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COMPUTATIONAL COMPLEXITY OF BIASED
DIFFUSION-LIMITED AGGREGATION *

NICOLAS BITAR f, ERIC GOLES ¥, AND PEDRO MONTEALEGRE *

Abstract. Diffusion-Limited Aggregation (DLA) is a cluster-growth model that consists in a set
of particles that are sequentially aggregated over a two-dimensional grid. In this paper, we introduce
a biased version of the DLA model, in which particles are limited to move in a subset of possible
directions. We denote by k-DLA the model where the particles move only in k possible directions.
We study the biased DLA model from the perspective of Computational Complexity, defining two
decision problems The first problem is PREDICTION, whose input is a site of the grid ¢ and a sequence
S of walks, representing the trajectories of a set of particles. The question is whether a particle
stops at site ¢ when sequence S is realized. The second problem is REALIZATION, where the input
is a set of positions of the grid, P. The question is whether there exists a sequence S that realizes
P, i.e. all particles of S exactly occupy the positions in P. Our aim is to classify the PREDICITON
and REALIZATION problems for the different versions of DLA. We first show that PREDICTION is P-
Complete for 2-DLA (thus for 3-DLA). Later, we show that Prediction can be solved much more
efficiently for 1-DLA. In fact, we show that in that case the problem is NL-Complete. With respect
to REALIZATION, we show that restricted to 2-DLA the problem is in P, while in the 1-DLA case,
the problem is in L.

Key words. Diffusion-Limited Aggregation, Computational Complexity, Space Complexity,
NL-Completeness, P-Completeness
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1. Introduction. Diffusion-Limited Aggregation (DLA) is a kinetic model for
cluster growth, first described by Witten and Sander [26], which consists of an ide-
alization of the way dendrites or dust particles form, where the rate-limiting step is
the diffusion of matter to the cluster. The original DL A model consists of a series of
particles that are thrown one by one from the top edge of a d-dimensional grid, where
d > 2. The sites in the grid can either be occupied or empty. Initially all the sites
in the grid are empty, except for the bottom line which begins and remains occupied.
Each particle follows a random walk in the grid, starting from a random position in
the top edge, until it neighbors an occupied site, or the particle escapes from the top
edge or one of the lateral edges. In case the particle finds itself neighboring an occu-
pied site, the current position of the particle becomes occupied and the next particle
is thrown. The set of occupied sites is called a cluster.

Clusters generated by the dynamics are highly intricate and fractal-like (see Fig-
ure 1); they have been shown to exhibit the properties of scale invariance and mul-
tifractality [12,17]. DLA clusters have been observed to appear in electrodeposition,
dielectrics and ion beam microscopy [7,21,22]. Nevertheless, perhaps the fundamental
aspect of DLA is its profound connection to Hele-Shaw flow: it has been shown that
DLA is its stochastic counterpart [9,13].

In this article we study restricted versions of DLA, which consist in the limitation
of the directions a particle is allowed to move within the grid. We ask what would
be the consequences of restricting the particles movement in terms of computational
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Fic. 1. A realization of the dynamics for a 200 x 200 grid.

complexity. More precisely, we consider four models, parameterized by their number
of allowed movement directions, k € {1,2,3,4}. The 4-DLA model is simply the
two-dimensional DLA model, i.e. when the particles can move in the 4 cardinal direc-
tions. The 3-DLA model is the DLA model when the particles can only move into the
South, East or West direction. In the 2-DLA model, the directions are restricted to the
South and East. Finally, in the 1-DLA model, the particles can only move downwards.

Even though the particles have restricted movements, it is possible to notice that
the fractal-like structures are still present in the clusters obtained by the restricted
DLA (see Figure 2).

It is interesting to note that, in fact, the 1-DLA model is a particular case of an-
other computational model created to described processes in statistical physics, that
of the Ballistic Deposition Model. In this model, there is a graph and a set of particles
that are thrown into the vertices at some fixed initial height h. The particle’s height
decreases one unit at a time, until it reaches the bottom (height 0 or meets another
particle, i.e. there is a particle in an adjacent vertex at the same height, or in the
same vertex just behind. The 1-DLA model corresponds to the Ballistic Deposition
model when the graph is an undirected path.
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F1G. 2. DLA simulation for four (top left), three (top right), two (bottom left) and one (bottom
right) directions, when N = 100.

Due to the generated cluster’s properties, theoretical approaches to the DLA
model are usually in the realm of fractal analysis, renormalization techniques and
conformal representations [5]. In this article we consider a perhaps unusual approach
to study the DLA model (and its restricted versions), related with its computational
capabilities, the difficulty of simulating their dynamics, and the possibility of charac-
terizing the patterns they produce. Machta and Greenlaw studied, within the frame-
work of computational complexity theory, the difficulty of computing whether a given
site on the grid becomes occupied after the dynamics have taken place, i.e. all the
particles have stuck to the cluster or have been discarded [15]. Inspired by their work,
we consider two decision problems:

e DLA-PREDICTION, which receives a sequence of trajectories for n particles
(i.e. the trajectories are deterministic and explicit) and the coordinates of a
site in the lattice as input. The question is whether the given coordinate is
occupied by a particle after the n particles are thrown.

e DLA-REALIZATION, which receives an n X n sized pattern within the two-
dimensional grid as input, and whose question is whether that pattern can
be produced by the DLA model.

For each k € {1,2,3} we call k-DLA-PREDICTION and k-DLA-REALIZATION,
respectively, the problems DLA-PREDICTION and DL A-REALIZATION restricted to
the k-DLA model.



4 N. BITAR, E. GOLES, P. MONTEALEGRE

The computational complexity of a problem can be defined as the amount of
resources, like time or space, needed to computationally solve it. Intuitively, the com-
plexity of DLA-PREDICTION represent how efficiently (in terms of computational
resources) we are able to simulate the dynamics of DLA. On the other hand, the
complexity of DLA-REALIZATION represent how complex are the patterns produced
by DLA model.

We consider four fundamental complexity classes: L, P, NL and NP. Classes L
and P contain the problems that can be solved in a deterministic Turing machine
that use logarithmic space and take polynomial time, respectively. On the other hand
NL and NP are the classes of problems that can be solved in a non-deterministic
Turing machine that use logarithmic space and take polynomial time, respectively.
For detailed definitions and characterizations of these classes we recommend the book
of Arora and Barak [2]. A convention between computer theorists states that P is
the class of problems that can be solved efficiently with respect to computation time.
In that context, NP can be characterized as the classes of problems that can be ef-
ficiently verified with respect to computation time. Similarly, the same conventions
hold for L and NL changing computation time for space.

It is easy to see that L C NL C P C NP, though it is unknown if any of these
inclusions is proper. Perhaps the most famous conjecture in Computational Com-
plexity theory is P # NP. Put simply, this conjecture states that there are some
problems whose solution can be efficiently verified but cannot be efficiently found.
As mentioned in last paragraph, in this context efficiently means polynomial time.
Similarly, it is conjectured that L # INL, where in this case efficiently refers to loga-
rithmic space. It is also conjectured that NL # P, meaning that some problems can
be computed efficiently with respect to computation time, but cannot be verified (or
computed) efficiently with respect to space [2].

The problems in P that are the most likely to not belong to NL (hence not in L)
are the P-Complete problems [11]. A problem is P-Complete if any other problem
in P can be reduced to it via a log-space reduction, i.e. a function calculable in log-
arithmic space that takes yes-instances of one problem into the other. In a nutshell,
it is unlikely that some P-Complete problem belongs to NL, because in that case we
would have that NL = P. Similarly a problem is NL-Complete if any problem in NL
can be reduced to it via a L reduction. NL-Complete problems are problems in NL
that are the most likely to not belong to L, because if some NL-Complete problem
were to belong in L, it would imply that NL= L [2].

One P-Complete problem is the CIRCUIT VALUE PROBLEM (CVP), which con-
sists in, given a Boolean circuit and an truth-assignment of its input gates, compute
the output value of a given gate. Roughly, this problem is unlikely to be solvable
(or verifiable) in logarithmic space because there is no better algorithm than sim-
ply sequentially computes truth values of each gate of the Boolean circuit, keeping
in memory the values of all gates already evaluated. One NL-Complete problem is
REACHABILITY, which consists in, given a directed graph G and two vertices s and t,
decide if there is a directed path between s and ¢. Roughly, this problem is unlikely
to be solvable in logarithmic space because there is no way to remember all paths
starting from s that do not reach ¢.
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Within this context, it was shown by Machta and Greenlaw [15], that DLA-
PRrEDICTION is P-Complete. The proof of this fact consists of reducing to it a version
of the Circuit Value Problem, which is known to be P-Complete [11]. Within this
proof, we noticed that the gadgets used to simulate the circuits rely heavily on the
fact that in the DLA model, particles are free to move in any of the four cardinal
directions. On the other hand, in the context of the study of the Ballistic deposition
model it was proven by Matcha and Greenlaw [14] that 1-DLA-PREDICTION is in
NC. The class NC is a complexity class that contains NL and is contained in P.

1.1. Our results. We begin our study of the complexity of biased DLA ana-
lyzing the complexity of the DLA-PREDICTION problem. By extending the results
of Machta and Greenlaw to the 2-DLA model, we show that 2-DLA-PREDICTION is
P-Complete. This result is obtained following essentially the same gadgets used for
the non-restricted case, but carefully constructing them using only two directions.
More precisely, the construction of Machta and Greenlaw consists in a representa-
tion of an instance of CIRCUIT VALUE PROBLEM as a sequence of particle throws,
which final positions represent the input Boolean circuit with its gates evaluated on
the given input. A gate evaluated true is represented by a path of particles, while
the false signals are represented by the lack of such path. Since the construction
of the circuit must be done in logarithmic space, the sequence of particles must be
defined without knowing the actual output of the gates. Therefore, the trajectory of
the particles considers that, if they are do not stick on a given position, they escape
through the top edge of the grid. Since this escape movement is not possible in the
2-DLA (nor 3-DLA) model (because particles can not move upwards), we modify the
circuit construction to build the gates in a specific way, in order to give the particles
enough space to escape through the rightmost edge or deposit at the bottom of the
grid without disrupting the ongoing evaluation of the circuit.

The fact that 2-DLA-PREDICTION is P-Complete directly implies that 3-DLA-
PREDICTION is also P-Complete, settling the prediction problem for these two biased
versions of the model.

We then study the 1-DLA model. Despite of what one might guess, the dynamics
of the DLA model restricted to one direction are far from trivial (see Section 2.2 for
examples of the patterns produced by this model). Indeed, we begin our study showing
that this dynamics can simulate simple sorting algorithms like Bead-Sort. Then, we
improve the result of Matcha and Greenlaw by showing that 1-DLA-PREDICTION is in
NL. This is in fact an improvement, because they showed that 1-DLA-PREDICTION
is in NC? [14], and NL is a sub-class of NC? [11]. Our result holds for the Ballistic
Deposition model, i.e., when the graph is not restricted to a path but is an arbitrary
graph given in the input (we call that problem BD-PREDICTION). We finish our study
of the prediction problem showing that the complexity of BD-PREDICTION cannot be
improved. Indeed, we show that BD-PREDICTION is NL-Complete.

After this, we study the DLA-REALIZATION problem. We observe that k-DLA-
REALIZATION is in NP for all k € {1,2,3,4}. Moreover, the non-deterministic aspect
of the NP algorithm solving DL A-REALIZATION only needs to obtain the order of
the sequence on which the particles are placed on the grid, rather than obtaining both
the order and the trajectory that each particle follows. In fact, the trajectories can
be computed in polynomial time, given the order in which the particles are placed in
the grid.

We then show 1-DLA-REALIZATION can be solved much more efficiently. In fact,
we give a characterization of the patterns that the 1-DLA model can produce. Our
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characterization is based on a planar directed acyclic graph (PDAG) that represents
the possible ways in which the particles are able to stick. Each occupied cell of the
grid is represented by a node of the PDAG, plus a unique sink vertex that represents
the ground. We show that a pattern can be constructed by 1-DLA if and only if there
is a directed path from every vertex to the ground. We use our characterization to
show that 1-DLA-REALIZATION is in L, using a result of Allender et al. [1] solving
REACHABILITY in log-space, when the input graph is a single sink PDAG.

Finally, we give an efficient algorithm to solve the realization problem in the 2-
DLA model, showing that 2-DLA-REALIZATION is in P. Our algorithm uses the fact
that in the 2-DLA model, the particles are placed into the grid in a very specific way.
By establishing which particles force the order in which they are placed. We use this
fact to efficiently compute the order in which the particles are thrown, obtaining a
polynomial-time algorithm.

1.2. Related work. For dynamical properties of the restricted versions of DLA,
including Ballistic Deposition, we refer the reader to [4,16,18,23].

Some problems of similar characteristics have been studied in this context, such
as the Ising Model, Eden Growth, Internal DLLA and Mandelbrot Percolation, to name
a few [15,19]. On the other hand, the problem of Sandpile Prediction is an example
where increasing the degrees of freedom increases the computational complexity of
the prediction problem. In particular, when the dimension is greater than 3, the
prediction problem is P-Complete; but when the dimension is 1, the problem is in
NC [20].

Another example of a complexity dichotomy that depends on the topology of the
system is the Bootstrap Percolation model [8]. In this model, a set of cells in a d-
dimensional grid are initially infected, in consecutive rounds, healthy sites that have
more than the half of their neighbors infected become infected. In this model, the
prediction problem consists in determining wether a given site becomes infected at
some point in the evolution of the system. In [10] it is shown that this prediction
problem is P-Complete in three or more dimensions, while in two dimensions it is
in NC. Other problems related to Bootstrap percolation involve the maximum time
that the dynamics takes before converging to a fixed point [6].

1.3. Structure of the article. The first section formally introduces the differ-
ent computational complexity classes, along side problems of known complexity used
throughout the article. Next, the dynamics for the general case of DLA are presented,
in addition to the formal definition of the two associated prediction problems that are
discussed: Prediction and Realization. The third section focuses on the proof that
DLA restricted to 2 or 3 directions is P-Complete and with the presentation of the
non-deterministic log-space algorithm for the generalized version of the one direction
DLA problem, Ballistic Deposition. The last section talks about the results concern-
ing the Realization problem, where the one-directional case is shown to be solvable
in L, and the two-directional case has a polynomial algorithm characterizing figures
obtained from the dynamics.

2. Preliminaries.

2.1. Complexity Classes and Circuit Value Problem. In this subsection
we will define the main background concepts in computational complexity required
in this article. For a more complete and formal presentation we refer to the books of
Arora and Barak [2] and Greenlaw et al. [11]. We assume that the reader is familiar
with the basic concepts dealing with computational complexity. As we mentioned in
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the introduction, in this paper we will only consider complexity classes into which
we classify the prediction problems. P is the class of problems solvable in a Turing
machine that runs in polynomial time in the size of the input. More formally, if n is
the size of the input, then a problem is polynomial time solvable if it can be solved
in time n®) in a deterministic Turing machine.

A logarithmic-space Turing machine consists in a Turing machine with three
tapes: a read-only input tape, a write-only output-tape and a read-write work-tape.
The Turing machine is allowed to move as much as it likes on the input tape, but can
only use O(logn) cells of the work-tape (where n is the size of the input). Moreover,
once the machine writes something in the output-tape, it moves to the next cell and
can not return. L is the class of problems solvable in a logarithmic-space Turing
machine.

A non-deterministic Turing machine is a Turing machine whose transition func-
tion does not necessarily output a single state but one over a set of possible states. A
computation of the non-deterministic Turing machine considers all possible outcomes
of the transition function. The machine is required to stop in every possible compu-
tation thread, and we say that the machine accepts if at least one thread finishes on
an accepting state. A non-deterministic Turing machine is said to run in polynomial-
time if every computation thread stops in a number of steps that is polynomial in
the size of the input. NP is the class of problems solvable in polynomial time in
a non-deterministic Turing machine. A non-deterministic Turing machine is said to
run in logarithmic-space if every thread of the machine uses only logarithmic space in
the work-tape. INL is the class solvable in logarithmic space in a non-deterministic
Turing machine.

A problem L is P-Complete if it belongs to P and any other problem in P can
be reduced to L via a logarithmic-space (many-to-one or Turing) reduction. A P-
Complete problem belongs to NL implies that P = NL.

One well-known P-Complete problem is the PLANAR-NOR-CIRCUIT-VALUE-
PROBLEM. A Planar NOR Boolean Circuit is a planar directed acyclic graph C,
where each vertex of C' has two incoming and two outgoing edges, except for some
vertices that have no incoming edges (called inputs of C) and others that have no
outgoing edges (called outputs of C).

Each vertex of C' has a Boolean value (TRUE or FALSE). A truth assignment of
the inputs of C, called I, is an assignment of values of the input gates of C. The
value of a non-input gate v is the NOR function (the negation of the disjunction) of
the value of the two incoming neighbors of v. A truth assignment I of C' defines a a
truth-value of the output gates according to the truth values of the preceding gates.
We call C(I) the truth values of the output vertices of C' when the input gates are
assigned 1.

The PLANAR-NOR-CIRCUIT-VALUE PROBLEM is defined as follows.

PLANAR-NOR-CIRCUIT-VALUE PROBLEM (PNORCVP)

Input: A NOR Boolean Circuit C' of size n, a truth-assignment I of C and g an
output gate of C.

Question: Is ¢ TRUE in C(I)?

In [11] it is shown that this problem is P-Complete.
PRrOPOSITION 2.1 ( [11]). PNORCVP is P-Complete.
A problem £ is NL-Complete if £ belongs to NL and any other problem in
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NL can be reduced to £ via a (many-to-one or Turing) reduction computable in
logarithmic space. A NL-Complete problem belongs to L implies that NL = L.

One NL problem is REACHABILITY [2]. An instance of REACHABILITY is a di-
rected graph G and two vertices s and t. The instance is accepted if there is a directed
path from s to t in G. REACHABILITY is NL-Complete because the computation of a
non-deterministic log-space Turing machine (which is the set of possible states of the
machine plus contents of the working tape) can be represented by a directed graph
of polynomial size, and the difficulty of finding a directed path in that graph is the
difficulty of finding a sequence of transitions from the initial state to an accepting
state.

For our reductions we will need specific variant of REACHABILITY, that we call
LAYERED DAG EXACT REACHABILITY (LDE-REACHABILITY). In this problem,
the input graph G is a directed acyclic graph (DAG), which is layered, meaning that
vertices of a layer only receive inputs of a previous layer and only output to a next
layer (but vertices with in-degree zero are not necessarily in the first layer). Also,
besides G and s and ¢, the input considers a positive integer k < |G|, where |G| is the
number of vertices of the input graph. The question is whether there exists a path of
length exactly k connecting vertices s and t. We show that this restricted version is
also NL-Complete.

PrOPOSITION 2.2. LDE-REACHABILITY is NL-Complete.

Proof. Let us first consider the problem EXACT-REACHABILITY. This problem
receives as input a directed graph G, two vertices s and ¢ and a positive integer k < |G|,
and the question is whether there exists a directed path of length exactly k connecting
vertices s and ¢. Is easy to see that EXACT-REACHABILITY is NL-Complete. Indeed, it
belongs to NL because an algorithm can simply nondeterministically choose the right
vertices to follow in a directed path of length exactly k from s to ¢t. The verification
of such path can be performed using O(logn) simply verifying the adjacency of the
vertices in the sequence, and keeping a counter of the length of the path, that uses
O(logn) space because k < |G|). Observe also that EXACT-REACHABILITY is NL-
Complete because, if we have an algorithm A4 solving EXACT-REACHABILITY, we can
solve REACHABILITY running A for k € {0,...,|G|}.

Observe now that LDE-REACHABILITY is in NL for the same reasons than
ExAacT-REACHABILITY. We now show that, LDE-REACHABILITY is NL-Complete
reducing EXACT-REACHABILITY to it. Let (G,s,t, k) be an instance of EXACT-
REACHABILITY. Consider the instance (G',s',t',k) in LDE-REACHABILITY defined
as follows. The set of vertices of G’ is a set of k copies of V(G), the set of vertices of
G. We enumerate the copies from 1 to k, and call them Vi,..., V. Then the set of
vertices of G’ is V(G') = V1 U---UV;. If v is a vertex of G, we call v; the copy of v
that belongs to V;. There are no edges in G’ between vertices in the same copy of V.
Moreover, if u, v are two adjacent vertices in G, we add, for each i € {1,...,k—1}, a
directed edge from the i-th copy of u to the (i + 1)-th copy v in G’, formally:

(u,v) € B(Q) <= (uj,vit1) € E(G'),Vi € {1,...,k}.

Finally, s’ = s; and t’ = t;. By construction we obtain that G’ is layered, and more-
over (G, s,t, k) is a yes-instance of EXACT-REACHABILITY if and only if (G',s',t', k)
is a yes-instance of LDE-REACHABILITY.

Finally, we remark that we can build the instance (G’, s, ¢, k) in log-space from
(G, s,t,k). Indeed, the algorithm has to simply make a counter j from 1 to k, and
sequentially connect the vertices of the j-th copy of V(G) with the vertices of the
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j+ 1 copy of V(G). We deduce that LDE-REACHABILITY is NL-Complete. |

2.2. The DLA Model and its Restricted Counterpart. The dynamics of
the computational model of DLA are the following: We begin with a sequence of
particles which will undergo a random walk starting from a position at the top edge
of a N x N lattice. The sequence specifies the order in which the particles are released.
Each particle moves until it neighbors an occupied site at which point it sticks to its
position, growing the cluster. We begin with an occupied bottom edge of the lattice.
If the particles does not stick to the cluster and leaves the lattice (exiting through
the top or lateral edges), it is discarded. A new particle begins its random walk as
soon as the previous particle sticks to the cluster or is discarded. This process goes
on until we run out of particles in our sequence.

To study this model from a computational perspective, it is convenient to consider
a determinisitic version, where the sequence of sites visited by each released particle
is predefined. The prediction problem presented by Machta and Greenlaw [15] for a
d-dimensional DLA is:

DLA-PREDICTION

Input: Three positive integers: N, M, L, a site p in the two-dimensional lattice
of size N2, a list of random bits specifying M particle trajectories of length L
defined by a site on the top edge of the lattice together with a list of directions
of motion.

Question: Is site p occupied after the particles have been thrown into the lattice?

For this prediction problem, it is shown in [15] that DLA-PREDICTION is P-
Complete. The proof consists of reducing a P-Complete variant of the Circuit Value
Problem to the prediction problem. Their construction relies heavily on the fact that
the particles can move in four directions (Up, Down, Left or Right).

The question we would like to answer is: what happens to the computational
complexity of the prediction problem as we restrict the number of directions the
particles are allowed to move along. Instead of the four permitted directions, we
restrict the particle to move in three (left, right and downwards), two (right and
downwards) and one (only downwards) directions.

We call the different directions by d; = Down, d2 = Right, d3 = Left and dy =
Up. From this, we define the following class of prediction problems for k € {1,2,3,4}:

k-DLA-PREDICTION

Input: Three positive integers: N, M, L, a site p in the N x N lattice, a list
of random bits specifying M particle trajectories of length L defined by a site on
the top edge of the lattice together with a list of directions of motion, where the
allowed directions of motions are {dy, ..., dj }.

Question: Is site p occupied after the particles have been thrown into the
lattice?

Where DLA-PREDICTION is the same as 4-DLA-PREDICTION.

In addition, we ask for the computational complexity of determining whether a
given pattern or figure is obtainable through the different biased dynamics. To do
this, we codify a pattern on the two-dimensional grid as a binary matrix, where 0
represents an unoccupied site, and 1 represents an occupied one (an example of this



10 N. BITAR, E. GOLES, P. MONTEALEGRE

can be found in Section 4.2). We define the computational problem as follows:

k-DLA-REALIZATION

Input: A 0-1 matrix M codifying a pattern on the two-dimensional grid.
Question: Does there exist a sequence of particle throws that can move only
on the allowed directions of motions, {dy, ..., d;}, whose end figure is represented
by M?

Intuitively, this problem is concerned with understanding the complexity of the
figures that can be obtained through the different versions of the DLA dynamics, by
looking at the computational resources that are required to understand their structure.

To our knowledge, this problem has not been studied from this angle before.

3. DLA-Prediction.

3.1. Two and three directions. In this section we show that the 2-DLA-
PREDICTION problem is P-Complete. This result directly implies that the 3-DLA-
PREDICTION problem is also P-Complete.

THEOREM 3.1. 2-DLA-PREDICTION is P-Complete.

Proof. We assume without loss of generality that the two directions in which
the particles move are Down and Right. Our proof is an adaptation of the gadgets
given by Machta and Greenlaw in [15] for the 4-directional case. The proof consists
on using these directions of motion to simulate the evaluation of an instance of the
PLANAR-NOR-CIRCUIT-VALUE PROBLEM.

In the construction of [15], the different parts of the circuits are simulated by a
series of gadgets, representing the different parts of the input Boolean circuit. The
gadgets are constructed as a series of particle walks, and the truth values are rep-
resented by prescribed locations occupied (or not) by a particle. When a gadget
simulates the truth value FALSE, some locations remain unoccupied, meaning that
some particles visit these locations but do not get stuck in them. This is realized
specifying that, for some particles, the walk consideres a trajectory in two phases.
First, the particle follows a given trajectory in order to reach a prescribed destina-
tion. Then, if the particle is not sticked, the walk continues in the same trajectory
backwards.

In this context, the difference between our constructions and that of [15] is that, in
our limited version, the particles are not allowed to return through the same trajectory
(in the case that they are not sticked in their destination). Therefore, our main
challenge consists in designing a way to discard these particles.

What we must first tackle is the way in which the information is transmitted
through the different gadgets. For this purpose, we create wires that transmit the
respective truth values. A coordinate occupied by a particle will represent TRUE, and
an empty one will represent FALSE. Through this representation, a wire carries the
value TRUE if a stack of particles grows along it, while wires that carry the value
FALSE remain unoccupied.

The wire is realized by having a pre-assigned particle for each site that makes it
up. See Figure 3 for a representation of the gadget and Figure 4 for an example its
dynamic. The path of each particle begins at the top of the lattice, and moves straight-
down to its assigned location in the lattice. If the value the wire is transmitting is
TRUE, the particle will stick at the site. If the value is FALSE, the particle will not
stick. The particle is then instructed to move two positions to the right, and then to
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move indefinitely downwards to be discarded by means of getting stuck to the bottom,
effectively transmitting the value of the wire. We note that the particle only realizes
this trajectory in the case that it has not stuck, that is, the value transmitted by the
wire is FALSE.

Output signal _> FEI .

Positions for

Input signal —p

Fic. 3. Gadget for the simulation of wires. A series of particles are thrown from the column
aligned with the input position, following the trajectories depicted with red pointed arrows.

Output signal —p .. .....

Input signal —p . . .

Output signal —p B b .

Input signal —p R .

F1G. 4. Dynamics of the wire when the input is TRUE (top) and when the input is FALSE (bot-
tom). In the bottom case, the discarded particles are mot necessarily stuck in that position and
eventually fall further down.

We must discard the particles transmitting the value FALSE this way because we
cannot make use of the upwards direction to do so (through the top of the lattice,
as was the case for the original 4-directional construction). This means, that when
we finally put the circuit together, each wire must be isolated by a distance of at
least four columns from the next, to permit discarding particles. This separation will
later guarantee that the discarded particles do not interfere with the evaluation of
the circuit: transmitting a FALSE value of length n corresponds to discard a stack of
particles, will only reach a height of n — 1. In a similar way, this construction can be
adapted to allow wires that transmit information that turn a signal in a right or left
direction, and to multiply signal as well.

We now explain the simulation of the NOR gate. It receives two inputs from the
preceding layer. Each of these inputs are grown as mentioned before to the sites a
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and b, as shown in Figure 5. It is important to remember that both input cables are
separated by a distance of four columns, to allow for the discarding of particles. In
addition, we grow a power cable to function the gate (it is a wire that always carries
the TRUE value). Same as before, site ¢ must be at least four columns away from site
b. Once everything is in place, the gate is evaluated as follows (see Figure 6). : A
particle makes the journey a — b — ¢. If input 1 is TRUE, then the particle will stick
at a. The same goes for input 2 and site b. If both inputs are FALSE, the particle will
then stick at site ¢. In any of the 3 cases, a new wire is grown starting from site d.
This results in the simulation of a NOR gate.

Output

! !
Inp‘ut 1 Inp‘ut 2

Fi1G. 5. Gadget for the simulation of a NOR gate. Both inputs are grown until they reach the
sites directly below sites a and b respectively. Two successive particles then follow the path a — b — ¢
following the dotted line, stopping according to the inputs. The output is then grown from site c.

d E- - .- - .
B Boieieaieaiin pe N B e ] @iscardeq)
[ | ||l [ | [ ||
= =

i |

d ,] ...... .

... IR | R e ot T e [l iseardeq)

|| || || ||
= =
i |
......
a b ' v
||| ol

Fi1G. 6. Ezamples of the dynamics of NOR gate when one of the two inputs is TRUE (first two
lines), and when both inputs are FALSE (bottom). In the three lines in the right column is depicted
in a red pointed line the trajectory of the particle that follows a — b — c¢. Notice that in the first
two lines the particle is fized before reaching position c, while in the third case the particle reaches
position c. In the right column is depicted the trajectory of the wire that grows from d, which is only
fized in that position in the third case.

The power cable is simply a path of occupied cells, growing from the rightmost
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part of the circuit. Here we find a second difference in our construction with respect
the construction of [15]. In the latter, the power cable snakes around the configuration.
Starting from the first layer, the power cable grows from right to left, then it grows
through the second layer, and continues to grow left to right, and so on. The gates
are constructed following the power cable. In our case, the gates also grow following
the power cable. The difference is that we grow a new branch of the power cable for
each layer of the circuit. The reason for this change is given by the restriction of the
movement directions of the particles. Indeed, in our case, the gates of the same layer
are evaluated always from right to left.

Once a NOR gate is evaluated, the power cable continues to grow in order to allow
the evaluation of the next gate. In Figure 7 it is shown how to grow the power cable
in order to cross the information over the NOR gate, independently of its evaluation.

12
4 :
1514 13

F1G. 7. Growing the power cable after the evaluation of the NOR gate. One particle is thrown
on every column in the order given by the numbers in the corresponding positions. The trajectories
are straightforward, except for particles reaching positions 12, 18 and 14, which require a turn. As
necessarily after the evaluation of the NOR gate one of a, b or d is occupied, after throwing this 15
particles, a particle is fixed in the last position.

A given circuit might have gates with outputs in different layers, implying that in
the simulation, we may found wires that cross a layer, possibly crossing power cables.
A second gate is defined to cope with this problem, which we call single input OR
gate, following the nomenclature of [15]. The construction will be described with the
help of Figure 8. The input wire is grown up to site p. There, two particles make
specific trajectories: the first visits a — b, while the second one ¢ — d. After these
particles have completed their trajectories, the power cable is grown starting at the
site left of d. If the input is true, then the first of the walks will stop at a, and the
second at c. The wire is grown from p, and the power cable as mentioned before,
crossing the two of them. If the input is negative, then the walks will end at b and d
respectively. As before, the wire and the power cable are grown, crossing them. We
re-state the importance of the distance between the cables germinated at p, ¢ and a,
for the discarding of particles.
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. Signal Out

|
c P a
- e | B
Power Out Power In
. Signal In

FiG. 8. Gadget for the simulation of a OR gate. The input is grown up to site p. A first particle
then follows the trajectory a — b, stopping according to the truth value of the gadget’s input. Then,
a second particle makes the trajectory ¢ — d, also stopping according to the truth value of the input.
To finalize, the power wire is grown starting from site d, and the output is grown from site p. This
OR gate with a single input, in fact, simulates the crossing of the input wire with the power wire.

c a c 3
gl : v
= v WAl - ‘d’' AR -EEEED EEEE-
| "
\ I i |
IS N : : HHE
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| | |
F1G. 9. Dynamic associated to the OR gate when the input is TRUE (top) and FALSE (bottom).

In the following, we give two examples of simple circuits in order to illustrate the
resulting reduction.

Example. Let us look at a brief example of how the simulation works. Let us
take a circuit consisting of a single NOR gate with inputs labeled z and y. In order
to simplify the description, let us represent each particle in our simulation by a tuple
p€{l,..,.N} x{D, R}*, where the first coordinate represents the column into which
the particle is released and the second is a word that codes the trajectory of the
particle with D representing a downwards movement, and R a movement to the right.
Following the description of the simulation of a NOR gate given above, the skeleton
of the construction of this gate is given in Figure 10.

Output

Power
Fic. 10. Skeleton of the construction of a circuit consisting in only one NOR gate.

Observe that everything is contained in a 19 by 19 grid. We begin by initializing
the truth values of the variables z and y. If z = TRUE, we add the particles (5, D'?)
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and (5, D?), else we add nothing. Similarly, if y = TRUE we add the particles
(10, D?) and (10, D?), else we add nothing.

For the transmission of the truth values through wires we assign a position in the
wire to each particle. For the position ¢ = (i, 7) in the lattice, we add the particle p;
given by:

pe=(i,DI o RZDN 7).

~ T/

Position Discard
For example, if the variable x has truth value TRUE, we add particles for every position
t; = (5,18 — j) with j € {1,2,3,4}. As we can see in Figure 11 , p;, will come down
up to position ¢; and stick because of the particle at (5,18). Let us analyze the case
when x = FALSE. In this case we add the same particles corresponding to positions
t;, but when they come down, they have nothing to attach to, so they are discarded,
as shown in Figure 11.

Fic. 11. Ewvaluation of the wire transmitting the value of gate x, when x = TRUE (right) and
x = FALSE (left).

For the power cable, we simple add a particle for each position on the cable,
without the suffix R2DN~7 because they are never discarded. Adding everything
up, if Figure 12 we show the state after all the particles have been released in the
case where x = TRUE and y = FALSE. Now, we move to the evaluation of the gate.
For this purpose we add a particle P = (3, D¥¥R!1) as was described above for the
execution of the NOR gate. In our case, because position (5, 14) will be occupied by
the transmitted value from x = 1, P will stick at (5,13). Finally, we transmit the
value for the output wire (0 in our particular case) through the same means described
before.

Output Output

NOR gate NOR gate

1
I discarded
<+—— particles

,______

discarded particles

Fic. 12. Left: the evaluation of the wires transmitting values © = TRUE and y = FALSE, as well
as the power cable. Right: the evaluation of the NOR gate for that case.

Therefore, our instance of the 2-DL A-PREDICTION problem will be all the parti-
cles mentioned along with the output site, which becomes occupied if and only if the
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corresponding circuit (in this case just one gate) outputs TRUE.

Let us now consider the simulation of a slightly more complex circuit, consisting
in three inputs and four NOR gates, as shown Figure 13. In the same figure, we give
a schema of the simulation, including the power cables and the single input OR gates.
Then, in Figure 14 we give a skeleton of the construction, where we illustrate some
of the positions that the particles visit in their trajectories. Finally, in Figure 15 we
show the relative order in which the particles are thrown for in the different layers.

NOR

OR

&=

o

Fic. 13. A second example of a circuit with tree inputs and two NOR gates. In left is depicted
a planar NOR circuit with three inputs and four NOR gates. In right we have a schema of the
reduction, where in red is represented the power cables.

-
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FiG. 14. Schema of the positions of the particles in a simulation of the circuit given in Figure
For simplicity, we omit the positions of the discarded particles.
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Fi1G. 15. Schema of the order in which the particles are thrown in a simulation of the circuit
giwen in Figure 13, for the gates in the first layer (top left), the second layer (top right) and finally
the third layer (bottom). The color code the following order: first red, then orange, then yellow, then
green and finally gray. Particles of the same color are thrown from left to right, and/or respecting
the order given in the definition gates.
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The reduction described above shows that the an instance of the PLANAR-NOR-
CIRCUIT-VALUE PROBLEM is correctly evaluated by the growth of the 2-DLA cluster.
A planar embedding of a planar circuit can be computed in NC. From such an
embedding, we can compute the positions of the corresponding gadgets (inputs, gates
and wires). Furthermore, the size of each gate is constant. We deduce that this is
a INC reduction.The key point is that the choice of paths for the walks is independent
of the evaluation of the circuit. The full layout of the walks is given globally by the
planar layout of the original circuit All calculations required to compute these walks
can be performed in NC.

COROLLARY 3.2. 3-DLA-PREDICTION is P-Complete.

Proof. The particles in this case are allowed to move downwards, to the left and
to the right. Thus, the proof of the P-Completeness is straightforward. Because we
already showed that given two directions, the prediction problem is P-Complete we
can just ignore one of the lateral directions, and execute the same constructions shown
in the previous theorem. ]

Because the aforementioned proofs rely only on the use of two dimensions, both
results are directly extended to the dynamics in an arbitrary number of dimensions:

COROLLARY 3.3. 2-DLA-PREDICTION and 3-DLA-PREDICTION in Z%, are P-
Complete.

3.2. One Direction. By restricting the directions in which we allow particles
to move, our problem statement simplifies. Because particles are only permitted
to fall, there is no need to specify the whole trajectory of the particles, just the
column of the N x N lattice we are throwing it down. Therefore, as a first method
for representing the given behavior, we describe our input as a sequence of particle
drops: S = ayas ... ap_1a, where each a; € [N] represents the column where the i-th
particle is dropped, and [n] denotes the set {1,...,n} for each integer n.

This one-dimensional case is actually a particular instance of a more general
model called Ballistic Deposition (BD), first introduced by Vold and Sutherland to
model colloidal aggregation [24,25]. The growth model takes the substrate to be an
undirected graph G = (V, E), where each vertex defines a column through a “height”
function h : V' — N, which represents the highest particle at the vertex. In addition,
a sequence of particle throws is given by a list of vertices S = vyvy ... v,_1v,, where
a particle gets stuck at a height determined by its vertex, and all vertices neighboring
it. It is easy to see that the one-dimensional DLA problem on a N x N square lattice
is the special case when G = ([N],{(i,i+ 1) : ¢ € [N]}).

Our prediction problem is as follows:

BD PREDICTION

Input: A graph G = (V, E), a sequence S of particle throws and a site ¢t =
(h,v) € N x V, where v is a vertex and h a specified height for it.

Question: Is site t occupied after the particles have been thrown into the graph?

This problem was shown to be in NC? by Matcha and Greenlaw using a Minimum-
Weight Path parallel algorithm [14]. We improve this result to show that the problem
is in fact NL-Complete.

3.2.1. Computational Capabilities of the Dynamics. As a first look at the
computational capabilities of the model, and sticking to the 1-DLA version of Ballistic
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FiG. 16. A realization of the one-directional dynamics of the system on a one-dimensional strip.

Deposition, we show that we can sort natural numbers, simulating The Bead-Sort
model described by Arulanandham et al. [3]. This model consists of sorting natural
numbers through gravity: numbers are represented by beads on rods, like an abacus,
and are let loose to be subjected to gravity. As shown in [3], this process effectively
sorts any given set of natural numbers. It is reasonable to think that because of the
dynamics and constraints of our model (one direction of movement for the particles),
the same sorting method can be applied within our model, which is in fact the case.

LEMMA 3.4. Bead-Sort can be simulated.

Proof. Let A be a set of n positive natural numbers, with m being the biggest
number in the set. We create a 2m x 2m lattice where we will be throwing the
particles. Here the k-th rod from the Bead-Sort model is represented by row 2k — 2
on our lattice. Now, for each number a € A we create the sequence S, = 2 4 6
...2a. The total sequence of launches S is created by concatenating all S, for a € A.
We note that because of the commutativity of our model, the order in which the
concatenation is made is not relevant. Thus, throwing sequence S into our lattice,
effectively simulates the Bead-Sort algorithm. ]

Let us give an example using the set A = {7,4,1,10}. Following the proof, we
must simulate 1-DLA on a 20 x 20 square lattice, and create the sequences S; = 2,
S,=2468,5,=24681012 14, and S10=2468 10 12 14 16 18 20. By releasing
the sequence S = S; 0 .54 0 .S7 0 S1g into the lattice we obtain Figure 17, which is
ordered increasingly, effectively sorting set A.

1 —

4 —

7T —
10 —

FiG. 17. Figure obtained by trowing sequence S into the lattice. Set A is ordered decreasingly
from the first row onwards.

A key aspect of the present model is the commutativity of throws through non-
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consecutive vertices of the graph. Given a figure, 7, we define ¢,(F) as the figure
that results after throwing a particle through vertex v. We notice, that because of
the dynamics of our model, the point at which a given particle freezes is determined
uniquely by the state of the vertex it has been dropped in, and the state of its
neighbors. Therefore, given v € V:

(b0 0 0u)(F) = (bu 0 @u)(F) Vu & Na(v).

We will later use this fact to create a better algorithm for the prediction problem.

3.2.2. Non-deterministic Log-space Algorithm. There is a critical aspect
of the dynamics that is exploitable to create an algorithm: if two particles are thrown
on non-adjacent vertices, their relative order in the input sequence is reversible. By
using this, our aim is to shuffle the sequence into another sequence with the same
final configuration, but ordered in a way that allows us to quickly solve the prediction
problem. Specifically, if we are able to reorganize the input sequence into one that
releases particles according to the height they will ultimately end at, the remaining
step to solve the problem is checking amongst the particles for the target height, if
the target vertex appears.

Let S be the input sequence of BD PREDICTION. Formally, a sequence S =
81 ...8yp is composed of the vertices onto which each particle will be released. From
S, we are able define a sequence of particles py, ..., p, that represents the same realiza-
tion as the input sequence. We define a particle p, as a triple (V (p), num(p), pos(p)) €
V x [n] x [n], where the first coordinate, V' (p), denotes the vertex onto which the par-
ticle is thrown, the second coordinate, num(p), is an integer representing the number
of particles thrown onto vertex V(p) before p, and the third, pos(p) is the position
of the particle within sequence S. The particle description of S is easily obtained by
setting V(p;) = s;, num(p;) = [{j € [n] : s; = s; A j < i}|, and pos(p;) = 1.

Let us call P = {p1,...,pn} the set of particles of S.

To further break down the problem, we define the following sets:

A(p) == {q € P: pos(q) < pos(p)},

N(p) :={q€ Ap) : V(g) € Na(V(p)) U{V(p)}},
N=(p):={qe N(p): V(¢) =V(p)}.

In words, A(p) denotes the set of particles thrown before p, N(p) denotes the set
of particles that are thrown before p on vertices adjacent to p, and N=(p) denotes the
subset of particles that belong to N(p) and are in the same vertex as p.

For a particle p € P, the row of p, denoted row(p) is the height at which the particle
ends up at after the dynamics have taken place. In other words, row(p) = h(V (p))
after releasing the sequence S’ = 51 ... 5p04(p). Relative to this definition, we call N”
the set of particles thrown before p in vertices adjacent than p that stick at row r,
formally:

N"(p) ={q € N(p) : row(q) = r}.
We translate the dynamics into this new notation in the following lemma:
LEMMA 3.5. Let p € P be a particle and let

. { 1 if N(p) =
max{row(q) : ¢ € N(p)} if N(p)#
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Then,
{1l i NT)NN=(p) A0,
”W(p)—{ rif N(p) N N=(p) = 0.

Explicitly, if the particle is the first of its neighbors to be thrown (N(p) = 0), its
row is 1. If not, that is, if its neighbors are higher than the vertex it is thrown in
(N7 (p) N N=(p) = 0), the particle sticks at their height. Lastly, if the vertex that the
particle is thrown in is higher that its neighbors (N"(p) N N=(p) # (), the particle
sticks one row higher than the last particle in the vertex.

Proof. Let p be a particle such that N(p) = (. This implies that p is the first
particle thrown through vertex V(p) and its adjacent vertices. From the commu-
tativity property, we deduce that row(p) = 1. On the other hand, » = 1 and
N7"(p) N N=(p) =0, so row(p) =r.

Suppose now that N(p) # 0, and let ¢ be a particle in N"(p). Observe that
row(q) = r, and row(u) < r for all w € N(p). Then, when p is thrown, the first
particle that it encounters is q. Suppose that we can pick ¢ such that V(¢) = V(p) (i.e.
N"(p)NN=(p) # 0). Since V(q) = V(p), we deduce that row(p) = row(¢)+1 =r+1.
On the other hand, if N"(p) NN~ (p) = ) then the coordinate (V(p), r) is empty when
p is thrown, but some of (u,r), for u € Ng(V(p)), are occupied. We deduce that
row(p) = row(q) =r. O

We create a weighted graph that codifies the dependence of the particles to each
other. Let Gg be a weighted directed graph defined from S as follows: the vertex set
of Gg is the set of particles P plus one more vertex g, called the ground vertex. The
edges of Gg have weights, given by the weight function W defined as:

if (p=g)A(N(q)=0),
if pe N~(q),

if pe N(g)\

—00  otherwise.

O~ =

W(p,q) = N= ( )

Observe that if we keep only the edges with weight different than —oo, the ob-
tained graph has no directed cycle, i.e. it is a directed acyclic graph. Moreover, the
set of incoming edges of vertex p is N(p) if N(p) # 0, and {g} otherwise. For p € P,
we call @, the longest (maximum weight) path from ¢ to p in Gg.

THEOREM 3.6. For every p € P, row(p) = @gy,.

Proof. We reason by induction on pos(p). Let p € P be the particle such that
pos(p) = 1. Observe that p has only one incoming edge, which comes from g, and
W(g,p) = 1. Then &y, = 1 = row(p).

Suppose now that row(p) = &g, for every particle ¢ such that pos(q) < k and let
p be a particle with pos(p) = k+ 1. If N(p) = 0, then, like in the base case, the only
incoming edge of p is g, and from Lemma 3.5 we deduce that row(p) = 1 = @gp,.

Suppose now that N(p) is different than (). Let ¢ be a particle in N(p) such that
row(q) is maximum, i.e. row(q) = max{row(u) : u € N(p)}. Observe that, from
induction hypothesis and the choice of ¢, @g4q > @y, for all uw € N(p) \ {g}. Moreover,
Wyp < Wgq + 1.

Suppose that ¢ can be chosen to be such that V(¢) = V(p). Lemma 3.5 then
implies that row(p) = row(q)+ 1. On the other hand, the path from g to p that passes
through ¢ is of weight @y, + 1. We deduce that &g = ©gq + 1 = row(q) + 1 = row(p).

Suppose now that for all u € N=(p), row(u) is strictly smaller than row(q). In
this case, Lemma 3.5 implies that row(p) = row(g). On the other hand, the path from
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g to p that passes through ¢ is of weight wy,, which is greater or equal than @g,, for
all u € N(p) \ N=(p) and strictly greater than @y, for all v € N=(p). We deduce
that @gp = @gq = row(q) = row(q). |

We now present an NL-algorithm for the prediction problem.

Given a site (h,v), we want to non-deterministically obtain a path through graph
G that will guarantee the site will be occupied by a particle. Each step of our
algorithm we will non-deterministically guess a pair consisting of the next particle,
and the corresponding weight of the transition between the last particle and the new
one, such that the sum of the weights is the maximum weight to the final particle.
We say a particle p is valid for an input sequence S, if p € P. The following log-space
algorithm verifies if a particle is valid.

Algorithm 3.1

Input: A sequence S and a particle p € V x [n] x [n]
Output: Accept if particle p is valid.
Check if V(p)
Sum «+ 0
for i € {1,...,pos(p)} do
if s; = V(p) then
| Sum  Sum + 1
end
end
if Sum = num(p) then
| Accept
else
| Reject.
end

= Spos(p)

At each step of the for loop of the algorithm, we must remember the value of
Sum, the particles vertex, V(p), and the current index of the iteration. This amounts
to using O(log(n)) space.

We also present a log-space algorithm to determine wether the obtained transition
weight corresponds to the value of the weight function
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Algorithm 3.2

Input: A sequence S, two valid particles p,q € V x [n] x [n], and w € {0,1}
Output: Accept if W(p,q) = w.
if p =g then
for i < pos(q) do
| Check that s; is not adjacent to V(q)
end
Accept
end
if w =1 then
Check that pos(p) < pos(q) and V(p) = V(q)
Accept
end
if w =0 then
Check that pos(p) < pos(q)
Check that V(p) # V(q)
Check that V (p) is adjacent to V()
Accept
end
Reject

For this algorithm, the only case where information needs to be stored is when
p = g. For this instance, each iteration of the for loop must remember the index of
the iteration, and the vertex V(q). Therefore, this algorithm uses O(log(n)) space.

Combining these two subroutines, we are now ready to present the main algo-
rithm.

Algorithm 3.3 NL algorithm for BD PREDICTION
Input: A graph G = (V, E), a sequence S and a site t = (z,v) e Nx V
Output: Accept if a particle occupies site ¢ and reject otherwise.
Non-deterministically obtain m, the number of particles, and p;. Write them down.
Check if p; is valid and that W(g,p1) =1
Sum « 1
Write down Sum.
for j € {2,..,m} do
Non-deterministically obtain particle p; and the transition weight w;_; ;, and
write them down.
Check if p; is valid.
Check if W(pj—lapj) = Wj—-1,5
Sum < Sum + wj_1;
Erase pj_1 and w;_1 ;
end
if Sum =z and V(p,,) = v then
| Accept
else
| Reject
end

At the j-th step of this algorithm, we must retain the following information: the
sum of the weights so far, particles p;_; and p;, the current weight w;_, ;. This
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means that around 4log(n) = O(log(n)) space is used on the tape.
ProroOSITION 3.7. BD-PREDICTION is in NL.

Proof. Let us show that Algorithm 3.2.2 decides BD PREDICTION. Let S be an
input sequence and P = (h,v) an input site.

If the release of S on to the underlying graph results on site P being occupied, by
Theorem 3.6 we know that there exists a particle ¢ € P such that h = row(q) = @gq
and V(q) =v. Let C = g p1 p2 ... Pm—1 Pm be the maximum weight path of weight
@Wgq, Where p,, = q. Then, for the j-th non-deterministic choice the algorithm makes,
it obtains the pair: p; and W(p,_1,p;).

If the algorithm accepts for S and P, we will obtain a sequence of particles such
that the sum of the transition weights is exactly h and that V' (p,,) = v. This means
that the weight from the ground to the last particle will indeed be h = @gp,,. Due
to Theorem 3.6, this means that row(p,,) = @gp,, = h. Therefore, particle p,, indeed
occupies site P. 0

THEOREM 3.8. BD-PREDICTION is NL-Complete.

Proof. Given proposition 2.2, in order to show that the problem is NL-Hard, we
will reduce an instance of LDE-REACHABILITY to the Ballistic Deposition problem.

Let (G, s,t, k) be an instance of LDE-REACHABILITY, where m is the number of
layers of G, and let i € [m] be the index such that s € V;. The idea is to throw two
particles for each vertex in all layers from ¢ to ¢ + k. This way, the height at which
the particles freeze will increase with each layer. Formally, for every ¢ < j < i+ k and
every u € V; we create the sequence S, = uu (two particles are thrown in vertex u).
Concatenating these sequences, we obtain a sequence of throws on the whole layer
Sj = Quev;Su. We note that due to the structure of the graph and the commutativity
of the dynamics, the order in which these sequences are concatenated does not matter
because no two vertices in the same layer are adjacent.

Finally, our input sequence will be the concatenation of the sequences associated
to every layer from the i-th layer to the ¢+ k-th one, S = S0 Q;1§+1Sj. The order in
which these sequences are concatenated is important, and must be done in increasing
order according to their index. At any point in this process the only information
retained is the vertex for which we are currently creating the sequence S,,. This only
requires log(n) space to store, making this process a log-space reduction.

By defining the site P = (k + 1,¢), we create an instance of BD-PREDICTION:
(G, S, P). Let us prove that this is indeed a reduction.

If (G,s,t,k) € LDE-REACHABILITY, then there exists a directed path C =
vy ... Uk in G, where s = vy and t = vi. Because of the layered structure of the
graph, if s € V; then v; € V;1;. Then, because by construction, for every vertex on
C two particles will be dropped, the height of the last particle dropped in v; will be
j—+1, meaning that the last particle dropped on vy = t will have a height of k+1. This
means that site P will in fact be occupied, and therefore (G, S, P) € BD-PREDICTION.

If (G, S, P) € BD-PREDICTION, site P = (k + 1,¢) is occupied after the sequence
of particles, S, has been released onto G. Due to our construction, if site P is occupied,
site (k,t) must also be occupied by a particle. Let I € [m] be such that ¢ € V. Because
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only two particles are thrown at each vertex, for the latter site to be occupied there
must exist a vertex v; € Vj_; adjacent to ¢ such that sites (k,v1) and (k — 1,v1) are
occupied.

Iterating this process, we obtain a sequence vy ... vi_1 such that v; is adjacent to
v;—1 and sites (k—i+1,v;) and (k—i,v;) are occupied, for every i € {2,...,k—1}. By
virtue of the construction of S, the only posible way in which site (1, v;_1) is occupied
is that s = vi_1. This proves that (G, s,t, k) € LDE-REACHABILITY, concluding our
proof. ]

4. Shape Characterizations and Realization. Although the figures obtained
by simulating the dynamics are complex and fractal-like, not every shape is obtainable
as an end product. This naturally leads to the problem of characterizing the figures
which are obtainable through the dynamics, for the different restrictions of the DLA
model.

A crucial observation is the fact that not all connected shapes are realizable.
Figure 18 shows shapes that are not achievable for each of the restricted versions.

1 Direction 2 Directions 3 Directions 4 Directions

| I T

F1G. 18. Four non-constructible figures with the respective maximum number of directions where
it is not constructible. The last figure is not constructible even with four directions.

Given a fixed number of allowed directions, determining whether a given figure
is realizable is an NP problem, where the non-deterministic choices of the algorithm
are the order in which the particles are released. Having the order, it is possible to
compute the trajectories that each particle takes in polynomial time, by finding a
path that does not neighbor the already constructed cluster, from the place at which
it is released to its final destination.

We give better algorithms for the shape characterization problems for both 1-
DLA and 2-DLA, showing that the former belongs to the class of log-space solvable
problems, L, and the latter to P.

4.1. One Direction. To characterize shapes created by the one-directional dy-
namics, given a sequence of drops S, and its corresponding shape F(5) € {0,1}"*",
we construct a planar directed acyclic graph (DAG), G = (V, E), that takes into ac-
count the ways in which a shape can be constructed with the dynamics. We construct
G in two steps.
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We begin by constructing G, = (V,, E,), where:

Vo ={ij : F(S)i; = 1} U{g},

E={(j,ij +1): F(S)ij = F(S)ij+1 = 1},
By = {(ij,ij — 1) : F(S)i; = F(S)ij—1 = 1},
By ={(ij,i+1j) : F(S)ij = F(S)it1; = 1},
Ey={(nj,g) : F(S)n; = 1},

and E, = F1 U E5 U E3 U E4. The intuition is the following: we create a vertex for
each block in the shape and one representing the ground where the initial particles
stick. E7 and E5 account for the particles that stick through their sides, F3 accounts
for particles falling on top of each other and finally E4 connects the first level to the
ground.

For example, given the sequence S=27726344456 326 2, we depict the
obtained shape and corresponding graph in Figure 19.

Fic. 19. Shape and graph obtained from sequence S= 277263 4 4 456326 2.

LEMMA 4.1. A configuration is constructible iff Vij € V, \ {g} there exists a
directed path between ij and g.

Proof. Given a constructible configuration, by virtue of the definition, there is
a sequence S of particle drops that generates the configuration. Therefore, by the
dynamics of our system and the construction of the graph, for each node in our
graph, there exists a directed path to the ground, represented by node g.

Now, let G = (V, E) be the graph corresponding to a given configuration on the
grid. If we have that Vij € V' \ {g} there exists a directed path between ij and g, we
start by reversing the direction of the arcs in our graph, and running a Breadth-first
search-like algorithm starting from node g, to determine the minimum distance from
g to each of the other nodes. For all nodes with distance 1 from g, {irjr}}_,, we
create the sequence S; = ji...j,. Then for all non-visited nodes, with distance d from
g, {arbi}i, we create the sequence Sq = by ... by,. Let us show that the sequence
S = 510830...08y, with M = max{dist(ij,p) : ij € V '\ {g}} corresponds to the
configuration. We do this by induction over |S| = n.

For n = 1, we have only one occupied state on our configuration, which is the
only particle present in S. It is straightforward to see that F(S) actually corresponds
to the configuration.



28 N. BITAR, E. GOLES, P. MONTEALEGRE

Assuming the sequence is correct for n, let us prove that it is also correct for n+1.
Because of the way S was constructed, the only possibility for the configuration not
to be achieved is that S,y; ends up higher or lower in F(S) on its column that
in the given configuration. Due to the dynamics, the only way for a particle to
become inmobile is to stick to another particle, this means that either it sticks to a
particle in its own column, or to a particle in one of the neighboring ones. By the
induction hypothesis, S\ Sp,+1 actually corresponds to the configuration of the first
n particles. Therefore, if, without loss of generality, S,,+1 ends up lower, this means
that when generating the sequence S a node that was at a smaller distance from g
than the particle with which it sticks, was added after all other nodes that at the
same distance, which is a contradiction. 0

Next, we obtain G from G, through the following procedure:

1. For every v € V, \ {g}, we create two vertices v; and vy, connected by an arc
from the former to the latter.
For every e = (v,u) € Ey, we create an edge (v, uq).
For every e = (v,u) € Fs, we create an edge (va, us).
For every e = (v,u) € E3, we create an edge (ve, u1).
For every e = (v, g) € E4, we create an edge (

GU N

g |

& ©
()

QY@ @g@

This procedure turns G, into a planar DAG.

It is straightforward to see that there is a directed path from a vertex v € V, to
g on graph G, if and only if there is a path from vertex v; to g on graph G.

Due to our construction, graph G is what is known as a Multiple Source Single
Sink Planar DAG (MSPD): there are multiple vertices with in-degree zero, and one
vertex with out-degree zero. Allender et al. showed that the reachability problem on
MSPD is in fact log-space solvable [1].

THEOREM 4.2 ( [1], Theorem 5.7). MSPD reachability is in L.
PROPOSITION 4.3. Determining whether a given figure is a valid configuration for
1-DLA, is in L.

The proof of this proposition consists on creating a log-space reduction from our
realization problem to MSPD reachability. This stems from the fact that if a problem
is log-space reducible to a log-space solvable problem, it is itself log-space solvable
(the proof of this fact can be found in [2]).

Proof. Let M be a matrix representing the configuration, using the same con-
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vention as the definition shape. We can see that the directed graph is constructible
from a shape in NC!. By assigning a processor for each pair of coordinates in the
matrix, that is O(n?) processors, to construct the nodes and arcs of our graph. Be-
cause NC! C L, this procedure is realizable in log-space. This procedure creates the
MSPD G.

For each vertex v € V, we can solve the MSPD reachability problem for the
instance (G,v,g) in log-space. Due to Lemma 4.1, this solves the one-directional
realization problem.

4.2. Two directions. To characterize shapes generated by the two-directional
dynamics, we follow a similar approach than we did for one-directional dynamics.
We define for each figure a directed graph called the dependency graph, which has
as vertex set the set of all particles in the input figure F'. The dependency graph
satisfies that, if a particle u is an in-neighbor of a particle v, then u must be fixed
before v on every realization of the figure. Moreover, we show that the dependency
graph characterizes the realizable figures. More precisely, we show that a figure is
realizable if and only if its is acyclic.

Let M be the input matrix of an instance of 2-DL A-REALIZATION. For simplicity,
in this section we assume that M is a matrix of dimensions [N + 1] x [N] where all
the coordinates in row N + 1 have value 1 (representing the ground). Moreover, we
assume that IV is large enough so M has a border of zeroes. More precisely, every
coordinate of M that equals 1 and that is not in row IV + 1, is in a row and column
of M that is greater than 3, and in a column fewer than N — 3. More formally, we
assume that M = (m;;) satisfies:

We will say a coordinate (i,j) € [N] x [N] is a particle if M;; = 1. The set of
all particles is called a figure F. We denote the row and column of a particle p € F
by row(p) and col(p) respectively. Two particles p and ¢ are said to be adjacent if
|col(p) — col(q)| + |row(p) — row(q)| = 1. We call n the total number of particles, i.e.
n=|F|.

DEFINITION 4.4. Let F C {0,1}Y*N be a figure. A 2DLA-realization of F is a
bijective function ¢ : F' — [n] such that, for everyt € [n]:
e Each particle is fized to an adjacent particle already fived, i.c., ¢~ *(t) has an
adjacent particle in ¢~ *({1,...,t —1}) or row(p~1(t)) = N.
e There exists an available path for ¢ ~1(t), that is to say, a path P = po, ... Dy
such that
— The path starts in (0,0) and reaches py, i.e. , po = (0,0) and px =
e (1),
— The particle is not fized before its final destination, i.e., 0 < £ < k, cell
pe is not adjacent to any cell in =1 ({1,...,t —1}) and row(p,) < N.
— The path reaches the cell using only two directions, i.e, for each0 < € < k
cell ppy1 = (row(pe) + 1,col(pe)) or pey1 = (row(pe), col(pe) + 1)

Let us better understand how the relative position of particles affect the order in
which they must be placed. For a particle u € F', we define the shadow of the particle
as:

S(u) ={(i,7) : row(u) >i A col(u) > j}



30 N. BITAR, E. GOLES, P. MONTEALEGRE

u

Fia. 20.

DEFINITION 4.5. Let F be a 2-DLA constructible figure. A realization ¢ of F is
said to be canonical if

Vu,v € F: ueSw) = ¢u) < ).

The following lemma states that every figure that is realizable admits a canonical
realization.

LEMMA 4.6. F admits a 2-DLA realization if and only if F' has a canonical real-
1zation.

Proof. If F has a canonical realization it is trivially 2-DLA constructible.

Let us suppose that F' is 2-DLA constructible but has no canonical realization.
We will say a pair of particles u,v is a bad pair of a realization ¢ if p(u) > ¢(v) and
u € S(v). Let ¢ be the realization with the least amount of bad pairs. We will show
that it is possible to define a realization with a lower amount of bad pairs, giving us
a contradiction.

From all possible bad pairs (v,u), let us take one that minimizes col(v). Fixing
such v, let us take u as the first cell to be placed in S(v) after v. In order to reach a
contradiction, we consider two cases.

Case 1: Let us suppose that u is strictly in the interior of S(v), that is, col(u) >
col(v) + 1 and row(u) > row(v) + 1 as see on Figure 21.

|
|
|
|
|
|
|

Fic. 21. Case 1: u is in the interior of S(v).

For w € F let us call F,,(p) the set of particles such that

Fy(p) ={z € F: 9(2) < p(w)}

It is clear that in this case, we must have that « must be adjacent to a particle in
F,(p). If not, we would have a contradiction with the fact that w is the fist element
to be placed after v and that means it would be placed without a contact point.

We now define ¢ as the realization that equals ¢, except that we place u right
before v, more formally:
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S

(p) i
(v) i
so(p)+1 1f @( ) < p(p) < ¢(u)

w(p) if w(p) > p(u)

Let us see that ¢ is a realization. Let w be any particle of F. Let p, denote
the trajectory the particle takes to reach cell w in the realization given by ¢. Clearly
if p(w) < p(v) or p(w) > p(u) then Fy,(¢) = Fw(gb) and then p,, is still available
as a trajectory for the new realization ¢. If w = u then F,,(®) C F,(¢) and then
P, is also available as a trajectory for the new reahzatlon @. Suppose then that
p(v) < p(w) < @(u). If u is not adjacent to any of the coordinates on p,, (for
example when w = v), this path is also valid as a trajectory for the new realization
@. We can observe that this is always the case: if w € S(v), p,, can never be adjacent
to u. If w € S(v), because this means that ¢(u) > ¢(w), u cannot be adjacent to p,.

Therefore, ¢ is a realization of F. Moreover, ¢ has a lower number of bad pairs.
Indeed, on one hand (v, u) is no longer a bad pair of . On the other, suppose that
(w1, ws) is a bad pair of ¢ that is not a bad pair of ¢. Then necessarily w; = v and
wy € S(u) is such that ¢(v) < p(wz) < p(u). We obtain a contradiction with the
fact that S(u) C S(v) and u was the first particle in S(v) to be placed after v. We
deduce that ¢ is a realization of F' with a lower number of bad pairs than ¢, which is
a contradiction with the choice of .

Case 2: Let us now suppose that u is in the border of S(v), that is, col(u) =
col(v) + 1 or row(u) = row(v) + 1. Without loss of generality let us assume that
col(u) = col(v) + 1.

2
)

o(p) =

go

F1a. 22. Case 2: when u is in the border of v (col(u) = col(v) +1)

Let p, denote the trajectory the particle takes to reach cell u in the realization
given by ¢. We have that p,, must necessarily contain a coordinate (, j) such that j =
col(v) and ¢ < row(v). Let C(p;u) the connected component of [N] x [N]\ (S(v) Upy)
that contains z = (col(v), N).

Clp;u)

Fi1c. 23. Construction of C(p;u)
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Now let us define the set C(u,v) as the set of particles that are placed in C(p;u)
after v and before u according to ¢. More precisely:

Clu,v) = {w € P(C(p;u)) : p(v) < p(w) < p(u)},

Finally, let us define the realization ¢ as follows:
e First set all elements in F, \ {v}preserving the order given by ¢.
e Then, set all the elements of C(u,v) preserving the order given by .
e Then, set u followed by v.
e Finally set the rest of the elements of F' preserving the order given by .
Once again let us prove that ¢ is in fact a realization of F. Let w € F be a
particle. If ¢(w) < ¢(v) or ¢(w) > ¢(u), then it is clear that p,, is still available in @,
because F, (@) = F,,(¢). For the particles w € C(u,v) we have that Fi, (@) C Fy,(¢)
and then the path p,, is also available in ¢. The same argument goes for w = u.
For the remaining options, let us define

X ={we F: o) < pw) < pu)}\ Clu,v).

This set is not empty because it contains v. Let us take w € X, and suppose that no
coordinate in p,, is adjacent to C'(u,v). In this case p,, is also available in ¢. Suppose
then that p,, intersects C'(u,v). Since w is not contained in C(u,v), necessarily py,
intersects p, (because p, is the frontier of the component C(p;u)). Let y € p, N py
be the coordinate of the last time p,, intersects p,,. Then define the trajectory p,, of
w in ¢ as p; and pg, where p; equals to p, from the top of the grid up until reaching
y and po is equal to p,, from y until reaching w. We obtain that p,, is an available
trajectory for w in the realization ¢. We deduce that ¢ is a realization of F'.

To reach a contradiction, now we show that ¢ has a lower number of bad pairs
than ¢. Obviously (v,u) is not a bad pair of @. Let us suppose that there is a bad
pair (p, q) for ¢, that is not a bad pair for ¢. The only possibility for this to happen
is that

g€ Clu,v)U{u} and pe{zeF:z2¢Clu,v) N o) <p(z) <)}

In this case we would obtain a bad pair for ¢ where col(q) < col(v), which is
not possible due to the choice of v. We conclude that in this case, ¢ is a realization
that has strictly less number of bad pairs than ¢, which is a contradiction with the
existence of . 0

This Lemma allows us to better structure the proof that 2-DLA constructible
figures can be characterized through canonical realizations. Given a particle p € F,
we define the particles scope as

L(p) = {(i,5) : row(p) <i A col(p) <j} ={q € F:pe S}
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F1c. 24. The shadow S(v) and scope L(v) of a particle v

With this at hand, we reinterpret Lemma 4.6 as follows: a figure F' is 2DLA-
Realizable if and only if there exists a canonical realization ¢, that is a realization
such that, for every u € F:

o(2) < p(u) < p(x), Vz € S(u), Vo € L(u).

In the following we only focus on canonical realizations. Because of previous
result, when constructing a figure and want to add a particle x = (4,5) we can
guarantee that there will be an interrupted path from the top of the grid to the
coordinate (i — 2,7 — 2) € L(z).

Fi1G. 25. We assume that for every occupied site x = (i,j), when a particle is placed in z there
is an available path that starts in (1,1) and reaches (i —2,j — 2).

This means that, to build a realization of a figure, it is sufficient to select one
that satisfies that, for each particle (i, j), there is a path from (i — 2,5 — 2) to (4, )
that avoids the collision with other particles already fixed. For a particle z € F, we
define V' (z) the vicinity of = as the set of sites depicted on Figure 26. More formally,
it x = (i,7) then V() = Vi(z) U Va(z) U Va(x) U Vy(z) where

)
Vl((lﬁ.])) = {(Z _Sa.j)7(i - 27j)7(i - lvj)v(i - 27j + 1)5(2 - 17j + 1)}3
‘/2((17])) = {(7”] - 3)7(iaj - 2)’(i7j - 1)’(i+ 17j - 2);(@'4‘ 17j — 1)},
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Vi(x) Va(x)
F1G. 26. Visual representation of V(z) and sets Vi(x) and Va(z) highlighted in red

Due to the nature of the dynamics, we have to consider only four different possible
paths a particle can take to reach x from y = (row(z) — 2, col(z) — 2). We denote
these paths as @1, @2, Q3 and @4, which are shown in the following figure.

—||_
A 4 j
| |
Q1 Q2
I_—|
| > | N
Qs Q4

Fia. 27. A representation of the four choices of paths starting from y = (i — 2,5 — 2) and
reaching coordinate x = (3, 7).

More formally, in Table 1 are given the four possible choices of paths starting
from (i — 2, j — 2) and reaching coordinate (i, ), with the list of visited cells and the
cells adjacent to each path. For k € {1,2,3,4} we call Qx((i,7)) the union of the set
of visited and adjacent cells of path Qx((i,7)). Given a realization ¢ of F, we say
that a path @ is available if all cells ¢ in the second of and third columns of the
k-th row of the table are satisfy that ¢(c) > ¢((4,7)). Otherwise, we say that Qy is
unavailable.
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Path Sequence of visited cells Adjacent cells in V(z)
. (7’_271_2)7(7’_27]_1)7 (2_37])7(1_21]+1)7
Q1((1, 7)) (i—2,9),(i—1,5) (i—1,5+1)
.. (i—2,j—2), i_2’j_1)7 (i_27j)7(i_1aj+1)7
Q?((Z’j)) (7;_17]'_1)’(7;_17]‘) (i’j_l)
.o (i—2,j—2)7(i—1,j—2)7 (iaj_3)7(i+lvj_1)7
GO | =265 (i +1.j-1)
. (i—2,7—2),(Gi—1,j—2), (4,5 —2),(i+1,5—1),
Qa((4,7)) (i_Lj_l)’(i’jr;l) . (t—1,7)

Definition of possible choices of paths starting from (i —2,j —2) and reaching coordinate (i,7),
with the list of visited cells and the cells adjacent to each path. In a realization, we say that a path
Q; is available if all cells in the second of and third columns of the i-th row are empty.

Remark 4.7. There exist two other possible choices for paths reaching cell (i, )
from cell (i — 2,5 — 2), however, namely the paths (i — 2,5 — 2),(: — 2,5 — 1), (i —
Lj— 1>7 (27.7 - 1)7 (%]) and (Z -2,7- 2)7 (Z -1,7- 2)7 (Z -1,7- 1)’ (Z - 1aj)’ (Zaj)
However, these paths require have more available cells than ()2 and @3, respectively.
Therefore, any trajectory that uses any of such paths have Q)2 or Q4 available.

4.2.1. The dependency graph. We are now ready to define the dependency
graph of a figure. The dependency graph H of a figure F' is a directed graph satisfying
that, if u,v € F and (u,v) € E(H), then u must be fixed before v on every canonical
realization of v. To precisely define the set of edges, we apply a number of applications
of a set of rules, described below.

First, let us denote Ground as the set {N + 1} x [N], that is to say, the set of
particles in the bottom of the figure. The vertex set of the dependency graph H is
F U Ground. The construction starts with the set of edges

Ey = (Ground x F'\ Ground) U{(u,v) € F X F:u € S(v)}.

We start this way because all the edges in the bottom must be fixed (are fixed from the
beginning) before all particles in F. Moreover, as we are considering only canonical
realizations, and all the particles in S(v) are fixed before v. Then, we iteratively add
edges to Ey according to two rules defined below, obtaining this way sets F1, Fo, . ...
The process stops when no new edges can be with any of the two rules. The resulting
set is the set of edges of H.

For ¢ > 0 and a node v € V(H), let us consider the sets

N(v) = {(row(v), col(v) + 1), (row(v) = 1,col(v))} NV (H)
D, (v) ={w e V(H): (w,v) € Eg},
Df(v) ={w e V(H): (v,w) € E},

which are called, respectively, the sets of adjacent nodes and the sets of predecessors
and successors of v with respect to edge set Ey. Given FEy, we construct Fy11 adding
edges to E; according to the following two rules.

The first rule is used to force that a particle that is not adjacent to the ground
must have at least one adjacent particle that is potentially fixed before it. This rule
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is applied over vertices v € F such that D, (v) = (). First, let us call Ry(v) the set of
neighbors of v defined by:

Ri(v)=N@)\ [ | Dfw)uD;()
weD?(v)

In words, Ry(v) is the set of particles adjacent to v that are not successors of v, neither
successors of its successors. If Ry(v) = @, then all neighbors of v must be fixed after
v, and therefore the figure is not realizable. To represent that, we add edge (v,v) to
E¢11. Now suppose that Ry(v) is nonempty and suppose that there exists u € Ry(v)
such that Ry(v) \ (D} (u) N{u}) = 0. Then, necessarily u must be a predecessor of v.
We conclude the following definition of Rule 1.

DEFINITION 4.8 (Rule 1). For each v € F such that D, (v) = 0:
o If Ry(v) =0, then add edge (v,v) to Epiq.
o If Ry(v) # 0 and there exists u € R(v) satisfying that Re(v)\ (D} (u)U{u}) =
(0 then we add (u,v) to Egyq.

The second rule states that, when a particle is fixed there must exist an available
path reaching v from (row(v) — 2, col(v) — 2). This implies that we must fix v before
the cells that block all the available paths of v. More precisely, for a particle v € F,
we call By(v) the set of currently unavailable paths of v, formally:

By(v) ={k € {1,2,3,4} : Qr(v) N D, (v) # 0},

The set of available paths of v is A¢(v) = {1,2,3,4} \ Be(v). Now let us define
Zy(v) as the set of particles in the intersection of all available paths, formally

L(v)= () Q).

kEAz(U)

Then, Rule 2 states that all particles in Z, must be fixed after v. We deduce the
following definition.

DEFINITION 4.9 (Rule 2).

For each v € F':
o If Ay(v) =0, then add edge (v,v) to Epy.
o Ifu€T,, then we add (v,u) to Epiq.

Therefore, the construction of the dependency graph consists in the applications of
Rule 1 and Rule 2 until no new edges are created. Since a figure contains n particles,
there are at most n? possible edges between them. Therefore, the construction finalizes
in at most n? applications of the rules. Observe also that each rule can be applied in
polynomial time. We formalize previous construction in Algorithm 4.1.
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Algorithm 4.1 Constructing the edges of the dependency graph of figure F’

Input: A figure F represented by a set of coordinates in [N] x [N]
Output: A set of edges E
Ground <~ ({N + 1} x [N]) // the cells in the bottom

Ey =<+ {(u,v) : w € S(v)} U (Ground x (F'\ Ground))
for u = (i,j) € F do

Nw)«{(i+1,5),0@—1,75),(,7J —i— 1), (4,5 — 1)} N (F U Ground)
Quw) = {131 1), (i— 2. 1), (i — 1, ). (i~ 2,j +1), (i — 1,j + 1)} N (F U Ground)
Q2(u) = {(i —2,7), (i = 1,5), (i — 1 ,J+1),(4,5 — 1)} N (F U Ground)
Qu(w) = {(i,j = 3), (i — 2), (i — 1), i+ 1,7 — 2), (i+ 1, — 1)} 1 (F U Ground)
dQ4(U):{(Z’j_2)’(Z7J_1)’(Z+1 J = ) ( 1 j)}ﬂ(FUGround)
for /e {1,...n%} do
E¢p1 + Ey
for x € F do
() «{we F:(z,w) € Ep}
D~ (z) + {w € F:(w,zx)€ Ep}
Ro(w)  N@)\ (Unepy o) Dif () U D ()
Bz(;v)<—{ke{1 2,3,4} : D~ (2) N Qi (z) # 0}
Ag(l’) +—{1,2,3,4}\ Bg( ).
Ty(x) + ﬂ Qr(x
keA¢(z)
end
for v € F do
// Rule 1
if D, (v) =0 and Ry(v) = 0 then
| Ert1 ¢ B U{(v,v)}
end
if D, (v) =0 and Re(v) # 0 then
for u € Ry(v) do
if Ry(v)\ (DT (u)U{u}) =0 then
| Eor < B U{(u,0)}
end
end
end
// Rule 2
if A¢(v) =0 then
‘l Epp1 + B U{(v,0)}
for u € F U Ground do
if uw € 7, then
| Eet1 < Eepr U{(v,u)}
end
end
end
end
end

return E,2 \ (Ground x F'\ Ground))
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Fi1c. 28. Three examples of figures and their corresponding dependency graphs. Observe that
the middle and bottom figures are not 2DLA-realizable, and their dependency graphs are not acyclic.

DEFINITION 4.10. The dependency graph of a figure F' is the graph with vertex
set F' and set of edges obtained as the output of Algorithm /.1 on input F.

In Figure 28 is depicted an example of a figure F' and its corresponding depen-
dency graph.

LEMMA 4.11. Let H = (F, E) be the dependency graph of a 2DLA-realizable figure
F'. For every pair of particles u,v € F, if (u,v) € E then u is fived before v on every
canonical realization of F.

Proof. We prove the result by induction on ¢, showing that every edge in F, have
the above property. The base case ¢ = 0 is trivial because Ej contains only the edges
(u,v) such that u € S(v). Now suppose that for a given ¢ > 0 all the edges in (u,v)
satisfy that w is fixed before v on every canonical realization of F. If Fy11 = Ey then
E(H) = Ey and we are done. Therefore, suppose that FE,y; contains an edge (u,v)
not in F, and assume that there exists a canonical realization ¢ that fixes v before u.
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We will reach a contradiction by showing that (u,v) can not created with Rule 1 or
Rule 2.

First, as v can fixed before u in ¢, there must exist a neighbor w € N(v) that
is fixed before v and u. From the induction hypothesis, this w must be contained in
Ry(v) and moreover, w ¢ D/ (u)U{u}UD} (v). Then (u,v) was not created according
to Rule 1. Second, since u can be fixed after v in ¢, there must exist an available path
k € Ag(u) such that v ¢ Qr(u). We deduce that (u,v) can not be created according
to Rule 2. We deduce that, if (u,v) is an edge of Eyy; then v must be fixed before
v on every canonical realization of F. ]

Our approach consists in constructing a canonical realization of F' by removing
one by one the particles of F', applying the following recursive algorithm. First, if
|F| = 1, i.e., the input figure consists in a single particle, the algorithm returns a
realization consisting in this single particle. If |F'| > 1, we compute the set of edges
E of the dependency graph of F'. Then, we look for a removable particle u, defined
as follows.

DEFINITION 4.12. A removable particle is a particle satisfying the following con-
ditions.
o C(u)={ke€{1,2,3,4} : (F U Ground) N Qi (u) = 0} # 0, meaning that there
is at least one available path u not touching any particle in F U Ground.
e Dt (u) ={w € F: (t,w) € E} =0, meaning that no other particle needs to
be fized after u.
e The dependency graph of F'\ {u} is acyclic.

If no such particle u is found, the algorithm rejects. Otherwise, we recursively
run the algorithm in F'\ {u}. Finally, if the recursive call of the algorithm does not
reject, the output is a realization ¢ of F'\ {u}. The realization of F' is obtained by
fixing u after all the particles in F'\ {u} according to ¢, obtaining this way a canonical
realization . The pseudocode of algorithm is written in Algorithm 4.2.

LEMMA 4.13. Let F be a figure with an acyclic dependency graph H, then H
contains a removable particle.

Proof. Let F be a figure such that its corresponding dependency graph H is
acyclic. Let W be the set of particles with out-degree zero in H, formally W = {v €
F : D% (v) = 0}. This set is non-empty as H is acyclic. Now let us pick the particle
in u € W such that col(u) is minimum, and over all possible choices, we pick the one
such that row(u) is maximum. In other words, u is the bottom-left most particle in
w.

We are going to show that u is a removable particle, by showing a series of claims.
We define before the following four sets relatively to w:

Sne(u) ={w € F : row(w) < row(u) and col(w) > col(u)} \ {u}
Syw(u) ={w € F : row(w) < row(u) and col(w) < col(u)}
Ssp(u) ={w € F : row(w) > row(u) and col(w) > col(u)}

Ssw(u) ={w € F : row(w) > row(u) and col(w) < col(u)} \ {u}

Observe that Syw (u) is the scope of u and Sgg(u) is the shadow of u. Observe
that the scope of u is empty, because u has out degree zero in H.
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Algorithm 4.2 Constructing the realization of F’

Input: A figure F' C [N] x [N] of size n with an acyclic dependency graph.
Output: A realization of F'.
if |F| = {u} then
| return a list ¢ containing u as a single element.
else
Compute E as the output of Algorithm 4.1 on input F'
for x € F do
DT (x) + {we€ F:(z,w) € E}
Cp « {k€{1,2,3,4} : FNQx(x) £ 0}
end
a+—{ueF:C,#0}
B+ {ueF:D"(u)=0}
y—anp
for u € v do
Compute E’ as the output of Algorithm 4.1 on input F'\ {u}
if H=(F\{u},E') contains a cycle then
| v\ {u}
end
end
Pick any u € v
@ < output of Algorithm 4.2 on input F'\ {u}
@ < list ¢ adding v in the end.
return @
end

Claim 1: All nodes in Sgw (u) are ancestors of u in H. Formally, for every w €
Ssw (u) there is a w, u-directed path in H.

Proof of Claim 1. Let wp an arbitrary particle in Ssy (u). From the choice of u,
we know that wgy has at least one out-neighbor in H. Let P = wqg,w1,...,w; be a
longest directed path in H starting from wg. Then wy has out degree zero, implying
that it is not contained in Sgw (u). Let wy, with 0 < £ < k be the first node in
P not contained in Sgw (u). If wy = u we are done. If w,; belongs to Sgg(u) then
(well,u) € E(H) and P’ = wo, ..., wy,u is a directed path in H. Finally, suppose that
wy belongs to Syg. Then necessarily (wy—1,wy) is created by Rule 2 and wy belongs
to Vi (we—1). Observe that u is also contained in Vi (w;—1) and then (wy—_1,u) is also
an edge created by Rule 2. We conclude that P = wy, ..., ws_1,u is a directed path
of H.

Claim 2: u has an available path in F, i.e. C(u) # 0.

Proof of Claim 2. Suppose that Qs(u) intersects F' and pick w € Qs(u) N F.
Observe that w € Ssw(u). Therefore, by Claim 1 there is a directed path from w
to u, and moreover, (w,u) is an edge in F(H). Then, by Rule 2 there is an edge
connecting u with all the particles in Vj(u). Since u has out-degree zero, necessarily
Vi(u)NF is empty. We deduce that Q1 (u) is an available path for v and then 1 € C(u).
We conclude that {1,3} N C'(u) # 0.

Claims 1 and 2 imply that « satisfies the first two conditions of the definition
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of removable particle. It remains to show that the dependency graph of F'\ {u} is
acyclic. In the following we call E(H — u) the dependency graph of F'\ {u}.

Claim 3: E(H)\ (F x {u}) is a subset of E(H — u).

Proof of Claim 3. Suppose that E(H) \ (F x {u}) contains an edge e = (wy, ws)
not in E(H — u). From all possible choices, let us pick the one that is created in the
earliest iteration of Algorithm 4.1. Observe that e can not be created by Rule 1.
Indeed, if Ry(w2) does not contains u then necessarily e is also an edge of E(H — u),
and if Ry(ws) contains v then necessarily u also belongs to DT (w;) (v must be dif-
ferent than w; because u has out-degree zero). In both cases we have that if e is
created by Rule 1, then e must be an edge of E(H — w). Then necessarily e is cre-
ated with Rule 2. However, as u has out-degree zero, it cannot block any path of
another node. We deduce that e can not exist and then E(H)\ (F x {u}) C E(H —u).

Claim 4: Let e = (w1, w2) be an edge of E(H —u)\ E(H). Then wy # wy (i.e. e is
not a self-loop), and w; belongs to Syg(u). Moreover, if ws also belongs to Syg(u),
then wy is closer to w than w; in Manhattan distance, i.e. |row(ws) — row(u)| +
|col(ws) — col(u)| < |row(w;) — row(u)| + |col(wy) — col(w)|.

Proof of Claim 4. Let 1 < --- < {; be the iterations of Algorithm 4.1 in which
an edge of F(H —u) \ E(H) is created. If ¢ = (wy,ws) is created in iteration ¢y,
then necessarily e is created by Rule 1 (as u has out-degree 0 it can not block any
path of another node). Then necessarily ws is a neighbor of u such that DT (wsy) = 0.
Observe that Ry, (w2) \ {u} # 0 because otherwise (wq,u) is an edge of E(H). Then
w1 # wy and ws is closer to u than w; in Manhattan distance.

Now suppose that the claim is true for all edges created in steps up to ¢;, with
1€ {1,...,t — 1}, and suppose that e = (w1, ws) is created in iteration £;,1.

If (w1, w2) is created by Rule 1, then necessarily wy has an out-neighbor ws not
present in E(H ), that was created in iterations ¢1, ..., ¢;. Then ws belongs to Sy g (u)
by induction hypothesis. Observe that Ry, ,(w2) \ w3 # 0, otherwise (w2, ws) is an
edge of E(H). Then w; # wy. Suppose by contradiction that w; is not contained in
Sne(u). Then necessarily w; belongs to Sgg(u), with w; = (row(ws) + 1, col(ws)).
Moreover, ws belongs to Syg(u). Then, by induction hypothesis, ws is closer to u
than wg, meaning that ws = (row(ws), col(ws) — 1). This implies that (w1, ws) is an
edge of F(H) and then (wq, w2) must be also an edge of E(H). We deduce that w; is
contained in Syg(u). As the distance from ws to ws is fewer than the distance of w;y
to w3 we deduce by the induction hypothesis that the distance from ws to u is fewer
than the distance from w; to u.

If (wq,we) is created by Rule 2. Then necessarily w; has an incoming edge from
a node wy € V(ws) such that (wop,w1) is not in E(H) and was created in iterations
lq,...,¢;. From the induction hypothesis we know that wg belongs to Syg(u) and is
closer to u than w;. Then wy belongs to Vi (wy). If (wg,w) is created with Rule
1, then there is a path P from w; to one of the adjacent particles of u where all the
edges in that path are edges in F(H — u) \ E(H) created by Rule 1 (this is proven
in the previous paragraph). Then P either contains ws or contains a node w’ such
that. row(w') = row(wsz) and col(w’) > col(wsy). Indeed, in the other possibility
is that (vg,v1) and (v1,v2) are edges of P, with vy = (row(wz) — 1,col(ws) + 1),
vy = (row(ws) — 1,col(ws)) and vy = (row(ws) — 1, col(wy) — 1). However, this is
impossible because in that case (ws,v1) must be an edge of E(H) and then (vg, v1) is
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also an edge of E(H). Then, there is a directed path of rule I edges connecting w;
and a neighbor of u. This implies that wy is ether in Syg(u) or in Sgw (u). In any
case we have that (w,ws) satisfies the conditions of the claim. It remains the case
when (wg, wy) is created with Rule 2 in some iteration £y, ..., ¢;. Let P’ = vq,...,v%
be the longest directed path of edges in E(H —u) \ E(H) that are created with Rule
2 in iterations {1, ..., ¥;, such that vy = wy. Then vy must have an incoming neighbor
zo such that (zg, wp) is an edge of E(H —u)\ E(H) created by Rule 1, and such that
zo = (row(vg) — 1, col(vp)). Following the same argument than in the previous case
(i.e. taking the path of edges of E(H — u) \ E(H) created by Rule 1 connecting wy
with a particle adjacent to u) we deduce that (wy,ws) satisfies the conditions of the
claim. This finishes the proof of Claim 4.

Observe that Claim 4 implies that the edges of E(H —u)\ E(H) form a directed
acyclic graph. On the other hand, we know that H is acyclic. Finally, it is impossible
to have a cycle containing a combination of edges in F(H —u) \ F(H) and E(H),
because all the out-going neighbors of nodes in E(H — u) \ E(H) also belong to
E(H — u) \ E(H). We deduce that the dependency graph of F \ {u} is acyclic. We
conclude that u is a removable particle of F.

We remark that the third condition of Definition 4.12 is not necessarily deduced
from the first two conditions, in the sense that there are figures with particles u
satisfying that C'(u) # 0 and D" (u) = (), but that are not removable. For instance,
the realizable figure depicted in Figure 29 contains a particle u such that C'(u) # 0,
DT (u) =0 and F \ {u} is not realizable.

We are now ready to give the main result of this section.

THEOREM 4.14. A figure F' is 2DLA-realizable if and only its dependency graph
H is acyclic.

Proof. Let us assume that H contains a cycle, and let u be a node in a cycle
of H. Lemma 4.11 implies that v must be placed before himself on any canonical
realization. Therefore, ' does not admit a canonical realization. From Lemma 4.6
we deduce that F' is not realizable.

Conversely, suppose that H = (F, E) is acyclic. Then, Lemma 4.13 imply that
we can successively decompose F' finding removable nodes. The obtained canonical
realization of F' is the output of Algorithm 4.2. 0

COROLLARY 4.15. 2-DLA-REALIZATION s solvable in polynomial time.

Remark 4.16. An implementation of the algorithm solving 2-DLA-REALIZATION
can be found in https://github.com/pedromontealegre/2DLA-Realization.

5. Conclusion. The introduction of restrictions to discrete dynamical systems,
coming from statistical physics, has been shown to change the computational complex-
ity of its associated decision problem. We have once again observed this phenomenon
with the changes in computational complexity when restricting the directions a par-
ticle can move in the DLA model. By adapting the P-Complete proof of the 4-DLA-
PREDICTION we showed that both 3-DLA-PREDICTION and 2-DLA-PREDICTION are
P-Complete. For 1-DLA-PREDICTION, we tackled the generalized problem, BALLIS-
TIC DEPOSITION and showed that by exploiting the commutativity exhibited by the
dynamics of the system, we created a non-deterministic log-space algorithm to solve
the problem, and show that 1-PREDICTION is NL-Complete. What is interesting to
note is that the algorithm does not depend on the topological properties of the model,
it exclusively works on the input word (the sequence of particle throws in this case).
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F1c. 29. An example of a figure containing a node of coordinates uw = (5,4) such that C'(u) # 0
(as Q1(u) is available), DV (u) = O but F\ {u} contains a cycle. In the first row is depicted the
figure F and its dependency graph. And in the second row is depicted F'\ {u} and its corresponding
dependency graph. Nodes (5,5), (4,6), (5,6) form a cycle in this graph. Observe that F does contain
a removable particle, for instance v = (3,6). In the third row is depicted F\{v} and its corresponding
(acyclic) dependency graph.

We finally showed that characterizing the shapes that are obtainable through the
dynamics is an interesting problem, and exhibited that the computational problem
associated is in L for the one-directional dynamics, and in P for the two-directional
one. This is interesting due to the fact that the figures produced when executing
the probabilistic versions of the dynamics, as shown in Figure 2, the computational
complexity of examining these shapes is efficient.

5.1. Future Work. An interesting extension to the presented problem is the one
of determining, given a figure, what is the minimum amount of directions necessary
to produce it, if it is achievable at all. We have shown that figures generated by
the 1-PREDICTION model are characterizable in L, and those of the two-directional
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model in P. It remains to see if the latter can be improved into an NC algorithm,
or the problem is in fact P-Complete. The definition of the dependency graph seems
intrinsically sequential, and we believe that is unlikely that the problem could be
solved by a fast-parallel algorithm

In addition, the complexity classification of realization problem for three and four
directions remains open. We believe that the definition of a dependency graph for
these cases is plausible, but several assumptions (such as the existence of canonical
realizations) must be redefined.

A related problem, not treated in this article, consists in the reachability, i.e. given
a figure F' and a subfigure F’, decide if it is possible to construct F' given that F” is
already fixed. This problem can be also studied restricting the number of directions
the particles are allowed to move in. Our belief is that there is room to create more
complex gadgets, indicating that these problems are possibly NP-Complete at least
for three or more movement directions.
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