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MULTI-SCALE VARIANCE REDUCTION METHODS BASED ON MULTIPLE
CONTROL VARIATES FOR KINETIC EQUATIONS WITH UNCERTAINTIES*

GIACOMO DIMARCOYAND LORENZO PARESCHI?

Abstract. The development of efficient numerical methods for kinetic equations with stochastic parameters is a
challenge due to the high dimensionality of the problem. Recently we introduced a multiscale control variate strategy which
is capable to accelerate considerably the slow convergence of standard Monte Carlo methods for uncertainty quantification.
Here we generalize this class of methods to the case of multiple control variates. We show that the additional degrees of
freedom can be used to improve further the variance reduction properties of multiscale control variate methods.
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1. Introduction. Hyperbolic and kinetic equations with random inputs have attracted a lot of
attention in the recent years [4[15[17,22/2712839]. Most of the literature on kinetic equations is based
on the use of Stochastic-Galerkin methods based on on generalized Polynomial Chaos [TT3|T5|T6YT8|3TI38]
and only recently these problems have been analyzed in the framework of statistical sampling methods
based on Monte Carlo (MC) techniques [21[71[9,[10L12]T523].

When dealing with kinetic equations, MC sampling methods present several advantages since they
afford simple integration of existing fast deterministic numerical solvers and parallelization techniques
which are essential to reduce the computational complexity of many kinetic equations [5L68]. In addition
MC methods are effective when the probability distribution of the random inputs is not known analytically
or lacks of regularity when approaches based on stochastic orthogonal polynomials may be impossible to
use or may produce poor results [20,37].

Recently in [7] we introduced a control variate technique which takes advantage of the multi-scale
nature of the kinetic equation which is capable to strongly accelerate the slow convergence of MC methods.
In this manuscript we generalize this class of multi-scale control variate methods (MSCV) to the case of
multiple-control variates. In particular we will show how the use of additional control variates functions
permit to further reduce the statistical variance of the methods. We refer to [2425] for related approaches
in the general framework of multifidelity models.

From a mathematical viewpoint, we consider kinetic equations of the general form [3|[7]

atf+vvwf: éQ(faf)a (11)

where f = f(z,z,v,t),t >0,z € D CR% v € R¥ d,d, >1,and 2 € Q C R% d, > 1,is a
random variable. In ([T the parameter € > 0 is the Knudsen number and the particular structure of
the interaction term Q(f, f) depends on the kinetic model considered.

The most famous example is represented by the nonlinear Boltzmann equation of rarefied gas dy-
namics

QU f) = / B(v,ve,w, 2)(f'f! — f1£.) do, d (1.2)

Sdv—1xRdv

*THE RESEARCH THAT LED TO THE PRESENT ARTICLE WAS PARTIALLY SUPPORTED BY THE INDAM-GNCS 2018 PROJECT NUMERI-
CAL METHODS FOR MULTI-SCALE CONTROL PROBLEMS AND APPLICATIONS.

1.DEPARTI\/IENT OF MATHEMATICS & COMPUTER SCIENCE, UNIVERSITY OF FERRARA, VIA MACHIAVELLI 30, FERRARA,
44121, ITALY (GIACOMO.DIMARCOQUNIFE.IT).

iDEPARTMENT OF MATHEMATICS & COMPUTER SCIENCE, UNIVERSITY OF FERRARA, VIA MACHIAVELLI 30, FERRARA,
44121, ITALY (LORENZO.PARESCHIQUNIFE.IT).

1


http://arxiv.org/abs/1812.05485v1

where d, > 2 and

1
v Slv—vifw), vl =

= —(v + v,
2

5( (v +v.) = —(IU—U*IW) (1.3)

N)I»—A

Before going into the details of the presentation we introduce some notations and assumptions that
will be used in the sequel. If z € Q is distributed as p(z) we denote the expected value by

E[f](x,v,t)z/ﬂf(z,x,v,t)p(z)dz, (1.4)

and we introduce the following LP-norm with polynomial weight [26130]
1z e pxpany = [f (22,0, 0)[P(1 + [v])° do da. (1.5)
( DxRdv

Next, for a random variable Z taking values in L?(D x R%), we define

The above norm, if p # 2, differs from

12()) = |IE[Z7] P(DxRv)- (1.6)

1/
1Z]| 2Lz (D xrav)) = E [”ZHig(Ddev)} ; (1.7)
used for example in [20]. Note that by Jensen inequality [29] we have

12| Lo (Dxrav;z2()) < N2l L2080 xRAwY)- (1.8)

To avoid unnecessary difficulties in the sequel we consider norm (@) for p = 1. The same results hold
true for p = 2 (the two norms coincides) whereas their extension to norm (7)) for p = 1 typically requires
Z to be compactly supported. We refer to [7,20] and [I5, Chapter 7] for further details.

Finally, we assume that the deterministic solver for (ILT]), if the initial data fy is sufficiently regular,
satisfies the estimate (see [7,821130,32])

f(t") — fZI,AuHL;(Ddev) < C(AxP + Av?), (1.9)

with C' a positive constant which depends on time and on the initial data, and fX, A, the computed
approximation of the deterministic solution f(z,v,t) at time t” on the mesh Az and Av. Here the positive
integers p and ¢ characterize the accuracy of the discretizations in the phase-space and for simplicity,
we ignored the errors due to the time discretization and to the truncation of the velocity domain in the
deterministic solver [§]. We emphasize that the estimates here presented are purposely of a general nature
to illustrate the characteristics of the method, the application to specific kinetic models can clearly lead
to more targeted estimates but it is outside the objectives of the present work.

The remaining sections can be summarized as follows. In the next Section we survey the MSCV
methods introduced in [7]. Then, in Section 3 we extend these multi-scale approaches to the case of
multiple control variates. First we introduce a standard multiple control variate approach and then
consider the construction of recursive multiple control variate methods based on a hierarchical structure.
A particular attention is devoted to the case of two control variates. Section 4 is devoted to present
several numerical examples confirming the capability of the multiple control variate approach to provide
a strong variance reduction with respect to standard Monte Carlo and to further improve the methods
based on a single control variate. Some conclusions are reported at the end of the manuscript.
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2. Multi-scale control variate methods. In this section we survey the MSCV approach recently
introduced in [7]. The main idea of the method is to reduce the variance of standard Monte Carlo
estimators using as control variate the solution of a simpler kinetic model, which can be evaluated at a
fraction of the cost of the full model, with the same fluid limit behavior. We illustrate the method when
applied to the solution of a kinetic equation of the type (II) with deterministic interaction operator
Q(f, f) and random initial data f(z,z,v,0) = fo(z,z,v).

2.1. Variance reduction strategies. Let us first consider the space homogeneous problem

f =Q(f, ), (2.1)

where f = f(z,v,t) and with random initial data f(z,v,0) = fo(z,v). In ([Z1)), without loss of generality,
we have fixed ¢ = 1 since in the space homogeneous case the Knudsen number scales with time. Under
suitable assumptions, one can show that f(z, v, t) exponentially decays to the unique steady state f*°(z,v)
such that Q(f>°, f*°) = 0 which satisfies

mg(fo) =ms(f),  me(f) = | o()f(zv,t)dv, (2.2)

Rdv
for some moments, for example ¢(v) = 1,v,|v|?/2 in the classical settings of conservation of mass,
momentum and energy (see [33H36]). We emphasize that, for many space homogeneous kinetic models,
the equilibrium state can be computed directly from the initial data thanks to the conservation properties

We recall that, given M independent identically distributed (i.i.d.) samples f*(v,t), k = 1,..., M,
of the solution to (2J), the standard Monte Carlo estimator reads

| M
= LS . (2.3)
k=1
The above estimator satisfies [7L20]
IELf] — Emf]ll Lypxriv;zz)) < Coy M2, (2.4)

where oy = ||Var(f )I/ZHL;(Ddeu) and Var(f) = E[(E[f] — f)?] is the variance.
A simple variance reduction strategy is obtained by splitting the expected value of the solution as

Eﬂ@i%i/f@%UM@M

/f°° Z,0)p dz—|—/(f(z,v,t) — f(z,v))p(z)dz
Q
=E[f*](v) + E[f = [*](v,1),

and exploiting the fact that E[f°°] can be evaluated with arbitrary accuracy at a negligible cost (for
example using a very fine grid of samples) since it does not depend on the solution computed at each
time step.

Now, if we use ([2.5) and estimate

E[f] ~E[f*] + Em[f — ] (2.6)

(2.5)

we obtain an error of the type

IELA1C, 6) = ELF*IC) = Enelf = 10 t)| g ravinaqy) = o M2,
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Since the non equilibrium part f — f°° goes to zero in time exponentially fast, then also its variance goes
to zero, which means that for long times estimate (2.0) becomes exact and depends only on the accuracy
of the evaluation of E[f°].

The above argument can be generalized by considering a time dependent approximation of the solution

f(z,v,t), whose evaluation is significantly cheaper than computing f(z,v,t), such that my(f) = me(f)
for some moments and that f(z,v,t) = f(z,v) as t — co.

For example, one can consider the space homogeneous Boltzmann equation (ZI) where Q(f, f) is
given by (L2) and assume f (z,v,1) to be the exact solution of the space homogeneous BGK approximation

afi Foo 3
O -1 27)

with v > 0 independent from z and for the same initial data fo(z,v). Thanks to the time invariance of
the equilibrium state we have f* = f*° and we can write the exact solution to ([27)) as

f(z,v,t) =e " fo(z,v) + (1 — e ") f2(z,0). (2.8)

We can assume that the expected value of the control variate E[f](v,t) is computed with arbitrary
accuracy at a negligible cost since it is a convex combination of the initial data and the equilibrium part.
We denote this value by

f(v,t) = e "y (v) 4+ (1 — e VH)EF®(v), (2.9)

where fy = E[fo(-,v)] and £>° = E[f*°](v) or accurate approximations of the same quantities.
If we now use the estimator

E[f] = E[f] + Em[f — f] (2.10)
we have an error like
IE[f](,t) — E[f](-) — Eamlf — f1( Ol Ly e ;r2(0)) = Uf_fM_lﬂ,

where even in this case, op_F— 0ast— oo.

2.1.1. Control variate estimators. The simple variance reduction argument presented in the
previous section can be used to formalize the following control variate estimator [7]

. 1 M 1 M ~
EN[fl(v,t) = i ka(vvt) - A (M ka(v,t) - f(”i)) : (2.11)
k=1 k=1

The control variate estimator (2.I1]) is unbiased and consistent for any choice of A € R. In particular, for
A = 0 we recover the standard MC estimator EY,[f] = Ea[f], whereas for A = 1 we have the estimator

EY,[f] =f + Exm|f — f] corresponding to (ZI0).
If we now consider the random variable

A z0,t) = f(u,2,t) — M f(z,0,t) — f(v,1)),
we have E[f*] = E[f], Ex[f*] = E3;[f] and we can quantify its variance as
Var(f*) = Var(f) + A\2Var(f) — 2ACov(f, f). (2.12)

We have the following [7]



THEOREM 2.1. The quantity

A= C\(’/:E‘(f ‘)ﬂ (2.13)
minimizes the variance of f* at the point (v,t) and gives
Var(f7) = (1 = p} ;)Var(f), (2.14)
where Prj € [—1,1] is the correlation coefficient between f and f In addition, we have
Jim A t) =1, lim Var(fA ) (v,t) =0 Vo e R, (2.15)

Using such an approach, in combination with a deterministic solver satisfying (L9, one obtains the
following error estimate [7,120]

IELAC.8) = Bt 1] eesszacay < C {opar M7V2 + Avt} (2.16)

where o g = |[|(1 — fj)l/QVar( )1/2||L1 (év), and C' > 0 depends on the final time and on the initial
data. Here we ignored the statistical errors due to the approximation of the control variate expectation
and to the estimate of \*. Note that, since p? P 1 as t — oo the statistical error will vanish for large
times. ’

REMARK 2.1. In practice, Cov(f, f) appearing in \* is not known and has to be estimated. Starting
from the M samples we have the following unbiased estimators

M

Varu (/) = 77 > (- Bl (2.17)
M

Covalf, f) = 7 S = Barl )~ Barlf), (215)
k=1

which allow to estimate

A — COVM(vaE)'

M= N ) (2.19)

1t can be verified easily that \3; — 1 as f — f>°.

2.2. Multiscale control variate estimators. Let us now consider the full space non homogeneous
problem (LI). Again the idea is to compute the control variate function with a simplified model which
can be evaluated at a fraction of the computational cost of the full model. However, in the space non
homogeneous case the expectation of the control variate typically depends on time and must be estimated
along the simulation.

Assuming the classical setting of the Boltzmann equation (ILI))-(I2), where the collision term char-
acterizes conservation of mass, momentum and energy, integration of (II]) with respect to the collision
invariants ¢(v) = 1, v, |v|?/2 gives the moments equations

8tU+8mf(U)+Vm/ vo(f — f)dv =0, (2.20)
Rdw
where U = (p, u, T), with density, mean velocity and temperature defined as
1 1
p= / fdv, u= —/ v fdv, T = — |v — ul? fdv, (2.21)
Rdv P JRdv dp

Rdv
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and
FU) = [ ver=an o) = Lo/

Now, generalizing the space homogeneous method based on the local equilibrium f., as control variate
we can consider the Euler closure as control variate, namely to assume f = f°° in (Z20). If we denote
by Ur = (pr,ur,Tr)T the solution of the fluid model

OUr + 0, F(Ur) = 0, (2.22)

for the same initial data, the corresponding equilibrium state f° can be used as control variate.

Similarly to the homogeneous case, the generalization to an improved control variate based on a
suitable approximation of the kinetic solution can be done with the aid of a more accurate fluid approx-
imation, like the compressible Navier-Stokes system, or a simplified kinetic model. In the latter case, we
can solve a BGK model

0 = s V,xo &

for the same initial data and use its solution as control variate. ~
More precisely, given M i.i.d. samples of the solution f*(z,v,t) and of the control variate f*(z,v,t)
we define the estimator

M

E[f](z, v, 1) %ka (z,v,1) ( ka z,v,t) — fz,v t)) (2.24)
k

=1

where f(z,v,t) is an accurate approximation of E[f (-, z, v, t)].
The fundamental difference is that now the variance of

fA(z,x,v,t) = f(z,z,v,t) — )\(f(z,x,v,t) — f‘(z,x,v,t))

will not vanish asymptotically in time since f*° # f , unless the kinetic equation is close to the fluid
regime, namely for small values of the Knudsen number. Thus, the first part of Theorem [2.1]is still valid,
however the optimal value

= Gl S) (2.25)
Var(f)
and the variance
Var(f3) = (1 - 92 )Var(f) (2.26)
now satisfy
lim \*(z,v,t) =1,  lim Var(f) )(z,v,t) =0  V(z,v) € R% x R%, (2.27)
e—0 e—0

In fact, since as ¢ — 0 from (1)) we formally have Q(f, f) = 0 which implies f = f* and f = £, from
[228) and ([2:26) we obtain ([2Z.27)).

Even if simulating the control variate system is much cheaper than the full model, since its compu-
tational cost is no more negligible we cannot ignore it. Thus, we assume that the control variate model
is computed over a fine grid of Mg > M samples and use the approximation

f‘(I, U, t) = Eump [f](xa v, t)v
6



in the estimator (2.24) which we will denote by E~]Aw M Lf]-

This, however, has an impact on the optimal value of A in estimator (2.24). In fact, using the
independence of Fj[-] and Ejps,[] and the fact that by the central limit theorem [12] 19] we have
Var(Eu[f]) = M~"Var(f), Var(En,[f]) = Mg ' Var(f), minimizing the variance now leads to the opti-

mal value
- Mg

with A\* given by (Z25]). This correction may be relevant in the cases when M and Mg do not differ too
much. In our setting, however, Mg > M so that M+M ~ 1 and we can assume \* &~ \*.

Using the optimal value (m and an underlaying deterministic solver which satisfies (L9, we obtain
the error estimate [7,20]

IE[f](5t) — E?\\;,ME Il Ly oxriv;z2()) (2.29)

<C {ava*/Q + erMgW + AzP + Avq}

where o = [|(1 - p )1/2Var( M2 Ly pxrany, Ty = o 7Var(f )2l L3 (Dxwav), the constant C' > 0
depends on the final tlme and on the initial data. Now, p2 . — 1 as € — 0, therefore in the fluid limit we
recover the statistical error of the fine scale control variate model.

REMARK 2.2. For space non homogeneous simulations, since we typically are interested in the

evolution of the moments, one can compute the optimal value of A with respect to a given moment my(f)
as

= Covlme(f), ms (FF))
v Var(mg (7))

where my(-) is defined by 22), so that Ny = Nj(w,t). This approach leads to a value of \j which
depends on the moment evaluated and, since Xy, is independent of the velocity, strongly reduces the storage
requirements. Note that, using (Z30) all estimates in this section for E[f] translates easily into estimates
for E[me(f7)]-

3. Multiple multi-scale control variates. The approach described in Section [2 is fully general
and accordingly to the particular kinetic model studied one can select a suitable approximated solution
as control variate which acts at a given scale. In this section we extend the methodology to the use of

several approximated solutions as control variates with the aim to further improve the variance reduction
properties of MSCV methods.

(2.30)

3.1. Multiple control variates. To keep notations simple we describe the method in the case of the
space homogeneous equation (2.1]), the extension to the space non homogeneous case follows analogously
to Section 2.2] and is discussed at the end of the Section.

Let us consider f1(z,v,t),..., fL(z,v,t) approximations of f(z,v,t) solution to (2.1]) whose properties
will be discussed later. We can define the random variable

fAoe )‘L(z,v,t) (z,v,1) Z)\h fn(z,v,t) = E[fr](v,1)). (3.1)

Clearly (3) is such that E[f**] = E[f] and has variance

Var(fA1A) = Var(f) +ZAhVar fn) +22Ah ZAkCov fns f&) = Cov(f, fn)

k;éh



In vector form, if we introduce notations
A=, )T, b= (Cov(f, f1),...,Cov(f, fu)*
we have
Var(f2) = Var(f) + ATCA — 2ATb (3.2)

where C' = (¢;5), ¢;j = Cov(fi, f;) is the symmetric L x L covariance matrix.
THEOREM 3.1. Assuming the covariance matriz is not singular, the vector

A* = C™'b, (3.3)

minimizes the variance of f» at the point (v,t) and gives

. vI'(Cc—HTy
Vi AMy=(1- ——=~— )V . 3.4
() = (1= ) V) (3.4
Proof. To compute the minimizing values A, h = 1,..., L the first order optimality conditions are
found by equating to zero the partial derivatives with respect to Ap
9 Var(f»)
— =0, h=1,...,L. 3.5
aAh ) ) 9 ( )
This corresponds to solve the following linear system
L
COV(f,fh) :Z)\kcov(fhvfk)v h = 15"'7L7 (36)
k=1
or in vector form
b= CA. (3.7)

Therefore, assuming the covariance matrix is not singular, we obtain the solution [B3)). It is easily shown,
via the second order optimality conditions that A* is indeed the variance-minimizing choice of A. By
direct substitution in (B8:2) we obtain ([B.4]). O

The control variate estimator based on ([B.1]) takes the form

E]j\\4 [f] (v,t) = Enm [f] (v,t) — Z An (Em [fh](vv t) - fh(vv t)) ) (3'8)

h=1

where f;, (v, t) is an accurate approximation of E[f;](v,t), and we assumed to have M i.i.d. samples from
the solution f(z,v,t) and the control variate functions fp,(z,v,t) for h =1,..., L. To estimate the value
of the vector A* we can use directly the Monte Carlo samples as in the scalar case. The resulting MSCV
algorithm is summarized as follows:
ALGORITHM 3.1 (Multiple MSCV - homogeneous case).
1. Sampling: Sample M i.i.d. initial data from the random initial data fo and approximate these
over the grid Av. Denote these samples by fg’g, k=1,...,M.

2. Solving:

(a) For each control variate and for each realization of the random input data Z’S, k=1,...,.M,
the resulting control variate model is solved numerically by a deterministic solver with mesh
width Av. We denote the resulting ensemble of deterministic solutions for h=1,...,L at
time t™ by

fon . k=1,...,M.
8



(b) For each realization fﬁ’g, k=1,...,M the underlying kinetic equation (21) is solved nu-
merically by the corresponding deterministic solver with mesh width Av. We denote the
solution at time t™ by fA’" k=1,...,M.

3. Estimating:
(a) Estimate the optimal vector of values A* solving

Cr AR = b7, (3.9)

where (C3y)ij = Covar (] aus f1'an) and (U3)i = Covar(fR,: fl'ay)-
(b) Compute the expectation of the random solution with the control variate estimator

L
By [fR,) = — Zf ZA,’:"( thm f;;Av). (3.10)
h=1

Let us remark that, if we introduce the vector F' = (Fy,...,Fp)T, such that F,, = fi, — E[f4],
E[F,] =0, h=1,..., L, then equation B reads

AL (2 0 t) = f(z,0,t) Z)\hFh (z,0,1), (3.11)

and thus, the variance of 2" is reduced to zero if f is in the span of the set of functions Fi, ..., Fr.
Using Gram—Schmidt orthogonalization, we may assume that the L components of the control variate
vector F' are orthogonal in the L? inner product

g = /Q F(2)g(2)p(2)dz

(Fn, Fi) = Cov(fn, fx) = Cov(Fh, Fy), h,k=1,...,L.

In fact, we have

We can construct the vector G = (G4, ...,Gr)T, with orthogonal components, (G, Gx) = 0 for h # k,
as follows [11]

h—1
Cov(g;, fn)
gn = fn — —= g, h=1,...,L, 3.12
= Var(g;) 7 (312)
and define Gy, = gr, — E[gp], such that E[Gy] =0, h=1,..., L.
Then we may try to minimize the variance of the random variable
froeE (2 0,8) = f(z,0,8) thGh z,0,t), (3.13)
which now using the orthogonality property reads
L L
Var(f77) = Var(f) + Z Y2 Var(gn) — 2 Z vCov(f, gn).
h=1 h=1

Denoting with T' = (y1,...,v.)%, D the diagonal matrix with elements d;, = Var(gs) and with e the
vector with components e;, = Cov(f, gr) we get

Var(f") = Var(f) + T7 DT — 2T7e. (3.14)
9



By the same arguments as in Theorem Bl if the matrix D is not singular, we have that the vector
I'* = D~'e minimizes the above variance. Thus we have proved the following result.

THEOREM 3.2. If the control variate vector G = (G, ...,Gr)T in B.I3) has orthogonal components,
(Gh,GE) =0 for h #£ k, then if (Gp,Gr) # 0 the vector T* with components

COV(f7 gh)

h=1,....L, 3.15
Var(gn) (3.15)

Vi =

minimizes the variance of f' at the point (v,t) and gives

Var(f'+) <1 - Z PF.0n ) Var(f (3.16)

where pgq, € [—1,1] is the correlation coefficient between f and gn. Estimating the orthogonal set of
control variates using M samples by

Eylf)(v,t) = n (Enlgn](v,t) — gn(v, 1)), (3.17)

I\Mh

where g, (v,t) = E[gn](v,t) or its accurate approximation, in combination with a deterministic solver
satisfying (), one obtains the following result [7,20].

PROPOSITION 3.3. Consider a deterministic scheme which satisfies (L9) in the velocity space for the
solution of the homogeneous kinetic equation 21 with deterministic interaction operator Q(f, f) and
random initial data f(z,v,0) = fo(z,v). Assume that the initial data is sufficiently regular.

Then, the MSCYV estimate defined in [BIT) with the optimal values given by [BIH) satisfies the error
bound

||E[f](7tn) — E}C; [va]HL%(Rdv;L%Q)) <C {O'fr‘* M1/ 4 Avq} (3.18)

, and C' > 0 depends on the final time and on the

L 2 1/2 1/2
where o pr+ = (1 — > ha pf)gh) Var(f)
L3(R)

initial data.
Proof. The bound follows from

IE[f](-,t") — E%; [fAulll Ly (®av;L2(0))
< [E[f](-, ") — Ex; [£1( ") Ly (DxriviL2 ()

+IEx (A1) — Epy Rl Ly Dxrav;z2 ()
S C{O’fl"* M_1/2 + A’Uq},

where the Monte Carlo bound in the first term now make use of (BI6]) and the second term is bounded
by the discretization error of the deterministic scheme. O

Here we ignored the statistical errors due to the approximation of the control variates expectations
and to the estimate of the vector I'*.

3.1.1. Two control variates. To exemplify the approach, it is interesting to consider the case
L =2, where f1 = fo, the initial data, and fo = f°°, the stationary state. In this case we know that f is
in the span of the control variates at t = 0 and as t — oo.

10



A straightforward computation shows that the optimal values A} and A} are given by

Var(foo)Cov(f, fO) - COV(f07 fOO)COV(fu foo)

Al = A ,
(3.19)
AL = Va'r(fO)COV(fu foo) — COV(f07 fOO)COV(fu fO)
2 = A )
where A = Var(fo)Var(f>°) — Cov(fo, f*)? # 0.
Using M samples for both control variates the optimal estimator reads
BN (0,0) = Enlf)(0,0) = N (Barlfol (0) — folv)) — N5 (Bar[£](0) — £(v). (3.20)

Now, at t = 0 since f(z,v,0) = fo(z,v) we clearly have A} = 1 and A5 = 0 so that the estimator

B20) is exact
Ey 1f](v,0) = fo(v).

Moreover, by the same arguments as in Theorem B.I] for large times since f(z,v,t) — f*(z,v) from

BI9) we get
lim A} =0, lim A5 =1,
t—o00 t—o0

and thus, the variance of the estimator vanishes asymptotically in time

lim By [f)(v,t) = ESHf)(0) = £2°(v).

t—o0

We emphasize that this last example can be seen as a generalization of the scalar case based on the BGK
model. In fact, the estimator (ZIT]) based on ([Z8)-(29) can be written in the form B20) as

B [f1(v,t) = En[f)(v,t) = X} (En[fo] (v) = fo(v)) = A (Bar[f>](v) — £ (v))
where
M=eTI\ A =(1—e HA%

Therefore, the scalar control variate based on the BGK model can be understood as a suboptimal solution
to the our minimization problem for the control variates fo and f°°. In particular, if the solution f has
the form (Z.8), namely the full model is the BGK model, then it is in the span generated by fo and f°°
and we obtain A} = A} and A} = A3,

3.2. Hierarchical multiple control variates. The multiple control variate approach just de-
scribed presents some limitations. First the linear system (B:9) may be difficult to solve due to ill
conditioning of the covariance matrix and additionally the estimation of the coefficients in the matrix
requires the use of a control variate independent number of samples. This last aspect can represent a
serious limitation in space non homogeneous situations in which the control variates may be originated
from models that operate at the various spatio-temporal scales of the problem with different levels of
complexity.

To overcome such drawbacks here we formulate a recursive construction of the multiple control variate
estimator (3.8]). To this aim, let us assume that the control variates fi,..., fi, represent kinetic models
with an increasing level of fidelity. Under this assumption the control variate f; represents the less
accurate model whereas the control variate fr, is the closer model to the full model f.

To start with, we estimate E[f] with M}, samples using f1, as control variate

E[f] ~ En, [f] — A (Ba, [f] — ElfL]) -
11



Next, to estimate of E[f1] we use My _1 > My, samples and consider f;,_; as control variate

Elf] = Ea, . [fr] — M—1 (Bar,_ [fr—1] — Elfz-1]) -

Similarly, in a recursive way we can construct estimators for the remaining expectations of the control
variates E[f—o], E[fr—3], ..., E[f2] using respectively My _3 < M _4 < ... < M; samples until

E(fo] & Enr, [fo] — M (B, [f1] — E[f1])

and we stop with the final estimate

E[fi] = Ea[f1];

with My > M;.
By combining the estimators of each stage together we obtain the recursive MSCV estimator

EFM = Ea ] - s (Bry [fL] — Eny o [fL]

+ A1 (EML—I[fL_l] — Eny s [fr-1] (3.21)

+ M (Ean[f1] = Exlfa]) ).

Now if we compute the optimal values 5\;‘1 independently for each recursive stage by ignoring the errors
due to the approximations of the various expectations, if Var(f) # 0, we obtain

A — Cov(fh+1, fn)

N Va0 !

RN (3.22)
where we used the notation fry; = f. We refer to this set of values, which avoids the solution of the
resulting linear system, as quasi-optimal. Note that, since the control variates f,+1 and fj, are known on
the same set of samples M}, the values A} can be estimated using (Z.17)-@2.IS).

The estimator (B:2I)) can be recast in the form

R L
E2[f] = Eay [fria] = > M(Ban, [fn] — Ens,_, [f])
h=1

i (3.23)
= MEu [l + D (A1 Ean [far1] = MEw, [£2]),
h=1
where we defined
L ~
=%, nr=1...L, A1 =1 (3.24)

Since by the central limit theorem [12,[19] we have Var(Ey[f]) = M ~!Var(f), using the independence of
the estimators Fyy, [], h =0,..., L, the total variance of the estimator (323 is

Var(EL[f]) = XMy " Var(f) (3.25)

L
+ > MG Var(faga) + AR Var(fr) — 2001 M Cov (frin, fa) } -
h=1
12



Now, the first order optimality conditions

9 Var(Ep[f])
O\,

leads to the tridiagonal system for h =1,...,L
Mt Var(fr) = A1 Cov(fis fr1)} + Myt {AnVar(fa) = A1 Cov(futa, fa)} = 0,

or equivalently

=0, h=1,...,L

My,

YA — Ay —————
nVar(fn) S A A

COV(fh, fhfl) — /\h+1 Mh71 hCOV(fh+1, fh) =0 (3.26)

Mp_1 + M,
where we assumed A9 = 0 and Ap1; = 1. The resulting system can be solved efficiently by the usual
Thomas algorithm for tridiagonal systems provided Var(f) #0, h=1,..., L.
System ([B:26) can be rewritten as
My,

M Var(fn) — An41Cov(fret, fr) = ARSI (An—1Cov(fh, fa—1) + Ant1Cov(frt1, fr))

which, reverting to the original control variate variables becomes

. M o
MnVar(fn) = Cov(fui, fn) = ()\hAhflcOV(fh, Jh-1)+ COV(th,fh)) -
My + My
Thus, the quasi-optimal values (3222 solves the above system up to O(Mp, /(Mp,_1 + Mpy)).
THEOREM 3.4. The vector A* = (A}, ..., \5)T solution of the tridiagonal system [B.26) minimizes the
variance of the estimator [B23). In particular the vector A = (A’{, cee X*L)T of quasi-optimal solutions

given by B22) is such that

L
1Y =x+0@), h=1,..L (3.27)
j=h
here fij, = _ M
where e = B85, \ 31 £ 3, |
Proof. We can rewrite (3:20)) in the form CA = b where C' = C + MCy with
C11 —C12 0 0 C12 0
é _ 0 c. .. : CO _ —C21 7
—CL-1L CL-1L
0 0 CLL 0 —CLI-1 0

cij = Cov(fi, f;), M = diag{p1, .., p}, pin = Ma/(Mp—1 + Mp) and b = (I-M)b, b = (0, ...,0,Cov(f, fr))"
By construction the vector A*, such that (C + MCy)A* = (I — M)b, minimizes the variance of ([B.23]).
Let us define the vector A* of elements Hf:h A5, h=1,..., L where /A\;k are given by ([3.22]). We have

CA* = b so that
C(A* — A*) = —M(b+ CoA¥)
therefore if Var(f,) #0, h=1,..., L we can write

A = A* + CM(b + CoA™).
13



Now, since C~1 is upper triangular and M diagonal we have B27). O
We can summarize the details of the method, when applied to the space homogeneous problem (2.1
in combination with a deterministic solver, in the following algorithm.
ALGORITHM 3.2 (Recursive multiple MSCV - homogeneous case).
1. Sampling: For each control variate f;,, we draw a number My of i.i.d. samples from the random
initial data fo and approximate these over the mesh Av. Denote these control variate dependent
number of samples for h=1,...,L by

k,0
e k=1, M,

and set fZ’S = E’OAU, k=1,...,My.
2. Solving: 7
(a) For each control variate and for each realization of the random input data ::gw k =
1,..., My, the resulting control variate model is solved numerically by a deterministic solver

with mesh widths Av. We denote the resulting ensemble of deterministic solutions for h =
1,...,L at time t™ by

fke k=1,.... M.

(b) For each realization fg’g, k =1,..., My the underlying kinetic equation (I1l) is solved
numerically by the corresponding deterministic solver with mesh widths Av. We denote the
solution at time t™ by fZ’:, k=1,...,My.

3. Estimating:
(a) Estimate the optimal vector of values A* as

. Cov S N e
A= M”'(fh“’ﬁ” flaod L (3.28)
Varyy, (fh,m;)
where we used the notation flgfl)Av = 2’:, k=1,...,My.
(b) Compute the expectation of the random solution with the control variate estimator
X 1 M L 1 M
*ren o k.n *, 1 k.n n
B UG = 5 3 - (e s o)
k=1 h=1 k=1
where
My 1

1

L
n _ k,n *M 1 *,m o
fh,Av_ Mh fhyArUa )\h = H)\] y h—l,,L
-1 = j=h

Regarding the error bound that we obtain using (3.23)) with the values given by [3:22) le us observe
that if, at each stage, we denote

Ey; [f1] = Est, [f1] = M (Bag, [famr] = Ear, [f21])
then by the error bound (Z29) we have
A\ — _
IE[fa](- 1) — Ear, [l Li@ensz2)) < Cn {Uth Y2y Tth_11/2}

where C}, > 0 is a suitable constant and we defined

= og g Var (i) 2 py e - (3.30)
L3(R*)
14
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Using the recursive estimator, in combination with a deterministic solver satisfying (L9)), we can write

IELf](,t") — B [fAulll Ly ®av:L20))
< [E[f](,t") = EL*[f]('vtn)HL;(Rdv;p(Q))
+HIEL [£1(, ") — B [fAaulllLy®av;z2())-

The second term is bounded as usual by the discretization error of the scheme, whereas, ignoring the
statistical errors in estimating the quasi-optimal vector of values A*, the first term can be estimated
recursively as

IELf]Ct") = B LG ™) Ly assz20))
S CL {ULMEUQ

A (Bl ") — Eé*_l[fL_l]c,t"))HL;(Rdv;m))}

<c oy P4y {op a1 (3.31)

A1 (Bl ) (- 87) = ER L[], t"))IILmdu;Lz(sz))}

L
<c (Zshath” * reoMy Y 2)

h=1

where we defined

L
&= ] = (3.32)
Jj=h+1
Thus we have proved the following result
PROPOSITION 3.5. Consider a deterministic scheme which satisfies (L9) in the velocity space for the
solution of the homogeneous kinetic equation ([21)) with deterministic interaction operator Q(f, f) and

random initial data f(z,v,0) = fo(z,v). Assume that the initial data is sufficiently regular.
Then, the recursive MSCV estimate defined in B21]) with satisfies the error bound

n A* n
IELf]C, ") — BEL" [fR)ll Ly a2 (o)

L
<C (Z EnonM; 2 4 oMy + Avq>
h=1

(3.33)

where &, are given by B32), and C > 0 depends on the final time and on the initial data.

Finally, concerning the relations between the recursive MSCV estimator (3:23)) and the Multi-level
Monte Carlo (MLMC) approach [7,20], we made the following remarks.

REMARK 3.1.

o We can emphasize the analogies with MLMC by using as control variates a hierarchy of dis-
cretizations of the kinetic equation with random inputs. In the case of a cartesian grid this
aims at constructing a velocity discretization with corresponding mesh width Awvy that satisfy
Avy, = 2'7"(Avy), h = 1,..., L where Avy is the mesh width for the coarsest resolution. To
avoid unessential difficulties, we denote by fr(z,v,t), h = 1,...,L, the continuous representa-
tion, for example by polynomial interpolation, of the corresponding numerical solution at time t
obtained with the underlaying deterministic method using mesh width Awvy,.
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Under these assumptions, firzing \p, = 1, h = 1,..., L in B23), we get the classical MLMC
estimator [10]

L
EL[f1(v,t) = Eng[f1] + Y (Ban [fnr1 — fal), (3.34)
h=1
where we used the notation 1 = (1,...,1)T. Note that, as a side result of our derivation, using

the quasi-optimal values B22) in (B23) (or the optimal values solution to [B20)) with the
hierarchical grid constructed above we obtain a quasi-optimal (optimal) version of MLMC.

o Similarly to MLMC methods, in the recursive MSCV estimator (3.23) the largest number of
samples My is required on the less accurate model f1, where the samples are cheaper, whereas
only a small number My, of samples are needed on the full model. The two key differences between
the recursive MSCV estimator [B23) and the MLMC approach [B34) consist in the choice of
low fidelity models as control variates instead of a hierarchy of discretizations and in using the
quasi-optimal values B22) (or the optimal values solution to [B20)) instead of fixing A\p, = 1,
h=1,...,L.

3.3. Multiple multi-scale control variates estimators. For non homogeneous problems, as in
the scalar case summarized in Section [Z2] the main difference is that we cannot assume to know the
expectation of the control variate or that it can be computed accurately at a negligible computational
cost. Each control variate, in fact, acts at a certain scale and requires the numerical solution of a suitable
time dependent model in the phase space.

Now, the MSCV estimator (8.8)), based on the multiple control variates f1(z,z,v,t), ..., fr(z,2,0,t)
for the solution f(z,z,v,t) to problem (IT), reads

EJI\}yME[f](x,v,t) = En[f])(z,v,t) n (Enfn](x,v,t) — Eng[fr](z,0,1)) (3.35)

Hbﬂb<

where Mg > M samples have been used to estimate the expectations of the control variates E[f1,(z, v, t)].
As in the scalar case, minimization of the variance of ([B.38), leads to the optimal values

_ Mg

*

with A* given by (83). In the sequel we assume Mg > M so that M+M ~ 1.
The extension of algorithms [3.1] to the non homogeneous case is reported below.
ALGORITHM 3.3 (Multiple MSCV - non homogeneous case).
1. Sampling:
(a) Sample Mg i.i.d. initial data f¥, k = 1,..., Mg from the random initial data fo and
approzimate these over the grid characterized by Ax and Awv.
(b) Sample M < Mg i.i.d. initial data f¥, k=1,..., M from the random initial data fo and
approzimate these over the grid characterized by Ax and Av.

2. Solving:
(a) For each control variate and for each realization fZ’S, k=1,...,Mg, the resulting control
variate model is solved mnumerically by a deterministic solver with mesh widths Ax, Av.
We denote the resulting deterministic solutions for h = 1,..., L at time t"™ by f,lfzx Aws
k=1,..., Mg and estimate their expectations by s

0 E
fh,Aw,Av - fh Az, Av*

16



(b) For each realization fﬁ’f Aw B =1,..., M the underlying kinetic equation (11l) is solved
numerically by the corresbondzng deterministic solver with mesh widths Ax, Av. We denote
the solution at time t™ by fAm A BE=1,..., M.
3. Estimating:
(a) Estimate the optimal vector of values A* solving

Cr A" = b7y, (3.37)

where (O&E)U = COVME (fZ}Aw,A'U’ _;Z’AI),AU) and (brj\L/I)Z = COVM(me,A'U’ ir,LAm,Av)'
(b) Compute the expectation of the random solution with the control variate estimator

EM Mg [anc Av M Z fAz JAv Z >‘* " <M Z fh Az, Av fﬁAm,Av) . (338)

In the space non homogeneous case, similarly to the case where the control variates expectations are
known, we can apply the Gram—Schmidt orthogonalization procedure (812) and use the estimator

L
EJICLME [f](v,t) = Ex[f](z,v,1) Z (Erlgn)(z,v,t) — Eng lgn)(z,0, 1)), (3.39)

with the optimal vector of values I'* defined by (BIH). For the estimator (3:39) we have the following
generalization of the error estimate ([B.I5]).

PROPOSITION 3.6. Consider a deterministic scheme which satisfies (L) for the solution of the
kinetic equation of the form (L)) with deterministic interaction operator Q(f, f) and random initial data
f(z,2,0,0) = fo(z,z,v). Assume that the initial data is sufficiently reqular.

Then, the MSCYV estimate defined in ([B:39) with the optimal values given by [BIH) satisfies the error
bound

IELF1(5t") = B arg [fR e aulll Lypxman; 2oy (3.40)

< C{ope M7V 4 e M2 4 Aa? 4 At}

L
) 7'?1"* = HZh:l p?',ghyvar(f)’

,and C > 0

L 2
with ofr. = H (1 ~ Xn= pfvgh) Var(f) LL(DxRdv) LL(DxRdv)

depends on the final time and on the initial data.
Proof. We have

IELf1C, ") — EI\/;,ME [fRz, a0l L3(DxRI:L2 ()
< |E[f](-,t") — E}s [fAz,a0lllLy(DxRA ;L2 ()
+|Ehy [fRz,a0] = EJI\ZME [fRz, a0l L3(DxRA ;L2 ()
=1 + Is.
The first term I; can be bounded similarly to (BI8) to get

||E[f](a tn) - E]I\; [fgm,A'u]||L%(D><Rdv;L2(Q))
< Ci{opm M7V 4 A + A0t}
17



Using the fact that, ignoring the statistical error in estimating ~;, from (BI7) and (3:39) we have

L

E]1;4 [fgm,Av] - E]1;4,ME [fgm,Av] = Z FY}?H (E[glrzl,Am,Av] - EME [g;zl,Az,Av]) .
h=1

From (3I0) the second term I5 can be bounded by

HE [fA;E Av] E]W*,ME [fgm,A'u]”L%(DXRUZU;L%Q))
< Cy {Tfr*ME_l/2 + Az + A’Uq} .

O

Similarly, the recursive MSCV estimator ([B.23]), based on a hierarchy of multiple control variates
filz,z,v,t), ..., fL(z,2,v,t) with increasing level of fidelity for the solution f(z,x,v,t) to problem (1),
is

Eﬁ[f](x,v,t) = B, [f](z, v, 1) EMh [fr)(z,v,t) — Ethl[fh](x,v,t)), (3.41)

HMP‘

with Mj,_1 > M), and where now the optimal values of A* = (\},...,\})T are obtained from the quasi-
optimal solution [B22)) using (B24) or by the correction introduced by the solution of the tridiagonal
system (B:20)) if relevant.
In this case, the extension of algorithms[321and estimate ([333]) to the non homogeneous case follows
straightforwardly simply replacing fa* and f}?ﬁv with fo Ap and f}?Zm A and is omitted for brevity.
Finally, due to its importance in practical applications, we describe the details of the hierarchical
method in the case L = 2.

3.3.1. Two multi-scale hierarchical control variates. Let us focus on the case of a recursive
multiscale estimator with two control variates L = 2. To this aim we consider fi(z,z,v,t) as the
equilibrium state fg°(z,x,v,t) associated to the system of Euler equations

OUp + 0, F(Ur) = 0, (3.42)

with Ur = (pr,ur,Tr)T, and corresponding to the limit case e — 0 in (I.I)). As a second control variate
we consider fs(z,x,v,t) as the solution of the BGK model

N N )] (3.43)

Both models are solved for the same initial data fo(z,z,v). Now, the Euler equations are used as control
variate to improve the computation of the expectation in the BGK model, that in turn is used as control
variate to improve the computation of the expectation in the full Boltzmann model.

The recursive estimator now reads

By 1] = Enn[f) = 2 (Eanlfo] = Ban [fo] + A (Bany [f1] = Bany [11])) (3.44)

where My > M; > M,. If we define Ay = Xy and \; = 5\15\2 their optimal values are computed as
solutions of system (3.26) for L = 2

ArVar(fi) — A2(1 — p1)Cov(fz, f1) =0
(

A2Var(f2) — Ap2Cov(fa, f1) = (1 — p2)Cov(f, f2).
18



with pp, = My, /(Mp—1 + Mp,), which gives

* — (1 _/’Ll)(]‘ _:LLQ)COV(fé?fl)COV(f? fQ) (3 45)
b Var(fi)Var(fa) — (1= p1)paCov(fa, f1)?
AE = (1 - /Lg)vaf(fl)COV(f, f2) (3 46
2 = 2" . )
Var(f1)Var(fz) — (1 — p1)pu2Cov(f2, f1)
The quasi-optimal values are obtained assuming p1, 2 &~ 0 and are characterized by
A COV(f27f1) 3 COV(f7 f2)
o= M2 = 208 3.47
. Var(f1 ) ’ 2 Var(fz) ( )
In the fluid limit ¢ — 0 we have f, f1, fo — f°° so that
lim \¥ = (1_M1)(1_M2) — Mo lim A — (1_N2) _ My + M,
c50 1 1—(1—[},1)#2 ]\404—]\414—]\427 c0" 2 1—(1—[},1)#2 Mo + My +M2,
then
A MoEm [f2°] + MiEag [f°°] + Ma B, [f°]
L 7= Moy + My + My '

On the contrary, the quasi-optimal values are such that

limA; =1, lim\;=1
e—0 e—0

and therefore

lim By [f] = By, [£)]

e—0
which corresponds to the equilibrium solution over the finest grid of samples.

4. Numerical examples. In this Section, we discuss several numerical examples with the aim of
illustrating the characteristics of the multiple control variate strategies described in the previous Sections.
We focus on the two control variates approach B.I.1l and on the multi-scale hierarchical multiple control
variates one in the case where the hierarchy consists of two models with an increasing level of fidelity as
described in Section [3.:3.J] We use shorthands MC, MSCV, MSCV2 and MSCVH2 to denote, respectively,
the standard Monte Carlo, the single multi-scale control variate, the multiple multi-scale control variates
and the hierarchical multiple multi-scale control variates.

The first test problem consists of a space homogeneous case with uncertain initial data, the second
test problem is a Riemann problem with uncertainties in the initial state while the third test problem
has randomness in the boundary condition. These tests are analogous to those considered in [7] using
a single control variate and our precise aim is to show that with a multiple control variates approach it
is possible to achieve better results in terms of the ratio between computational cost and accuracy. In
all our numerical tests the velocity space is two dimensional d, = 2, the velocity domain is truncated to
[~ Umin, Vmax)? and the collision integral is solved by the fast spectral method [8l21]. In the sequel, all the
statistical errors have to be intended in the sense of the average where M, = 10 values have been used
to compute the mean.

4.1. Space homogeneous Boltzmann equation. We consider the space homogeneous Boltzmann
equation (ZI). We compare the case of the single control variate based on the BGK model [ZT.1] with
the case of the two control variates approach of Section B.I.Jl The number of samples used to compute
the expected solution for the Boltzmann equation is M = 100. Note that, since the control variates do
not contribute to the overall computational cost their expected values are computed with high accuracy
using orthogonal polynomials.
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FIGURE 4.1. Test 1. Lz norm of the error in time for the expectation of the distribution function for the MC method,
the MSCV method based on the BGK solution and the MSCV2 method based on the two control variates fo and f°.

4.1.1. Test 1. Uncertain initial data. The initial condition is a two bumps problem with uncer-

tainty
Jo(z,v) = 5—; (exp (—M) + exp (—M>) (4.1)

g

with s = 0.2, po = 0.125, ¢ = 0.5 and z uniform in [0, 1]. The velocity space is discretized with N, = 642
points. We choose vpmin = Umax = 16. The time integration has been performed with a 4-th order
Runge-Kutta method using At = 0.05 and a final time T = 10.

In Figure 41l we report the Lo error with respect to the random variable in the computation of
the expected value for the distribution function E[f](v,t) for the various methods. Clearly, all MSCV
methods provide a gain in accuracy of several orders of magnitudes with respect to standard Monte Carlo.
In particular, we observe that MSCV2 method based on two control variates permits to gain one order
of accuracy with respect to the standard MSCV approach.

In Figure we report the shape of the optimization coefficients Af(v,t) and Aj(v,t) at the final
time. It is possible to observe that Aj(v,t) is approaching zero and A} (v, t) is approaching one, except in
the regions where the solution still differs from its equilibrium value.

4.2. Space non homogeneous Boltzmann equation. Next, we consider the space non homoge-
neous Boltzmann equation (II)). Concerning the space-time discretization, we make use of a fifth order
WENO method [I4] for the spatial discretization and a second order explicit Runge-Kutta method for the
time discretization. The time step is the same for all methods and is taken as At = min{Az/(2vmax), €}
with € the Knudsen number. Let observe that other time integrators can be used to solve the problem
related to the stiffness of the collision operator which avoid the strict CFL condition coming from the
solution of the relaxation phase (see [§] for example). However, since this is not the core of the problem
treated here, we will not discuss this issue in the rest of the paper.

In all test cases we focus on the use of the BGK model and the Euler equations as control variates.
Since the ratio between accuracy and computational cost is of primary importance, we report in the
following some estimates about the computational cost of the different models employed in the simulations.
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FIGURE 4.2. Test 1. Optimal coefficients A\](v,t) (left) and X5(v,t) (right) at the final time Ty = 10.

The cost involved in the solution of the Boltzmann equation can be estimated by
C(f) = ONJ*T N log, (N} )N;»
the cost of the solution of the BGK equation by
C(f) = CLN{ Ng=
while the cost of the solution of the compressible Euler system by
C(fi*) = CaNy»,

where C, C7 and Cs are suitable constants, IV, is the number of angular directions in the velocity space
used in the spectral discretization of the Boltzmann operator, N, the number of grid points in velocity
space, N, the number of grid points in physical space and d, and d, respectively the dimensions in
velocity and space. We use N, = 100, N, = 32, d, = 1, N, = 8 and d,, = 2 while a rough estimation
of the ratio between the coefficients C, C; and Cy gives C/Cy = 1.25 and C/Cy = 1. Concerning the
number of samples of the random variable, we employ M = 10 points for the Boltzmann model while the
numbers Mg, > M and Mg, > M of samples used for the control variates models are discussed in the
sequel.
The multiple control variates strategy is applied here in two different ways:

e The hierarchical method described in Section B.3.1] based on the BGK model and the Euler
system.

e The two control variates method of Section [B.I] where two different BGK models are used. The
first one uses 11, = p while the second one vy = 0.125p as relaxation frequencies. This choice is
due to the fact that it is known that the BGK model tends to over-relax to the equilibrium state
compared to the standard Boltzmann operator.

The standard MSCV method is computed using the BGK model as control variate.

4.2.1. Test 2. Sod test with uncertain initial data. The initial conditions are
po(x) =1, To(z,2)=1+sz if 0<ax<L/2 (4.2)

po(z) =0.125, To(z,2) = 0.8 + sz if L/2<z<1 (4.3)
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FIGURE 4.3. Test 2. Sod test with uncertainty in the initial data. Lo norm of the error for the standard MC method,
the MSCV method and the hierarchical multiple control variate MSCVH2 method for the expectation of the temperature
(left) and for the density (right). The number of samples used for Boltzmann equation is M = 10, for the BGK model
is Mg, = 120 while for the compressible Euler system is Mp, = 10%. Top: € = 10~2. Middle: € = 10~3. Bottom:
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with s = 0.25, z uniform in [0, 1] and equilibrium initial distribution

o) = B oy (Y.

The velocity space is truncated with vimin = Vmax = 8.

We perform three different computations corresponding to ¢ = 1072, ¢ = 1072 and ¢ = 2 x 1074
The final time is fixed to Ty = 0.875.

In Figure[d3] we report the Ly norms of the errors for the standard MC method, the MSCV approach
and the hierarchical MSCVH2 method for the expected value of the temperature and the density as a
function of time. The number of samples used for the BGK model is Mg, = 100 while for the compressible
Euler system is Mg, = 10°. In all regimes the gain of the hierarchical approach is remarkable and improves
for smaller values of the Knudsen number.

Next, we discuss the numerical results of the two multi-scale control variate approach of Section
BI Il For brevity, we report the results only for ¢ = 5 x 10~%. To illustrate the models behavior, in
Figure £4, we show the expectation for the temperature and the density obtained with the Boltzmann
model and the ones obtained with the two different choices of the relaxation frequencies for the BGK
model. In Figure L5l we report the Ls norms of the errors for the expected value of the temperature and
the density as a function of time. We plot the error for the standard MC method, for the single MSCV
methods with the two different collision frequencies and the multiple MSCV2 method. The number of
samples used is Mg = 1000 on the top, Mg = 5000 in the middle and Mg = 10000 on the bottom. The
effective gain obtained with the MSCV?2 ca be easily observed.

4.2.2. Test 3. Sudden heating problem with uncertain boundary condition. In the last
test case, the initial condition is a constant state in space given by

2

e 2T°, T°=1, z€l0,1]. (4.4)

fol:v) = 57

At time t = 0, the temperature at the left wall suddenly changes and it starts to heat the gas. We assume
diffusive equilibrium boundary conditions and uncertainty on the wall temperature:

Tw(z) = 2(T° + 52), s =0.2, (4.5)
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the density (right). The number of samples used for Boltzmann equation is M = 10. Top: Mg = 103 points. Middle:
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and z uniform in [0,1]. The velocity space is truncated as before with vmin = Vmax = 8, the time
discretization and the time step are the same of the previous test. We perform again three different
computations corresponding to ¢ = 1072, ¢ = 1073 and € = 2 x 10~%. The final time is fixed to Ty = 0.8.

In Figure [4.6] the Lo norms of the errors for the expected value of the temperature and the density
are given as a function of time. The error curves refer to the standard MC method, the MSCV approach
when the BGK control variate is employed and the hierarchical multiple MSCVH2 method with BGK
and compressible Euler models as control variates. The number of samples for the Boltzmann model is
M = 10, for the BGK model is Mg, = 100 while for the compressible Euler is Mg, = 10°. We see again
that the hierarchical approach improves the computed values of the expectations in all regimes. The gain
is stronger for the density and tends to increase for smaller values of the Knudsen number.

We finally discuss the numerical results of the two multi-scale control variate approach of Section
BT for the sudden heating problem. Again, for brevity, we report the results only for e =5 x 1074, In
Figure 7] we show the expectation for the temperature on the left and the density on the right obtained
with the Boltzmann model and the two different BGK models. In Figure E.8 we report the Lo norms
of the errors for the expected value of the temperature and for the density as a function of time. In the
images, it is shown the error for the standard MC method, for the MSCV methods with the two different
collision frequencies and the two multi-scale control variate MSCV2 method. The number of samples
used is Mg = 1000 on the top, Mg = 5000 in the middle and Mg = 10000 on the bottom. As shown,
even for this test case, the MSCV2 method is able to improve the accuracy of the estimate provided that
the control variate model solutions are evaluated with enough samples. Of course, more precise estimates
of the relaxation rates in the BGK models would lead to even stronger improvements.

5. Conclusions. We introduced a novel class of multiple control variate methods based on a multi-
scale strategy for uncertainty quantification of kinetic equations and related problems. The approach
generalizes the multi-scale control variate methodology recently introduced in [7] to the case of multiple
control variates. We discussed two different techniques, accordingly to the assumption that the multiple
control variates possess a hierarchical multi-scale structure or not. We give theoretical and numerical
evidence that these methods can improve the statistical estimates obtained with a single control variate
in terms of ratio between accuracy and computational cost. Numerical comparison with other statistical
estimators in the case of two control variates are reported for the Boltzmann equation. Finally, we point
out that the present results, applied in a multi-level Monte Carlo setting, would naturally lead to optimal
multi-level control variates. The latter application represents an interesting direction of research that
will be explored in the nearby future.
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