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ABSTRACT
In this paper, we are interested in the following one dimensional forward stochastic differential equation (SDE)

dX; = b(t, Xs,w)dt + 0dBy, 0<t<T, Xo= z€R,

where the driving noise By is a d-dimensional Brownian motion. The drift coefficient b : [0,7] x © x R — R is Borel measurable
and can be decomposed into a deterministic and a random part, i.e., b(¢, z,w) = b1(t,x) + b2(¢, z,w). Assuming that b; is of spacial
linear growth and bs satisfies some integrability conditions, we obtain the existence and uniqueness of a strong solution. The method we
use is purely probabilitic and relies on Malliavin calculus. As byproducts, we obtain Malliavin differentiability of the solutions, provide an
explicit representation for the Malliavin derivative and prove existence of weighted Sobolev differentiable flows.

KEYWORDS: Malliavin calculus, random drift, measurable drift, compactness criterion, explicit representation, Sobolev differentiable
flow.
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1. Introduction

The first main result of the present paper concerns wellposedness of a class of stochastic differential equations of the form
dX: = (b1(t, Xe) + ba(t, Xt,w)) dt + 0dBy, 0<t<T, Xo=2€R (1.1)

when the drift coefficient by : [0, 7] x R — R is merely measurable and of linear growth in the second variable, bs is bounded
(in z), sufficiently smooth and has bounded derivative (see the assumptions in Section 1.2) and o € R<. The driving noise
B is the canonical process B;(w) = w; on the canonical space €2 := C([0, T, R?) equipped with the Wiener measure P and
the completion (F)c[o,7) of the natural filtration of B.

Since the work of It6 [20], it is well known that the SDE (1.1) admits a unique strong solution when the drift b is globally
Lipschitz continuous and of linear growth. That is, there exists a unique (up to indistinguishability) square integrable process
that is [F-adapted and satisfies (1.1). SDEs are widely applied in stochastic control, in physics, and as a modeling tool, in
a number of applied sciences including biology, finance and engineering. Often, the Lipschitz continuity condition is too
stringent, as for instance in modeling of switching systems (see e.g. Delong [8] and Heikkild and Lakshmikantham [19]) or
in models of interacting finite (or infinite) particle systems (see e.g. Kondratiev et al. [24] and Albeverio et al. [1]) where
the drift b is typically discontinuous. While existence of weak solutions of (1.1) is a direct consequence of Girsanov theory,
the construction of strong solutions is usually a delicate matter. Note in addition that in the above mentioned applications
existence of a solution X as function of the driving noise (i.e. strong solution) is crucial.

Strong solutions of SDEs with rough coefficients have been extensively studied in the past decades, starting with the seminal
works by Zvonkin [41] and Veretennikov [40] and including other important contributions e.g. by Gyongy and Krylov [17],
Gyongy and Martinez [18]; Krylov and Rockner [25] or Fredrizzi and Flandoli [16]. These works eventually build on the
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analysis of the Kolmogorov partial differential equation associated to the SDE or on pathwise uniqueness arguments and
benefit from the Yamada-Watanabe theorem.

Let us further refer to works by Fang and Zhang [12], Fang et al. [13] and more rencently Champagnat and Jabin [5] on
uniqueness of SDEs. See also Davie [7] for a path by path uniqueness result. A purely probabilistic approach, initiated
by Proske [38] and Meyer-Brandis and Proske [32], and further developed by Menoukeu-Pamen et al. [30] rather uses the
Malliavin calculus of variations and white noise analysis for the construction of solutions (see also Banos et al. [2]). This
method does not rely on pathwise uniqueness arguments, but rather derives it as a consequence of uniqueness in law and
strong existence.

As a common feature in the aforementioned works, the drift coefficient b is assumed deterministic (i.e. not depending on
w). This is due to the need to guarantee a Markovian property of the solution, which is paramount for the success of the PDE
methods (in finite dimension). As suggested by an anonymous referee, let us mention however that it seems conceivable that,
to some extend, the PDE methods could work when the random part by of the drift is seen as a forcing in the equation, but
this remains an open question. Random drift also constitute a clear impediment to the success of the probabilistic method due
to the "integration by parts estimates" used in several steps of the proofs. Regarding the growth of the drift coefficient, let us
mention that to the best of our knowledge, the only works considering SDEs with discontinuous drifts and with linear growth
are the articles by Engelbert and Schmidt [11], Nilssen [34] and Menoukeu-Pamen and Mohammed [29]. Unbounded drifts
are also treated under Lj(LP)-type conditions, see e.g. [14, 15, 25]. All these works consider deterministic coefficients.

In this paper we consider SDEs with coefficients b of the form

b(t,z,w) = b1(t,x) + ba(t, z,w) (1.2)

for some random non-anticipating stochastic function bo, with b; a Borel function of spacial linear growth. In particular, by
is possibly path-dependent. When b; is the gradient of a given function, such SDEs can be seen as dynamics of a diffusion in
a random potential see e.g. Kondratiev et al. [24].

SDEs with random coefficients when the drift coefficient does not have the special structure (1.2) have been studied in
the literature. For example, Ocone and Pardoux [36] use the generalized It6-Ventzell formula for anticipating integrands to
study a Stratonovich-type SDE, where the initial condition and drift coefficient are allowed to anticipate the future of driving
Brownian motion. They show that the Stratonovich-type SDE with anticipating coefficients has a unique non exploding
Malliavin differentiable solution. They assume that the initial condition and drift coefficient are Malliavin smooth and the
drift is further sublinear with respect to the spatial coordinate and has derivatives of polynomial growth. Assuming that the
drift coefficient satisfies a stochastic Lipschitz condition, Kohatsu-Higa et al. [23] show existence and uniqueness of a class
of SDE with random coefficients. They do not prove Malliavin differentiability of the solution in their work.

Our method draws from the Malliavin calculus approach of Proske [38] and Menoukeu-Pamen et al. [30] but avoids the
use of white noise analysis. In particular, we prove existence and uniqueness of a strong solution and further derive Malliavin
differentiability and non-explosion of the solution. The main difficulties in deriving Malliavin smoothness of the solution to
the SDE comes from the fact that we do not require any spatial smoothness of the coefficient. The estimates used to derive
Malliavin differentiability of solutions allow to further obtain existence of a stochastic flow of dynamical systems driven by
(1.1), and this hints at applications to new stochastic transport equations as in the work by Mohammed et al. [33] (see also
Flandoli et al. [15], Fedrizzi and Flandoli [14] and Menoukeu-Pamen [28]).

Let us now give a precise statement of the main results of the paper.

1.1. Probabilistic setting

Let T € (0,00) and d € N be fixed and consider a probability space (€2, F, P) equipped with the completed filtration
(Ft)teo,r) of a d-dimensional Brownian motion 5. Throughout the paper, the product €2 x [0,77] is endowed with the
predictable o-algebra. Subsets of R¥, k € N, are always endowed with the Borel o-algebra induced by the Euclidean norm
| - |. The interval [0,T] is equipped with the Lebesgue measure. Unless otherwise stated, all equalities and inequalities



between random variables and processes will be understood in the P-almost sure and P ® d¢-almost sure sense, respectively.
For p € [1,00] and k € N, denote by S?(IR¥) the space of all adapted continuous processes X with values in R* such that
|\X||gp(Rk) 1= E|(supse(o,r) | Xt])P] < oo, and by HP (RF) the space of all predictable processes Z with values in R such

T
that || Z |15, ) = El(fy |Zul” du)?/?] < oc.

1.2. Main results

In this section, we present the main results of the paper. Refer to the beginning of Section 2 for details regarding Malliavin
calculus. Let us consider the following conditions

(A1) Itholds b = by + be, where the function b : [0,7] x R — R is Borel measurable and there is k1 > 0 such that for all
r € R,
|b1(t, )| < k(L 4+ |z]).

The function b : [0,7] x R x © — R is adapted, such that
a) ba(t,-,w) € C*(R) and there exists a random variable M (w) > 0 such that

|%b2(t, T, w)| + ba(t, z,w)| < My(w) forall (t,z,w) € [0,T] x R x Q, (1.3)

with
P = F {ecwzw?] < 00 (1.4)

and C' = 48T max; "

%02)2 The constant C' depends on k, d and o (see Lemma 3.1 for its explicite form).
d

b) The random variable by (s, x, -) is Malliavin differentiable for every (s, z) € [0, T] x R and there exists a process

M>(t,w) such that its Malliavin derivative D;bs (s, z,w) satisfies
|Dybo(s, x,w)| < My(s,t,w) P& dt-as., forall (t,z) € [0,T] x R,

with
4

T
by = sup E /|J\7[2(s,t,w)|2dt < 00 (1.5)
0<s<T )

and there exist constants C, o’ > 0 such that

E[|Dibs(s, 2,w) — Dyba(s, x,w)[*] < C|t' —t|*

(A2) o0 € R%and |o|? > 0.

Theorem 1.1. Assume that conditions (A1)-(A2) hold. Then there exists a unique global strong solution X € S*(R) to the
SDE
dX; =b(t, Xy, w)dt +odBy, 0<t<T, Xo=2z€R. (1.6)

The proof is given in Sections 2 and 3. Under the conditions of Theorems 1.1, we show that the unique strong solution of the
SDE is Malliavin differentiable and has a Sobolev differentiable flow. Namely, we have

Theorem 1.2. Assume that (A1)-(A2) hold. Let X be the unique strong solution to the SDE (1.6). It holds X, € D'?(R)
Sorallt €[0,T].



The proof of this result is given in Section 3 where moment bounds and an explicit representation of the Malliavin derivative
is also provided. Denote by X ®7 the solution of the SDE (1.1) with initial condition X; = x. As is well-known, the solution
X% may not belong to the Sobolev space W1P(R, dx), p > 1. Thus, following the intuition of Mohammed et al. [33] we
will show that X7 belongs to a weighted Sobolev space.

Let w : R — (0, 00) be a Borel-measurable (weight) function such that

/ec‘w‘2w(x)dx < 00
R

for every ¢ > 0. We denote by W1P(R, w) the weighted Sobolev space of functions v : R — R such that, it holds
1/p

1/p
lullpri= | [lu@Pu@ds |+ | [W@Peeds | <o
R

R

where v’ is the weak derivative of u.

Theorem 1.3. Assume that (A1)-(A2) hold. Let X7 be the unique solution of (1.1). Let T' be small enough. Then for every
p > 2, the map x — X[ belongs to L*(Q, WhP(R, w)).

It would be desirable to have multi-dimensional versions of Theorems 1.1 1.2 and 1.3. The main obstacles to the extension
of the method presented in this paper to the multi-dimensional case are presented in Remark 2.9. Let us give some examples
of drift coefficients satisfying condition (A1).

Example 1.4. The example of a random drift term of the form b;(¢,z) + ¢(t,z, B;), where ¢ : [0,T] x R x R? — R
is a Lipschitz continuous functions (in the second and third variables) seems not to be covered by the existing literature.
It is consistent with our assumptions since the Malliavin derivative of (¢, x, B;) is bounded, and the exponential moment
condition (1.4) is satisfied, at least for 7" small enough, or for arbitrary 7" when ¢ is bounded.

A more general example is the path dependent drift case b(t,w, x) := by (t,x) + ¢(¢, x, Bo.t), where By.; denotes the path
of Buptot, and ¢ : [0,7] x R x C([0,7],R?) — R is bounded and Lipschitz continuous. It follows e.g. from Cheridito
and Nam [6, Proposition 3.2] that ¢(¢t, =, By.;) has bounded Malliavin derivatives for all ¢. O

The remainder of the paper is structured as follows: The next section is mainly dedicated to the proof of Theorem 1.1.
As a byproduct of our method, we obtain Malliavin differentiability of the solution. In addition, we derive various results
concerning the Malliavin derivative of the solution, including moment estimates and a representation in terms of the space-
time local time integral. In the appendix we present a few auxiliary results to make the paper self-contained.

2. Existence and Uniqueness

2.1. Some notation

In this section, we prove existence and uniqueness of strong solutions for SDEs. Since Malliavin calculus will play an
important role in our arguments, we briefly introduce the spaces of Malliavin differentiable random variables and stochastic
processes DVP(R¥) and L1 (R¥), p > 1. For a thorough treatment of the theory of Malliavin calculus we refer to Nualart
[35]. Let M be the class of smooth random variables ¢ = (£1, ..., &) of the form

T T

f—y / B, / hiraw, | |

0 0



where ¢’ is in the space poly (R™; R) of infinitely continuously differentiable functions whose partial derivatives have poly-

nomial growth, 'L, ... A" € L?([0,T];R?) and n > 1. For every ¢ in M let the operator D = (D',...,D%) : M —
L%(Q x [0, T]; R?) be given by
T T
/hgldws,...,/hg”dws R, 0<t<T, 1<i<l,
0

i S 3sﬁi
D& = D
j=1 "7

and the norm [[¢][, , == (E[|¢[" + fOT |D:£|P dt])'/P. As shown in Nualart [35], the operator D extends to the closure
DLP(RY) of the set M with respect to the norm [[Il; ,- A random variable & is Malliavin differentiable if { € DLP(R!) and
we denote by D;¢ its Malliavin derivative. Denote by £17(R!) the space of processes Y € H?(R!) such that Y; € DLP(R!)
forall t € [0, T}, the process DY; admits a square integrable progressively measurable version and

T T
Y gy = Ve + 2 | [ [ 10,3317 ana| < oc.
0 0

2.2. Proof of Theorem 1.1

In the whole of this section, we assume that conditions (A1) and (A2) are satisfied. The proof of the Theorem 1.1 is given
in 5 steps. In the first step, we show that there exists a process X satisfying the SDE (1.6) in the weak sense. That is,
there is a Brownian motion B such that (X7, Bt) is a weak solution to the SDE (1.6). Note however that the solution might
not be adapted to the filtration (F%);c[o,77. Let us mention that if X; is adapted to that filtration then X; has an explicit
representation as a function of B; (see for example [27, 31]) and for any other stochastic basis (€2, F, (ft)te[o,T] , P, B), the
same representation holds with B; instead of B; and thus Xy is (}})te[O,T]-adapted. The latter indicates that X; is a strong
solution of (1.6).

In the second step, for T" small, given a sequence b, := by, + ba such that by ,, : [0,7] x R — R, n > 1 are smooth
coefficients with compact support and converging a.e. to b;, we show using relative compactness (see Lemma 2.3) that for
each 0 < t < T the sequence of corresponding strong solutions (X;”"),,>1, of the SDEs

AXP" = by (8, X" w)dt + 0 - dBy, 0<t<T, Xg" =2 €R,n>1, 2D

is relatively compact in L?(P;R). Let us mention that existence of a unique strong solution to the SDE (2.1) is guaranteed
by [36, Theorem 1.1], see also [21].
In step 3, we show that for each 0 < ¢ < T the above sequence (X;""),,>1 converges weakly to E {Xﬂ]—}} in the space

L3(Q, F, P). This with step 2 allow to deduce that (X;"),>1 converges strongly to £ [Xﬂ]—'t} in the space L2(€, Fy, P).
We also obtain from step 2 that & [Xf |]-'t} is Malliavin smooth, see Subsection 3.

In step 4, we prove that X is F;-measurable by showing that £ [Xﬂ}'t} = X[. The proof is completed by showing
uniqueness.

In the last step, we use a pasting argument to show that the result holds for all 7" > 0. In fact, the linear growth assumption
on b; and integrability assumption on b2 ensure by the use of Gronwall’s lemma that if the solution exists on a small interval
then it does not explode. Hence the main task in this step is to show that E[|Ds X;”"|?] < C, uniformly inn for0 < s <t <
T.



2.2.1. Weak existence. The following result can be seen as a slight generalization of a result by V.E. Benes, compare
[3, 22]. Therein (and throughout the paper) we denote by £( [ ¢dB) the Doléan-Dade exponential

t t
1
& (/qu) := exp /qudBu - §/|qu|2du
t
0 0

for a given progressive process g such that fOT |qu|? du < oo.
Lemma 2.1. Let u be given by

g;

(2.2)

i = —————b.
b 0‘%—}—...—}—0’3

Then the process 7 = £ (f u(r,o - By, w)dB,.) is a martingale.

Proof. The proof follows from that of [22, Theorem 2.1]. We know that the process Z; is a non negative local martingale and
thus a supermartingale such that F[Z;] < 1 forany 0 < ¢ < T. Using the same argument as in the proof of [22, Theorem 2.1],
one obtains the result by applying Gronwall’s lemma provided that E [|M3(w)|*] < co. The later is true by assumption. [J

The next lemma ensures weak existence, it is a simple adaptation of [21, Proposition 5.3.6].
Lemma 2.2. The SDE (1.6) admits a weak solution X'

Proof. Let (2, F, P) be a probability space on which a d-dimensional Brownian motion Bis given, and set X" ==z 4o -
Bt, 0 <t <T.By(Al), it follows from Lemma 2.1 (see also [3, 4, 22]) that the process 5( f u(r, XF w)dBT) defines an

equivalent probability measure () given by
d i .
£ =E£ (/u(r, Xﬂ“,w)dB,.)T.

.. . s S t . . .
In addition, Girsanov’s theorem asserts that B; = B; — fo u(r, X*,w)dr is a Q-Brownian motion. Therefore,

t

Xf:z+/a~u(s,X;”,w)ds+J~Bt Q-as., 0<t<T, (2.3)
0
showing that (X*, B) is a weak solution to the SDE (1.6) on the probability space (22, F, Q). O

2.2.2. Approximation and compactness. Let b, = by, + b2 be such that by ,, : [0,7] x R — R, n > 1 are smooth
coefficients with compact support and converging a.e. to b;. Denote by X,;”" the unique strong solution to the SDE (2.1)
with drift b,,. The following result is key to the compactness argument.

Lemma 2.3. [fT € (0, 00) is small enough, the strong solution X;”"" of the SDE (2.1) satisfies
E [|DtX;En o Dt/X;"n|2} S C(Hz’lHoo, |$|27 bgower)|t o t/|a
forall0 <t' <t <T andsome o = as) > 0. Moreover,

sup B [| DX < C(|[ballos, |27, 5™,
0<t<T

where the function C(-,-,-) : [0,00)% — [0, 00) is continuous and increasing in each components, bb™'" defined in (1.5) and

[b1(t, 2)|

Bifloe = esssup{



The combination of Lemma 2.3 and Corollary A.3 yields the following result:

Corollary 2.4. For each 0 <t < T, with T small enough, the sequence (X;""),>1, is relatively compact in L*(P;R).

Proof (of Lemma 2.3). Since the Brownian motions are independent, applying the chain-rule formula for the Malliavin deriva-
tives in the direction of the i*” Brownian motion (see e.g. [35]) gives

Iﬂ@m:m+/D%WJ?T@M+/{%mewﬂwwWﬁﬂwﬁMXﬁﬂmi:L”dPas (2.5)
t

t
forallt < s <T. Here b ,,(t z) := %blﬁn(t,x) and b (¢, z,w) := a%bg(t, x,w) are the spatial derivatives of by ,, and bg,
respectively. Solving (2.5) explicitly gives

D;xgm::eﬂ%m,xmxzm)+%«uX3%wndu(jfngxu,xz”naoefL%ﬁ@an?“kuanmwothu4700. (2.6)
t

Let 0 < ¢’ <t < s <T. Using the above representation, we have
pXE - DX

s
:efts/{b’lyn(u,Xff'n’)-i-b’Q(u,ij’"7w)}du(/Di,bQ(u’w)e— ftl/L b’z(r,Xf*"7w)dTe— ftl/L bll,n("ﬂvxfyn)drdu + Ui)
t/

S
= e W (X (X ) / Diby (11, X, ) i Bo(r X2 )dr = [0 (nXEM ) gy, o
t

:oﬁﬁﬂiAwXﬁﬂ+%@X3ﬂdwuG%N%WWX?5+%wX?TMNU—1)
S S
. u s z,n _fu g/ z,n . _ fu g/ z,n _ fu g/ z,m
+/D§/b2(U,X$’n7w)effs b (X" w)dr o= [ by (X )drduf/Débz(U,w)e S (X w)dr o= [0 (R X dr gy,
t

t/
:amﬁH&AwX?U+%WX?TMMUG%HMWWX?5+%wJ?TMHU—1)

t
. g7 x,n _ fups x,n
+/D§,b2(u,X3’x,w)efjs by (r, X 7o.))dre JEby (X )drdu
t/

+ / (Dl ba(u, X, w) — Diba(u, X%, w)) e~ o balr X mw)dre= [0, (r X )dr gy,
t
=h+ D+ @7

Set
o



Then using Holder inequality repeatedly, we have
[ s x,n s 7/ x,n ’ x,n ’ x,n 2
B[] =02E|e? 7B (u XD w)du 2 [ 6], (u XD ™) du (efj, bl (X7 ™) du g [ by (u, X5 w)du _ 1) }
2 6 [ b5 (u, X2 " w)du 3 6 6], (u,X>™)du 3 JEb (X5 du [ b (u, X2 w)du 613
o7 B0 57N me] e X5 ] (X T )

1

T
o2 B[t i X)) e ( / n(r, 2+ 0 - By, w)dB, )00 V(b Bujau]
) 0

X E[(efff by (0, X5 )du g [y b (u, X5 w)du _ 1) }

-

1
d T i d T 6 d T
SCO’?E[SQ Y Jy win(rzdo-Br,w)dB—2370 ) [] u?’n(r,x+a-BT,w)dT:| 6E|:64Zi:1 Io uf,n(r,z+0~Br,w)dT:| E

X E|:€24 ft,s b/l,n(u1$+U'Bu)du:| 12E|:(eff,t’ b/l,n(u’Xu’ )dueftt, b/2(u1Xu’ w)du — 1) :| 3

1 1 1 1
:116,1 + 111,22 + 111,23 + 113,4' (2.9)

It follows from the Girsanov theorem applied to the martingale 2 2?21 fo Uipn(r, @ + 0 - By, w)dB, that the first term I ;
in (2.9) is equal to one. Next, we wish to use conditions on b,, and thus u,, to show that the second term is finite for 7" small
enough. Using Holder inequality, we have
F d 12d [T —— %0 2 B, w)d
B[4S I e toeonir] < T] g [ vt s T < T] g |0 Gt et it
=1 =1

Let us focus on each component of the above product. Using the condition on b,,, Holder inequality successively and the
independence of the Brownian motion, we get

2
12d f;F = b2 ‘Br,w)d
2o Gr gz ba(neta Briw)dr <E |:€24Cd"’ fUT(k2|1+I+J-BT\2+|M2(w)\2)dr:|

E

1
2

1
<E [648001,0 ST k2(1+\z+a»BT|)2dr} <« E |:e48cd’c,T\]Mg(w)|2:| 2

1
2 2 2 T 2 2
< Cet8caok*T(1+]])* p |:e485d7<,k 0B, dr:| P

N[=

< Cet8ca ok T(1+2)’ [624cd,c,k2Tsup0§t§T |U»Bt\2}

W=

< Ce48cdy,,k2T(1+\z\)2E [648cdygk2T Zle SUPg<i<7 \G-;~B,Z\2:|

d 1
, 2 2 2m pi2] 2
S CT7d,a'7M2648(/d’Uk T(1+|Z|) | | E |:€4SC,1,01€ TSUPogth ‘G’Z Bt‘ :| . (210)
1=1

2
In the above, ¢q » : do I Now, using exponential expansion and the Doob maximal inequality, we have

— i3
T (of+to]

. 0 21.2
E |:e48cd,ak2Tsup0StST|Ui‘B,Z|2} -1 Jrz (480d,00ik T)PE[ sup |Bt|2p:|

=1 p! 0<t<T
>, (48k2dTY [ 2p \? (2p)!
<1+ (48k7dT) L (2p)! 1y, 2.11)
p! 2p—1/) 2p.p!

I
-

p

e s}



2 _2
The inequality comes from the fact that | doo;

02+---+a2)2
(48k3dT?)? ( 2p (2p)
p! 2p—1

< d. Next, applying the ratio test to the series Zp ap with a, =

7 for p > 1, one can easily show that the series converge for example for

1

T<T = ——.
LT 4Bk

(2.12)

Hence the second term in (2.9) is finite for small T.
Now, we turn to I; 4 in (2.9). Using power and exponential expansion, we get by linearity of the expectation and Holder
inequality

6
E [(ef:/ b (X" ) g [ b (u, X5 w)du 1) }
—FB {66 JOAB, o (X0 (u, X ) Y du o5 [ (B (0, X)) (w XD w) b 5o [ {6 (X)) (u, X ) bl

- 2063 f;’,{b/l,n(u,Xff’")-l—b/z(u,Xfi’",w)}du + 1562 f;’,{b/l,n(u,Xff’")-l-b/z(u,Xfi’",w)}du . 6€f;}{b/l,n(u,Xff’")-l—b/Q(u,Xff’",w)}du + 1:|

(6 J5AB o X) + by, X5, )}du)q (5 JiAbh o X + By, X5, )}du)q

:E{g q! }_GE[;_O; q! }
+15E[§;( q

- QOE{
(2 580l XE7) + By, X, o)}l oo (b, XEm) + B X%w)}du)q}

+15E[§; " p }—6E{Z : p

q=1

4 LEAB, (1, X5 4 bl (u, X2, )}du)q}

(3 JiAbh o X3 + by, X5, )}du)q
q! }

|
1 7

M8

q q
oo |6 40, X2 + Bh(u, Xp" )} oo [5 i 080, X3 4 Bh(, Xg ™, 0) Yoo

)y L — RXZD o —— ]

q=1 q=1
oo [ JAB (0, XT™) + B (0, X7 0 )}duﬁ
q=1 ¢

+15E[i 4];,{b uXC”")—;b’(u X&" w)hdu }+20E[

oo |2 [E {0 (u, XY + b (u, X2, w) bdu| oo | [EAB (uy XE7) + B (u, X7 ) Yu|”
+15E[2 g }+6E{ 1’ " ’}

<N+ Jo+Jds+ Jy+ Js + Js. (2.13)

Since o - By ~ N (0 tzz 1 0%) and has 1ndependent increments, it follows from Proposition B.1 that each term in (2.13)
is bounded by C(T, ||b1]] oo, |x|)|t — t'], where C(||b1]|s0, |]) is a continuous function depending on ||b||sc, z, ||o||* and T".
More specifically, let us focus on J; only since the bounds for the other terms follow in a similar way. Using dominated




convergence theorem, Holder inequality and Girsanov theorem, we have

oo B[[6 f{ {0 (0 Xp™) + s, X5, w0) ]
Ji=>

q=1

o 121’E[

q!

q q
Sl Xemdu| | e 120B | [, Xe, w)dul|
¢! q!

IN

Il
—

=)

Il
—

q

o 12PF {S(fOT un(r,z + 0 - By, w)dBT)

1 1
E|:€4Z?:1 fUT Ui,n (rw,a+o-Br)dBL—8 3¢ fOT u?yn’(r,w,z+a~Br)dr:| 4E|:662f:1 fOT u?yn’(r,w,z+a~Br)dr:| 4

q
f:/ Q,R(UJJFU.BU)(M‘ } +§: 12P|t/_t|qE{C§|M2(w)|q}

g=1

IN

q! q!

IA

2

2q N
o0 12PEH I b’l,n(u,x+a~Bu)du’ ] 0 12p|t’7t|q*5E[C’§|M2(w)|q]

X DY
qg=1 q' a=1 q'
t 2073
o0 12pE[ Jo V4w, + 0 - By)du } C )
<C : n —E[exp 120 Mo (w } 43, (2.14)
q; " NG { 2 (W)} It — 1

where the first bound comes from Girsanov theorem applied to the martingale 2 Zle fo U (r,w, x40 By)dB, and similar
computations as in the case of /1 2. Now by Proposition B.1,

IN

~ F fttz V120, (u,z + 0 - By)du ok o 21Ol (+ — $1)4/2
[( q!Jr ) } (an,k(1+| |()]!\/E(t t') )

g=1 q=1

— Co 2|1t = to) T 1/2
(Z . (1+|\|/%(t to) )|t7t/|/

IN

(2.15)
q=1
for some positive constant C,.
Multiplying the numerator and the denominator of each term in the series by 27 and using Cauchy-Schwartz inequality
yields:
2q

t q—1
> B[ Je V(o0 B | $5 HCLM+ it~ 1)
g=1 q' q=1 \/EQQ

IN

)|t _ L2

0 24027 (14 [2])29(t — to) @D\ 1/2 , & 1 11/2 .
o, - /2
s : ) (@) -
q=1 q=1
0 2429 (1 4 |z[)2a7 @1 1/2
SC( o’,k( |"T|) ) |t*t/|1/2
q=1 (J-
c 2 11/2
<—=exp{Co T (1 + |z)*}t —t'|"/°. (2.16)

VT

Similarly, it can be proved that E [616 JE ¥ (wato Bu) d“} is bounded by % exp {Co 1 T(1 + |2|)%} |t — 5|12, Therefore
there exists a constant C' depending on ¢ such that

E[I?] < exp {Co i T(1+ |x])?} |t — /|12,

i
VT
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Repeated application of the Holder inequality yields

t
. g/ z,n w g/ z,n 2
E[I2] = E{(/Di,bg(u,ijvm,w)e* S v (r X" w)dr = [0, (r, X )d’”du) }
t/
t

< E[/ (Di}bg(u, XS’I,W))Qdu(/te4 S B X w)dr = [ 4b’1m(r,xgm)drdu)1/2} (- t’)1/2

# #
t t
. 2 \273 wy (o xEm w gy o 3
< EK/ (ng,bg(u,X;”””,w)) du) } E{/e“lfs b (X" w)dr o= [ 4by (X7 )deu} (t —t')1/?
# #
¢ T
~ 2 2 3 KN T,n u / xT,n i
< Clt—t’ll/QE[(/ (MQ(U,t’,w)) du) }2E{/6_4fs B (r, X" w)dr o= [ 4B, (r X )deu} :
# 0
T 1
< Cppgoelt ~ V2] [ I3 i 2t 70 ) @1

0

Again, using Girsanov transform and Holder inequality, similar reasoning as before gives

C 1
E[I3] < O pgover 77 PO T+ |z])?}t — ']

for0 < t' <t < T, with T small enough.
As for I3, once more repeated use of Cauchy-Schwartz inequality and assumption (A1) give the existence of a constant C'
that may change from one line to the other such that

S

. . w g/ x,n u s z,n 2
E[Ig] = E[(/ (Dz,bg(u,Xff’",w) - D;bg(u,Xz’”,w))67 SO (n X dr o= [ by (r, X "")drdu) }

1/2

t
P . V2 0 [y o e B
< CE[ / | Di,ba (u, X2™, w) fDibg(u,Xff’",w)ﬁdu} E[ / oAb (r X dr [ (r X mdrdu}
t t

S

u g z,n % w g/ x,n 1/4
< CE{/e’gft/ b (X >d’“du] E[/e*% b (1, X vwﬁ“du} It —t'|°. (2.18)

t t

Once again, using Girsanov theorem and the linear growth condition on the drift b;, one can show that the expectations
E [ [le ) 801, (X7™")d7 4y | is bounded by % exp{Cy T (1 + |z|)?}. Moreover, the assumptions on by insure that the
two last integral terms on the right hand side of (2.18) are bounded by C'. Therefore, there exists o > 0 such that

B2 < O exp{ConT(1 + [2)2} [t — )0 2.19)

VT

for 0 < ¢’ <t < T with T} small enough.
Combining (2.9)-(2.19), there exists a function C = C(k, |z|?, b5°"*") > 0 depending on k, b, and |z|? such that

E[|DyXE™ — Dy X2"[] < C(k, |z|?, b5°V)|t — ¢

11



for 0 < ¢ <t < T with T small enough (T" < 1 A T}) and &' = min(«, 1/2). Thus the first part of the Lemma is shown.
Taking t' > s above, Dy X ¥ = 0, which implies

sup E [|[D X2 < C(k, |z|?, b5°).
0<t<T

This proves the lemma. U

2.2.3. Weak convergence to the weak solution. In this step, we show that for each 0 < ¢ < T the above sequence
(X" )n>1 converges weakly to 2 [Xﬂ}}} in the space L?(Q2, P; F).

Lemma 2.5. Assume ng‘” < oo and € is the canonical space. Choose the sequence by ,, : [0,T] x R — R, n > 1 as before,
and let (X;"")>1 be the corresponding strong solutions to the SDE (2.1). Then for each 0 < t < T, and each function
h : R — R of polynomial growth, the sequence (h(X;""))n>1 is uniformly bounded in L? (), P; F;) and converges weakly
to B [h(th)U:t] in this space.

Proof. Letus first show that (h(X;"")),>1 is bounded in L?(2, P; F;). In fact, using Girsanov transform, Holder inequality
=]
and the fact that (1 + |2[?)e~1#I"/25 can be bounded by Cpe ™ 27+7=, where C,, is a constant depending on p, we have

1

sup B [[H(X7 )] < B [ Tl i vin vt BrddBl 2 Sy T 0k vt B
n

1

x B[t I ot 007 g (|G 40 By

=

W=

< CE||Mz+0-By)|"

1
o+ 2)fte o )

1
-l

Cllol2 4 f 5l - L)
S W(Lﬂ e 2tlel* dz + e 2°tlall dZ) < Q. (220)
8
@rtlo?)F ") )

The constant C}j,2 above depends only on ||o||* and |z].

To show that (h(X,"")),>1 converges weakly to E {h(Xf) |.7-'t} in L2($2, P; F;), first notice that the space

T
5(/<,budBu) L e CL([0,T],RY)
0

is a dense subspace of L?(Q, P). Here C} ([0, T],R?) is the space of bounded continuous differentiable functions on [0, 7]
and with values in R? and ¢ is the derivative of . Hence, it is enough to show that (h(Xf’")E( fOT ngdBT)) converges

to & [h(X{”) |.7-'t} & ( fOT gbrdBr) in expectation. Since (2 is a Wiener space, we know from the Cameron-Martin theorem, see
e.g. [39], that for every h measurable,

T

E |n(X?)E /c,budBu :/h(Xf(w+<p))dP(w). (2.21)
0 Q

Let p € CL([0,T],R%). For every n, the process X*" given by X;""(w) := X;""(w + ) solves the SDE

AXE™ = (byn(t, XI™) 4 bo(t, XP", w) + 0¢)dt + 0dB; (2.22)

12



where by (t, &, w) := by(t, x,w + ). To see this, let H € L*(Q, P) and apply (2.21) and the fact that X" solves the SDE
(2.1) to get
T

BIX;"H) = B | X{"H(o - 9)€ | [ i,
0
t T
- E[(m—i—/bl(u,Xff’”) + ba(u, X5, )du—l—aBt /<de
0 0

t

= E{(w + /bl(u, XE™Mw—+9)) +ba(u, X2™w+ ¢),w+ ¢)du + 0By (w + w))H}

0
t

= E[(m + /bl(u, X2™(w)) + by (u, XT™(w),w) + opdu + aBt(w))H} ,
0
where the last equality follows by the fact that B;(w + ¢) = Bi(w) + ¢, since B is the canonical process. This proves
the claim. Since X* satisfies the SDE (without been adapted to the filtration (F;)), with respect to a probability measure )
which is equivalent to P, see the proof of Lemma 2.2, the above arguments show that X*(w) := X*(w + ¢) satisfies

dXT = (by(t, XF) + bo(t, X>™ w) 4+ 0 )dt + 0dB, P-as. (2.23)
Now, put
og; g . o - ag;
i g = ——————s(by o + bo) =: b + b5 and iy = —————— (by + by) =; b7 + b 2.24
Ui, af—l—---—i—ag(l’ +b2) 1,n 02" and u U%+"'+O‘?I(1+ 2) =3 b7 + (2.24)
It follows by Girsanov theorem that
T T T
E[h(Xf’”)E(/gbrdBr) —E (X?) |]-‘t /@TdBT [(h(Xf’”) — h(XT) 5(/<prdBr)}
0 0 0
T T
- E[h(w Yo Bt)(5</ {&n(r, 240 Brw)+ gbr}dBT) _ 5(/ {a(r,x Yo-Brw)+ <pr}dBT))] (2.25)
0 0

Using the fact that [e® — €b| < |e® + €”||a — b|, the Holder inequality and Burkholder-Davis-Gundy inequality, we get

T T
E{h(va")e(/%d&) - E[h(xgﬂ)m}g(/@d&)}
0 1 ) 0 ; 1
SCE[ (x+0-By)? 5 / Up(ryz+ 0 Bryw )—l—(pr dB / (rrx+o0-Brw )—f—gbr}dBr))‘lr
. 0 0
/ Up(r,z+0- Br,w)—a(r,x+o0-B ))dB)}
0
T

1

B[( [ Noutria+ 0+ Brw) + 0l = it +0- Brw) + gelfar) ]}

=1 xIrn x (I3, + Ian). (2.26)
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That I; is finite was proved in the computations leading to (2.20). Observe that

T T T T
5(/{ﬂn(r,x+a-Br,w)—i—gb,.}dB,.) - 5(/b;n(r,wra-B,.,w)dB)e(/EgdB)g(/mB)
0 0 0 0
T
X exp ( - /gb,.b‘f_’n(r,x +0-Bp,w) — ¢pbg — I;gb‘in(r, x+o- B,.,w)dr).
0

Thus, I ,, is bounded by similar argument as in the proof of Lemma 2.3 since ¢ is bounded. Using the dominated convergence
theorem, we get that I3 ,, and I ,, converge to 0 as n goes to infinity. O

The following result is a corollary of the compactness result given by Lemma 2.3 and Corollary 2.4.
Proposition 2.6. For any fixed t € [0, T, with T small and x € R, the sequence (X|""),>1 of strong solutions to the SDE
(2.1) converges strongly in L*(Q, P;R) to E [th |]~'t].

Proof. Observe that by the compactness criteria for each ¢, there exists a subsequence (X;”""");>1 that converges strongly in
L?(Q2, P). From the previous lemma, we get by setting h(z) = z,z € R that (X;""*),>1 converges weakly to £ [Xﬂ}}}
in L2(€2, P) and therefore by the uniqueness of the limit there exists a subsequence ny such that (X;”"*),>1 converges
strongly to Ef {Xﬂ]—}} in L?(2, P). The convergence then holds for the entire sequence by uniqueness of limit. Indeed, by
contradiction, suppose that for some ¢, there exist ¢ > 0 and a subsequence n;, ! > 0 such that

X = BIX{ | Fill L2 ,p) > €
We also know by the compactness criteria that there exists a further subsequence of n,,,, m > 0 of n;, I > 0 such that
X" converges to X, in L2(Q, P) as m goes to oo.

Nevertheless, (X;""*),,>1 converges weakly to F/ [th |]-'t} in L2(£2, P), and hence by the uniqueness of the limit, we have
X, = E[Xﬂft]
Since

1X:" " — BIXP | Fillle2.p) = €

this is a contradiction. O

2.2.4. Adaptedness of the weak solution and uniqueness. Finally, we show that the weak solution X} is (F):e(o,17-
adapted and unique.

Theorem 2.7. The weak solution X[ to the SDE (1.6) is JF;-measurable.

Proof. Let us first show that X[* is F;-measurable. Let i be a globally Lipschitz continuous function. By Proposition 2.6,
there exists a subsequence ny, k > 0, such that 2(X,”"*) converges to h(E[X}|F;]) P-a.s. as k goes to infinity. Moreover,
we know that h(X ;") converges to E[h(X¥)|F:] weakly in L?(Q, P) as k goes to infinity. We get from the uniqueness of
the limit that

MEIXE|F]) = EIW(XE)|F] P-as.

Since the above holds for any arbitrary globally Lipschitz continuous function, it follows that X is F;-measurable. 0

14



Proposition 2.8. The SDE (1.6) satisfies the pathwise uniqueness property.

Proof. Let X and Xf be two solutions to the SDE (1.6). For ¢ € Cg ([0, T],R), we have
T
E [ng ( / %dBu)} - / X7 (w + ¢)dP(w), 2.27)
0 Q

where, as shown in the course of the proof of Lemma 2.5, X7 (w + ¢) satisfies the SDE (2.22) . Similarly X;’: (w+ @)
satisfies the same SDE. Thus, since the drift is of linear growth, it follows that (X7 (w + ¢), B) and (X (w + ¢), B) have
the same distribution. In fact, using that the distributions P* and P? of X% and X7, respectively are equal to P (see the
construction in [21, Proposition 3.6]) it follows that by assumptions on b, and the linear growth of b; that fOT |b1 (t, X7) +
(0pi+ba(t, X7, w+¢))|>dt < oo P®-a.s. The same holds if X* is replaced by X7 and P* by P Thus, a simple adaptation
of the proof of [21, Porposition 3.10] shows that (X7 (w + ¢), B) and (X (w + ¢), B) have the same distribution. Hence,
for all ¢, o, we have E/ [f(tf”é' ( fOT gbudBu)} =F [thé'( fOT gbudBu)} , from which pathwise uniqueness follows. ]

2.2.5. Global existence. Since the small time 77 for which the solution exists does not depend on the initial condition (see
(2.12)) one can use a standard pasting argument to show that the solution exists for all time 7" > 0. In addition using the
linear growth condition on b; and the integrability condition on by, it follows from Gronwall lemma that the unique solution
does not explode.

The proof of Theorem 1.1 is now complete. O

Remark 2.9. For the solvability of the SDE (1.1) in the multi-dimensional case, the main technical hurdle is the use of the
explicit solution of the (random) ODE (2.5) in the proof of Lemma 2.3, which does not carry-over to the multi-dimensions.
An alternative approach could be to employ the iteration procedure used in [29]. But in that case, due to the randomness of
the drift, the estimations do not reduce to the applications of the key integration by parts estimate in Proposition 2.8 which in
turn was an important argument in the proof of compactness of the approximating sequence. ¢

3. Malliavin differentiability

3.1. Differentiability of the strong solution

In this subsection, we show that the unique strong solution of the SDE (1.6) constructed in the previous subsection is Malliavin
differentiable and we derive a representation formula of the Malliavin derivative. The proof Malliavin differentiability for
small time interval follows directly from Lemma 2.3. In order to control the Malliavin derivative of the process on arbitrary
time intervals, we need the following result which is a variant of Fernique theorem whose proof is similar to that of [29,
Lemma 2.6].

Lemma 3.1. Let tg € [0,1] and let n : Q@ — R be a Fy,-measurable random variable independent of the P-augmented
filtration generated by the Brownian motion B. Let b : [0,1] x Q x R — R such that b = by + bs satisfies (A1), with by
a smooth coefficient with compact support satisfying a global linear growth condition. Denote by Xf ©" the unique strong
solution (if it exists) to the SDE (1.6) starting at 1 and with drift coefficient b. Then we can find a positive number g
independent of to and ) (but may depend on ||by||so) such that

Eexp{do sup |Xf’t“’"|2} <C{E eXp{CQ50|77|2}, 3.1
to<t<l

where C1,Cy are positive constants independent of n, but may depend on ki and by. Moreover, C1 may depend on 0.
Furthermore, if the right hand side of (3.1) is finite then the above expectation is finite.
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Proof. We have the following almost sure equality

t
X0 = +/ (bl(u,X;;M) n bg(u,inU’”,w))du 4o (B, —By), to<t<l. (3.2)

to

Successive application of Holder’s inequality to (3.2) yields

t t
2 2
i < ap | [ ou xendu] 4] [ oot X7 w)du| + 0Pl B
to t()

t t
2 2
g4|n|2+4(/k;1(1+|X;;M|)du) +4‘/b2(u,Xff’”,w)du‘ + 4lo2|B, — By |?
to

to
t t

< Alnf? + 8K (¢ — to) / (141X 2 du + 4(t — ty) / bau, X107, ) 2du + 4]0 (B, — By, |?

to t()
t
S4|n|2+8k?(tfto)2+8k%(tfto)/IXZ“*”IQduH(tfto)QO%le(w)IQ+4lol2lBt—Btol% as. (3.3)
to

Take the supremum on both sides of (3.3) and multiply by J, to get

1
S sup | X[ <4do|n|® + 8k200 + 8k? [ o sup |XIo7|2ds

to<t<1 ; 0<u<s
0
+ 400(t — to)2C| Mo (w)|* + 4|0|?60 sup |B; — By, |?, as. (3.4)
to<t<1
Applying Gronwall’s lemma to (3.4), we have
dg sup |Xf“’"|2 < {4(50|77|2 + 8k:%50 + 460|a|2 sup |B;— Bt0|2 + 460|M2(w)|2} e8k§, a.s. (3.5)
to<t<l1 to<u<l

Now, set Cy := 4¢8%1 . Then taking exponential on both sides of (3.5), we have

exp {50 sup |Xtto’n|2} < exp {2C200k? } x exp{doCa|n|*} x exp {6'250|U|2 sup [By — Bt0|2}
to<t<1 to<u<l

x exp { Colo| Ma(w)[*}, P-as. (3.6)

Taking expectations in the above and using once more Holder inequality, we get

1

1 3

Eexp {50 sup |Xtt°”7|2} < exp {202k250} B [exp {30250|77|2H S x B {exp {30250|o|2 sup |B, — Bt0|2}]
to<t<1 to<u<t

% E [exp {3C80| Ma(w)*}]? . 3.7)

The result follows provided that we find d( independent of 7 and ¢y such that

E [exp {30250|0|2 sup |B, — Bt0|2}} < 0. (3.3)

to<u<l
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The estimate (3.8) is obtained from the Fernique theorem. In fact, one can show that for g < min(m, C% ), the result
holds (see for example [29, Lemma 2.6] for details). From this (3.7) yields

Eexp {60 sup |Xt"’t°’"|2} < CEeC>%nl*, 3.9)

to<t<1

Note that Cy, Cy and dy are independent of 7 and t, (but may depend on ||b; ||oo and |o|?). Thus (3.1) is valid for the above
choice of dg. O

Next, using Lemma 3.1, we prove that under the conditions of Theorem 1.1 the Malliavin derivative is bounded in the
L?(Q, P) norm.

Proof (of Theorem 1.2). First recall that by the second part of Lemma 2.3, the sequence of strong solutions of the SDE (2.1)
satisfies

sup sup F [|DtXf’"|2] < C([161 |50, |2, 5.
0<t<T n>1

Since the Malliavin derivative is a closable operator (see e.g. [35, Exercise 1.2.3]), it follows from Proposition 2.6 and
Theorem 2.7 that X is Malliavin smooth.
It remains to prove integrability of the derivative. This is done by induction. Choose Jp as in Lemma 3.1 and define

T = 750 <
© 64dV2k2 T

1

lets; =47 and z; := Xf;”vo,i > 1. It follows form the previous argument that the result is valid for 0 < ¢ < s;.
Assume that there exists a Malliavin differentiable solution {X;,0 < ¢ < s,,,}. Set ¢ such that s,,, < ¢ < $p,41. Let
(X" )n>1 be the approximating sequence defined by (2.1) it satisfies the a.s. relation
t
Xyt =X o+ /bn(u,Xﬁm’",w)du +0(By — Bs,), S$m <t<Smi1.

Sm

Using the chain-rule for the Malliavin derivatives, we have component wise

DIXZ 4 1 ({00, XEmm) B, X, w) kDX 4 Diba(t, Xgm™,w) )du i s < sy

DiX[m" = _ _
' o+ f7 ({00, Xo) + Uy, X3 w)bDEXEm ™ 4 Diba(t, Xomm,w) ) du i 5> s,
(3.10)
P-as. forall 0 < s <t and solving explicitly gives
DiX;EmJl —
ef;m{b'l,n(uvxim’”)er/z(quﬁm’")}d“(fst Dibg(u, XZm™)e™ S 01 (X )by (r X" Y gy Dngm) if s < s
eff{b'l,n(uﬁX;fm'"’)+bé(u1X$m'”’)}du(f: Dibg(u, XZm™)e™ S (r X )05 (r, X ) e g 4 Ui) if s > sy,
3.1
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P-as. forall 0 < s < t. Let us first focus on DSXf"“", when s < s,,,. Using Holder inequality, we have

t
E[|DIXP]] < 2E[ef;m 2{b1,n,<u,X:5m’">+b;<u,xzm’",w>}du( / Dibo(u, X w)e” fsin{bi,n<an’"‘">+bé<T’Xfm’"vw>}deu)2}

2[5 fb] L, (u, X Im ) 4b, (r, X2 w) bu yi yrn |2
+2B ¢ o 2 DX |

t
< 2F [efstm Q{bll,n,(uvxffm'n')er’z(quTfm'nvw)}du(/Dib2(u, XZmm )e” fsum{bll,n,(Tvam'n')+b’z(T1Xfm"nvw)}drdu) 2}
Sm

+4F [efstm 4b/1'”’(u’X5m,n)du|Di,X:m |2:| +E |:e4 fstm b;(T,Xfm’",W)dU|DiX;zm |2:|

t
— 2E |:€fstm 2{b,1,n(u1X1ajm'Yn’)“rblz(uvxgm”nvw)}du ( / Dsz (U, X’g/'mran, w)67 f;m {b’l,n(r,Xf""'”’)+b2(r,Xfm'"’,w)}drdu) 2i|
Sm.

+ BB [elon Whn X E DIXE ] 4 4B |3, X )]

1 1
2 2

B[|DiX ']
=0 + I+ Is.
Let us now consider the conditional expectation part in I». As before, using Girsanov theorem and Holder inequality, we have
B [eﬁm 4b’1,n(u1X3m'"’)duu:Sm}
t

<ele( / n(tt,0, X2 40+ (Bu = By, ))ABy Jelin Wi X0 2o BumBen v 7]

Sm

1
< F |:€2 25:1 fss77:+l ui,n(TaWaX:m+‘7‘(BT_BSm))dBT_2 25:1 fss77:+l u?,n("awv)(:m+‘7‘(BT_BSm))dT|]:s i| 2
< "
s 1 1 t ’ :
% E[ea Sl ot ud rw XE o (Br=Buy )| } i E[ew S Vom0 X {40 (Bu=Bay))du) - } 2 (3.12)

By Girsanov theorem applied to the martingale 2 f;’"“ bn(r, X + B, — By, ,w)dB, the first term of the right hand side is

equal to one. Since by ,, is of spatial linear growth, B,. — By, is independent of F,, and X o 18 Fs,, -measurable, it follows
from the Holder inequality, the exponential expansion and the choice of 7 that there exists a constant C' > 0 such that

1
B [0 S et Xt (Bu Bt £, 7 < etMrOH N, ), (3.13)

Next let us consider the last term. We can show as in [29, Proposition 4.10 and (4.28)] that there exists a constant C' > 0 such
that

Sm

1
E [elﬁf:m Vi (X, 0 (Bu=Bop))du| } < eTCRIXE (3.14)

Combining (3.12)-(3.14) and using Holder inequality, we get
I, <CE {éﬁkfr(l—i—\x:m‘2)eTCk1\X:m||D2X;L |2}
%

< CE {624k?f(1+|X2’;n|2)]iE[€4TCk1IX§;n\]iEHDiXQ |4} _ (3.15)

Let us notice that one can show as in the proof of Lemma 2.3 that there exists C' > 0 such that E[|D: X [P] < C forp > 1
and by induction hypothesis it follows that E[|[D{ X" [P] < C for p = 4. The choice of 7 combined with Lemma 3.1 ensures
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that one can find C' > 0 such that E[e%k?T(HlX:%n ‘Z)ﬁ < CeC2%l2” | Furthermore, using successive approximation, one
can show that E[e”CkllX:m ‘] < Okl where Oy depends on b, and C} is a positive constant. This can be shown as in
the proof of Lemma 3.1 using the Gronwall lemma and the probability distribution of the Brownian motion.

The case s > s, is similar (and easier) since the term D’ X7, is not involved, it is replaced by the constant o.

Since V5™ < oo, using the Holder inequality, the term I; can also be bounded using similar arguments as above. Thus
the Malliavin derivative of the approximating sequence (X;""),,>1 has a uniform bound on [0, 7'] which does not depend on

n. Therefore, Dy X; € L?(Q, P;RY) for0 < s <t < T. O

Remark 3.2. Let us observe that if b; is globally bounded then it follows from the condition on b2 and Girsanov theorem that
Lemma 2.3 holds for all T'. Therefore, we do not need the above argument and the Malliavin differentiablility of the solution
directly follows from the compactness argument. ¢

The following result gives estimates on the Malliavin derivative of the solution.

Theorem 3.3. Assume that the conditions of Theorem 1.1 are satisfied. Then, the Malliavin derivative of the unique strong
solution to the SDE (1.6) satisfies:

E[|DiX? — Dy X7P[*] < C(l|b1]loos |2, B[t — /]
Jor0<t' <t<Ty, a=as)>0and

sup B [|D: X7 < C(||ba oo, [, 05™"),
0<t<Ty

where C : [0,00)% — [0, 00) is continuous and increasing in each component and can differ from line to line, T} is small, and
[|161]|0o defined in (2.4).

Proof. Let by ,, be a sequence of smooth functions with compact support converging a.e. to by and such that b; ,, satisfies a
uniform global linear growth; that is [|b1 »|/cc < [|b1]/00, See (2.4) for definition. Let X™ be the solution of the SDE (2.1)
with drift b,, := by, + b2. Then by Lemma 2.3, for every n € N it holds

B |DeX2 = Dy X2 ] < Ol o 2,85 — ¢
for0<t' <t<Ti,a=ca(s)>0and

sup (| D X2 2] < € s ol 05,
0<t<Ty
where the r.h.s. do not depend on n. In particular, D! X" is bounded in L?(2, P). Thus, it follows from Corollary 2.4 and
[35, Lemma 1.2.3] that (up to a subsequence) (D:X"),, converges to DX in the weak topology of L?(£2, P). Since the
function L? > A +— E[|AJ?] is convex and lower semicontinuous, it is weakly lower semicontinuous. Thus, taking limits in
n on both sides above gives the results. 0

3.2. Representation and moment bounds for the Malliavin derivative

In this subsection we give an explicit representation of the Malliavin derivative D X * of the solution X* of the SDE (1.6). To
that end, we will assume that the random part b» of the drift does not depend on x. Such representation can be very useful to
derive results concerning D X ™. The representation we obtain will be given in terms of the time-space local time studied in
details in [9].
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In order to define the local time-space integral with respect to LX " (¢, z), we first start by introducing the space (H?, ||- ll.)
of functions f : [0,7] x R — R with the norm

|z—ac|2 dsdz // |z —=z* z? dsdz
,2 e — e
171, //f ) ep(—E5 ) ) 2l (s, exp(~E ) S

See for example [9]. Endowed with this normed, (%*, ||-||.) is a Banach space. It follows from [2, Lemma 2.7 and Definition
2.8] that the local time-space integral of f € H® with respect to LX" (¢, z) is well defined and we have

t

/ / f(s,2) L% (ds,dz) = 0/ R/ F(s,2)I0,4(s)L* (ds, dz). (3.16)

0 R

Let us point out that as already observed in [2, Remark 2.9], functions f : [0, 7] x R — R of spacial linear growth uniformly
in ¢ belong to H* and thus the above local space-time integral exists for x € R.

We will also need the following representation which will play a key role in our argument (see for example [2, Lemma
2.11]). Let f € H* be Lipschitz continuous in space. Then for all ¢ € [0, T, it holds

/f s, X%)d //f s, 2)LX" (ds, dz). (3.17)

Moreover, the local time-space integral of f € H° admits the decomposition (see the proof of [9, Theorem 3.1])

t t T T ~
. B - _ s BV, — B B
O/R/f(s,z)LB (ds,dz)—o/f(s,BS)dBé +T/t f(T — s, BY)dW. T/t f(T —s,B )Ti

0<t<T,a.s., B" is the Brownian motion started at x and B is the time-reversed Brownian motion, that is

ds,
s

By:=Br_;, 0<t<T. (3.18)

Further, the process Wt, 0 <t < T, is an independent Brownian motion with respect to the filtration .7-',5]§ generated by Et,
and satisfies:
T
. By
W, =By — Br + ds. 3.19)
T—s

t

We are now ready to give an explicit representation of the Malliavin derivative of the unique strong solution to the SDE
(1.6) in terms of a local time integral.

Theorem 3.4. Assume that the conditions of Theorem 1.1 are satisfied. Assume in addition that by does not depend on x and

that
2

sup E /|Dsb2(t,w+<p)|2dt < o0 (3.20)

0<s<T

for every ¢ € CL([0,T),RY). Forevery 0 < s <t < T, the i-th component of the Malliavin derivative of the unique strong
solution to the SDE (1.6) admits the following representation:

i=1,....d (3.21)

3

DiX® = fi Jabr(w)L ™" (ds,dz) / Diby(u,w)e™ [ Je i L (drd2) gy 4 o,

X (ds, dz) is the integration with respect to the time-space local time of X*.
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Before proving the above theorem we will need some auxiliary results. The next one generalizes [2, Lemma A.2] to the case
where the integrand is of spatial linear growth.

Remark 3.5. When the drift by does not depend on x, the SDE (1.1) can be solved without use of Malliavin calculus. In fact,
by a change of measures, the SDE reduces to an equation with deterministic drift, driven by a new Brownian motion (solved
e.g. in [29]). Then, one can conclude using the fact that the filtration of the new Brownian motion is smaller than the initial
filtration. ¢

Example 3.6. Let a € 7*(R?) be such that by (t,w) := fot asd B, satisfies the moment condition (1.4) (which is automati-
cally satisfied when « is deterministic), and o Holder-continuous in ¢, and Malliavin differentiable with (Dgay); € H*(R?).
Then, it follows by Nualart [35, Proposition 1.3.4] that b, is Malliavin differentiable, and

t
Dyba(t) = aglyscry + / Dsa,dB,. (3.22)

Thus, by Burkholder-Davis-Gundy inequality, it holds

4

T
sup E /|Dsb2(t,w)|2dt < ol + sup_ [ Dsalldpsqza) < o0,
0<s<T ) 0<s<T

which shows that 65" < oc. O

Remark 3.7. Let us notice that using Cameron-Martin-Girsanov theorem, one can show that the bound (3.20) holds if, for
€ > (0 small, we have

T
sup F /|Dsb2(t,w)|4+8dt < 0. (3.23)
0<s<T 0 ’

Lemma 3.8. Let f : [0,T] x R — R be of spacial linear growth uniformly in t. Then for every t € [0,T], k € R and subset
K CR,itholds

¢
sup E |exp k//f(s,z)LBI(ds,dz) < 00,
rzeK

0 R
provided that T is small enough. In the above, L®" (ds, dz) is the integration with respect to the time-space local time of B*.

Proof. Tt follows from (3.2) and the Holder inequality that

t
E |exp | k / / f(s,2)LB" (ds,dz) (3.24)
0 R

t 2
< FE |exp Qk/f(s,B;”)ng x E |exp 4k/f(T—S,B%7S)d/V\[7§
0

T—t

NG

1
4

Br—s 4 =1 x I x Is. (3.25)

T—s

T
x E |exp —4k/f(T—s,B%_S)
Tt
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Let us consider [;. Using Holder inequality, we have

1
2

t T T
E |exp Qk/f(s,BZ?)dB;” <FE|& 4k/f(s,B§)dB§ E |exp 8k2/f2(s,B§)ds
0 0 0

The Girsanov theorem applied to the martingale 2k fg f(s, B¥)dB? yields that the first term in (2.9) is equal to one. Similar
arguments as in the proof of Lemma 2.3 (i.e. using power series expansion of the exponential function) enables to conclude
that the second term above is finite for small 7'.

Next we wish to study the boundedness /3. It was already shown in [2, Lemma A.2] that

T
Br_s
FE |exp k/wds < 00.
T—35s
0

Hence to show the boundedness of I3, it suffices to show that

T
Br_,?
FE |exp k/|TT |ds < o0

0

for T" small enough. Indeed, using exponential expansion, and the Holder inequality, we have

T T " T
|Br—s | 1 |Br—s|* — k" [ E|Bp_.>" n—1
0 n=1 0 n=1 0
= k™ (2n)! 4 e (2n)!
= — TxT" = TE)" .
; I onpl 7;( e

Using once more the ratio test, one deduces that the above sum is finite for small 7". Combining arguments for the bounds of
I and I3 enables to conclude that I5 is bounded as well. O

Proof (of Theorem 3.4). Let b; ,, be a sequence of smooth drifts approximating b;. Then, using (2.6) and (3.17), we have
Dix®n = ¢~ [i Jabrn(wa) L (dudz) /ngQ(u,w)eJ}“ Je b ()X (drd2) gy 4o | (3.26)
t

It follows from Corollary 2.4 that (X;""),,>1 is relatively compactin L?(Q2, P) and || Ds X;"" || 2(pgar) is uniformly bounded
in n. Hence by [35, Lemma 1.2.3], (DsX;""),>1 converges weakly to Ds X in L?(P;R). Thus, in order to conclude, we
need to show that

T

o= 7 fbrn (w2 L5 (du,dz) /Dibg(u,w)eftu S brn () L drd) gy 1 o | € /%dBT
t 0 n
converges to
s T
o= 7 Jobr(w2)LX (dudz) /Dibg(u,w)eftu L bl(r,z)LXm(dr,dz)du+O_Z_ £ /ngdBT
t 0

22



in expectation for every ¢ € C} ([0, 7], R?). We will only show that

s T
I T ) [ g el e @ | [ g,
t

0 n

converges to e~ Ji Jab1(w)L* (dudz) [ Diby(u, w)eli' Ja br(r2) L™ (drdz) g ( fOT ngdBr) in expectation. Using Gir-
sanov theorem and the Cameron-Martin theorem, we have

T s
L :’E[S(/%dBT){e_ i bn o () /Dibz(u,w)eftu Jabrn(ra) L7 (drdz) g,
0 t
e~ fts fm b1(u,z)LXm(du,dz) /Débg(’d,(ﬂ)e‘ﬁ‘u fR b1(r,z)LXm(dT,dz)du}:H
t
T s
—|Efe( [ prp,) {em i b ) [ iy, )eli et gy
0 t
— e fts fm bl,n(u,z)LXI’n (du,dz) /Dibg(’b&,&])effu fm bl(r,z)LXI(dr,dz)du
t
+e IS bl,n(u,z)LXI’n (du,dz) /Dibg(’b&,&])effu Je bl(r,z)LXI(dr,dz)du
t
e S Ja b () LY (du,dz) / Diby (u, w)eh" me(m)LX’”(dndz)du}H
t
T
:‘E |:5( / QDTdBT) {ei fts fR bl,n(“vz)LXI,n(duvdZ)
0
x / Diba(u,0) (el fubon (1 ) _ o () ) gy
t

+ (e— J Fy b () EXT " (dundz) = f7 S bl(u,z)LX”(du,dz)) /Dibg(u,w)eft“ I bl(r,z)LX’”(dr,dz)du}”
t
:’E |:67 IS Ik bl,n(uﬁz)l‘iz’n (du,dz)

X /Dibz(U, w+ ) (6ffu Ja b (2 LY (drdz) o f bl(r’z)L}?I(dﬁdZ))du
t

+ (67 fts fR bl,n(u,z)Lix’n (du,dz) e fts fR bl(u,z)L}?gc (du,dz)) /Dibg(u,w + <P>eft” fR bl(r,z)L}?gc (dr,dz)du:H
t

<Iipn+ Iz . (3.27)

Let us concentrate on I; ,,. Repeated use of Holder inequality, Girsanov transform, the bound on D}bs(u,w + ¢) and the fact
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that |e” — 1] < |z|(e” + 1) gives

S

. E[(/(DibQ(u,w + ‘P))Qdu)Q} 1/4

t

I, < ‘E |:€72ft5 Jr bl,n(u,Z)Lj(m’n(du,dz)} 1/2

S

X EK/ (eft” Jo b1, (r,2) LY (drydz) o J bl(Tvz)Lj(I(dr,dz))Qdu) 2} 1/4‘
t
T
=CE {5(/ Lin(r, 0,2+ 0 Be) + g, JaB, e 2 fubun )21 )] 1/2
0
1/4

X (/E [(eftu Je b1,n(T,z)L’?I’n(dr7dz) . eftu IR bl(T,Z)L)_(I (d'r‘,dz))4:| du)
t

<CFE {5(7{11”(7",%:0 +0-B)+ Sbr}dBT)Q} 1/4E{674f: I bl,n(”‘yz)LHaHBi(d'r‘,dz):| 1/4
0

"E

t
X B Heftu Jebrn(r2) LXT " (drdz) _ f o ba(r2) LY (drdz)

1/2} 1/2

eftu fR bl,n(’l‘,Z)L)_(:v,n (dr,dz) eftu flR by (T,Z)LXI (dr,dz) ’

15} 1/2du) 1/4

T
211/4 v
OB [5(/ {’[Ln(T,w, z+o- BT) + Sar}dBr) ] / ) {674 I8 e b1,n (r,2) L1711 Bo (dr,dz)
0

1/4

~ ( / E Heftu J blv"(T’z)Lkmm (dr,dz) _ eftu Jp b1 (T,z)LXm (dr,dz) ‘1/2} "
t

% E |:615 I e bl,n('r‘,z)L).(I’n (dr,dz) + eld T foba (T,z)Lj(I (dr,dz):| 1/2du) 1/4

<cele( /T {inrwa+o-B)+¢ YaB,) ] Ble-th Lnamor 1% anan) /1
0

y u

X (/EH]/bl,n(r,z)L’?“’"(dr,dz)//bl(r,z)Lff’"(dr,dz)
t t R

t R

1/2

eftu Ja bl,n(T,Z)L}_(I’n (dr,dz)+[" 2 bl(T,Z)L}?I (dr,dz) 41

1/21/2
) ]

x B {615 S e brn(r L (drdz) | 15 [ b (na) LN (dr,dz)} 1/2dU) -
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T
<CFE {5(/ {ﬂn(r,w, r+o-B)+ Sﬁr} 2} 1/4E[€74 I bl,n(T,Z)LHa‘HBf;(dr7dz):| 1/4
0

dBT)
X (/SEH/u/bLn(r,z)Lf(”’"(dr,dz) _]/bl(raz)LXI(dr,dz)‘TM

"

t
% EHeffu fR bl,n(r,z)Lj(mm(dr,dz)-i—ftu fK bﬂr,z)Lj(ac (dr,dz) +1
X E[e

15 ft” fK bl,n(r,z)LXI’n(dr,dz) + 615‘[;:“ fm b1 (T,Z)L).(I (dr,dz):| 1/2du) 1/4.
In the above B? := )" | HU i B is a standard Brownian motion. Using Cauchy-Schwartz inequality, the Novikov’s condition
on by and Benes Theorem, the first term is finite for small time 7". Using Lemma 3.8 and [10, Proposition 2.1.1] enables to

conclude that the second term is bounded. Using once more Cauchy-Schwartz inequality, Girsanov transform and Lemma
3.8, one deduces that the fourth and fifth terms are bounded for small time 7. Let use now focus on the third term. By

Girsanov transform and Cauchy-Schwartz inequality, we have

E[/u/blm(r,z)Lj(I’ dr, dz) //b1 r,2)LX" (dr, dz)}
- ol

75( {ﬁ(r,w,z+o~B Jrgar dB /
¢

—s

{ﬁn(r,w, x+o-By)+ <,br}dBr) // (r, 2) L1718 (dr, dz)
i

by (r, z)LIoIBs (dr, dz)}

o\ﬂ .

- E[g(/{an(r,w,z Yo B)+ %}dBT)

Tt~ i —

/ (blyn(r, z) — by (r, z))L”””B: (dr,dz)
R

u

(r,w,x+o0-B )+<,br}dBr)}//bl(r,z)L”U”Bg(dr,dz)}

t R

0
+1& Un(ryw, x4+ 0 By) + ¢ dB
(/1 o Jan)-e( [
T
< E{E(/{ﬂn(r,w,x +o0-B,)+ Sbr}dBr)2:|1/2E|: / b1 n(r,z) = bi(r, z))L”"”B (dr, dz))Q} i
0 R

{ﬂn(r,w, z+0-B)+ ¢T}dBT) — S( {ﬁ(r,w, r+o0-B)+ <Pr}dBT) }2} 1/2

+
&
—_
M
/N
O\H
O\ﬂ w\ r—’h«

271/2
/ by (r, 2) L1155 (dr, dz)) } . (3.28)
t
Using Lemma 3.8, the first and the last terms on the right of (3.28) is bounded. Using (3.2), Minkowski, Doob maximal

inequality and the dominated convergence theorem the second term converges to 0. Similar reasoning as in the proof of
Lemma 2.5 enable to conclude that the third term converges to 0. Thus the result follows. 0

%\
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4. Stochastic differentiable flow for SDEs with random drifts

The aim of this section is to prove existence of a Sobolev differentiable stochastic flow for the SDE (1.1) with (non-Markovian)
random drifts. Due to the additive decomposition assumption b(¢,w, x) = by (¢, z) + ba(t,w), the analysis of the flow turns
out to be much easier than that of the Malliavin derivative considered above. Most of the result of this section will follow as
adaptations of some arguments of Mohammed et al. [33].

Throughout this section, we denote b,, := by ,, + by wWhere b1 5, : [0, 7] x R — R, is the sequence of smooth functions with
compact support approximating b; as introduced in the proof of Theorem 1.1, see Step 3.2.2. We further denote by X **"
the unique solution of the SDE associated to b,, with initial condition X" = z. That is,

t
X" =x+ /bn(u,X;j’”“"",w)du +o0- By
S

We first prove differentiability of the solution X ***>", and derive a uniform (in n) bound on its deriviative.

Proposition 4.1. Let p > 1 and (s,x) € [0,T] x R be fixed. If T is small enough, then for every t € [0, T, almost every
trajectories of x — X" is differentiable and it holds

E(|0: X" 7] < C, g ) €XP (Cp,T,o,||EHx|“"|2) @b

for some positive constants C,, . 3 and C, 1. .5 depending on p, T, o and (15| so-

Proof. The differentiability of the trajectories of z — X;*™" follows from the seminal work [26], from which we further
obtain that 0, X 3% := L X" satisfies

t
O X" =1+ / (b’Ln(u,Xj*””"”) + b’Q(u,Xj*””*”,w)) 0, X" "du, 4.2)
where b/1,n = %bljn. The solution of this (random) ODE can be explicitly given by

¢
Du X" = exp /b’lyn(u, X50™) 4 by (u, X2 w)du

Thus, Girsanov’s theorem and successive applications of Holder’s inequality give (recall the definition of u,, given in (2.8))

t 1/2 ¢ 1/2
E|0. X" P] < E |exp /2pb/1,n(u,XZ’z’”)du E |exp /2pb/2(u,Xj’I’",w)du
‘ ‘ 1/2
< E [e*TM2] VE e /un(u, x+o0-By,w)dB, | exp 2p/b’17n(u, x+o0-By)
0 s
1/8 1/8

T T
<CFE |& 4/un(u,x+a-Bu,w)dBu E |exp 6/|un(u,x+a-Bu,w)|2du
0 0

. 1/4
x E |exp 4p/b’17n(u,:r + o0 By)du = I x I} x I}.

S
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Since by ,, is of linear growth and b, square integrable, it holds I7* = 1. As shown in the proof of Lemma 2.3, if 7" is small
enough, the sequence I3 is bounded, and as shown in (2.16), we have

0 E{|f;(4p)b'1_n(u,x+o-Bu)du|q} < (4p qE[ f Wy p(u,x+0- By) du|2q}
: <

p=>

= q! T = q!
= N (D)1 (Co)! (1 + [r2) V2 Bl|% [t — s]7(q})*/* <i2q<4p>q<ca>q<1+|z|q>|\6|\go|tfs|q
= q! T 24(q!)1/2
2, 220(4p)9(C,)% (1 + | 2Dt — s\ [ 1 \°
(% =
q q=

N[

<2 (exp (16p%(Co)? Bt = (1 + o) ) )
< 2exp (p CmHE”gOT(l + |IL'|2)) )

This concludes the proof that is there exist positive constants C Toolblle. a0d Cp 7,5y depending on p, T', o and 1150
such that

E|0,X2%"P] < 0T, bl e €XP (CPaTaangllw |x|2) . 0

Corollary 4.2. Let p > 2. If T is small enough, and My in (A2) is bounded, then it holds
BIX™ = X7 7] < Cylballocs laf®, T) (Js1 = 52”2 + a1 — 2]

or every s1,82,t € [0,T], 21,22 € R and for some continuous function C, increasing in each component.
9 ) 9 9 i

In particular, for every t € [0,T] almost every trajectories’ of (s, x) — X;'* is a-Holder continuous with o < 1/2in s
and o < 1in x.

Proof. Assume without loss of generality that s; < sy < t. For ease of notation, put X" .= X% i =1 2. Then, for
every n € N, we have

t
th’" - Xt2"” =21 — Tg + /blyn(u,Xi’") + ba(u, Xi’",w)du + /O’ -dB,,
t t

— /blm(u,Xﬁ’") + b (u, X2, w)du — /o-dBu

S2 S2

=z — 2o + /bm(u,Xi’”) + bo(u, X1 w)du + /bm(u,Xi’”) — by (u, X2™)du

S1 S2
t

+ /bg(u, X2 w) — ba(u, X2™ w)du + 0 - By, — 0 - Bs,.

S2

'We use the convention X’ =  whenever t < s.
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Using Holder continuity of the paths of Brownian motion and the mean-value theorem applied to « — by ,,(u, X37), this
allows to obtain the following estimates:

T p/2

B[t = XE7P] <Gy o — ol s = a4 B | | [ b, X0 + ba(u X3 ) || = sal?”?
0

t 1 t
P
+ o1 — 22|PE }//b’lm(u,X;’I@1+T<z2—“>v")azx5l@1+T<Z2—Z1>vndfdu +CE /|Xi’"—X3’”|pdu
S2 0 S2
p/2

T
< Cyd a1 — malP + |51 — 5?2 + B / B (0, X1 + b, X7 )2 | | [y — saf?/2
0

1
P E ) X51111+T(I2*11),n ) Xsl,zl-l—r(mg—zl),n
—|—|$1—x2| |z t — Oz g,

t
p 1,n 2,n
}dT L CE /|Xu’ _ X2 Pdy

0
T p/2
<G, (Jrr —ml +1s1 — 2?) { B / b1, X1 + ba(ur, X7, 0) P
0
t
p
+ sup sup E [ D X 10" } +O/E (X" — X2 7] du. (4.3)
tel0,T);|z|<|x1|[+|x2| nEN

Since b1, (t, )| < ||b1]|oo (1 + ||) and by has exponential moments (see (A 1)) it follows by Jensen’s inequality that

T p/2 T
E /|b17n(u,Xi’”)+b2(u,w)|2du <CT | ||b1]|E /1+ | XL P2 du |+ bSP
0 0

< G (Bl + 50 [l 05
Since by Lemma 2.5 it holds sup,, E[|X;}""|P/2] < oo, it follows by (4.3) (after application of Gronwall’s inequality) and

Proposition 4.1 that
B [1X0" = X7P] < Colfballoes T) (Ist = 2?72 + a1 — 2] (44)

Leti = 1,2. Since (X;"""") converges weakly to the unique solution X;*'** of the SDE (1.1) with drift b, (see Lemma 2.5
and Theorem 2.7) it follows by convexity and lower-semicontinuity of K — E[|K|P] that, taking the limit in (4.4) yields the
desired result. O

We conclude this section with the proof of Theorem 1.3.

Proof (of Theorem 1.3). Let p > 2. In other to show that z — X*% is weakly differentiable, we start by showing that the
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sequence (9, X *®™"),, is bounded in L*(Q, LP(R, w)). In fact, it follows by Holder’s inequality and Proposition 4.1 that

2/p 2/p

E / O X Pw(ydz | | < B / 10, X5 Pa()da
R R

2/p
= /E [0 X" Pl w(x)dx

R
2/p

< ~p,T,o,|Il§\\o¢ /exp (Cp7T7U,I|EHx|x|2) w(x)dz < oc. (4.5)
R

Thus, (9, X;") admits a weakly converging subsequence (9, X;"*"*) in L?(Q2, LP(R,w)) to a limit ¥;>*. Thus, for
every A € F and f € LR, w) (where ¢ is the Sobolev conjugate of p), we have

lim [1A / a%xt"w F@)w() dx} —F [1A / Y f(2)w(z) dx} .

Choosing f such that fw € LY(R,dz), it follows that Y;>" is the weak derivative of X;"*. By weak convergence and (4.1),
it follows that

2/p
E /|8zXf’$|pw(ac)dx < 00,
R
where 9, X;"" denotes the weak derivative of X,"".
It remains to show that
2/p
E / | X" Pw(x)da < 0. (4.6)
R

By Jensen’s inequality and the linear growth of b1, we have

[ X put) da
R

t t
<, /|x|pw(x)dac + Pt //(1 + | X5 P)w(z)dudr + P! /|b2(u,Xj’””,w)|pdu +|o - Be|P /w(m)dx
R R 0 0 R

t
<Cpr /|x|pw(z)d:c + // | X 2% Pw(z)dedu + {C’TM%’ + sup |o- Bt|p} /w(z)dx
R R

t€[0,T
0 R

By Gronwall’s inequality, this implies

/|th’$|pw(:c) de < Cpr /|x|pw(:c)d:r + {T+ CTMY + sup |o- Bt|p} /w(z)dx e’
te[0,T]
R R R
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Thus, it follows by Holder’s inequality that

1/p 1/p
E / | X Pw(x)da <FE / | X7 Pw(x)da
R R
1/p
< Cpr /|:E|pw(:r)dx + {TJr CTE [M5] + |oP|E s[u%] | B[P } /w(z)dx < 0.
2 telo, 2
This completes the proof since by (1.4) Ms has exponential moments. 0

A. Compactness criteria

The suggested construction of the strong solution for the SDE (1.6) is based on the subsequent relative compactness criteria
from Malliavin calculus (see [37].)

Theorem A.1. Ler {(2, A, P); H} be a Gaussian probability space, that is (2, A, P) is a probability space and H a sep-
arable closed subspace of Gaussian random variables in L*(S2), which generate the o-field A. Denote by D the derivative
operator acting on elementary smooth random variables in the sense that

D(f(h1, ..., hn)) =D 0if(h1,... . hn)hi, hi € H, f € C;°(R").
=1

Further let D1 2 be the closure of the family of elementary smooth random variables with respect to the norm
1Fl1 2 = [1Fll 20y + IDF 20y -
Assume that C'is a self-adjoint compact operator on H with dense image. Then for any ¢ > 0 the set
. -1
G = {G €D1s: Gl ae + [ DG Lo < c}
is relatively compact in L?(S2).

The relative compactness criteria in this paper required the following result (see [37, Lemma 1]).

Lemma A.2. Let v, s > 0 be the Haar basis of L*([0, 1]). For any 0 < o < 1/2 define the operator A, on L*([0,1]) by
Aqvg =28, if s =2F + 5

forkZ0,0SjSQkand
Al =1.

Then for all B with o < B < (1/2), there exists a constant ¢y such that

1 1
e < e {lusgoay + (| [ A arar) ).
0 0

The next compactness criteria comes from Theorem A.1 and Lemma A.2.
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Corollary A.3. Let {X,,}n>1 € Dio, be a sequence of Fi-measurable random variables such that there exist constants
a > 0and C > 0 with
sup E [|DyX,, — Dy X, |*] < Clt —¢/|*

for0 <t <t<1,and

sup sup E [|DtXn|2] <C.
n 0<t<1

Then the sequence { X, }n>1, is relatively compact in L?((2).

B. An auxiliary result

The following key result generalises [7, Proposition 2.2.] to the case of function with spatial polynomial growth.

Proposition B.1. Let B be a d-dimensional Brownian motion starting from the origin and b : [0,1] x R — R a compactly

supported smooth function such that ||b(t, z)|| < k with b(t, z) = li(—i?lz)l’ (t,z) € [0,1] x R. Set B,(t) = Z?Zl 0;B;(t) ~

N(0,t||o]|?) for o € R%. Then there exists a constant C' depending on o such that for any even positive number n, we have

t n
E /b’(t, v Bo(t)dt | | < O+ o (N~ 1), ®B.1)
to

Proof. As in [7], the proof is split into several parts.
Let P, (t,z) = (2xt||o]|2)~/2e~|2*/2t1°" be the Gaussian kernel, then using the joint distribution of B(t1), .. ., B(ty),
the left hand side of (B.1) can be written as

n
n! [TV (i + 20)Po(ti — tim1, 2 — zim1)dzi - . dzadty ...ty
to<ti<-<tp<tRn =1
Define
n
In(to,t, 2, 20) := / [TVt + 2) Po(ti = tioa, 2 — zio1)dz . dzgdty . iy,

to<ty<-<tn<tRn =1

The proposition will be proved if we show that
|Jn(to, £, 0)] < Cp(t = to)™?(1 + ) /T (n/2 + 1).

Note that the above comes from Proposition 4.10. in Menoukeu-Pamen and Mohammed [29]. The result then follows. ]
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