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Abstract

Let G be a graph and T be a vertex subset of G with even cardinality. A T-join of G is a subset
J of edges such that a vertex of G is incident with an odd number of edges in J if and only if the
vertex belongs to 7. Minimum 7-joins have many applications in combinatorial optimizations. In this
paper, we show that a minimum 7-join of a connected graph G has at most |E(G)| — %|E(a)| edges
where G is the maximum bidegeless subgraph of G. Further, we are able to use this result to show
that every flow-admissible signed graph (G, o) has a signed-circuit cover with length at most % |E(G)|.
Particularly, a 2-edge-connected signed graph (G, o) with even negativeness has a signed-circuit cover

with length at most £|E(G)|.
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1 Introduction

In this paper, a graph may have multiple edges and loops. A loop is also treated as an edge. We follow the
notation from the book [25]. A cycle is a connected 2-regular graph. An even graph is a graph in which
every vertex has even degree. An Fulerian graph is a connected even graph. In a graph G, a circuit is the
same as a cycle, which is minimal dependent set of the graphic matroid defined on G. A circuit cover C
of a graph is a family of circuits which cover all edges of G. The length of a circuit cover is defined as
£(€C) = > cce |E(C)]. Tt is a classic optimization problem initiated by Itai et. al. [I8] to investigate circuit
covers of graphs with shortest length. Thomassen [22] show that it is NP-complete to determine whether a
bridgeless graph has a circuit cover with length at most k& for a given integer k. A well-known conjecture,

the Shortest Cycle Cover Conjecture, in this area was made by Alon and Tarsi [1] as follows.

Conjecture 1.1 (Alon and Tarsi [1]). Fwvery bridgeless graph G has a circuit cover with length at most
£ B(G)].
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If the Shortest Cycle Cover Conjecture is true, then the bound given in the conjecture will be optimal
as the shortest cycle cover of Petersen graph attains the bound. It is known that there connections of the
Shortest Cycle Cover Conjecture to other problems in graph theory, such as, the Jeager’s Petersen Flow
Conjecture [14] and the Circuit Double Cover Conjecture (cf. [I5]) due to Seymour [20] and Szekeres [19].
The best bound toward the Shortest Cycle Cover Conjecture is due to Bermond, Jackson and Jaeger [2],
and independently due to Alon and Tarsi [I] as follows, which was further generalized by Fan [I0] to
weighted bridgeless graphs.

Theorem 1.2 (Bermond, Jackson and Jaeger [2], Alon and Tarsi [1I]). Every bridgeless graph G has a

circuit cover with length at most 3|E(G)|.

The circuit cover problem is studied for matroids (cf. [12] 2I]). Recently, a great deal of attention
has been paid to the shortest circuit cover problem of signed graphs (or signed-graphical matroids) (cf.
[4, Bl 16, 17, 23]).

A signed graph is a graph G associated with a mapping o : E(G) — {—1,41}. A cycle of a signed graph
(G, 0) is positive if it contains an even number of negative edges, and negative otherwise. A short barbell
is a union of two negative cycles C7 and Cy such that C7 NCj is a single vertex, and a long barbell consists
of two disjoint negative cycles C7 and Cs joined by a minimal path P (which does not contain a subpath
joining C7 and C5). A barbell of a signed graph (G, o) could be a short barbell or a long barbell. A circuit
or signed-circuit of a signed graph (G, o) is a positive cycle or a barbell, which is a minimal dependent
set in the signed graphic matroid associated with (G, o). A signed-circuit admits a nowhere-zero 3-flow
[3]. A signed graph with a signed-circuit cover must admits a nowhere-zero integer flow. (For definition of
nowhere-zero flow, readers may refer to [3, 25].) In fact, a signed graph has a signed-circuit cover if and
only if it admits a nowhere-zero flow, so-called, flow-admissible [3].

It has been evident in [23] that a 3-connected signed-graph may not have a signed-circuit double cover,
i.e., every edge is covered twice. This fact leads the current authors to ask, whether every flow-admissible
signed graph (G, o) has a signed-circuit cover with length at most 2| E(G)|? The first bound on the shortest

circuit cover of signed graphs was obtained by Macajova et. al. [I7] as follows.

Theorem 1.3 (Mé4cajova, Raspaud, Rollovd and Skoviera, [17]). Every flow-admissible signed graph (G, o)

has a signed-circuit cover with length at most 11|E(G)|.
The above result has been significently improved by Cheng et. al. [5] as follows.

Theorem 1.4 (Cheng, Lu, Luo and Zhang [5]). Every flow-admissible signed graph (G,o) has a signed-

circuit cover with length at most 2| E(G)|.
The bound of Cheng et. al. has been further improved recently by Chen and Fan [4].

Theorem 1.5 (Chen and Fan []). Every flow-admissible signed graph (G,o) has a signed-circuit cover
with length at most 22|E(G)|.

Recently, Kaiser et. al. [16] announce that every flow-admissible signed graph has a signed-circuit cover
with length at most L |E(G)|. For a 2-edge-connected cubic signed graph (G, o), the present authors [23]
show that (G, o) has a signed-circuit cover with length less than 22| E(G)|.



In this paper, we investigate the minimum 7-join and the shortest signed-circuit cover problem. We
show that a minimum T-join of a connected graph G has at most |E(G)| — %|E(/C?)| edges where G is the
maximal bridgeless subgraph of G. The bound is tight. Further, we are able to use the bound of the size of
a minimum 7'-join to show the following result, which improves previous bounds on the length of shortest

signed-circuit, cover.

Theorem 1.6. Fvery flow-admissible signed graph (G, o) has a signed-circuit cover with length less than
TIE@G)].

Particularly, if (G, o) is 2-edge-connected and has even negativeness (a detailed definition is given in

the next section), then (G, o) has a signed-circuit cover with length less than $|E(G)|.

2 Circuit covers and T-joins

—

Let G be a graph. The maximal bridgeless subgraph of G is denoted by G. If GG is a bridgeless graph,
then G = G. A circuit k-cover of a graph G is a family of circuits which covers every edge of G exactly k

times.

Theorem 2.1 (Bermond, Jackson and Jeager [2]). Every bridgeless graph G has a 4-cover by 7 even-
subgraphs.

Let G be a graph and T be a set of vertices of G. A T-join J of G with respect to T is a subset of
edges of G such that dj(v) = 1 (mod 2) if and only if v € T, where d;(v) is the number of edges of .J
incident with the vertex v. A T-join in a connected graph G is easy to construct: partition T into |T'|/2
pairs of vertices; and, for each pair of vertices, find a path joining them; and then the symmetric difference
of all edge sets of these |T'|/2 paths generates a T-join of G. On the other hand, the subgraph induced by
a T-join always contains |T'|/2 paths joining |T'|/2 pairs of vertices of T' which form a partition of T. The
symmetric difference of a T-join and the edge set of an even-subgraph is another T-join of G.

A T-join is minimum if it has minimum number of edges among all T-joins. A minimum 7-join J
induces an acyclic subgraph of G (otherwise, the symmetric difference of J and a cycle induced by edges
of J is a smaller T-join of GG). There is a strong polynomial-time algorithm to find a minimum 7T-join in a
given graph G (see [7]). The minimum 7-join problem and its variations have applications to many other
problems in combinatorial optimization and graph theory, for example, the Chinese postman problem [7],
Traveling Salesman Problem (TSP) [6] and others (see [11] [13]).

Theorem 2.2. Let G be a connected graph and T be a set of vertices of even size. Then a minimum T'-join

of G has at most |[E(G)| — %|E(a)| edges.

Proof. Let G be a connected graph and J be a minimum 7-join of G. Note that G is bridgeless. By
Lemma 2.1] G has 7-even-subgraph 4-cover {H1, Ho,..., H7}. Since each H; is an even-subgraph, the
symmetric difference H; ®J is still a T-join of G, denoted by J; fori € {1,2,...,7}. Let J ={J, J1,..., J7}.
By the choice of J, it holds that |J| < |J;] for i € {1,2,...,7}.



Let e be an edge of G. Ife ¢ J, then e € J; if and only if e € E(H;) for ¢ € {1,...,7}. Hence
e is covered exactly four times by the family of T-joins J if e ¢ J. If e € J, then e € J; if and only
if e ¢ E(H;) for i € {1,...,7}. Since {Hi,...,Hr} covers e exactly four times, there are exactly three
T-joins in {Ji,..., J7} containing e. Together with J, the family of T-joins J covers e exactly four times.
Therefore, J covers every edge e of G exactly four times.

For an edge e € E(G)\E(/G\), it is covered by J at most eight times. Hence, J covers every edge of G

exactly four times and other edges of G at most eight times. Therefore,

7
1 1/ — —
1< 5 (114 Y1) < 5 (1G] +81E@G)| - 1B(C))
=1
1 —~
~ |E(G)| - 5|B(G)].
This completes the proof. O

For 2-edge-connected graphs, the following result is a direct corollary of Theorem

Corollary 2.3. Let G be a 2-edge-connected graph and T be an even subset of vertices. Then G has a
T-join of size at most |E(G)|/2.

Remark. The bounds in Theorem and Corollary are sharp. For example, G is a tree with all
even-degree vertices having degree two and T is the set of all odd-degree vertices, or GG is an even cycle

and T consists of the two antipodal vertices.

In the following, Theorem and Corollary 23] will be applied to prove technical lemmas on signed-
circuit covers, which are particularly useful in the proofs of our main results.

For a signed graph (G, o), denote the set of all negative edges of (G,0) by E~ (G, o) and the set of
all positive edges by ET(G,0). We always use GT to denote the subgraph of G induced by all edges in
E*(G,0). Then G stands for the maximal bridgeless subgraph of G™T.

Lemma 2.4. Let (G,0) be a signed graph such that GT is connected. For any S C E~(G,0), the signed
graph (G, o) has an even-subgraph H such that

1 —
SCHCG US and |E(H) < |E(G) - 3EGY).

Proof. Let (G, o) is a signed graph with G being connected. For any S C E~(G,0), let G[S] be the
subgraph G[S] of G induced by edges in S. Let T be the set of all vertices of odd-degree in G[S], which
has an even number of vertices. Let J be a minimum 7'-join of GT with respect to T'. By Theorem 2.2 it
follows that |.J| < |E(G)| — L|E(G)].

Let H = G[S]U J. Then H is an even-subgraph which satisfies

SCHCGTUS.
Since SN E(GT) =0, it follows
1 —
|E(H)] = |E(GIS]U )| = IS+ ] < [S] + [E(GT)] - 5| B(GT)]

< |B(@)| ~ 3| BG)]



This completes the proof. O

Now, we are going to define a function on signed graphs, which plays a key role in our proofs. Let B
be the union of all barbells of (G, o). For any barbell B € B, recall that B is the maximum bridgeless

subgraph of B, which is the union of two negative cycles of B. Define

G,y = 4 (@) if B = 0;
"] min {|E(/B\)| | Be B} otherwise.

The following result connects the function 7(G, o) and signed-circuit cover, which is the key lemma to

prove our main theorem.

Lemma 2.5. Let (G,0) be a 2-edge-connected signed graph such that GT is connected. If S C E~(G,0)
has an even number of edges, then (G,0) has a family F of signed-circuits such that:

(i) F covers S and all 2-edge-cuts containing an edge from S;

(i) the length of F satisfies

(9) < 3 BIE@)] ~ |BG)| - 7(G,0);

(i) each negative loop of S (if exists) is contained in exactly one barbell of F.

Proof. By Lemma[24] (G, o) has an even-subgraph H such that
SCHCGYUS and |B(H)| < |E(G)| - %|E(5I)|.

Note that, for a 2-edge-cut R of G, either RN E(H) = () or R C E(H) because H is an even-subgraph. So
all edges of 2-edge-cuts containing an edge from S belong to E(H). For (i), it suffices to show that (G, o)
has a family of signed-circuits covering all edges of H.

Since H is an even-subgraph, it has a cycle decomposition, i.e., its edges can be decomposed into
edge-disjoint cycles. Choose a cycle decomposition € of H such that the number of positive cycles in €
is maximum over all cycle decompositions of H. Then for any two negative cycles C and C’ of C, we
have [V(C)NV(C")| < 1. Otherwise C' U C’ contains a positive cycle and can be decomposed into a
family of cycles €', in which at least one cycle is positive. Then ¢’ U (C\{C, C"}) is a cycle decomposition
of H which has more positive cycles than €, contradicting the choice of €. For two negative cycles
C and C’ with exactly one common vertex, the union C' U C” is a short barbell of (G,0). Let F =
{D1,Ds,...,Dp,,C1,Cs,...,Cor_1,Ca,} such that D; for : € {1,...,m} is either a positive cycle of C
or a short barbell consisting of two negative cycles of € with exactly one common vertex, and C; for
i € {1,...2n} is a negative cycle of C. (Note that F has an even number of negative cycle because |S| is
even.) By the above choices, we have C; N C; =0 for 4,5 € {1,...,2n} and i # j.

If n =0, then ¥ is a signed-circuit cover of H with length

(g) = |E(H)| < |B(G)| - 3|B@G)| = 3 (3IE©)] - |BG)| - [B@))
< 2 (31E@)| - |EGT)| - 7(¢,0)).



The last inequality above follows from the fact that 7(G, o) < |E(G)|. So F is a family of signed-circuits
of the type we seek.

So, in the following, assume that n > 1. Let Q = g, 5 Ci, and let G’ be the resulting graph
obtained from G by contracting each cycle C; for i € {1,2,...,2n} to a single vertex u;. Then E(G') =
E(GN\Uc,er E(Ch)) = E(G)\E(Q).

Let U = {uy,uz,...,us,} and J be a minimum T-join of G’ with respect to U. In the graph G’, the
subgraph induced by J has n edge-disjoint paths Py, Ps, ..., P, such that each Py joins two distinct vertices
from U. By Corollary 2.3] it follows that

7] < 31B@] = 51B@)] - [EQ)). 1)

Let Jy be the subgraph of G induced by edges in J. Then each endvertex u; of n edge-disjoint paths of
Jo becomes a vertex v; € C; of G. Let U’ = {vy,v9, ..., 02, } where v; € C; for i € {1,2,...,2n}. Note that,
the edges of each Py, with k € {1,...,n} may induce a disconnected graph in G consisting of subpaths of Pj.
Then, for each path Py, join all subpaths of P, N Jy by using a segment from each cycle C; corresponding
to an intermediate vertex v; € U’ of Py, and the edge set J; of the resulting subgraph is a T-join of G with
respect to U’ satisfying J; N E(G') = J and J; C JU E(Q).

Among all T-joins J; of G with respect to U’ such that J; C JUE(Q) and J1NE(G') = J, let J be a
such T-join with |J'N E(H)| being minimum. If J’ induces a cycle, let C be a such cycle. If E(C) C E(Q),
then J'\E(C) is still a T-join of G with respect to U’ and has fewer edges than J’ which contradicts that
|J' N E(H)| is minimum. If E(C)\E(Q) # 0, then contracting edges of C' from E(Q) generates a cycle of

Jo which contradicts that J is a minimum 7-join of G’. Hence J’ induces an acyclic subgraph of G.
Claim: |J'N E(Q)| < 3(|1E(Q)| - 7(G,0)).

Proof of the claim. The subgraph induced by J’ in G is acyclic and hence has at least two vertices of
degree 1. Since J’ is a T-join of G with respect to {v1,...,v2,}. We may assume that d; (v;) = 1 and
dj(v2) = 1 (relabelling if necessary). So J' N E(C;) = 0 for i € {1,2}. Note that C; and C> are disjoint.
Since G is 2-edge-connected, G has a path joining C7 and Cy and hence G has a barbell containing C; and
Cy. Tt follows that 7(G, o) < |E(C1)| + |E(C3)].

Let @ = Q\(C1 UCy) and let J’ = J & E(Q'), the symmetric difference of J' and @’. Since
Q' C @ and E(G") = E(G)\E(Q), it follows that J” is a T-join of G with respect to U’ such that
|J" N E(G)| = |J nE(G)| =|JN E(G)|. By the choice of J’', we have |J' N E(Q)| < [J" N E(Q)].
Furthermore, J" N E(C;) = J' N E(C;) = 0 for i € {1,2}. Therefore, J'N E(Q) and J’ N E(Q) form a
partition of E(Q’). Hence,

S (7 A BQ+17" N E@)) = 5B@)]

_ %(|E(Q)| — ([B(CY)| + [E(Ca)]))

< S(E@I - 7(G,0)).

7' NE@Q) <

This completes the proof of the claim.



Note that the subgraph induced by J’ in G has n edge-disjoint paths joining n pairs of vertices of
U’, and these n pairs of vertices form a partition of U’. So these n edge-disjoint paths together with the
negative cycles C;’s containing the endvertices of the paths form n barbells, denoted by Bi, Bs, ..., By.
Let ¥ = {D1,Da,...,Dy,, B1,Ba,...,B,}. Then §F is a signed-circuit cover of H. So the conclusion (i)
follows. By the claim and (),

' =T NEG)|+ T NEQ)]=|J]+|J NEQ)

1 1

< SUE@)| - 1E@)) + 5(1B@) - (G.0)

SUB(G)] - 7(G,0)).

So the length of F’ satisfies

(F) =|EH)|+|J'| < |EH)| + %(IE(G)I —17(G,0)) < 5BIE(G)| - |E(GY)| - (G, o)),

N =

which completes the proof of (ii).
If (G, o) has a negative loop, then the negative loop is not contained in J’ by the minimality of J’. So

a negative loop (if exists) is contained in exactly one barbell of ¥, and (iii) follows. O

3 Shortest signed-circuit covers

Let (G, o) be a signed graph. An edge cut R of (G, o) is a minimal set of edges whose removal disconnects
G. A switching operation ¢ on R is a mapping ¢ : E(G) — {—1,1} such that {(e) = —1if e € R and
¢(e) = 1, otherwise. Two signatures o and ¢’ are equivalent if there exists an edge cut R such that
o(e) = ((e) - o'(e) where ¢ is the switching operation on R [24]. The negativeness of a signed graph (G, o)
is the smallest number of negative edges over all equivalent signatures of o, denoted by €(G, o). A signed
graph is balanced if €(G, o) = 0. In other words, a balanced signed graph is equivalent to a graph (a signed
graph without negative edges). It is known that a signed graph (G, o) has a circuit cover if and only if
€(G,0) # 1 and every cut-edge of G does not separate a balanced component, so-called sign-bridgeless (cf.
[BL I7]). The length of a shortest signed-circuit cover of a signed graph (G, o) is denoted by scc(G, o). The

following are some usefuly observations given in [23].

Observation 3.1. Let (G,0) be a flow-admissible signed graph and ¢’ be an equivalent signature of o.
Then scc(G, o) = sce(G, o).

By Observation [B.1] for shortest circuit cover problem, it is sufficient to consider all flow-admissible

signed graphs (G, o) with €(G, o) negative edges.

Observation 3.2. Let (G, o) be a signed graph with |E~(G,0)| = €(G,0). Then every edge cut contains

at most half the number of edges being negative.

By Observation B2l G is connected if (G, ) is connected and has minimum number of negative edges
over all equivalent signatures, i.e., |E~ (G, 0)| = €(G, o). Before proceed to prove our main result, we have

the following result for 2-edge-connected signed graphs with even negativeness.



Theorem 3.3. Let (G,0) be a 2-edge-connected signed graph with even negativeness. Then (G,0) has a

signed-circuit cover with length less than $|E(G)|.

Proof. By Observation Bl without loss of generality, we may assume that (G, o) has minimum number of
negative edges, i.e., |E~(G,0)| = €(G,0) =0 (mod 2). If (G, o) = 0, the result follows from Theorem [[2
So, in the following, assume that |[E~ (G, 0)| = ¢(G, o) > 2.

By Observation 3.2l G is connected. By Lemma25, (G, o) has a family of signed-circuits F; covering
all edges in E(G)\E(é:) with length

(F1) < =(B|B(Q)| — |E(GT)| - 7(G,0)) < =(3|B(G)| — |[EGT))).

N | =
N —

By Theorem [[.2] G has a circuit cover F, with length ¢(F3) < %|E(a)| Note that F = F; UJFs is a
signed-circuit cover of (G, o). Since |E(5:)| < |E(G)| — |E~ (G, 0)|, it follows that

(F) < UF) + 1F2) < LBIBG)] ~ |EG) + 2| EG)

= JIB@)| + |BG)| < S1B@)| + LIB@)
2B

This completes the proof. O

In the following, we are going to prove our main result, Theorem First, we need a variation of
Lemma as follows.

Lemma 3.4. Let (G,0) be a 2-edge-connected flow-admissible signed graph with a negative loop e such
that G is connected. Then, for any integer t € {1,2}, there is a family of circuits F; of (G, o) such that:
(i) F¢ covers all edges of E(G)\E(a),
(i) the length of F; satisfies
1
U3) < 2|E(G)] — S |E(GT)L;

(iii) e is contained in exactly t barbells of F.

Proof. Since (G, o) is flow-admissible and e is a negative loop, (G — e, ) has a negative edge e’ and hence
has a negative cycle (for example, a cycle in GT Ue’ containing e’). Let C. be a negative cycle of (G — e, o)

with minimum number of edges and let B, be a barbell consisting of e and C, with minimum length.
Claim. |E(B.)| < 5(|E(G)| + (G, 0)).

Proof of the claim. Let B be a barbell of (G, o) such that |E(§)| = 7(G, o). Suppose C; and Cs are two
negative cycles contained in B.
The minimality C. implies that |E(C.)| < max{|E(C1)|, |E(C2)|}. Note that 1 < min{|E(C1)|, |E(C2)|}.
Therefore,
7(G,0) < |E(Be)| = |E(C.)| + 1 < |E(Cy)| + |E(C2)| = 7(G,0).



—~

Hence, |E(Be)| = 7(G,0). Since (G, o) is 2-edge-connected, there exist two edge-disjoint minimal paths
P, and P, joining e and C,. So
|[E(B.)| < 5(IB(P, UB.)| + |E(P; UB.)|)

(|E(P)| +|E(P2)| + |B.)) + |Be)

|~ N~ DN~

IN

SUB@)]+ BB = 5(BG)] +7(G,0).

This completes the proof of the claim.

If |E~ (G, 0)| is even, by Lemma[2Z3] (G, o) has a family of signed-circuits F; which satisfies (i) covering
E~ (G, o) and all 2-edge-cuts containing a negative edge, and hence covering all edges of E(G)\E(a), (ii)
having length

(51) < SBIEE)| ~ |EGT)| ~7(G,0)) < 21B(@)| — 5|BE@:

and (iii) e is contained in exactly one barbell of F;. So Lemma 3.4 follows if ¢ = 1. Now, assume that
t = 2. By the claim, let F5 = F; U{B.} which is a family of signed-circuits satisfying (i) and having length

0(F2) < U(TF1) + |E(B.)|
1

IN

5 BIEG)| - |BG)| = (G,0)) + 5 (1G] +7(G,0))
2

1 —
[E(G)] = 5 1E(GH)].
Then s is a family of signed-circuits of the type we seek.

In the following, assume that |E~ (G, 0)| is odd. Let S; = E~(G,o)\e and let S; = E~ (G, 0)\e’ where
e’ is a negative edge in C,. For each S; with ¢ € {1,2}, by Lemma2H (G, o) has a family of signed-circuits,
denoted by Fg,, which covers S; and all 2-edge-cuts containing an edge in S; and has length

((Fs,) < 5BIE(G)] — |B(GT)| - 7(G,0)).

N =

Particularly, the loop e is not covered by Fg, but is contained in exactly one barbell of Fg,.

Let F = Fs, U{B.} for t € {1,2}. Then F; with ¢ € {1,2} covers E~(G,0) and all 2-edge-cuts
containing an negative edge (a 2-edge-cut containing e’ is covered by B.). Hence F; covers all edges of
E(G)\E(a) By the claim, the length of ¥, with ¢ € {1,2} satisfies

U(TFt) =L4(Ts,) + |E(B.)|

< SBIB(G)] ~ |E@)] - 7(C,0)) + (@) +7(.0)

1 —
2|E(G)| - 5|E(GT)]-
Note that e is contained in exactly ¢ barbells of F; for ¢ € {1,2}. This completes the proof. O

Lemma 3.5. Let (G, 0) be a 2-edge-connected signed graph such that |[E~ (G, 0)| > 2 and G is connected.

Then (G, o) has a signed-circuit D such that D contains a negative edge in its cycle and

[E(D)| < 5(7(G,0) +[E(G)]).

N =



Proof. First assume that (G, o) does not contain a barbell. Then 7(G,0) = |E(G)|. Let e,e¢’ € E~(G,0)
and S = {e,e'}. By Lemma [2.4] there exists an even subgraph H such that S C E(H) C GT U S and

|B(H)| < |B(@)| - 5|B@)].

Let C. and C. be two cycle of H containing e and €', respectively. Then either C. = Ce or |[V(Ce N
Co)| > 2. Otherwise, (G, o) has a barbell, which contradicts to the assumption. No matter C, = C¢ or
|[V(C.NCe)| > 2, H has a cycle containing both e and €', denoted by D. Since D C H C Gt U S, D has

exactly two negative edges and hence is a positive cycle (a signed-circuit) of (G, o). Furthermore,
1, — 1
[E(D)| < |E(H)| < |E(G)] = S|B(GT)] < [E(G)] = 5(7(G,0) +|E(G)))-

In the following, assume that (G, o) does have a barbell. If (G, o) itself is a short barbell, then let

= (G,0) and 7(G,0) = |E(D)|. Hence |E(D)| = |E(G)| = (7(G,0) + |E(G)|) and the lemma holds
trivially. Therefore, assume that (G, o) is not a barbell. Then 7(G, o) < |E(G)].

Among all barbells B of (G, o) with |E(§)| = 7(G, 0), let D be a such barbell with minimum number
of edges. Then D has a negative cycle which contains a negative edge. Let P be the path of D joining the
two negative cycles. By the minimality of D, the path P has the shortest length among all minimal paths
joining the two cycles of D. Since (G, o) is 2-edge-connected, there exists two edge-disjoint minimal paths
Py and P, joining the two negative cycles of D. Then |E(D)| < |E( ) + |E(FP;)| for ¢ € {1,2}. By the

minimality of P,

BD)| < 3 (21B(D)] +|BP)| +1B(PR)]) < 5 (1ED)| +|BG)]) = 1(+(G.0) + |EG)))
This completes the proof. O

Theorem 3.6. Let (G, 0) be a flow-admissible signed graph. Then (G, o) has a family of circuits F covering
all edges in E(G)\E(a) such that every negative loop is covered at most twice and its length satisfies

1 —
() < 2AB(G)] - 1 [E@)| +b(G.0).
where b(G, o) is the number of cut-edges of (G, o).

Proof. Note that, the theorem is ture if it holds for every connected component of (G,o). So, without
loss of generality, assume that (G, o) is connected. By Observation B, we may assume that (G, o) has
|[E~(G,0)| = €(G,0). If ¢(G,0) =0, then E(G)\E(G™") = 0 and the result holds trivially. So assume that
e(G, o) # 0. Since (G, o) is flow-admissible, it follows that |[E~ (G, o)| > 2.

We apply induction on b(G, o) to prove the theorem. First, we verify the base case b(G,0) = 0. In
other words, (G, o) is 2-edge-connected.
If €(G, o) is even, by Lemma 25 (G, o) has a family of signed-circuits F covering all 2-edge-cut con-

taining a negative edge such that each negative loop is covered exactly once and

(5) < S BIEG)| - |EG)] - (G0)) < 20B(G)| - 37(G,0).

N)I)—l
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Then F is a family of signed-circuits of the type desired. So assume that ¢(G, o) is odd and €(G,0) > 3.
By Lemma B (G, o) has a signed-circuit D such that D has a cycle containing a negative edge and

|E(D)| < 5(7(G,0) +[E(G)]).

N =

Let e be a negative edge which is contained in a cycle of D, and let S = E~ (G, 0)\e. By LemmaZH (G, 0)
has a family of signed-circuits F’ covering S and all 2-edge-cuts containing an edge from S such that each

negative loop of S is covered exactly once and
1 —
UF) < 5 BIE@)] - |E(GH)| = (G, 0)).

Let F = F U {D}. Since SU {e} = E~(G,0), it follows from Observation that every positive edge in
E(G)\E (é:) is contained in a 2-edge-cut which contains an edge from E~ (G, o). Therefore, J is a family
of circuits of (G, o) covering all edges of E(G)\F (5:) such that

() = 4F) +1B(D)
< S BIB(G)| ~ |BG)| ~(G.0)) + 1 (r(C.0) + |EG))
= 20B(G)] - 5B@)]

Note that every negative loop is covered by exactly one barbell of F/, and D is a signed-circuit. Hence F

covers every negative loop at most twice. So the theorem holds if b(G, o) = 0.

So, in the following, assume that b(G, o) # 0 and the theorem holds for all flow-admissible signed graph
with at most b(G, o) — 1 cut-edges.

Since b(G, o) # 0, the graph G has a cut-edge. Let uv be a cut-edge of G such that G\uv consists
of two components ()1 and @2, one of which, say ()2, contains no cut-edges. Without loss of generaility,
assume that v € V(Q1) and v € V(Q2). Since (G, o) is flow-admissible, both @Q; and Q2 are not balanced
and hence contain a negative edge. Hence Qs is either a negative loop or 2-edge-connected.

Let (G1, o) be the resulting signed graph constructed from (Q1, o) by adding a negative loop e; attached
to u. Then (G1,0) is flow-admissible and b(G1,0) = b(G,0)—1 < b(G, o). By induction hypothesis, (Gy,0)

—

has a family of signed-circuits F; covering all edges in F(G1)\E(G7) such that
1 —_—
UF,) <21E(Gy)| — §|E(GIL)| +b(G1,0)

and every negative loop is contained in at most two barbells of F1. Assume that e; is contained in ¢ barbells
of F, with t € {1,2}.

Let (G2, o) be the resulting graph constructed from (Q2, o) by attaching a negative loop ez to v. Then
(G2, 0) is flow-admissible and 2-edge-connected. By Lemma B4 (G2, o) has a family of signed-circuits Fo
covering all edges in E (Gg)\E(E}) such that

(52) < 2E(Gy)| - 5B (G|

and ey is contained in exactly ¢ barbells of Fs.
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Let B} with 1 < i < ¢ be the barbells of F; containing e;, and B} with 1 < i < t be the barbells
of Fy containing e;. (Note that, ¢t < 2.) Let B; = (Bi\e1) U (B/\e2) U uv which is a barbell of (G, o)
for 1 < i <t and let F = (FI\{B}1 < i < ¢})UFN{B/|1 < i < t})U{By]1 < i < t}. Since
|E(B;)| = |E(B})| + |E(BY)| — 1 for each i with 1 < i < t. Then

(8) = £F2) +U(T2) — £ < (2IB(G)] - 3 BGT)|+b(Gr,0)) + (2IBG) - 5IBGE) ~ . (2)

Since au@ = G and 6110621 = (), we have |E(61:)| + |E(621)| = |E(é:)| Note that b(G1,0) =
b(G,0) — 1 and |E(G1)| + |E(G2)| = |E(G)| + 1. Tt follows from (2]) that
11— 11—
U3) < 2(|B(G) +1) = 5IB(GH) + ((G, 0) = 1) =t < 2|E(G)| - 5|E(GT)| + (G, 0).

Note that a negative loop of (G, o) (if exists) is contained in one or two barbells of either F; or Fy (but
not both). Hence a negative loop of (G, o) is contained in either one or two barbells in F. This completes
the proof. O

Now, we are ready to prove our main result, Theorem

Proof of Theorem Let (G, o) be a flow-admissible signed graph. By observationB.I] we may assume
that |[E~(G,0)| = €(G,0). If e(G,0) = 0, then the results follows directly from Theorem [[L21 So assume
that (G, o) > 2. By Observation B.2l G is connected.

By Theorem B8, (G, o) has a family of signed-circuits F; covering all edges in E(G)\E (é?) with length

0(F) < 2|B(G)| - %|E(é?)| (G, 0),

where b(G, o) is the number of cut-edges of (G, o). By Theorem [[L2] the subgraph G+ has a signed-circuit

cover Fy with length £(F2) < §|E(5:)| Therefore, F = F; U Fy is a signed-circuit cover of (G, o), and

UF) = () + (52) < 2AB(G)| ~ 5 1BG)| +b(G,0) + 2| EGT)
< 2|B(G)] + LIEGT)] +b(C,0)
<2lB(@)| + L1B@) = CIB@)]
This completes the proof of Theorem O

Remark. Let (Pig, o) be the signed graph with Py being the Petersen graph and E~ (Pig, o) inducing a
5-cycle. Macajova et. al. [17] show that a shortest circuit cover of (Pig, o) has length exactly 2|E(Pio)].

The optimal upper bound for the shortest signed-circuit cover remains to be investigated.
References

[1] N. Alon and M. Tarsi, Covering multigraphs by simple circuits, STAM J. Algebraic Discrete Methods
6 (1985) 345-350.

12



2]

J.C. Bermond, B. Jackson and F. Jaeger, Shortest covering of graphs with cycles, J. Combin. Theory
Ser. B 35 (1983) 297-308.

A. Bouchet, Nowhere-zero integral flows on a bidirected graph. J. Combin. Theory Ser. B 34 (3) (1983)
279-292.

J. Chen and G. Fan, Short signed circuit cover of signed graphs, Discrete Appl. Math. 235 (2018)
51-58.

J. Cheng, Y. Lu, R. Luo and C.-Q. Zhang, Shortest circuit cover of signed graphs, (2015),
arXiv:1510.05717.

J. Cheriyan, Z. Friggstad and Z. Gao, Approximating minimum-cost connected T-joins, Algorithmica
72 (2015) 126-147.

J. Edmonds and E.L. Johnson, Matchings, Euler tours and the Chinese Postman, Math. Program. 5
(1973) 88-124.

G. Fan, Short cycle covers of cubic graphs, J. Graph Theory 18 (2) (1994) 131-141.

G. Fan, Integer flows and cycle covers, J. Combin. Theory Ser. B 54 (1992) 113-122.

G. Fan, Covering weighted graphs by even subgraphs. J. Combin. Theory Ser. B 49 (1) (1990) 137-141.

A. Frank, A survey on T-joins, T-cuts, and conservative weightings, in: Combinatorics, Paul Erdds is
Eighty (Miklds, Sés, Szonyi Eds.), Bolyai Soc. Math. Studies 2 (1996) 213-252.

X. Fu and L. Goddyn, Matroids with circuit cover property, European J. Combin. 20 (1) (1999) 61-73.
A.M.H. Gerards, On shortest T-joins and packing T-cuts, J. Combin. Theory B 55 (1) (1992) 73-82.
F. Jaeger, Nowhere-zero flow problems, in: Selected Topics in Graph Theory (L. W. Beineke, R. J.
Wilson Eds.), Academic Press, London, 1988, pp. 71-95.

U. Jamshy and M. Tarsi, Short cycle covers and the cycle double cover conjecture, J. Combin. Theory
Ser. B 56 (2) (1992) 197-204.

T. Kaiser, R. Lukot’ka, E. M4¢ajovd and E. Rollova, Shorter signed circuit covers of graphs, (2017)
arXiv:1706.03808.

E. Micajové, A. Raspaud, E. Rollovd and M. Skoviera, Circuit covers of signed graphs, J. Graph
Theory 81 (2) (2016) 120-133.

A. Ttai, R.J. Lipton, C.H. Papadimitriou and M. Rodeh, Covering graphs by simple circuits, STAM J.
Comput. 10 (4) (1981) 746-754.

G. Szekeres, Polyhedral decompositions of cubic graphs, Bull. Aust. Math. Soc. 8 (1973) 367-387.
P.D. Seymour, Sums of circuits, in: Graph Theory and Related Topics, Academic Press, London/New
York, 1979, pp. 341-355.

P.D. Seymour, Packing and covering with matroid circuits, J. Combin. Theory Ser. B 28 (1980)
237-242.

C. Thomassen, On the complexity of finding a minimum cycle cover of a graph, SIAM J. Comput. 26
(3) (1997) 675-677.

Y. Wu and D. Ye, Circuit covers of cubic signed graphs, J. Graph Theory, (2018),
https://doi.org/10.1002/jgt.22238

13


http://arxiv.org/abs/1510.05717
http://arxiv.org/abs/1706.03808

[24] T. Zaslavsky, Signed graphs and geometry, (2013) larXiv:1303.2770.
[25] C.-Q. Zhang, Circuit Double Cover of Graphs, Cambridge University Press, London, 2012.

14


http://arxiv.org/abs/1303.2770

	1 Introduction
	2 Circuit covers and T-joins
	3 Shortest signed-circuit covers

