) + Ao B(eo, po)e 2"
+ A2 B, $n)e®™ + 2| Au2B($, b—n) + Ay Blp—, p—n)e 2"

+ 240 A, B(¢o, d)n)ei(na-i-/\zt) 4 2A0A7nB(¢07 ¢7n)ei(—m9+)\1t)
+ Q/TOATLB(%, ¢n)6i(n6—A1t) + QMB(%, ¢_n)eﬂ‘(n0+)\1t) .

(2.30)

Once again, because of the reflection symmetry, we have that ¢, = ¢_,,. By examining these bilinear forms, the following
ansatz can be formulated for the solution of the system (2.26):

e Hopf bifurcation:
i T2 —2i
Wa = Woooo + AaWagooe? M + | Ao|2Wi100 + Ao Woaooe 2ME. (2.31)

e Pitchfork bifurcation: __ 5
Wa = Woooo + AZWooo + |An|*Woo11 + A Woooz - (2.32)

e Pitchfork-Hopf bifurcation:
e , . N
2 = Woooo + AiWaoooe® " + [Ag|*Wii00 + Ao~ Woagoe >

—o
+ A2 Woo20 + |An[*Woo11 + An Wooo2 (2.33)
+ AoA, Wig10e™t + Ag A, Wigo1eM + Ag A, Worioe ™Mt + Ag A, Worgre ML

Next, we briefly outline the computation of the term Wyggg. This term arises from the perturbation of the bifurcation
parameters within the base state, and satisfies

0
2 T DudnUoooo = Ko ~ U,
L(p0; Woooo) + vae(S)e? ol —o, 0000 (40000 = Uoooo) . , "T=R (2.34)
OveT D400, Voooo = Kuvo(voooo — Voooo) + qo(0)ve 8™ i1
—qo0 veel M1

Solving for Upggp, one obtains the same expression as for the steady state profile, given by

T
Uoooo = Ao(0) R))elTuoooo . (2.35)

IO (wu
Since the equation for Voo is forced by a multiple of the steady state solution, the reduction of order method is used to
yield the following ansatz:

Voooo = 0+ T ity 3(0) =0, (2.36)



where 7 (r) is found to satisfy the second-order differential equation

1 w
¥ () o (wyr) + 71 (1) <2wv11 (wyr) + 7AIO(wUr)) + Dvo et 111 By (0) Iy (wyr)ve = 0. (2.37)

The ODE (2.37) is readily solved using rIy(w,r) as an integrating factor. By integrating twice, we obtain that

el ve [0 1 ?
=S [ () e

Then, upon application of the perturbed boundary condition, we determine the constant o as

Yo = Bo(0)voooo + 5Tu1 Mve —7(R) — %O(O)%(R) . (2.39)
v0 v0

Next, the evaluation of Uyggp and Vpggo on the boundary leads to

<U0000> _ < Ao (0)uoo00 ) (2.40)
Voooo ) |,_p  \Bo(0)voooo + AT p1 ) '
where the coefficient of the detuning vector is given explicitly by

2 2 72 _
q0(0)By(0) o1 4 wiKoR(I§(wyR) — I (wyR)) /2 wq,Kq,OIO(;uvR)Il(va) e (2.41)

A =
K’UO (Dvowvj1 (LUUR) + KUOIO (va))

Finally, the substitution of (2.40) into the constraint (2.34) for the membrane components determines wgooo as
@0 (10; 0) o000 = & p11 Eatee = ugooo = a” i1 [®o(p10;0)] " Eauee . (2.42)
Here the vector coefficient « is defined by

a=qo(0)e; — KA
wy R
2

K2
— (a0(0))2e; + Yo 2w0 <I wy R (wy R) +
o0 et o R) + KooTo(ni)? \ eI )

(I (w,R) — I} (va))> es. (2.43)

Many of the nontrivial W, can be found using the spatial and temporal reflection symmetries of the reduced system.
Here, the linear inhomogeneous problems to be solved are listed below.
Starting with the Hopf bifurcation, where Wy299 = Wagoo, it is readily found that Wsgog satisfies

AO (27)\]) ;;)((822:;)) 6,{11,2000
L (po; Waooo) — 2iA1Wagog = —B(Wo, Wo) = Waooo = | Bo(2i)Af) f(‘)’((&:g) e2 ua000 (2.44)

U2000

where 9, and s, are defined by
O'u+2i/\] Ty +2i/\]
Doy =) ——, Qo =/ ——=—.
2 D, 2 D,

Ap(0) ;S((:):;)) eFui100

L (po; Wiio0) = —2B(Wo, Wo) = Wii00 = | By(0) IIQ’((LJZE)) efuiioo | - (2.45)

U1100

Next, solving for Wyygg leads to

Finally, uoggo and w1199 each satisfy the following two-dimensional linear systems:

[®0(10; 2iA1)] w2000 = —B(¢o, ¢o) , [@0(k0; 0)] w1100 = —2B(¢o, do) - (2.46)

With regards to the pitchfork bifurcation, reflection symmetry guarantees that Wygge = Wopeo. Hence, the systems
to be solved and their solutions are given by

Aon(0) 22255 ] 0020

L (po; Woo2o) = —B(Wn, Wh) = Woo20 = Bgn(O)%eguoozo e?in? (2.47)
U020
and Io(wur) T
Ao(0) 7o Ry €1 Yoot
L (po; Woor1) = —2B(Wp, W_5,) = Wooir = | By(0) IIS((;’:;)) eFugorr | - (2.48)
U011



Here ugg2p and wgp11 satisfy the reduced linear systems

[®2n (103 0)] w020 = —B(n, Pn) [®0(1050)] woo11 = —2B(¢pp, p—p) . (2.49)

The Wijgim common to both the codimension-one and codimension-two bifurcations remain the same. In addition to
those terms, one needs to solve for the mixed coefficients Wig19 and Wigg; as follows:

. 1, (Qur) T
An(iAg) 1:((52:1{)) €1 U1010

L (po; Wioro) — iAtWig10 = —2B(Wo, Wy) = Wigio = Bn(i)q)f:((g:;)) eTuion | €™ (2.50)

U1010

and

A (i) }ﬂ((g“g) et uip01 '
L (po; Wioor) — iAtWigor = —2B(Wo, W_,,) =  Wioo1 = Bn(z)q)llj((g‘;)) eFuy001 e b (2.51)

U1001

where w1910 = w1001 (because ¢,, = ¢_,,), which satisfies the further two-dimensional linear system
(@, (103 iA1)] w1010 = —2B(o, ¢n) - (2.52)
The remaining coefficients are found trivially using symmetries, and are

Woi01 = Wioto, Wor10 = Wioot - (2.53)

2.4 Solvability condition and amplitude equations

Upon collecting terms of O (e*) in (2.19), we obtain that
0
€3 1 252V,
0 W3 —ﬁ(uo;W3> =—-0.W; +2B<W1,W2) +C(W1,W17W1) + ODUO R (254)
—6{/11(1)1 —Vilr=r)

while the O (&®) terms in the boundary conditions (2.20) yield

D, Us K (U3U3|T_R)> ( 0 )
8T Uu _ u _|_ . 2.55
(DUOVJ . (Kv()(vs ~Vaher) ) T\ BT (01 = Vilor) (2.55)
Next, suitable ansatzes are formulated based on the method of undetermined coefficients. Nonlinear evolution equations
for the amplitudes Ag(7) and A, (7) will arise from the application of a solvability condition on (2.54) and (2.55).

e Hopf bifurcation. Since n = 0 is the unstable mode, the solution is radially symmetric of the form

x1(r)

W3 = XeMt 4 Xe—iMt X = xi(r) . (2.56)
3

T4

e Pitchfork bifurcation. The bifurcating branch is stationary and spatially inhomogeneous (i.e. angularly depen-
dent)

n (T’ 9)
Y2 (T’ 9)
Ws=Y, Y= 2.57
’ y3(0) ( )
ya(0)
e Pitchfork-Hopf bifurcation. With X and Y defined as in the other cases, we have
W3 = XMt 4 Xe Mt 1Y, (2.58)

When treating the Hopf bifurcation, equations (2.54) and (2.55) represent a forced oscillatory system. Typically, the
presence of forcing with resonant terms generates secular growth of the solution. However, since boundedness of the
solution is required on the fast time-scale, these secular terms must be eliminated for self-consistency of the multiple
time-scale asymptotic expansion. This elimination is done using a solvability condition.

Upon substituting (2.56) into (2.54), and equating coefficients of e, we get
0
dA T 2 - IO(QvT)
iINX = Lno; X) = ~Wo—— + | 2B(0Wo, Woooo) + | il Bolid) 1@, €3 ¢o | Ao
dr (2.59)
—ef pgo(ids)

+ (2B(Wo, Wi100) + 2B (Wo, Waooo) + 3C (Wo, Wo, Wo) ) | Ao|* Ao ,



where X satisfies the perturbed boundary condition given by

Dy, Ku(r3 — x1|,=r) — 0
{& (Dv0$2> —r (Kvo(% - fE2|r—R))] - (5TM1(10(MI)@2T¢0> Ao (200

Since its bifurcating solution is stationary, a different argument must be invoked when treating the pitchfork bifurca-
tion. Again, the substitution of (2.57) into (2.54) leads to

0

dA, T w2 B, (0) fzleer) :
— L(u0;Y) = =W ="+ | 2B(Wa, Woono) + €2 Wy O(O)In(qu) Lpne™ | 4, o)
2.61
76?#1%1(0)

+ (2B0Vns Woora) + 2B (W-, Woozo) + 3C (Was Wy Won)) [An2 A + O (A, A%, A3)

where Y also satisfies the nontrivial boundary condition

Dy Ky(ys — vl =R)>] < 0 ) ind -
O “ — “ " = Ane™ + 0O(A,). 2.62
[ (Duoyz) —R (Kuo(y4 — Yolr=r) BT 116 (0)e3 pn (4n) (2:62)
Because of their orthogonality property, the contribution from other circular modes will vanish when taking the inner-
product with the adjoint eigenfunction W;;. Hence, these terms have not been explicitly stated.

The same procedure is applied to the codimension-two case where a pitchfork bifurcation interacts with a Hopf
bifurcation. Equating coefficients of e** leads to a linear inhomogeneous equation for the coefficient X given by

0

dA T 2B (i) Lo ()
iINX = Loy X) = _Wod—TO + | 2BV, Woooo) + | 2 ‘“QvBo(éAz) L(R) | elepy | Ao
—ef 111qo(iXr) (2.63)
+ (2BWo, Wi00) + 2B (Wo, Waooo) + 3C (Wo, Wo, Wh)) |Ao|* Ao
+ (2BWo, Woor1) + 2B(Wp, Wigo1) + 2B(W—n, Wio10) + 6C(Wo, W, W_)) | An|* Ao
+0 (4942, 404, ,
which is subject to the same boundary condition as for the Hopf bifurcation (see equation (2.60)).
The term Y, which is constant on the fast time-scale, satisfies
0
dA, T w? In (wyr) _
_ ‘C(MO; Y) =-W, y + QB(Wn, WOOOO) + €5 UIWanO(O) I, (wyR) 6;(}5”62”9 An
T
—eT 141¢,(0
1 141Gn(0) (2.64)

+ (2B (W, Woor1) + 2B (W—n, Woo20) + 3C (Wi, W, W_)) |An* A,
+ (2B(Wn, Wi100) + 2B(Wo, Wor10) + 2B (Wo, Wioto) + 6C (Wo, Wo, Wa)) |Ao|* Ay,
+ 0 (A0, A7 A3, A0 AL)
and is subject to the same boundary condition as for the pitchfork bifurcation (see equation (2.62)).
The next two lemmas, involving our solvability conditions, provide necessary conditions under which systems (2.59),

(2.61), (2.63) and (2.64), together with the appropriate boundary conditions (2.60) and (2.62), admit a solution. Lemma
2.1 is general, while Lemma 2.2 is specific to each bifurcation.

Lemma 2.1. Let {W,, Wx} be an orthogonal pair composed of an eigenfunction and its adjoint, and let \. denote the
critical eigenvalue at a given bifurcation point u = py € RP (p independent bifurcation parameters). Then,

_ A =0
E(NO, Wn) = )\('Wn ) E*(HO; W;) = APW; ) )\c = AL . (265)
0 n#0
Consider the following linear inhomogeneous system,
AX — L(po; X)=F (2.66)

where X = (21(r,0), 22(r,0), 23(0), 24(0))" is subject to the inhomogeneous boundary condition

o (pe)| - (e = (69 .

Then, a necessary condition for (2.66) to have a solution X subject to (2.67) is that

<W;,.7:>+/ Uxédo + Vindo =0, (2.68)
00 00

where U}, and V) are the bulk components of the adjoint eigenfunction W.



Proof. The result follows from a careful application of the Fredholm alternative, where the inhomogeneous boundary
condition is taken into account. We take the inner-product with the adjoint eigenfunction on each side of (2.66) to get

Wi AeX = L{po; X)) = Ae Wi, X) = V5, L(po; X)) = W, F) (2.69)
Next, by using the definition of the inner-product given in (2.14), one can write

Wrs L(po; X)) = (2.70)

T ——T
Up\ (DulAz1 —0ur: u dyAst3 — Ky (23 — 71) + frzs + fias
" dA u v d 2.71
L) (anam)os [ GF) (R Rniin i) e en
* *k
where () is a disk of radius R and Ay = 0y, is the 1-D Laplace-Beltrami operator, with ¢ = R being the arc-length
parameterizing the boundary. Next, using Green’s second identity, the first integral (x) can be rewritten as follows:

T T T
D, AU} — o, U} x Ur Ky (xz—x1)+¢§ x K, (ur —U))
LRma) @ [ (G (emmns) - ) (REES))ee e

Ky(xqg —x2)+7 T K,(vy —V>)
In addition, the second integral can be treated using Lagrange’s identity and the angular periodicity of surface bound
components, as

SHI*

T .
dyAsut — Kyu® + feur + gt T3 / K, ux 1
* K = " v uon o do + 2 do. 2.73
/BQ (dUASun - KUUn + fuun + 9,05, Tq o0 van L2 ( )

Next, upon adding (2.72) and (2.73), we obtain after some algebra the following expression involving the adjoint linear

operator:
D, AU — o, U* g T
<Wna ‘C(NO§X)> = /Q <DUAV1: _ O.UVT:(> <x2> dA
T
duAsuz - K, (U;; - U;{) + 73“‘:7, + gZ’UZ xs3 5 =5
[ (it TR VDT TRE) (3) o+ [, @+ Tonar
— (£ i W) X) + [ (U5 + Vi) do
o0
— AW X) ¢ [ (U5 Vi) do (274)
o0
The result (2.68) is readily obtained after the substitution of (2.74) back into (2.69). |

Lemma 2.2. (Solvability condition). The imposition of the solvability condition for each of the three bifurcations
leads to the following amplitude equations:

e Hopf bifurcation. A necessary condition for the inhomogeneous system (2.59) and (2.60) to have a solution X
is that the amplitude Ao(T) satisfies the following ODE:

. . —_ dA "
— 27TRBQ(Z/\[)(]o(Z/\[)egd)aegd)oﬁTﬂle = —77_0 + 2 <W0 5 B(WQ, W0000)> AO
— , R L(QWR)\* ‘
+ 2R Byl o ((Bo<m>>2932 (1 ~(Had) ) . qowe?m) A,
+ <W5, 2B (WQ, Wnoo) + 2B (Wo, Wgooo) + 3C (Wo, WO,W0)> |A0|2A0 . (2.75)

e Pitchfork bifurcation. A necessary condition for the inhomogeneous system (2.61) and (2.62) to have a solution
Y is that the amplitude A, (T) satisfies the following ODE:

dA,, )
— 27 RB,,(0)g,,(0)e3 ¢res dn BT 1A, = — T+ 2(W5, BOV,, Woooo)) An

oo o (B0)Puty (1 el ) o g o)l ) 4,

+ <W;, 2B (Wn, W()011) + 2B (an, Woozo) +3C (Wn7 W, an» ‘An|2An . (276)

e Pitchfork-Hopf bifurcation. A necessary condition for the inhomogeneous system (2.59), (2.61), (2.60), and
(2.62) to have solutions X and Y is that the amplitudes Ao(T) and A, (7) satisfy the following system of ODEs:

049 (Wg, BOWo, Woooo)) Ao

, ) — dA
— 20 RBo(iA1)qo(iAr)e3 dge; dofT iAo = —
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— , R L(Q,R)\? ,
+ 27 Rej ¢es do <(Bo(l)\1))2912;2 (1 - (I(IJEQURD ) 31 — qO(Z)\I)eiFm) Ay

+ (W5, 28 (Wo, Wiigo) + 2B (Wo, Wanoo) + 3C (Wo, Wo, Wo) ) |Ao|* Ao

OV 2B(Wo, Woort) + 2B(Wa, Wioo1) + 2B0W—n, Wioto) + 6C(Wo, Wi, W)} | An|? Ao (2.77)
and

— 2R B (0)4, (0)F e S 1 A = — 5™ 42 (W, BOWs, Wouo)) A,

+2nne gief o B0y (1= 2D oy, - g 00t ) 4,

+ (W2, 2B (Wh, Woor1) + 2B W_r, Woozo) + 3C Wi, Wy, W_0)) |An > An

+ (W}, 2BWa, Wiioo) + 2B (Wo, Worio) + 2B (Wo, Wigio) + 6C (Wo, Wo, Wy) ) | Ao|* Ay - (2.78)

In each of these three cases, W§ and W} are adjoint eigenfunctions associated with the adjoint linear operator. Hence,
they satisfy the following relations:

£5(n0, W3) = —iAWE . L (o W) = 0. (2.79)
Proof. The results stated above are obtained from a direct application of Lemma 2.1. |

The rearrangement of each of the differential equations given in Lemma 2.2 provides a system of amplitude equations
describing the branching behavior in the vicinity of the bifurcation point, in the limit ¢ — 0. For each of the three
bifurcations the amplitude equations have the following form:

e Hopf bifurcation.
dAy

O 91o00k1 Ao + 92100 Aol* Ao - (2.80)
e Pitchfork bifurcation. JA
TTn = 9001011 An + goo21|An|* Ay . (2.81)

e Pitchfork-Hopf bifurcation. In this case, one shall analyze a system of two amplitude equations similar to their
codimension-one analog. In each equation, the additional term corresponds to the mixed-mode term (all the other
terms remain the same as for their codimension-one counterpart).

dAy

O = giooot1 4o + g2100\A0|2A0 + 91011\An|2Ao ) (2.82a)
dA
dTn = georot1An + gooa1 | Anl? Ar + gr110] Ao2 Ay . (2.82b)

Explicit expressions for the coefficients of the nonlinear terms in the amplitude equations are

g2100 = <W5, 2B Wy, Wi100) + 2B (WO, Wgooo) +3C (Wo, W, Wo)> , (2.83a)
g1011 = <W5, ZB(WO, W0011) + QB(WT“ W1001) + QB(W_n, WlOlO) + 6C(W0, W, W_n)> , (2.83b)
goo21 = W5, 2B W, Woo11) + 2B W—p, Wooz20) + 3C Wa, Wh, W_p)) , (2.83c)
gii1i0 = <W;, QB(Wn, Wuoo) + 2B (Wo, W()uo) + 2B (W@, WlOlO) + 6C (Wo,Wo, Wn)> , (2.83(31)

where ¢2100, 91011 € C and ggo21, 91110 € R. The coefficients of the linear terms consist of the projection of the vectors
g1000 € C? and goo1o € R2 onto the detuning unit vector p1. They are given by

2
g1000 = 27TR€§¢766§¢)0 (Bo(i)\j)qO(i)\])B + (B()(Z)\[))Qng (1 — (M) ) €2 — CIo(i)\I)e1>

Io(QR)
+ 47 RPE B (¢bo, ioooo) o » (2.84a)
sonto = 2559556 (Ba(0)an 08 + (B, 0P T (1= Ll () o, o), )
+ 47 RP:" B (¢, toooo) o, (2.84D)

where 0000 = [®0(j10; 0)] "1 Eou. appears in the expression for ugno (see equation (2.42)). The two quantities are related
to each other by

Ugo00 = Topo0Qt” f11 - (2.85)
In §4 below, the solution behaviors in the weakly nonlinear regime, as predicted after the numerical evaluation of the

coefficients in the amplitude equations, will be compared with numerical PDE simulations of the full coupled bulk-surface
reaction-diffusion model.
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We remark that the generic form for the coefficients of the cubic terms of (2.80) - (2.82) is well-known in the literature.
Since the pitchfork bifurcation is simply a Hopf bifurcation with a zero-crossing eigenvalue, these coefficients also arise
from the weakly nonlinear analysis of a codimension-two Hopf-Hopf bifurcation, in which the pair of critical eigenfunctions
is fully complex. We refer the reader to the appendix of [11], where a center manifold reduction was used to derive a
two-dimensional system of amplitude equations at a double-Hopf bifurcation.

We have performed a systematic derivation yielding explicit formulae for the normal form coefficients for the three
distinct bifurcations in our coupled bulk-surface model. This involved a careful analysis of the underlying spectral
problem. These normal form results can be used for any nonlinear surface reaction kinetics specified on the circular
boundary. The bifurcation parameters employed here, being the bulk diffusion coefficient D, and the coupling rate
constant K, are used below to understand the specific role of bulk-surface coupling. In our derivation above we have
allowed for an arbitrary sweep of the two-parameter vector (K, D,) across linear stability boundaries. Our choice of
performing an asymptotic multiple time-scale analysis, as opposed to a center manifold reduction, was partially motivated
by computational convenience and flexibility. The main advantage of multi-scale theory concerns the ease with which
bifurcation parameters can be treated if they appear in the boundary conditions (1.3). By simply keeping track of the
terms at each order within the boundary conditions, the method of multiple time-scales provides a direct approach to
compute the normal form.

3 Bifurcation analysis of amplitude equations

In this section, the equilibria of the amplitude equations derived in the preceding section are analyzed. Under nonde-
generacy conditions, the stability properties of the steady states in the normal form are preserved in the full model.
Bifurcations of codimension-one and two are treated separately below.

3.1 Codimension-one: Hopf and pitchfork bifurcations

For a Hopf bifurcation, the substitution of Ay(7) = po(7)e?® () within (2.80) yields a coupled system of ODEs for the
magnitude py and the phase 6y, given by

dby

d
o - [R (91000)]" 12100 + R (92100) 02 » e S (91000)]" 111 + S (g2100) P2 - (3.1)

dr
When it exists, a steady state pg. of (3.1) is given by

Poe = \/[8?(91000”T“1 ’ (3.2)

e (92100)

where pup is a free two-dimensional unit vector. The transversality condition is violated when puq is tangent to the Hopf
stability boundary at po € R2, for which pg. from (3.2) vanishes. Consequently, it can easily be argued that the vector
R(g1000) is normal to the stability curve and that a natural choice for the orientation of py is

= — R(g2100) R(g1000)
|R(g2100)| R (g1000) |

Such a choice provides the maximal magnitude pg. given by

_ 1% (91000) ||
Poe = |% (921004)7‘ . (3.4)

The nontrivial fixed points pg. in (3.2) correspond to limit cycle of the complex amplitude Ay(7). The stability of the
limit cycles is given by the sign of the real part of the cubic term coefficient in (3.1). Hence, one can distinguish between
supercritical and subcritical bifurcations in the usual way:

(3.3)

R(g2100) < 0 (Supercritical Hopf) R(g2100) > 0 (Subcritical Hopf) . (3.5)

Next, from substituting po. into the equation for the phase in (3.1), the steady state phase 6y is

00(T) = 00(0) + o7, with 0o = [3 (91000)]" 11 + S (g2100) P2 » (3.6)

where 6y(0) € R denotes the phase shift symmetry of periodic solutions.
The following lemma uses the nontrivial steady state from the amplitude equation associated with the Hopf bifurcation
to give approximate periodic solutions of the full coupled bulk-surface PDE model in the weakly nonlinear regime:

Lemma 3.1. (Periodic solutions in the weakly nonlinear regime). Let ga100 € C be the cubic term coefficient
in (2.80), and assume that its real part is nonzero, hence excluding degenerate cases. Then, in the limit ¢ — 0 with
e = /|lu — poll denoting the square-root of the distance with the Hopf bifurcation point, a leading-order approzimate
family of periodic solutions is given by

W (t) = We + £poc Woe O1HH900) 4 Weem it 4 0 (e2), (3.7)
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for any 0p(0) € R and with po. defined by (3.4).
For the surface-bound activator species, let wqmp denote the amplitude of the bifurcating limit cycle near the Hopf
bifurcation point. A leading-order approzimation for wemp s

T 2
tamp = e {[u(t) = uel} = 2epocler fo| +O (7). (3.8)
where the period T}, satisfies
2
T,=40(2). (3.9)
Ar

Finally, the periodic solution in (3.7) is asymptotically stable when R(g2100) < 0 (supercritical Hopf) and it is unstable
for R(g2100) > 0 (subcritical Hopf).

Next, we consider the pitchfork bifurcation. Since the coeflicients goo10 and ggp21 in (2.81) are real, we set A, (1) =
pn(T)e® () into (2.81) to obtain a decoupled system of ODEs for p,, and 6,, given by

o 90010H1.0n + 9002105, T 0. (3.10)

When they exist, fixed points of (3.10) are

gT M1
Pre = | —2201072 0.(7) =6, €R, (3.11)
Joo21

where the constant 6, accounts for the rotational equivariance of the pattern. The orientation of the unit vector py is
chosen in a similar way as for the Hopf bifurcation, with the "natural choice” being

= — goo21  goo1o ) (3.12)
|90021| [l g0010]|

Pre = ||90010|| ' (3'13)
\90021|

Again, the pitchfork bifurcation is classified according to the stability of the nontrivial steady state of the amplitude
equation. It readily follows that

This yields the following expression for py.:

gooz21 < 0 (Supercritical pitchfork), gooz21 > 0 (Subcritical pitchfork) . (3.14)

Finally, this section is concluded with the analog of Lemma 3.1 for Turing-type patterns arising from pitchfork bifurcations
in the full coupled bulk-surface PDE model.

Lemma 3.2. (Spatially inhomogeneous equilibria in the weakly nonlinear regime). Let gooa1 € R be the cubic
term coefficient in (2.81), and assume that it is nonzero, hence excluding degenerate cases. Then, in the limit ¢ — 0 with
e = /|l — pol| denoting the square-root of the distance from the pitchfork bifurcation point, a leading-order approzimate
family of spatially inhomogeneous equilibria is given by

W =W, + €pne [Wneie" + W,ne_ie"] +0 (%), (3.15)

for any 0, € R and with ppe defined by (3.13).
For the surface-bound activator species, let Uamp be the amplitude of the bifurcating Turing-type pattern near the
pitchfork bifurcation point. A leading-order approximation for wamy is

U(zmp = Oéneégéﬂ {|’U,(0) - ue|} = 25Pne|6?¢n‘ + O (52) . (316)

Finally, the patterned solution given by (3.15) is asymptotically stable when goo21 < 0 (supercritical pitchfork), and it
is unstable for goo21 > 0 (subcritical pitchfork).

3.2 Codimension-two: Pitchfork-Hopf bifurcation

In this subsection, the equilibria of the coupled amplitude equations (2.82) are analyzed for general values of its coeflicients.
For this purpose, it is appropriate to rescale the time variable into the original fast time-scale t. Hence, letting zo(t) =
eAg(e2t)e™Mt and z,(t) = A, (c%t), and recalling that p — po = €21, the following Poincaré normal form can readily be
obtained:

o = (iAr + giooo (1t — 10)) 20 + g2100]20]°20 + g1011]2n[*20 , (3.17a)
Zn = gRo10(1t — Ho)Zn + g1110]20|% 20 + Goo21|2n|*2n - (3.17b)
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Since g2100, 91011 are complex-valued, while gog21, g1110 are real-valued, cylindrical polar coordinates are appropriate for
this normal form. Letting zy = re’?, z, = w > 0, and p = o we obtain a system of ODEs for the magnitudes w,  and
the phase ¢, given by

W = gooa1w® + griowr?, = R(g1011)w?r + R(gooa1)r”, ¢ = A + 3(g2100)7* + S(g1011)w? . (3.18)

Since the third equation above is decoupled from the others, it need not be considered. The first two ODEs in (3.18) can
then be conveniently written as
i = prw® + prawr?, i = porw’r + paor?, (3.19)

where p11 = goo21, P12 = 91110, P21 = R(g1011) and pes = R(g2100)- It is assumed that these coefficients are nonzero and
that p11p2a — p12pe1 # 0, which is a necessary condition for the existence of the mixed-mode steady state.
To relate our results with those in [13], we augment (3.19) with linear terms to obtain

W = w(d + priw? + prar?), 7 = 1(82 + parw? + paar?), (3.20)

where §; and d5 are generic unfolding parameters. This recovers the well-known canonical truncated system of amplitude
equations at a codimension-two pitchfork-Hopf and double-Hopf bifurcations. We refer the reader to [13] and [17], where
the phase portraits of (3.20) is classified. In the discussion below, the approach and classification from [13] is followed.

We first reduce the number of parameters in (3.20) by setting @ = /|p11|w and 7 = /|p2z|r. After a possible time
rescaling if p1; < 0, and further dropping the bars to simplify the notation, this change of variable yields

W = w(d +w? +r?%), 7= r(dy + nw? + dr?), (3.21)
where v,n and d are given by
_ P12 , n= P21 ’ _ P22 _ 41, (3.22)
22| |p11] |p22]

Depending on the signs of the four quantities d,~y,n and d — yn, it is possible to distinguish between 12 topologically
different stability diagrams in the plane of generic parameters (d1,02) (see [13]). In addition to the trivial equilibrium
Ey = (0,0), (3.21) possesses up to three additional steady states. Two of those equilibria are located on the coordinate

axes and are given by
d2 d2
B = (\/—51,0) foré1 <0, and E=(0,/=2] for = <o, (3.23)
while the last one corresponds to the mixed-mode equilibrium defined by
0o — do 01 — O 02 —dd1 néy — o
By = 2 10 % for 12270 MNT 9 ) (3.24)
d—m d—m d—nn — d=7n

With regards to the coupled bulk-surface model, these equilibria have a precise meaning in terms of oscillatory and
patterned solutions. They are classified below in Table 1.

Table 1: Classification of steady states of (3.21) and solution correspondence.

Amplitude solution Full model solution
Trivial steady state Ejy Base-state solution W,
First mode E; Spatially inhomogeneous steady state
Second mode Ey Periodic solution around the base state solution
Mixed-mode Ej Oscillations around a patterned solution (breather solution)

We now summarize the bifurcations arising in the truncated system of amplitude equations (3.21). Firstly, the single
mode equilibria F; and E5 bifurcate from the origin on the lines

Hy = {(61,62)|61 = 0}, Hy = {(61,02)|02 = 0}, (3.25)

and, respectively, exist for 6; < 0 and for d5/d < 0. Next, the mixed-mode equilibrium Ej5 bifurcates from each of the
single mode equilibria on the semi-infinite pitchfork lines, given by

T1 = {(61,(52) ‘ ’752 = d51 s 51 >0 or 51 < 0}, (326&)

TQZ{((Sl,(SQ)‘ 52:7751, 51>00r 51<0} R (326b)
whose orientations (whether for each case 4, is positive or negative) are chosen such that 77 and T5 form the boundaries
of the existence region of Fjs.

Cases for which d = 1 are known to be simple since the truncated system of amplitude equations (3.21) does not
possess any limit cycles. Such a situation corresponds to both pitchfork and Hopf bifurcations being either subcritical
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or supercritical, with no fifth-order terms being needed in the normal form. More intricate cases arise when d = —1 and

d — «yn > 0, at which F3 bifurcates through a degenerate Hopf bifurcation on the semi-infinite line given by

d(1—n)
—d

C= {(51,52) 5y =

(517 01 >0o0rd < O} . (327)

The stability of the bifurcating limit cycle is typically determined by including one fifth-order term to the normal form.
More details on this challenging computation are found in the classic reference [13].
In the next lemma, an affine transformation mapping parameter spaces is defined.

Lemma 3.3. (Mapping parameter spaces). Let T be an affine transformation in R? that maps the generic parameter
space defined by §1 and 6o to the original bifurcation parameter space defined by K, and D,. Then, it must satisfy

T(618) = o+ R (£5) o Ronom)] R (£7) (31
st [0 (3) o) 7(-5) ] (3). 529

where po = (Ky, Dyo)? is the codimension-two bifurcation point and R(yp) is the anti-clockwise rotation matriz in the

Euclidean plane defined by
_ (cos(p) —sin(p)
Rp) = <sin(<p) cos(0) > . (3.29)

Proof. The proof follows from the fact that gop10 and R(g1000) are, respectively, normal to the pitchfork n =1 and Hopf
n = 0 stability boundaries. |

This subsection concludes with Lemma 3.4, where the mixed-mode solution in the weakly nonlinear regime is defined.
Its stability will be discussed in §4.2 for two pitchfork-Hopf bifurcations involving distinct reaction kinetics.

Lemma 3.4. (Mized-mode solution in the weakly nonlinear regime). Let p11 = goo21, P12 = 91110, P21 = R(g1011)
and paa = R(ga100) be the four cubic term coefficients of system (2.82). If none of these coefficients vanish, and if
P2aP11 — P12P21 1S nonzero, then in the limit € — 0, with € = /|| — wol| denoting the square-root of the distance with the
pitchfork-Hopf bifurcation point, a leading-order approzimate family of spatio-temporal oscillatory solutions is given by

W(t) = We + & (pne Vae® + c.c] + poc [Woe 40O 1. ]) +0 () (3.30)

for any 0,,00(0) € R, as a result of the azimuthal and temporal phase shift symmetries. The pair (ppe, poe) corresponds
to the mized-mode equilibrium and is given by

T T T T

_ P12 [R(g1000)]" H1 — P22 [goo10]” 1 P21 [gooto]” f1 — P11 [R(g1000)]” 1

(pnea pOe) = > s (331)
P22P11 — P12P21 P22P11 — P12P21

with the detuning vector ju1 chosen such that p = po + 2p1 is within the mized-mode region of existence. In particular,
it can be taken to be parallel to the bisector of this region.

For the surface-bound activator species, let wqmp be the amplitude of the bifurcating spatio-temporal pattern near the
pitchfork-Hopf bifurcation point. A leading-order approximation for it is given by

Uamp = 02%3%};# {|u(0,t) - ue|} =2 (pne‘e?¢n| + p06|e{¢0|) +0 (52) . (3'32)
0<t<T,

4 Validation of weakly nonlinear theory

In this section we validate the weakly nonlinear theory developed in §2 and §3 by comparing predictions of this theory
with either numerical bifurcation results or full numerical time-dependent PDE solutions. In the comparisons we will
consider both the Schnakenberg (1.5) and Brusselator (1.6) boundary reaction kinetics. Since the parameter space is
large, the bulk domain is restricted to the unit disk. For the uncoupled case (with K, = K, = 0), the surface diffusion
coefficients and reaction kinetic parameters are chosen to ensure that there is a unique stable patternless solution for
the reaction-diffusion system on the domain boundary. In addition, since typical surface diffusion coefficients are smaller
than their bulk diffusion counterparts in applications, the condition d,, < D,, and d, < D, shall be imposed. Ultimately,
the bifurcation analysis will illustrate how varying the ratio of bulk diffusivity and coupling coefficients can destabilize
the system and lead to novel spatio-temporal dynamics.
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4.1 Codimension-one bifurcation

By numerically computing the roots of the eigenvalue relation (2.10), we can readily determine a linear stability diagram
in the D, versus K, parameter space for the Schnakenberg and Brusselator boundary kinetics. For a circular harmonic
mode with either n = 0,1, 2, the marginal stability curves in D, versus K, parameter space, for a fixed set of parameters,
are shown in Fig. 1 and Fig. 2 for the Schnakenberg and Brusselator kinetics, respectively. In each phase diagram, the
region of linear stability is located to the left of all the curves. Our computations show that the trivial mode n = 0 loses

stability through a Hopf bifurcation, while for the nontrivial modes n = 1,2, stability is lost via a Turing bifurcation
(zero-crossing eigenvalue).
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Figure 1: Linear stability diagram in the plane of parameters (K, D,) with Schnakenberg reaction kinetics. Other
parameters are R =1, D, =1,0, = 0, = 0.01, K, =0.1,d, = d, = 0.1, a = 0.1, b = 0.9. In the right panel, the
symbol ”70” indicates supercritical while ”+” indicates subcritical.
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Figure 2: Stability diagram in the plane of parameters (K, D,) with Brusselator reaction kinetics. Other parameters

aamm R=1,D, =1,04, = 0, =001, K, =0.1,d, = d, = 0.5,a = 3,b = 7.5. In the right panel, the symbol ”0”
indicates supercritical while ”+4” indicates subcritical.

Some qualitative trends are suggested from these linear stability phase diagrams. Firstly, when both bulk diffusion
coeflicients have the same order of magnitude, the Hopf bifurcation of the trivial mode is the dominant instability. It
occurs when the coupling of the inhibitor is much larger than that of the activator, i.e. K,/K, ~ 10%. Secondly, when
this ratio decreases while the ratio D, /D, increases, the primary instability switches to the Turing bifurcation of the
first nontrivial mode (n = 1). This is reminiscent of the classical Turing paradigm for pattern formation, whereby the
inhibitor is required to diffuse faster than the activator in order for a pattern to form.

The redrawn phase diagrams in the right panels of Fig. 1 and Fig. 2, indicating the local branching behavior of the
bifurcation, was obtained after numerically evaluating the cubic term coefficients in the normal forms (2.80) and (2.81).
For both reaction kinetics, supercritical Hopf and subcritical Turing bifurcations are predicted to occur as the stability
curves associated with the modes n = 0,1 are crossed. Although the transversal crossing of the rightmost curve associated
with the mode n = 2 is predicted to correspond to a supercritical Turing bifurcation, little attention is given to it in the
subsequent discussion since it corresponds to a secondary instability.

We emphasize that our conclusions only hold for the current set of fixed parameters given in the captions of Fig. 1

and Fig. 2. In §4.1.2 we show that a conclusion of super- or subcriticality can depend on the specific choices of reaction
kinetic parameters and surface diffusion coefficients.

4.1.1 Periodic solutions arising from Hopf bifurcations

In this subsection the loss of stability through the supercritical Hopf bifurcation, as predicted by our weakly nonlinear
analysis in Fig. 1 and Fig. 2, is investigated. Numerical continuation methods combined with PDE simulations are used
to study the dynamics in the weakly nonlinear regime. As a result of azimuthal invariance, a simple 1-D finite difference
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method-of-lines approach is used to spatially discretize the coupled bulk-surface system, with the mean value theorem
applied to derive an ODE for the bulk species at the origin that avoids the singularity inherent to the Laplacian in polar
coordinates. Details of the discretization process are given in Appendix A.

We first study the loss of stability on the vertical line K,, = 5 from Fig. 1 that intersects the n = 0 Hopf curve at
D, =~ 2.17. Plots of global periodic solution branches using either K, or D, as the bifurcation parameter are displayed in
Fig. 3. These numerical bifurcation diagrams confirm the prediction of the weakly nonlinear theory of a loss of stability
through a supercritical Hopf bifurcation.
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Figure 3: Global periodic solution branches computed with AUTO [6] past a supercritical Hopf bifurcation for the

Schnakenberg kinetics. The continuation parameter in the left panel is D, with K,, = 5, while in the right panel K, is
used with D, ~ 2.17. N = 200 points discretize the radial direction.
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Figure 4: Amplitude of periodic solutions in the weakly nonlinear regime for the Schnakenberg reaction kinetics. The
red curve is computed with AUTO using N = 200 equidistant mesh points in the radial direction, while the black curve
is obtained directly from the normal form (3.8) for 0 < e < 0.1.
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Figure 5: Translation to the origin of the branches in Fig. 4. The curvature of the bifurcating branches is correctly
approximated by the weakly nonlinear theory.

Next, in the vicinity of the bifurcation point, (3.8) of Lemma 3.1 is used to predict the amplitude of the limit cycle.
A graphical comparison between this predicted amplitude and corresponding numerical results computed with AUTO is
shown in Fig. 4. In the left panel of Fig. 4 a slight shift in the bifurcation point caused by spatial discretization errors is
observed. As the mesh is refined, the gap between the bifurcation points computed from the spatially discretized system
and directly from the transcendental equation (2.10) by solving for pure imaginary roots is expected to shrink. This shift
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is not as apparent in the right panel of Fig. 4 since the bulk diffusivity D, was used to locate the Hopf bifurcation point.
From Fig. 5, the two branches essentially coincide after translation to the origin.

As a further validation of the weakly nonlinear theory, we now compare the predicted period of oscillations near
the Hopf point with corresponding numerical results extracted from PDE simulations. As shown in the right panel of
Fig. 6 for a particular choice of detuning vector p; normal to the stability boundary (see the left panel of Fig. 6), the
numerically computed period of oscillations is T, ~ 7.65. This value agrees well with the result (3.9) from the weakly
nonlinear theory.

Similar numerical experiments can be performed with the Brusselator reaction kinetics for the parameter set in the
caption of Fig. 2. The results are qualitatively similar, with both the numerical results and the weakly nonlinear analysis
predicting a loss of stability through a supercritical Hopf bifurcation. The periodic solution branches are displayed in
Fig. 7 for the membrane-bound activator. Despite the slight shift in the bifurcation point, we observe a good agreement
between the curvature of the branches computed with AUTO and from the weakly nonlinear theory (3.8). Moreover, at
the bifurcation point, the magnitude of the eigenvalues is larger for the Brusselator than for the Schnakenberg model.
This leads to a smaller oscillation period T}, ~ 2.7719 for the Brusselator. The corresponding full numerical simulation
of the reduced PDE-ODE model is given in Fig. 8 for ¢ = 0.1 and p; = (0,1)%.
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Figure 6: Full numerical simulation of the reduced PDE-ODE model with Schnakenberg kinetics. The right panel shows
the membrane-bound activator u(t) (red curve) which oscillates around the equilibrium solution (blue line). Notice here
the good agreement with the solution in the weakly nonlinear regime (black dashed coinciding curve). Implicit-explicit
time-stepping (SBDF2) [24] is employed from an initial condition given by (3.7) with ¢ =0, 65(0) = 7 and € = 0.1. The
bifurcation point and detuning vector respectively satisfy po = (5,2.17)T and p; = (0.6,0.8)7. The parameter values for

the simulation are indicated in the left panel by a red dot.
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Figure 7: Periodic solution branches past a supercritical Hopf bifurcation with the Brusselator reaction kinetics. N = 200
equidistant meshpoints discretize the radial direction for the radially symmetric reduced PDE-ODE model. Left panel:
plot of the norm of the global solution branches computed with AUTO. Middle and right panels: local branching behavior
predicted from the weakly nonlinear theory and from the bifurcation software AUTO are favorably compared.

As a result of the slight discrepancy between the bifurcation points computed in the spatially discretized system
as compared to the weakly nonlinear theory, it is misleading to compare the result of a simulation with the analytical
solution at a fixed parameter value. Therefore, a numerical convergence study as the mesh size h = R/(IN — 1) decreases,
with N being the number of nodes used to discretize the radial direction (assuming azimuthal symmetry), is provided in
Fig. 9. Since second-order centered differences are used, a quadratic rate of convergence is expected. Letting pg"™ and

1™ denote, respectively, the bifurcation points in the spatially discretized versus continuous systems, we expect that
"™ = g™ N2 < O(h?) (4.1)

as h tends to zero. This (roughly) quadratic convergence is confirmed in Fig. 9 where we computed the slope « of the
two curves, characterizing the convergence rates, as

Schnakenberg (left): v =~ 2.078, Brusselator (right): v ~ 2.008. (4.2)
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Figure 8: Full numerical simulation of the reduced PDE-ODE model with Brusselator kinetics. The same numerical
method and initial condition used in Fig. 6 are employed here. The parameters are ¢ = 0.1, ug = (5,2.32)7 and
w1 = (0,1)T. The red dot in the left panel indicates o + €21, where the simulation is performed.
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Figure 9: Convergence of numerically computed Hopf bifurcation points D, as the step size decreases for the Schnaken-
berg (left panel) and Brusselator (right panel) reaction kinetics with K, = 5 and all the other parameters being the same
as in Fig. 1 and Fig. 2. Horizontal and vertical axis are displayed in a log scale. The computation of the bifurcation point
in the spatially discretized system is performed with the software coco [4]. The reference bifurcation point is obtained
directly by solving the transcendental equation (2.10) for a pair of purely imaginary roots +iA; and, therefore, is more
accurate.

Next, we illustrate a delayed bifurcation behavior for the onset of oscillations. It is well-known that a slow sweep of
a parameter through a Hopf bifurcation point can cause delayed transitions to oscillatory dynamics in systems of ODEs
[1]. In order to observe such a delayed Hopf bifurcation effect in our PDE setting, the following numerical experiment
was performed: We let K < 1 be a second small parameter and u(t) € R? be a time-dependent vector of bifurcation
parameters such that

() = o + (1 — ~t)ps. (4.3)

Here, the parameter € does not need to be particularly small because the weakly nonlinear results from §2 and §3 do
not apply to time-dependent bifurcation parameters. Full numerical results of the delayed bifurcation are shown in
Fig. 10. The initial vector of bifurcation parameters is 1(0) = po — &2y, for which the solution decays exponentially. The
“static” bifurcation point is reached when ¢t = k1, after which the instability region is entered and sustained oscillations
are expected. However, because of the slow parameter sweep, the transition to oscillations is delayed; an effect clearly
observed in Fig. 10.

Next, we show that with Brusselator kinetics, there is a parameter regime where the Hopf bifurcation switches from
supercritical to subcritical. A new linear stability phase diagram illustrating this transition is shown in Fig. 11. For
this parameter set, the Hopf locus, provided by the trivial n = 0 mode (black curve), is the primary instability. The
same parameter values as given in the caption of Fig. 2 are used here, with the only difference being that the Brusselator
kinetic parameter b has been increased from b = 7.5 to b = 8.7. For this parameter set, we conclude that ratios of bulk
diffusivity and coupling given by D, /D, > 1 and K, /K, = 1 are sufficient for the Hopf bifurcation to be subcritical.
Alternatively, when D, /D, ~ 1 and K, /K, > 1, the Hopf bifurcation is supercritical. This criticality change is also
shown in Fig. 12, where we clearly observe that the real part of the cubic term coefficient in (2.80) changes sign at some
point along the Hopf locus.

To confirm this transition to a subcritical Hopf bifurcation as predicted from our weakly nonlinear theory, we perform
numerical simulations near the intersection point of the Hopf locus in Fig. 11 and the horizontal line D,, = 9. The global
bifurcating branch computed with AUTO is shown in the left panel of Fig. 13. In the right panel of Fig. 13 we plot the
corresponding numerically computed period of oscillations. These numerical results confirm the predicted loss of stability
through a subcritical Hopf bifurcation. The results also suggest bistability between a large amplitude limit cycle and
the steady state solution in a small parameter window prior to the bifurcation point. From the left panel of Fig. 13, the
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Figure 10: Delayed Hopf bifurcation for the Brusselator kinetics with x = 1072, ¢ = 0.5, po = (5,2.32)7 and p; =
(0.63,0.78)T (see (4.3)). The left panel shows the path of the time-dependent parameter sweep, with the initial and
final points being in the stability (bottom left) and instability (up right) regions, respectively. Numerical results for the
membrane-bound activator u(t) are shown in the right panel. The “static” bifurcation point is reached when ¢ = 1000,
but the transition to a periodic solution is delayed. The reduced PDE-ODE model (because of azimuthal invariance) is
discretized using the method of lines. The stiff ODE MATLAB solver ode23s is used for the numerical time integration.
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Figure 11: Stability curves associated with the modes n = 0, 1, 2 in the plane of parameters (K, D,) for the Brusselator
kinetics. Other parameter values are R =1, D, =1, 0, = 0, = 0.01, K, = 0.1,d, = d, = 0.5,a = 3 and b = 8.7.
The region of linear stability is located to the left of the n = 0 stability boundary, which corresponds to a locus of
Hopf bifurcations. In the right panel, the symbol ’o’ indicates a supercritical bifurcation while '+’ indicates a subcritical

bifurcation. In the right panel, notice the transition from sub to super-criticality along the n = 0 Hopf locus (black
curve).
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Figure 12: Transition from a supercritical to a subcritical Hopf bifurcation for the Brusselator kinetics. The plot shows

that the real part of the coefficient ga100 in (2.80), when numerically evaluated along the Hopf stability curve in Fig. 11,
exhibits a sign-change.
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stable and unstable branches of periodic solution merge at a fold point around K, = 0.8.
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Figure 13: The left panel shows the global bifurcating branch for the membrane-bound activator species. The right
panel shows the numerically-computed period as a function of the coupling K, when D, = 9 (other parameters as in the
caption of Fig. 11). Notice that the initial point matches the linear period predicted by the asymptotic theory, indicated
by a black ”x”. The computation is performed with AUTO using N = 200 radial grid points in the bulk.

In Fig. 14, we compare the numerically computed amplitude of oscillations against results from our weakly nonlinear
theory for € = 0.025. Despite the slight shift between the bifurcation points, good agreement is once again obtained.
However, we notice that the range over which the two branches coincide is much more narrow than for their supercritical
counterparts. This is likely due to the real part of the cubic term coefficient in (2.80) having a rather small magnitude
when D, = 9 (see Fig. 12), which suggests that the unresolved quintic term in the normal form may be quantitatively
significant.

Finally, in Fig. 15 we show numerical PDE results of large amplitude relaxation oscillations that can occur on the
horizontal line D, = 9 in Fig. 11. These oscillations, characterized by sharp variations followed by a rest period, are
often observed in simpler ODE models having a subcritical Hopf bifurcation. They are qualitatively distinct from the
harmonic-type oscillations in Fig. 6 and Fig. 8.
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Figure 14: Local unstable periodic solution branch past a subcritical Hopf bifurcation for the Brusselator kinetics with
D, = 9 (other parameters as in the caption of Fig. 11). The red curve is obtained through numerical continuation
using AUTO, while the black curve is the amplitude ugm;, as predicted by the weakly nonlinear theory in (3.8) with
e=25x10"2
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Figure 15: Highly nonlinear relaxation-type oscillations near a subcritical Hopf bifurcation for the Brusselator kinetics.
As shown in the left panel, the simulation is performed on the horizontal line D, = 9 with £ = 0.1. In the middle panel,
the numerically computed spatio-temporal bulk oscillations are plotted for the activator species U(r, t), with the radius r
on the vertical axis and time t on the horizontal axis. The right panel shows the corresponding relaxation oscillations for
the membrane-bound activator species. The initial condition corresponds to the unstable periodic solution in the weakly
nonlinear regime as given by (3.7) with 65(0) = 5, ¢ =0, ¢ = 0.1.

4.1.2 Turing patterns arising from pitchfork bifurcations

In this subsection the formation of spatially inhomogeneous steady states close to a pitchfork (or Turing) bifurcation
is investigated numerically. Since there is no azimuthal invariance near such bifurcations, one cannot use 1-D finite
differences to spatially discretize the system as in §4.1.1. Hence, the full spatial structure of the model must be considered,
and its discretization is done with the finite element method as implemented by the PDE Toolbox of MATLAB [21].
To be more precise, linear triangular elements are used to discretize the bulk domain, while the 1-D Laplace-Beltrami
boundary diffusion operators is handled with second-order centered differences using the nodes attached to the boundary.

As mentioned in [2], the computation of general equilibria to system of elliptic PDEs posed on arbitrary 2-D or 3-D
domains is a challenging task. For these domains, the spatial discretization yields large and sparse systems of nonlinear
equations for which traditional software like AUTO [6] and MATCONT [5] are of limited use. It is to address these
issues that a number of new MATLAB packages such as pde2path [25] and Computational Continuation Core (COCO) [4]
have emerged in the research community. While pde2path has been specifically designed for systems of elliptic PDEs, it
cannot handle nonstandard boundary conditions like those encountered in bulk-surface coupled models. The base state
can be computed using the Equilibrium Point toolbox from COCO, but our attempt to compute the global bifurcating
branch at a pitchfork bifurcation point has been unsuccessful. From a numerical bifurcation analysis perspective, the
situation is rather degenerate since rotational symmetry results in two critical eigenfunctions at the pitchfork bifurcation
point. Consequently, the results exhibited in this section mostly rely on full numerical time-dependent simulations using
Implicit-Explicit time-stepping; an approach that unfortunately only reveals stable steady states (either patterned or
patternless). In practice, the simulation is stopped when the relative distance between the current and the previous time
step becomes smaller than some given tolerance. More details regarding the spatial discretization and the numerical
methods are given in Appendix A.

First, the loss of stability of the modes n = 1 through subcritical pitchfork bifurcations as the coupling rate K,
increases is investigated numerically. The reader is referred to Fig. 1 and Fig. 2, where we consider the horizontal
line D, = 5 and its intersection with the n = 1 pitchfork curve. In the right panel of Fig. 16 the amplitude of the
membrane-bound activator species for the Schnakenberg kinetics is shown. The black curve is the unstable bifurcating
branch and is only valid locally. In theory, the unstable (black) and the stable (red) branches should merge at a turning
(or fold) point near K, =~ 2.7976. Such a feature cannot be detected with the weakly nonlinear analysis from §2 or
with direct time-stepping numerical simulations. Instead, numerical continuation methods must be employed. Having
discussed the challenges associated with such a task earlier in this subsection, the computation of the full branch is an
open problem. Nevertheless, the solution in the weakly nonlinear regime can be used as an initial condition for a direct
numerical simulation, with the anticipation that it evolves to the stable branch. The result of such an experiment is
shown in Fig. 17 for € = 0.01.

The results of similar experiments using the Brusselator kinetics with D, = 5 (see the phase diagram in Fig. 2) are
shown in Fig. 18 and Fig. 19. Notice here that the unstable branch goes farther backward than in the Schnakenberg case
before reaching a ”turning point” at around K, = 2.66. The pitchfork bifurcation point is at K,o ~ 3.02. Again, this is
an example of a hard loss of stability of the base state.

Despite being unable to compute bifurcating branches using numerical continuation methods, the package CcOCO
(cf. [4]) can be used to estimate the shift in bifurcation points between the full model and its finite element discretization.
In Fig. 20 we show the results of such a convergence study, where hp.x is the maximal distance between two nodes on the
mesh. Letting N be the number of equidistant nodes on the circular boundary, then Ay is chosen as hyax = 27R/N.
As hpax tends to zero, the discrepancy between the bifurcation points is expected to converge like

g™ = g™ l2 < O(hy

lTlaX) ’

(4.4)
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Figure 16: Subcritical pitchfork bifurcation with the Schnakenberg kinetics and D,, = 5 (the other parameters are given
in the caption of Fig. 1). The left panel is a magnified version of the stability diagram near the bifurcation point for
¢ = 0.1. The stability region is located to the right of the blue curve, while the red curve indicates the parameter
path. The right panel displays the maximal amplitude of the membrane-bound activator, with the black curve obtained
from the weakly nonlinear theory (2.81) while the red curve is computed through successive numerical simulations. The
boundary of the circular bulk domain is discretized with N = 200 nodes.

1r 1.2 - - - - -
/g‘\ A
08 0955 o 1 ¢ = = !
=
el = / \
L ost B
0.4 0.95 = ‘— = WNA = Steady state —FEM—IMEX‘
0.6 ! ! ! ! ! ! !
0.2 -4 -3 -2 -1 o 1 2 3 a
0.945
[o]
1.1
-0.2 F 0.94 g
o3
o2
0.4 S 7 1
0.935 =F
-0.6 ~ 09 | 4
=
=
N L 0.93
0.8 0.8
-4 4
-1

-1 -0.5 o 0.5 1

Figure 17: A numerically computed stable pattern for ¢t & 45452 in the vicinity of a subcritical pitchfork bifurcation
under Schnakenberg kinetics. The black dashed curves in the right panel correspond to the unstable membrane-bound
patterns, while the red curves correspond to the stable patterns. The solution in the weakly nonlinear regime, as given
by (3.15) with € = 0.01, n = 1 and 6,, = 0, is used as an initial condition. Because the critical eigenvalues are very small
near the bifurcation point, the numerical solution only very slowly reaches the stable patterned state.
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Figure 18: Subcritical pitchfork bifurcation with the Brusselator kinetics, D, = 5, and € = 0.75 (the other parameters
are given in the caption of Fig. 2). Again, the unstable branch goes backward, under which the base state solution is
linearly stable. The boundary of the circular bulk domain is discretized with N = 200 nodes.
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for some positive power . Estimating the slope of the curve in the right panel of Fig. 20 yields v ~ 1.97. Similar
quadratic convergence rate was obtained for bifurcation points of systems with radial symmetry discretized with simple
finite differences (see §4.1.1).
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Figure 19: A numerically computed stable pattern at ¢ = 1000 (red curve), near the steady state, as evolved from the
unstable branch near a subcritical pitchfork bifurcation with the Brusselator kinetics and € = 0.1. The left panel shows
the corresponding solution in the bulk.
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Figure 20: Convergence of pitchfork bifurcation points between the continuous versus the spatially discretized system
on the vertical line D, = 5 for the Brusselator kinetics (see the plots in Fig. 2). The right panel plots on a logarithmic
scale the distance between the bifurcation points in the discrete versus continuous systems as hpax tends to zero. The
left panel shows the standard FEuclidean norm of the base state solution as the parameter K, increases past the pitchfork
bifurcation point when N = 128 nodes are used on the boundary, yielding a maximal distance of hy,q, ~ 4.9 x 1072,

In a different parameter regime, we now show that under Brusselator kinetics the branching behavior at the pitchfork
point can be supercritical instead of subcritical. For the parameter set in Fig. 21 a new pitchfork bifurcation locus is
plotted in the D, versus K, parameter plane. By numerically evaluating the cubic coefficient of the normal form (2.81),
the weakly nonlinear theory from §2 now predicts a supercritical pitchfork bifurcation (see the right panel of Fig. 21). In
comparison with the parameter set used for the subcritical case in Fig. 2, we took a slightly different value for b in the
Brusselator kinetics, while the surface diffusion coefficients were increased to d,, = d,, = 1.

To validate the prediction of supercriticality, numerical bifurcation results and full PDE simulations are undertaken
near a bifurcation point on the stability boundary. In the right panel of Fig. 22 the amplitude of the patterned state
for the membrane-bound activator when K, increases on the horizontal line D, = 15 is shown. Here, a rather close
agreement between (2.81) from the weakly nonlinear theory and the numerical bifurcation results is obtained because
the bifurcating branch is stable. Moreover, as predicted by the theory, the amplitude of the patterned state scales as
the square root of the distance from the bifurcation point. The corresponding stable pattern computed from full PDE
simulations with ¢ = 0.1 is shown in Fig. 23 and favorably compared with results from the weakly nonlinear theory.

Next, we give a convergence study comparing Wrgas, the numerical solution to the spatially discretized system, with
the leading-order asymptotic solution (3.15) in the weakly nonlinear regime, and denoted by Wiy 4. Such an experiment
is only valid when testing a stable patterned solution arising from a supercritical pitchfork bifurcation. Referring to
Fig. 23, the stable pattern for ¢ = 0.1 is repeatedly computed while decreasing hmax on a uniform grid. For each
hmax value, the error is estimated using the weakly nonlinear asymptotic solution as a substitute for the unknown exact
solution.

A plot of the error as a function of hpa.x is shown in Fig. 24, where two different solution measures are employed.
Assuming sufficient regularity of the exact solution, and given that the mesh consists of linear triangular elements, the
error is expected to behave like

||W — WFEM||L°° <0 (hl?nax| log hmax|) , as hmax — 0, (45)
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Figure 21: Left panel: the pitchfork bifurcation (n = 1 mode) curve in the D, versus K, parameter plane for Brusselator
kinetics with a = 3 and b = 5. Other parameter values are R =1, D, =1, 0, = 0, = 0.01, K, = 0.1, d, = d, = 1.
The region of linear stability is to the left of the curve. Right panel: the corresponding coefficient ggg21 of the cubic term
in the normal form (2.81), along the pitchfork bifurcation locus. This coefficient is negative, indicating a supercritical
pitchfork bifurcation.
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Figure 22: Stable bifurcating branch past a supercritical pitchfork bifurcation for the Brusselator kinetics, with the

are as given in Fig. 21. The left panel shows the parameter
Ugmyp, as obtained from the weakly nonlinear theory (2.81),

rightmost point corresponding to € = 0.2. The parameters
path past the bifurcation point. The right panel compares
with numerically computed results from PDE simulations.
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Figure 23: Stable pattern near a supercritical pitchfork bifurcation of the n = 1 mode with € = 0.1, corresponding to
the point indicated by a blue triangle on the bifurcation branch plotted in the right panel of Fig. 22. Left panel: contour
plot of the activator concentration in the bulk (U). Right panel: membrane-bound patterns. A close agreement between
the weakly nonlinear theory predicted by (3.15) (black dashed curve) and the (nearly coinciding) numerical PDE results
(red curve) is obtained. Here the nonzero phase 6,, in (3.15) was calculated from the numerical solution, whose initial
condition is a linear combination of the base state solution with the critical eigenvectors of the Jacobian of the spatially
discretized system.
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using the L norm (see remark 4.41 in [12]). For the L? norm, quadratic convergence rate is expected (see Theorem 4.34
in [12])
W = Weemlle <O, as  Amax — 0. (4.6)

The plots in Fig. 24 confirm the bounds given in (4.5) and (4.6), with the error as measured with the L> norm (right
panel) converging slightly faster than expected. The choice of a temporal discretization, along with an associated stopping
criteria for the solver, may influence the convergence of the numerical solution. Although it should not affect the speed
of convergence, the error estimates are also biased since we are using the leading-order asymptotic solution (3.15) as a
proxy for the exact solution.
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Figure 24: Convergence of the numerical solution as Amyay approaches zero. Left panel: error measured with the L? norm
(red curve) is compared with h2 . Right panel: the error in the L norm (black curve) is compared with h2 _|10g hmax|-
The approximate weakly nonlinear solution is obtained from (3.15) with € = 0.1, n = 1 and the correct phase 6,, (so that

the numerical solution matches the solution in the weakly nonlinear regime).

4.2 Codimension-two bifurcations

As shown in Fig. 1 and Fig. 2 for the Schnakenberg and Brusselator kinetics, respectively, the stability curves associated
with the Hopf mode n = 0 and the pitchfork mode n = 1 intersect at a unique codimension-two bifurcation point. In
this subsection, we use the weakly nonlinear theory developed in §3.2 to explore the dynamics of the full model in the
vicinity of such a point.

Near a codimension-two bifurcation point, a linear approximation of the intersecting stability curves is obtained by
using the leading-order result (2.82) from the weakly nonlinear analysis. This is done by applying Lemma 3.3 to the
generic single-mode stability boundary defined in (3.25). This yields,

™

51=T(H1):M0+R( 5

™
) 90010 5 B2=T(Hz)=po+R (§> R(g1000) , (4.7)
where 81 and (o are, respectively, tangent to the pitchfork and Hopf stability boundaries.
Next, the cubic term coefficients in (3.20) are evaluated numerically for the Brusselator and Schnakenberg models.
These results are given in Table 2. The dynamics of the truncated normal form (3.20) are then classified in Table 3 into

two distinct cases. In this table, the reader is referred to (3.22) for the definition of 7, n and d.

Table 2: Numerical evaluation of the coefficients p;; in the normal form (3.20) for the codimension-two bifurcation point
for the Schnakenberg and Brusselator kinetics. The parameter values are the same as in the caption of either Fig. 1
(Schnakenberg) or Fig. 2 (Brusselator).

Schnakenberg | Brusselator
o | (4.26,3.10)T | (4.25,3.38)T
P11 0.19096 1.3146
D12 —1.2752 0.87043
P21 —2.3796 —0.52089
D22 —0.48351 —0.162

Table 3: Two specific pitchfork-Hopf unfoldings (see Table 7.5.2 in [13])

Schnakenberg (case VIII) | Brusselator (case VIa)
d -1 -1
ol <0 >0
n <0 <0
d—nn <0 >0
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Figure 25: Parametric portraits in the space of generic parameters (d1, d2) (left panel) and original bifurcation parameters
(K, Dy) (right panel) for the Schnakenberg kinetics with parameter values as in Fig. 1. In the left panel, the line H; is the
vertical do-axis (blue), while the line Hy is the horizontal d;-axis (black). The semi-infinite lines 7} and Ts, respectively,
correspond to the red dashed and full lines. Application of the map (3.28) to the curves in the left panel yields the curves

in the right panel. In particular, the lines Hy o are mapped to 512 (see (4.7)), which are tangent to the pitchfork and
Hopf stability boundaries.
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The mixed-mode equilibrium F3 from panels 4 and 5 is a hyperbolic saddle.
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Phase diagrams of the coupled system of amplitude equations (3.21) with unfolding of type VIII (see [13]).
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From Table 3, and based on §4.2, it follows that the case involving the Schnakenberg kinetics is simple, whereas for
the Brusselator kinetics the mixed-mode equilibrium F3 undergoes a Hopf bifurcation that is degenerate in the truncated
cubic normal form. In this more difficult case, it is an open problem to calculate the fifth-order term in the normal form
which, if nonzero, would eliminate this degeneracy.

Parametric portraits for the simple case are given in Fig. 25. The four lines Hy, Ho,T1, and Ts divide the (41, d2)
parameter plane into six open regions, for which the corresponding phase portraits are shown in Fig. 26. In region 1, there
is a unique unstable equilibrium Fy. Stability is gained when crossing into region 2, which also generates an unstable
equilibrium FE;. When entering region 3 from region 2, a stable equilibrium (Es) bifurcates from the origin while Ey
becomes unstable again and F; remains unstable. From regions 3 to 4, the mixed-mode equilibrium FE3 bifurcates from
E,. Next, entering region 5 from region 4 causes E; to vanish. When finally crossing the 73 line into region 6, the
mixed-mode equilibrium collapses with the single mode equilibrium Fs, causing Fs to lose stability. Moreover, when it
exists in regions 4 and 5, the mixed-mode F35 is a hyperbolic saddle whose stable manifold forms the boundary between
the basin of attraction of the stable equilibrium F5 and some unknown dynamics with large w amplitude.

Restoring the angular variable to (3.20), some equilibria must be interpreted differently. In Fig. 26, the phase portraits
may be viewed with the r-axis rotating around the w-axis. Hence, both F> and E3 now correspond to limit cycles, with
their stability properties remaining the same. The equilibria Fy and E; each remain steady states of the system. The
line Hy becomes a supercritical Hopf bifurcation, H; remains a subcritical pitchfork bifurcation, while 77 and 75 each
remain a mixed-mode bifurcation.

Since for this simple case the nondegeneracy conditions are satisfied, the stability results associated with the normal
form can be interpreted in the context of the bulk-surface PDE model. The origin Ey becomes the base state (2.3), E4
corresponds to an unstable Turing-type pattern of the first circular harmonic, and Ey to radially symmetric nonlinear
oscillations. The mixed-mode Fs3 corresponds to nonlinear oscillations around a spatially inhomogeneous equilibrium,
which is a type of breather solution. When mapped to the parameter space defined by K, and D,,, its area of existence
becomes fairly narrow (see regions 4 and 5 in the right panel of Fig. 25). Because the mixed-mode solution possesses the
stability property of a saddle, bistability between a radially symmetric periodic solution and a large amplitude Turing
pattern is expected in this region.

We remark that another equilibrium corresponding to a stable Turing pattern state must also exist because of the
dissipative nature of the system, which prevents the solution from becoming unbounded. In §4.1, numerical evidence for
the existence of such a large amplitude stable Turing pattern near a subcritical pitchfork bifurcation was shown for both
the Schnakenberg and Brusselator kinetics.

Although it is expected to be unstable, a numerical simulation starting very near the mixed-mode solution should
stay near it for some time before drifting away exponentially. PDE simulation results are presented in Fig. 27 for
parameter values taken in region 5 and with the initial condition corresponding to Es3. Good agreement between the
weakly nonlinear and numerically computed mixed-mode PDE membrane-bound patterns is shown in the left panel of
Fig. 28. This agreement is expected for early simulation time. In the right panel of Fig. 28, we observe that the difference
between the PDE numerical solution and the asymptotic mixed-mode solution in the weakly nonlinear regime grows in
time.

As time increases, our full numerical results show a transition toward a spatially homogeneous periodic solution.
However, in this parameter region, bistability is expected and a different initial condition may lead, instead, to a spatially
inhomogeneous equilibrium. Fig. 29 presents two simulation outcomes performed in region 5, where different initial
conditions have led to either a spatially homogeneous periodic solution or a stable Turing pattern.
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Figure 27: Interaction of a supercritical Hopf and subcritical pitchfork bifurcations for the Schnakenberg kinetics.
The simulation corresponds to region 5 (left panel). Right panel: a space-time contour plot of the membrane-bound
activator species u(6,t), showing oscillations around a spatial pattern. Equation (3.30) with € = 0.1, n = 1 and phases
60(0) = 6,, = 0 is used as an initial condition.

Next, we discuss the more intricate case that results from the Brusselator kinetics (see Table 3). Parametric portraits
are given in Fig. 30, with corresponding phase diagrams provided in Fig. 31. The regions 1, 2, 3, and 7 yield the same
phase diagrams as for the simple case analyzed above. Here, region 7 of Fig. 30 corresponds to region 6 of Fig. 25. When
crossing the line T} from regions 3 to 4, F3 bifurcates from F,, with E5 losing stability. In region 4, E3 is a stable
focus while Ey, F1, and Es are all unstable. On the line C, the equilibrium F5 undergoes a Hopf bifurcation within the
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these two solutions plotted versus time using the L? norm.
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Figure 29: Bistability between a spatially homogeneous periodic solution (left panel) and a stable Turing pattern (right
panel) for the Schnakenberg kinetics, with bifurcation parameters taken from region 5 with ¢ = 0.1. Left panel: the
initial condition is the mixed-mode solution in the weakly nonlinear regime, with the space-time contour plot showing
the long-time oscillatory dynamics of the simulation in the right panel of Fig. 27. Right panel: the initial condition is the
base state solution slightly perturbed with the critical eigenvectors of the Jacobian of the spatially discretized system.
Notice here that the oscillations become extinguished as time increases.

29



truncated system of amplitude equations (3.21). Because only cubic terms are included, the bifurcation is degenerate and
the family of limit cycles persist only on the line itself. Also, for this threshold value there is a heteroclinic connection
between the two single mode equilibria. In region 5, the four equilibria are unstable. Finally, between regions 5 and
7, the successive crossing of the lines 75 and Hs causes the mixed-mode equilibrium to collapse on FE;, after which E4
collapses at the origin.

Restoring the angular variable to the truncated system of amplitude equations, we expect torus (Neimarck-Sacker)
bifurcations for parameter values on a curve tangent to C' and an exponentially thin (as (41, d2) — 0) region of parameters
near C corresponding to some kind of chaotic behaviour (see [17] and [27]). The possibility of such intricate dynamics
is interesting, but it seems likely to be confined to an extremely small region of parameter space that would be virtually
undetectable in PDE simulations.
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Figure 30: Parametric portraits in the space of generic parameters (41, d2) (left panel) and original bifurcation parameters
(Ky, D,) (right panel) with Brusselator kinetics. The lines H; o and T7 o are described in the caption of Fig. 25, with the
additional line C' (equation (3.27)) in cyan color in the left panel. Applying the affine transformation defined in Lemma
3.3 yields the plot in the right panel.
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Figure 31: Phase diagrams of the truncated system of amplitude equations (3.21) with unfolding of type VIa (see
Fig. 7.5.5 of [13]). The phase diagram corresponding to the line C' in Fig. 30 is structurally unstable, i.e. the retention
of generic higher-order terms will remove the degeneracy of the Hopf bifurcation and introduce a heteroclinic orbit (see
[13] and [17] for more details).

In order to remove the degeneracy of the Hopf bifurcation, higher-order terms should be added to the normal form.
Since this challenging computation, starting from our coupled bulk-surface PDE model, is left as an open problem, some
bifurcation results from regions 4, 5 and on the line C' in Fig. 30 cannot be transferred to the original system. It is
nevertheless possible to investigate numerically the breather-type solutions within this narrow parameter regime (when
considering the space defined by the original bifurcation parameters). Fig. 32 shows simulation results for short times,
and for parameter values taken in region 5, where the mixed-mode solution is expected to be unstable.

The right panel of Fig. 33 shows that the distance between the numerical solution and the solution in the weakly
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Figure 32: Interaction of a supercritical Hopf and subcritical pitchfork bifurcations for Brusselator kinetics with e = 0.1.
The simulation corresponds to region 5 (see left panel). Right panel: a space-time contour plot of the membrane-bound
activator species u(6,t), which exhibits oscillations around some spatial pattern. The initial condition is the mixed-mode
solution in the weakly nonlinear regime.
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Figure 33: Same simulation as in Fig. 32 for the Brusselator kinetics, with ¢ = 0.1. Left panel: the membrane-bound
numerical (red curve) and the nearly coinciding weakly nonlinear (black dashed curve) solutions at time ¢ = 50. Right
panel: difference between these two solutions plotted over time using the L? norm.
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nonlinear regime grows over time. However, in contrast to the previous case with the Schnakenberg kinetics, the long
time integration in Fig. 34 clearly reveals a transition towards a spatially inhomogeneous steady state and the absence of
bistability with the spatially homogeneous periodic solution. This is consistent with the phase diagram for parameters
in region 5 in Fig. 30 and Fig. 31.
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Figure 34: Transition between the mixed-mode solution and a stable Turing pattern for the Brusselator kinetics for
bifurcation parameters taken from region 5 of Fig. 31 with ¢ = 0.1. Left panel: a space-time contour plot. Right panel:
plot of the L? norm of the numerical solution. The initial transient has been removed for both plots.

Finally, we remark that when applied to systems of PDEs, the normal form analysis of codimension-two bifurcations
must be interpreted with care, especially when degenerate local bifurcations occur in the system of amplitude equations
[28]. Moreover, the parameter regime and phase space ranges where the conclusions hold can be fairly narrow, making
it very difficult for PDE direct numerical simulations to reproduce delicate dynamical behaviors that occur in the ODE
amplitude equations.

5 Global dynamics via full numerics: rotating waves

In this section, full numerical simulations are used to briefly explore novel dynamical behaviors in the highly nonlinear
regime, away from bifurcation points, that are due to the bulk-surface coupling. For the Brusselator reaction kinetics,
we study the formation of rotating waves and show that they arise when a nontrivial spatial mode undergoes a Hopf
bifurcation. Allowing for different adsorption and desorption rates for each species seems to be a key condition behind
the formation of such waves.

We consider here a modified coupled bulk-surface model for which the rates of adsorption and desorption are different
for each species. Let r, and p, be the activator and inhibitor rates of adsorption. Similarly, let 4 and pg be the desorption
rates. Then, the boundary conditions in (1.3) are reformulated as

DuarU|7‘:R =Trqu — TIJ,U|T:R 5 DvarV|T:R = Pd¥ — paV|7‘:R . (51>

Similar boundary conditions are considered in [18] and [20]. These new boundary conditions modify the dynamics on the
surface, so that (1.4) is replaced by

u

dy
B Opots — rqu + U =g + f(u,v), O = —0pov — Pav + PaVr=r + g(u, v). (5.2)

('“)tu = R2

After calculating the radially symmetric base state for this modified bulk-surface model, a linear stability analysis readily
provides a transcendental equation for the growth rate A\ associated with the circular harmonic of mode n. In place of
(2.10), the growth rates are roots of F,,(\) = 0, where

2 2
rq nd, Pd n<d,
E,N) = X=fi+ ot m A—go+ T + — fog. (5.3)
u atn U v a n(QvR) 2 v w
L+ —D:Qul(,g(ﬂu)R) R L+ 56 o R

Following a remark from [18] on the conditions underlying the emergence of traveling waves, we restrict the parameter
space by setting the diffusion coefficients to be equal for both species. More specifically, the following set of parameters
is considered:

R=1,Dy=Dy=1, 0, =0,=05, dy=dp =05, 7o =0.1, rg =1, pa =1, pg=0.1, a =3. (5.4)

By allowing the Brusselator kinetic parameter b in (1.6) to be free in equation (5.3), in Fig. 35 we show numerically that
the system undergoes a series of Hopf bifurcations, each of which is associated with a spatial mode n. Notice in the left
panel of Fig. 35 that the trivial mode is the first to lose stability. Hence, we expect the waves to coexist with radially
symmetric oscillations in the fully nonlinear regime.
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For b = 8, full PDE numerical computations of this modified bulk-surface model reveal three distinct types of
temporally oscillatory solutions depending on the initial data. A clockwise rotating wave is shown in Fig. 36, an anti-
clockwise rotating wave is shown in Fig. 37, and finally a radially symmetric oscillatory solution is shown in Fig. 38. For
each case, appropriate initial conditions favoring a particular mode have led to the desired dynamics. We have also tried
to compute a standing wave by stimulating the modes n = 41, but our numerical results suggest such a solution to be
unstable.

6 6.5 7 7.5 8 8.5 9 9.5 10 6 6.5 7 7.5 8 8.5 9 9.5 10

Figure 35: Real (left panel) and imaginary (right panel) parts of the most unstable eigenvalues, computed from (5.3),
for the mode n =0, 1, 2 as the kinetic parameter b increases. The parameters are given in (5.4).
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Figure 36: Clockwise rotating waves for the Brusselator kinetics (1.6) with b = 8 and for the parameter set (5.4). The
initial condition corresponds to a perturbation of the base state solution favoring the mode n = 1. The left panel shows
a space-time contour plot of the membrane-bound activator species. In the right panel, the L? norm of the solution
converges to some equilibrium values after an initial oscillatory transient.

These numerical results give only a glimpse of novel global solution structures for coupled bulk-surface models that
can occur away from bifurcation points. A rigorous analysis of the existence of such rotating traveling waves, including a
precise determination of the parameter space involving the adsorption and desorption rates where they occur, is beyond
the scope of this paper.

6 Discussion

On a two-dimensional circular domain, we have introduced and analyzed a class of coupled bulk-surface reaction-diffusion
models for which a passive diffusion process occurring in the interior bulk domain is linearly coupled to a nonlinear
reaction-diffusion process on the domain boundary. In §2, a multiple time-scale approach was employed to systematically
derive amplitude equations near three different instabilities: the Hopf, the pitchfork (or Turing), and the pitchfork-Hopf
bifurcations. An interesting feature of our development of the weakly nonlinear theory of pattern formation for coupled
bulk-surface PDE models was the analysis of the spectral problem for the linearization, which involved the eigenvalue
parameter appearing in the boundary conditions. In §3, we used the normal form equations to determine the stability
of bifurcating branches in the weakly nonlinear regime. The theory was illustrated using the classical Schnakenberg and
Brusselator kinetics in §4, where good agreement between numerical and analytical solutions was observed. Our hybrid
analytical-numerical approach has shown that the linear coupling of a diffusive bulk to an active membrane can lead to
either oscillatory dynamics or pattern formation. Finally, the formation of rotating waves is explored through numerical
simulations in §5.

Several open problems related to coupled bulk-surface reaction-diffusion systems warrant further investigation. One
challenge concerns the computation of global bifurcating branches, a task amenable to numerical bifurcation analysis.
The classical software AUTO [6] has been successfully applied to the reduced 1-D radially symmetric model with angular
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Figure 37: Anti-clockwise rotating waves with the Brusselator kinetics (1.6) and the same parameter values as in Fig. 36.
The initial condition corresponds to a perturbation of the base state solution favoring the mode n = —1. The left panel
shows a space-time contour plot of the membrane-bound activator species. In the right panel, we see the L? norm of the
solution converging to some equilibrium values in a similar fashion as for the clockwise waves.
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Figure 38: Radially symmetric oscillations with the Brusselator kinetics and the same parameter values as in Figs. 36-37.
The initial condition corresponds to a perturbation of the base state solution favoring the trivial mode (n = 0). The left
panel shows a space-time contour plot of the membrane-bound activator species, which clearly exhibits spatially uniform
oscillations. In the right panel, the solution in L? norm undergoes sustained oscillations.
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invariance (in the context of Hopf bifurcations), but it cannot handle implicit systems of differential equations such as
those obtained after discretizing the full 2-D model using finite elements (see Appendix A for details). A promising
alternative to AUTO that has been explored is the software package coco (cf. [4]). The Equilibrium Point toolbox from
Cc0CO, combined with the PDE toolbox from MATLAB [21], has been used to compute base state solution families of the
full model. Successive mesh refinement has revealed quadratic convergence between the bifurcation points predicted by
the weakly nonlinear theory and as detected by coco. However, because of rotational symmetries, we have been unable
to numerically branch off at a pitchfork bifurcation point. These bifurcations are characterized by the crossing of two
nearly identical eigenvalues (spatial discretization causes some loss of symmetry) through the origin, and thus there are
two critical eigenvectors at the branch point. Further work in this direction is needed in order to numerically resolve the
bifurcating branch arising from this rather degenerate bifurcation point.

The weakly nonlinear analysis carried out in this work has revealed a rich bifurcation structure consisting of both
subcritical and supercritical codimension-one bifurcations, as well as codimension-two pitchfork-Hopf bifurcations. On
two occasions, the cubic normal forms derived in §2 were not sufficient to capture the dynamical behavior of the original
system up to topological equivalence. The first situation, discussed in §4.1.1 for the Brusselator membrane kinetics,
concerns the transition from a supercritical to a subcritical Hopf bifurcation. There, parameter values at which the
bifurcation becomes a degenerate Hopf (Bautin) bifurcation were found. For the same kinetics, the classification of
codimension-two bifurcations in §4.2 has also revealed some degeneracy in the phase portraits of the truncated system
of amplitude equations, which resulted from the mixed-mode equilibrium undergoing a Hopf bifurcation. For those two
cases, the computation of an additional (nonzero) term is needed to fully resolve the degeneracy in the normal forms.
Further details on this lengthy computation for simpler ODE models can be found in [17] and [13].

Through numerical simulations, our work has revealed the existence of clockwise and anti-clockwise rotating waves
coexisting with radially symmetric oscillations. Hence, an open question amenable to a more rigorous PDE theory
approach consists of proving the existence and the stability of the waves. Key to this problem is the appropriate
reformulation of the model into a moving coordinate frame. Also, it would be worthwhile to precisely delineate the region
in the adsorption-desorption parameter space where rotating traveling waves can occur.

With their confined geometry, and because of the clear distinction between the dynamics in the domain and on its
boundary, coupled bulk-surface reaction-diffusion models are ideal for investigating intracellular pattern-forming systems.
For instance, a bulk-surface model for the spatio-temporal Min protein patterning within E. Coli was formulated in [14]
in a two-dimensional elliptical geometry. To our knowledge, prior studies are often limited to linear stability analysis and
full numerical simulations (cf. [18], [20]). An open problem is to extend the weakly nonlinear theory developed in §2 to
some biologically relevant bulk-surface models in more general classes of domains (cylinders, spheres, ellipses).

Appendix A Numerical methods

In this appendix, the various numerical techniques employed in this paper are briefly explained. We first focus on the
finite differences discretization of the model with radial symmetry. Then, we present the finite element discretization of
the full bulk-surface reaction-diffusion system. Finally, the specific Implicit-Explicit time-stepping method used for most
numerical simulations is discussed.

A.1 Finite differences for the radially symmetric case

Assuming angular invariance of the coupled bulk-surface system, (1.2) and (1.4) become

ou D, 0 oU ov. D, 0 ov
&_r&‘(r&‘)_au(]’ 6t_r8r<rar>_avv’ 0<r<k, (A1)
du dv

Ky (u—="Ulr=g) + f(u,v), —Ky (v=Vl]=r) + g(u,v). (A.2)

dt dt
The coupling between the PDEs in the bulk and the ODEs on the boundary occurs through the same linear Robin-type
boundary conditions as given in (1.3).

We let h = R/(N — 1) be the step size, where N is the number of mesh points. We then approximate U;(t) ~
U(h(j — 1),t) and V;(t) = V(h(j — 1),t), for j = 1,...,N. Next, employing the method of lines yields the following

system of ODEs for the vector W = (Uy,...,Un,V1,..., Vy, u,v)T € R2NV+2;

W =AW + F(W). (A.3)

Here, A € RCGN+2)x(2N+2) j5 the block diagonal matrix defined by

DL — 0,0 — Ky(2+ §)enek 0 0
A= o) D,L—o,]— K,(2+ %)enek O], (A.4)
@) @) (@)
where I € RV*N is the identity matrix, ey = (0,...,1)T € RN and each instance of Q is an appropriate matrix of zeros.
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Also, L € RV*¥ corresponds to the discrete radially symmetric Laplacian, defined by

—4 4 0 0
. i -2 3 0
L:ﬁ : . . : (A.5)
0 o l-gx= 2 14wy
0 ... 0 2 —2

Finally, the nonlinear function F(W) : R2VN+2 — R2N+2 is defined by

K, (2 + l) uen

Ko (F + &) vex
-K, (U_ UN) —|—f(u,v)
—K, (v—=Vn)+ g(u,v)

F(W) =

A.2 Finite element discretization

Let Q be the two-dimensional circular bulk domain of radius R. In order to derive the weak formulation for equation
(1.2) at each t > 0, we multiply it by ¢ € H'(Q) and integrate by parts using the boundary conditions (1.3). This yields
that

/qSUt:Ku qﬁ(ufU)fDu/ng-VUfau/gbU, Vo € HY(Q), (A.7a)
Q N Q Q

/ Vi=K, [ ¢(v—V) va/ ws.VV—av/ oV,  Voe HYQ). (A.7b)
Q a0 Q Q
We then define an appropriate mesh on ). First, we can parametrize the boundary 02 by the arc-length as

00 ={X(0) eR*| 0< 0o < 2R} . (A.8)

For simplicity, the nodes on the boundary are chosen to be evenly spaced by an arc-length step size of do = 27R/N,
where N is the number of nodes on the boundary. Let Nyt denote the total number of mesh points in 2, which includes
those on the boundary. A partition can then be defined as follows:

Ap...={zi=X((i—1)do)|i=1,...,N}U{z;|||lz;]| < Rfori=N+1,..., Neotai} , (A.9)
where .y is the maximal distance between two adjacent nodes, defined by
Pmax = mjaxrin#i;j lz; — ] (A.10)
In Fig. 39, we plot two different meshes approximating the unit disk given N = 200 boundary nodes.
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Figure 39: Two different meshes approximating the unit disk for V = 200, obtained with the PDE Toolbox of MATLAB
[21]. In the left panel, the mesh is finer near the boundary than in the center of the bulk domain. In contrast, in the
right panel, we have set hy.x = do.

Now, let Sy, (€2) be the space of piecewise linear functions defined on the mesh A . and define a basis {¢;} such
that any element Uy € Sp, . () can be uniquely written as

max
Niotal

Ui = >, Uila)i(a). (A1)
i=1
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Hence, the weak formulation (A.7) is approximated as

/ oiUr = K, gbl u—U)— D, / Vo; VU — au/ o U, fori=1,..., Niotal, (A.12a)
/ oVi = K, gi)l v—V)—D, / V¢ - VV — av/ % fori=1,..., Niotal - (A.12b)
Assuming that the first basis functions ¢;(z) for i = 1,..., N form a piecewise linear basis for the polygonal approximation

of the boundary, we can approximate the bulk U, V' and surface u, v concentrations by

Niotal Niotal
Uhpe = Y, Ui(0)05(2), Vi, Z Vit)gi(x),  tn,,.. Zul )hi(T) ) Vna sz )oi(z).  (A.13)
=1

Then, substituting (A.13) into (A.12) we obtain the following linear system of ODEs:
MU = — (K,Q+ DK + 0,M) U + K,QB u, (A.14a)
MV = — (K,Q+ DK+ o,M) V + K,QB v, (A.14b)
where the vectors U, V' € RNwetat and u, v € RY are defined by
Ui(t) Vi(t) uy(t) vy (t)
U= : , V= ; , u= : , v= ; , (A.15)
UNyoranr (1) ViNiorar (1) un(t) un (t)

and the matrices M, K, and Q, all in RNtotat XNtotar - are
M; ; = / 95, Kij; = / VoiVo;, Qi = /a 0i0; ,7=1,..., Niotal - (A.16)
Q Q )

Finally, the rectangular matrix B € RN *Ntotat is defined by

B = [InuxNIONx(Nyorai—N)] 5 (A.17)

where [y is the identity matrix and Oy (n,,,,,—n~) 18 the appropriate matrix of zeros.
Simple finite differences are used to approximate the reaction-diffusion process on the boundary. Using the same
notation, (1.4) is approximated by

N N
o= dDyu— K, (u—BU)+ Y flu,v)ei,  b=dDyw—K,(v—-BV)+> glui,uvie;, (A.18)
i=1 i=1
where the vectors e; for i = 1,..., N form the standard Euclidean basis in RY. Also, D, € RV*¥ ig the discrete
one-dimensional Laplacian with periodic boundary conditions, defined as
-2 1 0 ... 1
) 1 -2 1 0
Dy=—| & . - - I A.19
N (4.19)
.01 =2 1
1T ... 0 1 =2

Now, let W (t) € R?Ntotat+2N he the time-dependent solution of the spatially discretized bulk-surface system, defined
as

(A.20)

Combining the equations in (A.14) with (A.18), we obtain an implicit system of differential equations for W, given by
CW = AW + F(W), (A.21)
where C, A € R(ZNeotar +2N) X (2Ntora1+2N) are block diagonal matrices defined by

M O (@) O

c_|e ™M o 0
0O O Iyxy O |
0O O O Iyxw (4.2
— (K,Q + DK + 0,M) 0 0O O
A 0 ~(K,Q+D,K+o,M) © O
0 0 D, 0 |’
0 0 0 dDs
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where once again each instance of @ is an appropriate matrix of zeros. Finally, the nonlinear terms in (A.21) are defined
as

K, QB u
K,QBTv
—K, (u—BU) + Zf\il fug,vi)e;
—Ky (v =BV) + Y1 g(us, vi)e;
We conclude this appendix with the definition of two different solution measures used in this paper. First, we define
the infinity norm as

F(W) = (A.23)

Wl = _ max [ef W], (A.24)

=4y.-3iVtotal

where the set {e;} forms the standard Euclidean basis in R?Ntotat*2N  Then, we can approximate the L?(W) norm using
quadratures as

W ||L20m) = VWTCW , (A.25)

where C is a mass matrix, defined in terms of M (see (A.16)), by

4 1 1

M O @) @) 1 4 1 ... 0

~ 0O M 0) ) . do | ..
C= O O Mgy 0 , with MNXN—F o e ] (A.26)

0O 0 QO  Mpyxn 0 1 4 1

1 0 1 4

A.3 Implicit-explicit time-stepping

Two different implicit-explicit time-stepping schemes have been used in our PDE numerical simulations: 1-SBDF and
2-SBDF, where the acronym SBDF stands for Semi-Implicit Backward Difference Formula [24]. The single-step method
1-SBDF is employed to obtain the appropriate initial condition for the multi-step method 2-SBDF. When applied to the
system (A.21), the two methods yield

1-SBDF : (C — AtA)W"™H = CW™ + AtF(W™"), (A.27)
2-SBDF : (3C — 2AtA)W ™ = ACW™ + 4ALtF(W") — CW"™ ! - 2AtF (W™ 1), (A.28)

where At is the time step and W™ ~ W (nAt) is the approximate solution. Hence, given an initial condition W, we
can compute the solution at the next time step W' using 1-SBDF, after which both W° and W are used as initial
conditions in 2-SBDF.

The same time-stepping can also be applied to the spatially discretized radially symmetric system (A.3), where one
simply needs to replace the matrix C with the appropriate identity matrix.

Finally, we remark that the time step At used in our simulations never exceeded 1072.

Appendix B Nondimensionalization

We derive here the dimensionless coupled bulk-surface reaction-diffusion system defined in equations (1.2)—(1.4). Let us
first consider an arbitrary two-dimensional bounded bulk domain €)¢, along with its one-dimensional boundary 0. If
U, T) and V(&,T) denote the bulk variables undergoing diffusion and linear decay, then they must satisfy

ou oV
87 = DuAu — Uuu, 87T

= DyAY —oyV, 5605, T>0. (Bl)
Here Dy and Dy are bulk diffusion coefficients, while o7, and oy, are constant decay rates. Next, equations (B.1) are
supplemented with linear Robin-type boundary conditions given by

Dz,{((?nsL{) = Kyu— Ky, Dv(@nEV) = Kyo — KyV, ¢ e 8(25, (B2)

where n¢ is the outward normal unit vector to the domain ()¢ while u, v are membrane-bound variables. The four coupling
parameters K, , K, , Ky and Ky in equation (B.2) model local exchanges between membrane-bound and bulk variables.
On the boundary 99, the dynamics of u(§,7") and v(§,T) are governed by a system of reaction-diffusion equations of
the form

Ju w,(Lu Lo ov w (Lu Lo
— =dyAsu— K+ Kyld + v, = _— — =d,A.0— K K Eal == 0 B.
5 dyAgu ult u V“Lf(u’u)’ 5T dyAs w¥ + VV+%Lg(M’M>’ £ €0, (B.3)

where d,, and d, are surface diffusion coefficients, while f(-,-) and g(-,-) are arbitrary dimensionless nonlinear reaction

kinetics. Here, u, L, v, and 7, are respectively typical mass, dimension and time-scale measures, needed for the units to
balance in each equation.
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Next, we explicitly state the units of the variables,

_ . ~ [mass] ~ [mass]
€]+ Dength], (1) [time], . [o]: (20 4], V) (B.4)
and the units of the parameters,
. . ) ~ [length]
[L] : [1ength]v [N] : [mass], KuvKU . [time] ) [KZ/{]v [KV] . [time} y (B 5)
_ [length]? 1 ’
[DM] > [DV] ) [du] ) [du] . W , [Uu] > [Uv] s [%] , [%] : [time] .
In this way, new dimensionless variables can be defined as
t =T, xz%, U(sc,t)zﬁu (Lx, t) , V(x,t):L—QV (Lx,t) ,
M Yu M Yu (B.6)

L t L t
u(z,t) = —u (Lx, ) , v(z,t)=—v (La:7 ) i
H Tu 1% Yu

We remark that the scaled bulk domain, denoted as €., has a typical dimension of O(1). For the case of a disk, the
typical dimension corresponds to the radius.

Upon substituting the variables defined in (B.6) within the system defined by equations (B.1), (B.2) and (B.3), we
readily obtain a dimensionless coupled bulk-surface reaction-diffusion system given by

8—U:DUAU—UuU7 8—V:DUAV—UUV, reQ,, t>0,

ot ot

Dy (0n,U) =rqu—rU, Dy(0n,V)=pav—pV, €I, (B.7)
% =dyAsu —rqu+r,U + f(u,v), % = dpAgv — pgv + poV + vg(u,v), x € 09,

where the new dimensionless parameters are each defined as

D, D d d
Du= -, Dy=—p- dy=15—, di=5—, ou=-%, o,=22,
L2y Ly, L2y L2y, Yu Yu (B 8)
_ Ky _ Ky _ K, _ Ky _ Yo
Td = —, Tq = y Pd=—"5 Pa= ) vT=—_-
Yu Ly Yu Ly, Tu

Our first assumption is that the time-scales of the nonlinear reaction kinetics are the same, which yields v = 1. Next,
to reduce the size of the parameter space, we will assume equal adsorption and desorption rates for each variable. Letting
K, and K, be new coupling rate constants, defined as

KuETa:rdv KvEpa:pda (BQ)

we obtain the dimensionless coupled bulk-surface reaction-diffusion system given in §1. In terms of the parameters of
(B.1)—(B.3), we are assuming by (B.9) that

K, K
Ky = L“ =Y

T KU - L

However in §5, we relax assumption (B.9) and allow for distinct adsorption and desorption rates in order to explore the
formation of rotating waves in a circular bulk domain.
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