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Abstract

We establish existence and uniqueness of solutions to evolutive fractional Mean Field
Game systems with regularizing coupling, for any order of the fractional Laplacian s € (0, 1).
The existence is addressed via the vanishing viscosity method. In particular, we prove that
in the subcritical regime s > 1/2 the solution of the system is classical, while if s < 1/2
we find a distributional energy solution. To this aim, we develop an appropriate functional
setting based on parabolic Bessel potential spaces. We show uniqueness of solutions both
under monotonicity conditions and for short time horizons.
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1 Introduction

This paper deals with the following backward-forward coupled system of integro-differential
Hamilton-Jacobi-Bellman (HJB) and Fokker-Planck equations

0w+ (—A)u+ H(z,Du) = Fim(t)](z) in Qr
om + (—A)*m — div(mDpH (z,Du)) =0 in Qr (1)
m(xz,0) = mo(x), u(z,T) = ur(z) in T? |,

where Q7 := T x [0, T], T¢ stands for the flat torus R?/Z¢, H = H(z,p) is a superlinear Hamil-
tonian in the second variable, (—A)®u is the fractional Laplacian of order s, F is a regularizing
coupling and mg, ur are given functions.

Systems of the form () arise in Mean Field Games (briefly MFG) theory, whose goal is to
describe the collective behavior of a continuum of rational agents, each of whom seeks to minimize
a common criterion. This theory was developed independently by Lasry-Lions [39] and by Huang
et al. [31] with the aim of describing Nash equilibria in differential games with infinitely many
players. Recently, MFG theory has stimulated an increasing interest due to the wide range of
applications in engineering, finance and social sciences among others.

From a PDE viewpoint, the analysis of such models has been carried out either when the
dynamics of the average player is driven by standard diffusions (see for example [27],39]), possibly
degenerate [12], or first order (deterministic) systems (see e.g. [I1} [13]). Our purpose is to study
an intermediate situation, where the dynamics of agents is perturbed by a 2s-stable Lévy process
instead of the standard diffusion. Lévy processes meet a variety of challenging topics ranging
from financial modeling (see e.g. the monograph [I8]) to physics and biology among others. We
refer to [6 [51] for a comprehensive treatment of stable-like processes, to the monograph [2] for
a more general analysis on jump-type processes and the nice survey [I].

The stationary counterpart of (Il), which heuristically describes an equilibrium state in the
long-time regime, has been analyzed very recently by the first author and collaborators [14]. In
particular, in [14] the investigation is performed for the subcritical order of the fractional Lapla-
cian s € (%, 1), both in the case of local and nonlocal coupling between the equations. There, the
well-posedness of the fractional Fokker-Planck equation is based on variational methods, while
the study of the fractional HJB equation is established via viscosity solutions’ techniques.

Here, we address the existence and uniqueness of solutions to (Il through the vanishing
viscosity method, namely solutions of (Il are obtained as limits (in some sense to be specified
below) of solutions u, of the approximating viscous coupled system of PDEs

-0 — oAu + (—=A)*u+ H(z, Du) = Fim(¢)](z) in Qr

om — o Am + (=A)*m —divimDpH(z,Du)) =0 in Qrp (2)
m(z,0) = mo(x), u(z,T) = ur(z) in T¢ .



Such way to tackle the existence issue for first order systems has been sketched in [10, Section
4.4], and it is a quite natural approach in our setting: (2)) behaves well in terms of regularity,
and is also meaningful from the stochastic viewpoint.

In this paper we provide existence and uniqueness results for any order of the fractional
Laplacian s € (0,1). As it often happens in the PDE literature of MFG, we consider the periodic
case, namely all the data are defined on T?. This is the typical compact setting where one avoids
boundary phenomena. While this work was under preparation, we realized that many technical
ingredients regarding fractional calculus in the periodic case were not available in the literature,
and known at best to few experts. Part of this work is then devoted to provide a self-contained
survey on several tools and techniques, ranging from harmonic analysis to interpolation theory,
hoping that these may be useful for future research in this area. This material is basically
contained in the appendices and at the beginning of Section

Bessel potential spaces on the torus H;,‘(']I‘d) constitute a natural functional framework for the
periodic fractional Laplacian, and can be directly defined through multiple Fourier series. Since
we deal with parabolic problems, we also need suitable space-time spaces, on which it is possible
to establish (linear) parabolic regularity. Here, one expects space regularity of a solution and of
its time derivative to differ by a factor of 2s. Hence, we systematically treat spaces of the form

FHE(Qr) = HE*(T4 x (0,7)) = {u € LP(0,T; HL(TY)) ,0pu € LP(0,T; H*~2*(T))},

that are clearly reminiscent of classical parabolic Sobolev spaces WpQ*l. We prove some fractional
parabolic regularity theorems, and chain/product rules that are crucial to work in the nonlinear
setting. Then, inspired by some results that appeared in the context of stochastic partial differ-
ential equations, we prove an embedding theorem for j{g(QT) that, apart from its own interest,
plays a key role in the analysis of ([]). We refer to [15] for some discussions on H5*((0,7") x R9),
and [34] and references therein for the case s = 1.

Let us now enter into a more detailed description of the main results of the paper. First,
let us state all the assumptions that will be in force throughout the article. We suppose that
H(z,p) is C3(T? x R?), convex in the second variable, H(x,p) > H(x,0) = 0 and there exist
constants v > 1 and ¢g, Cr, Cyr > 0 such that

DyH(x,p)-p— H(z,p) > Culp|” —cu , (H1)
H(z,p) — H(z,q) < Cu(lp|"™" + g "")lp — g (H2)
D2, H(z,p)| < Culp]” + Cu , (H3)
|D2,H(x,p)| < Crlpl" ™+ Ch , (H4)
Dy, H(,p)§ - € = Crlp|"2[¢* — Crr (H5)
for every z € T4, p € R% and ¢ € R?. Denote by P(T9) the set of Borel probability measures on T¢

endowed with the Monge-Kantorovich distancd] d;. The following are the standing assumptions
on the regularizing coupling F: there exists a constant Cr > 0 such that

F: P(T%) — C*T*(T%) is continuous, (F1)
HF[ml] — F[m2]|‘cz+a(1~d) < Cpd; (ml, mg) for all my,mg € T(Td), (FQ)
| F(-,m)||c2ta(rey < Cr for every m € P(TY). (F3)

Finally, we suppose that

ur € CT(TY), my € CHT*(T?) is non-negative and mo(x)de = 1. T
Td

Tdy (u,v) := sup,, f'Jr'i @d(u — v), where the supremum is taken over the 1-Lipschitz maps ¢ : T¢ — R.



As announced, our first step is to construct solutions of the viscous coupled system (2)). More
precisely, we have the following

Theorem 1.1. Let (), (HI)-(HI) and ([EI)-([E3) be in force. Then, for all o > 0 and s € (0,1),
there exists a classical solution (uy,my) to the fractional MFG system (2I).

The proof of this result is a rather standard application of Schauder’s fixed point theorem.
For fixed o > 0, we treat (—A)%u, (—A)®m as perturbation terms in a viscous MFG system.
Semiconcavity estimates for the HJB equation with mixed local and nonlocal diffusion term are
obtained by means of the adjoint method, that ensure existence of u. Note that these estimates
are stable as ¢ — 0. This limiting procedure is then described by the next main result:

Theorem 1.2. Under the same assumptions of Theorem [L1], let (uy,my) be a solution to
@). Then, as 0 — 0 and up to subsequences, u, converges uniformly to u, Du, converges
strongly to Du, and m, converges weakly to m. If s € (0,1/2], then (u,m) is a weak solu-
tion to (), and (u,m) € ﬂ{IQ,S(QT) X 3{12,3_1(QT) for all p € (1,00). If s € (1/2,1), then
Opu, ym, (—A)*u, (—A)*m belong to some C% % (Qr), & € (0,1), and (u,m) is classical solution
to @) .

For a more complete statement of convergences of u,, Duy, My, see (i)-(vi) at the beginning
of the Proof of Theorem [[.2]in Section Moreover, we refer to the weak notion of solution as
the energy one, as detailed in Definitions [3.J]and 3.4l We mention that very little is known about
fractional Fokker-Planck equations, so part of Section B.Ilis devoted to establish some basic facts
and properties of solutions. The weak treatment of Fokker-Planck equations with local non-
degenerate diffusion (see e.g. [47] and references therein) cannot be directly converted to the
nonlocal framework, heuristically because of the gap between the energy terms (fA)S/ 2 and the
divergence term. Thus, first order techniques as the ones described in [57] for the euclidean case
are better suited to work in the nonlocal setting.

Regarding uniqueness of solutions, we recall that it is known to hold under two different
regimes for MFG driven by local diffusions. The first one requires monotonicity of F' and con-
vexity of H, and appeared in the seminal papers by Lasry-Lions, while the second one is when
the time horizon T is small. The latter was formally presented in the recorded lectures of Lions,
and it has been re-analyzed recently in the literature (see [3, 4, [17]). The monotone case carries
over in our fractional framework, as we have enough regularity of u,m and uniqueness for the
equations by simple energy arguments. As for the short-time regime, the proofs proposed in
[BL 4] cannot be adapted to our setting, being designed for the Laplacian and established through
L2-type estimates. Here, we follow an approach presented in [16] 7] to deal with the existence
problem in the local case. The idea will be to exploit decay properties of the semigroup associated
to the fractional Laplacian in suitable Bessel potentials spaces. These will be strong enough only
in the case s > 1/2. We stress that here it is crucial to have fractional product (also known as
Kato-Ponce inequalities) and chain rules. As mentioned before, these are known in the euclidean
setting and particular cases only, such as for z-independent compositions. We propose here a
self-contained presentation of these results in our framework.

Our uniqueness theorem can be states as follows. For its proof, see Theorems [5.]

Theorem 1.3. Suppose that (I), (HI)-(HE) and ([EI)-(E3) hold. Then ([d) admits a unique
solution in the following cases:

(a) The monotone case. If H is convex and the following monotonicity condition holds
/d(F[ml](z) — F[mo](z))d(m1 — ma)(x) > 0 ,Ymi,ms € P(T?) ;my # ms ,
T

then () admits a unique solution.



(b) Small-time uniqueness. For s € (%, 1), there exists T* > 0, depending on d, s, H, F, mg, ur
such that for all T € (0,T*], () has at most a solution.

Finally, we mention that while this work was under preparation we discovered that E. R.
Jakobsen and O. Ersland were currently studying systems similar to (Il). The main difference
with respect to this work are the assumptions on s and H. In [2I], s has to be greater than
1/2, and H is not necessarily convex but requires at most linear growth with respect to Du
in some cases. Since without convexity of H one cannot rely on semiconcavity arguments, a
different method to obtain crucial Lipschitz estimates is used. In [2I] some models with local
couplings are also analyzed. We stress that here we develop some function space techniques to
study various regimes of regularity in the whole interval s € (0, 1).

Plan of the paper. Section [2] is devoted to some preliminary tools on the functional spaces
used in the following sections. We prove the Sobolev embedding theorem for parabolic spaces
in Subsection 2.3.Il Section [ is completely designated to the separate analysis of the viscous
fractional Fokker-Planck and HJB equations. In particular, the existence result for the latter is
given in Subsection [3.2:2] In Section [ we prove both Theorem [T and Theorem [[L2 postponing
the uniqueness to Section B, where Theorem [[L3] is proven. As announced, in the appendices we
gather regularity results in Sobolev and Hoélder spaces for non-homogeneous fractional heat-type
equations together with fractional Leibniz and composition rules on the torus.
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Matematica, la Probabilita e le loro Applicazioni (GNAMPA) of the Istituto Nazionale di
Alta Matematica (INAAM). This work has been partially supported by the Fondazione CaRi-
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Games”. The second-named author wishes to thank the Department of Mathematics of the
University of Padova for the hospitality during the preparation of the paper.

2 Fractional parabolic spaces

2.1 Holder spaces

We first recall the definition of Holder spaces on the torus and then define the classical parabolic
Holder spaces associated to the heat and fractional heat equation. Let a € (0,1] and k be a
non-negative integer. A real-valued function u defined on T¢ belongs to C**(T?) if u € C*(T?)

and |D"u(z) — D"u(y)|
"u(x) — D"u(y
D"u]pa = < 00
[P ulee re) z;;&-d dist(x, y)>

for each multi-index r such that |r| = k, where dist(x,y) is the geodesic distance from = to y on
T?. Note that in the definition of the previous (and following) seminorm, since u can be seen as
a periodic function on RY, dist(x,y) can be replaced by the euclidean distance |z — y|, and the
supremum be taken in R%. We will denote by || - ||s.q the sup-norm on Q (and eventually drop
Q in the subscript if it is clear from the context).

Let now I C [0,7] and Q = T? x I. First define

[ulcaq) == sup [u(:,t)]ca(re)
te[0,T]
and

U] 8,0y, = sup [u(z,-)]cs
[ ]ct Q) Zer[ ( ]C (I)



For any integer k we denote by C?**(Q)) the set of functions u = u(x,t) : Q — R which are
continuous in @ together with all derivatives of the form 9y DZu for 2r +|3| < 2k. Moreover, let
C?ktaskte/2(() be functions of C?%*(Q) such that the derivatives 07 DPu, with 2r + |3| = 2k,
are a-Holder in © and «/2-Holder in ¢, with norm

lullgzrraniarzgy = >, N0 Diullco+ Y [aIDgu]Cg(Q)+[8ZD5U’]C;’/2(Q)'
2r+|8|<2k 2r+|8|=2k

For these classical parabolic Holder spaces, we refer the interested reader to [24, [33] [37] for a
more comprehensive discussion.

We now consider some more general Holder spaces. Let X be a Banach space and 8 € (0, 1).
Denote by C#(I; X) the space of functions u : I — X such that the norm defined as

[[u(t) — u(r)l x

U xy = sup ||u(t + sup
ey = sup (O +sup == —25

is finite. Hence, specializing to X = C%(T%), a € (0, 1), we have that C?(I; C*(T%)) is the set
of functions u : I — C%(T¢) with finite norm

||U||cﬂ(1;0a(1rd)) = ||uHoo;Q + St‘g[u('vﬂ]m(ﬂrd) + [U]Cﬂ(I;Cﬂ(Td)) )

where the last seminorm is defined as

[u] = sup luC, &) = uCs Dllgn e
B(T-Clee(Td =
O (rCa(Th) = SUp, F— 1|7

When dealing with regularity of parabolic equations driven by fractional diffusion, we also need
the following Holder spaces with different regularity in time and space. Following the lines of [8]
and [23], we define C*#(Q) as the space of continuous functions u such that the following Holder
parabolic seminorm is finite

[U]ea,B(Q) = [U]Cg(Q) + [U]CE(Q)' (3)
The norm in the space C*#(Q) is defined naturally as
[ullews(q) = lullocio + [tlews(q) -

Note that if 3 = «/2, the space C*#(Q) coincides with C**/2(Q). As pointed out in [23], the
following equivalence between seminorms holds

[U]C s ~ sup |’U,(£L', t) — U(y, 7_)|
@ z,y€Te t,7€[0,T] diSt(‘T’ y)oz + |t - 7-|'6,

All the spaces above can be defined analogously on R? and Q = R% x I. Moreover, if u is a
periodic function in the z-variable, norms on T¢ and R? coincide, e.g. [[ulco(ray = ||lullcora),

Remark 2.1. Tt is worth noticing that we have to distinguish the spaces C#([0,T]; C*(T%)) and
CA(Q), since it results
C([0,T); C*(T")) & €7(Qr) -

It can be easily seen by taking f = « and a periodic function in the z-variable that behaves like
(x 4+ 1) in a neighborhood of (0,0) (see in particular [48] Section 4]).



2.2 Fractional Sobolev and Bessel potential spaces

Recall that LP(T?) is the space of all measurable and periodic functions belonging to LY (R?)

loc
with norm || - ||, = || - [|zr(0,1y9)- If k is a non-negative integer, W*P(T?) consists of L?(T¢)

functions with (distributional) derivatives in LP(T%) up to order k. For u € R and p € (1,00),
we can directly define the Bessel potential space H{f(']l‘d) as the space of all distributions u such

that (I — A)Zu € LP(T?), where (I — A)%u is the operator defined in terms of Fourier series

(= 8)Fu(a) = 37 (1+4n’ k) Falk)e? ™
kezd

where
(k) :/ u(z)e ke dy
Td

The norm in H/(T?) will be denoted by

el = || (7 = 2) 5w

p

Note that HF(T?) coincides with W*P(T%) when k is a non-negative integer and p € (1,00),
by standard arguments in Fourier series (see Remark below). Moreover, C°°(T%) is dense in
Hy (T?), by a convolution procedure: this fact will be useful to prove several properties of Bessel
spaces, as it is sufficient to argue in the smooth setting to get general results.

Bessel potential spaces can be also constructed via complex interpolation. We will briefly
present such a construction, that will be helpful to derive some useful properties of Hg(Td). For
additional details, we refer to [44, Chapter 2|, [5 Chapter 4] and [56, Section 1.9]. In general,
in complex interpolation theory one considers two Banach spaces X,Y, that are continuously
embedded in a Hausdorff topological vector space Z. Let S be the set

S:={2€C:0<Rez<1}.
We define

Hxy(S) :={u(d)|u(®) : S — X +Y bounded and continuous,
holomorphic on S, ||u(it)| x, ||u(1 + it)||y bounded for t € R}

and we equip it with the norm
l[ullsex. v (s) = max{sup [lu(it) || x,sup [u(l +it)[ly }.
teR teR

For every 0 € [0, 1] we define the complex interpolation space with respect to (X,Y") as
[X, Y]g = {u(@) U € f}fxﬁy(S)}
endowed with the norm

= inf .
L lix, v T llullscx.y(5)

Then, one has that HA(T?) can be obtained by complex interpolation between LP(T?) and
WkP(T?), see, e.g., [52, Section 3] or [5, Theorem 6.4.5 and p. 170], that is

HI(T?) = [LP(T), WHP(T%)]g,  where p = k6.



We briefly describe also some tools to construct real interpolation spaces, namely the so-called
K-method and the trace method, referring, among others, to [43, Chapter 1] or [44, Chapter 1]
for additional details. In general, real interpolation between LP(T%) and W*?(T9) leads to spaces
that do not coincide with Bessel potential spaces. Still, we will make use of this other class of
fractional spaces to prove useful properties of (—A)®. Let X,Y be Banach spaces with Y C X,
6 €[0,1] and p € [1,00]. For every x € X and ¢ > 0, define

Ktz XY) = lallx + ¢[lblly -

inf
r=a+b,ac X,bey

If I C (0,00), we denote by LE(I) the Lebesgue space LP(I, %) and L°(I) = L*°(I). We define
the real interpolation space (X,Y)g , between the Banach spaces X,Y as

(X,Y)op={r e X+Y : t =t °K(t,2,X,Y) € L2(0,+o0)}

endowed with the norm
||1'H97p = HtieK(tﬂ €T, Xﬂ Y)”Lf(O,—i—oo) .

It can be proved that this is a Banach space. We remark that such a construction turns out to
be useful to prove Holder regularity of the solution of the fractional heat equation in Theorem
[BI Another frequent characterization of real interpolation spaces is given by means of the trace
method (see [56, Section 1.8.1], [43] Section 1.2.2] and [41]). Let X,Y be Banach spaces as above.
For a,p € R with p € (1,+00) satisfying 0 < o + % < 1, we define the space

W(p, o, Y, X)={f:R" — X :t*f(t) € LP(0,4+00;Y) and t*f'(t) € L?(0,+o00; X)} .
It is a Banach space endowed with the norm

1w puavx) == max{[[£% f (0) | oo, 00y 1S (D)l Lo (0,400:) } -

We then identify with T'(p, a, Y, X) the space of traces u of those functions f(t) € W(p, o, Y, X),
equipped with the norm

u @ = inf o
lellrey.x) = 10f lFllwe.er.x)
By [43, Proposition 1.2.10], this provides a characterization for the real interpolation space
(X,Y)s,p as a trace space. For p € (1,00), 0 € (0,1) and 6 = % + a, we define fractional Sobolev
spaces W1=9P(T4) by
W=0P(T) = T(p, o, WHP(T?), LP(T)).

For yu > 1, WHP(T9) is defined as the space of functions in WP (T?) with derivatives of
order || in W#= Lt (T?), while for < 0 it is defined by duality. Note that T'(p,a,Y, X) =
T(p',—a, X', Y') by [41, Theorem 1.2].

We finally mention that spaces W*P(T¢) defined above can be characterized using the
Gagliardo seminorm on T¢ by transposing classical arguments on R? (see, e.g., [44]).

Parabolic spaces. We proceed with the definitions of some functional spaces involving time
and space weak derivatives. Let Q = T? x I be as before. For any integer k and p > 1, we denote
by W2F(Q) the space of functions u such that 9] DBu € LP(Q) for any multi-index 8 and r
such that |8| 4+ 2r < 2k endowed with the norm

el 2. ) = //Q S |0y DEududt

|B|+2r<2k



We now define the fractional generalization of the above spaces. Let again 1 € R and p € (1, 00).
We denote by Hf(Q) := LP(0,T; Hﬁ(’]l‘d)) the space of measurable functions w : (0,7) — H;,‘(’]I‘d)

endowed with the norm
T
el gy = /O|u(~,t)||’;lg(w)dt

We define the space HH(Q) = HH5(Q) as the space of functions v € HH(Q) with dyu €
P P P

(Hi,s_”(Q))' equipped with the norm

=

ullses (@) = el (@) + N19eull g2z gy -

We refer the reader to [15]. Note that the above definitions make sense also when s = 1 (we will
usually drop the superscript s for brevity). Those are natural spaces in the standard parabolic
setting: see [34] and [I7], [7, Chapter 6] for properties in the case s = 1. Note that (Hif_“(Q))’
coincides with HL™25(Q).

Moreover, all the aforementioned spaces can be defined analogously on R? and R? x I, mutatis
mutandis. In particular, one has to consider (I — A)%u as the operator acting on tempered
distributions in terms of the Fourier transform J:

FII—A)2u)(€) = (1 +4n°[¢) % Fu(€),  VEeR™

2.3 The fractional Laplacian on the torus

In this section we recall the definition of the fractional Laplacian on the flat torus. Let u : T — R.
The fractional Laplacian on the torus can be defined via the multiple Fourier series

(—Aga)'u(x) = 2m)2 3 [k a(k)e>™™ >0
kezd

S

With a slight abuse of notation, we will denote this operator by (—A)®. Indeed, generally
speaking (—Ara)® coincides with the standard fractional Laplacian on RY acting on periodic
functions. We refer the reader to [50, [19] for additional details, and to [49] for transference
properties from the torus to the euclidean space. Note that in our analysis we never make use
of the integral representation formula for the fractional Laplacian on the torus.

We present two standard results that will be useful in the sequel

Lemma 2.2. For every smooth f,g, the following identity holds true for any s € (0,1)

/ (=A)°fgdz = / (=2)72f (=0)"gdz = / F(=A)gdx .
T Td T
Proof. The functions f and g can be written by multiple Fourier series expansion

f(:L') = Z f‘(y>62ﬂ'iu-z and g(SC) _ Z g(ﬂ>€27ri,u~x.

veZd M=A



Then

—A)® — 2s l/2sAV 2miv-x 4 2Tipx
8y fade = np [T i) e ds

v,uEZY

= (rpe 30 WP @) [ s = en Y b i) [ @m0

v, p€Zd v+pu=0

= Cn 3 W i) [ e

v,uEZY

= Crpe [ S pPF)en et de = [ (~A)H(-a)bgds

v,uE€Z4

where we used that de e2mivtm)wdy — ( if and only if u+ v # 0 and the fact that the Fourier
series defining f and g converge absolutely. O

Remark 2.3. We point out that the operator (I — A)Z maps isometrically H7T#(T?) to HJ/(T)
(and therefore spaces J{g"’” to H}) for any 1, u € R, Moreover, for 1 > 0, the operator (=A%
is bounded from HJ*#(T?) to HJ(T%). Indeed, T# := [(=A)5 (I — A)~5], u > 0 is bounded in
LP(R?) (see [54] p. 133]), so

=) ulgey < Clo, )l (4>

In other words, (2m)|&]#(1 + 472|£|?)~% defines a Fourier multiplier on L?(R?). Then, by the
transference result [55, Theorem VIII.3.8], the periodized operator given by

Tru:= 3 () |kl (L + 47 k)~ £ a(k)emH
kezd

is in turn bounded in LP(T%). It then follows
||(*A)%UHLP(W) = HT“(I - A)%UHLP(’N) <C|( - A)%UJHLP(’N) = CHUHH;:(W) ) (5)

so (—A)% is bounded from HY(T%) to LP(T). The general case follows by using the isometry
(I—A)z.

Similarly, (1 + (27)*[€]*)/(1 + 472|€]2)% and (1 + 472[€]?)2 /(1 4 (27)*|€|*) define Fourier
multipliers on LP(RY) for 1 < p < oo, and by continuity they transfer to LP(T?). This proves
the equivalence of norms || - ||, and || - ||, + [|(=A)% - ||,

By analogous arguments involving Fourier multipliers, one proves that H;f (T?) coincides with
WkP(T?) when k is a non-positive integer and p € (1,00). See [29] for the euclidean case, that
easily transfers to the periodic setting.

The following interpolation estimates hold.
Lemma 2.4. Let u € LP(T?), p € (1,00).

i) If s € (0,%) and Du € LP(T9), then for every 6 > 0 there exists C(6) > 0 depending on
2
0,d,s,p such that
1(=A) ull, <& Dull, + C ) llul, -
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(i) If s € [1,1) and D*u € LP(T?), then for every § > 0 there exists C(6) > 0 depending on
0,d,s,p such that
I(=A)*ull, < 8| D?ull, + (&) [full,

Proof. The proof follows by interpolation arguments. We prove only the case (i), the other being
similar. Since H2*(T%) ~ [LP(T?), WP(T%)]y, 0 = 2s, by () and Young’s inequality we have

1
s 1—0 0 C\ -2 1
I(=A)ull, < llully,, < C ulls™ flull?, < (1 - 25) (—) lul, + 2se%

qu,p

1 1
where C' = C(d, s,p). We then conclude (i) by setting d := 2sezs and C(¢) := (1 —2s) (%) B
2s€2s .
O
2.3.1 Embedding Theorems for H}

We recall some classical continuous embeddings for (stationary) Bessel potential spaces HE/(T?).
Lemma 2.5. (i) Let v, € R with v < i, then H;,‘(Td) — Hg('ﬂ‘d).
(ii) If pp > d and p— d/p is not an integer, then HY(T%) — Ccr=d/p(Td),
(iii) Let v,p € R with v < u, p,q € (1,00) and
d d
q

p——=v-
P

)

then HY(T) — HY (T?).

Proof. Ttem (i)-(iii) are proven in [36, Corollary 13.3.9], [36, Theorem 13.8.1] and [36, Theorem
13.8.7] respectively for the whole space case. The transference to the periodic setting can be
obtained as follows. Let xy € C§°(R?) be a cutoff function such that y = 1 on the unit cube
[0,1]¢ and 0 < y < 1.

Let now u be smooth function on T¢, namely a smooth periodic function on R%. Then, it is
easy to check that the extension operator

ur U= xu on R? (6)

extends to a linear continuous operator W#*?(T4) — W¥P(R9), for all non-negative integers k
and p > 1. The spaces HA(R?) and H/(T%) can be both obtained via complex interpolation,
that is for some 6 € (0,1) and k > p > 0, HX(T?) ~ [LP(T%), WP (T%)]y and HF(R?) ~
[LP(R?), WFP(R?)]g. Moreover, they coincide with W#P(T¢) and WP (R?) respectively when
1 is a non-negative integer. Therefore, the extension operator (@) is also bounded on HA(T%) —
HY(R?) by interpolation (see [56, Theorem (a), p. 59] and [44, Chapter 2]).Thus, for all x> 0,

lull Lo(ray < il Lo ray < Clla] o @ey < C1llull goray, (7)

that implies (i) in the case v = 0 (note that for the first inequality in (7)) to be true, it is crucial
to work in LP, so that the restriction operator LP(R%) — LP(T?) is continuous). The general
case v # 0 follows by applying to (@) the isometry (I — A)¥/2. Ttems (ii) and (iii) are obtained
analogously. |
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2.3.2 Embedding Theorems for parabolic spaces Hy

We now prove continuous embedding theorems for the spaces 34 (Qr) = HL*(Qr), where Qr =
T¢ x (0,T). As usual, we will denote continuous embeddings of Banach spaces by the symbol
X < Y. All the results of this section are valid for s € (0, 1]. We will basically follow the strategy
of [34, Theorem 7.2], where analogous results are proven for (stochastic) spaces associated to
heat-type equations (that is, for s = 1) on RY x (0,7 (see also [35]). In addition, we refer to [7,
Theorem 6.2.2], [I7, Proposition 2.2] and [45, Theorem A.3] for the case s, u = 1. We first state
the main result of this section and, at the end, we will deduce some useful corollaries.

Theorem 2.6. Lete >0, p € R, p> 1, u € HE(Qr) and u(0) € HE72/PYE(Td) | IF B s such
that s

- < B < s,

p

enu € -3 0,T]; H*=28(T%)). In particular, there exists C > 0 depending on d,p,f3,5,T,¢,
th C f5
such that

luCt) = ul ) s, < Clt = 71577 (ullyr gy + 110Nz /pse)

for 0 <t,7 <T. Hence,

||u||C§ %([0 ); H” gg(Td)) (”u”ﬂ‘fu(QT + HU( )H,U.*QS/[H*E,IJ) . (8)

Note that the constant C remains bounded for bounded values of T.

We first need some estimates in the spaces of Bessel potentials for the semigroup T; associated
to the fractional Laplacian. Recall that for a given smooth u, Tiu := v(¢), where v solves

v+ (—A)*v =0 in Qr,
v(0) =u in T<.

Then we have the following standard representation formula that can be obtained via Fourier
transform

Touta) = [ il = g)u(u)dy = piosss u(o), Q

where py(z) 1= F (e ") (2) = Jza 2w —tlE1* ge I the periodic case, namely if u : T¢ —
R, defining ps(z) := >, cpape(x +2) =3, cpa e~t121”"e2mi=2 e note that

Tou(z) = /det(zf y)dy = / —y)uly + 2)dy

zezd 0,1)4 +z

/ > pilw—y—2)uly)dy = /Td Pe(@ — y)u(y)dy = pe +ra u(z). (10)

z€Z4

This shows that some properties of the fractional heat semigroup on the whole space R¢ can be
directly transferred to the periodic case. First, ||p[| ;1 (a) = 1, 80 [|Pe| 11 (a) = 1, readily yielding

1Tefll, < Ifll, VP ell,odf, (11)
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by Young’s inequality for convolutions. Moreover, p;(x) = t~%/2$p; (t~1/2*z) by rescaling, hence
for a multiindex 8 we have

By B —|Bl/2s B —|Bl/2s
D%l 1 gy < 1D pe oy < E71P2|[ D oy < CEPV22, (12)
by boundedness of HDBleLl(Rd) (see, e.g., B8, Lemma 2.4]).
Remark 2.7. Representation formula (I0) and decay estimates (II]) imply that for any f €
C*>(T4) and multiindices k,m € N,
—Em
ID* T fllp < Ct72 |[D™fll,  Wp € [1,00] . (13)

On the one hand, this shows that for ¢ > 0, T; maps C™(T%) onto C**+™(T%). On the other hand,
exploiting the density of C°°(T?) in H/(T?), one obtains that T; is bounded from W™?(T%) to
Wh+m.p(Td),

In addition, note that, for 4 € R, it results

To(I —A)2u= (I —A)2Tu. (14)
The equality can be verified by taking its Fourier transform.

Lemma 2.8. (i) For anyp>1 and v € R,y > 0, we have for all f € H;;(Td)

||“th||1/+'y,p S Ct—’Y/QS ||f||y7p ’
where C = C(v,7,d, s,p).
(i) For any 0 € [0,8] and p > 1, there exists a constant C = C(d,s,p,0) such that, for all
f e H2°(T), it holds
1Tef = Fll, < Ct7* || fllag,, - (15)

Proof. To prove (i) one can restrict without loss of generality to ¥ = 0, since the general case
will follow by replacing f by (I — A)~" f. The proof is a consequence of (complex) interpolation
between inequalities (1) and [I3), see e.g. [56, Theorem (a) p. 59].

We prove (ii), and follow the strategy of [34, Lemma 7.3]. First, by (i) with v = 26 and
v=2s—20 >0, we get

0_
||(‘th||2s,p < Cts ! ||f||26,p ) (16)
where C' = C(d,p, 0, s). Note that (T;f) = —(—A)*T.f. Hence, we have

1T = )£, < /0 [[(=2)*(T = A)=*)(I = AT £, dr

t t
6 _ o
<c / 1T+l d7 < C 1 Fls0., / 41 = O |l

where we used ([6) and the fact that [(—A)*(I — A)~*] is bounded in LP(T?) (see Remark
23). O

Remark 2.9. We observe that —(—A)® generates an analytic semigroup T; on LP(T4) for all
p > 1, since the following inequality

I=(=2) T/, < IS,
holds (then, argue via [46, Theorem 2.5.2] for example). The above estimate is in turn a straight-

forward consequence of Lemma 28 (i) with v = 0 and v = 2s.
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We recall the following useful lemma, and refer to [34, Lemma 7.4] (and references therein)
for its proof.

Lemma 2.10. Let p > 1 and ap > 1. Then, for any continuous LP-valued function h(-) and
7 <t we have

h?‘g 1
0~ he < e —nt [ [ 1 S, )

|ro — rq| o

t—T1

_ d =
= C(a,p)(t — )P 1/0 WTVM/ 1h(r +7) = h(r)||% dr .

As a consequence one has

In(8) — (DI, _ // 17 (r2) — h(ﬁ)l\pd J
> ro>ry riars , (18)

s r2 = [T
where 14 denotes the indicator function of a given set A.

We now proceed with the proof of the embeddings of 3.

Proof of Theorem[Z0. Note first that since the operator (I — A)% maps isometrically HE(QT)
onto Hy~"(Qr) for any n, u (see Remark 2.3)), we just consider the case 23 = p. We than have
to prove that

By
lu(®) = u(r)lly < Clt =777 (lullyezs oy + 1100)l2g—20/pe p)s

for0<t,7<T.
Define
f =0+ (—A)y, (19)

and by Duhamel’s formula we have

t
u(t) = Tyu(0) + / Ti—r f(T)dT
0
where T; is defined at the beginning of this section. We claim that
gl
(e +7) = ulr) = (T, = () + [T+ p)dp.
0

Indeed we have

L) = u(r)+ [T, + o
= TauO)+ [ Trrafhr = a4 [T s 4 0y
T4y
= Tu(0) + [ Too ()7~ ulr) = ulr 4 7) = ulr)
0

Therefore,
[u(r +7) —u(r)|l;, < C(A(r,y) + B(r,7))
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where

A(r,y) = 1Ty = Dulr)ll;

and

Y p o p

B(r,v) = H/ ‘.Tv_pf(r—i—p)dp = ’ / Tuf(r+v—w)dw
0 P
Choose « so that 1 < a < 8. By Lemma 210 we have
[[u(t) — U(T)Ilz < Cla,p)(t =)~ I(t, ) + I (t,7)) (20)
where . .
Ty —y

I(t,7) _/0 Trap / A(ryy)d

and

t—T t—
dry v
J(t,T) :/0 W/ B(r,v)dr

To estimate B, we use Holder’s inequality and Lemma[28 (i) (with v = 0 and v = 2s—25 € (0, 1).
We have

B(?W)=/Td

T By 1_8
/w?_w_?fwa(r-i-v—w)dw
0

T oe_y e 1_8
< (/ wls )qdw> / w! _?)p/ |Tu f(r + v — w)|Pdx dw
0 0

C(d,p. B, sy 27 / 1F0+7 =) e,y

p
dzr

C(d,p, B, sy 27 / 1£ 0+ DI ss, d

This and the inequality a < ﬂ give

t—1 t—
d’}/ v v
J(th) < C(dvpﬂaﬂ/gﬂs) _B dp ||f(r+p)||g,6—2s,p dr
/72+(9‘ S )p 0 T

0

t—7 d’7 o t
e p
Cld et ,9) / vtz [, 4, WO

Cld e 5:3)(t =1 [0 (21)
Recalling that f = Ou + (—A)%u, by @)
t
ot 8 s
50,7) < €l Bu3)e =) [ (100 oy + 1AV UD )

< Clpasfes)t =0 [ (1000 By oy + I, )
= C(d,p,a, 8,5)(t —7)( 7P (||5tUI|H§ﬂ725(QT> + ||U||§H§ﬂ(QT>)

—a+B
:C(d’paa565s)(t_7-)( +op ||u||§{;236(QT)
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To estimate I, we apply Lemma 2.8 (ii) with § = 8 € (0, s) and Theorem [B3 to get

t
/A(rv)dr<0(dp6, sy e /Ilu r)ll5s , dr
0

< Oy

HZZJB(QT) S Cl( 5p7a7ﬂ7S7T’ E) (||f||H2B 25 + ||u(0)||gﬁ72s/p+51p)'

Thus,

t—1 d’Y t
I(t,T §/ /Ar,vdr
< [ e [ A

L _o s
< C(d,p, 0, o5, T,0)(t = ) (0 + (=AYl g+ [0(O0) B s psz)

—a+B
S C(dapaaaﬁa SaT’ 5)(t - T)( +S)p(||u||§{£5(QT) + ||u( ||25 2s/p+te, p)'

Finally, combining the last inequality with @20) and (ZIJ), we proved that

||u(t) - u(T)Hz S C(d,p, avﬂv S,T, 5) sE (Hu”‘rp}fiﬂ(QT) + ||u(0)||55725/p+6,p) . (22)
To obtain (§), in the special case p = 20, it remains to show that

sup [u(®ll, < Clllvlae @) + 14O0Nl2p—25/p4<,p) - (23)

This is a consequence of [22) and the continuous embedding of H2"~>*/"7(T4) into LP(T9), as
B > 2s/p. Indeed,

B
||u(t)||z S C(ﬂv S, P, d) ||u(0)||55725/p+51p + CTSP 1(||u||§{iﬂ(QT) =+ ||u(0)||§ﬂ72s/p+€,p)'

O
We now present some continuous embedding results that stem from Thereom
Proposition 2.11. Lete >0,g>p>1,0<60 <1 and u,n € R be such that
d d+2s(1—-6
neptdodr20-0) (24)
q b

Then, for any u € 1 (Qr),

0
T
(/0 [uC- D)l dt) < Clllullses @y + 1O —2s/pre ) -

; ; d+2s 1 1 n
In particular, if p >0, 1 <p< T‘S and 1>y~ dros
lullLa@ry < Cllullyer@ry + 1O —2g/pte )

Here, C depends on d,p,q, it,n,0,T, s, but remains bounded for bounded values of T .
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Proof. Let 0 < 8 < s to be chosen. Recall that, for any 6 € [0,1], if v = v(8) = (u — 268)(1 —
¢) + Op, then Hy can be obtained by (complex) interpolation between H} and H{,‘_QB (see, e.g.,

[5, Theorem 6.4.5]). Moreover, H, is continuously embedded in H”+d/q /vy
Hence, for a.e. t,

1-06 0
c(d,py 8, B) [ul®)ll,—aya o < M@, < Nu@®)ll, 55, @], -

in view of Lemma

d+2s(1-6)

By (24), we can choose 23 > 2% sothatn<u(6)—%+§<u+§— m

T o T ¢
D 1-6)2
(A wmwwﬂw> sc([;nwowtgzn<|p w)

0
T
(1-6)p P
<C dt
< flglgIIU( [ (/O lu(@)l,,p )

Clllullgcr(@ry + 180O0) |2y /pre )77 Nl oy
< Clllullger(gpy + 1O —as /psep)”

, and therefore

where, in the last inequality, we used Theorem and Young’s inequality.
The last statement follows by choosing n = 0 and 6 = p/q. O

Proposition 2.12. Lete >0, 1 <s <1, p > 28 gnd u(0) € HE72/PYE(Td) . Then for all
u € 9{35’1(@11) the following inequalzty holds

[ullgr 2 gy < Clllullgeze—t(qpy + 1O l25-1-20/p1e,p):
where
s d 1
Y=~ —5- "3 )
P 2p

and C' depends on d, s, p,T
Proof. First apply Theorem [2.6] with p = 2s — 1 to get

HE(Qr) < C= 5 ((0,T]; HE28(TY) .

Then, exploit the embedding H“_w('ﬂ‘d) C‘“w*é( T9) of Lemma 25l By choosing /3 so that

g — 1 2— and ~ as in the statement, then yu — 28 — £ =+, and one concludes by the inclusion
P S
of C2:(C7) into €72 (see Remark ). L

Remark 2.13. We point out that all the estimates carried out in this section can be proven
exactly in the same manner for the R case. Indeed, the arguments turn around decay estimates
for the fractional heat operator and fractional heat parabolic regularity that hold to the same
extent on R? and T¢.

2.4 Relation between H b and WHP

We prove the embeddings between WP and HJ' via the trace method. Without going into the
details, we mention that when p = 2 the space W” 2 coincides with HY by properties of Fourier
transform. For general p # 2, we follow the lines of [41, Theorem 3.1], shortening their proof by
using decay estimates of Lemma 2.8
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Lemma 2.14. For everye >0, p € R and 1 < p < co we have
+e (nd 0 (d —emd
HETE(TY) = WHEP(TY) — HE™(T?) .

Proof. Step 1. We first prove that H,~0%¢(T%) < W'=%?(T?) for every £ > 0 and 6 € (0,1).
To show this, it is sufficient to confine ourselves to the case ¢ < 6 since H/ (T?) — H) (T?) for
every v, € R such that v > 7. Set XA := 1 — 0 + ¢ and take u € H)(T%). We need to show the
existence of f(t) such that

{9 £(t) € LP(0,1; W P(1)

t*f'(t) € LP(0,1; LP(T%))
and

f0)=wu

are fulfilled, for « = 6 — 1/p. Once one finds such f(t), it is sufficient to multiply it by a
continuously differentiable function ((¢) for ¢t € [0,+00), which vanishes for ¢ > 1 and it is
identically 1 for t € [0,1/2] and then set g(t) = ((¢)f(t) for t € [0,1] and g(¢t) =0 for t > 1. As
a consequence, it follows that t*g(t) € LP(0,+o0; WIP(T4)), t*g¢'(t) € LP(0,+oo; LP(T%)) and
g(0) = £(0) = u € W'=9P(T9). To reach our goal, we use the solution of the fractional heat
equation with s = 1/2 and initial data equal to w, that is

ft) :==Teu ,

where here T; is the semigroup associated to the half-laplacian. It is clear that f(0) = u. We
show only that t*f(t) € LP(0,1; WP(T4)), the other case being similar. By Lemma 8 (i) with
v=Aand y=6—¢e>0 we have

1

1 L 1 3
( /O |tasrtu||§pdt) e ( /0 t”‘pt_(e_e)p||u||§7pdt)
1 1
< Oy (/ t(o‘_9+8)pdt) [wllxp < Cs.
0

Step 2. We claim that for every e > 0 it results W=%7(T%) — H]=0~¢(T?). By isometry (see
Remark Z3), the operator (I — A)z maps W12(T?) onto L?(T%) and LP(T%) onto W ~1»(T4),
In addition, it also maps H'~+¢(T¢) onto H~9+¢(T¢). By definition we have that it is also an
isometry between

T(p,a, WHP(T?), LP(T?)) = W'=%#(T?)
and
T(p, o, LP(T), W P(T%) = (T(p', —a, W' (T%), L¥ (1))
_ (Wlf(l/p’fa),p’ (Td>>/ _ er,p(r]rd»

By Step 1 we obtain
Hy 't (T — w=?(T) |

which turns out to hold for every ¢ > 0. By duality we also conclude wor' (T?) — Hgfg('JTd)
and hence the validity of the claim after replacing 6 by 1 — 6.

Step 3. Suppose p > 0. We first prove the left inclusion H;f*e(']l‘d) — WHP(TY). Let
w € HEF(T?). Then D¥u € LP(T?) for all |k| < [u], where [-] stands for the integer part. On
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the other hand, DFu € HET W (T4) for k = [y], which gives by Step 1 DFu € Wr—[ulp(Td),
Then u € WHP(T4). Conversely, if u € WH#P(T4), it means that u € Hz[f‘](’ﬂ‘d). Thus in
view of Step 2 we obtain DFu € HY ¥ 75(T?), namely u € HY~#(T%) which in turn implies
WHP(T4) < HE~¢(T%). The case p < 0 follows by the previous one arguing by duality. O

3 Fractional Fokker-Planck and HJB equations

3.1 On the fractional Fokker-Planck equation

In this section we gather some results on fractional Fokker-Planck equations in the periodic
setting of the form

{(%m — ocAm —+ (7A)Sm + le(bm) =0 in Td X (Oa T) ’ (25)

m(z,0) = mo(x) in T |

with o > 0 and mg € L>=(T¢). When o = 0, we expect low regularity of solutions, in particular
when 0 < s < 1/2. In this case we will adopt the usual notion of weak solution, with the following
integrability requirements.

Definition 3.1. Let b € L>®(Qr) be such that [divb]~ € L®(Qr). A function
m € L*(0,T; H5(T%) = H}(Qr)  with dym € L*(0,T; Hy '(T)) = H; " (Qr) (26)

is a weak solution to (28) if, for every p € C>(T? x [0,T)), one has
// —myp —bm - Do + (=A)2m(—A)2pdedt = / o(x,0)mo(x) dz .
T Td

Remark 3.2. Tt can be verified that ([26) implies m € C([O,T];Hésil)/Q(Td)), see e.g. [20 p.
480]. This suggests, by a density argument, that test functions ¢ in the previous formulation
can be chosen so that ¢ € L2(0,T; Hi(T4)) with 0y € L2(0,T; Hy *(T%)), therefore satisfying
v e C([0,T7]; HQ(PS)/2 (T%)). In this case the integration by parts in time formula holds (with an
abuse of notation, integration in space is hiding duality pairings here):

// gaﬁthrmatgad:cdt:/ ga(z,T)m(z,T)dzf/ o(x,0)m(z,0) dz.
T Td

Td

We also point out that solutions defined as in Definition Bl are unique, as a consequence of
the crucial unilateral bound on div b. This can be justified formally by multiplying the equation
by m itself and deriving an usual L2-energy estimate (as in (B0) below). Since m itself cannot be
a test function because of the “asymmetric” integrability requirements on m and 0;m, one has
to perform a preliminary regularization procedure via convolution (see, e.g., [40, [57] and [26]).

We will need the following estimates independent of o, for classical solutions of the viscous
problem.

Proposition 3.3. Let 0 >0, mg € C(T?%) and b € CL(Qr) such that

lImolloo + [[6llcc + Idivh] ™ [loc < K.

2In what follows, we will denote by [u]~ the negative part of u.
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Then, there exists C = C(K) such that for every classical solution m to [23) it holds

[mllosior < C, (27)
/ / |Dm)? dadt+ / / A)*?m)? dadt < C, (28)
10eml g1 (o) < C- (29)

Proof. By standard comparison arguments involving the function
w(a, t) = m(z, t)e” KT —|lmo|

with € — 0 (see e.g. [24] Section II.2]), one concludes

KT

[mloci@r < lImolloce

Multiply the equation in (25) by m and integrate over Qr to get

1 (T4
5/ EHmH;(W — // mAmdwdt—i—// )om dadt = / m div(bm)dzdt
0 T QT

Using Lemma and integrating by parts we have

1 /T .
5/ :ll [lm(-, )||L2(’]I‘d) +U// | Dm| dxdtJr// [(fA)Em]Qd:cdt:/ mb - Dm dzdt
0 t T QT
1
=3 / / (divb)m? dzdt. (30)

Using that [div(b)]” < K and the L> bound on m (one could also argue via Gronwall’s lemma),
we obtain

1
S Im sy +o [ pmpde s+ [ (Cay/m e < 00 + 3 mO) e
T

which gives the desired inequality (28]).
The last estimate follows by observing that, using the equation in (25]),

\ / i atmsodxdt] < [l s @m 71l 2(@m 1 Dl 20m) + (=AY 3m] z(om I lscom)
T

< Cllella@qr)-
O

3.2 On the fractional HJB equation
3.2.1 Semiconcavity estimates

This subsection is devoted to the analysis of semiconcavity properties of solutions to backward

fractional HJB equations
—Ou — oAu+ (—A)*u+ H(x,Du) =V (z,t) inQr, (31)
w(z, T) = ur(x) in T? |

We prove in particular that « is semiconcave, with semiconcavity constant depending on the
data and independent of o. First, we stress that when o = 0 we mean that u is a weak (energy)
solution according to the following
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Definition 3.4. Let 0 = 0 and V be a continuous function on Q7. We say that u € H5(Qr)
with Du € L (Qr) is a weak solution to (B1J) if

—/ @(m,T)uT(x)d:E—i—/ 8t<pud$dt+// (—A)%u(—A)%god:Edt—i—/ H(x, Du)pdzdt
T Qr T Qr

= // Vi dudt
T

Remark 3.5. We make a preliminary observation, which we will use in the sequel. Recall that
u € H3(Qr) means u € L%(0,T; Hy(T?)) with dyu € L%(0,T; Hy *(T?)). Note that H3(Qr)
is continuously embedded into C(0,7; L*(T¢)) in view of [20, Theorem XVIII.2.1]), so this is
equivalent to

for all ¢ € C*°(T? x (0,T7).

//T[atusw(A)ZU(A)SSOJFH(:E,Du)@]dIdt// Vo dudt

T

for all ¢ € H3(Qr), and u(T) = ur in the L2-sense. Uniqueness of solutions in this sense
holds by usual energy arguments (see also Remark [3.2)), and is based on the crucial property
Du € L*>(Qr) and the C* regularity of H.

Proposition 3.6. Assume that V € C**1%2/2(Q7), (HI) and ([3)-[5) hold, and
IVllcz(qp) + lurliczray < K

for some K > 0. Then every classical solution u to (B1l) satisfies
D?u(x,t) < CT on Qr,

where C' depends on K.

The proof will be accomplished via the so-called adjoint method, that is, by using information
of the dual linearized problem. This procedure is particularly effective when the Hamiltonian
lacks uniform convexity. Here, we are inspired by some results in [27], see also references therein.
We stress that we do not require convexity of H, but just assumptions (H1) and (H3)-(H5). Gen-
erally, for uniformly convex Hamiltonians similar results can be obtained in a more straightfor-
ward way through maximum principle arguments. When dealing with non-convex Hamiltonians,
such approach fails in general.

For any given p, € C*°(T%), p, >0, 7 € [0,7) and o711 (ray = 1 we consider the adjoint
equation

{(%p —0Ap+ (—A)*p — div(D,H(z, Du)p) =0 in T x [7,T] , (52)

plw,7) = pr(a) on T .
We have the following preliminary result

Lemma 3.7. There exists a classical solution p to [B2)). Moreover,

T
/ / |Du|”p dadt < C,
T Td

where C' depends on K and not on pr nor 7.
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Proof. The well-posedness of ([B2]) is a consequence of [24] Theorem I1.3.1] and the regularity
assumptions on H and w. By multiplying the fractional HJB equation by p and the adjoint
equation by u, one easily obtains the following formula

T
/ﬂ‘d u(x, 7)pr(x)de = /ﬂ‘d u(z, T)p(x, T)dx —|—/T » Vpdxdt+ (33)

T
Jr/ / (DpH(z, Du) - Du— H(z, Du))p dxdt.
T Td

Then, by (H1) we get

T T
/ u(:I:,T)pT(:E)d:EZ/ / Vpdxdt—i—CH/ / |Du|”p dadt—
Td T JTd T JTd
T
ch/ / pdxdt+/ pla, T)u(x, T)dx. (34)
T JTd Td

Then, since u is a classical solution to ([B1]), a standard linearization argument and the application
of the Comparison Principle for linear viscous integro-differential PDE (see, e.g. [24], Section I1.2])
yield

ulloso < luzllogpa + T (IVlasq + I1H 5 0)llooira )- (35)
Finally, plugging (B3] in (34) and using the fact that ||p(¢)||1 = 1 for all ¢, we conclude the desired
estimate. 0

We now prove the semiconcavity estimate.

Proof of Proposition[38. Since V € C*t*1+2/2(Qr), by a bootstrap argument u belongs to
CAte2ta/2(Qr) (see Proposition BT below). So, we can differentiate twice the equation in any
direction ¢ € R?, |¢| = 1. Observe that v = ug satisfies

—0w — 0 Av + (=A)°v+ DpyH(x, Du) - Dv+ DeH(z, Du) = Ve, v(2,0) = ug(0)
and w = uge solves

—0yw — o Aw + (—A)*w + Dv - D} H(x, Du)Dv + DpH (2, Du) - Dw+ (36)

+2D2.H(x, Du) - Dv + D H(x,Du) = Vee ,  w(x,0) = uge(0)

Then, multiply (B8] by the adjoint variable p satisfying ([32]) and integrate over T¢ x [r, T to get

T
/ w(z, 7)pr (z) dx + / Dv - DIQWH(:E, Du)Dvpdxdt = / w(z, T)p(x,T) dx—
T4 7 Jrd T4

T T .
_2/T » D;EH(% Du) - Dvp dzdt — /T ” DEEH(x, Du)p dzdt —|—/T /Td Veep dadt .

On one hand, by (H5) we have

T T T
/ Dv - D?JPH(SC, Du)Dvp dzdt > Cy / / | Du|" 2| Dv|?p dzdt — Cy / / pdxdt
T JTd T JTd T JTd
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and hence, using also (H3)-(H4), we conclude

T T
/ w(x, 7)pr (z)dx +Cl/ / | Du|”" 2| Dv|?p dadt — C'l/ / pdxdt
Td T Td T Td

T T
S/ w(x,T)p(x,T)d:c+Cg/ / |Du|771|Dv|pd:cdt+Cg/ / |Du|” p dxdt
Td T JTd T JTd

T T
+(é2+03)/ / pdmdt—i—/ / Veep dadt.
T Td T Td

Now, we apply Young’s inequality to the second term on the right-hand side of the above in-
equality to get

T 2 [T 1 /7
/ / | Du|" ™| Dv|p dadt < 5/ / | Du|""2| Dv|? pdxdt + —2/ / | Du|” pdadt.
T JTd T JTd € Jr Jrd

Taking € so that C; = % we finally obtain the estimate

1 T
/ w(x, 7)pr(z)dx §/ w(z, T)p(z, T)dx + | =— + Cj / / | Du|” p dedt+
Td Td 2C4 - Jrd

T
+/ / ‘/é'gpdxdt+é4.
T Td

During the above computations C; = C;(Cy). By Lemma B.7] we finally deduce the desired
semiconcavity estimate after passing to the supremum over p.. O

Remark 3.8. The viscosity parameter o does not play any role in the above proof, and hence if
u is sufficiently regular to perform a differentiation procedure in the classical sense, the above
scheme can be carried out with merely fractional diffusion of any order s € (0, 1).

We now turn to space-time Holder bounds for (forward) fractional HIB equations with
bounded right hand side. These will be useful in the vanishing viscosity limit to have uniform
convergence of solutions, and therefore to bring to the limit the viscosity notion.

Proposition 3.9. Let f € L>®(Qr) and u be a classical solution to

Ou — o Au+ (=A)u = f(z,t) in Qr
u(z,0) = up(x) in T9.

with ug € CY(T?). Then
[ulles@r) < C (37)

for some o, 8 € (0,1), where the constant C' depends only on | f|re=(qr), l|wollcr(rey and is
independent of o.

Remark 3.10. To prove the above result, we need to show the counterpart of Lemma 2.8 for the
semigroup JT; generated by the full operator oA — (—A)*. We point out that the two semigroups
e t(=2)" and et?® commute, and therefore

T, = e—t(—A)S (etoA).
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Proof of Proposition[3.d. We observe that by Lemma 2.8 (i) and ([IJ), it is straightforward to
see that, for v € R, p > 1 and v > 0 we have

1Te S Nlrp < CE2 gl - (38)

Note that C does not depend on ¢ here.
Write v using Duhamel’s formula, that is u(t) = u1(t) + uz(t), where

uy(t) = Tyuo, uz(t) = /0 T, f(T)dr.

The estimate of uq(t) = Tuo follows using the same argument as in Theorem [B.3 and the
estimates in Lemma 2.8 We focus on us(t) = fot T, f(T)dr. Take v =0, v = > in (B) to get

1 Teer fI2, < C(t—1)"V2||£]IP

s,p = L>=(Qr) *

Therefore

T P
3
luzlleg (@r) = </0 IIU2(t)||§,p> < CT2 || fll=(qr)

Since ug solves Oyug + (—A)%ug = f, one has

T T
/O 10rua ()], dt < Ch (/O I(=A) uz|Z, , + ||f||ps,pdt> < Collfllize@r) »

yielding the full estimate
||u||9c;(QT) < C(||f||L°°(QT) + ||u0||5725/p+6)

for e < %. Then, for p > %, by Sobolev embedding theorems in Proposition 2.6l we conclude

[ulleas (@ry < C llullycs(@ry < Cr -

3.2.2 Existence of solutions

In this section we prove an existence result for backward integro-differential HJB equations of
the form

u(z, T) = upr(x) on T¢ . (39)

{—atu — Au+ (=A)u+ H(z,Du) =V(x,t) onQr,
Proposition 3.11. Let V € C*t42/2(Qp), H satisfying ({ID)-H) and ur € C*H(T9).
Then, there exists a unique solution u € C*t*2+2/2(Qr) to [BI), and the following estimate
holds

||u||c4+a12+a/2(QT) < C(HVHC?JraJJra/?(QT) + ||UT||C4+a(1rd)) ‘ (40)
The crucial step to obtain this existence result are the semiconcavity estimates of the previous
section, that yield a priori gradient bounds of solutions. Then, the construction of a solution

follows by standard arguments. Since we were not able to find a similar result in the literature,
we detail the proof here for the convenience of the reader.
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Proof. Step 1: Local existence on @, = T¢ x (I' —7,T) . Let 7 < 1 and
8 = {u € W2HQr) s ul(T) = ur fullyy2i ., < a.p>d+ 2}
be the space on which we apply the contraction mapping principle. The parameter a will be

chosen large enough. Fix z € W>'(Q-), p > d+2 and let w = Jz be the solution of the problem

{atw —Aw=V - H(z,Dz) = (=A)z T x (T -7,1], (41)

w(z,T) = ur(z) in T
By standard (local) parabolic regularity theory (see [37, Theorem IV.9.1] or [16]), since the right
hand side of the equation in (@I)) is in LP(Q,), @) admits a unique solution w € W2 (Q-)
satisfying the following estimate

lwllwz1q,) < CUVIlr @, + 1 H(z, D)l Lr@.) + [(=A) 2l Lo(@r) + lurllw2-2/p.5(1a))-

We show that we can choose 7 € (0,7] sufficiently small so that ||Jz||W§,1(QT) < a. By [I6]
Lemma 2.4]

a 1
IH (z, D2)|Lr(@,) < Cr72# |H(x, Dz)l|L2r(q,) < Cot2# || Dzl q,
Moreover, by [16, Proposition 2.5] we have
[Dz]lociq, < Cs(llzlly21(q,) + lurllwa-2/pm(1a))

which gives
1
1H (@, D2y < Car® (llliyen g + I liya-a/mnpay) -

Concerning the fractional term we observe that if either s € (0, %) ors € [%, 1), then by Lemma
24 we get for some § > 0

[(=A)°zl Lo,y < 0 llzllwzr ) + CO) 12l s (q,)

where C(§) > 0 grows as ¢ approaches to 0. Then, note that by writing

T
z(+,8) = ur(:) —/ Oz(+, w)dw ,

we obtain )
12l Le@.) < 77 lurllLeray + 7102l o (@) -

Then

1
lwllyzq.) < C [max{||z||w§,1(QT), 1252, HTF + C() +0)
1 1
+(r7 + 7% ) max{ urll oz, 1l a/poipat + IVIizs@,)]
< C [max{l12llyz1 (g, 121321 g, TP (L4 C(6)) +6)

1
273 ma{ Jur | ooy, (47 Ry acsimpenay} + VIlzr@n)] -
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At this stage, take
a2 C (2max{llu | oo, 0zl ya—apogpa} + 1VIizr@,) ) +2
to get
w20, < € {max{lhuz g, 120 g} [(1+ OO +] } +a 2.
Then, choose § < & so that
Il gu) < Cmax{llzllzs gy I12hyz1 g, )1+ CONTH +a1

and finally 7 small to conclude
||wHW§’1(Q,_) <a.

This shows that J maps 8, into itself.
To prove that J is a contraction, one has to argue as above, exploiting also the fact that for
bounded z € W2 (Qr), p > d+ 2, then Dz is bounded in L>(Qr). So,

[ H (z, Dz1) — H($7D22)||LP(QT) <Cla - Z2HLp(QT) < CT [|0(z1 — ZQ)”LP(QT)

for some positive constant C'. Therefore, one obtains, for small 7,

ler = 22llwzr o) -

|~

1721 = Jallwzr g <

which ensures the existence of a unique fixed point, z = Jz, i.e. a solution z of the HJB equation
in the interval (T — 7, 7).
Now note that by Sobolev embedding, if p > d + 2, then u € Cl+o 52 (Q+). Then a bootstrap
argument allows to conclude u € C*t®:2+2/2(Q.), since V € C?t1+a/2(Q,).
Step 2. Define
T* := inf{r € [0,T] : BI) admits a solution C*+*>+*/2(Q )}

In view of Step 1 we claim that the above set is nonempty. We want to show that 7* < 0. To
this aim, take a sequence {(7x,ux)} in (T*,T) x W}(Q,,), where 7 converges decreasingly to
T* and wy, solves B9) in Q,,. Since, by Sobolev Embedding, ux € C**2+/2(Q_, ), we have
that uy is semiconcave independently on k. Being also bounded by the Comparison Principle for
classical solutions of integro-differential uniformly parabolic equations (see [24], Corollary I1.2.18],
there exists C' > 0 such that

[Dugll g,y <C VkEN
(see [9 Remark 2.1.8]). Arguing as in Step 1, by [37, Theorem IV.9.1] we claim that wuy, satisfies
”uk”WE’l(Q,.) <C. (42)

In particular the solution turns out to be classical by bootstrapping and [24, Theorem I1.3.1].
Again by the Comparison Principle, we also have

up = up on Q,, for every k> h . (43)
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We define a function u : T¢ x [T*,T] — R by setting u = us on Qrk for every k € N and then
by taking its continuous extension to T¢ x [T*, T]. Moreover, it solves the Cauchy problem on
T? x [T*, T by continuity of u, d;u, Du, D*u (using the results for parabolic Holder spaces, since,
as claimed above, at the end u has classical regularity). If, by contradiction, T* > 0, one argues
as in Step 1 to find w € W' (Q-) which solves

—0w — Aw + (—A)°w + H(x, Dw) =V on Q-, w(-,T) = u(-,T*) on T¢

(basically one applies the local existence to the backward equation with datum in 7*) which at
the end will have C*+®2+/2 regularity. One can check that

() = u(z,t) if (x,t) € T x [T*,T7] ,
o Nw(e, T4+t —T%) i (x,t) € T x [T* — 7, T*]

belongs to C4+:2+/2(T x [T* — 1, T]) and solves the problem on T? x [T* — 7, T], contradicting
the minimality of T™.
O

4 Existence for the MFG system

This section is devoted to the proofs of existence for systems () and ([2)). We begin by the viscous
case, then proceed with the vanishing viscosity procedure.

4.1 The viscous case

Proof of Theorem[I]l The statement is a consequence of the Schauder’s fixed point theorem
(see [25], Corollary 11.2]). Let
X = C"2([0, TT; P(T4))

and _
C= {m eX: Hm”cl+a/2([01T];(p(Td)) < C}-

It is straightforward to see that € is closed and convex. We construct a map 7' : € — C in the
following way: given p € C, let u be the unique solution to

—Ou — oAu+ (—A)*u+ DpH (x, Du) = Flu(t)](z) in T x (0,T), (44)
u(z, T) = ur(x) in T .
Then we define m = T'(u) as the solution to the fractional Fokker-Planck equation
om — oAm + (—A)*m — div(mD,H (z, Du)) =0 in T¢ x (0,7) ,
o (45)
m(z,0) = mo(x) in T .

We divide the proof in three steps.
Step 1. T is well-defined. To show that the map T is well-defined, first note that, since

1€ CF%(Qr), by the assumptions on F we have F[u] € C2F1+%/2(Qp); in particular, F[y]
is bounded in C?**1*+2/2(Qr) independently with respect of u. By Proposition BT} problem
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(@) has a unique classical solution belonging to C*+®2+%/2(Qr), and satisfies the a priori
estimate

||UHC4+Q,2+Q/2(QT) S Cl

where C in particular depends on [[ur||cs+apa), but does not depend on p. Then, we can
expand the divergence term of the viscous fractional Fokker-Planck equation as

om — o Am + (=A)’m — D,H(z, Du) - Dm — mdiv(D,H (x, Du)) =0 ,

which turns out to be a linear equation with parabolic Holder coefficients in C?+®1+a/2(Qr),
uniformly with respect to y. Indeed div(D,H (z, Du)) € C?T*1+%/2(Qr) owing to [33, Remark
8.8.7]. This gives that

Hm||c4+a,2+a/2(QT) S 02 (46)

by [24] Theorem I1.3.1]. In particular, the map 7" is well-defined from C into itself by choosing
C above large enough.

Step 2. T is continuous. To this aim, let u, € C converging to some u. Let (up,my), (u, m)
be the corresponding solutions. By the continuity assumption (F1) we conclude that the map
(x,t) — F[pn(t)](z) uniformly converges to (x,t) — F[u(t)](x). We can then consider the
equation

— Oy, — 0 Auy, + (—A)uy, + H(x, Duy) = Flun ()] (x)

whose right-hand side F|[u,,(t)](x) is uniformly bounded in C?*®*+/2(Qr). Then the sequence
{uy,} is uniformly bounded in C*+*2+%/2(Q7) in view of Proposition B.I1 and thus converges in
C*? to the unique solution u of the HJB equation. As before, the m,, are solutions of a linear
equation with Hélder continuous coefficients, providing uniform estimates in C*t®:2+e/2(Qr)
for {m,}. Therefore {m,} converges in C*2 to the unique solution m of the Fokker-Planck
equation. Note that the convergence holds also in C.

Step 8. T(C) is compact. By bounds (fl), one proves that for every u, € C, the sequence
my, = T(u,) has a convergent subsequence. O

4.2 The vanishing viscosity limit

We emphasize that in the limiting procedure ¢ — 0, one passes from classical parabolic WI?J
regularity to fractional parabolic 3{12,8 (Qr) regularity. The strategy will thus be to pass to the
limit in some suitable weak sense, and then recover maximal regularity by means of Theorem

B.3

Proof of Theorem [ 2 Let (us,m,) a the solution of ([2). For o > 0 we know that a solution
exists in view of Theorem [Tl Collecting the results in Proposition B3] Proposition and
Proposition 30 we are able to construct a sequence o = {0,,} — 0 such that, if (u,, my) is the
corresponding solution, we have

(i) us converges to u in C(Qr) as a consequence of the estimate [B7) and Ascoli-Arzeld The-
orem. Moreover, one easily has bounds for u, in 33, so u, — v weakly in 3(3.

(ii) The semiconcavity estimates in Proposition B8l yield Du, — Du a.e. in Qr in view of [9]
Theorem 3.3.3]. In addition, by [0, Remark 2.1.8] they also imply uniform bounds for Du,
in L>®(Qr), so Du, — Du in the L*°-weak-* sense. Finally, u is semiconcave with the
same semiconcavity bounds.
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(iii) By (ii) and dominated convergence theorem Du, — Du in LP(Qr) for every finite p > 1.

(iv) As a consequence of the semiconcavity estimates we have [div(d)]” < C, where b =
—D,H(z, Du,). Indeed

div(-DpH(x,Duy)) = =Y Dp, H—=> D}, Hoyq.us > —C.
1,7 7,7

The first term can be controlled by (ii) and (H4). Since 0 < D2H(x, Du) < C Iz and
D?u, < Clg, we have a control on the second term by a constant independent of o.

(v) In view of the estimate (21), m, converges to m € L (Qr), weakly-* in L.

(vi) Proposition[33ensures that m,, d;ym, are bounded uniformly with respect to o in H(Qr)
and H; ' (Qr) respectively, so they weakly converge.

In addition, note that (x,t) — F[m(t)](z) uniformly converges to the map (x,t) — F[m(t)](x).
We now pass to the limit in the weak formulation of both equations.

Step 1. Fokker-Planck Equation. Multiplying the Fokker-Planck equation by a test function
© € C(T? x [0,7)) and integrating over Q7 we get

— / me(x,0)p(z,0)dr — / My Oppdzdt — 0‘/ My Apdodt
T4 Qr QT
+ // (=) 2my (= A)* 2 pddt +/ meDpH (x, Du,) - Dpdxdt =0 (47)
T Qr
We then let 0 — 0 to conclude

- m(:z:,O)go(:C,O)dx—/ m@tgodxdt—i—// (=AY 2m(=A)*2 pdxdt+
Qr T

Td

+ lim // meDpH (2, Dug) - Dodzdt =0,
Qr

o—0

by the convergence of m, stated in (v)-(vi). It remains to prove
/ meDpH (2, Duy) - Dpdxdt — / mDyH(x, Du) - Dpdzdt .
Qr Qr
We write
‘// (meDpH (z, Dus) — mDyH (x, Du)) - Dy dxdt‘ <
T
< // |meDpH (2, Dug) — meDypH (2, Du)| |Dep| dedt
T

+ // |meDpH (2, Du) — mDpH (z, Du)| | Dy| dzdt .
T
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The first term on the right-hand side of the above inequality can be handled using (H2) and

(iii)-(v)
// |me(DpH(x, Dus) — DpH (2, Du))| |Dpldxdt

<C ||mUHL°°(QT) | DpH (z, Dug) — DPH(ZE,DWHU(QT)
< Cy |||Due ™t + |D“|7_1HLP<QT> [ Dus — Dull pa(gpy < C2 [1Dus — Dull oo,y

where we also applied Holder’s inequality with p conjugate exponent of ¢. Finally,

// m)DpH(z, Du) - Dodxdt — 0
T

in view of the L weak-* convergence m, to m and the fact that

-1
| DyH (@, Du)l 11 < C 1Dul}7t g0y < o0 -

LY Q)

Step 2. The HJB equation. We now pass to the limit in the fractional HJB equation.
Multiplying the equation satisfied by u, by a test function ¢ € C>°(T? x (0,7T]) we get

—/ Opuypdxdt — 0‘/ Augpdrdt + // (—A)’uypdadt
Qr QT T

n / [ B Dugygrit = / / Flmo Ol

We now integrate by parts using Lemma to obtain

—/ g (2, T)p(x, T)dx + // Uy Oppdxdt + a/ Dug - Dpdxdt
Td T Qr

// A)2u,(—A)2 pdzdt Jr/ H(x, Du,)pdxdt = // Fmg(t)]edzdt.
T Qr T

Now note that (iii) together with Lemma 24 implies also that (—=A)2u, — (—A)2u in LP(Q7).
By the regularity assumptions of the coupling F', the term on the right-hand side converges to
J fQ t)]pdzdt as o — 0. We only need to prove that

/ H(z, Du,)pdxdt — H(xz, Du)pdzdt

Qr Qr

as 0 — 0. To this aim we use again (H2) and the convergence of Du, to Du in LP for every
finite p > 1.

Step 3. Recall that the energy solution u € H5(Qr) of the fractional Hamilton-Jacobi equa-
tion is unique. The same is true for the solution of the Fokker-Planck equation in view of Remark
Moreover, since u, m are in L (Qr), the HJB and Fokker-Planck equations can be consid-
ered as fractional heat equations with bounded source terms. Therefore, by Theorem [B.3 the
solution u belongs a posteriori to J{IQ,S(QT), while m is of class %zs_l(QT) for all p > 1.

Step 4. Finally, if s > 1/2 one can set up a bootstrap procedure to obtain classical regularity.
This will be proven in the following Theorem
O

Remark 4.1. By uniform convergence of u, and F[m,] on Qr we can also conclude that the
limit u solves the HJB equation in () in the viscosity sense.
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4.3 Classical regularity in the subcritical case s > 1/2

In what follows, we will assume that

1< <1
- <s .
2

We aim at proving that (u, m) previously found in Theorem solves the MFG system in the
classical sense. We stress that for a (linear) bootstrap procedure to be performed, s must be
greater than 1/2, because the Hamiltonian and divergence terms deteriorate the regularity of the
unknowns up to one derivative, while the gain realized by the fractional Laplacian is of order 2s.

Theorem 4.2. Let s € (3,1) and (u,m) be a solution to ) (in the sense of Definitions[31 and
[34). Then u,m both satisfy [B0) for some 0 < & < 1, and in particular solve () in the classical
sense. Moreover, there exists a constant C' > 0 depending on the data and remaining bounded
for bounded values of T such that

[m[loc + (| Dul| o0 < C-.

Proof of Theorem[{.2. We first observe that since m & ﬂ-(f,s_l(QT) for all p > 1, by Proposition
we have that m is bounded in €% %: (Qr) for some 0 < & < 1, by choosing p large enough.
Therefore, in view of (F3), F[m] € C%/2*([0,T]; C***(T%)), that is in turn embedded in H? for
all p > 1.

Note that u solves the following equation

—owu + (—A)’u = G(x,t), u(z, T) = ur(x),

where G(z,t) := F[m(t)](x) — H(z, Du(z,t)), and Du € L*°. Then, at first glance, G € LP(Qr)
for all p. This yields u € H2°(Qr) by applying Theorem B3] and in particular Du € H2*~H(Qr).
Then H(z, Du) € H2*~'~¢(Qr) by the fractional chain rule in Lemmal[A2] so G € HZ*~'~¢(Qr).
Using that s > % and taking € small, we can iterate this procedure until, in a finite number
of steps, G € HZ(QT), that is the maximal regularity allowed by F[m] € HZ(QT). Another

iteration yields u € 9'(5"’25 (Qr) for all p > 1. Since 2 + 2s > 3, we can apply Theorem with
p large and 3 close to zero to obtain u € C1 ([0, T]; C3+22(T9)), for some 0 < vy, < 1, thus
H(z, Du) € C*1([0,T]; C?>t22(T%)). As a consequence, G € €% 3 (Qr), possibly for a smaller &
than the one appeared at the beginning of the proof. So, Theorem [B.1] applies, providing the
desired regularity for w.

Let us now focus on the Fokker-Planck equation. By similar arguments we have that
DpH(x,Du) € Hy?57¢ 0 L>(Qr). Moreover, m € H2*~' N L>(Qr), so by Lemma [AT] we
obtain that div(mD,H (x, Du)) € H2*"?(Qr). An application of fractional parabolic regularity
stated in Theorem [B.3] provides m € 9'(25_2(QT). We may iterate this procedure until we get
m € 3{12)3"’1 NL>(Qr), and another time to conclude m € U'C;‘;S_E(QT) for all p > 1. Since 4s > 2,
we can use Theorem with p large and 3 small to get m € C°*([0, T]; C*+2+(T4)), for some
0 < az,ay < 1. Since we previously obtained D,H (z, Du) € C*([0,T]; C**t22(T4)), we finally
have div(mD, H (z, Du)) € €%25 (Qr), reducing eventually the value of @ previously chosen. We
deduce the stated regularity for m again from Theorem [B.11

Last, the estimate on the sup-norm of Du on Qr follows by comparison and semiconcavity
bounds. Note that Proposition 3.6 applies in view of C1 ([0, T]; C3+22(T4)) regularity of u, see
in particular Remark B.8 Analogous bounds for m are then a direct consequence of Theorems
B3 and

([l

Remark 4.3. We mention that if up, mg, H and F' are smoother, an additional bootstrap proce-
dure yields further regularity of w, m, up to C'°°. For the sake of brevity, we omit the details.
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5 Uniqueness

Here, we prove some uniqueness results in the case o = 0, that is for system (Il). We assume
that equations are satisfied in the sense of Definitions B.Iland B4l The case o > 0 is easier, since
solutions enjoy classical regularity, and the following arguments apply similarly.

5.1 Uniqueness in the monotone case

Theorem 5.1. Assume that H is convex and the following monotonicity condition holds
/ (Flma)(z) — Flms)(2))d(m1 — mo)(@) >0, Vmy,ma € P(TY) ,my # ms .
Td

Then, the solution to () is unique.

Proof. Uniqueness in the monotone case follows from the usual ideas by Lasry-Lions [39]. One
has to be careful that (u,m) is regular enough to run the argument. Let (u1,m1) and (usz,m2)
be two solutions of the MFG system (Il). Set v = u; — u2 and g = m; — mo. Then v and p
satisfy respectively the equations

—0w + (—=A)°v + H(z, Duy) — H(z, Dus) = Fmq(t)](z) — F[me(t)](z) ,v(z,T) =0

and
Op+ (—A)°p — div (m1DpH (z, Duy) — meDypH (2, Dus)) =0, u(z,0) =0 .

We distinguish between the supercritical-critical (namely s € (0,1/2) and s = 1/2) case and the
subcritical (s € (1/2,1)) one.

Case 1. The supercritical-critical case. Recall that u;, Du;,m; € L>®(Qr), so v,Dv,u €
L>(Qr). Moreover, v € H5(Qr). Hence, using p € H(Qr) N L™ (Qr) as a test function in the
weak formulation of Definition [34] we get

// —pdv + p(H(x, Duy) — H(z, Dug)) — p(F[mi(t)](z) — F[ma(t)](z))dzdt+
+ // (=A)2pu(—A)2vdedt =0 . (48)

Then, we use v € H3(Qr) N L>(0,T; WH>(T?)) as a test function in the weak formulation of
the equation satisfied by u, recalling also that d;u € Hy ' (Qr), to conclude

0= // —pdpv drdt + (—A) 2 p(—A)2 v dedt+
T
+ / Dv - (miDpH (x, Du1) — moDpH(z, Dug)) dadt , (49)
Qr
Subtracting (@9) from @8] we obtain

0= // fu((F[ml(t)](z) — F[mg(t)](x)) + u(H(x, Duy) — H(x, Dusg))dxdt—

- // Dv - (m1DyH (z, Duy) — maDypH (z, Duy))dzdt . (50)

T
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The following inequality holds true
// w(H(x, Du1) — H(x, Dus)) — Dv - (m1DpH (z, Du1) — moDpH(z, Dug))dzdt <0,
T
by convexity of H. Using (B0) we can conclude that

// (m1 — ma) (F[my(t)] — Flma(t)])dtdz <0,

In view of the monotonicity condition we get m; = ms a.e.. Finally, by the fact that u; and us
solves the same equation with same final datum, they must concide.

Case 2. The subcritical case. The proof of the case s € (%, 1) is simpler and it can be carried
out as in Step 1, observing that (u,m) is a classical solution. O

5.2 Small-time uniqueness

The result of this section is the following

Theorem 5.2. For s € (%, 1), there exists T* > 0, depending on d, s, H, F, mg,ur such that for
all T € (0,T%] system (@) has at most one solution (u,m).

Rewriting () as a forward-forward system for v, m setting v(-, ¢) := u(-,T—t) for all t € [0, T],
then

{U(:I:,t) = Tyur(x) — fot Ti—r ®°[v, m](7)(x)dT | (51)
m(z,t) = Tymo(a) + [i Toer @™o, m)(7)(z)dr
where
v, m)(7)(-) = Flm(T — 7)|(-) = H(-, Dv(-,7)) ,
Q" v, m](7)(-) = div(DpH(-, Dv(-, T — 7))m(T))
for 7 € [0,T]. We will exploit the decay properties of T;.

Proof of Theorem[52.2, For p > 1 and u > 0, let us denote by

- ) d
X5 = C([0,T]; Hf (T?)).

First, observe that any solution is classical by Theorem 2] and therefore it belongs to
X2® x X2*71. Moreover, every solution of () can be seen as a fixed point of the map ¥ :
(v,m) — (0,Mm), where

m(t) = Tymo(z) + fot T r O™, m](7)(z)dT . (52)

{ﬁ(t) = Tyur(x) — fot Ti—r ®[v, m](7)(x)dT |
We prove that the fixed point of ¥ defined in (52)) is unique by the contraction properties of
U itself that are valid for small T. Let (v1,m1) and (v, m2) be two fixed points of U. Set

e=d (% — %) < 2s — 1 with p > p. This choice yields

[[m(7) < Clm(7)llas-1,p

||23—1—€,13 —
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for some C' > 0 in view of Lemma We apply Lemma 2.8(i) (with v = 2s — 1 — ¢ and
v =1+ ¢) and the assumptions on F and H to get

/0 Ti—r (@7 [v1, ma](7)(2) — @°[v2, mo](7)(x))dr|| <

2s,p

S/O [Tt—r (% [v1, ma](7) () — @ [v2, ma] (7)(2)) | 5., dT

<G (/0 (t —7)7 = [Flma(T = 7)](-) = Flma(T = 7)](Mlas-1-cp 7+

+/O (t — 7-)—% |H (-, Doi (T = 7)) = H(, Do (-, T = 7))l gs_1—c dT)

t
< (/ (t = )5 (T — 1) — o (T — gy, drt
0

t
_1+e
+/ (t—7) 2= ||Dv1('5TT)Dv?(.7TT)||28—1,pdT)
0

2s—1—¢

< C3T ™ 2 (||m1 — m2||X§s—1 + ||o1 — U2||ng) ;

by taking 7" small enough.
We now consider the term related to the Fokker-Planck equation. We apply Lemma 28 (i) with
v=2s—2—c¢cand y=1+4 ¢ to obtain

<
2s—1,p

/0 Ty (@™ [o1, ma)(7) () — D™ [z, ma) () () dr

S/O [Tt—r (@7 [, ma | (7) () — B [02, M) (T)(2)) [l 35_1 p dT

‘div (D,,H(-, Dvy (-, T —7))mi(7) — DpH(-, Dva(-, T — 7))ma (T)) H257276,p

t 14¢
/(t—T)_Z_s
0
t 1+e
<y </ (tf’l')7W
0

+ [ =) div(ma(r) (D, HC, Doa (T = 1) = Dy DoaC T = D))o dT)
0

dr+

|div(Dyp H(-, Doy (-, T — 7)) (ma (1) — ma(7)))

||257276,p

<O (/0 (t—7)" 2 |DpH(:, Doi(-, T — 7)) (ma (1) — ma(7)) [l gy, dT+

t
_lte
4 [ (=) s DpH( Dor (T = 7)) = Dy, Dl T = )ar o dT>)
0
Then one has to observe that
[ DpH (Duy (-, T = 7)) (ma () — ma(7))llgs 1,
< Cs(IDpH | llma = mallgg_y—c s + I1DpHllyg_y_ 4 llma — mall;)

< Cyllmi —mallys_ . p < Csllmi —mallyg_y

where we applied Lemma [A] to the second inequality, Lemma 2.5} (iii) to the last one, the fact
that |D,H|,, | . g s bounded independently of T' by the regularity assumption on H and the
L> bound on Du and m.
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Similarly,

|ma(r)(DpH (-, Doy (T 7)) = DpH (-, Doa(- T = 1)l ..,
< Ci(llmally |D,H(, Dvr) = DyH(, Du)lly
- Imallyy -1 g IDH (-, Dvn) = DyH(, D), )

< G2 |DpH(:, Dvr) — DpH(:, Dva) |y 5 < Cs[|D(v1 — v2)llg5_1_c 5

< Cul|D(v1 = v2)llag—y, < Cs llor — vally,

where C; = C;(d, s,€,p,P,q). This gives

by eventually taking 7" small enough. At the end we get

/O Ty (@™ [o1, ma)(7) () — D™ [z, ma) () () dr

2s—1,p

25—1—
< CaT 7= (Jor = vallxz. + [[my — mz| xze-1)

lvr = vallxze 4 Ima = mally2e-r = [ @ (w1, m1) = U (v2,m2)| 20 21
< gllor = v2llxze + [lma = mallxze-1)

which allows to conclude (vi,m1) = (ve, ma) for T sufficiently small. O

A Fractional product and chain rules on the torus

We first present a version of the Kato-Ponce inequality on Bessel potential spaces on the torus.
We refer the reader to the classical results in [32] and to [30] (and references therein) for more
recent developments, all stated in the euclidean case.

Lemma A.1. Let p € (0,1) and 1 < p,p1,q1,p2,q2 < 00 and such that % = p% + q% —

1
T
Then,

1

b2
||f9HH;;(1rd) (HfHLpl(’]I"i) HQHH - (T4) t ||fHH;‘2(1rd) Hg||Lq2(’]I‘d))

for some C > 0.

We recall that the inequality can be proven in the euclidean case as follows, see e.g. [2§].
First, a bilinear multiplier operator with symbol m acting on f, g € §(R?) is defined as

T, / / (&, m)FF(E)Fg(n)e €= ded (53)

We are interested in the symbol | + n|#, since

(—AY2(fg)(a // €+ P F(E)F g (n)e2 ™ E > dgdy

Then one performs the partition m(&,n) = o1(&,n)|E|* + o2(&,n)|n|*, where

e =gt (10 () oo =BT (1)
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and ¢ is a suitable C§° cut-off function; we are then reduced to prove the boundedness of the
operators T, on LPi(RY) x L% (R?). Indeed, this would yield

|—a)2(£9)

<c (H(A)“/Qf‘

Lp(Rd) —

[CINEE

I )

and the desired estimate with H/ norms would follow by equivalence of || - ||, with || - ||, +

LP1(RY) Hg”Ltn(]Rd) + Hf”Lm(]Rd)

[(=A)% - ||,. The key result for boundedness of T, is the Coifman-Meyer multiplier theorem
(see [30, Theorem A] and references therein). Note that the assumptions of such theorem are
fulfilled, since the multipliers o; are homogeneous of degree zero.

Proof of Lemmal[4A.1l One may argue as in the euclidean case. We start by observing that
bilinear operators T,, have a periodic counterpart defined on the torus, that is

Bo,(f,9)(@) = 3. 3" il v) f()g(w)e? it (54)

;,LEZd veza

By the transference results on multilinear multipliers in [22] Theorem 3], since o; are bilinear
Coifman-Meyer multipliers on R? x R%, then they are so also on T¢ x T¢. One has just to be
careful since o; are discontinuous at (0,0), but it is sufficient to have them defined in (0,0) so
that (0,0) is a Lebesgue point for both o;. O

We also present a chain rule for fractional Sobolev spaces.

Lemma A.2. Let 1 > 0, and ¥ : T*xR? — R be of class CT*1 (T4 x RY) with bounded derivatives
on T x R up to order [p]. Let u € WHP(T?) N HY(T*). Then

eC w) wer sy < C(llullwerrs +1)

and, for all € > 0,
G w e ey < Cllullzg s +1) -

Proof. We just consider the case 0 < pu < 1, the general case being treated similarly. We start
with the inequality in WP spaces, using their construction through the trace method. It is
sufficient to recall that

|l ray = u:il}fo) max{[|[t* =P £ (£)[| Lo (0,00:w 10 (ra); 142 £/ (E) | 2o (Tt ¢ (0,000) }

and observe that
1@ (2, f(@)lwrrsy < CA+ | fllwieray),

where the constant C' depends on global bounds on the derivatives of W. Then, one uses
U(z, f(r)) to estimate ||V (-, u(:))||w1-wnp(ray, Where f is close to the infimum in the definition of
llull1-sp(ra). The analogous inequality in H}} spaces is then a consequence of Lemma 214 O

B Regularity in parabolic fractional Holder spaces

We consider the problem

{atu + (_A)su = f(.%',t) in QT ’ (55)

u(z,0) = up(x) in T¢ .
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The purpose of this section is to present a fractional analogue of classical parabolic Holder and
Sobolev regularity. We point out that related results for this problem on the euclidean space
appeared in [8, Appendix A] and [I5], see also references therein. We stress that transference
of these results to the periodic setting is delicate, in particular concerning regularity in Sobolev
spaces, and to our knowledge they are not explicitly stated in the literature. We present some
proofs that make use of interpolation methods and results for abstract parabolic equations, with
some details for the reader’s convenience.

As for regularity in Holder spaces, we follow the approach of [44, Chapter 5-6],[42, Chapter
3-4] (see also [43, Chapter 5]).

Theorem B.1. Let o € (0,1) so that 25 + « is not an integer, f € C*3(Qr) and uy €
C?*+t2(T%). Then problem (BH) has a unique classical solution u, and there exists a positive
constant C' depending on d,T,«, s (which remains bounded for bounded values of T') such that

[0l o oy T 1(=A)°ul| o < C(lluollg2staqray + 1 flloo g 0y - (56)
(Qr) (Qr) (QT)

We begin with some preliminary decay estimates for the fractional heat semigroup J; in
Holder spaces.

Lemma B.2. For every 0 < 01 < 03, 01,02 € R, there exists C = C(01,02) such that for all
f e (T
[Tefll oz (pay < Ct= 270025 £l oy pay

Proof. Computations of Remark [2Z7] (in particular the representation formula for T; and Young’s
inequality for convolution) show that for every k > h, k,h € NU {0} there exists C = C(h, k)

_k
Tt fllcrsn(ray < CL25 || fllon(ray -

This implies that Ty f : C"(T?) — C**"(T4) is bounded for ¢ > 0. Recall that, as a consequence
of the so-called Reiteration Theorem [43, Section 1.2.4] and [42, Theorem 1.1.14 and Example
1.1.7] (whose proofs can be readily adapted to the torus) we get

(Ch(']fd), Ck+h(Td))a,oo — Ch+a(']fd) ]

In addition, one also has T, f : L°°(T%) — L>°(T%). By interpolation (see [43, Proposition 1.2.6]),
T; maps C? (T?) onto C%(T?) with the desired estimate. O

Proof of Theorem[B.1l Step 1. We first prove the existence of a constant C' > 0 such that

sup HU(',t)H023+a(Td) < C( sup Hf(',t)”ca(’]rd) + |‘UO|‘CZs+a(’H‘d)) .
te[0,T] te[0,T]

We first observe that for s, € (0,1) such that 2s 4+ « is not an integer we have
CPHe(T) = (COF(T?), C* T (T))1 s /2500 » 0 <6 <25 .
We show that u(-,t) is bounded with values in C?*T(T%). Fix ¢ € [0, T]. Then, for every & > 0
we split u(t) as u(t) = a(§) + b(&) + ¢(§) using Duhamel’s formula, that is
min{¢,t}
a(§) = / T f(t —7)(x)dr,
0

b(e) = / T, f(t - 7)(z)dr,

min{¢,t}
C(f) = Tt—min{f,t}Tmin{ﬁ,t}uo-
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Then a(¢) € CHO(TY), b(€), c(t) € C?+2FI(T9) for each § € (0,2s). Indeed,

la(&) = e < £
a(é)||ca+s(Ta </ dr sup T) || o (Td
(T4) 0 82 oy (T)

C 1-5/2s
< — u )| e .
=7 6/255 T:[OI,)]Hf( )||c (T4)

In addition
¢ C
[6(E)l| c2s+a-ts(pa S/ —5572:47 sup [[f(7)lgara
¢ " min{e,} T2T9/2 7 Lejo1] e
C s/
< ——€79% sup ||F(D)|lgocray -
e LT

Similarly to the above computations we have

[e(€)llgzoratsiray < | Tminge,epuollczeratsray < CEO/28 |lug| czota(ray.-

Therefore, by the definition of K in Section we have

U2 K (€, u(t), CoTO(T?), O ot (T4))
< U729 ([|a () || gars (ray + EINB(E) + (&) || cretrats(ray)
< C( sup ||f(T)llca(ray + lluollc2eta(ray) -

T€[0,
This shows in particular that u(t) € C*T(T9) = (C*T9(T?), C?5T+9(T9));_;/2 0 and

[u@llc2eraqrsy < Cllfllog@r) + lluollcza(re) -
forallt € [0,T7]. Since dyu = —(=A)*u+f and [[(—=A)*u(t)||ca(ay is controlled by [[u(t)||c2s+a(re)
(see, e.g. [50, Theorem 1.4]), we obtain the bound on [|Osul|ca(ray + [|(=A)*u(t)||co(ray-

Step 2. We need to show that d;u and (—A)*u are both «/2s-Holder continuous in time.
Note that as before it is sufficient to estimate the term (—A)®u. One can proceed adapting the
arguments in [42] Theorem 4.0.14] to the fractional framework, and essentially use estimates of
Lemma We refer the reader to [26] for detailed computations. Anyhow, our setting falls
into a general treatment for abstract parabolic equations, see [53] or [42] Theorem 4.0.15]. O

Concerning parabolic regularity in Sobolev spaces, we need the following

Theorem B.3. Letp > 1, e > 0 and p € R. Suppose that u € HE(Qr) solves ([BI)) with

ug € Hﬁ_Qs/p+8 (T4). Then, there exists C > 0, that depends on d,T,p, s, (but remains bounded
for bounded values of T') such that

lullacs@ry < CULF g2 (gry + 1u0llu—25/p+e.p)-

Proof. A detailed proof of this result on R? can be found in [I5]. In the periodic setting one may
proceed as follows. Note first that by Duhamel’s formula u(t) = u1(t) + uz(t), where

u1(t) = Truo, us(t) = /0 Ti—r f(7)drT.
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Recall that (—A)® generates the analytic semigroup T; on LP(T?) in view of Remark
This observation allows to apply the abstract regularity result [38, Theorem 1], which yields the
following estimate for uq

luzllseze(@r) < CllfllLr@r) -

=3
2

The general case follows by the isometry property of the operator (I — A)z in view of Remark

23

The estimate of the term involving the initial datum [lu1(|scs Q) < Clluollp—2/ptep can
be obtained directly using decay estimates. We assume without loss of generality ¢ < %. By
Lemma 28 (i) we have

P S
lur@®)ll,.,, = 1Teuoll,, , < CtT7 2 Jluoll,_og/pirep -

Note that C here does not depend on T'. Integrating between 0 and T we have

T
pe
”ulH]}pﬂﬁ(QT) - /0 Hul("t)HZ@ dt < CT> HUOHZ—QS/p-i-e,p

Since uy solves dyug + (—A)*u; = 0 we get

T T
oy gy = [ 101 = [ NA G

T T
< C/O I = D) ur (- )l dt = C/O lua (- I, dt

that allows to conclude. O

Remark B.4. In Theorem [B.3we “pay a price” of € in terms of the regularity of the initial datum
in order to make the argument more transparent. Set now p = 2s for simplicity. Actually, it
is natural for the initial datum ug in (B5) to belong to the space T'(p,0, H2*(T?), LP(T%)), that
is the space of traces of functions in H2* (T x (0, +00)) = W (p,0, HZ*(T%), LP(T?)). Similarly,
T(p,0, H2*(T?), LP(T%)), is the space of traces of functions in H2*(Qr) by an easy localization
argument. As mentioned in Section 2] T'(p, 0, HgS(Td), LP(T9)) is equivalent to the real interpo-
lation space (H2°(T?), LP(T%)),p, . The latter is isomorphic to the Besov space BZ?{QS/F(Td)
and therefore to W,? s=2s/p (T?). This chain of equivalences can be motivated as follows: arguing
as in [5, Theorem 6.4.5-(4)] and [5, Exercise 6.8.7], (H2*(T%), L*(T%)) is equivalent to the
space of functions u € LP(T¢) with finite seminorm

_ lu(z) —u(z + h)? »
[U]Bgf;ZS/p(Td) = (//ﬂ‘dx’ﬂ‘d |h|d+2sp72s dxdh < 0.
25725/p(p]rd)

This is indeed the Gagliardo seminorm, an equivalent way to define the space W,

(see [42] Example 1.0.6]). Such space is larger in general than Hgsi?s/ws (T) by Lemma 214
Therefore, by these ideas one could slightly relax the dependance on «(0) in, e.g., Theorem [20]

Propositions 2.11], 212} ...

1/p:p
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