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LINEARIZED INVERSE SCHRODINGER POTENTIAL PROBLEM
AT A LARGE WAVENUMBER*

VICTOR ISAKOV'T, SHUAI LU#, AND BOXI XUS$

Abstract. We investigate recovery of the (Schrédinger) potential function from many boundary
measurements at a large wavenumber. By considering such a linearized form, we obtain a Holder type
stability which is a big improvement over a logarithmic stability in low wavenumbers. Furthermore
we extend the discussion to the linearized inverse Schrodinger potential problem with attenuation,
where an exponential dependence of the attenuation constant is traced in the stability estimate.
Based on the linearized problem, a reconstruction algorithm is proposed aiming at the recovery of
the Fourier modes of the potential function. By choosing the large wavenumber appropriately, we
verify the efficiency of the proposed algorithm by several numerical examples.
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1. Introduction. We consider a linearized problem of recovering the potential
function ¢ := ¢(x) in the Schrodinger equation

~Au— (K —cu=0 inQCR"
(1.1)
u=gog on 0f,
from many boundary measurements at a large wavenumber k in the dimension n > 2.
As the data, we use a linearized form of the standard Dirichlet-to-Neumann (DtN)
map

A:go— g1:=0,u on 0N

which will be specified below.

Reconstruction of the Schrédinger potential function ¢(z) at a fixed wavenumber
k =0 in (1.1) retrospects back to the original inverse conductivity problem, proposed
by Calderdn, arising in electrical impedance tomography where uniqueness for the
linearization can be proven by using the complex exponential solutions [7]. Later
on, the fundamental work by Sylvester and Uhlmann proved the global uniqueness
for the inverse potential problem in three and higher dimensions by constructing
almost complex exponential solutions, which also yields the global uniqueness of the
inverse conductivity problem [17]. In two dimensions, recent work by Bukhgeim [6]
demonstrated uniqueness, at any fixed k, by introducing stationary phase methods.
At k = 0, a logarithmic stability estimate of recovering the potential function is given
by Alessandrini [1] and is further proven to be optimal by Mandache [16]. As for the
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numerical reconstruction of the potential function (or the conductivity function) at
a fixed wavenumber, we refer to [10] and recent work [9]. We shall mention that the
inverse medium problem in [2] also highly relates with the current work.

Recently it has been widely observed in different inverse boundary value problems
that the stability estimate improves with growing wavenumbers (or energy) both
analytically and numerically. The increasing stability in the inverse boundary value
problem for the Schrédinger equation (1.1) was firstly observed within different ranges
of the wavenumbers in [12]. In [15], the authors considered the increasing stability
on inverse boundary value problems for the Schrédinger equation with attenuation
where a linear exponential dependence on the attenuation constant is established. We
note that all the above mentioned increasing stability results on inverse Schrodinger
potential problems are considered in three and higher dimensions under different a
priori regularity assumptions.

Another multifrequency set-up uses single observation for multiple wavenumbers.
To have an overview of such results, we recommend a recent review paper [3] which
nicely summarizes the theoretical and numerical evidences verifying the increasing
stability in inverse medium and source problems for acoustic Helmholtz equations
and Maxwell equations.

In this paper, we investigate a linearized form of the inverse Schrédinger poten-
tial problem (1.1) with a large wavenumber in two and higher dimensions. Such a
linearization is carried out at a zero potential function which is reasonable if ¢ is suf-
ficiently small compared with the squared wavenumber k2. Noticing that the squared
wavenumber k? may be large, we are allowed to reconstruct a potential function of
moderate amplitude. In Section 2 we introduce the linearized problem and obtain
an (increasing) Holder-type stability estimate for the linearized inverse Schrodinger
potential problem with a large wavenumber by using bounded complex exponential
solutions. We extend, in Section 3, the discussion to the inverse Schrodinger potential
problem with attenuation. An exponential dependence on the attenuation constant in
the stability estimate is observed. A novel reconstruction algorithm is proposed to re-
cover the Fourier modes of the potential function in Section 4 based on the Calderén’s
method. By choosing the large wavenumber appropriately, we show various numerical
examples confirming the efficiency of the proposed algorithm in Section 5. Finally a
conclusion Section 6 ends the manuscript with further prospects.

2. Increasing stability in the linearized inverse Schrodinger potential
problem at the large wavenumber. We recall that the original problem, which
initializes the current work, is to find the Schrédinger potential function ¢ = ¢(x)
defined in a bounded domain 2 in the following problem

2.1) ) { ~Au— (K —cu=0 inQCR",

u=go on 98,
from the knowledge of the Dirichlet-to-Neumann (DtN) map
(2.2) A:go— g1 :=0,u on 0.

We assume that k2 is not a Dirichlet eigenvalue for the Laplace operator in €.
If we assume that ¢ is small (or k is large), we can justify the linearization of the
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Schrédinger equation. More precisely, let ug, u; solve the following sub-problems

—Aug —k?up =0  inQ,
(2.3a) (Io) to o o
up =go  on 0f,
—Auy — k*uy = —cuy  in Q,
2.3b I
( ) () { u; =0 on 0f),

then the solution u of the original problem (2.1) is

U=1uy+uy +---

” )

where the remaining ”---” are "higher” order terms. The linearzied DtN map A’ of

A in (2.2) is defined accordingly as
(2.4) A :go— O,u;  on ON.

Multiplying both sides of the sub-problem (2.3b) with a test function v € H'(Q)
satisfying the equation

—Av—k*v=0 inQ,

we obtain

(2.5) /chov = /69 (Opuq) v.

Without loss of generality we may assume that 0 € Q. Let D = 2sup|z| and ¢
zeQ

be the operator norm of A’ : Hz(9Q) — H~=(dQ). We present the main stability
estimate below:

THEOREM 2.1. Let D < 1, ||CHH1(Q) < My, and k > 1, € < 1, then the following
estimate holds true

ME

2 n+4 +4\ 2 +2 3
||C||L2(Q) < C(Q) (kl +E" )6 —|—C(Q)E" (€+6 ) + 14+ E2 + 3k2

for the linearized system (2.3a)-(2.3b) with E = —Ine and the constant C(Q2) depend-
ing on the domain €.

Proof. The proof is based on the complex exponential solutions suggested by
Calderén [7] and Faddeev [11]. Let £ € R™ and (,¢* € C™ with & (,¢* # 0. We
consider the following solutions

(2.6) up(x) = €<%, v(z) =<7
To select ¢ and (*, we introduce an orthonormal base {61 = %, €9, - ,en} of R™
and let

2 2
(= %'el + meg, = %el - mez
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where \/k2 — @ = i\/@ —k2ifk < @ For brevity, we denote Z := 4/ @ — k2.

Then ug(z)v(x) = €% and from the equality (2.5) we derive

(2.7) Flel(€) == /Qc(glc)eig'ﬂC de = /BQ (Opuq)v.

Here F[-] denotes the Fourier transform.

Observe that if £ > %, then the norms of exponential solutions in (2.6) are
bounded as follow

(2.8) letoll 2 = 1ol ) = /Q (1+1¢P) do < (14 42) Vol 9,

where Vol,, €2 is the volume of @ € R™. If k < &l then

2 2 —2Eezx
ol oy = Pl = (1+#7) [ e aa

eP=—e
< (1+#%) Vol 1 @ ——=———,
where Vol,,_1 © = sup{Vol,,_1 '} over all (n — 1)-dimensional orthonormal projec-
Q/
tions Q' of Q.
By the trace theorem, there hold

(210) ol oy < CO ol 19053 o) < CO) ol -

So from (2.7) and (2.10), we have
2 2 2
|]:[C](§)| g ||8Vu1||H7%(8§2) ”UHH%(BQ)
2 3 oo V1122
H32(6Q) H? (69)

2 2
< ECHD) [fuollzp oy 1011 o)

< € luo

Hence, due to (2.8) and (2.9),

IFI©) < CHQ) (1+ k) (Vol, Q)% 2, if k> ‘%'
and
@11)  FAEP < CHQ) (1+ k) (Vol,—1 ©)? W’;_L’) k<
Let F:= —Ine>0and k> 1, € < 1, we consider two cases

a) k> FE (ie. e=e F >e7%) and
b) k< E (ie. e=e F <e¥).
In the case a), we have

lelaiy = [1FI©F ds= [ 1P ag+ [ 1Fa©P a

k<l
(2.12) < CHQ) (14K (Vol, Q)% o, (2k)"€> + _ M
X n n 1 ¥ (2]13)2
M? M?
< n+4 2 1 < n+4 _2 1
< CL(Q)E" e +1+4k2 < CL()E" e +71—|—E2+3k2
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where o, is the volume of an unit ball in R™, and the constant C;(Q) is defined as
C4(Q) (Vol, Q)% 5,27 +2.
In the case b), we let p? := g—z + 4k? and split

el = [ 1Pl de+

1€]
5 k<3 <%

<CHQ) (1+ K% (Vol, Q)% 0, (2k)" 2

?r\
AN
ol
AN
(SIS}
o,
I
~—
)
[\v]
—
®
vl
\
m‘
vl
~—
()
[\v]

+CH Q) (1+ k2)2 (Vol,,_1 Q)° (

M
1+ p?

The second term in the above inequality is derived by (2.11) and the fact that

eY —e Y y2 y2n
y ( +3!+ +(2n+1)!+

increases while y > 0 and hence

DE _ ,-DE D (e% — e_%>
<
2= E

Observe that, since k < F,
E? ) 3
/k<'§<g E=onlp (2K)" | =0 <D2+( )) (2k)

B D 2 % D n

< an% [(1 + (2D)2)% - (zD)"} .

€]

, since k< =

=\ =5 + k2.
5 +

(CTRS)
5|
no

Thus
”CHi2(Q) < C4(Q) (Vol,, Q)2 gn2n+2kn+462
En72 n ;
£ @) (Volooa 00002 Fiy (14 @DP) 20"
: 6E+67E*2)62
(2.13) (
Lo
1+ £5 + 4k2
M

< CUQE™ e 4 Co(OE™2 (e + €¥) 4 —
1()E" e + Ca(Q) (e+€) e

where Cy(Q) := C4(Q) (Vol,,_; Q)? Uanlii2 [(1 + (QD)2) ' (2D)"] _

Combining case a) k > F with the bound (2.12) and case b) k < F with the
bound (2.13), we prove Theorem 2.1. d
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REMARK 2.1. When Q is a sphere, constants in the trace theorem are explicit and
one can make C(Q) in Theorem 2.1 explicitly.

In view of (2.13) it is obvious that stability is increasing with growing wavenumber
k, provided k < E. We comment on the increasing stability when £ > E. In such a
case, we have an upper bound estimate (2.12) of ¢ which is

M?
2

HCHL2(Q) <w(k) == C1(Q)E" e + ﬁ
By an elementary calculus, the upper bound w(k) decreases on (0, k,) and increases

on (ky,00) where

M? G
@14) b= (mre@e)

If k. < 1in (2.14), we have

M < 2(n+4)C1(Q)é?
and the minimum of w(k) is obtained at k£ = 1 such that

2

M n
2 on < - 2471 ¢ —) €2
ez <w(@) = (@) + =L < Ci(@) (3+ ) e

If k. > 1, then minimum of w(k) is obtained at k = k, such that

ontd

2 s N
el ) < wka) = CITF (@M ™ [(2(n +4)) 775 4272 (2(n + 4) 7| s,

Now we consider the "small” perturbation when E > 1 (ie., e < e 1). If ky, < E,
then minimum of w(k) (at k = E) is

M?

2 mn

lelz2(0) < w(B) = CLQ)E™ e + 05
n+4 4

_2 n+4
< CL(Q)E™HE + CFF ()M, 272 (2(n + 4)) 776 et

If k. > E, then minimum of w(k) is at & = k., which is the same as in the case
0 < E < 1. So in all possible cases above, given a small error (or a perturbation)
€ we can choose a large wavenumber k producing a Hoélder stability which is a big
improvement over a logarithmic stability at low wavenumbers.

3. Linearized inverse Schrédinger potential problem at the large wavenum-Jj
ber with attenuation. Furthermore we provide some extended discussion on the
linearized inverse Schrédinger potential problem with attenuation. The original prob-
lem in three (and higher) dimensions is studied in [15] where increasing stability
estimates with a linearly exponential dependence of the attenuation constant are ob-
tained for low /high frequencies separately by constructing almost complex exponential
solutions and real solutions respectively.

In current section, we investigate the stability estimate recovering the potential
function ¢ = ¢(z) below

(3.1) { ~Au— (k* —c)u+ikbu=0 in QCR",

u=gog on 0,
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from the knowledge of linearized DtN map for a large wavenumber k. The constant
b > 0 is the attenuation constant. For the sake of simplicity, we use the notations
in Section 2, for instance, that u represents the solution of the Schrédinger potential
equation with attenuation.

Referring to Section 2, we let ug, u; solve the following sub-problems

(3.20) —Aug — k*ug + ikbug =0 in Q,

' ug =go on 0,
(3.2b) —Auy — k*uq + ikbuy = —cuy  in Q,

’ ur =0 on 01,

and the solution u of (3.1) is

uU=1u+uy+---

with ”-.-” denoting the remaining terms. Similarly the linearized DtN map A’ is
defined as
(3.3) N :go—du; on 9.

Multiplying both sides of the sub-problem (3.2b) with a test function v satisfying
—Av—Ekv+ikbv =0 in 9,

we obtain the equality

(3.4) /chov = /c’m (Opuq) v

which will again play important roles below.
1 1
Let € be the operator norm of A’ : Hz (0Q) — H~2(0R2),0 € Q and D := 2sup ||,
x € 2. We present the main stability estimate in this section.

THEOREM 3.1. Let D < 1, [le[|g1(q) < M1, and k > 1, € <1, then the following
estimate holds true
2 n m
HC”L2(Q) § O(Q) (k +4 +E +4) 62Db€2
M
1+ E2 + 2k2

for the linearized system (3.2a)-(3.2b) with E = —lne and the constant C(S2) depend-
ing on the domain €.

+ C(Q)E" P e + C(Q)EM 2P e +

Proof. Similar to the proof of Theorem 2.1, we again use the exponential solutions.
Let £ € R™ and (,(* € C™ with &, (,(* # 0. We consider the following solution

up(z) = %, w(z)=-e

The orthonormal base is chosen by {el = %, €9, - ,en} and we let
2 2
C = %el —+ k2 — |£‘ — ikb€2, C* = %61 — k2 — % — ikb(fg.
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Then ug(z)v(z) = €% and we derive, by (3.4)
Fil©) = [ co)erdn= [ (@)

We can write 1/ k2 — % —ikb=X+iY, X > 0. If |§\2 < 3k2, then squaring the
both sides and following the arguments in [15], we have

kb kb
Y| = <b.

(e -) o fle ) w0

If 3k% < |£\2 < 4k?, we derive

v = b <

ﬁ\/(kz - @) + \/(k2 - @)2 + k22

On the other hand, if |¢]> > 4k2, then

2 2 2
(3.5) y — kb 1 <€2| —2k2> + <€2| —2k2> + 4k2b2.

2X 2
We then derive that
e if [¢° < 3k2, then

luollZrs oy = 0l @y < (1+#?) / e gy

< (L+k?) Vol, QeP?.

o If 3k% < [¢]* < 4k, then

H“0H12Hl(9) = ||U||§11(Q) < (14K /96*23’62'1 dz

< (14 k?) Vol,, Q ez (k+D%0),

o If [¢]* > 4k2, there holds

D
2
ooy = ol ey < (144 Vol @ [ e
Dy _ =Dy
= (14 k) Vol, ;0 —°
2y
where a variable y := =Y > 0 due to (3.5).
Similarly to the proof of Theorem 2.1, we have

IFIAE)* < ECHD) lluollzr gy 10l 0

which further yields that
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o if |¢]* < 3k2, then

\Fle)(€))* < C*(Q) (1 + k2)2 (Vol, )2 e2Pe2.

o If 3k% < |¢|* < 4k2, then

IFI(©)]F < CH9Q) (1+ k%) (Vol, Q)2 eF+D70e2,
o If [¢]> > 4k2, then

2 (P — e D)’
42
Let E=—1lne >0,k >1and e < 1. We again consider the cases below
a) k> FE (ie. e=e F >e7%) and
b) k< E (ie. e =e F Le™F).
In the case a), we have

2

IF[e](€))* < CH(Q) (1+ k) (Vol,_1 Q) )

el = [ FEOF aes [ i ag

3k2<|¢?
n M2
3.6 < Ot 2)2 2 2Db 2 i
(3.6) < Q) (14 #2)* (Vol,, Q) an(\/§k> P
1 M?
g - QO kn+4 2Db 2 71
A CULA oy

In the case b), we again choose p? := g—z + 4k? and split
2 2 2
el = [, IFA©F g+ [ Fld(©)F d
1€1%<3k? 3k2< €2 <ak?

+/4k2<|£2<p2 | Fle] ()] d£+/pz<|§|2 |F[d(€)* de¢

1 n
< 301(9)/{"“62[)%2 + ZCI Q) (2" - 35) EnektD?b 2
Dy _ —Dy 2
+ Q) (1+K2)% (Vol,_y ) / % a) &
4k2<¢[<p? 4y
M3
1+ p2°

As in Theorem 2.1, e?V=e"PV 4y creases while y > 0 and thus it attains the maximum
value if || = p, which yields

+y (2 23)" +ar202

=
RIS

Dy _ o—Dy)? D\/

e e

( 12 ) < < = because 4k% < |€]* < p°.
Y T e

N

Since

1 E2 1 E2\? E?
—_ _ 4k2b2 > I
2D2+\/<2D2> * D2
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and, by using k < E

1 E? 1 E2\? E? E? E E 2
- S ) b 4R22 < 4+ 2kb < — +2-Db< (= +Db) ,
2D2+\/<2D2> * pzt Dz D (D+ )

we then bound
Dy —Dy\2 E+D2%b
(ePv — e~ DY) e

w3

Meanwhile, by using k < F and the proof of Theorem 2.1, we yield

E" 2 3 n:|
d¢ <o,— [(14+ (2D —(2D)"].
/4k2<|5|2<p2 T [( (20) ) (#D)

Combining above inequalities and using k < E again, we conclude that
(3.7)

1 1 n
HCHiZ(Q) < ZCl (Q)kn+4e2Db62 + 101(Q> (2n _ 35) knek+D2b62
22 n
+C4(Q) (Vol,,_1 Q)* On s [(1 + (2D)2) - (2D)"} E"t2eP%be
TR
1+ &5 + 4k2

We end the proof by combining the bounds (3.6) for k > E and (3.7) for k < E. 0O

Following the discussion in Section 2, we again observe the increasing stability
with growing wavenumbers k. At the same time, because of the attenuation term,
such an error estimate is deteriorated by the attenuation constant b with a linearly
exponential growth. Such a dependance is better than that for the multifrequency in-
verse source problem where a quadratically exponential growth is observed comparing
the increasing stability estimates in [8, 14].

4. Reconstruction algorithm. In this section, we propose a reconstruction al-
gorithm for the linearized inverse Schrédinger potential problem at a large wavenum-
ber, observing that the linearized problems are (2.3a) and (2.3b). For the sake of
simplicity, we fix the dimensionality n = 2.

The linearized problem (2.3a)-(2.3b) represents a linearized DtN map A’ : go —
Od,u1 by varying gg. In particular, we can choose the solutions ug to be the bounded
complex exponential solutions (2.6) for n = 2 such that

2

by varying different vectors & in the phase space and go = woly,, Where &L satisfies
£t =0and |§J-| = 1. At the same time, substituting each uy above into the second
problem (2.3b), we obtain the solution u; and its Neumann trace d,u; = A’gy which
also varies with different choice of £. Similarly we can choose the test function v to
be the relevant exponential solutions

(4.2) v=e""7 with ("= g — k2 -2
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To realize the reconstruction algorithm numerically, we shall approximate the
linearized DtN map A’ (2.4) accurately. In particular, we mention that the Neumann
boundary data d,u; depends on the unknown potential function ¢ referring to (2.3b).
Assuming that the potential function ¢ is comparably small with respect to the squared
wavenumber k2 and following the standard linearization approach (for instance, in
[10]), we define a linearized Neumann boundary data

(43) gl/ =01 — 8VUO = auu - al/uﬂv

where g7 is the Neumann boundary data in (2.2) of the original problem (2.1) and
Oy ug is the Neumann boundary data of the sub-problem (2.3a). We thus approximate
the linearized Neumann boundary data numerically by 0,u; & g{, where the "higher”
order terms are ignored in (4.3). If we substitute the above solutions (4.1), (4.2)
into the equality (2.5), the recovery of ¢ is equivalent to solving the following integral
equations

(4.4) Fle)(§) = /Qc(ac) T dr = /

(Oyuq) T s, ~ / g1 el ds,
a0

o0

where vectors &, £ vary in the phase space with a fixed wavenumber k. The left
hand side of the above formula (4.4) is the Fourier coefficient F|[c](§) of the potential
function ¢ at a point £&. Thus the reconstruction of ¢ can be achieved by varying
vectors &, £+ and the inverse Fourier transform.

REMARK 4.1. Notice that, in current section, the chosen orthonormal base of the
phase space R? is {el = é—‘, ey = §J-}. Thus the formula of a vector ¢ (or (*) is fized

by k. Noticing that |£| > 2k and /k? — % =i % — k2, we write the exponential

solution ug (or v) explicitly by

2
exp{ i §+ kL%gL xy, €| < 2k,

[1c12
exp{ig-x}exp - %—WSL-QC , €] > 2k.

Indeed, ug s a plane wave traveling along its wave-vector ( with a length equal to

the wavenumber k if || < 2k. Meanwhile, if |§| > 2k, the (high) oscillation of the

1€l
27

and decays exponentially along the unit vector es = £+. Then numerical calculation
in (2.5) or (4.4) becomes unstable when €| > 2k.

Now we describe a reconstruction algorithm based on discrete sets of length and
angle of the vectors in phase space. We first choose a discrete and finite length set

(45)  uole) = el¢” =

exponential solution ug is observed in a direction e; = % with the spatial frequency

{ke}?L, € (0,mk] for any fixed k.

Here we choose 2 < m € Ny and mk is the maximum length of the vector £. Com-
bining with two unit vector (or angle) sets

{ys}i\;l - S* ! and {és}i\;l C Sn717
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which satisfy that g - 2, = 0, we denote

2 2
(Gs) — . 5 () _ He s 1,27WA (Gs) _ Kt 2 _ Be s
i3 Keds, € 9 s +1\/ k 1 Zsy  Ca D) Ys k 4 Zss

which are the vectors (or points) chosen in the phase space, while £ = 1,2,--- M
and s =1,2,---, N. More precisely, the superscript notation -5 will be referred to
a vector £6%) with the fth length x, and the sth angle ;. Finally, for the inverse
Fourier transform, a numerical quadrature rule can be constructed by a suitable choice
of the weights (%) according to these points & ().

We summarize our reconstruction algorithm below.

Algorithm 1: Reconstruction Algorithm for the Linearized Schroédinger
Potential Problem

Input: {r¢}}l;, {53y, {2}, and o5

Output: Approximated Potential ¢jp, = (M1

1: Set /Bl = 0;
2: For ({=1,2,--- , M (length updating)
3: For s =1,2,--- , N (angle updating)
4: Choose g := exp{i¢‘%*) - 2} and go := Uo| 55
5: Measure the Neumann boundary data d,u of the forward problem (2.1)
given the Dirichlet boundary data go;
6: Calculate the approximated Neumann boundary data g/ = d,u — 9, ug
on the boundary 09;
7 Choose v := exp{i(ie;s> cx} and w = [uov] -l exp{—i&&) .z},
8: Compute Fc](£Y49) & [, g{ vdsq;
9: Update !5+ = cl69) 1 (65) Fle](£469)) w;
10: End
11: Set ¢(f+1i1) .= GN+H),
12: End.

The above Algorithm 1 provides us with a reconstructed potential function ¢,y to
mimic the exact one. The main error between these two potential functions consists of
two parts. The first one is the approximation error because of the discrete and finite
length set and angle sets. The second one is the numerical error of approximated
linearized DtN map A’ in (4.4) where the elliptic equation solvers of large wavenumbers
and the numerical differentiation of the Neumann boundary data may induce some
additional ill-posedness. The error estimate of Algorithm 1 may be carried out by
choosing the length and angle sets following the analysis in [4, 5]. We intend to report
such results in a separate work.

5. Numerical examples. In this section, we provide some numerical examples
verifying the efficiency of the above Algorithm 1. The main computational costs in
Algorithm 1 is Step 5 for the forward problem (2.1) and Step 9 for the inverse Fourier
transform. To avoid the inverse crime, we will use fine grids (for instance, 100 x 100
or 200 x 200 equal-distance points) for the forward problem and a coarse grid (90 x 90
equal-distance points) for the inversion both in the square domain [—1,1]2.
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5.1. CASE 1. In the first case, a circular domain €2 with a radius r = 0.7 and
a simple true potential function ¢ are chosen, which are shown in the upper left panel
of Figure 1. The potential function contains one peak and one valley patterns in the
bounded domain 2. The boundary measurement points on 02 are also presented in
the upper left panel of Figure 1, marked by ”%”. The forward problem grid is 100 x 100
equal-distance points and the inversion grid is 90 x 90 equal-distance points in the
domain [—1,1]2. In Subsection 5.1.3, we will show that one can improve the resolution
of the reconstructed potential function if a finer grid of the forward problem is chosen.

Phase Space

absolute value (log scale)

Fic. 1. Upper left: the true potential function c. Upper right: the nine slope lines in the phase
space. The red "o” represents a sample point € = k§ with k = 10.2 and § = (cos(w),sin(w)) =
(—=1,0). Bottom: Fourier coefficients of the true potential function near the nine slope lines in the
phase space.

5.1.1. CASE 1: General recovery. To realize the Fourier transform F[-], we
use the following sampling points £ in the phase space which are marked by ”*” in
the upper right panel of Figure 1. The modulus of &, that is k = |{], are equally
distributed in the interval [1,50], and the step size is 0.2. The degree of the angle
between two adjacent slope lines is %71’. For example, the red ”o” in the upper right
panel of Figure 1 is a point in the phase space with an angle 7 and a modulus 10.2.
Thus, the coordinate of this point £ in the phase space is (—10.2,0), or k = 10.2 and
§ = (cos(w),sin(m)) = (—1,0), i.e., & = kg. Fourier coefficients of the true potential
function near the nine slope lines are presented in the bottom panel of Figure 1.

By varying different § (or corresponding 2) and different x = || in the given sets,
we obtain different exponential solutions (4.1) (or (4.5)). In particular, we present
two different ug (real part only) in Figures 2 for x < 2k and Figure 4 for k > 2k while
k = 15.2 is fixed. The real part of the corresponding Dirichlet boundary data gq for
the linearized problem are also presented in these two figures. For instance, in Figure
2 (left), the exponential solution ug with a small length x = 8.4 and § = (—0.17,0.98)
is a plane wave indeed. In Figure 2 (middle), we present its Dirichlet boundary data
go- By substituting the Dirichlet boundary data go into the original problem (2.1),
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we obtain the solution u and its Neumann boundary data g; = 0,u, which are shown
in Figure 2 (right). In order to obtain the measurable data g{ of the linearized DtN
map (2.4), we subtract the benchmark solution wg with respect to the solution u in
Figure 3 (left), and measure the linearized data g{ = g1 — 9, up on the boundary 99,
which is shown in Figure 3 (right).

uy with k=15.2, s=8.4 | P go with k=15.2, k=84 15 g = Ou with k=15.2, k=8.4
I % ¥ 7
i1 i3 N % Iy
08 08 A S g b T F P
ty )T L . [ [
NI o oL woff {
08 06 T * - o1 4 !
R o [ [
04 04 h [ [T Pl »o ! Los 3
Lty ! . 5 ] oo D i
02 =02 | LT TS . [ Ix §ooxl 1
Zo BECER Vi z ok da r I
o = R L = okl ke oy
g I | | * i koL EAE LA 1
= 1 I foy = S LR i
02 g-02 PR 1 I i Ty 1k ]
f s d ’ 1 X
04 u.4fg R FEEA T R LR [ § & ol |k
f3 [ I SV oL ' ) i :
06 osf: Trobul TRt 4L i 14 i ‘1
i e R4 ¥ L 10 ! ; i T
08 ruvelf S TR o S T N R VR * ¥ ?
SR RN+ S ¥ S -1
o ¥ or Y ¥ N L 4
0 1 2 3 4 5 6 1 2 3 4 5 6
20 (0 € [0,27]) 9 (6 € [0,27])

Fic. 2. Set k =15.2, k = 8.4 and § = (—0.17,0.98). Left: the exponential solution ug. Middle:
the Dirichlet boundary data go. Right: the Neumann boundary data g1 = Jyu.

| w— up with k=15.2, r=8.4 08 9 = g1 — Byug with k=152, x=8.4
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08 5 g" f‘x& b1
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08 0.06 047 ’»‘?; v % i
‘ % i I t %
04 x Fe K 5 ¥
004 02 ¥ i Fi Fil
~ AT B T
02 5 o4 T X % ok
0.02 & [N ¥ iy Ll
) E° Yo e
£ X f (I X
0.2 L 5 Lox Lo 1o Lol
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0.4 02 () ¥l i +
0. X I 1 X
002 X ) [ Lk
-06 i i 5
004 o4 ¥ W B ki
0.8 * e
I
1 0.06 06 .
1 05 0 05 1 4 1 2 6

3 4
a9 (6 < [0,2x])

Fic. 3. Set k =15.2, Kk = 8.4 and § = (—0.17,0.98). Left: the difference u — ug. Right: the
linearized Neumann boundary data g{ = g1 — Oy uo.

The second exponential solution wg with a large length x = 32.6 and § =
(—0.77,—0.64) is shown in Figure 4 (left) where exponential decay in the direction £ is
observed. The Dirichlet boundary data gy and the Neumann boundary data g1 = d,u
are shown in Figure 4 (middle and right) respectively. The difference between u and
ug, the measurable data g; = g1 — 9, ug of the linearized DtN map are shown in Figure
5. Compared with the moderate linearized difference for x = 8.4 as shown in Figure
3, we observe a large amplitude of the linearized difference in the right panel of Figure
5 for k = 32.6. Such phenomena further yields an unstable calculation of the Fourier
coefficients when x > 2k.

Noticing that the exponential solution v in (4.2) is similar to ug, we use the same
sampling points £ in the upper right panel of Figure 1 for v. However, to illustrate the
difference, for any given wavenumber k and vector £ = kg, the directions of two wave-

vectors ( = 57 + /k? — %2 zand ¢* = 57— /K% — %2 % are not the same. Indeed,
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g with k=15.2, x=32.6 a0 with k=15.2, k=326 g0 = Dyu with k=152, k=32.6
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Fic. 4. Set k = 15.2, kK = 32.6 and § = (—0.77,—0.64). Left: the exponential solution ug.
Maiddle: the Dirichlet boundary data go. Right: the Neumann boundary data g1 = Opu.

u = ug with k=15.2, k=32.6 91’ = g1 — Byug with k=15.2, k=32.6

5"”‘%«%&:%:7
’bg’\’(

Ta 05 0 05 1 o 1 3 4
20 (0 € [0.2])

F1G. 5. Set k =15.2, Kk = 32.6 and § = (—0.77,—0.64). Left: the difference u — ug. Right: the
linearized Neumann boundary data g{ = g1 — Oy uo.

since these vectors obey ¢ - 2 = 0, the wave-vectors (, (* of exponential solutions
ug and v are symmetric with respect to the vector & (or 3). Thus, we could reflect
the pattern of the exponential solution uy with respect to the vector £ to obtain the
pattern of the solution v.

The key step of the reconstruction Algorithm 1 is to compute the value of each
Fourier coefficient Flc|(§) with different ¢ = kg for any fixed k by employing the
formula (4.4). The numerical coefficients are collected in Figure 6 when k = 15.2.
Each curve there represents the recovered value of Fourier coefficients on each slope
of sampling points £ in the upper right panel of Figure 1, while the horizontal axis is
the length interval (0, 50] for x = |£|. We shall emphasize that the chosen wavenumber
k = 15.2 avoids the eigenvalues for the Laplacian operator in the domain Q2. On the
other hand, by choosing a wavenumber %k near the eigenvalues, we may recover a
potential function with lower resolution which will be presented in next subsection.

Finally, we implement the inverse Fourier transform to reconstruct the potential
function ¢. To obtain such a reconstruction, we need to choose a truncated value
K in the phase space such that all the Fourier coefficients with x < K shall be
used to reconstruct an approximant. By choosing different truncated value K = mk
while m = 1,2,3, we collect those reconstructed functions c¢j,, in Figure 7. More
precisely, the dashed lines in Figure 6 highlight those threshold values as k = 15.2,
2k = 30.4 and 3k = 45.6 when k = 15.2. The Fourier coefficients F[c](§) with lengths
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absolute value (log scale)

Fic. 6. Set k = 15.2. The recovered Fourier coefficients F|c|(§) near the nine slope lines in the
phase space.

k = |£| smaller than the threshold values, i.e. k € (0,mk], will be used to generate
Ciny Tespectively. As one can observe, we obtain a stable reconstructed potential
function ¢y with threshold values k and 2k in Figure 7 (left and middle), because
all the Fourier coefficients F(c|() are rather small for k < k or k < 2k. The more
Fourier coefficients when x < 2k, the better resolution of the reconstructed potential
Cinv- On the other hand, if we increase the truncated value to 3k, we observe some
high frequency patterns in the right panel of Figure 7, which are also reflected in
the (blowing-up) Fourier coefficients when « > 2k, see Figure 6, or referring to the
estimate (2.11) in the proof of Theorem 2.1. In current work, we change different
truncated value K = mk, m = 1,2, 3 but in real calculation we suggest to choose the
truncated value K = 2k.

Gy with £=15.2 and & € (0,15.2]

Cye with £=15.2 and & € (0,30.4] €y With k=15.2 and & € (0.45.6]

2000

1000

-1000

-2000

-3000

Bl -0.5 0 05 1

FiG. 7. Set k = 15.2. The reconstructed potential function ciny with different truncated value
K =mk and m =1,2,3. Left: K = 15.2. Middle: K = 30.4. Right: K = 45.6.

We shall note that a large value of the wavenumber k allows us to use more (stable)
Fourier coefficients in the phase space when k < 2k. To visualize such difference, we
presents the reconstructed potential function ¢y, in Figure 8 by choosing k = 5 and
the truncated values K = 5,10, 15 respectively.

5.1.2. CASE 1: Recovery at a large wavenumber near eigenvalues.
In this subsection, we numerically investigate the consequence by choosing a large
wavenumber near eigenvalues for a Laplacian operator in the circular domain €.

A particular choice of such a large wavenumber is & = 12.3625. In Figure 9, we
present the reconstructed Fourier coefficients and the reconstructed potential function
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Cye with £=5.0 and & € (0,5.0]
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Fic. 8. Set k = 5. The reconstructed potential function ciny with different truncated value
K =mk and m =1,2,3. Left: K =5. Middle: K =10. Right: K = 15.

G with £=5.0 and & € (0,10.0

Ciay with k=5.0 and & € (0,15.0]

R -

02
01

Ciny analogously as in the previous subsection by choosing truncated values K = 2k =
24.7250. Noticing that the high frequency patterns appear in Figure 9 (right), we also
observe (blowing-up) Fourier coefficients compared with those in Figures 6.

€y with k=12.3625 and 5 € (0,24.7250
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F1G. 9. Recovery by using the wavenumber k = 12.3625. Left: the recovered Fourier coefficients
Flc](&) near the nine slope lines in the phase space. Right: the reconstructed potential function ciny
with truncated value K = 24.7250.

5.1.3. CASE 1: Finer grids and less Fourier modes. We further focus on
another two numerical aspects enhancing or weakening the resolution of the recon-
structed potential function cjy,y .

The first aspect is the grid of the forward problem. In the above two subsec-
tions, we choose a 100 x 100 equal-distance points grid in [—1,1]2. The chosen grid
may capture some solution patterns if the wavenumber k is small. But when the
wavenumber k increases, for instance from 5 to 15.2, the high frequency patterns
induced by large wavenumbers may not be accurately demonstrated in the grid. To
weaken such difficulty, we consider a finer 200 x 200 equal-distance points grid in
[—1,1]2. By implementing the same approach in the above subsection, we present the
Fourier coefficients and their reconstructed potential function ¢,y in Figure 10 for
k = 15.2 again. As one can observe, the Fourier coefficients of the finer grid become
more accurate in the large length interval (x € [20, 30]) than those of the original grid.
The reconstructed potential functions ¢,y also enhance the resolution (in the peak
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pattern) if we choose the truncated value K = 2k = 30.4, see Figure 10 (right).

€y with k=15.2 and & € (0,30.4]

—+— 0
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06
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- k=152 'yl : 0.4
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d

absolute value (log scale)
3,
i

S
°

Fic. 10. Finer grids. Set k = 15.2. Left: the recovered Fourier coefficients F|c|(§). Right: the
reconstructed potential function ciny with truncated value K = 30.4.

We also investigate the influence of the observation angles, i.e. the limited-angle
slope lines in the upper right panel of Figure 1. In Figure 11, we show the recovered
potential functions with 2, 3, 7 different slope lines by choosing the truncated value
K = 2k and k = 15.2. Compared with the result in Figure 10, we observe that the
more slope lines, the better accurately recovered potential functions, because of the
gained Fourier coefficients. In principle, one can include more angle slope lines to
obtain better resolution.
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FiG. 11. The reconstructed potential function ciny with limited-anlges. Set k = 15.2.
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5.2. Another numerical example. Another example considers a complicate
potential function ¢ in Figure 12 (left) with the same circular domain €. Similar to
the previous example, the same set of the sampling points £ in the phase space is
utilized referring to the upper right panel of Figure 1. For the sake of simplicity, we
skip all the discussion on the reconstruction algorithm but provide the reconstructed
potential function ¢,y with the truncated value K = 2k and & = 5.0, £ = 20.0
respectively in Figure 12 (middle & right). Similarly, we also have chosen a finer
200 x 200 equal-distance points grid in the domain [—1,1]? for the forward problem.
Comparing the reconstructed potential functions ¢,y for £ = 5 and k = 20, we clearly
visualize the improved resolution at the large wavenumber.

G with £=5.0 and & & (0,10.0 Cie With £=20.0 and & € (0.40.0]
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FiG. 12. Left: The true potential function c. Middle and right: its reconstruction ciny with
finer grid, and the chosen truncated wavenumber is 2k while k = 5.0 and 20.0, respectively.

6. Conclusion. The original inverse problem for the Schrédinger potential is
ill-posed and nonlinear (moreover, non-convex). To study stability we prefer to focus
on the most serious difficulty: ill-conditioning and we linearized inverse problem to
avoid additional difficulties with multiple local minima. A numerical solution of the
linearized problem is much faster and more reliable and is quite satisfactory in many
applications.

We demonstrated that recovery of the Schrédinger potential from all boundary
data at a fixed energy/wavenumber is dramatically improving for a larger k. There
is no doubt that this improvement will be more significant when finding more com-
plicated ¢ or using a complete nonlinear problem.

These results promise a better numerical reconstruction of the conductivity co-
efficient in the stationary Maxwell system at higher wavenumbers, as predicted ana-
lytically in [13]. We intend to work on the reconstruction at least in the linearized
version in near future. There are good expectations that such numerical results will
be a solid base for a serious improvement in the electrical impedance tomography
which now suffers from a very low resolution. As known, this type of tomography has
many geophysical and medical applications.
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