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Abstract
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1 Introduction

Mixed Dirichlet-Neumann boundary value problems arise naturally from a wide range of applications.
Examples are the problem of a rigid punch or stamp making contact with an elastic body (see [CD96],
[CDS98], [WSHT9], and the references therein), the steady flow of an ideal inviscid and incompressible
fluid through an aperture in a reservoir (see [MW17], [WSHT79], and the references therein), as well as
free boundary problems (see, e.g., [AC8I]).

The prototype for this kind of problems is given by

Aug = f in €,
&,UO =0 on FN, (1.1)

ug =g on I['p,
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where Q € RY is an open set with sufficiently smooth boundary and I'p,T'y are disjoint sets such that
00 =TpUTy.

It is well known (see [Dau88], [Gri85], [KOS83], and [MP75]) that solutions to mixed boundary
problems are in general not smooth near the points on the boundary of the domain where two different
conditions meet. Indeed, when N =2 in (1)), f =0, g = 0, and Q is given in polar coordinates by

{(r,0) :7>0,0<6 <7},
the function S: Q — R given is polar coordinates b
S(r,0) = r'/?sin (0/2) (1.2)

is a solution to (LLI)). However, S fails to be in H? in any neighborhood of the origin.

In dimension N = 2 it turns out that functions of the type (2] completely characterize the behavior
of solutions to (ILI)). Indeed, we have the following classical result (see [Dau88], [Gri85], [KOS83|, and
[MPT75]).

Theorem 1.1. Let N =2, and let Q be an open, bounded, and connected subset of R?, with S of class
CYl. Assume that T'p and T'y are nonempty, relatively open, and connected subsets of OQ with

OQ:EUH, and Eﬁm:{w1,$2},

and that 0NN B,(x;) is a segment fori = 1,2 and for some 0 < p < min{1, |z1 —x3|/2}. Let f € L*(Q),
g € H32(0Q), and let u € H(Q) be a weak solution to (LI)). Then u admits the decomposition

2
U = Ureg + E CiSia
=1

where ureg € H2(Q) and the ¢; are coefficients that only depend on u. The singular functions S; are
given by the formula
Si(ri, 0;) = @(ri)r)’? sin(6;/2),

i

where (r;,0;) are polar coordinates centered at x; such that
QﬂBp(a:i) = {aci+ (ri,HZ-) 0<r; <p,0< 0; < 7T},
I'pNBy(x;) = {x; + (ri,0) : 0 < r; < p},

and ¢ € C*([0,00)) is such that ¢ =1 in [0, p/2] and @ = 0 outside [0, p|. Furthermore, there exists a
constant ¢, which only depends on the geometry of 2, such that

2
ot 22 + 3 leil < ¢ (IF 2@ + gl 2oy -
i=1

An approach that often proved to be successful for the study of ill-posed problems, and in general for
problems that present singularities of some kind, is to consider a small perturbation, typically chosen
with an opportunely regularizing effect, and then carry out a careful analysis on the convergence of
solutions of the regularized problems to solutions of the original one. This procedure often requires to

Tn what follows, given a function v = v(x) where & = (z,y), we denote by ¥ the function o(r,6) = v(r cos @, rsin ),
and with a slight abuse of notation we write v = o(r, 0).



prove estimates that are independent of the parameter of the regularization. We refer to the classical
monograph of Lions [Lio73] for more details.

The aim of this paper is to regularize the problem (1) by introducing a family of mixed Neumann-
Robin boundary value problems parametrized by € > 0. To be precise, we consider

Au, = f in Q,
Oyus =0 on I'y, (1.3)

edyues + us. =g on I'p.

The convergence of solutions to (L3]) to solutions of (LI]) has been studied by Costabel and Dauge
in [CD96] using classical PDE expansions (see [Lio73]), who proved the following result.

Theorem 1.2 (Costabel-Dauge). Let N = 2, Q be as in Theorem[I1, f =0, g € H'*°(Tp) for some
d >0, and let u. and ugy be solutions to (L3) and (L) (with f = 0), respectively. Then

[|ue — U0||L2(Q) = O(eloge),

. 11
o = wallesiy = O, fors e (5.3, (1.4

|| (ue — uo)\FD HLQ(FD) = O(ey/|logel). (1.5)

Moreover, these estimates cannot be improved in general.

We refer to [CD96] for the precise statement in the case f # 0. This problem was also previously
considered by Colli Franzone in [CE73al, where the author proved estimates on the difference u. — g
in certain Sobolev norms (see also the work of Aubin [Aub72] and Lions [Lio73]).

The question of convergence of solutions to the family of problems (3] to the solution to (I.II)
is of significance for the numerical approximations of (LI]). We refer to [BEFMO03], [BE91], [CDS9§]|,
[CF73b], [CE74], and the references therein for more information on this topic.

In this paper we present an alternative proof of the estimates (I4]) with s = 0 and (5] using the
variational structure of (I3]). Indeed, solutions to (L3 are minimizers of the functional

1 1
/Q <§|Vv|2 + fv> dx + % J: (v—g)2dH', ve HY(Q). (1.6)
D

Thus a natural approach is to use the notion of Gamma-convergence (I'-convergence in what follows)
introduced by De Giorgi in [DGT75|] (for more information see also [Bra02] and [DM93]).

We recall that given a metric space X and a family of functions F.: X — R, ¢ > 0, we say that
{F.}. T-converges to Fy: X — R as ¢ — 01, and we write F. LN Fo, if for every sequence €,, — 0T the
following two conditions hold:

(i) liminf inequality: for every x € X and every sequence {z,}, of elements of X such that z,, — =,

liminf 7, () > Fo(z);

(1) limsup inequality: for every x € X, there is a sequence {zy,}, of elements of X such that z,, — =
and
lim sup 7., () < Fo(x).

n—oo



A sequence {z,}, as in (ii) is called a recovery sequence for x. Moreover, we say that the asymptotic
development by I'-convergence of order k

Fe=Fo+wi(e)F1 + -+ wrle)Fi
holds if there are functions F;: X — R, i = 0,...k, such that F, EN Fo and for ¢ > 1

wi1() 1,
O.)Z(E) (2]

where .7-"5(0) = F., wo=1and for i > 1, w;: RT — RT is a suitably chosen function such that both w;
and w;/w;_1 converge to zero as € — 0. We remark that for w;(e) = ¢’ one has the standard power
series asymptotic expansion

-FE(Z) — (fe(z_l) _ lnf{ﬂ_l(m) T e X})

Fe=TFo+eFi+-+e"F.

We refer to [AB93] and [ABO96] for more informations on asymptotic expansions by I'-convergence.

The powerfulness of asymptotic expansions by I'-convergence has been shown in the recent papers
[DMFEL15], [LM16], [LM17], and [MR16], where the authors completely characterized the second order
asymptotic expansion of the Modica-Mortola functional and used it to obtain new important results
on the slow motion of interfaces for the mass-preserving Allen-Cahn equation and the Cahn-Hilliard
equation in higher dimensions.

In this paper we consider the I'-convergence of the functionals (L6l with respect to convergence in
L?(€2), and thus we define F.: L*(Q) — (—oo, 00] via

/ (ﬂw\? - fv) do + — (v—g)*dH' ifve HY(Q),
o \2 2 I'p (1’7)

+o00 otherwise.

Fe(v) =

We begin by studying the I'-convergence of order zero of (7).

Theorem 1.3 (0th order I'-convergence). Let 2 C RY be an open, bounded, connected set with Lipschitz
continuous boundary, and let T'p C 0 be non-empty and relatively open. Assume that f € L*(Q) and
g € HY2(0Q). Then the family of functionals {F.}. defined in (LT) T-converges in L*(Q) to the

functional
1
/ <—|Vv|2 + fv> de ifv eV,
]:0(’[)) = Q 2 (18)
400 otherwise,
where
Vi={ve H(Q) :v=g onTp}. (1.9)

Since the first asymptotic development by I'-convergence of (7)) strongly relies on Theorem [[1] in
what follows we assume N = 2. We begin with a compactness result.

Theorem 1.4 (Compactness). Let N =2, Q be as in Theorem [T, f € L*(Q), g € H¥?(09Q), F. and
Fo be the functionals defined in (L)) and (LS), respectively, and define

F- —min Fy

F =
e|log €|

£

(1.10)

Ifen, — 07 and v, € L*(Q) are such that

Sup{]:e(}l) (vp) :m € N} < o0,
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then there exist a subsequence {vn, }r of {Un}tn, To € HY(Y) and vy € L*(T'p) such that

_ Um — U0 | ro in H'(Q), (1.11)
Ven,|logen, |
U 80 s gy in LA(Tp), (1.12)

En, /1108 En, |

where ug is the solution to (LI).

Theorem 1.5 (1st order I'-convergence). Under the assumptions of Theorem the family {.7-"5(1)}8
I'-converges in L?(S2) to the functional

2
1
_§§ :612 Z'f,U:uOv
=1

400 otherwise,

Fi(v) = (1.13)

where the coefficients c; = c;(ug) are as in Theorem [I1. In particular, if u. € H'(Q) is a solution to

([T3), then
Fe(ue) = Fo(uo) + €| log £ Fi(uo) + o (e|loge]) . (1.14)

To characterize the second order asymptotic development by I'-convergence of the family of func-
tionals {F.}., we introduce the auxiliary functional

Tiw) = |

|Vw(z)|? de + /01 (w(x,O)Q — ciaj_l/2w(:17,0)) dz

2
" (1.15)
- _ Gigmyz)?
+/1 (w(:E,O) 5 ¢ ) dx
defined in
H = {we Hp (RY) : w € H(B}(0)) for every R > 0}, (1.16)
where w(-,0) indicates the trace of w on the positive real axis. Let?
A; = inf{J;(w) :w € H}, (1.17)
L [P —1/2m ()
B; = 5/0 o(ri)r; / 8,,u?eg (r;,0) dr;, (1.18)
1 /1
C, = —/ (1-¢(x)?) 2 da, (1.19)
8 Jo/2
- 1 _
dilri) = ooy (1.20)

As shown in Proposition [4.4] there exists w; € H such that J;(w;) = A;, and thus w; satisfies
Aw; =0 in R%,
Oyw; =0 on (—00,0) x {0}, (1.21)

dyw; +w; = G2 on (0,00) x {0}.

In what follows, given a function v = v(x), we denote by @ the function oV (r;, ;) = v(a@; + ri(cosb;,sin6;)), for
polar coordinates (r;, 0;) given as in Theorem [L.1]



Observe that if ¢; = 0 then J; > 0 and so w; = 0 and A; = 0. Finally, let u; € H*(2) be the solutions
to the Dirichlet-Neumann problem

Aul =0 in Q,
dyur =0 on I'y, (1.22)
Uy = —E?Vu?eg on I'p.

Theorem 1.6 (Compactness). Let N =2, Q be as in Theorem [T 1, f € L*(Q), g € H3?(0Q), F., Fo,
5(1), Fi, Ji be as in (LT), (L), (LI0), (LI3), and (LI5), respectively, and define

]:(1) — min F F. — min F
(2) — 5 1 _ e 0 11 . 1.9
Fz oz ] 6 | log €| min Fi. (1.23)

If en, — 0T, w, € L?(Q) are such that

sup{]-"a(i) (wp) :n € N} < oo,
and Wi, € H is defined as

'IDSI) (Tz'Ena 97,) - ﬁg) (ri5n7 62) - gnﬂy) (TiEn, 62)

VeEn

for (ri,6;) polar coordinates as in Theorem [I1], then there exist a subsequence {wy, }r of {wp}n, wo €
HY(Q) and qo € L2 (T'p) such that

loc

Win(ri, 05) = @(rien) (1.24)

Cny ZU0 7 om0 in HY(Q), (1.25)
B
w. (7 2 2
— ug .
n’;i —uy — Z cithill = XB., (@) = 90 - Z ey in L*(T'p), (1.26)
Tk i=1 i=1

where 1; is the function given in polar coordinates by (L20) and uy is the solution to (L22). Further-
more, for every R > 0,

Win, = W; in H(B(0)), VW, — VW; in L*(R%;R?)), (1.27)
Wi, (-,0) — Wi(-,0) in L*((0,1) x {0}), (1.28)
Wi, (,0) = ™2 = Wi(,0) = S ™/2in L¥((1,00) x {0}), (1.29)

for some W; € H such that J;(W;) < oo, where W, (-,0) and W;(-,0) indicate the trace of Wi, and
W; on the positive real axis.

Theorem 1.7 (2nd order I'-convergence). Under the assumptions of Theorem [I.8, the family {]—'5(2)}€
I'-converges in L?(S2) to the functional

Sy (&4 Biei+ Coc?) = 4 fr) (0ul)” dMY if v = wo,

400 otherwise,

Fo(v) =

where the numbers A;, B;, and C, are defined in (LI1T), (LI8), and (LI9), respectively. In particular,
if u. € HY(Q) is a solution to (IL3) then

Fe(ue) = Folug) + €|log e| F1(ug) + eFa(ug) + o). (1.30)



As a consequence of our results, we obtain an alternative proof of the sharp estimates (4] for s = 0
and (L3) in Theorem Indeed, we have the following theorem.

Theorem 1.8. Let N = 2, Q as in Theorem [I1, f € L*(Q), g € H3%(0Q), and let u. and ug be
solutions to (L3)) and (1)), respectively. Then

e = wollzzqryy = © (sy/Togel) (1.31)

IV (ue = uo)||z2(r2) = O (51/2> : (1.32)

In contrast to the work of Costabel and Dauge [CD96], our results rely on the variational structure of
the mixed Neumann-Robin problem (L.3)), rather than the PDE. In particular, the compactness results
in Theorem [[.4] and Theorem are valid for energy bounded sequences and not just for minimizers,
and thus are completely new. A key ingredient in the proof of compactness is the following Hardy-type
inequality on balls due to Machihara, Ozawa and Wadade (see Corollary 6 in [MOW13]).

Theorem 1.9. Let Bg(0) be the ball of R? with radius R > 0 and center at the origin. Then

) 1/2 1/2
/ h(zx) 5 dx < V2 / h(x)? dx
Br(0) |22 (1 +log R — log |z|) R\ JBg(0)

for every h € H'(BRr(0)).

It also important to observe that the asymptotic development by I'-convergence leads naturally to
the asymptotic expansion of the solutions u. to (L3]), and does not require an a priori ansatz of this
expansion. Thus it could be applied to a large class of problems, including the p-Laplacian mixed
problem

div(|Vug|P~2Vug) = f in Q,
|V’LL0|p_2a,,’LL0 =0 on I'y,
Uup =g on FD.

Another example is the seminal paper [BCN9(Q], where Berestycki, Caffarelli and Nirenberg considered
the family of elliptic equations
Lu. = Bs(us) (1.33)

to approximate (as e — 01) a one-phase free boundary problem. Here the family {3 }. is an approximate
identity and the term [.(u.) is non-zero only for values of u. less than . In particular, the region
{us < €} can be thought of as an approximation of the free boundary of the solution to the limiting
problem. One-phase free boundary problems with mixed boundary conditions are strongly related to
problems arising in fluid-dynamics (see [GL18]). Our original motivation for this paper was the study
of the regularized problem

Au, = %B&(us)cy in 2,
Opus =0 on I'y,

e0yle +Us = ¢ on I'p,



where {:}. is a family of approximate identities as in (I33) and @ is a nonnegative function in L2 ().
Solutions u. of this problem converge to a solution u of the one-phase free boundary problem

)
Au=0 in €,
u=0, |Vu|=Q on QNd{u > 0},

O,u=20 on I'y,

[ u=yg on I'p.

The asymptotic development by I'-convergence of the corresponding family of functionals

/Q (IVo]* + B.(v)Q?) dz + é/r (v—g)2dH Y, ve HY(Q)

is ongoing work. Here B; is a primitive of (..

Our paper is organized as follows: in Section 2 we study the minimization problem for the functional
([L3) and prove Theorem [[.3] As a consequence, in Corollary 2.4] we show that there exists a unique
variational solution to the problem (LI]). Section 3 is devoted to the study of the simpler case in which
I'p = 09, so that (L.3)) reduces to

Au, = f in Q,
e =1 (1.34)
e0yUue + us = ¢ on Of.

Under suitable regularity assumptions on the set €2, we characterize the complete asymptotic expansion
by I'-convergence of {F.}., still defined as in (7)), but with I'p replaced by 9 (see Theorem B.2]
Theorem B4 and Theorem [B6]). In Corollary and Corollary B.7 we address the question of the
convergence of u. to ug, i.e. the unique variational solution to the Dirichlet problem

Aug = f in Q,
o=1 (1.35)
ug =g on Jf.

To be precise, we show that the asymptotic expansion

o0

U = E etu;

i=1

holds, where for every ¢ € N the function wu; is a solution to the Dirichlet problem

A’LLZ' =0 in Q,

U; = —6,,u2-_1 on 89

We remark that Corollary B.1 fully recovers the results of Theorem 2.3 in [CD96] and that the auxiliary
problems for u; arise naturally during the study of higher order I'-limits of F. (see, for example, the proof
of Theorem [3.4]). The case of a Robin boundary condition that transforms into a Dirichlet boundary
condition for Helmholtz equation was considered by Kirsch in [Kir85]. In Section 4 we prove our main
results. In Section 5 we recast these results in a more general framework by decoupling the different
scales in the asymptotic expansion of wu,.



2 Gamma-convergence of order zero and global minimizers

Throughout the section we study the mixed problem (I3]) and the associated minimization problem
under the following assumptions on the set 2 and on I'p, namely the portion of the boundary where
the Robin boundary condition is imposed:

(i) Q is an open, bounded and connected subset of RV,
(71) 0N is Lipschitz continuous, (Ho)
(i7i) T'p is a non-empty and relatively open subset of 0€).
Furthermore, define I'y := 92\ I'p. Notice that for the purposes of this section we do not assume that
'y # 0; analogous results hold (with trivial changes) if T'y = 0.

Theorem 2.1. Let Q be as in (Hy), f € L*(Q), g € L*(09), and € € (0,1). Then the functional F,
defined as in (LT), admits a unique minimizer u. € H'(Q). Furthermore, u. is a weak solution to the
mized Neumann-Robin problem (L3)).

The proof of Theorem 2.1] is based on the following well-known result.
Lemma 2.2. Let Q be as in ([Hg) and for u € H'(Q) set

1/2
el sy = (IVulBammy + lulayy) - (2.1)

Then [l 1 () defines a norm on H(Q) that is equivalent to the standard norm, i.e., there are two
constants K1, ko, which only depend on the geometry of Q and T'p, such that for every u € H' (),

rillullz ) < llullar @) < rollull g

Proof of Theorem [21l. By Hélder’s inequality, we have that for every ¢ € (0, 1) and for every u € H(Q),

1 1
Fulw) 2 190l gz, — 1l el o) + 510 = gl (2.2)

Young’s inequality then implies

_ 1
lu =gl Z20py = lul 2y + 9172,y — 2/ ugdH 1 > §HUH2L2(FD) = 7lgll72rp), (2.3)

I'p

and thus, combining the estimates (2.2]) and (2.3]) with Lemma 2.2] we obtain

1 7
Folw) = gl o) — w2l fllz2@llellim = 3913wy

In turn,
inf{F.(u) : e € (0,1),u € L*(Q)} > —o0

and for every ¢ € (0, 1) the functional F is coercive. Since F. is lower semicontinuous with respect to
weak convergence in L?((2), the existence of a global minimizer u. follows from the direct method in
the calculus of variations and the assertion about uniqueness is a consequence of the strict convexity of
the functional F.. Moreover, one can check that u. is a weak solution to (L3)) by considering variations
of the functional F.. We omit the details. O



Proposition 2.3 (Compactness). Under the assumptions of Theorem[3, if e, — 0% and u, are such
that
sup{Fe, (un) : n € N} < o0,

then there exist a subsequence {un, }r of {tn}n, u € V and v € L*(T'p) such that
Up, — u in H(Q),

67:,3/2(unk —g)— v in L2(FD).
Proof. Let M := sup,, F¢, (uy) and assume without loss of generality that £y < 1. Reasoning as in the
proof of Theorem 21l by Holder’s inequality we see that

1 2 1 2
M =2 S Vunllzz @y = Iz llunllz2@ + 5l = gllz2 ) (2.4)

for every n € N. Young’s inequality, together with the fact that ¢, < 1, then implies that

1 2 1 2 1 2
Eﬂun = lzep) 2 llun = gllzzr,) + HHU" —9llz2 0y

1 (2.5)

7 1
2 2 2
2 glunllzzwy) = g l9lza,) + EH% = 9llz2(r )

and thus, combining the estimates (2.4]) and (2.5 with Lemma 22| and using the notation (2.1, we
arrive at

1 7 1
M > §|||Un|||%11(9) - "62Hf\|L2(Q)|||Un|||H1(Q) - ZHQH%Q(FD) + E\Iun - 9”%2(1“,3)-
Consequently, {uy, }, is bounded in H*(Q) by Lemma[2.2] and furthermore {e, Y 2(un —¢)}n is bounded
in L2(T'p). Hence there are a functions u € H*(Q), v € L?(I'p) and a subsequence {uy, }x of {u,}, as
in the statement. To conclude we notice that u, — g in L?(I'p), and so u € V. O

Proof of Theorem[L.3. Let ¢, — 07 and {u,}, be a sequence of functions in L?() such that wu, — u
in L2(Q). If liminf, o F:, (u,) = oo there is nothing to prove. Hence, up to the extraction of a
subsequence (not relabeled), we can assume without loss of generality that

liminf 7. (u,) = lim F, (uy) < oo.

n—o0 n—oo

In particular, ¢, (u,) < oo for every n sufficiently large. Let {uy, }, and u be given as in Proposition 23]
then

1 1
liminf 7., (up, ) 2liminf/ ~|Vun, 2+ fun, ) dx> —/ |Vu|2dac+/ fudz = Folu).

On the other hand, for every u € L?(f2), the constant sequence u, = u is a recovery sequence.
Indeed, F¢, (u) = Fo(u) for every w € V', while if u ¢ V then Fy(u) = oo and hence there is nothing to
prove. O

Corollary 2.4. Under the assumptions of Theorem[L3, if e, — 0T and {un}n is a sequence of functions
in L?(Q) such that
limsup F-, (u,) < inf {Fo(v) : v € L*(Q)}
n—o0
then w, — ug strongly in H* (), where ug is the unique global minimizer of Fo. In particular, global
minimizers ue, of Fe, converge in H'(Q) to ug.

10



Proof. Since g € HY?(09), by standard trace theorems (see Theorem 18.40 in [Leol7]) the space V
defined in (9] is nonempty. In turn, the strictly convex functional Fy given in (L8]) admits a unique
minimizer uo which is a weak solution to (ILT)). Let {u,}, be a sequence of functions in L?(£2) such that

lim sup ., (un) < Fo(uo). (2.6)

n—oo
Given a subsequence {e,, }1, of {e,}n, by Proposition 23] we can find a further subsequence {unkj }; and

vg € V such that u,, — vo. By I'-convergence
J

Fo(ug) > limsup Fe,, (un,, ) > Fo(vo),

Jj—00 J

which in turn implies that vy = ug. Hence the full sequence {u,}, converges in L?(Q) to ug. Moreover,

by (2.6)

1
Fo(ug) > limsup Fr, (u,) > limsup/ <—]Vun]2 +fun> dz
1
> liminf—/ |Vun|2da: —I—/ qu dx > ]:(](U()),
and so
lim / \Vuy,|? de = / |Vug|* dee.
By the strict convexity of the L?-norm it follows that Vu, — Vug in L?(;R?). O

3 A problem without singularities

Following Costabel and Dauge [CD96], in this section we will be concerned with the study of the easier
case of the non-mixed problem (I.34]); to be precise, it is assumed throughout the section that I'p = 99.
Under this additional assumption we prove asymptotic developments by I'-convergence of all orders for
the family of functionals {F.}. and deduce a complete asymptotic expansion for u., i.e the solution to
(L34) (see Theorem 2.1]). Throughout the section, we will make the following assumptions on the set
Q:

(i) Q is an open, bounded and connected subset of R,

. (H;)
(i1) 09 is of class CIL.

3.1 The non-mixed problem: Gamma-convergence of order one

In this section we prove a first order asymptotic expansion for .. We begin by studying the compactness
properties of sequences with bounded energy.

Proposition 3.1 (Compactness). Let Q be as in (Hy), f € L*(Q), g € H*?(09Q), F. and Fy be the
functionals defined in (ILT) and (L8)) (with T'p = 02), respectively, and define

Fo — min Fy
6 .

F =

£

(3.1)

If e, — 0% and v, € L*(Q) are such that

sup{}"e(}l) (vp) :n € N} < o0,

11



then u, — ug in HY(Y) and there exist a subsequence {vn, . of {vn}n, ro € HY(Q) and vy € L*(0N)
such that

32
3.2
Eny,

where ug is the solution to (L35]).
Proof. 1f we let M := sup{}"e(}l) (vp) 1 n € N}, then F.(v,) < Fo(ug) + €, M. On the other hand,
liminf 7 (vy,) > Fo(uo)

n— o0

by Theorem [L3] and in turn v, — ug strongly in H'(Q) by Corollary 2.4l
For every n € N, let 7, € L?*(Q) be such that v,, = ug + €,7,. Then ]-}(}L) (vp,) can be rewritten as

n 1 _
FD(vy,) =/ (Vuo-Vrn+%|Vrn|2—l—frn) dm+§/ r dnN L (3.3)
Q oN

Since 99 is of class C11, f € L?(Q), and g € H3/2(9Q), by standard elliptic regularity theory for (I33),
ug € H?(Q) (see Theorem 2.4.2.5 in [Gri85]) and by an application of the divergence theorem we have

/Q (Vug - Vrn + fry) dax = , dyugry, dHN L, (3.4)

Substituting ([3.4) into (B.3]) we arrive at

M > ]:E(}L)(vn) = E—"/ (Vr|? dm—l—/ <1ri+81,u0rn> dHN 1
Q 00 \ 2

2
(3.5)
n 1 1 _
= 6—/ Vr,|? dz + —/ (rn + Oyug)? dHN 1 — —/ (Dyug)® dHN Y,
2 Jo 2 Joa 2 Joo
and (B.2)) is proved at once. O

Theorem 3.2 (1st order I'-convergence). Under the assumptions of Proposition[31, the family {]—'5(1)}6
I'-converges in L?(S2) to the functional

1
——/ (Byu0)? dHN ™ if v = wy,
Fiw) =< 2Joa (3.6)
+00 otherwise.
In particular, if u. € HY(QQ) is the solution to (L34), then
Fe(us) = Foluo) +eFi(uo) +o(e). (3.7)

Proof. Let g, — 0T and {v, },, be a sequence of functions in L?(£2) such that v, — v in L*(Q2). Reasoning
as in the proof of Theorem [I.3] we can assume without loss of generality that

lim inf FD(v,) = Tim FD () < oo

In particular, ]:g(i) (vn) < oo for every n sufficiently large. Let {v,, } be as in Proposition 3.I1 Then
vp — ug in HY(Q) and from (3.5) we deduce that

n—oo

liminf]-;(i)(vn) > —%/ (Byup)? dHN ' = Fi(ug).
o0
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On the other hand, for every v € L2(Q) \ {ug} the constant sequence v, = v is a recovery sequence.
If now v = ug, since by assumption d,ug € H/?(9R), we can find w € H'(Q) such that w = —d,ug on
00, where the equality holds in the sense of traces. Set v, = ug + ,w. Then v, — ug in H*(2) and
again from (3.3]) it follows that

n—o0

lim F D (v,) = lim —/ |Vw|2d:1:——/ (Byu0)? dHN ™ = Fi(u).

This concludes the proof of the I'-convergence. The energy expansion ([B.7) follows from Theorem 1.2
in [AB93]. O

3.2 The non-mixed problem: Gamma-convergence of order two

In this section we prove a second order asymptotic expansion for F.. As customary, we begin by
investigating the compactness properties of sequences with bounded energy.

Proposition 3.3 (Compactness). Let Q be as in (Hy), f € L*(Q), g € H¥?(0Q), F., Fo, FY and
Fi be as in (L7), (L), BI), and B.6]), respectively, and define

) ]:5(1) — min F; Fe — min Fy — emin ]:1
Fe = € - g2

If en, — 0T and w,, € L*(2) are such that

Sup{]:e(i) (wp) :n € N} < o0,

then wy, — ug in HY(Q) and there exist a subsequence {wy, }r of {wn}n, wo € HY(Q) and qo € L?(0N)
such that

Eny,

Wy, — UQ + Eny, Oyug

3/2

—qo in L*(09),

where ug is the solution to (IL38). In particular, wg = —d,uy on OY in the sense of traces.

Proof. By Corollary 24, we deduce that w,, — ug in H'(Q2). For every n € N, let r,, € L?(Q2) be such
that w, = ug + €,r,. Then .7-"5(3) (wy,) can be rewritten as

1
‘7:5(3)( / |V7‘n|2 dx + 2— aQ(T” + ayuO)2 AR (3.8)

We then proceed as in the proof of Proposition 2.3 with f =0, g = —d,ug and r, in place of wu,. O

Theorem 3.4 (2nd order I'-convergence). Under the assumptions of Proposition [3.3, let uy € H'(Q)
be the unique solution to the Dirichlet problem

Aup =0 in Q,
u; = —dyug on Of).

Then the family {]—'5(2) }e T-converges in L*(Q) to the functional

1
—/ |Vuy|? dx if v = ug,
Fov) =4 2Ja

+o00 otherwise.
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In particular, if u. € HY(QQ) is the solution to (L34), then
Felus) = Folug) + eF1(ug) + €2 Folug) + o (52) . (3.9)

Proof. Let ¢, — 07 and {wy}, be a sequence of functions in L?*(Q) such that w, — w in L*(Q).
Reasoning as in the proof of Theorem [[.3] we can assume without loss of generality that

lﬂgff()( )—nl;ngofe()( n) < 00.

In particular, ]:5(3) (wp) < oo for every n sufficiently large. Let {wy, }r and wp be as in Proposition 3.3
Then w,, — ug in H*(Q) and from (B.8) we deduce that

lign inf]:a(zi (wp,,) > hm 1nf / V7, |2 d > = / |Vwol|? dae
—00

1 1
> inf {5/ \Vp|?dex :pe HY(Q), p=—08,uy on OQ} = 5/ |Vup |2 dx = Fo(ug).
Q Q

We remark that the function wu; exists (and is unique) by an application of Corollary 241

On the other hand, for every w € L?(Q)\ {up} the constant sequence w, = w is a recovery sequence.
As one can check from [B.8]), w, = ug + e,u; is a recovery sequence for ug. This concludes the proof of
the I'-convergence. The energy expansion ([B.9) follows from Theorem 1.2 in [AB93]. O

Corollary 3.5. Let Q be as in (H,), f € L*(Q), g € H3?(9Q), and let u. and ug be solutions to (L34)
and (L38)), respectively. Then there exists a constant ¢ > 0, independent of €, such that

e = o ey < e= (I llz2@) + 19llior2om ) -

lue — uo + €dyuo| L2 (o) < £/ (HfHLZ(Q) + Hg”H3/2(BQ)> :
Proof. 1f we let w, = ug + cuq, for uq as in Theorem [3.4] then
Fe(we) = Fo(uo) + eFi(uo) + > Fa(uo)
and from the minimality of u. we deduce
Fe(ug) < Folug) + eF1(ug) + & Fa(up).

Writing r = #=%0, expanding, and rearranging the terms in the previous inequality we arrive at

1 1 2
5/ ]Vra\z dx + 2—/ (re +58,,u0)2 dHN 1 < %/ ]Vu1\2d:c. (3.10)
Q € Joa Q

Since 0 is of class CVY, f € L*(Q), and g € H3/?(00), by standard elliptic estimates (see Theorem
2.4.2.5 in [Gri85]) the solution ug € H'(f2) to the Dirichlet problem (L35) belongs to H?($) with

luoll 20y < b (11 1lz2(0) + 9l m272ay ) -

In turn, by standard trace theorems (see Theorem 18.40 in [Leol7]), we have that d,ug € HY/2(9Q),
and so there is zg € H'(9) such that zg = —0,ug on 99 in the sense of traces and

20l 1 () < k2l|Ovuoll gr/2ia0) < kslluollmz@) < ¢ (HfHB + ”gHH3/2(Q)) :

14



Since u; € H*(Q) is a minimizer of
v r—>/ |Vo|? da
Q

over all functions v with v = —d,ug on 912, we have that

[Vutll2rny < V2ol p2@myy < e <||f||L2(Q) + ||g||H3/2(Q)> :

The previous estimate, together with ([B.10]), gives the desired result. O

3.3 The non-mixed problem: Gamma-convergences of all orders

In this section we prove asymptotic expansions by I'-convergence of any order for F. and derive asymp-
totic expansions for u., i.e. the solution to (IL34)).

Theorem 3.6. Given k € N, let j € N be such that k = 2j —1 or k = 2j, Q be as in (H)), f € L2(9),
g € H'/*19(9Q), and for every m € {1,...,j} let u,, € H () be the solution to the Dirichlet problem

Aty =0 in £,
(3.11)

Uy, = —OplUy—1 0on 0L,

where ug is the solution to (L33]). Let ]-}(kﬂ) be defined recursively by

FE — Filuo)

)

‘7:5(k+1) — .

where ]:5(1) is given as in BI) and the functionals F;, fori € {1,...,k+ 1}, are given by

—%/ (D) dHNTY if v = wg,
Foms1(v) = o0

400 otherwise,

and

1
+—/ \Vun|? de if v = ug,
Fom(v) ={ 2o

+o00 otherwise.

Then the family {fg(i) }e T-converges in L2(Q) to the functional F; for every i € {2,...,k +1}. In
particular, if u. € H'(Q) is the solution to (I34]), then

k+1

Fe(ue) =Y &' Fi(ug) + 0 (Ek+1> :
i=0

Proof. Notice that for £ = 1 we have that j = 1 and so the statement reduces to the one of Theorem [3.41
The result for £ > 2 follows by induction from arguments similar to the ones of Theorem and
Theorem [3:4] (depending on the parity of k). We omit the details. O
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Corollary 3.7. Under the assumptions of Theorem [3.8, and for an odd value of k € N, let u., ug, u;
be solutions to (L34), (L33), and BI1), respectively. Then there erxists a constant ¢ > 0, independent
of €, such that for every j € {1,...,(k+1)/2}
j—1
us— el < C¢ (HfHLZ(Q) + HQHHWH(Q)) :
=0 HL(Q)

< €2 (| f 2oy + lgllvarsqey) -
L2(09)

j—1
Ug — g e'u; 4 €0, u;
i=0

Proof. The proof is analogous to the one of Corollary and therefore we omit the details. O

4 The case of mixed boundary conditions

In this section we prove our main results regarding the higher order I'-limits for the functional F. defined

as in (7).

4.1 Preliminary results

Throughout the section € is assumed to be as in the statement of Theorem [[.TI We recall that we use
the following notations: given a function v = v(x) where = (z,y), we denote by v the function

o(r,0) == v(rcosf,rsinf), (4.1)
and with a slight abuse of notation we write v = @(r, §). Moreover, we denote by 7 the function
5@ (13, 6;) = v(x; + ri(cos 0;,sin 6;)), (4.2)

where the polar coordinates (r;,6;) are as in Theorem [Tl Furthermore, recall that ¢ € C*°([0,00)) is
such that ¢ =1 in [0, p/2] and @ = 0 outside [0, p].

Proposition 4.1. Let N = 2, Q be as in Theorem 1, f € L*(Q), g € H¥2(0Q), and let ug € H'(Q)
be the solution to (ILIl). Then

2 oeoqr .
/ (Vuo - V9 + fo) dae = / Ol dH' =" 5 / p(riyr; 100 (ri,0) dr;
Q I'p i—1 0

for every 1 € HY(Q), where u’,

reg: Ci and @ are given as in Theorem [I.

Proof. By Theorem [T}, given v € H'(Q), we get

2 T rp . .
/ Vug - Vi da = / Vigey - VO dT + Y ¢ / / (8,«1.52-8”1#(2)—1—7‘;2891.51-891.1#(2)) ridridb;.  (4.3)
Q Q i—1 0 Jo

Since the function u?eg belongs to H?(f) and satisfies a homogenous Neumann boundary condition on

I'y, the divergence theorem yields

/ Vg - Vi da = / —Aup ¥ de + / Oy et dH". (4.4)
Q Q I'p
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To rewrite the second term on the right-hand side of (43]), we consider the auxiliary function
B(rs, 0;) = 1i0y, Si(ri, ;)91 (14, 0:);

indeed, a simple computation shows that ® € W11((0, p) x (0,7)) and thus ®(-,6;) is absolutely con-
tinuous for Ll-a.e. §; € (0,7). For any such 6;, by the fundamental theorem of calculus, we have
that

_ _ P p _ . _ . _ —
0= (I)(p, 91) - (I)(O, 91) = / 8”<I>(ri, 91) dr; = / <87«ZSZT[)(Z) + 7"28,2,15@1#(” + 7"28,115@6,21/)(’» dr;. (4.5)
0 0

Similarly, noticing that the function ¥(r;, 6;) == r;lagi S;i(ry, Hi)l/;(i) (74, 0;) belongs to the space W11((0, p) x
(0,7)), and reasoning as above we find that

1 —1/2 ~(; - - T
—5 @m0 (ri,0) = W(rs,m) — W(ri,0) = / 0o, (i, 6;) db);
0

- / Tz'_l <8€2i5'“[,(i) +8€i§ia¢9ﬂ/;(i)> do; (4.6)
0
holds for £!-a.e. 7; € (0, p). Combining the identities ([@35]) and (6], we get

T rp _ . _ .
/ / (arisiamz/}@+r;2agisiagi¢<l>)n dr;db;
0 0

P . T rp B B ~
= - %/ @(Ti)ri_lmw(l) (ri,0) dr; — / / @ (831-52' 10,8 + Ti—zagisi) v drrsdf);
0 0 Jo

p iy T e _,. _
= — %/ @(ri)ri_l/zw(l) (ri,0) dr; —/ / w(Z)A(mgi)Sﬁi dr;db;.
0 o Jo

Consequently, the desired formula follows from the previous equality, (£3]), (44]), and upon noticing

that )
L _
/ fydx = / Au?egﬂ) dx + Z Ci/ / Qﬁ(l)A(m’gi)Sﬂ‘i dr;db;.

This concludes the proof. O

In the following theorem we present an estimate that will prove instrumental for the proofs of our
compactness results, namely Theorem [[.4] and Theorem

Theorem 4.2. There exists a constant r such that for any R > 0 and h € H'(B}(0)),

R 1/2 R 1/2
/ 27 Y2 |z, 0)| dx < & R/ |Vh(x)|* dx + K (/ h(z,0)? da:> ,
0 B (0) 0

where h(-,0) indicates the trace of h on the positive real axis.
We begin by adapting Theorem to our framework.

Lemma 4.3. There ezists a constant & such that for any R >0 and h € H'(B}(0)),

h(x)? _ 2 1 2
sdr <K |Vh(x)|” de+ = h(z,0)*dz |,
B5(0) [z[? (1 +log R — log |z) B}(0) & Jo

where h(-,0) indicates the trace of h on the positive real axis.
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Proof. Since B}(0) is an extension domain, we can find h € H'(Bg(0)) such that h(x) = h(z) for
L%ae x € BE(O) and with the property that

2]l 22(B (o)) < Cillhll 2B o)
VAl c2(Broym2) < CLlIVAI 255 o))

for some constant C7 > 0 independent of R. Theorem [[.9 applied to the function h and the previous
estimates yield

2
/ h(z) s dz < Cs / Vh(x)? de + % h(z)*dx |,
B (0) [x[* (1 +log R — log |z|) B} (0) R? 50

for some constant Cy > 0 independent of h and R. By Lemma 22] together with a simple rescaling
argument, we deduce that

— h(x)*dx < C Vh(x)|*dx + = h(x,0)* dz
7 [y 0@ 3<BE(0)1 @[ do+ 5 [ b0

for some constant C'3 > 0, which is again independent of both h and R; this concludes the proof. O

Proof of Theorem [{.3 By the fundamental theorem of calculus,
— — 6 —
h(r,0) = h(r,0) —i—/ Oph(r, ) dev,
0

and so, multiplying both sides by r~1/2 and integrating over B (0), we get

R
—/ ~12R(r,0)dr = ——/ / r~2h(r,0) drdf + = / / / ~120ph(r, ) devdrdf
0
T rR T rR —_ _
= —l/ / r_1/2h(r,9)drd9+/ / (r=9) 9)7‘_1/289h(r,9)d7“d9,
m™Jo Jo 0 Jo n

where the last equality follows from Fubini’s theorem. In particular,

R ™ R T R
|rheodr < < [0 P aras + [ [ o o) dras, 0.1
0 T™Jo Jo 0o Jo

and thus we proceed to estimate the terms on the right-hand side of (4.7]). Passing to cartesian coordi-
nates,

T R
125 h(z)| (1+log R —log|x|)
r=Y2|h(r, 0 drd@z/ | dz
[, [ e s I+ logR—loglal) |12

h( )2 1/2

< 1/2 <

< (57TR) <\/B+(0) |m|2 (1+10gR—lOg|m|)2 dw) )
R

where in the last step we have used Holder’s inequality together with the fact that

_ 2 R
/ (1+ log 12 — log |z]) dac:w/ (1+log R —logr)? dr = 57 R.
(0) 0

||
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Then, from Lemma [£3] we deduce that

_ n R 1/2
/ / r_1/2|]_1(7“,9)| drdf < (57TE)1/2 R/ |Vh(a:)|2 dx —I—/ h($,0)2 dx . (4.8)
0o Jo B (0) 0

On the other hand, Holder’s inequality yields

g R _ T R _ 1/2
/ / Y210 h(r, 0)| drdf < (m / / r_1|8gh(r,9)|2drd9>
0 0 0 0

1/2
< [7R |Vh(zx)|? dx , (4.9)
B (0)
and so the desired inequality follows from (4.7), (£8), and ([49)). O

4.2 Mixed boundary conditions: Gamma-convergence of order one

In this section we prove Theorem [I.4] and Theorem We recall that we use the notations (4.1]) and
@2).

Proof of Theorem [T.J). By Corollary Z4lwe have that v,, — ug in H(Q). For every n € N, let z,, € L?(12)
be such that v, = ug + /| logep|2z,. Then ]:5(,11) (vp,) can be rewritten as

n 1
/ (Vug-Vzn + fz,) de + E—/ V2| dae + —/ 22 dH?,
Q 2 Ja I'p

]56(1)(1)") = B

1
V/|log e,

and an application of Proposition 1] yields

2
1 c; [P _ .
FH(v,) = ——— Uy 2 dH' — —Z/ o(ri)r,; 1/22,(11) 73, 0) dr;
(wn) “Oggn,<% ent =325 [Tt 20000
+€—n/ ]Vznﬁdw—i-l/ 22 dH'.
2 Jo 2 Jrp

For n large enough so that 2¢, < p, we write

P . €n . P .
/ @(Tz')Ti_lﬂEﬁf) (rs,0) dr; :/ ri_l/ziﬁf) (ri,0) dr; —i—/ cﬁ(m)ri_l/Ziﬁf) (r;,0) dr; (4.11)
0 0 e

n

(4.10)

and proceed to estimate both terms on the right-hand side separately. By Theorem we obtain

En X 1/2 En . 1/2
/ 7‘2._1/2|2£f) (ri, 0)| dr; < kK (a—:n/ |V 2 |? dm) + K </ z9(r;,0)? dri> , (4.12)
0 Bsn (ml)ﬂﬂ 0

while by Holder’s inequality we get
P 12, 2 1/2
/ p(riyr V2129 (s, 0)| drs < /log p ¥ |1og en] ( / 201, 0)2 dri> . (4.13)
En En
Consequently, from ([@I0), (£I12), and (4I3]) we deduce that

1 10y tpegll 20,y leil (s + /log p+ [Tog e,])
F (on) 2 G llanllZeqr,y — ( sl T0) 20|20 p)

v/ |[1og ey 2y/|loge,|

Lo 12 2 |cilk 1/2
+ =&/ “Vz 2y — ———||€:/“Vzull L2(:r2)s
12Vl — 3l Vsl
and so (LII]) and (I.I2) are proved at once. O
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Proof of Theorem 3. Step 1: Let €, — 0% and {v,}, be a sequence of functions in L?(2) such that
vp — v in L?(2). Reasoning as in the proof of Theorem [[L3], we can assume without loss of generality
that

hmmf]:(l)( n) = lim FU )( n) < 00.

n—o0 n—oo En

In particular, .7-}(,{) (vn) < oo for every n sufficiently large. Let {v,, }r be a subsequence of {v,}, given

as in Theorem [[.4] and define o
T

2y/|logey,|

Arguing as in the proof of Theorem [[4] (see (£10) and ([AI2])) we arrive at

i)y 2. (4.14)

)

(1) =

1 Hauu(r)e L2 Cilk
féiiwnk)zQuznkuiz(m—( o), ol ) Mo liscen

Vlogen, | 2y/|log ey,

i |k
~2/[loge |Hglﬂvz’%”LQ(ﬂR2 _Hgl/QVanHL%QRZ)
n
2 '
> &)z (ri, 0) dri. (4.15)
i=1 Y Eny

Then, as k — oo, we have

hm mf ]:(1) (Un,,) = hII_l>IOI;fZ/ ( )(7% 0)* — ES,Z (7"2)27(32 (74, 0)> dr;
i=1"Eng

2
1 p
= limi - Fi (2) — -
fmint [2/ (w0 -&ea) = | & ]

Eny,

> ——Zhn_l)ggf/ {nk ;) alrZ

i=1

1< 1 p

21 . R |
= ——E ¢ liminf —— r)°r; " dr;
= \1ogank\/€nk plra)ri”drs

2 2

1 1 )
> —gz_lc ll&gfﬁ(logp+|log€nk|):_ ;Ci, (4.16)

where in the second to last step we have used (4.14]).
Step 2: For every v € L?(Q2) \ {ug}, the constant sequence v, = v is a recovery sequence. Then let
v = ug and consider the radial function (;, given in polar coordinates at x; by

e ) = 0 (1 - 3 £.>>_ Ci —.<_—<£.>> ~1/2

in\Ti) = Spn '\ 1 i = T 1 T T; R 4.17

Gim(ri) =& ( )( 90<€n 5 Hoggn‘so( ) 7\ (4.17)
where ﬁ_ﬁf) is the function defined in (4.14]). We define

in(x) if © € B.(x;) NQ with r» < p,
zn(x) = Giin(®) (=) g (4.18)

0 otherwise.
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Notice that if we let

then W, ,,: Rt — [0,1] and satisfies

U n(r) =1 ife, <r < p/2,

Uin(ri) =0 if0<r;<e,/20rp<r,

o (4.19)
|\I’;7n(r2)| § é if 5n/2 S T § Eny
W, (ri)] < if p/2<r; <p,
for some constant ¢ > 0 independent of n. Finally, set
Up =g + €n/|10g en | 2zn.
Notice that v, — ug in L?() since the sequence {z,}, is uniformly bounded in L2(Q), indeed
_ log p + |log &, | + log 2) 2
dx < ~Ldr; = m{
/Z v szuogsnr 57/2” " 4[log e, “
Next, we claim that En/ Vz, — 0 in L?(£;R?). Indeed, using the notation above we have that
= Ci = ~1/2
in(ri) = ——=VW; n(ri)r, 7,
Cz,n( 7,) 9 |logen| z,n( z) i
and therefore
2 En 2\ [P, -2 _ 1 32 2
En /Q V2|2 da = Tos ] ; . /0 (‘I/ivn(n)n- ~ 5" \Ifm(n-)> ri dr;
En 2 dn P (a0 2, 1 oz 2
< Togel] ; : /0 (\Ifi,n(n) + 577 Wi (ri) > dr;. (4.20)
From (£19) we see that
P 2 g 2 - 2 of L p
\Ili,n(ri) dr; = \Ifi’n(ri) dr; + \Ifi’n(ri) dr; <c 2— + 5 (421)
0 en/2 p/2 €n
and ) ) 5 1
/ 2, (i) dry < / rotdry = — — - (4.22)
0 en/2 €&n P
Combining (4.20]) with the estimates (£.21]) and ([4.22]) we obtain
2 2 2 2
;T c cp 1 1
V| de < —— i — t+—=—+———]=0 4.23
/‘ “nl” da \loga \ (Z 2 ><2€n+ 2 +26n 4,0) (4.23)

and the claim is proved. From (4.I0), using (£I1)), (£12)), ([4I3]), and (£I4]) we have

V/|log e, 24/ |log ey|

21

1) 1 2 100 el £2(r ) |cilk L 12 2
Fo (vn) < §||ZnHL2(FD) + + lznllL2rp) + §H€n Van||72(0:r2)



n |cilk
2¢/|log en|

By (#23) we have that the second, third, and fourth member on the right-hand side of the previous
inequality vanish as n — co. Since @ (ﬁn) =0 for r; € [ep, p], by @I4) and @I7),

2o
ler/?V zn | L2 (:m2) — Z/ ED (ri)Gin (rs) dr, (4.24)
i=1"%n

G =& in [en, p]. (4.25)

Consequently, from (£14), ([425]), (£.18), and the fact that ¢ =1 in [0, p/2],

n—oo

2o
lim sup FO (v,) < limsup {%Hznuiw > [ (Tz‘)@,n(n)dn}
n—oo i=1 En

2
1- o
=t [ (Gntri -8 0Giatr) )
21
=1 —= [ &P (ry)?*dr;
I,Iffo‘ip; 5 Enfn (ri)* dr
2 /2 P
< - L c? liminf# / ri_l dr; —l—/ gb(ri)2ri_1 dr;
8 2 W Togeal \U., )
=
= -3 > e (4.26)
i=1
The energy expansion (L.I4]) follows from Theorem 1.2 in [AB93]. O

4.3 An auxiliary variational problem

In this section we study the functional

Tiw) = [

defined in

1 o N )
IVw(m)l2dw+/ (w(x,0)2 —Cix_1/2w(:17,0)> d;p-|-/ <w($70) _ _x—1/2> du
3 0 1 2
H={weH:RY):we Hl(BE(O)) for every R > 0},

where w(+,0) indicates the trace of w on the positive real axis. This functional appears in the char-
acterization of the second order I'-convergence of F. (see (LIH), (LI6), (LI7), Theorem [I.6] and
Theorem [L.7]).

Proposition 4.4. Let J; and H be given as above. Then A; = inf{J;(w) : w € H} € R and there
exists w; € H such that J;(w;) = A;. Furthermore, w; is a weak solution to the mized problem (L2I]).

Proof. Let v be the function given in polar coordinates by

Ci

o(r,0) = NG

% rifr<land0<6<m,

ifr>1land 0< 0 <,
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where (r,6) are polar coordinates centered at the origin of R? and such that the set {(r,0) : 7 > 0}
coincides with the positive real axis. Then v € H and J;(v) < oo, indeed

i\V) = ! O07‘ v)? dr 1?77‘ — cu(r 7“—76’2(%_3)
)= [ [T r@rira+ [ @m0 - cotr0) ar = S

In turn, this implies that A; < oco. On the other hand, by Theorem .2, we see that for every w € H,

) 1/2
Ji(w) > / \Vw(zx)? dw+/ w(x,0)%dr — |c;|x / \Vw|? dx
R2 0 B (0)

+ 1

1 0 ' )
— el (/ w(zx,0)? dm) +/ <w(m,0) _ ﬁx—1/2> dz,
0 1 2

and so A; > —oo. Furthermore, we deduce that for an infimizing sequence it must be the case that
(eventually extracting a subsequence which we don’t relabel)

1/2

Vw, = Vw in L?(R%;R?),
wy(+,0) — w(-,0) in L?((0,1) x {0}),

wp(+,0) — %x_l/z — w(-,0) — %x_l/z in L?((1,00) x {0}),

for some w € H, where wy(-,0) and w(-,0) indicate the trace of wy, and w on the positive real axis.
To conclude, it is enough to show that J; is lower semicontinuous for sequences converging as above.
The lower semicontinuity is certainly true for the nonnegative terms in 7;, thanks to Fatou’s lemma.
In order to pass to the limit in the remaining term we can argue as follows. First, we observe that by
Lemma {w,}n in bounded in H'(B;(0)) and in particular in H'/2((0,1) x {0}). Next, we recall
that H'/2((0,1) x {0}) embeds continuously into L?((0,1) x {0}) for every p € [1,00). Consequently,
up to the extraction of a further subsequence, we can assume that w, — w in LP((0,1) x {0}), p > 2.
Therefore, we deduce that

1 1
lim inf/ V2w, (2,0) do = / 2w (zx,0) da.
This proves the existence of a global minimizer of J; in H. The rest of proposition follows by considering

variations of the functional J;; we omit the details. O

We remark that w; doesn’t necessarily belong to the space Lz(Ri), unless ¢; = 0, in which case
w; = 0. In the following lemma we prove an estimate on the L?-norm of global minimizers in an annulus
that escapes to infinity. This estimate will be crucial for the construction of the recovery sequence for
ug in the proof of Theorem [I.7

Lemma 4.5. Let &, — 07 and w; be given as in Proposition [{4. Then

g2 / w? de — 0
+ +
BP/57L (0)\BP/257L (0)

as n — o0.

Proof. By applying Lemma and by a rescaling argument in B; (0) \ Bf/z(O) we can deduce that
there exists a constant ¢, independent of n, such that

c plen
/ w? dx < — / |Vw|2dac+sn/ w(z,0)? dz
B, (O\B, 5., (0) €n \/B},. (0\B},. (0) p/2en

p/2en p/2en
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1 g+
for every w € H (Bp Jen

plen
2 / w? de < ¢ </ |Vw; | da + 5n/ w;(z,0)> dm) .
P/En (0)\B p/2en (0) B+ (0)\B:/25n (0) P/2€n

p/en

(0) \ B;r/zen(O)). If we apply the previous inequality to w = ¢, w; we obtain

The first term on the right-hand side vanishes as n — oo since Vw; € L? (Ri; R?), and the second term
is shown to vanish by the following computation:

p/en p/en . 2 p/en :
€n/ w(x,O)2 dx < 2€n/ <wi(:1:,0) - ﬁx_l/z) dx + 25n/ CZ dx
P P 2

/2€n /2¢en p/2en 4z
p/sn Ci _1/2 2
= 2e, <wi(:1:, 0)— —=x ) dr + 2e,10g2 — 0
p/2en 2

since w;(+,0) — 9272 € L?((1,00)). This concludes the proof. O

4.4 Mixed boundary conditions: Gamma-convergence of order two

In this section we prove Theorem and Theorem [Tl We recall that we use the notations (£1]) and

@)

Proof of Theorem[L.8. Step 1: By Corollary 2.4l we have that w, — ug in H*(Q2). For every n € N,
let s,, € L%(Q) be such that

Wy, = U + /EnSn. (4.27)
Then, by (I7), (L), (CI0), (LI13), and @23), F<2 (w,) can be rewritten as

2
/ Vug - Vs, + fsn) de + /IVsnlzder / 2dH1+“%:"‘ZC?,

I'p i=1

]:(2) (wp) =

Ven

and an application of Proposition 1] yields

(/ &Juregsn dHl Z . / TZ _1/ )(TZ’ )drl>
I'p

2
1 1 |log en] 9
+ = Vspl2d —i——/ 2d7—ll+75 2,

Using the fact that |loge,| = [ aln r~1dr, grouping together the different contributions on I'p N B, (z;),
I'p N (By(xi) \ Be, (x;)) and I'p \ B,(x;), and completing the squares we obtain

]:(2) (wp) =

2 (@) 2
1 79 - —
fé%’ (wp) = E {5/ <7\§2_ ) + 0 u?eg( )(Ti, 0) — %gﬁ(ri)ri 1/2> dri + Bj nci + C’wc?
. En n

En . 7(7/) . ’L) . 7(7/) . 9
+/ Oy e ()(T‘i,o)w & ,=1/250 (13, 0) 4 on (73, 0) dr;
0 * Ven 2° Ven 2en,

o (o) e 1
+ = + 0,ul, dH" — - (8,,urC ) dH
2 Jrp\U; By(:) \VEn ® 2 Jrp\U; By (2) ®
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1
—I-—/ |Vs,|? de,
2 Ja

where | o
_ —1/25———(®
By = 5/ o(ri)r; / 8,,u?eg (r;,0) dr;, (4.28)

En
and C,, is given as in (ILI9). Setting

Zn = Sp — \/EnlU1, (4.29)
where wu; is the solution to (L22]), and using the fact that u; = —&,u?eg on I'p we can rewrite the
previous expression as

, 2
1 e (2D i, 0 i -
= S (3 (B0 ) i 0
; en VEn

=1
en [ =B M2 =@ 2
+1/ 07 22 (10 0) ) +1/ n gyt
2 Jo En VEn 2 Jrp\U; By () €n
1 0 \2 1, 1 2
- = (Otuneg)” dH' + 5 | |V(zn + VEu1)|* dex. (4.30)
2 Jrp, 2 Ja

Notice that all the terms in the previous expression are either positive or independent of n, with the
only exception of B; ,c¢;, which converges to B;c;, and the fourth term on the right-hand side. However,
by an application of Theorem we get

en Oy 1/2 en =) 2 1/2
_/ CiT‘i_l/QM dr; > _|Ci|/f / |VZn|2 dx - |Ci|/f / M ’
0 Ven B, (x:) 0 €n

and thus (IL25) and (26) are proved at once.
Step 2: Let W;,, be as in (I.24]). Then

Win(ri, 05) = @(enri) 2 (i, 0:) (4.31)
by (£27)) and (4.29]), and thus by a change of variables and the fact that @ = 1in [0, p/2], if &, < p/2,
! en (59 (s 0)2 20 (.
/ <Wi,n(s,0)2 — cis_l/sz(s, 0)) ds = / M — ciri_lpw dr;.
0 0 €n \/a

Similarly, for every R > 1 and for every n such that ¢, R < p/2, we have

R . 2 enR —(i)( ., 0) ) 2
W, G — Zn \Ti, Ci —1/2
in(s,0) — —s 1/2 ds = / — . dr;,
/1 < n(5:0) 2 > . VEn 2"

I

r(

IVWinl* dy = / |V 2,|? da.
0) +

enR Lq

Hence, in view of (Z30)

| _
M > ]—"8(3) (wy) > Z {5/0 ( i,n(370)2 _ Ci3_1/2W,~7n(370)> ds + Bjnci + Cspcl2

i=1
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+§/1 (W n(s,0) — 38 > ds+§/B;(0)\VW1,n‘ dy

1
— —/ (8,,u?cg)2 dH* + \/sn/ Vz, - Vuide. (4.32)
2Jr, Q

Since {Vzy,},, is bounded in L%(€;R?) (see (L.25))), it follows that

1, _ R, ci 2
/ ]VWMP dy —i—/ (Wm(s, 0)2 — cis_1/2Wi,n(s,O)) ds —i—/ <W,~7n(s,0) — —Zs_l/2> ds < ¢,
B} (0) 0 1 2

for some constant ¢ > 0 independent of n and R. To conclude, it is enough to send R — oo. O

Proof of Theorem [1.7. Step 1: Let €, — 0 and {wy}, be a sequence of functions in L?(2) such that
wy, — w in L2(Q). Reasoning as in the proof of Theorem [[L3] we can assume without loss of generality
that

lim inf F{? )( n) = lim F2)(w,) < .

n—oo n—oo En

In particular, ]-}(z) (wp) < oo for every n sufficiently large. Let {wy, }; be the subsequence of {wy,},
given in Theorem and for every k € N let z,, be such that wy,, = uo + \/En,2n, + n,u1. Let Wi,
be given as in (431, then by ([430), taking n = ny in ([@32]) and letting k¥ — 0 we obtain

, 2
=1

—1-5/1 <WZ(S,0)— 58 ) ds+§/B,§(0) \VW;|* dy

1

——/ (9, reg) dH*,
2 T'p

where we have used (L.27)), (L28), (L.29)), and the fact that {Vz,}, is bounded in L?(€; R%) (see (L.25)).
By letting R — oo in the previous inequality we get

2 1
L 1 _ o
hklgggffe(z)k (wn,,) > E {— /0 <W,~(s, 0)2 — cis~ V2 W (s, O)) ds + Bic; + Cyc?

lim inf F{? )( n) = klim féz)k(wnk) > Z {jl( 2 + Bic; + Cyc; } ;/ (0y umg) dH' > Fo(w),
—00 I'p

n—00
=1

where in the last step we used the fact that J;(W;) > A;.

Step 2: For every w € L?(Q2) \ {ug}, the constant sequence w, = w is a recovery sequence. On the
other hand, if w = ug, let w; € H be given as in Proposition 4.4l Let z, be the function defined in
B,(x;) N § using polar coordinates around x; (see ({.2))) via

20 (ri, 0;) = @(ri)Wi (;—i,9i> (4.33)
and z,(x) == 01in Q\ U?Zl By(x;). Set
Wy, = Uy + /EnZn + EnUI.

We claim that {wy,}, is a recovery sequence for ug. To prove the claim, we notice that (£30]) implies

2 e T 2 T
m (Wi(ri/en,0 - Wi(ri/en,0
lim supf (wy) < E { lim sup = / <M —qr; 1/2%) dr; + Bic; + C'@c?
n—00 0 €n VEn
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L[ i(1/en i ?
+ llgljolip 5 /n 901'(7’)2 (w (7\“//5_”,0) _ %7«—1/2> dr}

1 . 1
_Z /FD (8 umg) dH + hmsup§ /Q |V (zn, + VEnu1)| dee. (4.34)

2 n—o0

Letting r = se,,, we obtain

/Oen <—Wi(”£j"’0)2 — Cﬁf”%) dr; = /01 (V_V (s, O) - Cz'S_l/sz’(Sao)> ds, (4.35)

and similarly

r Wi(ri/en,0) ¢ —1/2 2 p/en - Ci _1/9\2
(2 0) _a - _ (ee N2 (T _ G2
/En wi(r) ( NG 5 T dr /1 wi(sen) ([/[/2(8, 0) 5 S ) ds

o, c; 2
< Wi(s,0) — =s~1/2) " ds. 4.36
| (s - 5s7) (1.36)

Next, we compute the contribution to the energy coming from the gradient term. Since ¢ = 0 outside
of [0, p], by ([£33) we have

2
|V |? da = / |V 2,|? da
/Q ; Bp(x:)

Z/ / [’ Wi(ri/en, 2))2+%<P(7’z) (09, Wi(ri/en, 0:))°| dridb;.
We write
/ / (r)w;(r/en, 0))? drd@z/oﬂ /Opr(¢;(r)wi(r/5n,9)+90i(7")5narwi(7‘/€n,9))2 drde.

Expanding the square on the right-hand side of the previous identity we obtain three terms, which we
study separately. By the change of variables s = r; /e, we obtain

p/en B
/ / TZSD Tz Tz/Eny z) dridf; = / / SEn(,OZ (sen) Wi(s,ei)zdrdei

p/en
—/ / se2Wi(s,0)? dsdf — 0,
pPJo Jp/2e,

| /\

where in the last step we have used Lemma Similarly,

T rp 3 T rp/eEn 3
/ / ri B (ri )2 (On, Wi(rs Jom, 0:))2 drsdlf; = / / s3(52m)2(0s Wi(s, 05))2 dsdb
0 0 0 0

T rp/en _
< / / 5(9:W;(s,0))% dsdb.
0 0

/ / 74190 Tz Tz/Ena )7(7"1')8”17[/@'(7’@'/6”,Qi)dridei —0

In turn, Holder’s inequality implies that
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as n — 0o. The same change of variables s = r; /e, also yields

// P (0 Wil o, 6:))? drsdf; = //p/e"lwgn (00, Wi(s.60))? dsdf,

Ti
™ rp/en | _
g// ~ (99, Wi(s,0))? dsdf.
0 Jo s

2
limsup/ IV (2 4 /Enu1)|? da Slimsup/ V2, % dae < Z/ IVW;|? da, (4.37)
@ nree JQ i=1 /R}

n—oo

Thus

which, together with (434]), (£35]), and (430, concludes the proof of the I-limsup inequality.

The energy expansion ([.30) follows from Theorem 1.2 in [AB93]. O
4.5 Sharp estimates
Proof of Theorem [I.8. Suppose by contradiction that (L31]) is not true. Then there exists a sequence

€, — 07 such that
[te, — uollL2(ry) >N (En\/ | log En]> (4.38)
for every n € N. In view of (I.I4]), we have that
sup{]-;(i) (ug,) :n € N} < o0,
and thus by Theorem [[.4] there exist a subsequence {u., }x of {uc,}n and v € L?(I'p) such that

Ug,, — U

P A N UO?
eny/ | log ey |

which is a contradiction to ([Z38)).
The proof of (I32]) follows analogously from ([25]) and (L30]). O

5 More general Gamma-convergence results

Our results can be recast in a more general framework by decoupling the different scales in the asymptotic
expansion of u.. Here we present in full detail the generalizations of Theorem and Theorem [ 7}
the results of Section 3 can be analogously reformulated. Throughout the section we assume that the
domain (2 is given as in Theorem [[.T] and use the notations introduced in (4.1I]) and (4.2]).

Theorem 5.1. Under the assumptions of Theorem [1.7), let Kk L?(2) x L?*(T'p) — R be defined via

F () if ue HY(Q) and —=2— — v on Tp,
KO . 0) = = (u) ifu (Q) an e — v onIp 51)

400 otherwise.

Then the family {ICS)}E I'-converges in L*(2) x L?*('p) to the functional

2
1/ 2 01 1 2 2
= vidH — =) ¢ ifu=wup andv € L*(I'p),
Ki(u,v) =4 2 Jrp 8;

400 otherwise,

where the coefficients ¢; are as in Theorem 11l
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Proof. Step 1: (Compactness) Let e, — 0% and (up,v,) € L*(Q) x L?(I'p) such that
sup{lCS) (Un,vp) 1 n € N} < 0.

Then by (&.1)), u, € H'(Q), the function

v = U0

" eny/|log ey

belongs to H'(f) and satisfies v} = v, on I'p in the sense of traces. By Theorem [[4] there exist a
subsequence {uy, }x of {un}n, r € HY(Q) and v € L*(T'p) such that

6%L{€2Vv;§k —~7r in HY(Q),
v, — v in L*(Tp).

Step 2: (Liminf inequality) Let &, — 0% and {(u,,v,)}n be a sequence in L2(Q) x L?(T'p) such that
(tn,vn) = (u,v). Reasoning as in the proof of Theorem [[.3] we can assume without loss of generality
that

lim inf K (g, vn) = Tim K (g, vn) < 0.

(1)

In particular, K. (un,vn) < oo for every n sufficiently large. Let {uy,, } be the subsequence of {uy}y
given as in the previous step and &, be the function defined in polar coordinates as in (@I4). Then

lim inf K (s vny,) = lim inf F ()

and so, reasoning as in the proof of Theorem (by (&I5) and (£.16) with v,, and z,, replaced by

Up,, and vy, | respectively), we obtain

1
lim inf /Cgl) (Unk ’ Unk) > liminf ¢ = / U?Lk dHl - / Uny, (gflzk + 572%) dHl
k—o0 k k 2Jrp I'p\U; Ben, ()

—00

1
> liminf/ [—vﬁk _’Unk(gflzk +£3Lk):| dH!
k=00 JPp\U, Bey, (i) L2
~ timint 5 | (o, = &1, =€) = (€7 — (2,7 a’
k=00 2 JTp\U, Ben, (@)
>

2
1 2 101 12 2 _
§/I“D’U dH" — g £ G —ICI(U(]aU)a

where in the last step we have used the fact that v,, — v, &k — 01in L*(T'p), and so

lim inf

2
Uny — &y — &b d?-[lZ/ v dH
k—o0 /I:D\Uz Bsnk (=) ( ’ ’ )

I'p

Step 3: (Limsup inequality) Let u = ug and v € L?(I'p). We extend v to zero in 92 \ I'p and assume
first that v € HY/2(9Q) (in what follows, although with a slight abuse of notation, we identify v with its
extension). Then there exists v* € H'(Q) such that v* = v on 99 in the sense of traces (see Theorem

18.40 in [LeolT]). Set
Up = U + En/|log en (2 + V%),
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where z, is defined as in (ZI8]). As one can check (see (£24) and [@26)), {(un, zn +v*)}n is a recovery
sequence for (ug,v).
If v € L2(09) \ H'/?(99Q) we consider a sequence {v,},, of functions in H'/2(9Q) such that

[vn = vllz290) = 0 asn — oo, (5.2)
and for every n € N we let v¥ € H'(Q) be such that v} = v, on 99 and
lonlla @) < cllonll iz on), (5.3)

where ¢ > 0 is independent of n (see Theorem 18.40 in [Leol7]). Furthermore, notice that by a standard
mollification argument we can also assume that

Hsﬂ/zvnﬂHl/z(aQ) —0 asn— 0. (5.4)

Set

Up = Uy + En/ |log en|(2n + vy,)

and notice that by (5.3]) and (5.4]), ||€i/2V(zn +vp)ll2(@;r2) — 0 as n — oo. Thus, we can proceed as

in (£.24) and (4.20]). O

Theorem 5.2. Under the assumptions of Theorem [1.8, let

K@ L2(Q) x L} (R2) x L} (R2) x L} (Tp) —» R

loc loc

be defined via

K& (u,v1, 09, w) = FP (u) (5.5)
if
u—ug—euy = VeV in QN B,(x;),
oo € o) (5.6)
U — Uy — EU] = EW onI'p\ Be(x;),
where the functions V. are defined in polar coordinates by
_ _ ’,"Z
‘/i,e(ri)ei) = U; (;791> ) (57)
and IC?) (u,v1,v9,w) == 400 otherwise. Then the family {IC?) }e T-converges in L*(Q) x L2 (R2) x
L% (R%) x L2 (T'p) to the functional

2 2 2
1 1
Ko (u, vy, v2,w) = E [5%(%) + Bici + Cpc?] + 5/ (w - g cmﬁi) - (&,ugcg)z dH*
i=1 I'p

1=1

if u=wug, v1,v9 € H, w— 22221 cip; € L2(Tp), and Ka(u,v1,ve,w) := +00 otherwise, where B; and Cy,
are defined as in (II8]) and ([[I9]), respectively.

Proof. Step 1: (Liminf inequality) Let &, — 0% and {(un, v1.n,V2.n,wn)}n be a sequence in L2(€2) x
LIQOC(]Ri)XL%OC(Ri)XL%OC(FD) such that (s, v1 5, V2.5, Wp) = (U, v1, V2, w). Let Uy, = (U, V1n, Von, Wy).
Reasoning as in the proof of Theorem [[3] we can assume without loss of generality that

lim inf K& (u,) = lim K2 (u,) < co.

n— 00 n n— 00
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2)

In particular, K¢’ (uy,) < oo for every n sufficiently large. Let {u,, }; be the subsequence of {u,},
given as in Theorem By ([£30) (with wy, replaced by uy, ), (G.5), (5.6]), and (5.1) it follows that for
every e, <0 < p,

) 2 1 J Uiy (Ti/gnkv 0) Ci _ -1/2 2 2
KE) (un) = D43 = = Sl dri + Bip,ci + Cpc;
; €

=1 nk Eny,
+ 1 /Enk <Ui,nk (T’i/gnIH 0)2 _ Cﬂ"i_l/z Viny, (Ti/gnk70)> dr;
2 Jo En, Eny,

2 2
7 D) =5 | |
+ = W, — s dH™ — = oyu Uy dH
2 rD\uiBg(wn( A ) 2 rD( e)

/ IV (um, — o) |2 daz, (5.8)

25nk
where B; ,,, is defined as in (£.28]). Arguing as in the first step of the proof of Theorem [[.7], we arrive at

2

) 2
1 1

liminf K2 (u, ) > [—\71 v;) + Bici + C. 012:| +—/ w— city | dH!

k—00 5’%( 2 Z 2 () ’ 2 Jrp\U; Bs(@:) ZZ:;

i=1

1 1
_§/FD(aureg) dH'.

To conclude the proof of the liminf inequality it is enough to let § — 0%.
Step 2: (Limsup inequality) Let (ug,v1,v2,w) be such that Ko(ug,v1,ve,w) < co. We assume first
that there exists 0 < § < p/2 such that

2
we HY? <rD U 35/4(:32-)) : (5.9)
i=1

and we extend it to a function in HY/2(9Q) (in what follows, although with a slight abuse of notation,
we identify w with its extension). Then there exists w* € H'(2) such that w* = w on 9 in the sense
of traces (see Theorem 18.40 in [Leol7]). Set

Up = Uy + EnU1 + 4/ Ensn,

where Z,, is given in polar coordinate at x; by

2000 =5 (g (210:) + V& (12 () 7000,

and Z, = /g,w* in Q\ UL, B,(x;). We claim that {u,},, defined from {u,}, via (5.6) and (5.1),
is a recovery sequence for (ug,v1,ve,w). Using the fact that ¢ (%ri) =1 for r; < § and the change of

variables €,s = r; (see also (430, [A30), and [@3T)), we get

en [ 7D 12 @),
Ji(v;) > limsup / |V Z,|? da +/ M c,7‘l_1/2M dr;
n—+00 Bs(x;) 0 €n \/5

+/6 M_ﬁ—( N1/ 2d-
5 NG 5 Pri)r; Tip.



In turn, it follows from (B.8) that

lim sup K2 (u,,) < Z{‘Z(UZ)—FBCZ—FC c; }—i—hmsupl/ < Z
I'p\U; Bs (i)

2 2
— ZCﬂb,) d,Hl
=1

n—o0 i=1 n—oo 2
1 1 1 2
- = (0, umg) dH* + limsup = \V(Z, + enur)|“de.  (5.10)
2Jrp oo 2 Ja\U, Bs(:)

By the convexity of the square function we have

_ (s 2
2 Zy(]/Z)(ri 0) ¢ —-1/2 20 p Ci -1/2
L S R A . . . < Al 9. 7 . _ 5 .
/6 < o 9 @(ri)r; dr; < /6 ¥ (257’2) (vl(m/&?n,()) 5 @(ri)r; > dr;

26 ci B
o[ (=0 () (oo an

and therefore, since J;(v;) < oo,

26 [ (%) 2 28
. Zy'(1,0) ¢ _ —1/2 Gi —1/2 2
hin sup/(s ( NGy 5 o(ri)r; dr; /5 <w 5 @(r;)r ) dr;.

In addition, using the fact that @ (%m) = 0 for r; > 24, we obtain

7z 2 ’ 2 ’
- Cﬂﬁi dHl = / w — Cﬂﬁi dHl
/FD\Ui Bos(x:) (x/e— Z:; > r (@) ( Z:;

We now observe that the result of Lemma straightforwardly extends to every v; € H such that
Ji(v;) < 0o. Consequently, we can argue as in the second step of the proof of Theorem [I.7] to deduce
that

p\U; Bas

1
lim sup — / \V(Zn + /Enur)|? dz = 0.
2 Ja\y, Bs(@:)

n—oo

This concludes the proof of the limsup inequality under the assumption that (5.9]) is satisfied.

If on the other hand )
w¢ HY? <TD \ U 35/4(5'31'))

i=1
for any § > 0, we reproduce the mollification argument in (5.2)) - (5.4 and proceed as before. O
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