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Asymptotics of the gradient of solutions to the
perfect conductivity problem

HaiGang Li* YanYan Li' and ZhuoLun Yang?

Abstract

In the perfect conductivity problem of composite material, the gradient of so-
lutions can be arbitrarily large when two inclusions are located very close. To
characterize the singular behavior of the gradient in the narrow region between two
inclusions, we capture the leading term of the gradient and give a fairly sharp de-
scription of such asymptotics.

1 Introduction and main results

It is important from an engineering point of view to study gradient estimates for solutions
to a class of elliptic equations of divergence form with piecewise constant coefficients,
which models the conductivity problem of a composite material, frequently consisting
of inclusions and background media. When the conductivity of inclusions degenerates
to be infinity, we call it a perfect conductivity problem. It is known that the electric
field, expressed as the gradient, in the the narrow region between inclusions may become
arbitrarily large when the distance between two inclusions tends to zero. In this paper we
characterize such blow-up rates of the gradient with respect to the distance and establish
its asymptotic formula in dimensions two and three, two physically relevant dimensions,
for two adjacent general convex inclusions.

Before stating our results, we first describe the nature of our domains. Let Q c R”,
n = 2,3, be a bounded open set with C* boundary, and let D} and D}, be two open sets
whose closure belonging to €2, touching at the origin with the inner normal of D7 being
the positive x,-axis. We write variable x as (', x,). Translating D} and D} by £ along
X,-axis, we obtain

Di:=Di+(0.3). and Dji=D;-(0.3).
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When there is no possibility of confusion, we drop the superscripts & and denote D :=
Df and D, := D5.

The conductivity problem can be modeled by the following boundary value problem
of the scalar equation with piecewise constant coefficients

{diV(ak(x)Vuk) =0 inQ, (1.1)

u, = @(x) on 0Q2,

where ¢ € C?(0Q) is given, and

{k €[0,1)U(l,00] inD; U D,,

ar(x) = = _—

1 in Q:=Q\ Dy UD,.

When k is away from O and oo, the gradient of the solution of (L.I)), Vuy, is bounded
by a constant, independent of the distance £. BabuSka, Andersson, Smith, and Levin [6]
computationally analyzed the damage and fracture in fiber composite materials where
the Lamé system is used. They observed numerically that |Vu,| remains bounded when
the distance ¢ tends to zero. Bonnetier and Vogelius [14] proved that |Vi,| remains
bounded for touching disks Dy and D, in dimension n = 2. The bound depends on the
value of k. Li and Vogelius [27] extended the result to general divergence form second
order elliptic equations with piecewise Holder continuous coefficients in all dimensions,
and they proved that |Vu,| remains bounded as € — 0. They also established stronger,
g-independent, C L@ estimates for solutions in the closure of each of the regions D;, D,
and Q. This extension covers domains D, and D, of arbitrary smooth shapes. Li and
Nirenberg [26] extended the results in [27] to general divergence form second order
elliptic systems including systems of elasticity.

In this paper, we consider the perfect conductivity problem when k = +oo. It was
proved by Ammari, Kang and Lim [1] and Ammari, Kang, H. Lee, J. Lee and Lim [4]
that, when D, and D, are disks of comparable radii embedded in Q = R2, the blow-up
rate of the gradient of the solution to the perfect conductivity problem is £7!/? as & goes to
zero; with the lower bound given in [1]] and the upper bound given in [4]]. Yun in [31}32]
generalized the above mentioned result by establishing the same lower bound, £~'/2, for
two strictly convex subdomains in R2. More finer results in this line, see [5,28]. Bao, Li
and Yin [7]] introduced a linear functional Q.[¢] and obtained the optimal bounds

n(E)Qcl ]l Cpn(8)|O:l ¢l
T e < IVull o) < — + Cllelle2 60
where C is independent of € or ¢, and
Ve, forn = 2;
on(€) =14 llogel™, forn =3;
1, forn > 4.

It may happen that for some ¢, |Q.[¢]| has positive lower and upper bounds independent
of £. It may also happen that for some ¢ # 0 (independent of €), Q.[¢] = 0. A similar
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result for p-Laplace equation was investigated by Gorb and Novikov [18]. In particular,
for p = 2, they proved that

1mM:&, for n=2,3,

e=0  py(€) C,
where R, is a constant multiple of Q.[¢], C, is an explicitly computable constant. The
rate at which the L™ norm of the gradient of a special solution for two identical circular
inclusions in R? has been shown in [22] to be £7!/2, see also [15] [30].

After knowing the blow-up rate of |Vu| with respect to &, it is desirous and important
from the viewpoint of practical applications in engineering to capture such blow-up.
Recently, Kang, Lim and Yun [20] characterize asymptotically the singular part of the
solution for two adjacent circular inclusions B; and B, in R? of radius r; and r, with &
apart,

2riry
u(x) = ——=(it - VH)(p)( In|x = pi| - In|x = pl) + g(x),
r +nr

for x € R?\ (B, U B,), where H is a given entire harmonic function in R?, p; € B and
D2 € B, are the fixed point of R| R, and R, R, respectively, R; is the reflection with respect
to 0B;, j = 1,2, ii is the unit vector in the direction of p, — py, and p is the middle point
of the shortest line segment connecting dB; and dB,, and |Vg(x)| is bounded independent
of £ on any bounded subset of R? \ (B; U B,). Then

2
Vuuj:’ﬂzzgﬁ-VHXpX )+ Vg ().

x=pil x—pal
In R?, an analogous estimate is obtained by Kang, Lim, and Yun in [21] in the narrow

region between two balls with the same radius r and when (/x> + x3 < r|loge|™. Am-

mari, Ciraolo, Kang, Lee, Yun [2] extended the result in [20] to the case that inclusions
D, and D, are strictly convex domains in R2. For two adjacent spherical inclusions in
R?, it was studied by Kang, Lim and Yun [21]. Bonnetier and Triki [13] derived the
asymptotics of the eigenvalues of the Poincaré variational problem as the distance be-
tween the inclusions tends to zero. The gradient estimates for Lamé system with partially
infinite coefficients were recently obtained in [9, [10, [11]. For more related works, see
13,8, [12] (16, [17, 24 25| 29]] and the references therein.

In this paper, we obtain estimates for perfect conductivity problems in bounded do-
mains in R”, n = 2, 3, analogous to [20, 21] in the whole space. Our estimates in bounded
domains in R? improve those in [21]] with a higher order asymptotic expansion. One of
the main ingredients in achieving these is an asymptotic expansion of the Dirichlet en-
ergy of the harmonic function v; in Q satisfying v; = 1 on dD;, and v; = 0 on Q \ dD;,
defined by the following

Av;=0 inQ,
V; = 5ij on 6Dj, l,] = 1,2, (12)
vi=0  on0Q.

Our method in deriving the asymptotics of the gradients are very different from that in
[2, 20} 21].



We assume that near the origin, dD; are respectively the graph of two C? functions
h, and h,, and for some Ry, k > 0,

hl(x’) > hz(x,), for 0 < |X,| < R(),
m(0) = ha(0) =0, Vuhi(0) =V,uh(0) =0, (1.3)
Vi,(hl(()') — hy(0") > «I, (1.4)

where I denotes the (n — 1) X (n — 1) identity matrix.
Here is the above mentioned ingredient, which has its independent interest.

Theorem 1.1. Assume the above with n = 2,3, 0D; and 0Q are of CH' k > 3. Let

vi € H 1(§~2) be the solution of (I2)), i = 1,2. There exist e-independent constants M,
i=1,2, and C, such that

1_1
Cea™ 2, ifn=2,
’fJVv,-IZ—( - +Mi)is{ / i=1,2,
Q

Pn(€) Cer %|logel, ifn=3,
where ky = % K3 = % and Ay and A, are the eigenvalues of Vi/ (hy = hy)(0").

Consider the perfect conductivity problem in the bounded domain Q:

Au=0 inQ,

Vu=0 onD;, i=1,2,

uly = ul- ondD;, i=1,2, (1.5)
u __ .

oD, B 0 i= 1,2,

u = ¢o(x) on 0€,

where ¢ € C°(0Q), and for x € dD;

u(x) — u(x +tv)

ou )
o= I
Here and throughout this paper v is the outward unit normal to the domain and the
subscript + indicates the limit from outside and inside the domain, respectively. u is the
weak limit of u;, € H'(Q), the solution of (I.I), as k — +oo. The existence, uniqueness
and regularity of solutions to (I.3)) can be found in the appendix of [[7].
We rewrite (L.3)) as N
Au=20 in Q,
M:C,' Ol’laDi, i:1,2,
ou  _ P
Jop e =0 i=1,2,

v~

(1.6)

u = @p(x) on 0Q,

where C; and C, are constants uniquely determined by the third line. As in [7]], we
decompose the solution u of (L.6) as follows

u(x) = Civi(x) + Cava(x) + vo(x), in Q, (1.7)
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where v, v, are defined by (I.2)) and v is the solution of

Avg=0 in ﬁ,
Vo = O on 8D1 U 8D2,
Vo = ¢(x) on 0.

For 0 < r < Ry, let

- {(x’,x,,) eRrR"| - g +hy(X) < x, < g + (), 1] < r}.
In order to obtain the asymptotic expansion of v;, we introduce an auxiliary function
e C*(Q), suchthatz = 1 on Dy, it = 0 on 0D, U 09,

Xy — ha(X') + 4§

0 = e ey M (1.8)

and
||ﬁ||Ck’l(R”\QRO) S C (19)

Similarly, we can study the asymptotic expansion of v, through an auxiliary function
it := 1 — @ in Qg,, with |[llcxigng, ) < C. Recalling the assumption (L.3) and (I.4), a
direct computation yields

) C|xl| _ 1
ax/ < —-, ax = ’
|0 i1(x)| &+ X2 (%) e+ h(x)—hy(x)

Now define a linear functional Q and a constant ® as follows:

6v0 (9\/2 6v0 ov;
Oly] : f f f -, (L.11)
oD’ 0 oDy sq Ov

X €Qp,. (1.10)

and o )
v+
®:= —an — :an~ VO, (1.12)
oQ o
where k, = %, K3 = W_, and for x € 0Q
_( )= lim u(x) — u(x —tv)
B t—0* t )

Note that ®/«, is the condenser capacity of dD] U 4D relative to Q. Here v}, v; and v}
are defined, respectively, by

AV =0 inQ :=Q\D;UD;, Av;=0 inQ,
v =8; ondD;\{0), i=1,2, and {v;=0  ondD;UdD;
vi=0 onodQ, vy = ¢(x) on Q.

(1.13)
The well-definedness and the boundedness that 0 < v}, v; < 1 can be seen from lemma
3.1 of [[7]] and above that.
We have the asymptotic expression of Vu in the narrow region between D; and D,
as follows:



Theorem 1.2. Let Q, D}, D be defined as the above. For ¢ € C'(0Q), let u € H'(Q) N
C'(Q\ (D, U D)) be the solution to (L3). Then

(i) ifn =2, 0D; and 0Q are of C*,

Vu = Q[Q&TNEVIJ + O(Dll@llco@ga), in Q; (1.14)

(ii) if n = 3, D; and 9Q are of C*', k > 3, there exists a positive e—independent
constant M, such that

Oly] (

Vu =
"7

_ + 0(1)e? %] 1ogg|—1)va + O()llgllcogay.  in Q,
|loge|l — M
(1.15)

where O(1) denotes some quantity satisfying |0(1)| < C for some e—independent con-
stant C.

The rest of this paper is organized as follows. In section[2] we first reduce the proof
of Theorem 1.2 to Proposition 2.1 and Proposition 2.2] below, one for the estimates of
IV(vi — W)l ) the other for the estimate of C; — C», then prove them in Subsection 2.2
and Subsection[2.3] respectively. Finally, we give the proof of Theorem[I.1lin Section [3l

Acknowledgements. The research of H.G. Li is partially supported by NSFC (1157
1042), (11631002) and Fok Ying Tung Education Foundation (151003). H.G. Li would
like to thank Professor Jiguang Bao for his suggestions and constant encouragement to
this work. The research of Y.Y. Li is partially supported by NSF grant DMS-1501004.
We thank the referees for helpful suggestions which improve the exposition.

2 The proof of Theorem

2.1 The strategy to prove Theorem [1.2]

This section is devoted to the proof of Theorem [I.2l We make use of the energy method
to single out the singular term of Vu. We only need to prove (I.14) and (I.13) with
llellcoae) replaced by [l@llc2aq). Indeed, since uy in (L) satisfies |lugll=@) < ll@llcooa)
we have by the convergence of u; to u (see Appendix in [[7]), ||ullz~@) < ll¢llco@q)- Taking
a slightly smaller domain Q; cc €, then ¢; ;= u |691 satisfies |l¢1llc2a0,) < Cllulli=@) <
Cll¢llcopgq) in view of interior derivative estimates for harmonic functions. The desired
identity (I.14) follows by working with u, Q; and ¢;. Without loss of generality, we
assume that ||¢||c2@aq) = 1, by considering u/|¢llc2@g0) 1if ll@llczoq) > 0. If ¢ |asz = 0 then
u=0.
From (L.7)), we have

Vu = (Cl - Cz)Vvl + CzV(Vl + Vz) + VV().



Noting that u = C; on dD; and ||u|| @ < < C (independent of &), using the trace embed-
ding theorem, we have
|Cy| +|Co] < C. (2.1

Since Avy = 0 in Q with vy = 0 on D, U dD,, and A(v; + v» — 1) = 0 in Q with
vi+v, —1=0o0ndD; UdD,, it follows from lemma 2.3 in 7] (or theorem 1.1 in [23]])
and the standard elliptic theory that

Vvl < € and [V + )|, m, < C. 2.2)

L2(Q) L2(Q)

Recalling the definition of & in Qg,, (L8], we first prove that the L* norm of V(v —it)
is bounded.

Proposition 2.1. Under the assumptions of Theorem I} let vi € H'(Q) be the weak
solution of (L.2)). Then

V01 = D)l o < C. 2.3)
Consequently,
C
—— < |V < —, € Qp,, 2.4
Clovep = IS e e ¢4
and
”VVlllLOO(ﬁ\QRO) < C. (2.5)

The proof will be given in Section 2.2l
On the other hand, from the third line of (I.6) and (I.7), the constants C; and C, are
determined by the following linear system

f 6\/‘1 f 8\/2 f 8\/0

Ci =0,

aD, 5V 6D1 aDI

le %+C2f 8\/2 f 8\/0 _
D, ov- aDZ aDZ

Similarly, as in [[7], we denote

0 0
aij = f ﬂ, bl‘ = —f &, l,] = 1,2
aD; ov- aD; ov-

Then (2.6) can be written as

(2.6)

a1Cy +anCs = by,
6121C1 + 6122C2 = bz.

By using Cramer’s rule, we have

by ap ay b by ay+ap

b, an a by by, ap +axn
C1 = , C2 = , and C1 - C2 =

ayn an ayn an ayn an

dzy dx dzy dx dz; dxy




By the Green’s formula, it is easy to see that a;, = a1, and

o, o,
app+ap =ayn t+axy =-— ——, a1 +daxp=aptdapy=-— -
0Q dv 80 ov
In view of
apn ap|_(an an +ap
ar;  axn a, ay +an|’
and denoting
0 0 0 0
QMmi[an W\f Wf il Q2.7)
ap, OV Jon 40
and 0 0 0 0
Vi oV V2 Vi
0O, := —|pa(e) —)f ( n(€) —)f -, (2.8)
(” oo ) S v T\ o o) o v
we have
Ci—C=pule )Q'9
0,

f Qe [‘P]

The following asymptotic expansion o in term of p,(€) is an essential part in the

proof of Theorem [1.21

Proposition 2.2. Under the same assumptions of Theorem [L.2] let Q.[¢] and O, be

defined by and 2.8), Ol¢] and © be defined by (I.11) and (I.12), respectively.
Then

Ocl¢l _ Qlyl _ Qlpl Mpi(e)
© O 0 1-Mpe)

+ E,(e)pn(e), n=2,3,

where M is an e—independent constant, and

1

o@rﬂmgq) ifn=3

The proof of Proposition[2.2] will be given in Section We are now in a position
to prove Theorem [1.2] by using Proposition 2.1 and Proposition[2.2]

Proof of Theorem[[.2l By using (2.1), (2.2)) and (2.3),
Vu = (C, — Cy)Vu + O(1).
It follows from Proposition 2.2] that
Ci-C  QOlel _ Oslel  QOly]

oe) O O, 0

Olg]l Mp,(e)
= — E, n\€).
o -t + E(£)pu(&)




So that

Olyl | Qly] Mop,(&)
0 © 1 - Mp,(e)
2@ (1 O
© 1 — Mp,(e)

Ci -G :Pn(é‘)( + En(g)pn(g))

+ En(S)pn(S))

Oly] ( 1 )
== FPhn —+E, n .
o ® A + E,(£)pn(€)
Thus,
Vu(x) =(C; — Cy)Viu(x) + O(1)
:%Pn(@ (m + En(S)Pn(S)) Vi(x) + O(1).
Theorem 1.2 follows easily from the above and Proposition 2.1. O

2.2 Proof of Proposition 2.1]
Proof of Proposition[2. 1l We denote

wi=v — il

By the definition of v; in (I.2), and the fact that v; = iz on D U 0D, U 02, we have

- 2.9
w=0 on 0Q2. 29)

{—Aw = Ai inQ,
Recalling the definition of &, (IL8) and (1.9),

litllcer @ap, ) < € (2.10)
By standard elliptic theories, we know that

wl + [Vw| + V2| < €, in Q\ Qg,.

Therefore, to show (2.3)), we only need to prove

VW10 < €

For (7, z,) € Qag,, denote
0(7) =+ h(Z)— (). (2.11)

The rest of the proof is divided into three steps.
STEP 1. Boundedness of the energy of w in Q:

ﬁ IVw|]* < C. (2.12)
Q
9



By the maximum principle, 0 < v; < 1. Recalling the definition of &, & is also
bounded. Hence

”W”Lm(ﬁ) <C (2.13)
A direct computation yields,
_ C _ Clx'| _ ,
|0, (X)) < 8+—|x’|2’ |0, #(x)| < m, Oy,x,i(x) =0, for (¥, x,) € Qg,.
So that
Al £ ——, € Q. 2.14
Adl < =, xe 0 (2.14)

Now multiply the equation in (2.9) by w, integrate by parts, and make use of (2.10),
(2.13) and (2.14),

f~|Vw|2:f:w(Aﬁ)sllwlle@ (f |Aﬁ|+C)s .
Q Q Qg

0
Thus, 2.12)) is proved.
STEP 2. Proof of

IVw?dx < C, for n>2, (2.15)
1Qs(2) fgz(;(z')

where
Q,(7) = {x cR"

S ) < % < 5 OO = 2] < 6},

and ¢ := §(Z) is defined in (2.11).

The proof is in spirit similar to that in [23]] and [10} [11], see in particular, the proof
of proposition 3.2 in [10]. For reader’s convenience, we outline the proof here. For
0 <t < s < Ry, let n be a smooth cutoff function satisfying n(x’) = 1 if |x' — 7| < ¢,
n(x) =0if X -Z|>s5,0<n(x)<1ift <|x¥-7Z| < s,and |Vyn(x')| < % Multiplying
the equation in (2.9) by wi? and integrating by parts leads to

C
f IVwl* < > f wi* + (s — 1)? f Aal®. (2.16)
Q@) (s =07 Jo,) Q,@)
Case 1. For Ve < |7/| £ Ry. For0 < s < %Z", note that
2 i . 2|7|
wl* <ClZ| IVwl", ifO0<s< . 2.17)
Q@) Q@) 3

Substituting it into (2.16)) and denoting

F(t) := f IVwl,
Qr(ZI)

we have

2
— 2 ’
F(s)+C(s—t)2f Aa*, YO0<t<s< 'Zl, (2.18)
Q) 3

712
Foo < (C0|Z| )

s—1
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where Cj is a positive universal constant.

Letk = | g | and #; = 6 + 2Coi [P, i = 0,1,2, -+ k. Taking 5 = f;,1 and £ = ; in
(2.18), and in view of (2.14),
C cr!
f Aal* < f —dx' < —2 < C(i+ D" (2.19)
Q@) It € T X1 12’1

we obtain the iteration formula
_ 1~
F() < ZF(tm) +CG+ )"

After k iterations, using (2.12),

k
Flto) < (14 F (o) + ClZP" Y (1741 < ci .

=1

f IVw> < ClZ)*".
Q5(z’)

Case 2. For 0 < |7/| < +/e. Estimate (2.17) becomes

f wl* < Cszf VWP, if 0<s< Ve
Q) Q(2)
Estimate (2.18]) becomes, in view of (2.16)),

This implies that

— Cie\? ~
F(t) < (S—l‘i) F(s)+ C(s — t)zf Aa*, YO0<t<s< Ve, (2.20)
- Q)

where C; is another positive universal constant. Let k = [leg] and t;, = 6 + 2C|ie,
i=0,1,2,---,k. Then by 2.20) with s = t,,; and ¢ = 1;, and using, instead of estimate

.19,

-2 C Ct;:—_ll . n—1 _n-2 :
|Au|” < dx; < < CAE+1D)"'e"? if0<s< Ve
Q@) |X' =2’ |<ti+1 €

e+ T
2.21)
we have

— 1 .
F(t;) < ZF(tiH) +C@ + 1)"_18"_
After k iterations, using (2.12)),
k
F Fi i
Flo) < (1/47F ) + CZ(1/4)"11"-13" < C(1/4)TF + Ce" < Cé&".
=1

This implies that

f IVw]?> < Cé".
Q5(z")
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In view of the definition of 6(z’), (2.13)) is proved.
STEP 3. Proof of (2.3).
By using the following scaling and translating of variables
x/ _ Zr — 5y/,
Xn = 6yn,

then Qs(z") becomes O, where

0 eR" 8+1h((5’+’)< <8+1h((5’+’)|’|< fi <1

r= S = n s = s s or — 1
y 2 T3 Yy +z y 75 T3 y +Z),yi<r r

and the top and bottom boundaries respectively become

7 ’ 1 & ’ ’ ’
yn:h1<y):=5(—+h1<6y +z>), i<,

2
and
7 ’ 1 & ’ ’ ’
Vo = Io(y') = 5(—5 + oSy +z)), ] < 1.
Then {
i (0') =y (0) 2= 5+ @) = m@) =1,
and by (L.3),

IV hy (0] + |V ha(0) < ClZ|, (V2000 + V2 7(0)] < C.

Since Ry is small, ||f11||01,1((_1,1)n-1) and ||f12|lcl,1((_1,1)n-1) are small and Q, is essentially a
unit square (or a unit cylinder for n = 3) as far as applications of the Sobolev embedding
theorem and classical L? estimates for elliptic equations are concerned. Let

U, yn) =@ +6Y,0y,), WO y0) =w@ +6Y,0y,), yeO,
then by (2.9),
~AW = AU, y€ 0,

where
|IAU| = 6% |Adl.

Since W = 0 on the top and bottom boundaries of Q;, using the Poincaré inequality,
W) < ClIVW 20,y -

By W2’ estimates for elliptic equations (see e.g. [19]) and the Sobolev embedding the-
orems, with p > n,

VWl w0, < ClIWllyrg,,,) < C(||VW”L2(Q1) + ||AU||L°°(Q1))-
It follows from VW = 6Vw that
VWl oy < C (5_"/ IVl 2y + 6 ||Ab7||Lm(95(z')))'
Using (2.14), , and the definition of Q;(z"), Proposition[2.1]is established. O

Remark 2.1. We point out that the estimate involving Au is very crucial in the above
proof, such as (2.19), @2.21)) for fﬂtm(z/) |Ail* and & ||Az| L=Qy(y)» SO that it is essentially

important to select an auxiliary function i to obtain appropriate estimates (2.14).
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2.3 The proof of Proposition 2.2]

Since
Q:le] _ Qlol _Qulel - Olel | Qle]© -6,
®8 ® ®g @ ®8 ’
it follows that the proof of Proposition[2.2] can be reduced to the establishment of three
Lemmas in the following.

Lemma 2.3. Let © and O, be defined as (L12) and 2.8), respectively. There exists some
universal constant 6y > 0 such that

® > 6,
and lir% O, = O. Consequently, for sufficiently small &,
O, > /2.

Lemma 2.4. Let © and O, be defined as (LI12) and 2.8), respectively. Then

oy +v3) ovi\2
00, =p,(©) (Ml f —= f =) )+En<s)pn<s), (2.22)
o) 14 o oV

where M, is the constant determined in Theorem[I. 1l Consequently,
0-0,

5 = Mpu(e) + Ex@)pu(e),
where ) 5
M = _% + (all) ’ a[;k = l’
Ky ® 80 ov

which depend only on D7, D} and Q).
Lemma 2.5. Ler QO[] and Q.[¢] be defined as (IL11) and @2.7), respectively. Then

o), ifn=2;
L] — = 2.23
O:l¢]l — Olel {O(el logel), ifn=3. (2.23)
We first prove Proposition [2.2] by using Lemma [2.3H2.5] whose proofs will be given
later.

Proof of Proposition2.2l By Lemma2.312.3 for n = 2,

0.l¢]l Qlel _ Olgl 5= , 2:l¢] - Ol¢]

®
o, C) C) 1_% 0,

_ Ayl Mp®) + E©pn®) | s
© 1~ Mp,(e) ~ Ex(e)pule)

_ Qlel  Mp(e) ¢ E)p.()
® 1-Mpe)

For n = 3, we only need to replace O(g**) by O(e|log &) in the second line of the above
equalities. The proof of Proposition[2.2]is completed. |
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2.4 Proof of Lemma
Proof of Lemma By the definition of v} and v;, (L13), we have

AWV +v3) =0 inQ,
vi+vi=1  ondD}UaD;
vi+v;=0 on 0.

By using the Hopf Lemma, we have

oy +v3)

5 <0, ondQ.

Since 0 < vi +Vvj < lin Q* and vi +v; = 1 on dD] U dD;, the boundary gradient
estimates of a harmonic function implies that there exists a ball B(x, 27) C §~2, such that
vi +v5 > 1/2 in B(X,2F), where 7 is independent of €. Let p € C%(Q \ B(x, 7)) be the
solution to

Ap =0 in Q\ B(x, 7)),

p=1/20on0B(x,7), p=0ondQ.

By the maximum principle, 0 < p < 1/2 in Q \ B(x,7)). Using the Hopf Lemma again,

op 1
L Q.
o~ C ond

On the other hand, since p < v} + v on the boundary of o \ B(x,27)), it follows from
the maximum principle that 0 < p < v} + v} in Q" \ B(%, 27)). In view of p = v +v; = 0

on 0Q,
op . oy +v3)

0Q.
ov ov on
Thus,
oVt +v; 1
f M < —=109).
90 8)/ C
This implies that
1
®>—.
C
Therefore, using fﬁg % — fm ‘2—?, i=1,2,as & — 0, see [/]], there exists some positive
constant ¢y such that ® > ¢y, and @, > ¢,/2 for sufficiently small &. |

2.5 Proof of Lemma 2.4

In the following Lemmas for v; and v}, i = 1,2, we only give the proofs for case i = 1,
since the case i = 2 is the same.

Lemma 2.6. Let v; and v; be defined as (L2) and (I13), respectively. Then

llvi = vill <Ce? =12 (2.24)
L""(Q\((Dl UDHUDLUDEUR, 1/4)
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Proof. We will first consider the difference v; — v} on the boundary of Q\ (D, UD,UD}U
D3 U Q,124), where 0 < 5 < 1/2 (small, to be determined later), then use the maximum
principle and boundary estimates for elliptic equations to obtain (2.24).

STEP 1. First consider the parts on the boundary d(D; U D7). It can be divided into
two parts: (a) dD; \ Dy and (b) 0D, \ Dj.

(a) For x € D7 \ Dy, we introduce a cylinder

C,:= {x eR"|IX|<r, - g + 2|minh2(x') < x, < g + Z{naxhl(x')},

X' |=r X' |=r

for r < Ry.
(al) For x € D} N(Ckg, \ C.112-5), by mean value theorem and estimate (2.4), we have,
for some 6, € (0, 1)

vi(x) =vi)l = vi(x) = 1] =

(Y (X)) = vy (¥ g + (X))

, O.€ , e
=0, i(X, > + h(x")) ‘5
C e Ce
< = Ce¥
et 2 g8 F

(a2) For x € AD" N (Q\ Qg,), there exists y, € dD; NQ \ Qg,j such that |x—y,| < Ce
(note that v{(y,) = 1). By (2.3), then for some 6, € (0, 1)

Vi(x) = Vi)l = vi(x) = 1] = vi(x) =vi)l < [Vvi((1 = 0)x + O,y.)llx — yo| < Ce.

(b) For x € 0D, \ D*, since 0 < v; < 1in Q and Av;, = 0 in Q, it follows from the

boundary estimates of harmonic function that there exists y, € Q, |y, — x| < Ce such that
vi(yx) = v(x). Using (2.5) again,

Vi) = Vi)l = 1) = il < IVille@gp )X = Vil < Ce.

Therefore,
* CS 2B *
vi(x) = vi(x)| < =i Ce™”, forx e d(D;UD))\Capns. (2.25)
ol-
Similarly, we have
vi(x) —vi(x)] < Ce®, forxe 0D, U D3) \ Caip2-5. (2.26)

STEP 2. Now consider the line segments (or the cylindrical shaped surface in di-
mension n = 3) between D} and 9D}, S /55 := {(x’,xn) x| = &2, hy(x) < x, <

hl(x’)}. By using Propostion 2.1] and the fact that (v; — ) = 0 on dD,, we have, for
XE€ Sipp,

(1 = W) < NIVE1 = Dllpsgsy € + (X)) = ()] < Cle + XP) < Ce' ™. (2.27)
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Similarly, we define ", such that #* = 1 on D7 \ {0}, & = 0 on dD; U 0,

—% Xn — hZ(-x/)

e R G

h(¥) < x, < (), I¥] < Ry |,

and ||a*||ck’l(§*\g; ) < C. It is easy to see that
0

@ =lima, in C'(Q, \ (0D,

and
O o 9,5 ! xeQGA0).  (228)
i () < —, il (X) = —————, : :
|x'| h(x") = ha(x') o
By the proof of Proposition 2.1l we also have
Vo =)o, < C (2.29)

Therefore, using (vi — ") = 0 on dD;, we have, for x € S/,

0} = @)@ < ||Voy - @)

Lo(s 1 X)) = (X)) < Clx|* < Cce'™, (2.30)
Finally, by the definitions of & and &*, for x € S /2,

(@ — ") (x)]

< |u(x', ho(x')) — u(x’, —g + ho(x)) 1 (x") = ha (X))

+ |6, @ — i)

L= (S1/2-p)

6.
ax u ’a_ =
u(x >

A

+ ho(x))

. 1 1 72
a7 ¢ (hl(X’) —h(x¥) e+ h(x) - hz(x’)) !

Ce Ce  vp<ce¥ (2.31)

< +
e+ X [WPe+IxP)
Taking 8 = 1/4, by (2.27), (2.30) and (2.31)), we have, for x € S4,

1 = VD] < vy = ]+ (@ = 7*)(x)] + 1@ = v(x)] < Ce'2,

Combining with (2.23)), (2.26) for 8 = 1/4, recalling v; — vi = 0 on 09, and using
maximum principle, we obtain (2.24). ]

Outside of Qg , we have the following improvement of Lemma 2.6l
Lemma 2.7. Let v; and v; be defined as (L2) and (I.13), respectively. Then

Cet, ifn=2;

< i=1,2. 2.32
L“(Q\(DluDTUDZUD;UQRO)) {C8| logel, ifn =3, (2:32)

lIvi = v;ll

16



Proof. Let k; be 27171 < g4 < 27%1 "and ky be 27%7! < Ry/2 < 27% since Ry < 1.
Since for sufficiently small &, d(D; U D) N Cg,/» = 0D N Cg, 2, we denote

Ef = (Cyx \Ca) NOD;, for kg <k <k, i=1,2.
Then
Ul Ef = (Crop \ Cos) N 0D, i=1,2.
It follows from that

vi(x) —Vvi@)| < Ce-2%, xe EfY, for k<k<k, i=12. (2.33)

For each E¥, we will construct a positive harmonic function & as below. We will use

ki
&it= Z ff'c

k=ko

as one of the few harmonic functions to bound +(v; — v}) on d(D; U D;) from above in
the following. Let gf be the solution of

Ag =0, inR"\ D,
& =1, onEr &=0,0ndD;\ EF,
Eel*®R\D;), ifn=2,

E—0as x> oo, ifn=3

By the representation formula for the solution of the above boundary value problem
using Green’s function, we have

. 0G;
B = [ Frwnaso)

i

where G;(x, y) is the Green’s function for the domain R” \ D; which satisfies
IV,Gi(x,y)l < C if ye E¥ and xe Q" NCk,, VYko< k< ki. (2.34)
In view of (2.33)), we take
& = Ce - 2% (x)
and use
ki
gx)=> &, =12
k=ko

to bound £(v; = v}) on (Cgyy2 \ Cei14) N OD; from above.

Let B, denote the ball of radius r centered at the origin in R". Now due to 2.249),
|(vi =v))(x)| < Ce'? at Q*NAB,,114, we will construct another auxiliary function to bound
+(vi —v}) on Q'n 0B,,1/+ from above. Define

%5 = {(x1, %, , %) € OB

Ix,| < 5}.
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Let us be the solution of
AM§ =0, in B, Cc R",
M§(.X) = 1’ on ZC()&,
M§(.X) = O’ on aBl \ ZC()&’
where Cj is a constant such that ). | 4; < Cy. From the Green’s representation, we have
1 — |« 1
na(n)

dS

lx —yp277

us(x) =
Zcyo

where a(n) = |B;|. Then for |x| < %,

0 <us(x) < Cf ds, < Co.
OB N{|xx|<Co6}

By the Kelvin transformation, let

5 1 X
iis(x) := = uﬁ(W), for |x| > 1,

then iis(x) = 1 on Z¢s,
Adig(x) =0, is(x) >0, for |x|>1,

Zcgol - £

and as |x| — oo, ii5(x) = us(0) = apy ifn = 2; iis(x) — 0 for n > 3. Furthermore, for

x| > £, we have

it5(x) < (2.35)

|x|n—2 .
Take X
o 1= CSl/zﬁa(X)(g)

with 6 = 2&'/#, where C is the same constant C in (2.24). Because of the choice of C,
and (2.24), we can see

& =Ce'?> (v —v) on Q° N OBy,

And according to (2.33)
£ < CeT on Q' NACk,.

Due to IIVVIIILN@\QR/Z) < Cand IIVv*l‘IILm@\Q;/z) < C, we have
+(v; —v]) < Ce, on d(D; UDjU D, U Dj)\ Cgya-
In view of v; — v = 0 on 0 and the positivity of &, i = 0, 1,2, we have
(v — V) <& +E +E+Ce, on 9(Q\ (D UD; UD,UD; U Bys)).
By using the maximum principle in Q \ (D; U D} U D, U D; U By.11), we have

(v —v) <& +&E+E+Ce, in Q\ (D UD]UD,UD;U Byn). (2.36)
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Next, in order to prove (2.32)), we need to further estimate & on Q' n OCry» i = 1,2.
Making use of (2.34),

&) < CIE]| < x€Q N ICk,.

| — 2(n-Dk >

Thus

2k oF
Ei(x) < CZ 2 2<n == Z S YE€QNICk,

kk() kkO

Hence, if n = 2, recalling k; ~ ——|logée|,

412

ki
E(x) < €Y a2t < Cadt < €M, x € Q' N iCk,;

k=ko
ifn=3,

&(x) < Ceky < Cellogel,  x€ Q" NAC,.
Combining these estimates above with (2.36), we have, on G(Q\(D 1 UDjUD,UD;U QRO)),

Ce* +Ce’3* + Ce, ifn=2;

+(vi—Vv)) <&+ E+HE+Ce <
" DS +a+oH {C3+Cg|log8|+C8, ifn =3.

By using the maximum principle again,

Ce’, if n =2;
vi =il { © o in Q\ (D, UD]UD,UDj;U Q).

Cellogel|, ifn =3,

The proof is completed. O

An immediate consequence of Lemma [2.7] and the boundary estimates for elliptic
equations is as follows:

Lemma 2.8. Let v; and v; be defined as (L2) and (I.13), respectively. Then

f@v, f@v* < Cel4, ifn=2
aa 0 90 Ov | |Celloge|, ifn=23

Now we prove Lemma 2.4l

i=1,2. (2.37)

Proof of Lemma Since

it follows from Theorem [1.1] that

Pn(€) f~ IVvil* — ky = Mipa(€) + E(e)pa(e),  i=1,2.
Q
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In view of the definitions of v; and v, and the Green’s formula, we obtain the following

identity
f 8V2 _f 8v1 _ f (9\/1 _ 8v1
op, OV~ oD ap, 0 a0 OV

Thus, recalling the definition of @, (2.8),
ov ov ov ov
(pn(S) f 1) f = (pn(S) —f) —
4D, ov 80 ov
v, Ovi +) f ov,
(pn<s> f ) f ) e )( B av)

Recalling the definition of @, (T.12),

0= [ 2Lt
0 v

and using Lemma 2.8 and Theorem [I.1] we have,

% w1\ 2
0_0, (pn(s) f M _ ) f —a(“atvz) n()( fa Q«;vvl)

+ 0(84)(0r O(gllogg)))
o] +v2) oy 2
= (M1p4(&) + E(€)pn(€)) f ——— + (&) ( f 6_)
oQ OV

+ 0(84)(01' O(elloge)))

B a(vi +v3) % 2
—pn(s)(Ml [ == )+En(s)pn<s).

2.22)) is proved. O

2.6 Proof of Lemma

To prove (2.23)), besides (2.37), we need
Lemma 2.9. Let vy and v}, be defined in (L2) and (I13), respectively. Then

[ [ 2
oD; op: OV~

Proof. Using the Green’s formula,

f 8\/0 f 6\/‘0 f 6\/‘0 f 8\/1 f 8\/1
= —VP = —V = —Vy = X~ ¥
op, V™ op, OV~ : a0 O0v : aa Ov ! oQ 8V90

f v f 8v0 . o]
—_— = = -—.
oD} v~ oD} av- " aa OV

20
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< Cllell=@oo . i=1,2. (2.38)
glloge|, ifn=3

and



So that, by Lemma[2.8]

f 5Vo f avo f vy —v}) - ce4, ifn=2,
op, 0 aD; o Ov 7= Celloge|, ifn = 3.

This completes the proof, with the assumption [|¢llc2sq) = 1. O

Proof of Lemmal2.5 Recall that

Q [QO f 8V0f 8\/2 f 6V0f 6\/‘1

° 6D1 40 5V (?Dz 40
O[] = f (9\/0 f 8v2 f av;; %
oD; s 0V oD} s OV

Using (2.37) and (2.38)), we have
|0:[¢] — Ol

1l
Gvo ov; vy
(f faD )LQ v
8v0 v o,
(f LD )LQ v

<Cllo| 34, ifn=2,
=IO dlogel, ifn = 3.

and

avo oV, ov;
fz;D o (fag fag )
(9\/0 ov; avl
faD dv- (LQ v LQ )

So [2.23) is proved. |

3 Proof of Theorem 1.1

Using Lemma[2.6] we have

Lemma 3.1. Assume that v, and v; are solutions of (L2) and (LI3), respectively. If
0D} and 0D are of C*1, k > 3, then for e'* < |x'| < Ry, we have

Vil < CIX'T2, x € Qg \ Qus,  IW(0l < CIX'[7, xe Qp \ Qs (B

and
Vo = vl < Ce IR, in Q) \ Qe (3.2)

Proof. For '* < |7/| < Ry, use the change of variable as before
X’ _ Z/ — |Z/|2y
2
Xy = 12"y,
to rescale Q2 \ €z into a nearly unit-size square (or cylinder) Q;, and Q* " \ QL

into Q7. Let
Vi) = i@ + 121,17 Py, in O,
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and
Vi) =vi@ + Py, 1Py, in Q5.
Since 0 < Vi, V| < 1, using the standard elliptic estimate, we have
IV¥Vi| < C(k), in Q;, and [V*V;|< C(k), in Q;.
By using an interpolation with (2.24), we have
IV(Vi = V)| < C(k)e"=P, in Q.

Thus, back to v; — v, we have

VO =@ < CePR2, xe@r, o\ O

1’ |[+lz lz’|*

(3.2) follows. By the way,

Vil < CIZ17, x € Quppp \ Qe VI < CI, xe Q0 \ QL
So (B.1) follows. O
Proof of Theorem[L 1l We only prove the case for i = 1 that

O (777 pu(e), ifn=2,

on(€) f~ IVvil® = ky = Mip,(e) + . _
Q 0(82 2k|10ge|)pn(s), if n=3.

The case for i = 2 is the same.
STEP 1. For 0 < y < 1/4, we divide the integral into three parts:

f~|Vv1|2:f |Vv1|2+f |Vv1|2+f_ Vv =: T+ 11+ IIL
Q Qey Qpry\Q.y Q\Qg,

(1) For the first term 1,

f Vv |? = f Vi) + 2 f Vi -V(v, — 1) + f V(v — @)% (3.4)
Q.y Q.y Q.y Q.y

Recalling (L.IQ),we have

x?
f |(9x/17t|2 < Cf L/zdxl < Cf dxl — O(S(H_l)y).
QS)/ |x|<eY &+ |x | X |<&”

By combining Proposition 2.1, we have

Zf Va -V, —n) + f IV(v, — th)|2 — O(S(n—l)y)'
st Q‘EV

Hence, it follows from (3.4)) that

dx’
I = f |VV |2 = f |8x,lljl|2 + 0 8("—1))/ :f + 0 8("—1)7 .
Qyy 1 Qy ( ) X |<&Y g+ hl(x,) — hz(_x’) ( )
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(i1) For the second term, we divide it further as follows:

2 2 N2
II = f Vil =f [Vvi|* + f V(vi =)l
Oy \ (Qy \ 2\ (@ \ ) 0\,

2
+2f Vvl - V(v —vj[)+f Vil
Qg \2y Qg 2y

=:1I; + II, + I3 + Il4.

&

2 dx' 1+(n=S)yy
II, = [Vvi|” < Ce 7 < Ce .
(Qry \ 2o\ (@ \ ) < |<Ro X

For any &” < |Z/| < Ry, 0 <y < 1/4, by Lemma[3.1] if D] and 0D} are of Ck' k> 3,
then we have

Noting that the thickness of (Qg, \ Q) \ (Qf, \ ©},) is &, and using Lemmal[3.1]

1
I, = f V(v — v‘[)l2 <Cg'r f IX'|*dx dx,
Qp, \2y Q, \2y

1 dx’

<Cé! kf >
/

&Y<|x’|<Ro |X |

e .
Ce'~%77, if n=2,

< 1 .
Cye'~t|loggl, if n=3,

and

I3 < 1/2(1-1

Ce'20-07, if n=2,
2f Wi -V —v)| <
0\,

Now, we use the explicit function &* to approximate Vv;. Using (2.28) and (2.29), a
similar argument as in / yields

I, = f |Vvil? :f \Vie*|* + 2f va* -V —u") + f V(v — "))
Qy \ 2y Qe \ 2y Qo \ ey Qo \ Xy

_ f 0, 7P + Ay + O™
0\,

Cye )| log £l if n=23.

dx’
= — A+ 0",
fR0>|x’|>87 hl(x’) - hz()(f’) :

where
Ay =2 f Vi - Vvt — it*) + f (IVO; — )P + 10,7 F)
Q;;O Q;O

is independent of ¢.
For 0 <y < 1/4, "= < =7 it follows from these estimates above that

dx’ 0(81/2<1—%>—7) if n=2
1= LA+ 0" + , ,
fR0>|x/|>gy h(x') = hy(x) ! ( ) {0 (81/2(1_%” log 8|) , if n=3.
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(i11) For term III, since
A(Vl — VT) = 0, in Q \ (Dl U Dj{ U D2 U D; U QRO),

and
0<V1,VT<1, in Q\(D1UDTUD2UD;UQRO),

it follows that provided 8D}, dD; and 9Q are of C*!, k > 3,
Vi = v < C(k), in Q\ (D, UD;UD,UDjUQg),
where C(k) is independent of &. By an interpolation inequality with (2.24)), we have
Vv = v < Ce2070, in Q\ (D UD: UD,UD;UQg). (3.5)

In view of the boundedness of [Vv,|in (DTUD3)\(DUD,UQg) and (D;UD,)\(D;UD3),
and the fact that the volume of (D] U D) \ (D; U D, U Qg ) and (D, U D) \ (D} U D}) is
less than Ce, and by using (3.3), we have

11l = f [Vvil? + O(e)
o\(p1uD;UD,UD;URR, )

:f Vil +2f VWiV =)
\(D1uD;UD,UD;UQR,) \(DyuD;UD,UD;UQR,)

%\ 2
+ f [V(vi = v)I" + O(e)
o\(D,uD;UD,UDUOR, )

1
:ﬁ Vvil? + 0 ('2077).
Q\Q;

Ro

Now combining (i) (ii) and (iii) and using 0 < y < 1/4, we obtain

5 dx’ dx’
[Vwil” = T o T , ,
Q Ro>|x'[>&? hi(x') = ho(X') lvj<er €T hi(x') = ho(X')

0(51/2“‘%)‘7), ifn=2; (3.6)
+A,+ 0 (s("‘“’) + | .
0(61/2(1_%)| log sl) , ifn=3,

where

Ay = f Vv + Ay

o

STEP 2. After a rotation of the coordinates if necessary, we assume that

n—1 A

M) —h(x)= ) Zx+ Z CoX'™ + O(X'[*),  |X']| < Ry, (3.7)
2 J
1

|o=3

~

where diag(A,- -, A,-1) = V)Zc,(hl — h)(0"), C, are some constants, « is an (n — 1)-
dimensional multi-index. We call Ay, --- , 4,1 the relative principal curvatures of 0D,
and 0D.
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To evaluate the first two terms in (3.6), we would like to replace h;(x’) — hy(x’) by
the quadratic polynomial >~ 'L 42 First, under the assumption (L.3)—(L.4) and (3.7),

Jj=1 2 ]
we have

f dx/ f dx,
Ro>|x'|>&” hl(x,) - hZ(x,) Ro>|x'|>&” Z;l;ll /1—2136
1 1 ,
:f [ n-14; 2 / iy gl f2dx
Ro>Il>e7 | 20521 3 X5 + D=z CoX'@ + O(X' 1Y) 20y 545
. -1
1 o
:f . [1 —Z'” O(|x|)) — 1| dx
, n—-14; 2 n—1 4;
Ro>|x'|>&Y Zj=1 ij | Z/ 1 7)6
1] o
:f _ [1 _ —Z' =3 + O(x| )) dx,
n—14; o n—1 4;
Ry>|x'|>&Y Zj:l Exj | j=1 7X

where in last line we use Taylor expansion due to the smallness of Ry. Note that ZZ( f/";) zZ
J

is odd and the integrating domain is symmetric, we have

dx f dx’ f ~ 4
R S E— 0()dx = C+ 0 ("),
jl;o>|x’|>87 hi(x') = hy(x") Rolvl>er 312 42 Ro>|w|>&7 ( )

where C is some constant depending on 7, Ry, 4; but not &. Similarly, we have

dx’ f dx’ f 1
- — = O(l)dx' = 0 (g").
f|);|<87 £+ hl(x,) - hZ(x,) ¥|<er € + Zn %X |x|<eY ( )

Therefore, (3.6) becomes

v dx’ dx’
| V1| y Z -1 4 _] es? £ + Zn—l ﬁ 2
Ro>|x'|>& -1 |x'|<er € i=1 3 X~

> ( 1/2(1—;)—7), ifn=2;
( 1/2(1—%)|10gg|), ifn =3,

+A3+0(s"77) + {g

where
A;:=A,+C.

STEP 3. Now we deal with the first two explicit terms in (3.8)).
(i) For n = 2, we have

) Ro d)C1 e d)C1
A2 + /11 2
g 5X 0o &+

2

R, 00
3 Cdxy (7 dx dx 1/2(1-1)-y
=2 T3 ) +2 1 2 +0le

& S & 3 0o E+3

2 2

_ + ! \/_ﬂ+0(81/2(1_%)_7),
ARy Pn(é‘)\//l_l
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where we use in second line,

f‘x’ 1 1 J
X1

4,2 /1_1 2

g E+ )Cl le

<Ce f‘” d—):l = 0(81_37) < 0(81/2(1_1;)_7).

X

Therefore,

1 2 4 1
ol = (s = =) 4 0 (e ) 4 0 (20D
fﬁ : Pn(é‘) A4 3 AR ( ) ( )

(i1) For n = 3,
f n f dx’
N2 b 1
7 <l|<Ro 2 )cl + 2x§ wi<er € + 4 Fx7+ 2,

+0(&"21 P logel),

(3.9

A2 A2
£C|<R0 £+ Fx]+ 35

where we used that

x SCSf dfc; = 0(81_27)

Y <|x’|<Ro ||

<0 ("1 logel).

f 1 1 J
2 T A
er<l¥|<Ry € + —)c1 +32x Fxp+ 32X

Denote R(0) := RO( cos? 6 + = sm 6)~1/2. After a change of variables, the first term of

(3.9) becomes

f dx' 2 f27r fR(O) r Irdb
r
i<k € + 2x3 + Qx% Vil Jo Jo e+r?

1 2 R(6)
= In(e + %)
Vi, fo

deo
r=0

1 2n 1 2
_ In(RO?) + In(1 do
Pn® NG \/—MJO n(RE)") + In +R<0>2)
oz 2 f - InR(6) d6 + O(c)
_pn(g) V/ll/lz ‘V/ll/lz 0 ’
(3.10)

where we use the fact that R(6)* has a positive lower bound that is greater than &, and the
Taylor expansion of In(1 + x), for |x| < 1. Combining (3.9) and (3.10), we conclude that
forn =3,

flv po_l 27 +(A y 2 fznlnR(H)dH)
vi|l© =
a U p@NLL VLG Jo

+ 0(s") + 0(7 ] loga).
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We now define

Varx 4
L =2, Ay -+, n=2,
As+ 2= [ InR@©)do, n=3.

vue T

Taking y = 1/4, =17, g1/20-07 (or £!/20-1)| log &|) are smaller than £3~ 7 (or £2~%| log &),
and (3.3) is proved. It is not difficult to prove that M, is independent of Ry. If not, sup-
pose that there exist M;(Ry) and M, (Ry), both independent of &, such that (3.3) holds,
then

O(ei7%), ifn =2,

Mi(Ry) — Mi(Ry) = L .
O(e?"|logel), ifn=3,

which implies that M;(Ry) = M,(R). O
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