arXiv:1901.04330v1 [math.AP] 14 Jan 2019

APPROXIMATE CLOAKING FOR TIME-DEPENDENT MAXWELL
EQUATIONS VIA TRANSFORMATION OPTICS

HOAI-MINH NGUYEN AND LOC TRAN

ABSTRACT. We study approximate cloaking using transformation optics for electromagnetic
waves in the time domain. Our approach is based on estimates of the degree of visibility in
the frequency domain for all frequencies in which the frequency dependence is explicit. The
difficulty and the novelty analysis parts are in the low and high frequency regimes. To this end,
we implement a variational technique in the low frequency domain, and multiplier and duality
techniques in the high frequency domain. Our approach is inspired by the work of Nguyen and
Vogelius on the wave equation.
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1. INTRODUCTION AND STATEMENTS OF RESULTS

Cloaking via transformation optics was introduced by Pendry, Schurig, and Smith [42] for
the Maxwell system and by Leonhardt [22] in the geometric optics setting. The idea is to use
the invariance of Maxwell equations under a change of variables. They used a singular change
of variables that blows up a point into a cloaked region. The same transformation was used
by Greenleaf, Lassas, and Uhlmann in an inverse context [I2]. However, the singular nature
of the cloaks presents various difficulties in practice as well as in theory: (1) they are hard to
fabricate and (2) in certain cases, the correct definition (and therefore the properties) of the
corresponding electromagnetic fields is an issue. To avoid using the singular structure, various
regularized schemes have been proposed. One of them was suggested by Kohn, Shen, Vogelius,
and Weinstein [19] in which they used a transformation which blows up a small ball of radius p
instead of a point into the cloaked region. Other, related regularizations schemes have also been
proposed [44] [13]. It is worth mentioning that there are other techniques for cloaking, some of
which use negative index materials such as cloaking using complementary media, see, e.g., [20}, 29]
and cloaking via localized resonance, see, e.g., [30] (see also [41], 24] 28]).

Approximate cloaking using transformation optics for the acoustic setting has been investigated
in the last fifteen years. In the frequency domain, if an appropriate or a fixed lossy layer (damping
layer) is implemented between the transformation cloak and the cloaked region, then cloaking
is achieved, and the degree of visibility is of the order p in three dimensions and 1/|Inp| in
two dimensions, see [19] 26] respectively. Without such a lossy layer, the phenomena are more
complex and have been investigated in more depth [27]. In this setting, there are two distinct
situations: resonant and non-resonant. In the non-resonant case, cloaking is achieved with the
same degree of visibility; however, the field inside the cloaked region might depend on the field
outside (cloaking vs shielding). In the resonant case, the energy inside the cloaked region can
blow up, and cloaking might not be achieved. Different cloaking aspects related to the Helmholtz
equation such as zero frequency context and the enhancement, have been studied [19} 33\ [2], [14] [16]
and references therein. There are much less rigorous works in the time domain. Cloaking using
transformation optics for the wave equation was established in which a lossy layer is also used
[35], and in which the dispersion of the transformation cloak using the Drude-Lorentz model is
accounted and a fixed lossy layer is used [36], in this direction.
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In the electromagnetic time harmonic context, the situation on one hand shares some common
features with the scalar case and on the other hand has some distinct figures, see [39]. In the non-
resonant electromagnetic case, without sources inside the cloaked region, it is shown that cloaking
is achieved and the degree of visibility is of the order p?. In the resonant electromagnetic case,
in contrast to the scalar case, cloaking is always achieved even if the energy inside the cloaked
region might blow up. Moreover, the degree of visibility varies between the non-resonant and
resonant cases. Other works on cloaking for the Maxwell equations in the time harmonic regime
can be found in [IT], [47] 48] [3, @, 21] and references therein.

This paper is devoted to cloaking using transformation optics for the Maxwell equations in the
time domain. We use the regularization transformation instead of the singular one for the starting
point, which is necessary for viewing previous results in the time harmonic regime. Concerning
the analysis, we first transform the Maxwell equations in the time domain into a family of the
Maxwell equations in the time harmonic regime by taking the Fourier transform of the solutions
with respect to time. After obtaining appropriate estimates on the near invisibility of the Maxwell
equations in the time harmonic regime, we simply invert the Fourier transform. This idea has its
roots in the work of Nguyen and Vogelius [35] (see also [30]) in the context of acoustic cloaking
and was used to study impedance boundary conditions in the time domain [38] and cloaking for
the heat equation [32]. To implement this idea, the heart of the matter is to obtain the degree
of visibility in which the dependence on frequency is explicit and well controlled. The analysis
involves a variational method, a multiplier technique, and a duality argument in different ranges
of frequency. An intriguing fact about the Maxwell equations in the time harmonic regime worth
mentioned is that the multiplier technique does not fit well for the purposes of cloaking in the very
high frequency regime, and a duality argument is involved instead. Another key technical point
is the proof of the radiating condition for the Fourier transform in time of the weak solutions
of the general Maxwell equations, a fact which is interesting in itself. Note that after a change
of variables, the study of the cloaking effect can be derived from the study of the effect of a
small inclusion which is known when the coefficients inside the small inclusions are fixed (or has
a finite range), generally for a fixed frequency, see, e.g., [4, [45]. Nevertheless, the situation in the
context of cloaking is non-standard since the coefficients inside the small inclusion blow up as the
diameter goes to 0.

Let us now describe the problem in more detail. For simplicity, we suppose that the cloaking
device occupies the annular region By \ B/, and the cloaked region is the ball By /5 in R3 in which
the permittivity and the permeability are given by two 3 x 3 matrices €, o, respectively. In
this paper, for r > 0, we denote B,. as the ball centered at the origin and of radius r. Throughout
this paper, we assume that, in By s,

(1.1) €0, o are real, symmetric,

and uniformly elliptic, i.e.,

(12) KIEP < (co()6 ), (ro(2)6.€) < Al Ve € B,

for a.e. * € By and for some A > 1. We also assume €p, po are piecewise C' to ensure the

uniqueness of solutions via the unique continuation principle (see [40] 5], and also [43]).
Let p € (0,1) and let F, : R3 — R3 be defined by

x in R3\ By,
2—2p || r
= — By\B
(1.3) F,(z) < - +3 _p) Ei 2\ By,
r in B,.

p
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The cloaking device in By \ By /2 constructed via the transformation optics technique is charac-
terized by the triple of permittivity, permeability, and conductivity and contains two layers. The
first one in By \ By that comes from the transformation technique using the map F), is

(Fp. 1, Fp,1,0)
and the second one in By \ By, which is a fixed lossy layer, is
(I,1,1).
Here and in what follows, for a diffeomorphism F' and a matrix-valued function A, one denotes

_ DFADFT |

1.4 FA =220
(14) [det DF|

Remark 1.1. Different fixed lossy layer can be used. However, to simplify the notations and to
avoid several unnecessary technical points, the triple (I, 1, 1) is considered.

Assume that the medium is homogeneous outside the cloaking device and the cloaked region.
In the presence of the cloaked object and the cloaking device, the medium in the whole space R?
is described by the triple (e, pic, 0¢) given by

(1,1,0) in R?\ Bs,
F*[,F*[,O iIlBQ Bl,
(1.5) (€c ey 0c) = ( ’ ’ ) . '
(I,1,1) in By \ Bya,

(e0,10,0)  in By
Let J represent a charge density. We assume that
(1.6) T € LY([0,00); [L*(R?)]?) with suppJ C [0,T] x (Bg, \ B2), for some T > 0, Ry > 2,
and
(1.7) div.7 =0 in Ry x R,

With the cloaking device and the cloaked object, the electromagnetic wave generated by 7 with
zero data at time 0 is the unique weak solution (&, H.) € L ([0, 00), [L?(R?)]®) to the system

loc

EC% =V xH.—T—0cE in (0,+00) x R3,

(1.8) MC% — _VxE in (0, 4-00) x R3,
E.(0,:) = H(0,-) =0 in R?.

In the homogeneous space, the field generated by J with zero data at time 0 is the unique weak
solution (£,H) € L2 ([0,00), [L?(R?)]%) to the system

loc
%:VX’H—‘Y in (0, +00) x R3,
(1.9) %_t[ =-VxE in (0, 400) x R3,

£(0,-) =H(0,) =0 in R3.

The meaning of weak solutions, in a slightly more general context, is as follows.
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Definition 1.1. Let ¢, u, € [L®°(R3)]**3, 0y, 0. € L¥(R3) be such that € and p are real,
symmetric, and uniformly elliptic in R3, and o,, and o. are real and nonnegative in R, and let
fer fm € L ([0,00); [L2(R)]3). A pair (E,H) € LE.([0,00), [L2(R?)]%) is called a weak solution

Of loc
Eg—f:VxH—aeg—kfm in (0, 4+00) x R3,
(1.10) ,uaa—tl =-VxE—onH+fo in(0,+00) x R3,
£(0,-) =0;H(0,-) =0 in R3,
if
%<E€(i,.),E> + (0.E(t,.), E) — (H(t,.),V x E) = (fn(t,.), E),
(1.11) y fort >0,
o W), H) + (om(t, ), H) +(E(8,.), V < H) = (fe(t,.), H),
for all (E,H) € [H(curl,R?)]?, and
(1.12) £(0,.) =H(0,.) = 0 in R,

Some comments on Definition[[.Ilare in order. System ([L1I]) is understood in the distributional
sense. Initial condition (LI2]) is understood as

(1.13) (€€(0,.), E) = (WH(0,.),H) =0 for all (E, H) € [H(curl, R®)]?.
From ([LIT), one can check that
(£ (t,.). B, (uH(t, ), H) € Wyge ([0, +00)).
This in turn ensures the trace sense in (LI3]).
Concerning the well-posedness of (.I0)), we have, see, e.g., [37, Theorem 3.1],

Proposition 1.1. Let f., frn € Li ([0,00); [L2(R3)]?). There exists a unique weak solution

loc
(E,H) € L§2.([0,00), [L?(R3)]) of [IN). Moreover, for T > 0, the following estimate holds
’ 2
2 2
(1.14) /R E(t, )2 + [H(t, ) de < C /H(fe(s,.),fm(s, )| pog | ort €10.7)
0

for some positive constant C depending only on the ellipticity of € and p.

Remark 1.2. We emphasize here that the constant C' in Proposition [[L1] is independent of T
This fact is later used in the proof of the radiating condition. In [37], the authors considered
dispersive materials and also dealt with Maxwell equations which are non-local in time.

We are ready to state the main result of the paper that is proved in Section Bl

Theorem 1.1. Let p € (0,1), T > 0 and let (E.,H.),(E,H) € L ([0,00), [L*(R3)]) be the

loc

unique solutions to systems ([L8) and (L9), respectively. Assume (LO) and (LA). Then, for
K cc R3\By,

(115) H(gc,%c) - (57%)“L°°((O,T);L2(K)) S CTp3”j”Hll((opo);[LZ(RB)]ii),
for some positive constant C' depending only on K, Ry.

Remark 1.3. Assertion (ILI3]) is optimal since it gives the same degree of visibility as in the
frequency domain in [39] where the optimality is established.
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Remark 1.4. Estimate (L.I5]) requires that J is regular. The condition of the regularity of J
is not optimal, and this optimality would be studied elsewhere.

Our approach is inspired by the work of Nguyen and Vogelius [35] (see also [36], [38]), where
they studied approximate cloaking for the acoustic setting in the time domain. The main idea
can be briefly described as follows. We first transform the time-dependent Maxwell systems into
a family of the time-harmonic Maxwell systems by taking the Fourier transform of the solutions
with respect to time. After obtaining the appropriate degree of near invisibility for the Maxwell
equations in the time harmonic regime, where the frequency dependence is explicit, we simply
invert the Fourier transform. The analysis in the frequency domain w (in Section2]) can be divided
into three steps that deal with frequencies in low and moderate (0 < w < 1), moderate and high
(I < w < 1/p), high and very high (w > 1/p) regimes. The analysis in the low and moderate
frequency regime (in Section 2.1]) is based on a variational approach. In comparison with [39], one
needs to additionally derive an estimate for small frequency in which the frequency dependence
is explicit. In the moderate and high frequency regime, to obtain appropriate estimates, we use
the multiplier technique and the test functions are inspired from the scalar case due to Morawetz
(see [25]). The analysis in the moderate and high frequency regime is given in Section There
is a significant difference between the scalar case and the Maxwell vectorial case. It is known in
the scalar case that one can control the normal derivative of a solution to the exterior Helmholtz
equation in homogeneous medium by its value on the boundary of a convex, bounded subset of
R3. However, in contrast with the scalar case, one cannot either use tangential components of the
electromagnetic fields to control the normal component in the same Sobolev norms and conversely.
This fact can be seen from the explicit solutions outside a unit ball of Maxwell equations (see,
e.g., [I7, Theorem 2.50]). This is the reason for which we cannot use the multiplier technique in
the very high frequency regime and again reveals the distinct structure of Maxwell equations in
the time harmonic regime as compared to the Helmholtz equations. The analysis in the high and
very high frequency regime in Section is based on the duality method inspired from [23]. The
proof of Theorem [[LT] based on the frequency analysis is given in Section Bl A key technical point
required for the analysis in the frequency domain is the establishment of the radiation condition
for the Fourier transform with respect to time of the solutions of Maxwell equations. The rigorous
proof on the radiation condition in a general setting is new to our knowledge and is interesting
in itself.

The paper is organized as follows. Section 2lis devoted to the estimates for Maxwell’s equations
in frequency domain. Section B gives the proof of Theorem [[L.TI The assertion on the radiation
condition is also stated and proved there.

2. FREQUENCY ANALYSIS

In this section, we provide estimates to assess the degree of visibility in the frequency domain.
We first recall some notations. Let U be a smooth open subset of R3. We denote

H(eurl, U) = {6 € [PW)P : V x 6 € [PO))},

H(div,U) = {¢ e [L2U) : div € L2(U)}.
We also use the notations Hjo.(curl, U) and Hy.(div,U) with the usual convention.
Given J € [L%*(R?®)]® with compact support, let (E,H) € [Hpc(curl,R3)]? and (E,,H,) €
[Hioe(curl, R?)]2 (p > 0) be the corresponding unique radiating solutions of the following systems
V x E = iwH in R3,

(2.1)
VxH=—iwE+J inR3,
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and
V x E, =iwp,H, in R3,
22 V x H, = —iwe,E, + 0,E, +J inR3.
Here, for p > 0,
(1,1,0) in R®\ B,

(2.3) (e tpy 0p) = (p~' L, p~'1,p7t)  in B,\ B,p,
(F_ Eo,F L10,0) in By
Recall that for w > 0, a solution (E, H) € [Hoc(curl,R3\ Bg)]?, for some R > 0, of the Maxwell

equations

V x E =iwH in R?\ Bg,

V x H=—iwE inR3\ Bg
is called radiating if it satisfies one of the (Silver-Miiller) radiation conditions
(2.4) Hxz—|z|E=0(1/|z|]) or Exx+|z|H=0(1/|x|) as |z| = +o0.

Here and in what follows, for a € R, O(|z|*) denotes a quantity whose norm is bounded by C|x|*
for some constant C' > 0.
Throughout this section, we assume

(2.5) div] =0 and supplJ C Bg, \ Ba,

for some Ry > 2. One sees later (in Section B) that if (£,,H.) and (£,H) are the correspond-
ing Fourier transform with respect to ¢ of (&, H.) and (£,H) in (L8)-({L.9) and if one defines
(€0 H,) = (DFTSC,DFTH ) o F, in R? then (£,H) and (£,,#,) satisfy @I and (Z2)) respec-
tively (for some J]) ThlS is the motivation for the introduction of (E,H) and (E,, H,).

The goal of this section is to derive estimates for (E,, H,) — (E,H) in which the dependence
on the frequency w and p is explicit. More precisely, we establish the following three results.

Proposition 2.1. Let 0 < p < pg and 0 < w < wg. We have
(2.6) 1(Bp, H,) — (B, H) || z2(5\5,) < Crw™ ' 0°[|3]| 22 (2,

for some positive constant Cr depending only on Ry, R, wg, and pg.
Proposition 2.2. Let 0 < p < pp and 0 < wp < w < wyp ™
and wq 18 large enough. We have, for R > 2,

(2.7) H(Evap) - (EvH)HLQ(BR\Bz) < ORW?)PgHJHL?(RS)a

for some positive constant Cr depending only on R, Ry, wy, and w.

, and assume that pg is small enough

Proposition 2.3. Let 0 < p <1, w; >0, and w > wip~'. We have, for R > 2,
(2.8) By, Hp) — (B, H) | 22(Bp\B2) < Crw' ™2 0% |17 L2 o),
for some positive constant C'r depending only on Ry, R, and wy.

To motivate the analysis in this section, we define

_ in 3
(2.9) (E,,H,) = (Ep, Hy) — (E,H) | R® \ B,,
(Eme) in B,
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and set
(2.10) (Epaﬁp) = (Ep, Hy)(p-) in R’.

Then, (E,,H,) € [L?

2 (R%)]® with (Ep,ﬁp) € Ng>1H(curl, B \ 0B7) is the unique radiating
solution of

V x E, = iwfi,H, in R3\ 9By,
1) V x H, = —iwé,E, + 5,E, inR>\ 9B,

[pru]:—E(p-) X v on 0By,

[ﬁpXV]Z—H(p')XV on 0By,
where

(pI,pI,0) in R3\ By,
(212) (épaﬂm&p) = (1,1,1) in By \Bl/27
(€0, 110,0) in By a.

Here and in what follows for a smooth, bounded, open subset D of R?, we denote [u] := |ext — u|int
on 0D for an appropriate (vectorial) function w.

We will study (ZII) and using this to derive estimates for (E,,H,) — (E,H) in the following
three subsections.

2.1. Low and moderate frequency analysis - Proof of Proposition 2.1l This section is
devoted to the proof of Proposition 1] and contains two subsections. In the first subsection, we
present several useful lemmas and the proof of Proposition 2.1lis given in the second subsection.

2.1.1. Some useful lemmas. We first recall the following known result which is the basic ingredient
for the variational approach.

Lemma 2.1. Let D be a smooth, bounded, open subset of R® and let € be a measurable, symmetric,
uniformly elliptic, matriz-valued function defined in D. Assume that one of the following two
conditions holds:

1) (up)nen C H(curl, D) is a bounded sequence in H(curl, D) such that
(div(eu,)) nen Converges in H (D) and (un I/)neN converges in H~'/2(0D).
ii) (un)nen C H(curl, D) is a bounded sequence in H(curl, D) such that

(div(eun))neN converges in L*(D) and ((eun) converges in H='/%(0D).

nEN

There exists a subsequence of (up)nen which converges in [L?(D)]3.

The conclusion of Lemma[ZTlunder condition 4) is [31l, Lemma 1] and has its roots in [15], [8] [46].
The conclusion of Lemma 2] under condition i) can be obtained in the same way.
In what follows, the following notations are used

H™2(dive,T) i= {¢ € [HT/2()5 6 v =0 and dive 6 € H~VA(T) },

||¢HH*1/2(divF, = ||l - vy T | divr @] - 1/2(T)*
We have
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Lemma 2.2. Let 0 < w < wy and D be a simply connected, bounded, open subset of R? of class
C*, and denote T = 0D. Let h € H-'/?(divy,T') and E € H(curl, D). We have

(213) | /F E - hds| < C(wllBll2py + IV % Ellzzoy ) (Ihllg-1/2ey + ™ dive bll gz )
for some positive constant C' depending only on D and wy.
Here and in what follows, u denotes the complex conjugate of u.
Proof. Let (E°, HY) € [H(curl, D)]? be the unique solution to
Vx EY=iw(l+i)H® in D,
V x H® = —iw(1+4)E° in D,
E'xv=nh on I
We prove by contradiction that
(214) G, 5020y < C (IAl-1saqey + ™ divr bl g-a7sqry

for some positive constant C' depending only on wp. Assume that there exist sequences ((E,,, H,)) C
[H (curl, D)]?, (wy) C (0,wp) and (h,) € H='/?(divy,T') such that

(2.15) |(En, Hy)|| =1 for all n,
(2.16) hnll g-1/2(r) + wy, | divp hinl| =172y converges to 0,
and

V X E, =iwy(1+1i)H, in D,
(2.17) V x H, =—iw,(1+14)E, inD,
FE, xv=h, inI'.

Without loss of generality, one can assume that w, — w*. Applying Lemma 21} one might
assume that (E,, H,) converges to some (E, H) € [L*(D)]®. We only consider the case w, = 0,
the case where w, > 0 is standard. Then

VxE=0 1inD, VxH=0 in D,
divE =0 in D, and divH =0 in D,
Exv=0 onl, H-v=0 on I'.

We also have, for each connected component I'; of T,

E vds = lim FE,  -vds= lim [;
n—00 r; n—00 —an(l—l—l)

/ (V x Hy,) -vds| =0.
Ly

Since D is Slmply connected, it follows (see, e.g., [I0, Theorems 2.9 and 3.1]) that £ =V x &g
and H = V¢&y for some &g, &g € H' (D). We derive from the systems of £ and H that

/|V><§E|2d:17:0 and /|V§H|2d$:0.
D D

This yields that E = H = 0 in D. We have a contradiction. Therefore, ([2.14]) is proved.
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We have
/E ~hds = / E-(E°xv)ds = / (VxE)-E%dx — / E - (V x EY) dz (integration by parts)
r r D D
:1/(V><Eylﬂdx—iwﬂ+4)/jE-Hﬂdm
D D

It follows from Holder’s inequality and (ZI4]) that

‘/ E - hds
r
< C(wllBll 2oy + IV % Ellza) ) (Ilg-172ey + & dive Al g-vaqry ) -

which is (ZI3)). O

The following simple result is used in our analysis.

< (@ Bll2) + IV Bllzao) ) IE®, Bl 2y

Lemma 2.3. Let D be a C' bounded open subset of R3 and denoteI' = dD. Leth € H-/?(divy,T)
and u € H(curl, D). We have

(218) ‘/FU : h‘ < CHUHH(curl,D)|’hHH*1/2(diVF,F)’

for some positive constant C' independent of h and u.

Proof. The result is standard. For the convenience of the reader, we present the proof. By the
trace theory, see, e.g., [1l [6], there exists ¢ € H(curl, D) such that

¢xv=honl and |¢|gcu,p) < Clhlg-1/2(1v1)

for some positive constant C' depending only on D. Then, by integration by parts, we have

/Fﬂ-h:/rﬁ-(gbxy):/DVXE-QS—/DE-Vng.

The conclusion follows by Holder’s inequality. O

We next present an estimate for the exterior domain in the small and moderate frequency
regime.

Lemma 2.4. Let Ry > 2, 0 < k < ko, and D C By be a smooth open subset of R3 such
that R3\ D is connected. Let (fi,f2) € [L*(R?)]% with support in Br, \ D, and assume that
(E,H) € [Ngs1H(curl, Bg \ D))? is a radiating solution of

V x E =ikH + f; in R3\ D,
VxH=—ikE+fy, inR3\D.

We have, for R > 2,
(2.19)

I(E, H)|lr2(By\D) < CR(H(E x v, H x V)|l g-129py + I(f1, f2)|l 22 + E7H|(div f1, div f2)”L2>7

for some positive constant C'r depending only on D, kg, Ry, and R.
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Proof. By the Stratton-Chu formula, we have, for x € R? with |z| > Ry + 1,

B(x) = / V.Gl ) x (v(y) x E@w))dy
O0BRy+1/2

+ik/ v(y) x H(y)Gr(z,y)dy —/ v(y) - E(y)VeGr(x,y)dy,
0BRy11/2 d

Bry+1/2

H(x) = / V. Gi(z,y) % (v(y) x H(y))dy
OBR+1/2

ik / v(y) x E(y)Ci(x, y)dy — / U(y) - Hy)VaGr(z,y)dy,
8BR0+1/2 6BR0+1/2

where

eik|m_y|

(2.20) Gr(z,y) = for = # y.

Ar|z — y|
It follows that, for R > Ry + 1,
(2.21) (B, H)|[r2(8,\p) < CrI(E, H)lL2(BR, 1\ D)-

Hence, it suffices to prove ([2.I19) for R = Ry + 1 by contradiction. Assume that there exist
sequences (kn) C (0, ko), ((fin, fon)) C [L*(R?\ D)]® with support in Bg,\ D, and ((E,, Hy,)) C
[Ngr>1H (curl, B \ D)]? such that ||(E,, Hn)”LQ(BROH\D) =1,
(222)  tim(|[(En x v, Hy X 0 g-1/209p) + |(Frons 222 + ki (i fum, div fon)lz2 ) =0,
and

V x E, = iknHy + fin in R3\ D,

V x Hy, = —ik,Ey + fon, in R3\ D.

Without loss of generality, one might assume that k, — k. as n — 4o00. Using Lemma [2.T],
(Z21)), and ([Z22)), one can assume that (E,, H,) converges to (E, H) in [L?(Bg \ D)]®. We first
consider the case k, = 0. We have

VxE=0 inR3\D, VxH=0 inR3\D,
(2.23)

Exv=0 ondD, Hxv=0 ondD,
(2.24) divE=0imnR3*\D divH =0inR3\ D,
and
(2.25) |E(x)] = O(|z|72) and  |H(z)| = O(|z|™2) for large .

Assertion (2.28]) can be derived again from the Stratton-Chu formula using the fact that lim,, ;o k,, =

0. It follows from ([2:23)), [2:24]), and (225 that (see, e.g., [39, Lemma 3.5], [10, Chapter I])
E=H=0inR>\D.

We have a contradiction with the fact ||(E,, Hn)HL?(BROH\D) =1.
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We next consider the case k, > 0. In this case, we have (E, H) satisfies the radiating condition
and

V x E =ik,H in R3\ D,
V x H=—ik,E in R3\ D,
Exv=Hxv=0 ondD.
One also reaches (£, H) = (0,0) in R?\ D and obtains a contradiction. O

In the same spirit, we have

Lemma 2.5. Let 0 < p < po, 0 < w < wp, 1/2 < r < 1, and Ry > 2. Let h = (hy1,hs) €
[H~Y2(divgp,,0B1)]%. Assume that (E,H) € [L (R*\ B,)]% with (E, H) € [Nps1H (curl, (Bg \
B,)\ 0B1))? is a radiating solution of

V x E =iwfi,H in (R3\ B,)\ 0By,
Vx H=—iwé,E+5,E in(R¥\B,)\ 9By,
[E xv]=hy,[Hxv]=hy ondBj.

We have, for R > 2,

1B, H)ll12(p\B,) < CR(II(E x v, H x )| g-1298,) + (71, ho)ll g-1/2(9,)

+ w—l”(divaBl hi,divyp, h2)”H*1/2(8B1)>7
for some positive constant Cr independent of (h1,hs), (f1, f2), p, and w.

Proof. As argued in the proof of Lemma 2.4] by Stratton-Chu’s formulas, it suffices to prove

(£, H)|[22(B,\B,) < CR(H(E x v, H X v)|lg-1298,) + (1, h2) |l -12(98,)

+ w—l”(divaBl hi,divyp, h2)”H*1/2(8B1)>7

by contradiction. Assume that there exist sequences (wy,) C (0,wp), ((h1,n, hon)) C [H™Y2(divr, 0B1)]?,

((flm,fg,n)) C L*(R?\ B,) with support in By \ B,, and ((En,Hn)) C [Mr>1H (curl, Bg \ D)]?
such that

(2.26) ”(EWHN)HLZ(BQ\BT) =1,

(227)  lim <H(En X v, Hy x V)”H*1/2(8BT) + H(hl,nah2,n)HH*1/2(6BT.)

n—-+400

+ i | (divos, hrn, divas, ha)lli-1/208,) ) =0,
and
V X By, = iwnjiy, Hy in (R3\ B,) \ 0By,
V x Hp, = —iwpéy, By +6,,E, in(R3\ B,)\ 0By,
[En X V] = hip, [Hy X V] =hy, on 0Bj.

Without loss of generality, one might assume that w,, — ws and p, — px as n — +o0o. We first
consider the case p, = 0. Since, as n — +00,

(—iwn, + 1)Ey, - Vit = —iwnpnEp - V]egt — divop, hon — 0 in H_l/z(aBl)
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and
. 1 4- . ~1/2
Hy, - v0int = pnHy - V]egt — (iwy) ™" divop, hip — 0in H / (0By),

using (227) and applying Lemma 2] one can assume that (E,, H,) converges to (F,H) in
L?(B1 \ B,). Moreover,

divE=divH =0 in By \ B,,

Exv=Hxv=0 ondbB,,

EF-v=H -v=0 on 0Bj.
It follows that (E, H) = (0,0) in B; \ B,. We derive that

(2.28) lim ||(EmHn)||L2(B1\BT-) =0

n—-+00

and, by [I5, Lemma A1l],

m ([(En x v, Hy X V) lint || gr-1/2(9,) = 0-

n——+0o0o
This yields
(2.29) Jm ([(En X v, Hy X V)lextll g-112(08,) = 0-

This in turn implies, by Lemma [2.4] that

(2.30) lim H(Em Hn)”LQ(Bz\Bl) =0.

n——+o0o

Combining (2:26]), (Z28)), and (2:30]), we obtain a contradiction.

We next consider the case p, > 0. The proof in this case is similar to the one in Lemma 2.4]
and omitted (see also [3I, Lemma 4] for the case w, > 0). O

Remark 2.1. The proof gives the following slightly sharper estimate (for small w):
(2.31) (B, H)llr2(By\B,) < CR(II(E x v, H xv)|lg-1/29p,)  lI(h1; h2)l g-1/2(08,)

+ H(w—l divgp, h1,divgp, hQ)HH*l/?(BBl)) .
We are ready to give the main result of this section:

Lemma 2.6. Let 0 < p < pg and 0 < w < wg, and let hi,hy € H_1/2(divagl,8Bl). Let
(E,,H,) € [Ng>1H(curl, Bg \ 8B1))? be the unique radiating solution of

V x E =iwji,H in R3\ 0By,
(2.32) V x H=—iwé,E+5,E in R®\ By,
[Exv]=hy, [Hxv]=hy ondBj.
We have
1B ) 225, Bay) < C (s o)l g-1/200m,) + @ Iivas, iy, divos, ha)l-12(0m,) )

for some positive constant C depending only on pg and wg.
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Proof. Multiplying the first equation of (2.32) by ﬁ;lv x E and integrating over B \ 0B, we
have, for R > 1,

/ ﬂ;IVxE-Vxde:iw/ H -V x Edx
Br\dB Br\0B1

:iw/ (—iwépE+5pE)-Ed:E+iw/ (Hxv) Edr
Br\dBi 9BR

Ciw / (H % ) loxt - Eloxs — (H % 1)int - Elin.
0B

Using the definition of 6, and considering the imaginary part, we have

(2.33) / |E|2 do = §R< hy - Elext dx — hy - Hling d:z:> —R (H xv)- Edz.
B1\By 2 0By OBRr

Letting R — oo and using the radiation condition, we derive from (2.33]) that

(2.34) / |E|*dx <
B1\By 2

<

hg - Elext — h1 H |int ds
0B,

h2 : E|ext
0B1

Applying Lemma, with D = By \ By, we have

}_11 . H|oxt dS
0B1

+ +

/ (h1 X V) - hads
OB

(2.35) - hy - Elex ds| < Cw||(E, H) || 12(By\51) <||h2||H*1/2(8B1) +w ™ divp h2||H*1/2(8B1)>
1

and

(2.36) - hi - Hexy ds| < CWH(E’H)HL%BQ\Bl)<||h1||H*1/2(8Bl)+w_1||diVFh1||H*1/2(8B1)>‘
1

Applying Lemma 23] we obtain
/ (h1 x V) - ha ds
0By

M = [[(hy, ho)ll g-1/2(om,) + @ I(dive by, dive ho) || g-1/2(a,) -
Combining (2.34)), ([2.35)), [2.36) and Z37) yields

(239) [ B < O (MIE ) |izwan + ).
Bi\By /2

(2.37)

< Cll(hs h)lE-1/2(divy , 00)

Denote

From the equations of (E, H) in By \ By, we have
AFE +w?’E —iwE =0 in By \ By .
It follows from (2.38]) that
(2.39) 1 0,0+ IV E o, ) < C (M, D)l + M%),
which yields

(2.40) 1B, )30, ) < C (w7 MIE, H) | 23 0) + 07 M?).
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Using (2.40)) and applying Lemma 25 with r = 2/3, we derive that
1B, B2, ) < C(w_lMH(E,H)HLz(Bz\Bl) +w—2M2>7
and the conclusion follows. O

We end this subsection with

Lemma 2.7. Let 0 < p < 1 and pw < ko, and let D C By be a smooth, open subset of R3.
Assume that (E,H) € [NgsoH (curl, Bg \ D)]? is a radiating solution to the system

V x E =iwpH in R3\ D,
V x H=—iwpE inR3\ D.
We have, for R > 1 and x € Bsg/, \ Bag/,,
(2.41) |E(x), H(z)| < Crp®(@? + DII(E, H)|| 2 (8,\D):
for some positive constant C' depending only on kg and R.
Proof. We only prove (2.41)) for E, the proof H is similar. By Stratton-Chu’s formula, we have,
for x € R\ By,

(242) E(z) = /a VaGila.) x (v1y) x Ew)dy

+iup / v(y) x H(y)Gr(z,y)dy - / u(y) - B(y) V2 Gz, y)dy,
OB1 0By

where k = wp and Gy, is given in ([220]).
Let (E,H) € [H(curl, B1)]? be the unique solution to the system

V x E=iwp(l+i)H  in By,

(2.43) V x H = —iwp(1+4)E in By,

Exv=FExuv on 0B1.
By a contradictory argument, see, e.g., [39] (see also the proof of Lemma [2.0]), we obtain
(2.44) (B, H)|l12(5,) < CIE X Vext, H - Vextll gr-1/2(9,)-
Since

E xvds| = E xvds| = V x Edz| = / wp(1 +i)Hdz|,
8B1 8B1 B1 Bl

we obtain
(2.45) - E xvds| < Cwpl|(E, H)| 12(B\D)-

1

Similarly, we have

(2.46) - H x vds| < Cwpl|(E, H)| 12(B,\D)-
1
One has
1
(2.47) / v-Eds=— v-VxHds=0.
0B wp JoB,
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Rewrite (Z42) under the form

E(z) =

Va2 Gi(z,0) x (v(y) x E(y))dy +/ (VaGr(z,y) — VoGi(z,0)) x (v(y) x E(y))dy

aBl aBl

+ik [ v(y) x Hy)Gi(z,0)dy + ik | v(y) x H(y)(Gr(z,y) — Gr(z,0))dy
0B; 0B;

—/ V(y)~E(y)Vka(w=0)dy—/ v(y) - E(y)(VaGr(z,y) — V.G(x,0))dy.
0B 0By

Using the facts, for |z| € (2R/p,3R/p) and y € dBy,

|Gr(z,y) = Gi(z,0)] < CL+w)p?,  |[VGi(z,y) — VGi(z,0)| < C(1+w?)p’,

1ElL208,) < ClIEL2(B\D),  and  [[Hl|1298,) < ClH||L2(8,\D):
we derive the conclusion from ([2:45]), ([2.46]), and 247). O

2.1.2. Proof of Proposition [27l. Applying Lemma [2.6] to (Ep, ﬁp), defined in (2I1]), we have

(2.48) 1(Ep, Hp) |l £2(8,\51) < Cow  [(E(p.), Hp.)) |22 (08,)-
Since divJ = 0, we have
AE 4 w?E = —iw] in R3.

It follows that, for x € Bs,

(2.49) E(z) = —iw - J(y)Gy(z,y)dy and H(z)= -V, x - J(y)Gy(z,y) dy.

This yields

(2.50) [(E(p.), H(p.)) oo om1) < CININ 12(r3)-
From (2.48)) and (2.50]), we obtain
(2.51) I(Ep, Hp) |l L282\B1) < Cow™ |1 Tl| 2R3y

Applying Lemma 2.7] to (}~3p7 ﬁp), we have, for € Bs,/, \ Ba,/,,
‘(Ep(x),ﬁp(a:))‘ < Crw_lp?’Hq]]HLz(Rg) for r > 1/2,

Since (E,,H,) — (E,H) = (E}p,ﬁp)(p_1 -) in R?\ By, the conclusion follows. O

2.2. Moderate and high frequency analysis - Proof of Proposition This section con-
tains two subsections. In the first, we present several lemmas used in the proof of Proposition
and in the second, the proof of Proposition is given.
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2.2.1. Some useful lemmas. The main result of this subsection is Lemma 2.9] which is analogous
to Lemma though for the moderate and high frequency regime. We begin with

Lemma 2.8. Let w > wp, and let  be a convex, bounded subset of R® of class C'. Let
Jj € H(div,Q), and let uw € H(curl, Q) N H(div,Q) be such that

(2.52) V x (V xu) —w?u=jinQ,
and u - v, (V xu)-v € L?(0). Then
(253)  |[(wu x v, (V xu) xv)|12(50)
< C(H(W%V < )| 2y + (wu - v, (V x u) - )| 2000) + il z2) + @7 diVjHH(Q))a
for some positive constant C' depending only on £ and wy.

Proof. The analysis is based on the multiplier technique. We first consider div j = 0. Multiplying
2352) by (V x @) x x and integrating over (2, we obtain

(2.54) /Qj-(qu)xa:da::/QVX(VXU)-(qu)xxdm—wz/gu-(qu)xa:da:.
Set
II::—wz/u-(Vxﬂ)xxdx and Ig::/Vx(qu)-(an)x:pd:r.
We have " ’
Ilz—w2/ﬂu-(V><u)xa:da::wz/Q(qu)-(uxm)da:

= w2/ -V x(uxzx)de— wz/ (uxv) (uxz)ds (by integration by parts).
Q o0

Recall that, for all v € [H'(Q)]?,
(2.55) Vx(wxz)=—-zx (Vxv)+v+V(@w-z)—axdivye in Q.
Using (2.55]) and the fact divu = divj = 0 in 2, we derive that

Ilz—wQ/ﬂ- [z % (V x u)] dm—{—wz/ u|? dz
Q Q

+w2/ﬂﬂ'V(u-:p)dx—w2/aQ(axu)-(uxx)ds

N [/Q]u\2da:+/fm(u-V)(u'a;)ds—/ém(uxu)-(uxx)ds}.

This implies

2

(2.56) R, = < (/ |u|2d:1:—|—/ (ﬂ-l/)(u-:n)ds—/ (@ % V) - (u x x)ds) .
2 \Ua 80 89

Similarly, we have

(2.57)

RI, = </Q\V><u\2dx—|—/(m(vXu-V)(VXu-x)ds—/(m((V><u)XV)-((qu)Xx)ds>.

N | —
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Combining (Z54), 2356), and [Z57) yields

(2.58) /QwQ\u]2 + |V x u*dz — /émw2(u xv)-(uxz)+ (Vxa)xv) (Vxu)xx)ds

—I—/ WiHa-v)(u-z) + (V xa-v)(V xu-:n)d8:2§]?{/j-(V><ﬁ) X:Edzn}.
o Q
This implies (2353)) in the case where divj = 0 in .
We next consider an arbitrary div j. Let ¢ € HZ () be the unique solution of
Ap=divy in Q.
It is clear that

(2.59) &l 1) < Cllillz2)

and

(2.60) Vo x vlr200) < Clléllnz@) < Clldiv 12,
for some positive constant C' depending only on 2. Set

(2.61) =u—w 2Véin Q.

We have

VxVXi—w?i=j—V¢in Q.

Since div(j — V¢) = 0 in 2, applying the previous case to @, we obtain the conclusions from

2.59), @.60), and @.EI). O

As a consequence of Lemma [2Z.8, one has

Corollary 2.1. Let w > wy. Let j € H(div, By \ Bsj4), and let (E,H) € [H(curl, By \ By /4)]* be
such that E-v, H -v € [L*(0B1)]3. Assume that

VxFE=1itwH m Bl\B3/4,
and  divj =0 in By \ By,.
VxH=—iwE+j in B\ By,
We have
[(E x v, H x v)|1208,) < C’<||(E, H)|\r2(8,\8y,0) + (B - v, H - 1) 1208,) + ||jHL2(Bl\B3/4)>7

for some positive constant C' depending only on wy.

Proof. Let 0 < ¢ < 1 be a smooth function in B; such that ¢(r) = 0in Bys and ¢(x) =
1in By \ Bs /. Extend w and j by 0 in Bgy, and set u = ¢F in By. Then

(2.62) V x V xu—w?u=iwpj+V x (Véx E)+V¢x (VxE)in By.
Since AE + w?E = iwj in By \ B4, we have

(2.63) IVE| L2(B56\By5) < CW(HEHL2(31\33/4) + ”jHL2(B1\B3/4)>-
Applying Lemma 2.8 and using (2.62)) and (2.63]), one obtains the conclusion. O

The main result of this section is the following lemma, which is a variant of Lemma in the

case where wy < w < wip~ L.
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Lemma 2.9. Let 0 < p < pg and 0 < wy < w < wy/p. Suppose that hy, hy € L?(divp,dBy), and
let (E,H) € [Ng>1H (curl, Bg \ dB1)]? be the unique radiating solution to the system

V x E =iwp,H in R?,
VxH=—iwé, L+, in R3,
[EXI/]:hl, [HXI/]:hQ on 831
We have, if po is small enough and wy is large enough, that
[(E x v, H X V)intll298,) < C(H(hlvh2)HL2(6Bl) +w M |(divgp, hi,divys, h2)HL2(631))7
for some positive constant C' depending only on wg, w1, and pg.
Proof. Applying Corollary 2.1}, we have
(2.64) (B X vlint, H X V]int) | 22 (98y) < C(II(E,H)||L2(31\33/4) + (B v, H - V)|int||L2(8B1))-
One has, see, e.g., [§],
I(E-v, H-v)lextll L2(08,) < C(II(E xv, Hxv)|extll 1208, + | (E, H) |l L2 (B2\By) + II(E,H)||L2(632>)-
Applying Lemma 24 for (£, H) in R?\ By, we obtain

I(E, H)ll 12 B\By) + (B H)| 12(08,) < CI(E X v, H X V)|extl22(8B,)-
It follows that

(2.65) [(E v, H - v)lext|lL208,) < CI(E x v, H X V)|extl| 208, )-
Since
-1 1 .. I ..
(1 — (iw) )E Vlint = pE - Vlext + o divop, ha  and  H - v|ing = pH - V]ext — o divep, hi,
we derive from (2.63]) that
1B v H )20y < C (oIl (B x v, H x w)estl120m + | divas, (b1, o) 120 )-
From the transmission conditions on 0B7, we deduce that
(2.66) [(E-v,H - V)lintllz2(am,)
< C(ﬂH(E X v, H X V)|l r208,) + ol (h1, ha)llr2om,) + @' divas, (ha, h2)HL2(8B1)>-
On the other hand, as in (234]), we have

(267) / |E1|2 dx < '/ h2 : E|ext - BIH|int ds
B1\By 2 0B1

S C<(AJ8H(h1,h2)H%2(631) +w0—2”(E X V7H X V)’@Xt”%?(@Bﬂ)'

Since AE + w?E — iwE =0 in By \ By 9, it follows that

(2.68)/B . |E|2—|—w_2|VE|2d:z:gC(ng(hl,hg)\|%2(631)—|—w0‘2\|(E><y,ny)|CXtH%2(aBl)).
3/4\D2/3
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An integration by parts yields, for 2/3 < r < 3/4, that

(2.69) w2/ |H|2dx—w2/ B2 da
Bl\BT Bl\Br
_ m{iw/ Blin (H % v]ing) ds — z’w/ Blon (H x Vi) ds ).
0By 0B,

Combining (2.67), (2.68), and (Z69) yields
(270) B H) 20 8yy0) < C (woll(hr, ho)ll2om,) + w5 I(E % v H x )il z2(0m,))-
From (2.64)), (266]), and ([Z70), one obtains that, for p small enough,

H(E X V|int7H X V|int)HL2(8B1)

< C<w0||(h1,h2)||L2(aBl) +wy (B X v, H X V)|t 208, + w7 diV@B1(h1’h2)HL2(B1)>'

This implies

[(E X V]int, H X Vi) | £2(88,) < C'<||(h1,h2)||L2(aBl) +w ™ divap, (ha, h2)HL2(B1)>a

for wq large enough and p small enough. O

2.2.2. Proof of Proposition [2.4. Since w > wy is large, by (249]), one has
IE(p-), H(p) | 1208,y + @ || divas, (E(p.) x v, divop, H(p.) X V)|l 1208,) < CwllT||L2(rs)-
Applying Lemma [2.9] we obtain
1By, B 223\ 5y < Cwll ]| 29,

The conclusion now follows from Lemma [2.7] O

2.3. High and very high frequency analysis - Proof of Proposition This section con-
tains two subsections. In the first, we present several lemmas used in the proof of Proposition
and in the second, the proof of Proposition is given.

2.3.1. Some useful lemmas. We begin this section with a trace-type result for Maxwell’s equations
in a bounded domain. The analysis is based on a dual argument, see, e.g., [23] [7]). In this
subsection, D denotes a smooth, bounded, open subset of R3.

Lemma 2.10. Let w > wy > 0 and f € H(div, D). Assume that (E, H) € [H(curl, D))? satisfies
the equations

V x E=iwH in D,
(2.71)
VxH=—iwE+f inD.
Then
Bl gr-1/29p) + WIH X V| g-3/29p) < C<w2HEHL2(D) +wl fllz2(py + w | div fHLZ(D))y

for some positive constant C' depending only on D and wy.

Remark 2.2. It is crucial to our analysis that the constant C'is independent of w.
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Proof. We have, from (2.71]),
(2.72) AE +Ww?E =V(divE) =V x (V x E) + w’E = %V(div f) —iwf in D.

Fix ¢ € [H'/2(0D)]* (arbitrary). By the trace theory, see, e.g., [I0, Theorem 1.6], there exists
¢ € [H?(D)]3 such that

(2.73) £=0o0n 9D, % = ¢ on 0D,
and
(2.74) €2 Dy < Cllél mrzop)-

Here and in what follows, C' denotes a positive constant depending only on D and wy. Multiplying
[272) by £ and integrating by parts, we obtain

1
2.75 + w — = + w = ——div fdivE —iwf€.
7 A¢ +w*)E E¢ AE +Ww?E)¢ div f divé — iwfE
D oD D p iw
We derive from 2.73)), 2.74), and ([2.75) that
Eo¢ds
oD
which implies, since ¢ is arbitrary,
(2.76) Bl gr-1/29p) < C(W2HEHL2(D) + w|[fllr2py +w | div fHL2(D)>~
It remains to prove
(2.77) VH X Vlg-2r20p) < C (@I Bllz2) + 12y + w72 div fllzzp))-

Fix ¢ € H3?(OD) (arbitrary), consider an extension of ¢ in D such that its H?(D)-norm is
bounded by C/[¢|| 3/2(5p), and still denote this extension by ¢. Such an extension exists by the
trace theory, see, e.g., [I0, Theorem 1.6]. We have

< C(wPIBl g2y + @Il 2(p) + &1 div Fllz2(0) )16l 1720,

2.78 XV-pds= Xp-H—-VxH-p)dz.
7 H d \Y H-VxH d
oD D

Since

/ngp-Hd:z: :w_l/wa-VxEda:

D D

:w_l/Vx(Vch)-de—i— E-[(V x 0) x )] ds|,
D oD

and V x H =iwFE + f, it follows from (2.70]) that

1) | [ Vxor Hda| < C(ollBliao) + 12y + v Flzao) ) el on)
and
(2:80) | /D V x H- pda| < C(w|Bllam) + 1|2y ) 1€l 372 o)
Combining (278), (2779), and (Z30) yields
| H v pds| < O(lBllay + 1Ly +97 10 e ) Il msrony:

Since ¢ is arbitrary, assertion (277 follows. The proof is complete. O
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Using Lemma [2.10] we establish the following Lemma, which is the main result of this subsec-
tion.

Lemma 2.11. Let w > wy; > 0, 0 < p < 1, and assume that wp > wy. Given hy,hy €
H3/2(divy, dBy), let (E,H) € [Ngs1H (curl, Bg \ 9B1)]? be the unique radiating solution of

V x E =iwji,H in R3,
VxH=—iwé,E+5,E inR3,
[E xv|=hy,[Hxv]|=hy ondB.
We have
1B X Vlextll g-1/2(98,) + WIH X V]extll g-3/2(95,) < C<W4Hh2”f11/2(631) +w3”h1HH3/2(8B1)>7
for some positive constant C' depending only on w.

Proof. As in (2.34]), we have

/ |E|* do < ha « Elext — h1 H |ing ds
Bi\B1 2

0B1

This implies
(2.81) / B do < [hallgsss oy | Elnell 172008
Bi\By /2

1Pl g2 1 X Vlintll gr-sr20m,) + 1h2ll 2208, )-
Applying Lemma R.TI0 to (£, H) with f = E in By \ By, we have

| Elintll g-1/20m,) + WIH X V| g-s298,) < CW2”EHL2(31\B1/2)'
It follows from (2.81]) that

1Bl 5,\5,) < C (P Mh2lliriszqom) + Il ooy )

Applying Lemma R2.TI0 to (£, H) with f = E in By \ By, again, one has

4 3
1E X Vel gr-12(08,) T @IH X Vintll g-5/2(98,) < C(“ 1h2ll 12 0m,) + @ ”hluH?’/?(é)Bl))’
Using the transmission condition at 0B7, one reaches the conclusion. O
We end this subsection by a simple consequence of Stratton-Chu’s formula.

Lemma 2.12. Let 0 < p < 1, w > w1 > 0 be such that wp > wy, and let D C By. Assume that
(E,H) € [Hipe(curl,R3 \ D)]2 is a radiating solution to the Mazwell equations
Vx E=iwpH inR3\ D,
V x H=—iwpE inR3\ D.
We have
|3/2

Clwp|*/?

Clwp
|1E % V”H*1/2(8D) + THH x VHH*3/2(8D) Jorx € By, \ Byyp,

for some positive constant C independent of x, w, and p.
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2.3.2. Proof of Proposition [2.3. Apply Lemma 2.11] we have
(2.82) [|By x vl g-1/2(,\5,) + wIHp X vl g-s/2(p,\5))

< CW’|E(p-) % v a2 (om,) + Cw |H(p+) X vl g2 (op,)-
Since w > wp, which is large, by ([2.49)), one has
(2.83) WPB(p-) X Vil garz(om,) + @ H(p+) X Vil g1r20m,) < Cop? (1T L2 es).-
Applying Lemma 212} we derive from (Z82) and (Z83)) that
1Bl 250051 ) < Ct™ 207 2y

which yields N
Ll L2 (B,\By) < Cw' ™2 0°||3]l L2 ms)
The proof is complete. U

3. PrRoOF OF THEOREM [I.1]

To implement the analysis in the frequency domain, let us introduce the notation for the
Fourier transform with respect to t:

(3.1) (w, ) et dt,

\/27‘(’ /
([0, +00), L?(R?)); here we extend u by 0 for ¢ < 0.

The starting point of the frequency analysis is based on the following result:
Proposition 3.1. Let fe, f € L*([0,00); [L*(R*)]*) N L1 ([0, 00); [L*(R?)]?). Let
(E,H) € L2, ([0,400), [L*(R?)]°) be the unique weak solution of (LIQ). Assume that there exists
Ry > 0 such that supp fe(t,-), supp fm(t,-), supp oe, supp o, C Bg, for t > 0. Then, for almost
every w > 0, (€, H)(w,.) € [Hioc(curl,R3)]? is the unique, radiating solution to the system

V x Ew,.) = iwpH(w,.) — omH(w, ) + fe(w,-)  inR3,

V x H(w,.) = —iwe€(w,.) + 0. (w,.) = fm(w,.) inRE.

for an appropriate function u € L%,

(3.2)

Proof. Let (€5, Hs) € LS. ([0,00), [L*(R?)]%) be the unique weak solution to

E% =V X Hs — 0 —0Es + fm in (0, +00) x R3,
,u% =-VxE& —onHs —0Hs+ fe in (0,400) X R?’,
Es(0,) = 0;Hs(0,) =0 in R3.

By the standard Galerkin approach (see e.g., [34]), one can prove that

+o00
5/0 /RS 1E5(s,2)” + [Hs(s,2)]* dw ds < C||(fes fin)72(s, p3):

for some positive constant independent of § and (fe, f;,). Hence &, Hs € LQ((O, o0); [L? (Rg)]?’),
and thus &, Hs € L?((0,00); [L*(R?)]?) by Parserval’s theorem. It follows, for a.e. w > 0, that
(&5, Hs) € H(curl, R?) is the unique solution to

V x é&(wv ) = iwu”;':l(;(w, ) - (Um + 5)7:[6(("}7 ) + fe(w7 ) in Rga

(3.3) . . . R
V x Hs(w,.) = —iwe€s(w,.) + (0 + 0)Es(w,.) — fm(w,.) in R3.
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For 0 < w; < w < wg < 00, one can check that the solution of (B3] satisfies
(3'4) ”(557 7:[5)(0')7 ')”H(curl,BR) < CH(fe; fm)(wv ')”LQ(R3) < C”(f€7 fm)”Ll((O,oo),Lz(]R3))7

for some positive constant C' depending only on €, u, R, w1, and wo. Letting § — 0 and using the
limiting absorption principle, see e.g., [31, (2.28) and the following paragraph|, one derives that

(3.5) (Es,Hs)(w,) — (€0, Ho)(w,.) weakly in [Hyoe(curl, R?)]? as § — 0,
where (£y, Ho)(w,.) € [Hioe(curl,R?)]? is the unique, radiating solution to the system
V x E(w,.) = iwpHo(w,.) — omHo + fe(w,) in R3,

{V X Ho(w,.) = —iweEo(w,.) + 0e&o(w,.) — fm(w,.) in R3,
From (34)) and (3.1, we have
(3.6) (Es,Hs) — (€0, Ho) in the distributional sense in Ry x R? as § — 0.
We claim that
(3.7) (€5, Hs) — (£,H) in the distributional sense in R x R,

and the conclusion follows from (B.6]) and B7]).
It remains to prove 7). Let ¢ € [C°((0,00) x R?) ] We have

/ (Es(w,z) — E(w, ) (w, ) dedw —/ (&s(t,x) ))qztb(t x) dxdt.
R3 R3
We derive that, by applying Proposition LIl to (& — &, Hs — H),
t
1E€5(t,.) — E, )2 (msy < 06/0 1(E(s,.), H(s, )|l p2(rsy ds for t >0,

and, by applying Proposition [Tl for (£,H),

1@, HEt Dz sy < Cll(fes fr)ll L1 ((0,00), L2356y for £ > 0.
It follows that

(3.8) IEs(t,.) — E(t, -)HLZ(R3) < Cdt.

From (B.8), we obtain

(3.9) / (Es(tsz) — £(t, 2))d(t, z) dadt < 05/ (2, )] 2 sy dt
R3 R

From (3.9) and the fast decay property of &, we derive that
& — & in the distributional sense in R, x R>.
Similarly, one can prove that
Hs — H in the distributional sense in Ry x R3.
The proof is complete. O
We are ready to give

Proof of Theorem [Tl Fix K CC R3\ By and T > 0. Using the fact that &.(—k, z) = ?C(k‘, x)

and g(—k,m) = E:’(k;,x) for k> 0, one has, for 0 <t < T,
(3.10)

T (e’
1Eu(t, ) — £t L 2ge) < /O 10Ea(t, ) — BE(E ey < T /O Wll€ulw,”) — w2y dw.
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We have, by Proposition 2.1],

1

0

1
G1) [ wléw) - £ zmuodo <€ [ I mnds < ColT g omn)
0

by Proposition (here to simplify the notations we assume that wy = 1),

1/p 1/p
(3.12) /wHEc(w, ) = E(w, 2y dew < cp3/w4|yj(w,.)HL2(R3)dw,
1 1

and, by Proposition 23]

+00 +oo
(3.13) /w||éc(w,.)—é(w, Mzzaeydeo < Cp? / W2 (w0, )| 2y deo
1/p 1

A combination of [BI2) and [BI3) yields

o0

. . too ] T
(3.14) / wllée(w, ) = E@, Mz dw < Cp? /1 105 T (@, ) |2 sy dw

1
< CP° T g 123

We derive from (BI0), (311)), and [BI4) that, for 0 <t < T,

I1Ec(t, ) = Et )2y < CTO T |l v, r2(®3))-

The proof is complete. U
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