arXiv:1812.02919v1 [stat.ML] 7 Dec 2018

When Bifidelity Meets CoKriging: An Efficient Physics-Informed
Multifidelity Method

Xiu Yang*!, Xueyu Zhu'?, and Jing Li*!

! Advanced Computing, Mathematics and Data Division, Pacific Northwest National

Laboratory, Richland, WA 99352
?Department of Mathematics, The University of lowa, Iowa City, IA 52242

Abstract

In this work, we propose a framework that combines the approximation-theory-based multifi-
delity method and Gaussian-process-regression-based multifidelity method to achieve data-model
convergence when stochastic simulation models and sparse accurate observation data are available.
Specifically, the two types of multifidelity methods we use are the bifidelity and CoKriging meth-
ods. The new approach uses the bifidelity method to efficiently estimate the empirical mean and
covariance of the stochastic simulation outputs, then it uses these statistics to construct a Gaussian
process (GP) representing low-fidelity in CoKriging. We also combine the bifidelity method with
Kriging, where the approximated empirical statistics are used to construct the GP as well. We prove
that the resulting posterior mean by the new physics-informed approach preserves linear physical
constraints up to an error bound. By using this method, we can obtain an accurate construction of
a state of interest based on a partially correct physical model and a few accurate observations. We
present numerical examples to demonstrate performance of the method.

Keywords: physics-informed, Gaussian process regression, CoKriging, multifidelity, bifidelity, error
bound.

1 Introduction

Gaussian process (GP), a widely used tool in statistics, and machine learning [7, 37, [40], has become
popular in probabilistic scientific computing. GP regression (GPR), also known as Kriging in geostatis-
tics, constructs a statistical model of a partially observed process by assuming that its observations are
a realization of a GP. A GP is uniquely described by its mean and covariance function (also known as
kernel). Its variant, CoKriging, was originally formulated to compute predictions of sparsely observed
states of physical systems by leveraging observations of other states or parameters of the system [39] [19].
Recently, it has been employed for constructing multi-fidelity models [I7, 23], 33], and has been applied
in various fields, e.g., [22, [I, 30]. In the widely used stationary Kriging/CoKriging method, usually
parameterized forms of mean and covariance functions are assumed, and the hyperparameters of these
functions (e.g., variance and correlation length) are estimated by maximizing the log marginal likelihood
of the data.

Recently a new framework, physics-informed Kriging (PhIK)/physics-informed CoKriging (CoPhIK),
was developed for those applications where partially correct physical models along with sparse observation
data are available [49] 46]. These physical models are constructed based on domain knowledge, and they
include random variables or random fields to represent the lack of knowledge (e.g., unknown physical law,
uncertain parameters, etc). The PhIK/CoPhIK framework combines the realizations of the stochastic
physical model with the observation data to provide an accurate reconstruct of the state of interest on
the entire computational domain. These realizations are then used to approximate mean and covariance
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in the PhIK/CoPhIK framework. The most popular approach of obtaining model realizations is the
Monte Carlo (MC) simulation, and it can be replaced by more efficient approaches to estimate mean
and covariance, e.g., quasi-Monte Carlo [29], probabilistic collocation [42] [45], Analysis Of Variance
(ANOVA) [25] 7], compressive sensing [4, 48], and the moment equation method [41].

It is worthy to note that the aforementioned approaches rely on single a fidelity solver. For large scale
applications, the computational cost can still be prohibitive if a large number of samples are required. In
many practical problems, low-fidelity models for the underlying problem are often available, and it is much
less expensive to obtain the realizations of these models. Even though their accuracy is not high, they can
still capture some important physics of the underlying models with low computational cost. Therefore,
it is highly desirable to utilize the computational efficiency of low-fidelity models to reduce the overall
computational cost. Many multifidelity algorithms have been developed based on different principles in
different contexts. These include (a) multi-level Monte Carlo (MLMC) [10, 2], which is already used
in PhIK and CoPhIK to reduce the computational cost [49] [46]; (b) meta-models through GP, i.e.,
CoKriging [17, 43, [34]; (c) variance reduced based approaches, i.e., control-variate based approach [32],
importance sampling [31]; and (d) model discrepancy based approaches [28] [5]. Another trend in the
context of uncertainty quantification is to explore the parameter space by using a large number of low-
fidelity samples to identify a small set of important basis, then learn the “best” approximation rule of
the target high-fidelity solution or its statistics based on the selected basis [27, 51l [50, [6]. Previous
works demonstrated its potential to significantly reduce the computational cost for various applications
by utilizing O(10) high-fidelity simulations, including combustion modeling [26], orbit-state uncertainty
propagation [I5], molecular dynamics simulations [36], and turbulence modeling [I4], to name a few.

In this work, we propose to employ the multifidelity approaches presented in [27] [51] to accelerate the
computation of PhIK and CoPhIK. For demonstration purpose, we consider the bifidelity model in this
work, and the proposed framework can be implemented in multifidelity (more than two fidelity) models.

2 Methodology

In this section, we begin by reviewing the general GPR framework [44], the Kriging and CoKriging
methods with stationary kernel [7], the PhIK [49] and CoPhIK [46] methods, and the bi-fidelity approach
[51]. Then, we introduce the bi-fidelity-aided PhIK and CoPhIK methods.

2.1 GPR framework

We denote the observation locations as X = {&®1Y | (2() are d-dimensional vectors in D C RY) and
the observed state values at these locations as y = (y,y®, ..., y™)T (3 € R). For simplicity, we
assume that y(¥) are scalars. We aim to predict y at any new location * € D. The GPR method assumes
that the observation vector y is a realization of the following N-dimensional random vector that satisfies
multivariate Gaussian distribution:

Y = (Y(a;<1>),Y(m<2>), o ,Y(:c(N)))T,

where Y (x(?) is the concise notation of Y (z(?;w), and Y (x();w) is a Gaussian random variable defined
on a probability space (2, F, P) with w € Q. Of note, 2" can be considered as parameters for the GP
Y(,-): D x Q — R, such that Y(z®,.) : @ — R is a Gaussian random variable for any =) in the set
D. Usually, the GP Y (z) is denoted as

V(@) ~ GP (u(x), k(z, x')), (2.1)
where u(-) : D = R and k(-,-) : D x D — R are the mean and covariance functions:

w(@) = E{Y (@)}, (2.2)
k(x,a') = Cov {¥ (2),Y(2')} = E{(Y(2) — n(@))(Y (2) — u(@))} . (2.3)

The variance of Y (x) is k(x, x), and its standard deviation is o(x) = \/k(x,x). The covariance matrix
of random vector Y, denoted as C, is defined as C;; = k(zV,2(?)). Functions p(x) and k(z,x’) are



obtained by identifying their hyperparameters via maximizing the log marginal likelihood [44]:
1 1 N
lan—E(y—u)TC_l(y—u)—§ln|C|—Eln27r, (2.4)

where gt = (u(x™M),...,2N))T. The result of GPR is a posterior distribution y(z*) ~ N (g(x*), §2(z*))
for any «* € D, where

§(@*) = pa") + c(x*) CHy — ), (2.5)
o*(z") — c(z*) ' C 7 e(z"),

and ¢(z*) is a vector of covariance, i.e., (c(x*)); = k(x®, z*). In practice, it is common to use §(x*) as
the prediction, and §2(x*) is also called the mean squared error (MSE) of the prediction because §%(z*) =
E{(9(z*) — Y(x*))?} [7]. Consequently, §(x*) is the root mean squared error (RMSE). Moreover, to
account for the observation noise, one can assume that the noise is independent and identically distributed
(i.i.d.) Gaussian random variables with zero mean and variance 62, and replace C with C + §%I. In
this study, we assume that observations y are noiseless. If C is not invertible or its condition number is
very large, one can add a small regularization term al (« is a small positive real number) to C, which is
equivalent to assuming there is an observation noise. In addition, § can be used in global optimization,
or in the greedy algorithm to identify locations of additional observations. Specifically, in the greedy
algorithm, the new observations can be added at the maxima of §, see Appendix [A] for details.

2.2 Kriging and CoKriging with stationary kernel

In the widely used ordinary Kriging method, a stationary GP is assumed [18]. Specifically, p is set as a
constant u(x) = p, and k(z,z’) = k(T), where 7 =  — «’. Consequently, o?(z) = k(z,z) = k(0) = o2
is a constant. Popular forms of kernels include polynomial, exponential, Gaussian (squared-exponential),
and Matérn functions. For example, the Gaussian kernel can be written as k(7) = o2 exp (—3 ||l — @'[|2),

d N 2
x; —
where the weighted norm is defined as ||x—'||? = Z <llz) . Here, l; (i =1,...,d), the correlation
i=1 i
lengths of y in the ¢ direction, are constants. Given a stationary covariance function, the covariance
matrix C of Y can be written as C = 62 ®¥, where ¥;; = exp(—3 2 —2()|2). In the MLE framework,
the estimators of y and o2, denoted as i and &2, are

PR s PCRN i VO MR S (R T 2.7)
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where 1 is a constant vector consisting of 1 [7]. The hyperparameters o and [; are estimated by max-

imizing the log marginal likelihood in Eq. . The §(z*) and 32(x*) in Eq. (2.5 . take the following
form:

Ga*) = i+ O (y — 1), (2.8)
Far)=6>(1—y T ey), (2.9)
where ¥ = 1(x*) is a vector of correlations between the observed data and the prediction, i.e., ¥; =

1 ] *
Fk(m’(z), i )
Next, we briefly review the formulation of CoKriging for two-level multifidelity modeling. Suppose

P
that we have high-fidelity data (e.g., accurate measurements of states) yy = (yg), . ’yEtINH)) at
; _ [ fdeli : on results) ur — (oD (N1)
locations Xpy = {x) , and low-fidelity data (e.g., simulation results) yr = (vy;’,.... ¥y} at

i=1

N ~
locations X = {w(Ll)} L17 where ygq),y(L) € R and w%),:cL € D CR% We denote X = {X, X} and
_ T =
v =(y.yi)
Kennedy and O’Hagan [17] proposed a multifidelity formulation based on the auto-regressive model

for GP Yy (~ GP(pu (), ku(--))):

Yir(@) = p¥y, () + Ya(@), (2.10)



where Y.(-) (~ GP(ur(-),kL(-,-))) regresses the low-fidelity data, p € R is a regression parameter and
Ya(+) (~ GP(pa(-), ka(,-)) models the difference between Y and pYz. This model assumes that

Cov{Yy(z),Y,(z') | Yo(x)} =0, foral ' #x, z,z' €D. (2.11)
The covariance of observations, 6, is then given by

C— ( Cr(Xr, X1) pCL(X1, XH) >
pCrL(Xu, X1) p°CrL(Xu,Xu)+Ca(Xu,Xn))’
where Cr, and Cy are the covariance matrices computed from kr(-,-) and kq(-, -), respectively. One can

assume parameterized forms for these kernels (e.g., Gaussian kernel) and employ the following two-step
approach [8 [7] to identify hyperparameters:

(2.12)

1. Use Kriging to construct Yy, using { X, yr}.

2. Denote yq = yg — pyr(Xu), where yr, (X g) are the values of y;, at locations common to those of
X, then construct Yy using { X, yq} via Kriging.

The posterior mean and variance of Yy at * € D are given by
@) C g —p), (2.13)
+o0%(x*) —é(x*) "C e ("), (2.14)

§(x*) = pu(x") +

2

$(x") = pPoi(a”)

where g (x%) = pur(a*) + pa(@*), o3 (@*) = k, (*,@*), 03(@") = kg(@*, "), and

~ _ (K o W (:lt(Ll))...7M (;L-(LNL)) T
B (quI - (((M;(wg)).”’N;(xEHNH))))T> ; (2.15)
s — (Per@) _ [(ohe(@ @), ok, (27, 20)) |

where ki (x, z') = p?kr(x, ') + kq(x, x'). Here, we have neglected a small contribution to 52 (see [7]).
Alternatively, one can simultaneously identify hyperparameters in kr(-,-) and k4(-,-) along with p by
maximizing the following log marginal likelihood:
~ U e
L =-5@F-p)'CT'Y—p) - 5In[C| -

w In 27. (2.17)

2.3 PhIK and CoPhIK

The recently proposed PhIK method [49] takes advantage of the existing domain knowledge, e.g., ap-
proximate numerical or analytical physics-based models, in the form of realizations of a stochastic model
of the system. Consequently, the mean and covariance of the GP model can be approximated using these
realizations. As such, there is no need to assume a specific form of the correlation functions and solve an
optimization problem for the hyperparameters. These stochastic models typically include random pa-
rameters or random processes/fields to reflect the lack of understanding (of physical laws) or knowledge
(of the coefficients, parameters, etc.) of the real system. Then, MC simulations can be conducted to
generate an ensemble of the state of interest, from which the statistics, e.g., mean and standard deviation,
are estimated.

Specifically, assume that we have M realizations of a stochastic model u(x;w) (x € D,w € Q) denoted
as {u™(z)}M_,, and we can build the following GP model:

Y(z) ~ GP(unic (), kuc(z, z')), (2.18)

where

(2.19)




Thus, the covariance matrix of Y can be estimated as

M
1
C= CMC = (um — /»LMC) (um - uMc)T s (220)
M—-1 =
where u™ = (um(m(l)),...,um($(N)))T, Myc = (uMc(w(l)),...,MMC(:I:(N)))T. The prediction and
MSE at location x* € D are
9(z*) = pvc(z*) + emc(z™) " Cye (¥ — Hvc), (2.21)
(@*) = o3 (@) — emo(a) " Cypemc (@), (2.22)

where 63 (x*) = kmeo(x*, z*) is the variance of data set {u™(z*)}M_,, and
CMc(SC*) = (ko(.’B(l), CB*), ey ko(aZ(N), :Ii*))—r

Similarly, the CoPhIK method uses model realizations to construct Yz, in CoKriging. Specifically, we
set X, = Xpy to simplify the formula and computing, and denote N = Ny = N. We set ur(x) =
uve(zx) and kp(x, ') = kyc(x, ') to construct Yz, where pye and kyc are given by Eq. . The
GP model Yy is constructed using the same approach as in the second step of the Kennedy and O’Hagan
CoKriging framework. Specifically, we set yqs = yg — ppr(Xr). The reason for this choice is that
1z (Xp) is the most probable observation of the GP Y7,. Next, we need to assume a specific form of the
kernel function. Without loss of generality, we use the stationary Gaussian kernel model and constant
ta. Once yq is computed, and the form of pg(-) and k4(+,-) are decided, Yy can be constructed as in
ordinary Kriging. Now that all components of InL in Eq. are specified except for the yr in y.
We set y, as the realization from the ensemble {u™(z)}M_, that maximizes InL. The algorithm is
summarized in Algorithm

Algorithm 1 CoPhIK using stochastic simulation model u(x;w) on D x Q (D C R%), and high-fidelity

observation yg = (3, . .. (M)T at locations Xy = (N

1: Conduct stochastic simulation, e.g., MC simulation, using wu(x;w) to generate realizations
{u™(2)}M_, on the domain D.

2: Use PhIK to construct GP Y, on D x Q, ie., pur(-) = puc(s) and kp(,) = kuc(,-) in
Eq. . Compute ur(Xp) = (uL(a:(Ll)),...uL(m(LN)))T, and Cr(Xp,X) whose ij-th ele-
ment is kL((I:ELZI),wg)) Set CL(XL,XH) = CL(XH,XL) = CL(XH,XH) = CL(XL,XL) (because
X, =Xpg).

3: Denote yq = yu — ppr(X1), choose a specific kernel function k4(+,-) (Gaussian kernel in this work)
for the GP Yy, and identify hyperparameters via maximizing the log marginal likelihood Eq. ,
where y, i, C are specified as yg4, g, Cq, respectively. Then construct g in Eq. , and C; whose
ij-th element is kd(a:g), :c(j))

4: Tterate over the set {u™(x)}M_, to identify u™ () that maximizes In L in Eq. ([2:17), where y, =
(uw™(zM), ..., um (M) 7 is used in .

5: Compute the posterior mean using Eq. , and variance using Eq. for any * € D.

It was demonstrated that PhIK prediction on the entire domain D preserves the linear physical
constraints up to an error bound that relies on the numerical error, discrepancy between the physical
model and real system, and the smallest eigenvalue of matrix C [49]. For example, the deterministic
periodic, Dirichelet or Neumann boundary condition can be preserved. Another type of example is the
linear derivative operator, e.g., Lu = V2u. If u satisfies V2u(z;w) = 0 for any w € Q, e.g., u is the
velocity potential, () from PhIK also guarantees a divergence-free flow field. CoPhIK has the potential
to improve the accuracy of the prediction, namely resulting in a smaller discrepancy between posterior
mean and the exact solution because CoPhIK incorporates observations in constructing the GP model,
while PhIK only uses model simulations. On the other hand, CoPhIK result may violate some physical
constraints because of the choice of Yy kernel [40].



2.4 Bi-fidelity approximation

In this section, we present the bi-fidelity
method, and related error estimates when it is combined with PhIK and CoPhIK.

2.4.1 Algorithm

We briefly describe the bi-fidelity method [27, B1, 50, 26]. We slightly modify the notation u(x;w) as
u(x; z(w)) to denote the stochastic model used in PhIK and CoPhIK. Here, z(w) is the finite-dimensional
random variable or field included in the model, and we denote it as z for simplicity. Subsequently,
2™ = z(w™) is a sample z, and we assume that z™ € I, for any m. Let u}(x) denote the high-fidelity
simulation result for u(x; 2™), e.g., simulation using fine grids or high-order scheme, and u}*(x) denote
the low-fidelity simulation result for u(x; z™), e.g., simulation using coarse grids or low-order scheme. In
PhIK, the mean and covariance functions of GP Y (z) are approximated using u™(z) (see Eq. (2.19)),
which are u%}(x) in the bi-fidelity framework, and so as GP Y7 () in the CoPhIK method. Now, we aim
to approximate these mean and covariance functions using a few v} (x) and a large number of u7*(x), as
such to reduce the computational cost of model simulations. More specifically, the bi-fidelity approach
aims to approximate mean and covariance functions in PhIK and CoPhIK functions using {u7}(x)}M#,
along with {u7]"(x) %il, where My <« My, and My, is M in the original PhIK and CoPhIK formulation.
For brevity, we denote u}’(x) and ufj(x) as u]* and u}}, respectively. We also assume that v} € Vg
and uf' € Vi, where Vg and Vj, are Hilbert spaces with inner product (-,-)m and (-,-), respectively.
Given a collection of parametric sample I' = {z!,..., 2™t} C I,, we introduce the following notations:
up(T) = {wP}Me, | UL(T) = spanuy (T) = span {u;uf}
(2.23)
wn () = {uff iy, U (L) = spanup(T) = span {uly, ... ujf* }.

The procedure of the bi-fidelity algorithm for estimating mean and covariance functions is presented in
Algorithm

Algorithm 2 Bi-fidelity method of computing mean and covariance functions in PhIK and CoPhIK.

1: Conduct the low-fidelity simulations at the sample set I' to obtain realizations ur,(T).

2: Select a subset of samples v = {z%,..., 2*™u } C T, where My < M.

3: Conduct high-fidelity computations at the subset v and obtain the high-fidelity simulation samples,
ug(y) = {u’é, Cupgt }.

4: Construct up(T) = {uk,...,un*} based on ug (7).

5: Compute mean and covariance functions using up(I").

We detail the steps 2 and 4 in Algorithm [2] as follows [27] [51]. Let W be the Gramian matrix of the
low-fidelity simulations wup, (T'), i.e.,

wi = (up,ul)p,  1<id,j < My (2.24)

Applying the pivoted Cholesky decomposition to the matrix W' yields

W=P'LL'P, (2.25)
where L is lower-triangular and P is a permutation matrix due to pivoting. This will produce an
ordered permutation vector p = (i1,...,%ar, ), from which we choose the first My points to define
v = {z",...,2"n}. In practice, we can use a greedy algorithm to identify . In each iteration, we

find the next sample whose corresponding low-fidelity simulation is furthest to the space spanned by
the existing low-fidelity simulation set. Specifically, starting from a trivial initial choice v9 = 0, we let
Vi ={%iys---, %, } CT be the k-point existing subset in I. We then find the (k + 1)-th point by

2 = argmax dist (ur, (; 2), Ur (%)), Vet =y U 2, (2:26)
zel

where, Ur,(vy) = spanur,(vx) = span {ul,...,u%}, the distance function dist(g, G) between the func-
tion g € ur(T') and the space G C UL (T') follows the standard definition. This greedy algorithm can be



readily implemented via simple operations of numerical linear algebra. More details and properties of
the algorithm can be found in [27, [51].

Once the steps 1-3 are accomplished in Algorithm [2] we have sample set T', low-fidelity simulations
ur,(T), the subset samples v C T', and high-fidelity simulations ug (). The next step is a lifting procedure:
we use the best approximation rule of uy, we learned on V, to construct an interpolation operator, then
apply it to V. Therefore, ur(vy) = {u’Ll, . ,uzLMH } forms a linearly independent set. The convergence
of the bifidelity method with respect to My is investigated in [27]. In this work, we set the threshold to
be 10712 in the greedy algorithm presented in [51] such that span ur,(7) is almost the same as span uz,(T).

For any v € U (T") C V, the projection of v on spanwp () is

My )
Prv = Z cjuy . (2.27)
j=1

Then, we define the interpolation operator ZH (v,v) : Vi, — Ug(y) as

Mg
I (v,0) = Y cjufy, v eV, (2.28)

j=1
where Ug () = spanup (7). Subsequently, we construct up(T") as
up =TH(y, ), m=1,...,My. (2.29)

The mean and covariance in PhIK are approximated by replacing u™, where v™ = u%, in Eq.
with ug, and set M = M. The GP Y}, in CoPhIK is constructed in the same manner. We name the
bifidelity-based PhIK and CoPhIK as BiPhIK and CoBiPhIK, respectively.

Here, we roughly compare the computational cost of constructing ug (T') and ug(T') for the sample
set I' of size M. We denote the cost of obtaining one realization of uy and u; with Cy and Cp,
respectively. Therefore, the total cost of obtaining ugy(I') is M Cg. The computational costs of the
pivot Cholesky decomposition and the lifting procedure are negligible when the simulation model is
complicated. Thus, the total cost of obtaining up(T') is approximated M Cr, + MyCpg. Therefore, the

C M
ratio of computational cost for obtaining up(I') and ug(T) is C—L + FH The speedup of bifidelity
H L

approximation over high-fidelity simulation on the data set I' can be significant when Cp <« Cpgy and
Mg <« My,

2.4.2 Error estimate

Because v’y in PhIK and CoPhIK are replaced by u% in BiPhIK and CoBiPhIK, we present error estimate
results to compare the new method with the original approaches. Recalling that «™(x) in Eq.
are ufj(x) used in the bi-fidelity framework and M = My, we denote pnc(x) and kye(z, ') in this
equation as pg(x) and kg (x, x'), respectively. Subsequently, we denote the resulting posterior mean and
variance as g (z) and §% (). Similarly, when using bi-fidelity ensemble up(I") to approximate mean and
covariance functions in Eq. , i.e. replacing ™ (x) with v (x), we denote these two functions as
pp(z) and kp(x, '), and the corresponding results as §p(x) and §%(x). We use || - || to denote the norm
induced from the inner product (-, )y in the Hilbert space Vg, and introduce the following functions:

o1 () = (Ml_ -3 @) —uH<w>2> ,

m=1 (2.30)

1
2

1 M 2
o5(@) = (M — > [ (@) — us(@)] ) ,




and the following constants:

91 = sup ||lug(x; 2) —up(x; 2)||,
z€l,
9o = sup |lug(x;2) — up(x; 2) | oo,

z€l,

| XM , 3
oH<r>:<M_1 %s)—uH(m)n) ,
m=1

1 M 3 (2.31)
op(l) = ( — Z lu (2) — pp(x )Il2> :
SH = (ZU aj(n ) SB - (ZUQB ) 3
Ag =supog(x), Ap=supop(x).
zeD xeD
The following two theorems describe the difference between the results by PhIK and BiPhIK.
Theorem 2.1.
196 () — g(@)|| < C161 + C202, (2.32)
where
C1 =1+255 1G5, ly = mall,
1 2M 2 213 || -1
Cy =VNSuou(@)||CH, 4 2 U1 (St +58)° [|CH ||, ly — mall2 +1 (2.33)
MN 1
+2\ g oH D) [|CE |, ly — sl -
Theorem 2.2.
5% () — 85 (@)l < Cs02, (2.34)
where
2M 1 -
Cy =2/ == (A% + ) {14+ N (A3ICH 1 + VNARARICH 13 + A3ICE ) |- (2:35)

We present the proof of these two theorems in Appendix [B] We note that Theorem uses the Lo,
norm because the greedy algorithm we use to add new observations is based on the maximum of §. The
error estimate in Lo norm can also be derived using the similar procedure in the proofs of Theorems
Moreover, although we present upper bounds in terms of §; and ds, the error estimate is dependent on
the mean and covariance functions constructed by different methods. It is possible that in some cases,
the pathwise difference is large in different methods (i.e., 01 and d5 are large), but the difference between
the mean and covariance functions are small. Moreover, the quantitative error estimate for CoBiPhIK
is also dependent on the kernel function property for Y; and the convexity of the optimization, and it is
not available at this time. Empirically, CoPhIK is more sensitive to the difference between ug (I") and
up (F)

The next two theorems describe how well a linear physical constraint is preserved in BiPhIK and
CoBiPhIK posterior means.

Theorem 2.3. Assume that ||Lupg(x;z(w™)) — g(@)|| < € for any w™ € Q, where L is a deterministic
bounded linear operator, g(x) is a well-defined deterministic function on R%, and || - || is the norm in
V. Then, the posterior mean §p(x) from BiPhIK satisfies

. M _
1£i5(2) - g(@)] < e {1 + 28| 1G5, Iy - uH||2} £ M(Ci6+Cala),  (230)

where My is the bound of L, Cy and Cy are defined in Theorem[2.1}



Proof.
1£95(2) — 9(@)| =[£Llg5(®) = §u(2) + G (@)] — g(2)]|
<|Lgn(x) — g(@)| + [|1£(G5(x) = gu(2))]]
=[1Lgu(x) — g(@)|| + Mcl|gp(2) — gu(2)].
Theorem presents the upper bound of ||gp(x) — g (x)|. The upper bound for ||Lgm(x) — g(x)]]

needs slightly modifying the proof of Theorem 2.1 in [49]. Specifically, by setting g(x;w) = g(x) the last
line in that proof will be

N
A M n
I (@) = 9@l e+ 26/ 57— 3 lanlon(al™) (237)

where
N N 3 /N 3
> lanlon(@™) < (Z ai) (Z G?J(w("))) = |IC4 (¥ — pa)|2Su < ICH l2lly — pall2Sn.
n=1 n=1 n=1

O

Theorem 2.4. Assume that ||Lup(x;z(w™)) — g(@)|| < € for any w™ € Q, where L is a deterministic
bounded linear operator, g(x) is a well-defined deterministic function on R%, and || - || is the norm in
V. Then, the posterior mean §p(x) from CoBiPhIK, in which Yy, is constructed by up (L), satisfies

N M _
1£35(2) - g(@)]| <pe -+ (1 = p)llg(@)] + 208 s 105 Iallye — pesle

N
1Lkl + 1CT e lys = pys = Luallz D ||k, (@, @) + Me(Croy + Cad),
n=1

(2.38)
where C1 and Cy are Cr(X 1, X1) and Cy(Xpy, Xg) in Algom'thm respectively, and M/ is the bound
of L.

Proof.
1£98(x) — g(@)l| < [|L9n(x) — g(x)|| + Mc|g5(x) — gu (2],

where () is the posterior mean by the original CoPhIK method, i.e., {u™(z)}*_, is taken as uz (I') in

Algorithm [1 Then similar to the proof in Theorem we set g(a;w) = g(x) and use Cauchy-Schwartz
inequality to slightly modify the upper bound estiamte of Zﬁle |an|o g () in Theorem 2.2 in [46] to
finish the proof. O

3 Numerical Examples

We present three numerical examples to demonstrate the performance of the proposed methods. The
first two examples are drawn from the previous examples in [46] to compare different methods, and
they are two-dimensional problems in physical space. We denote a reference solution, a discretized two-
dimensional field, as matrix F, the reconstructed field (posterior mean) as F,. We present the RMSE
3, difference F,, — F and relative error |F, — F||¢/||F|lr (|| - |7 is the Frobenius norm) to compare
different methods. Moreover, we adaptively add new observations at the maxima of § (see Appendix
to numerically study the convergence with respect to number of observations. In all three examples, we
use Gaussian kernel in Kriging, CoPhIK, and CoBiPhIK because the fields in the examples are relatively
smooth.

3.1 Branin function

We consider the following modified Branin function [7]:

f(x) = a(y —bz* +cx —r)* 4+ g(1 — p) cos(Z) + g + qx, (3.1)



where © = (z,vy),

z =15z -5, y =15y, (z,y) € D =[0,1] x [0, 1],
and 51 5 1
20 2 L -1 = g=
w2 =7 6, g=10, p 5. 4 5
The contour of f and eight randomly chosen observation locations {(0.1, 0.225),
(0.475,0.2), (0.625,0.5), (0.675,0.55), (0.7,0), (0.775,0.1), (0.8, 0.9), (0.925, 0.9)} are
presented in Fig. [l The function f is evaluated on a 41 x 41 uniform grid.

a=1,b=

300

250

200

150

100

Figure 1: Contours of modified Branin function (on 41 x 41 uniform grids) and locations of eight obser-
vations (black squares).

We assume that based on “domain knowledge”, f(x) is partially known. Specifically, its form is
known but the coefficients b and g are unknown. Then, we treat these coefficients as random fields b
and ¢, and we also modify the second g as g, which indicates that the field f is described by a random
function f :DxQ—R:

f(@w) = a(y — b(@;w)z® + ez — ) + g(1 - p) cos() + § + (@), (32)
where § = 20,
3
b(w;w) = b{0.9 + 072 Z [411_ ] sin((2i — 0.5)mx)E2,—1 (w) + 5 i 1 sin((2¢ + 0.5)7ry)§2i(w)] },

i=1
3

j(x;w) = q{l.O + % Z {41’ 1_ 3 cos((2i — 1.5)mx)&ai45(w) + oy 1_ . cos((2i — 0.5)7ry)§2i+6(w)] },

i=1

and {&(w)}2, are ii.d. Gaussian random variables with zero mean and unit variance. We use this
“physical knowledge” to compute the mean and covariance function of f by generating M = 300 samples
of &(w) and evaluating f on the 21 x 21 uniform grid for each sample of & (w) to obtain realization
ensemble uy, (I'). We set My = 21 to construct v and subsequently evaluate f on a 41 x 41 uniform grid
to obtain ug(v). Finally, we construct up(I') based on ug(y) and ur(T') (Algorithm [2), and use it in
BiPhIK and CoBiPhIK.

It is shown in [49] 46] that Kriging results in inaccurate reconstruction of F by using the eight
observation data. The results of PhIK and BiPhIK are very similar in this case, and we present the
latter in Fig. 2| These results are much better than the Kriging (see also the quantitative comparison in
Fig. @ There are slight difference betwen the results from CoPhIK and CoBiPhIK as shown in Fig.

We then use a greedy algorithm (in the appendix) that acquires additional observations of the exact
field one by one. Fig. [] presents the comparison of PhIK and BiPhIK when eight additional observa-
tions (marked as black stars) are added, which shows a slight difference in the location of additional
observations and small discrepancies between the results. Also, Fig. [5]illustrates the difference between
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(a) BiPhIK F, (b) BiPhIK & (c) BiPhIK F, — F

Figure 2: Reconstruction of the modified Branin function by BiPhIK with eight original observations
(squares).

W ﬂ
8
4
0
-4
8
0 0.2 0.4 0.6 0.8 1
X

(c) CoPhIK F, — F

(d) CoBiPhIK F, (e) CoBiPhIK § (f) CoBiPhIK F, — F

Figure 3: Reconstruction of the modified Branin function by CoPhIK and Co-BiPhIK with eight original
observations (squares).

CoPhIK and CoBiPhIK, and we see more significant differences in the pattern of § and F;. — F' than the
comparison between PhIK and BiPhIK.

Fig. [0] presents a quantitative study of the difference between the posterior mean and the reference
solution with respect to the total number of observation data. The results are consistent with Fig.s
in that the difference between PhIK and BiPhIK is very small while the difference between CoPhIK
and CoBiPhIK is larger. We note that the latter is still very small ranging from O(1073) to O(1072)
depending on the number of observations. This is because ug(I") approximates ug (I') very well in this
case. Specifically, 6; = 0.0279 and J5 = 0.0012.

3.2 Heat transfer

In the second example, we consider the steady state of a heat transfer problem. The nondimesionalized

heat equation is given as

oT
o~V (K(I)VT)=0, zeD, (3:3)

where T'(x, t) is the temperature, and the heat conductivity  is set as a function of T. The computational
domain D is a rectangule [—0.5,0.5] x [—0.2,0.2] with two circular cavities R1(O1,71) and R2(Oz2,73),
where O; = (—0.3,0),02 = (0.2,0),71 = 0.1,ro = 0.15 (see Fig. E[) The boundary conditions are given

11



(d) BiPhIK F, (e) BiPhIK § (f) BiPhIK F, — F

Figure 4: Reconstruction of the modified Branin function by PhIK and BiPhIK with eight original
observations (squares) and eight additional observations (stars).

(d) CoBiPhIK F, (e) CoBiPhIK § (f) CoBiPhIK F,. — F

Figure 5: Reconstruction of the modified Branin function by CoPhIK and CoBiPhIK with eight original
observations (squares) and eight additional observations (stars).

as follows:

T = —30cos(2mx) + 40, xely;
oT

— =-20 Ty
8'", ) HAS 2y
T =30 COS(27T(£L' —+ 01)) —+ 40, T € rg; (34)
oT

— =20 Ty
an ) T e ly;
oT

— =0 Ts.
on ’ TELs
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8 12 16 20 24
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Figure 6: Relative error of reconstructed modified Branin function ||F,. — F|| /|| F|| r using Kriging (“0”),
PhIK (blue “[0”), BiPhIK (black “0"), CoPhIK (blue “¢”) and CoBiPhIK (black “¢”) with different
numbers of total observations via active learning.

The “real” conductivity is set as
k(T) = 1.0 + exp(0.027), (3.5)

and the profile of the steady state temperature is presented in Fig. [} This solution is obtained by the
finite element method with unstructured triangular mesh using MATLAB PDE toolbox, and the degree
of freedom (DOF) is 1319 (maximum grid size is 0.02). The observations of this exact profile (denoted
as F) are collected at six locations {(—0.4,40.1), (—0.05, £0.1), (0.4, £0.1)} (black squares in Fig. (7.

0.2 Fl 70

60

50

0 -« F5 —> 40

I‘2 30

20

-0.2 10
05 03 Fg 02 05 0.4 0.2 2 0.2 0.4

Figure 7: Heat transfer problem. Left: computational domain; right: contours of steady state solution
and locations of six observations (black squares).

Now we assume that due to the lack of knowledge, the conductivity is modeled as
K(T;w) =0.1+£T, (3.6)

where £(w) is a uniform random variable ¢/[0.0012, 0.0108]. Apparently, this physical model significantly
underestimates the heat conductivity, and its form is incorrect. We generate M = 400 samples of £(w)
and solve Eq. on a coarser grid (maximum grid size is 0.1) with DOF = 96 to obtain corresponding
temperature solutions which forms ur,(I'). We set My = 19 in this example.

It is shown in [40], the Kriging reconstruction is not accurate because of the selection of observations
and the property of the exact solution. Fig. || presents the results by BiPhIK and CoBiPhIK, and they
are very similar to the results by PhIK and CoPhIK in [46] (not shown here), respectively. These results
are better than Kriging (see Fig. |11] for quantitative comparison).

Next, we adaptively add more observation data one by one. The results by PhIK and BiPhIK are
very similar. We only present F, by these two methods in Fig. [0 for comparison. We can see that
the discrepancy in F,. is very insignificant, and there is only a slight difference in the locations of new
observations (marked as starts) on the boundary T's. Fig. compares the results by CoPhIK and
CoBiPhIK. Although F, and F, — F are similar, there is significant discrepancy in §, mainly because
the correlation length I; in the Y,’s kernel function are different.

Fig. [L1] presents the quantitative comparison of the relative error by different methods. In this case,
the PhIK and BiPhIK results are almost the same, and the CoPhIK and CoBiPhIK results are also
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(d) CoBiPhIK F, (e) CoBiPhIK § (f) CoBiPhIK F, — F
Figure 8: Reconstruction of the steady state solution of heat transfer problem by BiPhIK (first row) and

CoBiPhIK (second row) with eight original observations (squares).

(a) PhIK F, (b) BiPhIK F,

Figure 9: Reconstruction of the steady state solution of heat transfer problem by PhIK and BiPhIK with
eight original observations (squares) and eight additional observations (stars).

(d) CoBiPhIK F,

(e) CoBiPhIK 3 (f) CoBiPhIK F, — F
Figure 10: Reconstruction of the steady state solution of heat transfer problem by CoPhIK and CoBiPhIK
with eight original observations (squares) and eight additional observations (stars).

very similar. Kriging performs poorly when the number of observations is smaller than 22, however it
outperforms PhIK (and BiPhIK) when 22 observations are available. CoPhIK (and CoBiPhIK) is always
better than Kriging and PhIK (and BiPhIK) as shown in [46]. Again, in this case, up(T") approximates
ug (T) very well (67 = 0.0039 and d2 = 0.0015), which yields a much smaller difference between PhIK
and BiPhIK, and between CoPhIK and CoBiPhIK.
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10°
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Figure 11: Relative error of reconstructed steady state solution of heat transfer problem || F.— F|| /|| F|| r
using Kriging (“o”), PhIK (blue “[0”), BiPhIK (black “[0”), CoPhIK (blue “¢”) and CoBiPhIK (black

1N

©”) with different numbers of total observations via active learning.

3.3 Kuramoto-Sivashinsky equation

As a final example, we consider the one-dimensional Kuramoto-Sivashinsy (KS) equation |21, [38]:

1
U + dUggpr + {um + (um)z} =0, 0<zx<2m,

2
u(x + 2m,t) = u(z, t), (3.7)
u(z,0) = uo(x),
where
uo(x) = 2.9420 cos(2x) + 0.4642 cos(4x) 4+ 0.0410 cos(6zx) + 0.0034 cos(8x). (3.8)

It is well known that this equation can be used to depict a chaotic system, and it is very sensitive to
the parameter o when it is large. More importantly, in numerical simulation, high precision is necessary
because of the extreme sensitivity of the simulations with respect to numerical accuracy [12, 13]. We
use the spectral method for spacial derivatives as in [24]. Specifically, we use Fourier expansion with 256
terms to obtain the reference solution and u g, and use expansion with 128 terms to compute uy,. For the
time integration, we use a fourth-order Runge-Kutta method [11] with time step 1072. We investigate
the solution of a KS equation at T' = 5, and the “exact” a = 37.545. Accurate observations are available

t 127 567
_ L4 i=0.1.....8.
v 256 256 S d . ’

We assume that we do not know the exact a, and use the biased “domain knowledge” to set o as
a uniform random variable U[30,36]. Apparently, this range is below the exact a. We generate 400
samples of &, and compute corresponding u}; and u}' to compare the performance of different methods.
Specifically, the we set My = 17 to construct up(T).

Fig. [12|illustrates the reference solution and the locations of accurate observations. The mean of the
{um 3200 s illustrated as the dashed line, which deviates from the exact solution significantly with the
relative Lo error more than 140%. We also compute the standard deviation of ug at each x. Since we
will use statistics of uy to construct a GP in PhIK, we present the “95% confidence interval”, i.e., mean
plus minus two standard deviations in Fig. We note that this is not the exact confidence interval
of the ensemble {u7}190 itself. Fig. shows clearly that the exact solution is not bounded by the
confidence interval. This is because in the stochastic model, the « is below its exact value, and the KS
equation is very sensitive to a.

Fig. [13] illustrates the Kriging results by using the nine accurate observations. The reconstruction is
less accurate near the right end than the other regions, and the uncertainty is larger (i.e., the confidence
interval is wider). This is because there is no observation near the right end compared with other
regions. Also, the periodic boundary condition is not preserved. Fig. shows the results by PhIK
(using {un}490.) and BiPhIK (using {u%}200 ). The PhIK performs better than BiPhIK, and, more

m=1 m=1
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0 0.57 I 1.57 2
X

Figure 12: Exact solution of the KS equation (solid line), observations (circles), mean of the realizations
(dashed line) and the “95% confidence interval” (shaded area).

importantly, the periodic boundary condition is preserved by PhIK, and slightly violated by BiPhIK.
We note that in this figure, the confidence intervals in both methods are very narrow (~ O(1072)).
Similar to the examples in [49] [46] and the other two examples in this session, PhIK usually yields a
less uncertain result, but this result may not be very accurate because the uncertainty estimate of PhIK
relies on its prior covariance, which is totally dependent on the stochasticity of the physical model.
Fig. demonstrates the results by CoPhIK and CoBiPhIK. The CoPhIK is the most accurate of all
the methods (smallest discrepancy between posterior mean and the exact accuracy) with confidence
intervals that cover the reference solution, and the periodic boundary condition is slightly violated. The
CoBiPhIK is the least accurate among all the methods.

0 0.57 T 1.57 2

Figure 13: Kriging reconstruction of the KS equation: posterior mean (dashed line), exact solution (solid
line), observations (circles), and 95% confidence interval (shaded area).

Table [T] presents the relative Lo errors of all methods. Different from the previous two examples, in
this example, the structures of space UL (') and Uy (T") are different because of the sensitivity of the
system to the numerical solution, so ug(I') can not approximate ugy(I') well. Specifically, in this case
01 = 89.8 and d5 = 7.7. Consequently, the error of BiPhIK is larger than PhIK compared with the other
two examples, and the error of CoBiPhIK is much larger than CoPhIK.

Table 1: Relative Ly error (posterior mean vs. reference solution) of different methods for reconstructing
KS equation solution.

Kriging PhIK CoPhIK BiPhIK CoBiPhIK

0.1581 0.1145 0.0822 0.1439 0.2477
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, , , 4 , , ,
0 0.57 ™ 1.57 27 0 0.57 ™ 1.57 27
X X

(a) PhIK (b) BiPhIK

Figure 14: PhIK (left) and BiPhIK (right) reconstruction of the KS equation: posterior mean (dashed
line), exact solution (solid line), observations (circles), and 95% confidence interval (very narrow in this
case).

4t
0 0.57 ™ 1.57 27 0 0.57 ™ 1.57 2
X X
(a) CoPhIK (b) CoBiPhIK

Figure 15: CoPhIK (left) and BiCoPhIK (right) reconstruction of the KS equation: posterior mean
(dashed line), exact solution (solid line), observations (circles), and 95% confidence interval (shaded
area).

4 Conclusion

In this work, we extend the PhIK/CoPhIK approach by combining two types of multifidelity methods
in the BiPhIK/CoBiPhIK framework to reduce the computational cost of physical models simulations.
Specifically, the approximation-theory-based bifidelity method is used to generate approximated high-
fidelity realizations of the physical model, which are used to construct GP in PhIK and CoPhIK. The
CoKriging approach utilizes an auxiliary GP to describe the discrepancy between the model outputs and
the sparse accurate observation data. We present the error estimate of the difference between the poste-
rior mean and variance in the resulting GPs by using BiPhIK/CoBiPhIK and PhIK/CoPhIK. We also an-
alyze the accuracy of preserving linear physical constraints in the posterior mean of BiPhIK/CoBiPhIK.

The presented methods are nonintrusive, and can utilize existing domain codes to compute the
necessary realizations. Therefore, these methods are suitable for large-scale complex applications for
which physical models and codes are available. When the parametric dependence of the low-fidelity
model can well inform the structure of the high-fidelity model, the computational cost can be reduced
dramatically.

Our future work would include two directions. One is to use advanced sampling strategies. For
example, instead of MC, the probabilistic collocation method is used for the bifidelity method in [27, 5],
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which can further reduce the computational cost. The other direction is to directly approximate high-
fidelity mean and covariance without generating approximated high-fidelity realizations as in [50]. This
approach will save the cost of the lifting procedure because it only requires solving a much simpler linear
system.

A Adaptive sampling

In this work, we use a greedy algorithm to add additional observations, i.e., to add new observations at
the maxima of s(x), e.g., [1,[35]. Then, we can make a new prediction §(z) for * € D and compute a new
32(x) to select the next location for additional observation (see Algorithm . This selection criterion
is based on the statistical interpretation of the interpolation. More sophisticated sensor placement
algorithms can be found in literature, e.g., [16, 20, @], and PhIK/BiPhIK or CoPhIK/CoBiPhIK are
complementary to these methods.

Algorithm 3 Active learning based on GPR
1: Specify the locations X, corresponding observations y, and the maximum number of observations
Npax affordable. The number of available observations is denoted as N.
while Ny.x > N do
Compute the MSE §%(z) of prediction §(z) for x € D.
Locate the location @, for the maximum of §%(zx) for € D.
Obtain observation ¥, at @,,, and set X = {X,zn},y =y ,ym)",N =N + 1.
end while
Construct the prediction of §(x) on D using X and y.

N2 RN

B Proofs of Theorems [2.1| and [2.2

We present the following three lemmas.

Lemma B.1. For1<n < N,

krr (@, &™) < o (D)o (™),

kg (@ 2™)|| < op(T)op@™). (B.1)
Proof. According to Eq. (2.19), we have
M
s &) = M1 7 2 (uhi(@) — pn (@) (“H(m( ))—uH(x(”))>H
1 Ar;:l
SV Z_:l |ufy(x) — pm ()| ’uH(:c(")) _ MH(HS("))‘
1 ) M N 1
SM -1 (an:l |ufi () — pw ()| ) (Tnz:l ‘um(w(")) — NH(:B("))‘ )
1 M 2 1 M ) 1
=0y (D)oy (™)
Similarly, ||kg(x, 2™)| < op(T)og(x™) .

Lemma B.2. For1<n <N,

M
, 2
Hk:H(:mw(")) — k:B(:c,:c(”))H < 1 Z ((51

m=1

ug @) = g (@) + 02 i (@) — pa(@)]) . (B.2)
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Proof. For any x € D,

1 X 1 & 1 X
e () — pp ()| = | i > uf(x) - i S uB@)| < — > Jup(@) —ug(@)| <6,  (B.3)

m=1 m=1 M m=1
and
1 & 1 & 1 &
(@) — ()| = |7 D whi(@) = 12 > W) < - 3 i) - wp@)| <6 (BA)
m=1 m=1 m=1
Therefore,

HkH(a:, ac(”)) — kp(=x, az(”))

b

m=1
O
Lemma B.3. For1<:,7<N,
) D G M . ,
‘k:H(ag(z),w(J)) - kB(m(z)7;p(J))‘ < 252\/; [UH<CB(Z)) +op(x?)]. (B.5)
Proof.
’kH(m() 2D — o (® mm)’
1 M
:M — 1‘ Z (urg(az( )) _ ’uH(m(z))) (um(w(J)) _ MH(CL'(]))>
m=1
M
=3 (uBED) - ps@) (upE@?) - ppa)) ‘
m=1
;M
SM 1 Z { (uH(w( N — g (x ))) i (x)) — MH(QB(J)))

+




M
< um( (i)
<3y 2 4 ) )|

+ [ @) — ns(@?)
M
20 (0 @

<
_M_lmz_l{\ (@)~ ()
_20VM
T M-1

M

(@) (@)

=202 M—1|:UH(:B ) +op(x )}

Now we prove Theorem [2.1] as follows.

Proof. Rewriting Eq. (2.21) in the functional form, we have

where a

gu(x) =

is the n-th entry of the vector C

Slmllarly, we have

where a

Jp(x) =

is the n-th entry of the vector C5

In Eq. ( -7 we show that

lperr ()

Next,

|a

(2,") — alkp(@,a)|

pm (T

pe(z

N

n=

(y — 1H), (CH)ij =

1

N

n=

"(y — 1), (Cg)ij

1

—pp(@)| <61

+Za g (z, ™),

Ep(x®,20)) and (py

+Za kg(x, ™),

= kp(z®,2)) and (up

< Haka(a:,gg(")) — afk[{(w)w(n))H + Hafk’H(iﬁ,iB(n)) _ aka(w,w(n))H

<Jalf — a|

<l|af —aBlon@)on(x™)

e (2| + a2 [ () = i, )|

+ M f: (51 ‘u’g(az( )
M—1

— (@) + 6 lu (@) -

where the last inequality utilizes Lemmas and Therefore,

HkH:cm

ZaBkB x, 2"

N
< Z |l — aP| op (D)o (™) +
n=1

)i = NH(fB(i))'

(B.7)

)i = MB(UC(i))~

n@))

J1
M

+

202

M—-1

=1

N
S 1B Y Jufi(e) — wp(@)].

J3
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Here,

N 2
<o) (ZO’ (™)) ) (Z |a” a? )
n=1
= Spou(T) HCH (y — ) — Cz'(y — s H2
= Spou(T) HC;(y — ) —Cx'(y— pp) + Cx'(y — p) — C5l(y — NB)H2
< Spou@) (||CH |, Ika — pslly + |CH' — C I, Iy — 1sll,)
< Spop(T) {HC,;,1||2 VNS, +||C 1 ICH — Chlly lly — HBHQ}

< Suou(D) {|[C' |, VNo + |[C7H |5 IC = Colp 1y — malla
where we uses the well-known matrix perturbation conclusion (e.g., [3]):
(A +AA)"— AL < [|A7Y*|AA| (B.8)

for invertible matrices A and A + AA, and a well-defined matrix norm || - ||. Further, using Lemma
we have

N
HCH—CBHF ZZ)kH( a:(j))—kB(a:(i)w(j))’?

M
Sl . B.9
ZZ[ a:())) o2 (u g(m(a)))} (B.9)

which yields

2M 1
B < VN Sbarn(@ [C5], {2 a1 S+ 55)" €3 sy — sl + 1}'
Also,
. <251\/72 ’aB| m(”)
<251\/7HC (y— )|, (ZU B(@") )
<243 1 HCBIHQ ly = w5, Sp
Similarly,

M N
J3 §2(52“ M1 Z |CLE’0'H(F)
n=1

MN _

<200\ 5o (D) [|C5' (v — ms),
MN ~

<200\ 57 —7on (O |5 [, ly — w5l -
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Therefore, the conclusion holds. O]
Next, we present the proof of Theorem

Proof. For any x* € D, we use the following concise notations

-
CH = (kH(:E(l),SC*),’kH(:E(N),.’B*)) ’
(B.10)

.
Cp = (kB(m(l)am*)a-~-akB(w(N)7w*)) :
Following the same procedure in the proof of Lemma [B.3] we have

T o) + ol ()] < 200 5o

kg (x*, %) — kp(x*, x*)| < 26, (A2, + A%)3.

According to Lemma [B23]

N
len —call2 = <Z \kH(aA"),x*) — kp(z™, x*)
n=1

n=1
2M 1
=202\ 37— (Sh + %)

(L% () ) Ly
S{Z = > (@) — pu(=™)) ) ( — > (W)~ pa(@") )}
n=1 m=1 m=1
:O'H(:B*)SH
(B.11)
Similarly,
leallz < op(x”)SB. (B.12)
Thus,
‘CEC;CH —C;CJEICB‘
< ‘CEC;IICH - CLC;IICB‘ + ’cEC;Ich — chfgch’ + ‘chgch — chgch‘ (B.13)

<leul2ICx 2ller — esll2+ lleull2ICL — Cx'llellesllz + llesll2llCh lallen — esll2,

J1 J2 J3
and

2M N 1

J1 < 269 U 10H(w )Su(SE + SH)2ICH (|2,
2MN N N 1

Jo < 260\ | S o (@)on(@)Su e (ST + S5)HICH' 3,
2M _

T3 < 200\ 57— 08(@")SB(Sh + 57) 2|5 2

22



where in the inequality of J, we use Egs. (B.§]) and . Finally, using the fact og(2*) < Ay and
op(x*) < Ap, we have

Sy <VNAy, Sp<+vVNAg, (B.14)

which indicates

2M 1
Ji < 2Noo\ | o7 AR (AR + AL [[Cy o,

2M N 1y
2N A3 a3 (a3 + AR ORI

2M 1 -~
Js < 2N52\/;A2B(A2B + A%{)EHCBIHZ

Jo < 2N

Therefore, the conclusion holds. O
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