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THE GEOMETRY OF AMBIGUITY IN ONE-DIMENSIONAL PHASE
RETRIEVAL

DAN EDIDIN

ABSTRACT. We consider the geometry associated to the ambiguities of the one-dimensional
Fourier phase retrieval problem for vectors in CN*!. Our first result states that the space
of signals has a finite covering (which we call the root covering) where any two signals in the
covering space with the same Fourier intensity function differ by a trivial covering ambiguity.

Next we use the root covering to study how the non-trivial ambiguities of a signal vary
as the signal varies. This is done by describing the incidence variety of pairs of signals with
same Fourier intensity function modulo global phase. As an application we give a criterion
for a real subvariety of the space of signals to admit generic phase retrieval. The extension
of this result to multi-vectors played an important role in the author’s work with Bendory
and Eldar on blind phaseless short-time Fourier transform recovery.

1. INTRODUCTION

The Fourier transform of a vector x € CV*! is the is the polynomial S* — C defined by
N

the formula Z(w) = Z x[n]w™ where we take w = e~*? to be a coordinate on the unit circle.
n=0
Clearly, any vector is uniquely determined by its Fourier transform.

The phase retrieval problem asks if it possible to uniquely recover a vector z € CN*!
from its Fourier intensity function A(w) = |#(w)|>. This problem occurs in many indirect
measurement systems including crystallography, astronomy and optics. For a contemporary
review of phase retrieval in optical imaging see [16].

Unfortunately, this problem is ill-posed. Obviously,  and e’z have the same Fourier
intensity function, as does the vector & obtained by reflection and conjugation since & = Z.
However, even modulo these trivial ambiguities the phase retrieval problem has no unique
solution [6, 15]. In fact, it is known that for given z there are up to 2¥~! vectors modulo
trivial ambiguities with the same Fourier intensity function. These vectors are referred to as
the non-trivial ambiguities of the phase retrieval problem [1} 2].

Example 1.1. Let = = (9/2,—9,—1/2,1). The Fourier transform of x is the polynomial
#(w) =9/2 — 9w — (1/2)w? + w?® and the Fourier intensity function is

Aw) = |2(w)]? = (9/2)w™> — (45/4)w™2 — (73/2)w™ — (73/2)w — (45/4)w* + (9/2)w?.

By normalizing so that the first coordinate is positive real, we can eliminate the scaling
ambiguity. The reflected vector & = (9/2,1, —1/2, —9) has Fourier transform

9/2 4+ w — (1/2)w? — 9u?

x
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which is the complex conjugate of #(w) since @ = w™! for w € S*. The real vectors

zy = (9,-9/2,-1,1/2)
xs = (3/2,-7,13/2,3)
g = (3/2,1,-19/2,3)

all have the same Fourier intensity function as x. and are unrelated by a trivial ambiguity.
In total there are 2 = 8 vectors with positive first coordinate and Fourier intensity function

(9/2)w™> — (45/4)w™2 — (73/2)w ™" — (73/2)w — (45/4)w? + (9/2)w?.

They are {LU, 'j‘,u X1, :1';17 Z2, :1';27 T3, ,’,Ug}
Similarly, the real and complex vectors

z = (9/2,9,1/2,1)
zy = (3/2,3+4i,3/2+8i,3)
zs = (3/2,3—4i,3/2—8i,3)
ze = (9,9/2,1,1/2)

have the same Fourier intensity function
(9/2)w™ + (45/4)w™2 + (91/2)w ™" + (205/2) + (91/2)w + (45/4)w* + (9/2)w?
and are unrelated by a trivial ambiguity.

The discrete ambiguities of the phase retrieval problem can be understand algebraically
as follows: If € CV*! has full support then by the fundamental theorem of algebra we can
factor the polynomial #(w) as Z(w) = zx(w — B1) ... (w — By) for some non-zero complex

N
numbers [1,...,y. (Note that the f3; are all non-zero because zy = (—1)NxNH5i and
i=0

7o, Txy must both be non-zero for z to have full support.) Using the fact that @ = w™! on

S1 the Fourier intensity function factors as

Aw) = Tornw N (w — B1)(w — %) (W= B — 5%)'

In particular, if for each k = 1,..., N we choose v € {f, %} then there is a constant b € C

whose modulus is unique) such that [b N o(w— 7)|? = A(w). Reading off the coefficients
i=1

of the polynomial b [, (w — ) gives a new vector 2’ such that |2/(w)|? = A(w). If we take
Ve = % for all k£ the new vector is the vector & obtained by conjugating and reflecting the
vector x.

By contrast, the 2D and higher phase retrieval problem is known to have a solution for
almost all signals [6, 14]. Precisely almost all discrete functions f: Z% — C are uniquely
determined modulo trivial ambiguities by the Fourier intensity function |f(w,n)|?>. The
reason for the difference is that for generic (in the sense of complex algebraic geometry) f
the Fourier polynomial f(w,n) is irreducible, while in one variable f(w) always factors into
distinct linear factors [13].

Analyzing the possible signals with the same power spectrum naturally arises in systems
theory and digital signal processing. The method of spectral factorization produces a signal
with minimum phase; ie the solution where || is minimized. A similar approach is used
in filter design for more general systems associated to rational functions, where only the
magnitude response is determined [15, Section 5.6].
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However, without other information there is no reason for the minimum phase signal to
equal the desired signal. A goal of this paper is to understand how the possible factorizations
vary with the signal. This question is also related to questions in convex algebraic geometry
involving sums of squares. In our case we are determining how the different ways to express
the non-negative polynomial A(w) = |#(w)|? as a Hermitian square |p(w)|? vary with x. In the
language of [7] we are studying how the rank one extreme points of the Gram spectrahedron
of the non-negative polynomial |Z(w)|? vary as z varies.

To do this we consider the geometry associated to the ambiguities of the one-dimensional
Fourier phase retrieval problem for vectors in C¥*1. Our first results (Theorem 3.3, 3.0))
state that the space of signals has a finite covering (which we call the root covering) where
any two signals in the covering with the same Fourier intensity differ by a trivial covering
ambiguity. In other words, we prove that phase retrieval is possible on the root cover.

Next we use these results to study how the non-trivial ambiguities of a signal vector vary
as the signal varies. To do this we describe (Theorem [A.T]) the incidence variety I consisting
of pairs (z,z’) with same Fourier intensity function modulo global phase. We show that I
consists of N + 1 connected irreducible components, Iy, ..., Iy and that the component I}
is a finite covering of degree (]Z) of the space signals modulo global phase.

Theorem (.8 gives a geometric refinement of an earlier result of Beinert and Plonka [,
Theorem 2.3]. Our result states that the connected irreducible component [}, of the incidence
variety [ corresponds to pairs (x,z') where © = x1 * x9, ¥’ = x1 * &2 for some vectors
r; € CFL 2y € CVN=FL Here o1 * 25 refers to the convolution. (See the notation section for
the definition of the convolution.)

As a consequence, if k # 0, N, then for a generic pair (z,2') € Iy, 2’ is not obtained from
z by a trivial ambiguity. We also prove that if (z,2’) € I, then (x,4') € Iy_; where 2/ is
obtained from 2’ by reflection and conjugation.

As an application we give (Theorem [5.]) a criterion for a real subvariety W of the space
of signals to admit generic phase retrieval. Precisely we prove that if there exists a single
signal wy € W with the property that any w{ € W with the same Fourier intensity function
is obtained from wg by a trivial ambiguity then the generic w € W has the same property.
In other words, the condition that a signal w lies in the subvariety W enforces uniqueness of
generic phase retrieval provided there exists a single signal in W with this property. Examples
of interesting W include subvarieties of signals with a fixed entry or sparse signals [T}, 2].
This result for tuples of signals was our original motivation for writing this paper. It plays
a crucial role in the author’s work with Bendory and Eldar [3] proving that a pair of signals
can be recovered from their blind phaseless short-time Fourier transform measurements using
~ 10N measurements where NV is the length of the signal.

1.1. Notation. To slightly simplify our notation we assume that our signals are vectors
x € CN*! as opposed to vectors in CV which is often used in the literature [I, 2]. A vector
x € CN*! can also be thought of as a function Z — C with support in the interval [0, N].
We use the notation z[n] to refer to the value of this function at the integer n; i.e., if

x = (xg, x1,...,zxN) then x[n| = z, for n € [0, N] and zero otherwise.
If € CV*! then the reflected vector x' is defined by the formula 2'[n] = z[N + 1 — n]
where the indices are taken modulo N + 1; i.e. (zg,21,...,2n) = (To, TN, TN_1, ... Z1).

All signals * € CNV*™! are assumed to have full support. This means that z[0], z[N] are
both assumed to be non-zero. The set of such signals is parametrized by the complex variety
C* x CN~! x C* which we view as a real variety of dimension 2N + 2. Because we work
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in CV*1 the Fourier intensity function | Zg:o z[n]w"|? is a non-negative real trigonometric
polynomial of degree 2N which is uniquely determined by its value at 2N 41 distinct points
on the unit circle.

If 2; € C*! and 25 € CN*+1 then the convolution z; * 25 is the vector in CN*! defined

by the formula
k

(21 *22)[n] = a[flwan — 1].

£=0

1.2. Acknowledgments. The results of this paper were inspired by the papers of Beinert
and Plonka [1} 2] on the topic of ambiguities in Fourier phase retrieval. The author is grateful
to Tamir Bendory for useful discussions as well as to the referees for a careful reading and
many helpful comments.

2. BACKGROUND ON ALGEBRAIC GEOMETRY

2.1. Real algebraic sets. A real algebraic set is a subset X = V(fy,..., f,) C RM defined
by the simultaneous vanishing of polynomial equations fi,..., f, € R[zy,...,zy]. Note that
any real algebraic set is defined by the single polynomial F' = f2 + ...+ f2. Given an
algebraic set X = V/(f1,..., fmn) we define the Zariski topology on X by declaring closed
sets to be the intersections of X with other algebraic subsets of R™. An algebraic set is
irreducible if it is not the union of proper algebraic subsets. An irreducible algebraic set is
called a real algebraic variety. Every algebraic set has a decomposition into a finite union of
irreducible algebraic subsets [4, Theorem 2.8.3].

An algebraic subset of X C RM is irreducible if and only if the ideal I(X) C R[zy,. .., %]
of polynomials vanishing on X is prime. More generally we declare an arbitrary subset of
X C RM to be irreducible if its closure in the Zariski topology is irreducible. This is
equivalent to the statement that I(X) is a prime ideal [4, Theorem 2.8.3].

Note that in real algebraic geometry irreducible algebraic sets need not be connected in
the classical topology. For example the real variety defined by the equation y? — 23 + x
consists of two connected components.

2.2. Semi-algebraic sets and their maps. In real algebraic geometry it is also natural
to consider subsets of RM defined by inequalities of polynomials. A semi-algebraic subset of
RM is a finite union of subsets of the form:

{x e RM;P(z) =0 and (Qi(x)>0,...,Q¢x)>0)}

Note that if f € R[zy,...,z)] the set f(x) > 0 is semi-algebraic since it is the union of the
set f(z) = 0 with the set f(z) > 0.

The reason for considering semi-algebraic sets is that the image of an algebraic set under
a real algebraic map need not be real algebraic. For a simple example consider the algebraic
map R — R,z — 22 This map is algebraic but its image is the semi-algebraic set {z >
0} C R. A basic result in real algebraic geometry states that the image of a semi-algebraic
set under a polynomial map is semi-algebraic, [4, Proposition 2.2.7].

Amap f: X CRY - Y C RM of semi-algebraic sets is semi-algebraic if the graph I'; =
{(z, f(x))} is a semi-algebraic subset of RY x RM. For example the map R>g — Rso,x — /T
is semi-algebraic since the graph {(z,/z)|x > 0} is the semi-algebraic subset of R? defined
by the equation x = y? and inequality > 0. Again the image of a semi-algebraic set under
a semi-algebraic map is semi-algebraic.
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2.3. Dimension of a semi-algebraic sets. A result in real algebraic geometry [4, Theorem
2.3.6] states that any real semi-algebraic subset of R" admits a semi-algebraic homeomor-
phismﬂ to a finite disjoint union of hypercubes. Thus we can define the dimension of a
semi-algebraic set X to be the maximal dimension of a hypercube in this decomposition.
This can be shown to be equal to the Krull dimension of the Zariski closure of X in RM [4]
Corollary 2.8.9]. As a consequence we obtain the important fact that if Y is a semi-algebraic
subset of an algebraic set X with dimY < dim X then Y is a contained in a proper algebraic
subset of X.

2.4. Finite coverings of semi-algebraic sets. Following [9] we say that a map of f: X —
Y of locally connected, connected Hausdorff topological spaces is a finite or ramified cover if
it is open and closed and for all y € Y, f~1(y) is a finite non-empty set. Define the degree of
f to be sup{|f~1(y)|,y € Y} with the convention that that deg f = oo if the supremum does
not exist. A result in point-set topology [5, Theorem 1.10.2.1] states that these conditions
are equivalent to the map f being pmpmﬁ with finite fibers.

In this paper all examples of finite coverings come from group actions. If X is a connected
Hausdorff topological space and G is a finite group acting discretely on X then set of orbits
X /G is also a Hausdorff topological space and the orbit map f: X — X/G is a finite covering.
This follows from a result in general topology [5, Proposition 111.4.2.2] that states if G is
compact (for example finite) then X /G is Hausdorff and the orbit map X — X/G is proper.

If G acts almost freely, meaning that the set of points with trivial stabilizer is dense, then
the degree of f is |G| because the fibers are orbits and the assumption implies a dense set
of orbits has cardinality equal to |G|. A key fact about finite coverings is the following:

Proposition 2.1. Let X ¢ RY, Y C RM be semi-algebraic sets and let f: X — Y be a
semi-algebraic map which is a finite covering. Then dim X = dimY .

Proof. By the semi-algebraic triviality theorem [4, Theorem 9.3.2], Y can be partitioned
into a finite number of semi-algebraic sets Y7, ...,Y, such that f~1(Y;) is homeomorphic to
Fy, xY,, where F, is the fiber over a point of Y,. Since f is a finite cover, F; is a finite
set and we conclude that dim f~1(Y;) = dimY, since two homeomorphic semi-algebraic
sets have the same dimension [4, Theorem 2.8.8]. This also gives a partition of X into a
finite number of semi-algebraic sets of the same dimensions. Since the partition is finite
we necessarily have that dimY = max,dimY; and likewise dim X = max,dim f~}(Y}).
Therefore dim X = dim Y.

O

2.5. Finite coverings and quotients by finite groups in complex algebraic ge-
ometry. We briefly consider finite covers of complex algebraic varieties. A complex alge-
braic subset X C CM is the subset defined by the simultaneous vanishing of polynomials
fi,o.oy fr € Clzq,...,xp]. As in the real case we define the Zariski topology by declaring
algebraic sets to be closed. An algebraic subset which is irreducible is called a variety. Unlike
the real case, any complex algebraic variety is connected [4, Proposition 3.1.1].

TA semi-algebraic map f: A — B is a semi-algebraic homeomorphism if f is bijective and f~! is semi-
algebraic.

2A map f: X — Y of topological spaces is proper if for any topological space Z the induced map
f: X xZ — Y x Z is closed. This is analogous to the notion of universally closed in algebraic geometry.
When X, Y are locally compact this is equivalent to the more familiar notion that the inverse image of any
compact set is compact, [5, Proposition 1.3.7]
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If X is a complex algebraic variety then the ring C[zy,...,xy]/I1(X) is called the coordi-
nate ring of X where I(X) is the ideal of functions vanishing on X. We denote this ring by
C[X]. The ring C[X] is the ring of polynomial functions on X. Because X is irreducible,
I(X) is a prime ideal so C[X] is an integral domain. We denote its field of fractions by
C(X).

Any polynomial map of complex varieties f: X C CM — Y c CM is induced by a ring
homomorphism f*: C[Y] — C[X]. It is defined by the formula f*(h)(z) = h(f(z)) where
h € C[Y]. For more details see [12, Section 1.3].

We say that a map of complex varieties is a finite algebraic cover if the map f* is injective
and C[X] is finitely generated as a C[Y] module. The degree of f is the degree of the
necessarily finite field extension [C(X) : C(Y)]. Any finite algebraic cover f: X — Y of
degree d is also a finite cover in the sense of topology where X,Y are given the subspace
topologies induced by CM and CV respectively. To see this we first note that a finite algebraic
cover has finite fibers [12, Exercise 4.1] and is also projective. Hence, if f: X c CM — Y C
CY is a finite algebraic map of varieties, then X can be identified with a closed algebraic
subset of P* x Y for some s > 0. Since complex projective space can be embedded as a
closed and bounded subset of Euclidean space it is compact [4, Proposition 3.4.11|. Thus
the projection P* x Y — Y is proper as a map of topological spaces. The map f: X — Y
is the composition of a closed immersion with a proper map which implies that it is also
proper.

A finite group G acts algebraically on a variety X if for each g € G the automorphism
X — X, z + gz is a polynomial map. In particular, the group G acts on the coordinate
ring C[X]. A fundamental result in invariant theory [10] states that the invariant subring
CIX]¢ := {h € C[X]|g h = h Vg € G} is a finitely generated algebra, and that C[X] is
a finitely generated C[X]“ module. This means that there is a complex variety Y whose
coordinate ring is C[X]“ and the map X — Y is a finite cover. In addition, if we view Y
as a subset of CV then it can be identified with the set of orbits X/G. As in topology, the
algebraic degree of the finite cover X — X /G equals to the maximal size of an orbit. See
[11, pp 124-126| for more details. A deep result on actions of algebraic groups states that
the set of points whose orbits have maximal size is Zariski open.

3. PHASE RETRIEVAL ON THE ROOT COVERING

To understand the non-trivial ambiguities we pass to an auxiliary variety which we call the
root covering. It parametrizes all orderings of the roots of the Fourier polynomials of signals
in C* x CN=! x C*. The root covering has a bigger group of trivial ambiguities and we
demonstrate that every vector in the root covering is determined modulo trivial ambiguities
from the Fourier intensity function of the corresponding signal.

3.1. The group of trivial ambiguities of the space of signals. We begin by identifying
a group of trivial ambiguities acting on C* x C¥ x C* which preserves the Fourier intensity
function. There is a natural free action of the circle group S' on C* x CN~! x C* where
e acts on a vector x by scalar multiplication. This action of of S! clearly preserves the
Fourier intensity function |Z(w)|?. There is also an action of the group us = {41} where
the non-trivial element (—1) € o takes x to & where & is obtained from z by reflection and

conjugation. The action of us is not free since it fixes vectors z € CN*! with the property
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that where z[k] = x[IN — k]. However, it also preserves the Fourier intensity function since
T =1

The group generated by S' and the conjugation reflection involution is the orthogonal
groupﬁ O(2) = S' x py. We refer to this group as the group of trivial ambiguities of the
phase retrieval problem. In classical Fourier phase retrieval (cf. [I, Proposition 2.1]) shifts
are also considered to be trivial ambiguities. However, we eliminate the shift ambiguity from
the outset by assuming our signals have fixed support [0, N].

The basic difficulty in phase retrieval is that the map

(C* x (CN71) x C*) /(S % pg) — REFH

x +— |T(w)|? is not injective. Indeed the generic fiber has 2V~1 points. The elements of the
fiber are referred to as mon-trivial ambiguities. In this paper we study how the non-trivial
ambiguities vary with the signal.

3.2. The root covering. If x € CN*! with x[N] # 0, then Fourier transform Z(w) =
Zﬁ:o x[n]w™ is a polynomial of degree N on the unit circle. By the fundamental theorem of
algebra we can factor Z(w) = ap(w — f1)(w — B2) ... (w — Bn). If we assume that z has full
support, then z[0] = (=1)NaeB; ... By # 0, so none of the roots of #(w) are 0.

We denote C* x (C*)V parametrizing tuples (ag, 81, ..., 3n) as the root covering of the
space of signals C* x CN~! x C*. The reason for this terminology is that we show in
Proposition B.I] that the map ®: C* x (C*)N¥ — C* x CN~! x C* defined by the formula
(1)

(a07ﬁlv cee 75]\/) = Qo (eN(_ﬁlv R _5]\/)7 eN—l(_ﬁlv SRR _BN)v cee 61(_517 SRR _BN)v 1)
where e, (—/1, ..., —fx) indicates the n-th elementary symmetric polynomial in (—f, ..., =)

is a finite algebraic covering.
By construction, the map ® associates to the (N + 1)-tuple (ag, 51,...,0N) a vector

x = (xg,x1,...,2y) whose Fourier transform factors as
T(w) =ap(w—F1)(w—PF2)...(w—PBnN).
Note that the map ® is multiple-to-one since any permutation of (81, fa, . .., Sx) produces

the same vector.
Proposition 3.1. The map ® is a finite algebraic covering of degree N!.

Example 3.2. Consider the vector x = (9/2,9,1,1/2,1). Its Fourier transform is z(w) =
(w—3t)(w =+ 3t)(w+1/2). The inverse image of z in the root cover consists of the 6 vectors

i o= (1,31,-3t,—-1/2)
iy = (1,31,—1/2,—31)

z3 = (1,-3¢,3t,—1/2)
Fao= (1,-3,-1/2,30)
5 = (1,—-1/2,3c,—31)
T = (1,—-1/2,—3¢,3¢).

Note that N + 1 = 4 in this example.

3The reason we take the semi-direct product rather than the product is the actions of S! and Zy do
not commute. The semi-direct product consists of pairs (A, £1) but the multiplication is non-commutative.
Precisely, that (A, —1)(u, 1) = (AR, —1) while (i, 1)(A,—1) = (A, —1).
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Proof. The map ® is the composition o o 7 where 7: C* x C¥ — C* x CV is the map

(ao, B1,-..,Bn) = (en(=B1, ..., =Bn),- - eil(=Prs ..., —Bn), ao)

and o(zg,x1,...,25) = (TNTo,TNT1,...,ENEN_1,2Zx). The map o is an isomorphism of
complex varieties with inverse given by (zg,x1,...,xN) — (1’0:17]_\,1, :EO:EJ_Vl, . ,xN_lx]_Vl, TN).

The map 7 a finite algebraic cover of complex varieties of degree N! since it is the Sy
quotient map C* x CN — C* x CN where Sy acts by permuting the last N coordinates. This
fact follows from the classical fundamental theorem of symmetric polynomials. It states that
every symmetric polynomial can be uniquely expressed as a polynomial in the elementary
symmetric functions and the polynomial ring is a free module over the ring of symmetric
functions of degree N!. For a reference see |8, Chapter 7, Theorem 3.

Since ¢ is an isomorphism this means we can identify C* x CN~! x C* as the quotient
of (C*)N*! by the action of the symmetric group Sy, where Sy acts by permuting the last
N factors. Since Sy acts with generically trivial stabilizer ® is a finite algebraic covering of

degree N1 O

If we view ® as a map of real algebraic varieties then Proposition 3.1l implies that ® is a
finite covering of degree N! in the sense of real algebraic geometry.

3.3. The group of ambiguities of the root covering. We now consider the group of
ambiguities of the root cover. Precisely we consider a group G acting faithfully on (C*)N+1
such that for all 7 € (C*)N*! with ®(Z) = z and g € G with ®(gz) = 2’ then |7(w)|? =
7' (w)]*.

Theorem 3.3 (The ambiguity group of the root cover). The group G = ST ((M2)N X SN)
is a group of ambiguities for phase retrieval on (C*)NF1,

We refer to G as the root ambiguity group.

Proof of Theorem[3.3. We first describe the Fourier intensity preserving action of G' = S! x
((u2)™ x Sy) on (C*)N*L,

The action of S! is given as follows: If & = (ag, B4, ..., y) then A+ Z = (Aag, B1, ..., On).
The effect of the action of S on ®(7) is to multiply each entry of ®(z) by the scalar A. Since
A € St this does not change the Fourier intensity function.

We now describe the action of (i)Y x Sy. The symmetric group Sy acts by permuting
B1,...,Bn. Since the elementary symmetric polynomials are invariant under permutations
of B1,..., BN, if T € Sy then ®(ag, B1, ..., 0n) = P(ag, Bray, - - -, Brvy), s0 D(7-2) = O(2).

The group (i)™ is generated by elements s; = (1,...,1,—1,1,...1) where the —1 is in
the ith position. The element s; acts on & = (ag, 51, ..., Bn) by

s; - & = (ao|Bli, B, - .. ,@'—1,E_1,ﬁz’+1, 5 BN).

The actions of Sy and Y do not commute since 75,7 = sr#TZ. Thus we have an action
of the semi-direct product of pd x Sy where Sy acts on pd by permutation. (Note that
the action of s is only semi-algebraic because we need to multiply by |a;| in order to ensure
that s? acts as the identity.)
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Let us verify that if 2’ = ®(s; - ) and = = ®(z) then 2/ and x have the same Fourier
intensity function. The Fourier transform of = is Z(w) = ag Hﬁil(w — B;). Thus

|2 (w)[* = lao* H(w —Bi)w™ = B)

while
2(w) = apBi(w = B1) .. (w = Bia)(w = B; N(w = Bis1) - (w— Bw)

SO
[/ (W)[* = lagBi*(w + A1) (@™ + 1) ... (W + Bisa) (W™ + i)

__1 _ _ _ J— _ J—
(w8 Nw™ + B )W+ Bira)(w™ + Bia) - (w+ By) (W™ + B)
Since )
__1 _ _ _ J—
(w+B Nw ' +57) = ﬁ(w LB (w )
we see that the two Fourier intensity functions are the same. Finally, note the actions of
Sy and g do not commute since (75;)% = (s,(;)7)% which corresponds to an action of the
semi-direct product (us)" x Sy where Sy acts on (us)" by permutations. O

Remark 3.4. The characterization of [I, Theorem 2.3] shows that the action of the G covers
all trivial and non-trivial ambiguities of the phase retrieval. Thus Theorem [3.3]is an algebraic
representation of the first statement of [I, Theorem 2.3].

Example 3.5. Consider the vector z; = (1, 3¢, =3¢, —1/2) of Example Its image under
the map ® is the vector (9/2,9,1/2,1) considered in Example [T Its orbit under (1) x Sy
(which is the discrete part of the ambiguity group G when N = 3) consists of 48 vectors.
Let us see how various group elements act on z;.

The element g = ((1, —1, 1), ¢d) moves & to the vector ) = (3,3¢, —(1/3)t, —1/2). Observe
that (1) = (9/2,9,1/2,1) and that ®(z}) = (3/2,3 + 4¢,3/2 + 8¢,3). In the notation of
Example [L1] this is the vector x3.

The element h = ((1,1,1),(12)) moves Z; to the vector 3 = (1,—3¢,3t,—1/2). Here
O(z1) = P(Z2) = (9/2,9,1/2,1). If we apply g to T3 = hZ; we obtain the vector (3, —3¢, (1/3)¢, —1/2)
whose image under @ is the vector xo = (3/2,3 + 4¢,3/2 + 84, 3).

On the other hand if we apply h to the vector ¥} = ¢ we obtain the vector (3, —(1/3)¢, 3¢, —1/2).
The image of this vector under ® is the vector xs.

3.4. Phase retrieval on the root cover. Our next result shows that phase retrieval is
possible on the root coverings modulo its larger group of ambiguities. In other words, every
vector ¥ € (C*)N*1 can be recovered from the corresponding Fourier intensity function up
to the action of the group G = St x (ud x Sy).

Theorem 3.6 (Phase retrieval on the root cover). Every & can be uniquely determined
modulo the root ambiguity group G from the Fourier intensity function of ®(z).
In other words the map (C*)N+1/G — RENT which sends the orbit of & to the coefficients

of the Fourier intensity function of ®(x) is well-defined and injective.

Proof of Theorem[3.4. Suppose that x = ®(z) and 2’ = ®(2’) have the same Fourier intensity
function where = (ag, 51, ...,0n) and o’ = (ag, By, - .., By). We wish to show that Z can
be obtained from 2’ by the action of the root ambiguity group G.
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Expanding out the Fourier intensity functions we have

2w =& (Jao” [T 50 [[(w = 8@ ~5,")

and

N N
~ _ — —1
2 (w)? = w V(g P T [J(w = B)(w =57 ).
i=1 i=1
Since the polynomial ring in one-variable is a unique factorization domain we must have that
— — . ——1 —1 ——1 —1
|aol* T Bi = [ap|* 1 5] and an equality of sets {81, B; ... Bn, By } = {81, 81 +---, B B'w }-
Hence after reordering the fi,..., By, which corresponds to applying a permutation to Z,
we may assume that 3/ € {Bi,ﬁi_l}. Let S be a subset of {1,..., N} such that 8] = E_l if
i € Sand B = g if j € S° (Note that S is uniquely determined if and only if none of the f;

lies on the unit circle.) Let s = [[;cg 8- Then sz’ = (af [[,cq Bi_l, B1,...,Bn). Since ®(sz’)

and (%) have the same Fourier intensity function, we conclude that |aj [];cs B; 1| = |ao.
Hence there is a scalar A € S! such that Asz/ = . O

Remark 3.7. Theorem is an algebraic characterization of the second statement of [I]
Theorem 2.3]. That theorem would then imply that any two roots with the same Fourier
intensity function can only differ by an action of the root ambiguity group.

3.5. The Fourier intensity map for signals modulo trivial ambiguities. The space
of signals modulo trivial ambiguities is the quotient of the variety C* x CN~! x C* by the
group S X py. Since C* x CVN~1 x C* is the quotient of C* x (C*)Y¥ by Sy we can realize
the quotient of C* x CV~! x C* by its group of ambiguities as a quotient of the root cover
C* x (C)N.

Proposition 3.8. The space of signals modulo trivial ambiguities (C* x CN=1 x C*) /S x po
is homeomorphic to the quotient of (C* x (C*)N) by a subgroup H of the root ambiguity group
G of index 2N~

Proof. Let H be the subgroup of G = S* x (ul x Sy) consisting of triples (), s, 7) where
AeStreSyands=(1,...,1)ors=(—1,...,—1). Since (=1,...,—1)and (1,...,1) are
invariant under the action of permutations, this subgroup is isomorphic to the semi-direct
product S* x (uy x Sy). Moreover, the group Sy acts trivially on S! so this semi-direct
product is the same as Sy x (S! X p9). In particular, Sy is a normal subgroup. Taking the
quotient by the action of Sy produces C* x CN~! x C* with a residual action of the quotient
group St X puy.

To complete the proof of Proposition B.8 we need show that the involution of C* x CN~1! x
C* coming from (—1) € ps is the involution x — &. This follows from the following lemma
proved in [2].

Lemma 3.9. [2, Lemma 2.5| If fy,..., Oy are the roots of #(w), then the roots of Z(w) are
——1 —1

BB
U

Remark 3.10. One might hope that there is a larger group G of ambiguities acting on
C* x CN=1 x C* such that the Fourier intensity function is injective modulo this group. Such
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a group would necessarily be a quotient of the root ambiguity group G by the symmetric
group Sy. However, H is not a normal subgroup of the full root ambiguity group G so the
quotient G/H is not a group. There is a map of quotients

(C* x CN7 = C)/(S" x pp) = (C* x (CHN)/H — (C* x (CHM) /G

which is a G/H covering. This is a finite covering of connected, irreducible semi-algebraic
sets degree |G/H| = 2N~ corresponding to the 2¥~1 vectors modulo trivial ambiguities with
the same Fourier intensity function.

Precisely, the Fourier intensity map (C* x (C*)V)/H = (C* x CN=t x C*)/(S* x py) —
R2H! factors as

(C% x CN-1 % C)/(S" X j13)
(€ x <<CX>N>/G\ RY,

where the bottom arrow is injective and the diagonal arrow is a finite covering of degree
o2N-1,

4. THE INCIDENCE VARIETY OF AMBIGUITIES

Let X be the quotient of the space C* x (CN__1 X C* by the the free action of S1. The semi-
algebraic map (ag, a1 ...,an_1,ay) — (Jaol, %al, o |Z_8\CLN) identifies X with the semi-
algebraic variety Rog x CN¥=1 x C*. The space X is the space of equivalence classes of
signals modulo global phase. Since S! is a normal subgroup of S x py there is an action of

po on X. If € X is represented by (ag,ay,...,an_1,ay) with ag € Ryg, then (—1) - x is

represented by the vector (ag,ay,...,a).
Let I C X x X be the subset of pairs (z,z’) of equivalence classes of signals such that
|2(w)]? = |2/(w)]?. We call I the Fourier intensity incidence correspondence. Since I is

defined by real algebraic equations we say that I is a real algebraic subset of the semi-
algebraic set X x X. The goal of this section is to describe the decomposition of I into
irreducible components.

Theorem 4.1. (i) The real algebraic subset I C X x X decomposes into N + 1 irreducible

components Iy, ..., Ix each of which is connected.
(ii) The projection I, — X is a finite cover of degree (]:)
N
N
(iii) The total degree of the map I — X 1is Z (k) =2V and Iy and Iy are both isomor-
n=0

phic to X as semi-algebraic sets.

(iv) There is an additional action of us on I given by (x,2') — (x,2"). Under this action
Ik — [N—k'

(v) If (x,2") € Iy ~ (I N (Lo U 1,,)) then z’ is not obtained from x by a trivial ambiguity.

Remark 4.2. We denote the union Uk#o ~ I by I°. The generic point of I° is a pair of

S'-equivalence classes (z,2') such that |#(w)|?> = |2/(w)|? but 2’ is not obtained from z by a

trivial ambiguity:.

Remark 4.3. For a generic vector # € CN*! there are, modulo trivial ambiguities, 2V~1

vectors 2’ such that |#(w)|? = |2/(w)|?. This follows from our result since the finite covering
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(I/Zy) — X has degree 2V /2 = 2V=1 50 the generic fiber has 2V =1 points. The 2V~! points
are partitioned into [(/N + 1)/2] components corresponding to the possible non-equivalent
convolutions z; * 5 with z; € C*1, 2z, € CN7FF1. See Section for further discussion.

4.1. The incidence correspondence on the root covering. To prove Theorem [4.1] we

again pass to the root covering.
Let X be the quotient of C* x (C*)Y by the free action of S on (C*)V*! given by

e (ag, By, ..., Bn) = (¢¥%ag, Bi, ..., Bx). The semi-algebraic map
(a0, B1, .-, Bn) = (laol, B1, - - -, BN)

identifes X with Roq x (C*)V

The map ® is S'-equivariant where S* acts on (C*)V*1 and C* x CV~1 x C* as above. The
action of Sy also commutes with the S* action. Hence there is an induced map ®: X — X
which identifies X as the quotient of X by Sy.

As a consequence of Proposition B.I] we have

Proposition 4.4. The map ® is a finite algebraic covering of degree N U
Let I be the following subset of X x X:

~ N N ——1
I={(@ = (a0, f1,-., Bn), ¥ = (ag, By, - ... By)| [2(@)* = |/ () [* and Vn 5], € {B, B }}
where 2 = ®(#) and 2’ = ®(#'). We refer to I as the root incidence variety. Again I is a
real algebraic subset of the semi-algebraic set X x X.

Proposition 4.5. The incidence I decomposes into 2N irreducible components each iso-
morphic via a semi-algebraic isomorphism to X embedded as the diagonal in X x X. In
particular, each trreducible component is connected.

Proof. Let & = (ag, B1,...,0n) and o' = (a}, B, ..., %) be vectors in X and let © =
(ag,ai,...,an) and ' = (aj,al,...,ad)y) be their images in X. By the proof of Theorem
we know that |#(w)|? = |#(w)|? if and only if after possibly reordering the 3; there

exists a subset S C {1,..., N} such that g/ = E_l for i € S and B] = B; if i € S° and
1Y, % = (ao/a))2.

Hence I is the union of 2V closed real algebraic subsets indexed by subsets of {1,..., N}.
Specifically if S is a subset then we let

N
Is = {(ag, B, ... Bx), (a), B, ..., By)|B. = B; ' forie S, B = p; forj ¢ S,H% = (ap/ap)*}.

Each of the Ig is connected and irreducible because there is a semi-algebraic isomorphism
X — I and X is connected and irreducible. The isomorphism is given by the formula

(a0a61a"'75N) = ((a0a617"'>5N)7(GOaﬁla--'aﬁN))
where 3/ = B; ifz'GS,ﬁfzﬁiifigéSand
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Remark 4.6. Note that the [gN T 5 can be identified with the real subvariety of X consisting
of tuples & = (ag, By, ..., fn) where ;] =1 for i € (SUS) ~ (SN S’). Hence Nglg can be
identified with Ry x (S1)¥, corresponding to vectors all of whose Fourier roots lie on the
unit circle.

4.2. Proof of Theorem (4.1l To prove the theorem we need to understand the images in
I of the irreducible components Ig of I.

Lemma 4.7. The image of Is equals the image of Iy if and only |S| = |5|.

Proof. If | S| = |S'| then there is a permutation 7 € Sy such that 7(S) = 5". Under the
diagonal action of Sy on I given by

7 ((ag, Br, - -+, Bn), (ag, 81, - - -, By)) = ((ao, Brary, - - -, Browy)s (af)aﬁ;u)a---aﬁ;(zv)))

I is mapped to Is. Since the map I — I obtained by restricting ® x ® to I is Sy invariant,
it follows that I, s and I s have the same image in I.

Conversely suppose that |S| # |S’|. Without loss of generality we may assume that
|S] < |S']. Also we can find a permutation 7 such that 7(S) is a proper subset of 7(S5’).
Applying another permutation allows us to assume that S = {1,...,k} and 8" = {1,...,}
with [ > k.

If By, ..., Bn are chosen to be distinct and none of them lie on the unit circle (for example
we can take the §; to be positive real numbers more than 1) then the image of the pair

(jail) = ((aOaﬁla .. '751\7)7 (aE)?E_la .. '7E_1aﬁl+17' .- aﬁN)) S jS’

is not in the image of Is. Likewise,
—1 ~

(#,7') = ((ao,ﬁl,...,ﬁN),(ag,E ,...,E‘l,ﬁkﬂ,.”,@v)) e I

is not in the image of Ig.

O

Proof Theorem[Z-1. (i) Since each Iy is irreducible and connected, their images are irre-
ducible so I consists of N + 1 irreducible and connected components Iy, ..., Iy where I} is
the image of I for any subset S C {1,..., N} such that |S| = k. (This includes the empty
set.)

subset with |S| = k then the map Is — I, — X has degree N1 since Ig is homeomorphic to
X. Two general elements of I have the same image in I if and only if there is a permutation
7 € Sy such that 7(5) = S and 7(5°¢) = S°. Hence Iy may be identified with the quotient of
I s by a subgroup of Sy isomorphic to S x Sy_i. Hence the degree of of the map I g — I
is kI(N — k)!. Since the degree of a finite map is multiplicative it follows that the degree of

the map [ — X equals to 7k!(]]\>fik)! = (]IX)

(iv) The involution (order two automorphism) of I given by
((a()’Bl’ cee 75N)7 (a67 Biv s 7ﬁ§V)) = ((CLOu Bla e 7BN>7 (aE)E/ o -B_va (Fl)_lv R (FN)_1>>

takes Ig — Ige. Given (@,7) € I, let (&,2') be its image under the involution. If (z,2')
is the image in I of (#,2’) then the image in I of (z,4') is (z,4") where @’ is obtained by
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conjugation and reflection. If |S| = k then |S¢| = |N — k|, so we see that [, — [y_j under
the involution (z,2’) — (x,4’).

(v) Given z € X, let 1, ..., Bn be the roots of the Fourier polynomial z(w). For generic z
none of the roots fy,. .., By lie on the unit circle. If (z,2') € I, and 51, ..., By are the roots

of #’(w) then there is a subset S C {1,..., N} such that g/ = E_l for i € S and B! = j; for
1 € S° If none of 3,...0y lie on the unit circle in the complex plane, then by Lemma [3.9]
x' # & unless S = {1,..., N} meaning |S| = N. Hence if 0 < k < N then for a generic pair
(x,2") € I, ' # x and 2’ # 7. O

4.3. Characterization of the components of I in terms of convolution. In [I, Theo-
rem 2.3|, Beinert and Plonka prove that two signals x and y have the same Fourier intensity
function if and only if there exist finite signals x1, x5 such that = z1 x 25 and y = Axq % 25
for some A € S*.

Their result can be made more precise by using our analysis of the irreducible components
of the incidence variety.

Theorem 4.8. The component I, C I parametrizes all pairs of equivalence classes (z,x')
such that there exist vectors 1 € CF zy € CN7FHL such that © = x1 x x5 and &' = 11 * 2.

Proof. If = x1 x x5 then &(w) = 21 (w)@2(w). Thus if #1(w) = ag(w — B1) ... (w — Bx) and

Zo(w) = ap(w — Bry1) - - (w — BAN_k then #(w) = (agapw ™) (w — Fi) ... (w_jlﬁN). .
Similarly if 2’ = 1 xd5 then a/ = (Bgy1 ... Bv—i)(wW=01) ... (wW=Bk)(W—=F41) - (W=Fx ).

Hence (z,2') € Ix. The converse is similar. O

Remark 4.9. Theorem (.8 above says that we can identify I; with the image of CF+! x
CN=*+1 under the map (z1,2) = ((z1 % T2), (z1 * 2)).

5. PHASE RETRIEVAL FOR VECTORS SATISFYING AN ALGEBRAIC CONDITION

We can use our description of the incidence variety to prove that the generic vector satis-
fying any algebraic constraint can be uniquely recovered from its Fourier intensity function,
provided there exists one such vector. Examples include vectors with a fixed entry or sparse
vectors. This technique for multi-vectors played a crucial role in the paper [3] on STFT.

Theorem 5.1 (Phase retrieval for vectors satisfying an algebraic condition). Let W C X
be a real subvariety of X and suppose that there exists a point wg € W such that for all
(wo, wh) € T Hwo) N (IoUIx), wy & W a generic w € W can be recovered up to global phase
from its Fourier intensity function | (w)|?.

If the condition holds for all (wo, w}) € 7 (wo) \ Iy then a genericw € W can be recovered
up to trivial ambiguities. Here w: I — X is the projection onto the first factor.

Proof of Theorem. Let I° = I~ (Iy U Iy). Since I° is closed the map I° — X is still finite.
Let Iyy = I° N (W x W) be the real algebraic subset of I° consisting of pairs (w,w’) with
w,w’ both in W. The image of Ij;y under the projection m: I — X is the set of w € W
which cannot be recovered up to trivial ambiguity from | (w)?|. We will show that W ~ Iy,
is Zariski dense.

By assumption there exists wy € W such that for all pairs (wq,w)) € I°, w) ¢ W. This
implies that W x W intersects each irreducible component of 7=*(W) in a proper algebraic
subset. Hence, dim Iyy < dim7~}(W) = dim W. Thus, dim7(ly) < dim W so 7w(Iy) is



THE GEOMETRY OF AMBIGUITY IN 1D PHASE RETRIEVAL 15

contained in a proper algebraic subset of W. Hence the complement of 7(Iy) is dense in
the real Zariski topology on W. U

5.1. Imposing uniqueness with additional conditions. Using Theorem [5.1lwe can show
that a signal can be recovered modulo trivial ambiguities from the Fourier intensity function
and the absolute value of a single entry. We illustrate with the following Corollary which
is also proved in [I, Corollary 4.4]. See the paper [2] for more conditions which impose
uniqueness.

Corollary 5.2. [1, Corollary 4.4] For generic x € C* x CN=! x C* the system of equations
W) = [2w)?
[2'[N]| = [=[N]|

has a unique solution modulo global phase. If x'[N] = z[N] then the solution is unique.

Proof. Let |z[N]| = a with a > 0. By Theorem [ it suffices to find a single vector x with
z[N] = a such that for all (z,2’) € 771 (z) N (I \ [y U Iy), |2/[N]| # a.

We do this as follows: Let z = (d/,0,...,0,a) with ¢’ > 0 and not equal to a. The
Fourier polynomial Z(w) = @ + aw® so |T(w)?| = (a® + (a')?) + (ad )" + (d'a)w™N. If
x' = (ag, . ..,ay) has the same Fourier intensity function then apay = ad’. If |ay| = a then
lag| = a’. But the constant coefficient is |ag|? + ... |ay|* = a”® + a* so we conclude that all
other entries in 2’ are 0. Hence, up to global phase 2’ = (ay,0,...,0,a). But apa = aa’ so

ap = d'; ie &' = x. O

5.2. Imposing uniqueness for multivectors. Theorem [B.1] can easily be generalized to
multi-vectors. It is this form of the theorem that was used in [3]. Given positive integers,
Ny, ..., Ny let X[n] = CM»T1/St Let I[n] € X[n] x X[n] be the incidence variety and let
w[n]: I[n] — X[n| be the projection to the first factor. Let X = X[1] x ... x X[m] and
I = I[1] x ...I[m] be the product of the incidences. Finally let 7: I — X be the product of
the projections m[n].

Theorem 5.3 (Imposing uniqueness for multivectors). Let W be an irreducible algebraic
subset of X. Suppose that there exists an m-tuple of vectors wy € W such that for all
(wo, wpy) € 7 H(w), wp is not obtained from wy by a trivial ambiguity. Then the generic
m-tuple w € W can be recovered (up to phase) from the Fourier intensity functions of its
component vectors.

Proof. We use the same argument as in the proof of Theorem [5.1] to show that the set of
w € W that cannot be recovered from their Fourier intensity function has strictly smaller
dimension than . U

Example 5.4. 3| Proposition B.1| In [3] we consider the problem of giving lower bounds
on the number of measurements required for blind phaseless STFT for signals of length
N, windows of length W and step size equal to L. The main result of that paper is that
~ 10N measurements are sufficient for generic signal recovery modulo ambiguities and this
is independent of the step size or window length.

As part of the proof we need to show that a generic triple (y1,y2,ys3) in the subvariety
Z C CHHL x C2E+L x €3+ defined by the system of quadratic equations

{nilnlys[L + n| = ya[n]ys[L 4+ n]}p—o,...L
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is uniquely determined up to global phase by the Fourier intensity functions of the vectors
Y1,Y2,y3 . By Theorem it suffices to explicitly demonstrate one triple (y1,v2,y3) € Z
which is uniquely determined by the Fourier intensity functions of the vectors y1, yo, y3.
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