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Abstract. We analyze linear McKean—Vlasov forward-backward SDEs arising in leader-follower
games with mean-field type control and terminal state constraints on the state process. We establish
an existence and uniqueness of solutions result for such systems in time-weighted spaces as well as
a convergence result of the solutions with respect to certain perturbations of the drivers of both the
forward and the backward component. The general results are used to solve a novel single player
model of portfolio liquidation under market impact with expectations feedback as well as a novel
Stackelberg game of optimal portfolio liquidation with asymmetrically informed players.
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1. Introduction and overview. Mean field games (MFGs) are a powerful tool
to analyze strategic interactions in large populations when each individual player has
only a small impact on the behavior of other players. Introduced independently by
Huang, Malhamé, and Caines [31] and Lasry and Lions [37], MFGs have received
considerable attention in the probability and stochastic control literature in the last
decade. A probabilistic approach to solving MFGs was introduced by Carmona and
Delarue in [13]. Using a maximum principle of Pontryagin type, they showed that
solving the MFG reduces to solving a McKean—Vlasov forward-backward SDE (FB-
SDE) of the form

dXt = b(t,Xh}/taE(Xh}/;)) dt + Jtha
(1.1) —dY; = h(t, X, Yy, L(X,,Y,)) dt — Z, W,
XO =X, YT = l(XT)‘C(XT))7

where X is the state of the representative player, Y is the adjoint variable, and £(-)
denotes the law of a stochastic process. In MFGs with common noise [2, 3], the de-
pendence of the coefficients on the law of the process (X,Y) is of conditional form.
FBSDEs of the form (1.1) also arise in mean-field control (MFC) problems [1, 4, 14]
and in MFGs with a major player [9, 10, 16] when formulating stochastic maximum
principles. Different types of MFGs with a major player have been considered in the
literature. Nash equilibria in games between many small players and a single major
player have been analyzed in, e.g., [12, 15, 29, 30, 39]. Leader-follower (“Stackelberg”)
games of mean-field type between a major and many minor players have been studied
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in, e.g., [9, 10]. These games can be viewed as leader-follower games between the
major player and a representative minor player in which the leader’s (major player’s)
optimization problem is a MFC control problem where the state dynamics follows
a controlled FBSDE that characterizes the follower’s (minor player’s) optimal re-
sponse to the leader’s control. A very different class of leader-follower games, namely
principal-agent games, has been considered in, e.g., [19, 20, 21, 22]. In these models,
optimal contracts can be characterized by (F)BSDE without mean-field terms. A
mean-field principal-agent model has been studied in the recent work by [23].

1.1. McKean—Vlasov FBSDE with terminal state constraint. In this pa-
per, we study a novel class of leader-follower games with asymmetrically informed
players and terminal state constraint on the state processes in which both the leader
and the follower solve mean-field control problems. Our games naturally arise in
Stackelberg games of optimal portfolio liquidation.

Formulating a novel stochastic maximum principle we show that the analysis of
the leader-follower game reduces to solving linear McKean—Vlasov FBSDEs of the
form

dQ = (—A; Ry — AJE [Qi| FY] + f,) dt,
(1.2) —dR, = (AQu + AJEIGR|FY] + ATE[0,Qu| F{) +5,) dt = Z, W,
QO =X, QT = 07

with given initial and terminal conditions for the forward and unspecified terminal con-
dition for the backward process. Here, W = (W, W?) is a multidimensional Brownian
motion generating the filtration F = (F;)¢>0 and FO = (F?);>¢ is the filtration gen-
erated by W9 The special case A2 = A3 = A = f = § = 0 arises in the single
player portfolio liquidation models under market impact studied in, e.g., [5, 27]. The
special case A2 = A® = f = g = 0 was recently analyzed in [25] in the framework
of a MFG of optimal portfolio liquidation. In such models, both the initial and the
terminal condition of the state sequence are given. The terminal state constraint on
the state process results in a singular terminal value of the value function and hence
an unspecified terminal value of the adjoint equation arising in the stochastic maxi-
mum principle, which is usually given by the derivative of the terminal payoff. A class
of stochastic optimal control problems with the terminal states being constrained to
a convex set was studied by [33]. They assumed a strict invertibility of the diffu-
sion term with respect to the control. This assumption is not satisfied in portfolio
liquidation models where the state dynamic is degenerate.

We prove a general existence and uniqueness of solutions result for the system
(1.2) under boundedness assumptions on the model parameters that allows us to solve
single player portfolio liquidation problems with private information and expectations
feedback. The existence and uniqueness result is complemented by a convergence
result for the solution of (1.2) with respect to the parameters (f,g) that allows us
to formulate a stochastic maximum principle for leader-follower games of portfolio
liquidation with asymmetrically informed players.

The existence and uniqueness of solutions to (1.2) is obtained via two nested con-
tinuation arguments. Standard continuation methods for McKean—Vlasov FBSDEs
established in, e.g., [3, 11] do not apply to the system (1.2), due to the unknown
terminal value of the backward process. In order to overcome this problem we make
a linear ansatz R = AQ + H, from which we derive an exogenous BSDE with singular
terminal condition for the process A, and a BSDE with known asymptotic behavior
at the terminal time for the process H. The driver of the latter BSDE depends on
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the unbounded process A. The nature of the FBSDE for (@, H) is different from
[25] where a similar ansatz gave a BSDE with known terminal condition. Analyzing
simultaneously the triple (Q, H, R) allows us to prove the fixed-point condition arising
in the application of the continuation method in a suitable space.

Our second main result is a convergence result for the solution (@, R) to the
system (1.2) with respect to the “input” (f,7). Our convergence is not in the L? sense
as in the standard FBSDE literature [38, 42] but rather in the L (1 < v < 2) sense.
Specifically, we consider the convergence of the solutions (Q™, R"™) to a penalized
version of (1.2) under a uniform L2 boundedness assumption on the sequence (f,g").
For such inputs a result of Komlés [35] guarantees the Cesaro convergence of (f,g")
along a subsequence in L” (1 < v < 2). We prove the convergence of the solutions
in the same sense. To this end, we define auxiliary processes to decouple the system
(1.2) and then show that these processes solve the system (1.2) in the right spaces.
The convergence result then follows from the previously established uniqueness result.

1.2. Applications to optimal portfolio liquidation. Models of optimal port-
folio liquidation have received substantial attention in the financial mathematics and
stochastic control literature in recent years; see [5, 26, 27, 36, 41] among many others.
In such models, the controlled state sequence typically follows a dynamic of the form

t
&:z—/@m,
0

where z € R is the initial portfolio and ¢ is the trading rate. The set of admissible
controls is confined to those processes £ that satisfy almost surely the liquidation
constraint Xp = 0. It is typically assumed that the unaffected price process against
which the trading costs are benchmarked follows some Brownian martingale S and
that the trader’s transaction price is given by

t
&:&—/m@@—wb
0

The integral term accounts for permanent price impact; the term 7.£ accounts for
instantaneous impact that does not affect future transactions. The trader’s objective
is then to minimize the cost functional

T
J(f) =E [/O (/‘isngs + 775|£s|2 + )\5|X5|2) ds

over all admissible liquidation strategies. We refer to [5, 27] for an interpretation of
the processes 1, K, A.

1.2.1. Single player model with expectations feedback. Standard port-
folio liquidation models assume that a trader’s permanent price impact is driven by
his observable transactions. If the transactions are not directly observable, then it is
natural to assume that the permanent impact is driven by the market’s expectation
about the trader’s transactions as in [1, 6], given the publicly observable information.

In section 3 we solve a single player liquidation model with expectations feed-
back where uncertainty is generated by the multidimensional Brownian motion W =
(W, W?). The Brownian motion W9 describes a commonly observed random factor
that drives market dynamics; the Brownian motion W is private information to the
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trader. Specifically, we assume that the trader’s transaction price is given by
_ t
(13) Se= - [ (xBTS + 3.} ds - it
0

where S is an FY martingale, E[¢,|F?] is the market’s expectation about the trader’s
strategy, and g is an F%-adapted process that will be endogenized in the next subsec-
tion. Assuming a standard quadratic running cost function as in [5, 27], the objective
of the trader is then to minimize the functional

T
(1.4) J(E)=E l/ ke X B[N FY] + G Xe + nelf + M X7 dt
0

subject to the state dynamics

dXt = _gt dt7

(1.5)
XO =, XT =0.

We allow the cost coefficients to be private information, i.e., to be F adapted. This
justifies the conditional expectation term in the price dynamics. A standard stochastic
maximum principle suggests that the optimal strategy is given by

Vi — B[k X4 | F)]

(1.6) &=y

)

where X is the portfolio process, Y is the adjoint variable, and (X,Y") solves (1.2)
with f =0, g=¢:

(1.7)
_ 0
ax, = ~ BT EmKIA]
27715
—dY, = (ME {2 ]—'0} - ntIE{ o } Bk X¢ | FY] + 220 X4 +gt> dt — Z; dWy,
Tt

Xo =, Xr= 0.

If the terms E[x;X;|F?] and k,E [ﬁ‘ ]—'to} E[x:X¢|Fy] drop out of the FBSDE

system, then the system reduces to that arising in the MFG analyzed in [25]. In the
next subsection we introduce a model extension where the privately informed trader
is the follower in a Stackelberg game of optimal portfolio liquidation.

1.2.2. Mean-field type Stackelberg game with asymmetric information.
In section 4 we solve a Stackelberg game of optimal portfolio liquidation with asym-
metrically informed players. The leader (she) has the first-mover advantage while the
follower (he) has an informational advantage.

We assume again that uncertainty is generated by the multidimensional Brownian
motion W = (W, W?) and that W° describes a commonly observed market factor
while W is private information to the follower. For a given F-adapted strategy 0 of
the Stackelberg leader, we assume that the follower’s liquidation problem is the same
as in the previous subsection with

gi HOEO
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for some F%-adapted process £° that measures the impact of the leader on the follower’s
transaction price.! Let £*(+) be the follower’s optimal response function to the leader’s
strategy and put pu* = E[¢*(-)|F°]. Following the standard approach we assume that
the leader’s transaction price is

t t
(18) 3 —5 - / ROt ds — / KO£ ds — Q€0
0 0

for F0-adapted coefficients 1°, k%, . The difference is that now the leader controls the
transaction price both directly and indirectly through the dependence of the follower’s
optimal response on her trading strategy.

We assume that the leader’s cost functional is given by

T
09) @) =2 | [ (XD R NP R ]

where X© denotes her portfolio process and A°, X are F°-adapted. The additional cost
term A;(u})? serves two purposes. Mathematically, it guarantees that the optimiza-
tion problem is convex if \; is large enough; economically it prevents the followers
from excessive liquidity provision in equilibrium.?

The leader’s control problem is a MFC problem with state process (X%, X,Y),
where (X,Y) solves the FBSDE (1.7) with g = £°¢° and

dx; = —¢& dt,

(1.10) X == X3=0.

In particular, the dynamics of the controlled state processes in the leader’s problem
follow an ODE-FBSDE system rather than an SDE as is usually the case in single
player optimization problems. This renders the analysis of the leader’s problem chal-
lenging when one imposes a strict liquidation constraint. In order to overcome this
problem we combine two methods that have previously been applied to solve liquida-
tion problems, namely solving an FBSDE system with unknown terminal condition
on the backward component of the form (1.2) and the penalization approach where
the liquidation constraint is replaced by an increasing penalization of open positions
at the terminal time. The latter leads to a sequence of FBSDE systems of the form
(1.2) where the terminal condition on the forward process is replaced by a terminal
condition on the backward process that reflects the penalization. The solutions to
the unconstrained problems converge to the solution of the corresponding constrained
problem under suitable conditions.

Having solved the follower’s problem by solving a system of the form (1.2), by
using the penalization approach we then solve a family of unconstrained problems
of the leader whose optimal strategies converge to some limit £%* in a Cesaro sense.
Subsequently, we prove that the limit admits the representation

o Pt +E[Rq|F)] — KX
(1.11) 0% .
2n;

Tt is implicitly assumed that £° is observable to the follower. This seems customary in Stackel-
berg games. Relaxing this assumption of “sunshine trading” would result in a leader-follower game
with incomplete information that would be even more complex to study.

2We thank C.A. Lehalle for providing this interpretation.
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in terms of the state equation (1.10) and the adjoint equations

(1.12)
Y, 1 . .
—dp; = (n?]E [27; ff} —RE {277 f?} B[k X | FO] 4+ k060" 4+ 220 X7 ) dt—Z, dW?
t t
and
(1.13)
Tt 0 1 —
—dg;= |—— —FE — dt
qt ( I [reqe| 77| T + ft) )

*d’]"t = (2)%% —+ KJt]E |:Tt
21,

1
}-ﬂ + kB {277‘}}0} E[Ht9t|f?]+gt) dt — Z; dWx,
t
qOZOa qTZOa
where

A 1
7| - 2t | o | 7] Bl
Nt

- RX) LA { Y,
uis

Y;

0 t

E|—

Ft]( {27%

f =
! 2ny e | 2m

and

1 _ 1
G, = — kB | — | FO|®OXO* — oy E | —
& i Lm ‘}—t } Rt e 2n;

ff}
-k [1 ‘f?] IE[FatXt|]-"t0]).
27’]t

The system (1.13) is again a special case of (1.2); it depends on the previously con-
structed process £%*. We finally prove a novel maximum principle that states that if
for some process £%* the system (1.10), (1.12), and (1.13) has a solution, then £%* is
an optimal strategy for the leader. Here, p is the adjoint variable to the ODE compo-
nent of the state process and (g, r) are the adjoint variables to the FBSDE component
of the state process.

To the best of our knowledge, no numerical methods for simulating the mean-field
FBSDEs arising in our Stackelberg game are yet available. In order to get some quan-
titative insight into the equilibrium dynamics, we therefore simulate a deterministic
benchmark model with constant coefficients. In this case, our conditional mean-field
FBSDEs reduce to deterministic forward-backward ODEs for which numerical meth-
ods exist. Our simulations suggest that the solution to the Stackelberg game is very
different from the solution to single player models. In particular, beneficial round-
trips may exist for the follower. This is not the case in deterministic single player
models; in the Stackelberg game the follower may act as a liquidity provider for the
leader. Furthermore, depending on the strength of interaction the presence of the
follower may (or may not) reduce the leader’s trading cost.

Remark 1.1. A special case of the system (1.5), (1.7), (1.10), (1.12), and (1.13)
arises in MFGs of optimal portfolio liquidation between a major and many minor
players. Thus, as a byproduct we obtain an extension of the MFG in [25] to a MFG
with a major player. A related model without liquidation constraint and without
any feedback of the major player’s strategy on the minor players’ transaction price
has been considered in, e.g., [24, 32]. MFGs of optimal trading with incomplete
information but without the strict liquidation constraint have also been considered
in [17, 18]. The incompleteness of information arises from an unobservable latent
process. The nature of the FBSDEs arising in our work and [17, 18] is very different:
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the mean-field terms in [17, 18] are exogenous (see [17, equation (3.16)] and [18,
equation (3.11)]) while the mean-field term in our work is endogenous. Moreover, in
[17, 18] there are multiple groups of traders with heterogeneous beliefs (as in [7]),which
is not the case in our model.

The rest of this paper is organized as follows. Our general existence, uniqueness,
and convergence results for the FBSDE (1.2) are established in section 2. The MFC
problem and the Stackelberg game of optimal portfolio liquidation introduced above
are solved in sections 3 and 4, respectively. Our numerical simulations are reported
in section 4.3.

NOTATION AND CONVENTIONS. Throughout, we work on probability space (2, F,
P), on which there exist two independent Brownian motions W° and W. We denote
by FO = (F)o<t<r and F = (F;)o<i<7 the filtrations generated by W° and W,
augmented by the P null sets, respectively, where W = (W, W?°). For a subspace
I C R and a filtration G, we introduce the following spaces:

L&([0,T] x 1) ={X : X : [0,T] x Q — T and X is G progressively measurable
and I valued}

LE([0,T) x ;1) {X € L2([0,T) x 1) : E l/T |Xt|’“dt] < oo}, k>1,
0

LE([0,T] x 1) = {X € L&([0,T] x ;T) : esssup | Xy(w)| < oo}.
(t,w)€[0,T]xQ

The space L([0,T) x ;1) is defined similarly as L([0,7] x Q;I). For k > 1, the
space L ([0, 7] x ;1) is equipped with the norm || X||x = (E[fOT | X, |* dt])l/k. The
spaces

S2([0,T) x ;1) = {X e L2([0,T] x ;1) : E { sup |Xt|2] < oo} :

0<t<T

SET([0,T) x ;1) = {X € L2([0,T) x 1) : supE [ sup |Xt2} < C}
e>0 0<t<T—e

are equipped with the respective norms

1/2 1/2
| X sz = (E [ sup |Xt|2}) , | X]|g2.- = sup <IE [ sup |Xt|2]> .
0<t<T >0 0<t<T—e

For 8 € R we introduce the space
2

Xy

sup 7(71 — t)ﬁ

Hp([0,T] x Q1) = {X € SE([0,T] x 1) : E
t€[0,T]

1[5 = (E D/

LE ([0, T)x 1) = {X e L%([0,T) x ;1) : for eache > 0 E

with
Xy

sup 7(7_‘ — t)fB

0<t<T

Finally, we put

T—e
/ Xt|2dt] < oo} :
0
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For ¢ € Lg([0,T] x 1), we denote by [[¢[| = esssup( ,ye(0,rxald(t,w)| and ¢, =
essinf(, .)e[0,71x0¢(t,w) its upper and lower bounds, respectively. When I = R, for
simplicity we will write L2 instead of L2([0,T] x €;R); the same convention holds for
other spaces. Finally, we adopt the convention that a positive constant C' may vary
from line to line but always depends on the underlying generic constants.

2. The McKean—Vlasov FBSDE. In this section, we prove a general existence
and uniqueness of solutions result (in a suitable space) for the FBSDE (1.2) along with
the convergence result with respect to the processes (f,g). We assume throughout
that the system’s coefficients satisfy the following assumption.

ASSUMPTION 2.1. (i) The stochastic processes v, ¢, o, and A* (i =1,...,5)
belong to Lg°.

(ii) There exist constants 0; > 0 (i = 1,2) such that (recall that ¢, denotes the
lower bound of an Lg° random variable)

A2 IA% ¢
o lA%E ;
( 2, 20, ).~

e Ivle:  1A3]e
Y1101 2
(A‘* el 2y 1 ||A5||||g||) >0,

(iii) The initial condition x belongs to L2 and (f,g) € S% x L3.
The linear ansatz R = AQ + H on [0,T) results in the following FBSDE for the
triple (Q, H, R):
dQ: = (—A{Ry — AJE [vQ:| F] + [,) dt,
—dH; = (—AfAH, — NJAEMQ|FY) + Acfy + AJE[G R FY)
+AE[0:Qi|F) +7,) dt — Z[ aw,
—dR; = (A{Q: + AJE[GR|FJ) + AJE[0iQ| F7) +7,) dt — Z{F dW,
R=AQ+ H, te0,T),
Qo=x, Qr =0,

where A satisfies the singular BSDE

(2.1)

(2.2) —dA; = (A} — A{ A7) dt — Z{ dw, th/n% Ay = 0.

The singular terminal condition on A results from the terminal state constraint on Q.
By Assumption 2.1(i,ii) both A and (A')~! are bounded. Thus, it follows from [27,

Proposition 6.1 and Theorem 6.3] that there exists a unique pair (A4, Z4) € H_1 x LIQF’_
that satisfies (2.2) as well as the following estimate:
]-'t] |
It follows from (2.3) that A is nonnegative and that for all 0 < ¢; <ty < T,
(2.4)

B T
t T — T —
e tﬁA;AstSC( t2> §C< t2> , where 3 = AL/||AY|| and 0 < 7 < 8.

1 1
(23) 0< <A <—_F

E[ ) AL du| ] T (T

1 274
/ FJr(Tfu) A, du
t u

T—1; T—1
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2.1. Existence and uniqueness of solutions. In view of [25], we expect to
find a solution (Q, H, R, ZH | Z®) to (2.1) such that (Q, R) € H, x L2 for some a > 0.
Unlike in [25] the process H is only defined on [0,T). The following argument shows
that if we can find a solution such that (Q, R) € H, x L, then there exists a process
H € S§’7 that satisfies the second backward equation in (2.1). In fact, for any
0<t<T,let us put

ft] ’

Ko = (—NAENQs|F) + Ao fy + AJE[C R FY) + AJE[0.Qs | F2] +7,) -

T
H =E / em i M duge g
t

with

The following argument shows that the conditional expectation is in fact well defined
and that H € Sp~. By (2.3) and (2.4),

(2.5)

T
s Al
e_ftA Ay dusts

<c/ O QR + 7)o+ [ (BRI + QU+ 7)) ds

<C s EannfO] c s 7. |+C/ E[|R.| + |QullF] + [7.]) ds

From this and Doob’s maximal inequality, we obtain a constant C' > 0 such that for
any € > 0

E[ sup |Ht|2]sc(||@||§+||f|%z+||R||iz+giz>~
0<t<T—e

Moreover, the martingale representation theorem yields the existence of a process
ZH ¢ L%ﬁ such that (H, ZH) satisfies the second equation in (2.1).

Remark 2.2. We notice that it is not clear if the limit lim;_,p ftT e~ T AAY g ds
exists. That is, from the definition of the process H it is not clear if the limit lim; .7 H;
exists. This is why we consider S]PQJ* as the (canonical) state space for the process H.

In view of the preceding argument our goal is to establish the existence and
uniqueness of a solution (Q, H, R, ZH, Z%) € H,, x S]g’_ x L2 x L]2F’_ X L?F’_. To this
end, we apply a nested continuation method to the system

dQ: = (AR, — AJE [vQ:| F] + f,) dt,
—dH; = (—AjAH, — AfAt [ Qe|FY) + Arfy + pPATE[G R FY)]
+PATE[01 Q| FY) + G, + fi) dt — Z[T aw,
—dR; = (AjQu + pAE[GR|F] + pATE[0: Qe FY] + 7, + i) dt — Zi AW,
R=AQ+H, t€[0,T),
Qo=x, Qr=0.

In a first step, we prove the existence of a unique solution to the above system
for p = 0. Subsequently, we show that the solution result extends to p = 1.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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LEMMA 2.3. Ifp =0, then the FBSDE (2.6) has a solution in H, x Sz~ x L2 x
LIZF’_ X LD%’_ for any f € L&, where 0 < o < 3.

Proof. Notice that the system (2.6) is still coupled for p = 0. To solve it, we
apply a continuation method to the following system:
(2.7)

dQ: = (—A; Ry — PATE [, Qi| FY] + f, + b)) dt,

(—AFAH, — PAJAEQUF) + Aufr + G, + fr + f1) dt — zHawy,
(AfQe+7, + fo+ f] = Adby) dt — Z[ dW,

R=AQ+H, tel0,T),

QO =X, QT =0.
Step 1. For p =0, the system (2.7) is solvable in Hq X S]g’_ x L2 x L]%’_ X L]}%’_

forany (U, f') € Ho X Ha—1.
If p = 0, then the system (2.7) is decoupled, and we let H be

|
Q. &
SR
[

T
(2.8) H, =E / e~ FI AN (AT LG fu+ f) ds
t

.Ft‘| ,0<t<T.
Moreover, by the estimate (2.4) and Doob’s maximal inequality, we have for any € > 0,

(2.9) E [ sup Htlz} <C(IFlZ= + gl + 1172 + 1F12-1)
0<t<T—¢

where C' is independent of e. Thus, H belongs to Sé’f. For each € > 0, martingale
representation implies the existence of a unique Z# € L([0,T — €] x ;R) such that
(H, Z™) satisfies the second equation in (2.7). Uniqueness implies Z* € Lo~

We now turn to the process (). Taking R = AQ + H into the SDE for @ yields

t
(2.10) Q= e Jo Auudu +/ e e MAvde (AT L F b)) ds, 0<t <T.
0

Using monotone convergence and the estimate (2.9) this implies
2
E | sup
0<t<T

|H | i
<C 2, +E — + 2, + ||p']1?
= HX”L2 </0 (T S)O‘ 5) Hf||S2 ” ”a

Q:
(T —t)

(211) T—e ‘H| 2 i
= 0| Ils + limE (/ (T—)d> T+ 02
sc(||x|%2+nm1a[ sup |Ht|2]+||f|%z+||b’|i)
N0 |0<t<T—e
< O (Il + 7120 + 130 + 17122 + 17120 + V1)

This shows that Q € H,,.
Moreover, since Ry = Ap_Qr_. + Hr_. is square integrable and because the
coefficients in the third equation of (2.7) satisfy standard conditions for the solvability
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of BSDEs on [0, T'—¢] there exists a unique Z% € L2([0, T—¢] xQ; R) such that (R, ZF)
satisfy the third equation of (2.7). Uniqueness implies Z% € LHQ{_.

We now show that R € L. To do so, we use a similar argument as in [25].
Integration by parts for the product QR on [0,T — €] yields

HTfeQTfe < ATfeQ%“fs + HTfeQTfe = QTfeRTfe
T—e T—e
—QuRo- [ AQH - [ Qugr i g - A di
0 0
T—e¢ T—e

T—e
+ Qi ZF aw, —/ A R? dt+/ Ry(f, + by) dt,
0 0 0

which implies that

T—e
/ (A{Q7 + A{R}) dt < |Hp—Qr—e| + |Qo(AoQo + Ho)|
0

T—e

(2.12) + Qe (G + fo + f{ — Apb}) dt

0

T—e
+ Qi ZE dW, +
0

T—e
/ mm+mﬂ.
0

Next, we show E { e Quzr th} — 0. Indeed, by the BDG inequality

1
2

t T—e
]E{ sup /QSZdeS} gCE< Qf(ZtR)th>
0<t<T—e¢ 0 0
T—e€ R 2
< CE ZB2 gt
(213 < O;?ET'@'(/O ) )

T—e
| iz
0

For a localizing sequence of stopping times T, it holds by dominated convergence that
(T—€e)AT,
/ Qi ZEdw, | =o.
0

Taking expectations on both sides of (2.12) we thus have

< CE { sup |Qt|2] +CE
0<t<T

_

< 00.

T—e¢
E
0

Q. ZE th] = lim E
n—oo

T—e
E [/ (A{QF + AL RY) dt
0

< E[Hr-Qr-] + | 40l[E[Q3] + SEIQH] + SE{H)

T T
/ R? dt / |fs +bg|2dt1
0 0

1
+—E

+ JE Iy
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(by Young’s inequality)

T
/ R? dt
0

(|| Ao|| is bounded by (2.3))

T
+E| sup |Qt|/ G+ o+ L — Ab|dt
0

0<t<

< B(HrQr-|| + CEIQH] + SE[H] + 6E

T
4 CE / 7,2 + |02 dt
0

o 21 [
0<t<T

— (T—t)a_l+m(T— )

T
+ E | sup |Qt|/ |gt+ft|dt‘|
0<t<T 0
T J—
< JE /0 |R.|*dt| + C(E[Q3] + E[HSI] + QU2 + 1191172 + I FlI%

+ I + 18— + 1Y) + Bl Hr—Qr—|l-

Assumption 2.1(ii) implies Al > 0 and A% > 0. Thus, by taking § = Al/2 and taking
€ — 0, from (2.9) and (2.11) we get R € L2.

Step 2. If (2.7) admits a solution for some p € [0,1] and for any (V',f') €
He X He—1, then there exists a constant 0 > 0, which does not depend on p, b’ or f’,
such that p+ 9 € [0,1] and the same result holds for § +9 for any d € [0,7].

For fixed @ € H,, since

—ON’E [vQ| F] +V € Ha, —INAE[Q|F] + f € Hao1,

there exists a solution (@,I;,E, Zﬁ,ZR) € Hy X S[?’_ x L3 x L;’_ X LHQ{_ to the
following system:

AQ: = (—A} R, —BATE [3iQi| 7] —SATE [30Qil FY) + Fo+ ;) d,
—dHy = (= A} AcH; — PAFAE Q| FY) — SN AE Q1| FY)
(214 CAT, G+t f;) dt — 71 aw,,
—dR; = (A?@t +G+ fi+ fi— Atdﬁ) dt — Zﬁ dWr,
R=AQ+H, te[0,T),
Qo=x, Qr =0.

It remains to prove that the mapping ® : Ho, — Ha, Q — @ is a contraction
when 0 is small ‘enough and 1ndependent of p, ¥, and f’. For any Q, Q' € H,, let
(Q H R zH ZR) and (Q’ H’ R’ zH ZR ) be the corresponding solutions. Integra-
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tion by parts for (Q — Q')(R — R') on [0,T — ¢] implies

(@T—E - é’ll"—e)(ﬁT—E - H’}—e) S (éT—e - @’,I‘—e)(AT—G(@T—e - @’IT—&)

+(Hr-c — Hy_,))

(QT—E - @'/T—e)(ET—E - Efl"—e)
T—e - - T—e - _
—/ A, — Q)2 dt —/ ARy — Ry dt
0 0

T—e€ . . . .
- / PA2(R, — R)EM(Qr — Q))|F°) dt

T—e _

T—e ~ ~
—/0 A7 (R — R)E[(Qr — Q)| F) dt +/0 (Q: — Q2" — Z{) aw,.

The same argument as (2.13) implies the expectation of the stochastic integral is 0.
Thus, by taking expectations on both sides and Young’s inequality one has

T—e T—e¢
E / A — Q)P dt| +E / AN(Ry — B2 dt
0 0

T—e€
< E(@r-c— Qp Mr—. iy )|+ 08| [ (R- R
0

A2 %o | [ /
+— E Vo (Qt—Qt)thl

v o (R R
/o (7] <2(Qt_Qt)2+201 dt| ,

+E

which implies by rearranging terms

E

T—e _ _
[ (- @ a dt]
0
T—e 2\2
IVIAD*N (5 &
/O (Ag - 201f) (R; — R})?dt
< E[(Qr-c = Qp_)(Hr— — Hy_ )| + 0E

2112 25 T—e
O o l/ 01— 02t
0

+E

T—e¢ - .
/ (R; — R})*dt
0

46

Assumption 2.1(ii) implies A} — Oulnll > (A4 — LQWH)* > 0 and A} — Iliag)

2 PI

> (A1 — M)* > 0. Thus, by choosing § small enough and letting ¢ — 0 we
have

T ~ ~
(2.15) E[ | @.-apzas

201

+E

T
/ (Rs — R.)? ds] < OOE
0

T
/ (Q¢ — Qg)th] )
0
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Considering the SDE for Q in terms of R, by (2.15) we have

T
/0 (Qr — @))? dt] .

Since H € S]?’_, we have the following expression:

(2.16) E [ sup |Qr — éﬂ < COE
0<t<T

T
H, = E[/ e I MuAu du ( — PAZAE[ys Qs FO — A2 AE[vsQs| FY)
t
(2.17) + As?s +g,+fs+ f;) d8|.7:t] .
From (2.17), Doob’s maximal inequality and (2.16) yield that for any € > 0

E[ sup f[t—fItlﬂ

0<t<T—e

. B 2
(T - 3)’6 1 ~ ~/ 0
S CE{ OiltlgT E /t WEHQS - Qs“fs] ds .Ft
. - 2
5l (T =9 /|70
+ C’DE{ OzltlgT E /t (T — t)ﬁ EHQS - QSH"TS] ds fz;| }

(2.18) 2

gC]E{ sup IE[ sup EHQVS—QV/SHFS] ]:t} }

0<t<T 0<s<T

E[ sup E[|Qs — Q| F)

0<s<T

7

0<t<T

2
—I-CDE{ sup }
+ COE { sup Q¢ — Qif] ,

0<t<T

T
< CIE /0 (Qr — Q))*dt

where C' is independent of €. Finally, considering the SDE for @ in terms of H , by
(2.16), (2.18), and the same argument as (2.11), we have

1@ = Q'lla < CYQ = Q|-

Thus, when 0 is small enough, ® is a contraction.

Step 3. Note that 0 does not depend on p, ¥, or f’. Iterating the argument in
Step 2 finitely often, we finally conclude that there is a solution to (2.7) with p = 1.
The desired result then follows by setting f' = b = 0. 0

THEOREM 2.4. The FBSDE system (2.1) admits a unique solution (Q, H, R, Z1
ZR) € H, x Sﬂzﬁ x L2 x L§’7 X L[f,’*, where 0 < a < B; the constant § was defined
in (2.4).

Proof. We first prove the existence of a solution. In a second step we prove the
uniqueness of solutions.

Step 1. Ezistence of a solution. By Lemma 2.3, the FBSDE system (2.6) admits
a solution (Q, H, R, Z", Z%) € H, x S]?’_ x L& x Lf?’_ X L]?’_ when p = 0, for any
[ € L%. Hence, it remains to prove that if for some p € [0, 1] the system (2.6) admits a
solution for any f € L?F, then there exists a positive constant 0 > 0 that is independent
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of p and f such that p 4+ € [0,1] and the same result holds true for p + 2 for any
0 € [0,9]. The proof is similar to the proof of Lemma 2.3.
For any fixed (Q, R, f) € Ho x L2 x L2, we introduce the following system:

aQy = (~AlR— AZE [%@t‘ F+7.) an

—dH, = ( — A AH, — N2AEMQFL) + Acf, + pAE[G R FY)
+ pATEl0: Q| Ff) +3, ) at,

(2.19) + (fo + OASE[G R |FD) + 0ATE[00Q:| FL)) dt — 2 aw,

~dR = (A Qs+ pATEIG R FY) + OATEIG R\ FY] + pATEL 0, Q1| F)
+ ONTE[0QuFY] + G, + fi) dt — ZF W,

R=AQ+H, te[0,7T),
Qo= x, Qr=0.

Since f+0A’E[CR|FO]+0A°E[pQ|FP] € L2, there exists a solution (Q,H, R, ZH Zﬁ)
€ Hqy X SI?’_ x L2 x L%’_ X L?F’_ by assumption. This defines a mapping

(2.20) ®:(Q,R) € Ho x L2 — (Q,R) € Ho x L2.

It is sufficient to prove the existence of a fixed point of ®. To this end, for any
Q, Q' € Mo, R, R € L2, by integration by parts and using the same arguments
leading to the estimate (2.15) we get

g AP ARG 5 5
AL _ [[vI[1Af _ t AV
/0 ( ¢ 26, 26, (Ry — Iy)”dt

r 0 fo]| A3 O
R R ) (Qt—cz;fdt]
0

T
APl V 0 - Q;)thl
0

E

+E

(2.21)

<26E

T /|2
| a-aipa) + B

AIAZI121C112 T
16 ;
Assumption 2.1(ii) im;;lies A} - ”7%1?‘2 - ‘IAZ‘(LIQCt‘2 > (A13_ HWHQI/O}ZIZ — ”A;!LC'Q)* >0
and Azl . 01!7“ _ 92H2A I HA5H||QH > (A4 o 91&7“ _ 9:H2A Il _ ||A5||||g||)* ~ 0. So we
can choose § small enough such that (A*— % - w —[[A®[[]lell), —26 > 0, which
implies
T T T
B[ (- Ryd|+5| [ @G- Q;th] <coz| [ (@i~ Qi)Zdt]
0 0 0
T
+ COE / (R; — R))*dt| .
0
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The preceding estimate and the dynamic for @ allow us to estimate @ in terms of R
as follows:

E[ sup |0 —@ﬂ

0<t<T
T ~ ~
/ |Rs — R.|*ds
0

(2.22) < CE +C/OTE [@; - @sﬂ ds

T T
< oCE / (Qy — Q) dt| +oCE / (R, — R})*dt
0 0

By (2.22), a similar argument as in (2.18) yields the existence of a uniform C such
that for any € > 0,

(2.23)

T
H, — H| / |R; — R}|* dt
0

T
/ |R: — R}|*dt
0

Now we return to the expression of @ in terms of H , from which we have by (2.22),
(2.23), and the same argument as in (2.11) that

E [ sup
0<t<T—e¢

2] < CE[ sup |st —@'Sﬂ + CE

0<s<T

+ CoE [ sup |Qs — Q;|2] + CoE

0<s<T

~ o~ 2
Qe — Q4

(2.24) E | sup T —1)e

0<t<T

< C|Q — Q|2 + CoE

T
/ |R; — R}|*dt
0

We choose 0 small enough such that @ is a contraction. Thus, we have a fixed point
which is a solution to (2.6) when p is replaced by p + 0.

Since 0 does not depend on p or f, iterating the above argument finitely often,
we see that (2.6) admits a solution. Taking p = 1 and f = 0 then yields the existence
of a solution to (2.1).

Step 2. Uniqueness of solutions. Let us assume to the contrary that there exist
two solutions (Q, H, R, Z", Z1) ¢ HQXSI?’_XLH%XL%_ xLﬁ’_ and (Q',H', R, ZH' 7R
€ Ho X S27 x L3 x L™ x LY to (2.1). As in the proof of Step 1, integration by
parts for (Q — Q')(R — R/) yields

T
(2.25) B[ (R~ R+ (@ - QP at| =0
0

Second, by the expression of (Q — Q') in terms of R — R/, (2.25) yields that

(2.26) E { sup |Q; — QQQ} =0.
0<t<T
Third, the expression for (H — H'), (2.25), and (2.26) yield that for any € > 0
(2.27) E [ sup |H; — Hﬂ =0.
0<t<T—e
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Finally, by the expression for (Q — Q') in terms of (H — H'), (2.25), (2.26), (2.27),
and arbitrariness of € yield that

2

] —o

By a standard estimate for linear BSDEs we have for each ¢ > 0,

T—e¢
/ |ZtRZtR'|2dt] =0.
0

Qi — Q)

(2.28) E l sup T =)o

0<t<T

T—e
E/ \zF —zH'|2dt| =0, E
0

d

Remark 2.5. From the proof of Lemma 2.3 and Theorem 2.4 (see, e.g., (2.8) and
(2.10)), we see that for f = 0, the regularity of the solution can be increased to
(Q.H) € Hg x H, where ¢ < 2 A 8. This is the case in [25].

The following corollary is important for the analysis of our leader-follower game
of optimal portfolio liquidation analyzed below. It implies that the follower’s optimal
response function is linear convex and hence that the leader’s control problem is
convex.

COROLLARY 2.6. For each (f,g) € S2x L2, denote by (Q, H, R)(f,9) the solution
to (2.1). Then, the mapping (f,g) € S x L2 — (Q, H,R)(f,9) € Ha x Sp~ x L2 is
well defined and for p € [0,1],

(@, H,R)(p(F.9) + (1 — p)(F. 7)) = p(Q, H,R)(F,9) + (1 — p)(Q, H,R)(T . 7).

Proof. By Theorem 2.4, for each (f,g) € S2 x L2, there exists a unique solution
(Q,H, R) to (2.1). Thus, the mapping is well defined. Uniqueness of the solution and
linearity of the system yield the desired equality. ]

Using the same arguments as in the proof of Theorem 2.4 we can also get existence
of a unique solution to the “penalized version” of (2.1) where the terminal state
constraint on the forward process is replaced by the terminal condition of the backward
process Ry = 2nQr. To this end, we introduce the BSDE,

—dA} = (A} — AF(AD)?) dt — Z{" aW,, Al = 2n.

Existence and uniqueness of a solution to this equation has been established in [5].
Moreover, for each t € [0,T),

(2.29) lim A} = A4, as..

n—oo
When the terminal state constraint is replaced by the penalty term introduced above,
the system (2.1) translates into the following system:
aQp = (~ARy = AZE [Qp| F) + 17 ) dt,
—dH} = (= ALAY — APATE[QP VD) + AT + AJEIGRY|F)

2.30 . . .
(230) + AE{0 Q1) + ) dt — 2" dww,

—dR} = (A{Q} + AJE[G R} |FY) + AE[0 Q) | FY) +37) dt — Z[ AW,
Qy = x, H} =0, R} = 2nQ%.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/03/23 to 158.132.161.185 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

MFG WITH STATE CONSTRAINT 2095

COROLLARY 2.7. Assume that for each fitedn € N, (f,g") € SZx L. Then, for
eachn € N the FBSDE (2.30) admits a unique solution (Q", H", R") € Ha.nxSEx L2,
Xt

where
—_— <00 .
(T —t+ 1)« }

Remark 2.8. Note that in (2.30), the terminal condition for H™ is 0 so H™ is
defined on [0, 7. In (2.1) the process H is only defined on [0,7T), due to the singularity
of the process A at the terminal time.

2

sup
0<t<T

’Ha,nZ{XESI%:E

2.2. Convergence. We now prove an approximation result for the system (2.1)
in terms of the systems (2.30) as n — oo. The convergence result is established under
the additional assumption that for any 0 < t; <ty < T,

T —ty ftzAlAn <CT—t2+

— (2 AL A, du
2.31 e Jt Hufud and ulu e
( ) - T-1 - T -t +

3=[3 1=

We refer the reader to [25] for sufficient conditions on the model parameters under
which this assumption is satisfied.
The proof of the following lemma can be found in [25, Lemma 4.4].

LEMMA 2.9. Let ?n € S2Z and g" € L2 be two sequences of progressively measur-
able stochastic processes, and let (Q™, H", R™) be the solution to the system (2.30). If
the sequences fn and g" are bounded in Sz and L% uniformly in n, respectively, then

sup [|Q"||lan + sup [|H"[| 52~ +sup [|R"||L> < C (Sup 17" (|52 + sup g"llm) < 0.
n n n n n
LEMMA 2.10. Let ?n and g™ be two sequences of stochastic processes satisfying the

conditions in Lemma 2.9. Then there exists f € L2, g € L2 and a convex combination
of a subsequence of (?n,ﬁn) converging to (f,g) in LV with 1 < v < 2, i.e.,

(2.32) lim E [ / dt] =0.
N—oc0 0

Proof. Since the sequence (f, ") is L2 uniformly bounded, the proof of [8, Theo-
rem 2.1] (see also [35]) tells us there exists a subsequence of (f ', ") and a progressively
measurable stochastic processes (f,g) such that

NZ tkai?k (F:90)

. 1 4”lk ,n,c Ty
]Vlgnoo N Z —(f,9) a.e. a.s. on [0,7] x Q.

Fatou’s lemma implies that

N

T T
7 = ! I
/o '(f“gt)'”t] < lgninf > B /0 (72 tk>|2dt]
k=1

Thus, Vitali’s convergence result implies (2.32). O

E

The following theorem proves a convergence result for the FBSDE systems as-
sociated with the unconstrained penalized control problems to the system associated
with the constrained one. The result is key to our maximum principle for the leader-
follower game introduced above.
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THEOREM 2.11. Let (?",g”) be a sequence satisfying the conditions in Lemma
2.10 and (f,g) € L2 x L be the limit. Let (Q", H", R") and (Q, H, R) be the solution
0 (2.30) and (2.1), respectively. We further assume the limit f belongs to S2. Then
there exists a convex combination of a subsequence of (% Zf@vﬂ Q" % Zszl H™
% Eﬁzl R"k) converging to (Q, H, R) in S¥% x Li x L¥% with 1 <v < 2, i.e.,

lim E | su =0,
N’'—o00 OStET N/]z:l ] ’;Q

[
lim E H]* — Hy| dt| =
g | [ S <o

T
ROV RS s y R P )

j=1 jkl

Proof. The uniform boundedness of 7" and g" implies the uniform boundedness of
R™ in L? (Lemma 2.9) and the uniform boundedness of & Y™~ | R™ in L?. Thus, [8,
Theorem 2.1] again yields the existence of a progressively measurable process R € L2
and a subsequence of Zk 1 B™ such that

v

T N’
1 —
. Nk —
(2.33) Nl/lglooE /0 El N, ,; 1R — Ry dt| =0.
J

By (2.32), the convergence of the same convex combination holds for (?n,ﬁn):

v

(2.34) Jim E/O N/Z Zf?k@?k (F..39,)| dt| =o.
j=1

/' —00

Deﬁne@ as the unique solution in S2 to the following mean field SDE in terms of the
limits f and R:

t
(2.35) Q=+ / (“A'R, — AE[r,Q. /) + 7.) ds

Standard SDE estimates, (2.33), and (2.34) yield

v

(2.36) Jim E | sup N/Z ZQ =0.

0<t<T j=1 Nj k=1
Now define H in terms of the limits f, R, and Q as

T
i E[/ o JEALA, du(— A2AE[YQ,|F0] + AT, + ASE[C,R,|FO]
t

(2.37)
+ ASE[0,Q,|FY] +7,) ds| 7 |.
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By (2.3), (2.31), and the Holder inequality, we have for any h € L§

1 T
ftl < 7E /t |hs| ds ]—"t]

1 T
T / |hs|” ds
v t

< -
- (T=1)

AN

T
E / e JE A Awdu g 1p 1 ds
t

(2.38)

ft] |

Thus, by (2.3), (2.38), and the Holder’s inequality, we have

2

’ 2
c 1 ’ — [SAL ALK A . —[ALA d
gﬁzﬁjz E </f ‘e Jodu At du g _ o= [ Ay u“As’ds Fi

I
1)

><<]E{ sup |E[Q™|FO)2+ sup (F.F)?
0<s<T 0<s<T

T 2
_ s Al Nk _ s Al
/ ‘6 JPALAGEdu _ = [FALA, du” 4o

t

N

C T _ u
| S 2 e g > ped,

jl ]kl

T .
/ ‘e‘f{ Ay Au® —e_f wAu
t

¥

T 1 N’ 1 N; 1 N’ 1 N;
CE E i —_— Rnk _RS _ - Nk __ () 0 d
+ /f N’ZNJ-; s +N/JZ=;NJ_;QS Q|| Fs | ds|Ft

j=1

+])

T
(E[ | BlE Qs

N’

+CE / N,Z Zf"" 5| ds| Fi
t

j=1 Jkl

Applying the Hélder inequality again along with Doob’s maximal inequality, the uni-
form boundedness of (Q", R", fn,gn), the dominated convergence theorem, and the
convergence (2.29) we get

o[l s

j=1 Jkl

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 04/03/23 to 158.132.161.185 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

2098 GUANXING FU AND ULRICH HORST

1
2

< Csup (E{ sup Q7P + sup |fZ|2D
n 0<s<T 0<s<T

1 3 Y T (T o - ’ ’
X ﬁ F E / (/ ‘e_ft A“Au duA?k — e_ff’ A“Au dUAS dS) dt
j=1""7 k=1 0 ¢
(2.39)
T 2
+ C'sup <IE / |g?2dt]>
n 0

W=

1 N’ 1 Nj T T _fsAlAnk du —f‘SAlA du 2
7/2@ E /0 /t ‘e ¢t Bullu —e Jt Pulu dsdt
j 1

7j=1 k=
T
+c/ —dt
o (T—1t)v
T X X I R . _l :
E/ WZFZQ;%_QS +ﬁ2ﬁ f&F =[] ds
0 j=1 J k=1 Jj=1 J k=1
T 2
+ C'sup (]E / (R™M)? + ( Q)stD

N;

. T T - o ) 3
E / / ‘e— JoALATR du _ = [ ALA, du|” gy
- o Jt

T X & _ 1 Y & _
+CE /0 WZFZRZ’“—RS + WZFZQ;IMQS ds

j=1"" k=1 j=1"" k=1

T4 N’ 1 N
0 j=1""7 k=1

-0 as N' — co.

Let R = AQ + H. For any T < T, by (2.36) and (2.39) we have

T @ N o4 N N
lim E — S — S R R, dt| =0
N oo /0 N ; N; ;; v

Thus, (2.33) implies that for any T < T,

T -~ —
/ |R, — Ry| dt
0

~ _—

R =R, ae. as. on [0,T] x .

E =0.

This proves that

Moreover, L
(Q,H,R) € Ho x Sz~ x L2.
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Indeed, since R € L2 and R = R a.. as. on [0,T] x ), we have that R € L2
Moreover, (2.35) implies that Q € S2, from which (2.37) implies H € S]%_, and taking
R= AQ + H into (2.35) yields Q € H,. By (2.37), there exists ZH ¢ L§’7 such that
(Q, R, H, ZM) satisfies the second equation in (2.1). Moreover, since R = AQ+ H the
triple (Q, E, Zﬁ) satisfies the third equation in (2.1), where ZR = Q74 + ZH. This

implies for each € > 0
T—e = t
/ |ZE|? dt / zZEaw,
0 0

< CE [ sup | A:Q, —|—Ht|2] + CE
0<t<T—e

2

E <CE| sup (BDG inequality)

0<t<T—¢

T
/ |Q,? + |R¢|* + |7,|>dt| (by the SDE for R)
0

gC]E[ sup  |Q* + sup |Ht2}+CE

0<t<T—e 0<t<T—e

T
/ Q) + | Re|* + |9t|2dt1
0

(A is bounded on [0,T — €])

< 00.

Hence, (Q, H, ﬁ, Zﬁ, Zé) satisfies the system (2.1). The uniqueness of solutions in
Ha X Sf-’f x L2 x L]fi* X L]f-’* yields the desired convergence result. ]

3. A MFC problem of optimal portfolio liquidation. In this section, we
solve the single player portfolio liquidation model with expectations feedback intro-
duced in section 1.2.1. Setting x =z, Al = —A?2 =( = ﬁ, v=A= 0=k, A* =2),
A = —kE[5:|F°], f = 0, and g = g, then FBSDE (1.2) reduces to FBSDE (L.7).
We make the following assumption.

ASSUMPTION 3.1. The process g belongs to L%. The progressively measurable sto-
chastic processes n, k, and A are nonnegative and essentially bounded. Moreover,
there exists some 0’ > 0 such that

5l ,
(3.1) U

Assumption 3.1 implies Assumption 2.1. In particular, a direct computation
shows that condition (3.1) implies Assumption 2.1(ii) with 6; = 63 = ¢’. The con-
dition (3.1) means that the mean-field interaction is sufficiently weak. A similar
condition has been made in the game-theoretic literature before; see, e.g., [28] and
references therein.

The trader’s objective is to minimize the cost function J(-) introduced in (1.4)
over the set of admissible controls

T
AF(x)z{geLg([o,T]xQ;R):/o §Sds:a:}.

A standard stochastic maximum principle suggests the candidate optimal strategy is
given by
Yy — Elre X |7

27],5 ’

where (X,Y) € H, x L2 is the unique solution to the FBSDE system (1.7). Standard
arguments show that £* € Ap(z). To prove that £* is indeed the unique optimal

(3-2) § =
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control, we establish an auxiliary result that substitutes for the lack of convexity of
the Hamiltonian for our MFC problem.

LEMMA 3.2. For every t € [0,T), we have

(3.3)
E [HtXtE[§t|ftO] + m€F + >\tXt2] -E ["EtXéE[fﬂ}—?] + (&) + /\t(Xé)ﬂ
> E [(E[Htxﬂ}_to] + 277t§£) (& — &) + 20 X{( Xy — X)) + ke( Xy — X;)E[fﬂ}_?]] .

Moreover, the above inequality becomes an equality if and only if & = & a.s..

Proof. To prove (3.2), it is equivalent to show for ¢ € [0,T),
E [m(& — &)+ M(Xy — X[)? + E[(& — &) FIE[ke (Xy — Xt/)|]'—to]] > 0.
Note that using Young’s inequality

B [E[(& — &) FP 1Bk (Xe — X)IF]] |

< |In|IE [Efl&: — €| FOE]X, — X!||F]
9/
< Mg (gl - 7)) + 0k (i, - xp172)].
Thus,
E [n:(& — &) + M(Xe — X{)? + E[(& — &)IFIE k(X — X))
> E{(n - ”2’;',)(& -G (A* - ”“2”9) (X: - X})”
— IRIELE: — €IIFOE]X, - XHFS]]
9/
+ e (6 - ) + Mg (x, - xpp)
> 5| (- 26— g+ (- I o - iy
— IkIEle, — &IFOIENX, - X;Hfﬂ]
0/
+ g (e, - g1z + Mk (m)x, - x1E)?
25 |(n - L - g+ (- 10 (- iy
> 0.
The second claim is obvious from the above estimate. O

We are now ready to state and prove the main result of this section.

THEOREM 3.3. Under Assumption 3.1 the process £* defined in (3.2) is the unique
optimal control to the MFC problem (1.4)—(1.5).

Proof. To prove the optimality of the candidate strategy £* we fix an arbitrary
control £ € Ap(z) and denote by X* and X the corresponding state processes. For
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any € > 0, it follows from Lemma 3.2 that

(3.4)

E

T—e
/ kot X B[ FO) + G Xo 4 mel2 + M X7P dt]
0

—E

T—e
/ R XTEG | FPT+ Ge X7+ (60)? + M (X7)? dt]
0

T—e
> E / (Else X7 FP) +2m&8) (& — &) + @NX] + KE[EF | 7]+ 90)(Xe — X7) dt] .
0

Integration by part yields

(3.5)
E [YTfe(XTfs - XI*“—E)]

T—e€
- 5| [ - f?]
0

E /TE(X X*)( E [Yf
— — K
0 ' i L 2n,

1 -
—rE |:277‘ ftO:| E[Iitmeto] + 2)\tX: + gt> dt:|
t

T—e¢ T—e
- —E|[ vie-ga| -k l [ o= X0 (sE[g1F] + 2007 +3) dt].
0 0

Putting (3.5) into (3.4), we have

E

T—e¢
/ ke XGE[E | FP] + Ge X 4 087 + M X7 dt]
0

—E

(3.6)

T—e
/ e XTI |FP]+ GeXT +m(60)? + (X)) dt]
0

+E [YT_E(XT—E - X’;—e)]

> E

T—e¢
/o (Elr:e X7 | F] + 2ms = Y7) (& — &) dt] =0.
Letting € — 0, a similar argument as the proof of [25, Theorem 2.9] yields that
E%E[YTfE(XTfE - X7_]=0.

Thus, (3.6) implies

J(&) = J (&)

In order to prove the uniqueness of optimal controls, let £ be another optimal
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control. Then, (3.6) yields

T
0=E l / ke XBIEFY] + Ge X{ + (€)% + Ae(X))? dt]
0
T
-E l / ke XJEE T+ 36X 4 (€))7 + Me(X))? dt}
0

=0.

T
> E l/o (E[re X7 |FF]+ 20067 = Ye) (& — &) dt

Thus, (3.4) holds with an equality. The second claim in Lemma 3.2 implies the
uniqueness. 0

4. A Stackelberg game of optimal portfolio liquidation. In this section,
we solve the Stackelberg game of optimal portfolio liquidation introduced in section
1.2.2 above. We make the following assumption which implies Assumption 2.1 and
condition (2.31).

ASSUMPTION 4.1. (i) The processes &°, Kk, n, 1/n, and X belong to L ([0, T]x
€2; [0, 00)).

(ii) The processes K°, k%, n°, 1/n°, and A° belong to L33 ([0,T] x €2; [0, 00)).

(ii) For some positive constants 0', 6, and 0,

%]l /
M 29,>0, Ae — ||5|6" > 0.

and

I [&°10 |76 — 7|
Ty T3 >0, A— 53 > 0.

0 _ &
* 20

(iv) For any 0 < s<t<T,

>0, A

€ - T—s

and

n P l
N T-t+5 .
- Tfer%

The problem of the Stackelberg leader is to minimize the cost functional (1.9)
over the set of admissible controls

T
Apo (2°) = {50 € L3 ([0,T] x 4 R) : / ds = xo} :
0

The follower’s optimal response function is given by

Yi(€°) — B[k X (€°) 7]
277t

(4.1) gt = Et(fo) = )
where (X,Y) is the solution to (1.7) with g = &°¢Y. We will occasionally drop the
dependence on &£V if there is no confusion. Under Assumption 4.1 the solution (X,Y)
enjoys better regularity properties than the process (@, H) established in Theorem
2.4, due to Remark 2.5 and the estimate (2.3).
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COROLLARY 4.2. Under Assumption 4.1, the solution to (1.7) belongs to Hq x Sz.
Moreover, Y = AX + B with B € H..

In the next section we first prove that the leader’s problem has a unique solution
if the terminal state constraints are replaced by finite penalty terms and establish a
necessary maximum principle for the penalized problem. Subsequently, we prove the
convergence of the state and adjoint equations of the penalized problems as the degree
of penalization tends to infinity.

4.1. The penalized problem: Existence and maximum principle. The
penalized optimization problem is obtained by replacing the terminal state constraint
on the leader’s and follower’s state process by a finite penalty term. The leader’s
problem consists of minimizing the cost functional

T
(4.2) Jn(E) = E [ [ ROBEFI + 20X+ 1)
0
(X0 4 X (B2 ds + n(XD)?

over all controls £° € L%O subject to the state dynamics

(4.3)
Y, — Elks X, | FO

dX, = — M dt,

2ny
Y, 1 ~
—dY, = (m@ [27; f?] — i E [277 f?] Bk X¢|Fe] + 22 Xt + mggg) dt — Z, dW,,

t t

Xo =, XJ =2 Yr=2nXr,

where the optimal response for the penalized follower E” is defined as follows in terms
of (X,Y) in (4.3),

—n Y —E[rX|FO]

& =—>

Ui

We are now going to show that the penalized optimization problem has a unique solu-
tion. Similar arguments could be used to prove the existence of an optimal control for
the original problem. They would not, however, give us an open-loop characterization
of the optimal control.

THEOREM 4.3. For each n € N, the penalized optimization problem (4.2)—(4.3)
admits a unique optimal control in L]QFO.

Proof. In view of Corollary 2.7 the system (4.3) is well-posed for each fixed ¢° €
LI%O. The representation of the cost functional

JO,n(é-O)
el R e BERN s o @
-5\ [ (Vi =5 *2( t%)
4.4 3
(T oy

f?])g dt + n(X%)Q]
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along with Corollary 2.6 and Assumption 4.1 shows that J%™ is strictly convex.
Uniqueness of the optimal strategy follows.
Let J* = infg°eL§0 JOm(£%). Then J* < oo because J%"(2%/T) is bounded. Let
{€0mm} C L2, be a sequence such that
lim JOm(g0mm) = J*.

m—r oo

By Assumption 4.1 this implies

<C.

m

T
(4.5) supE [/ (€2mm)2 ds
0

Thus, Lemma 2.10 implies the existence of some £%™* € L%o such that

(4.6) hmEV @ —gpme|

N—o0

dt] =0, l<v <2,

where
70 n, N j :go n, mk

Let (X%™*, X™* Y™*) be the solution to (4.3) associated with £™*. Then the same
argument as in the proof of Theorem 2.11 implies

limIE/ Z Z X[ YT —(XR Y| dt| =0, 1T<v <2,

N—o00 J1]k1

Moreover, (4.6) yields

N v

N
1 *
lim E | sup E — D xPmme _ x0mrldt| =0, 1<v <2,

1
N—oc0 o<t<T | N =N

[

The integrand of J%" (4.4) is nonnegative by Assumption 4.1(i)—(iii). Thus, Fatou’s
lemma and the convexity of J™ imply that

N —oc0

0,n [ ¢0,n,% s 0,n 1 Nﬂvnij
J’<£~>s1mnanv< > ¢ )

Jj=1
~ N,
<hm1nfi — 0” O”m’“ = J*. 0
o i EN Z (€

From now on, we denote the unique optimal control for the penalized optimization
(4.2)~(4.3) by £%™* whose existence has been established in Theorem 4.3. The
following theorem provides a characterization of £%m*,

THEOREM 4.4 (necessary maximum principle). The optimal control £%™* admits
the following representation:

Py + B[R qp|FP] — k)X

4.7 J =
(4.7) : 20

a.e. a.s. on[0,T] x Q,

)
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where XO™* p™, and q" satisfy the following FBSDE system.:
(4.8)
dXS,n,* — 50 STk

dX;" = — & dt,

—dY]"" = (E [§1F0] + 20 X] + RE™) dt = ZoaWs,
[n

—dp} = (E?IE 0% FO) + k00> 4 2>\?X,?"”’*) dt — Z, dW?,

Ty 1
it = (=3 B [ 179] 5 + )

—dr} = ( 2/\fqt+/-ztIE{ o :|+I{t]E|:‘f:| /ffqt|f]+gt>
~dt — Zy dWy,
X0 =2 Xo=ua, V" =2nX}", ph =20 X0 rh = —2ng}, ¢ =0,
where
Y’I’L,* _ E[K/tX'n,,* ]
4. nx _ 1y t ¢
( 9) gt 277t 9
0. DY
(4.10) fi = 5 t— iE &7,
2n
and
—n 1 0| =0 v 0,n,* N 1 0 %
(4.11) 9y = —kE | — | Fy | Ry X7 = 20k B | — | F E[ét’ t].
2 2

Proof. A unique optimal control £%™* exists due to Theorem 4.3. It is to be
viewed as an exogenous input to the FBSDE system (4.8). Thus, the system (X™*,
Y™*) is a special case of (2.30) by taking (4.9) into account. Corollary 2.7 implies
that the system is well-posed. Considering fn and g" as inputs, the system (¢",r")
is well-posed, again due to Corollary 2.7. The characterization (4.7) is then a direct
result of stochastic maximum principle for control of FBSDE with partial information;
cf [40]. |

The ansatz p™ = A" X0nx + p" shows that the equation for p™ could be dropped
from the above system. It yields the following BSDEs for the processes A" and "
that will be used in the next subsection:

—n Zn 2 OA A
—dA;] = <_( ) 4 Bl +2>\0> dt — z{* awy,

(4.12) 200 2n)
Zg =2n

and
(4.13)

—n Znﬁn Z R d Fi STy — T, % "

_dpt: _ tOt _ [t0t| t] 050 ?E[£t7|]:?:| dt—Zf thO’
21y 21y
pr = 0.
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4.2. The optimal solution to the Stackelberg game. Let us recall that
£9m* denotes the leader’s optimal control for penalized optimization with index n € N.
The uniform boundedness of J%"(2°/T) in n € N implies

T 2
(4.14) supE l/ ‘gf’”** dt + n(X%”’*)Q] < 0.
n 0
Thus, the same arguments as in the proof of Lemma 2.10 yield the existence of a
progressively measurable process

(4.15) 0% € L3, (2 x [0, T]; R)

such that

T|q N
. 0,np,* 0,%*
(4.16) ng;oE[/o SPICHAEL

Our goal is to prove that £%* is the leader’s unique optimal strategy in the original
state-constrained Stackelberg game. To this end, we first establish a representation of
€% in terms of the solution to the systems (1.10), (1.12), and (1.13) by proving that
the solutions to the system of state and adjoint equations (4.8) for the unconstrained
penalized MFC problem Cesaro converge to the solutions to the systems (1.7), (1.10),
(1.12), and (1.13). From this, we then deduce a sufficient maximum principle for
the leader’s MFC problem from which we conclude the optimality of the candidate
strategy £0*.

4.2.1. Approximation. With the limit £€%* at hand, we can consider the FB-
SDE system (1.7), (1.10), (1.12), and (1.13) with £° replaced by £%*. The system (1.7)
for (X*,Y™) is well-posed, due to Corollary 4.2. The system for (¢,r) is well-posed,
due to the following corollary.

COROLLARY 4.5. If we take x = 0, A = =A% = ( =1/2n, v = A® = 90 = &,
A =2, 8% = B [ L] 7], @ = —,

dt]zo, l<rv<2.

KZ(]XO’* by

4.17 f = + ZE [¢*| FO
(4.17) T==5"* [ F°]
and

1 — 1
4.1 = —xE | —| FOl ROXO* — ok | — | FO| | [e*|F°
(4.18) g K {277’}']/@ AK [27)’}-] [€*|F°],
where

Y* 1

(119) € = 5 = 5Bk X"|F

Then the system (1.2) reduces (1.13). Hence, ezistence and uniqueness of a solution
holds for (1.13). Moreover, r = —Aq+ D with D € S]P%’_.

We now introduce two BSDEs that we expect to be the limits to (4.12) and (4.13):

—92 —
_ A 04
—d4, (—t TR i Y 2A?> dt — Z, dWY,

(4.20) ) 2}

lim A; = oo
t T
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and

A5 AERGIF]  oon o i
(ao1y | P (_ 2;75— f Q;gf L+ k08T +RUE [ FY) ) dt — 27 dwy,

pr = 0.

where £* and £%* are defined in (4.19) and (4.15), respectively. The following lemma
confirms our guess. It shows that the solutions to the FBSDE system (4.8) converge
to the solutions to the FBSDE systems (1.7), (1.10), (1.13), and (4.21) in the same
sense as the optimal solutions to the unconstrained penalized problems converge to
the candidate solution of the constrained problem.

LEMMA 4.6. For 1 <v < 2, it holds that

N
. 1 0,np,* 0,*
4.22 lim E| sup |— Xk X =0,
( ) N—o0 |})<th N ; t
T 1 N 1 N; v i
(4.23) lim E / =N =Y XM - X7 dt| =0,
N—oo 0 N =1 7 b1
T4 N 1 N Y
(4.24) lim E / =N =DV -y dt| =0,
N—o0 o |N Al Bt
1 X X B ’
4.25 lim E | sup |= — — e — =0,
(4.25) N—oo ogth N Zl N; = N; k_l% o
i= j= =
o F g T o]
(4.26) lim E / =Y =Y — ) Mt —p dt| =0,
N—roo 0 N;Nij:1Nj k=1 t
i & T & o]
(4.27) lim E / =Y => = P —p| dt| =0
N=oo o |\ NI NI Yo

Proof. The convergence (4.22) follows from (4.16) and the definition of X%*.
Taking y =2, ( = Al = A2 =1/2n,y=A> =p=k, A* =2)\, A5 = —KJE[%LFO],
7" =0and g" = &°%™* in (2.30) the convergence (4.23), (4.24) follows from Theorem
2.11, due to the uniform L? boundedness of §".

In (2.30), let x = 0, Al = —A2 = (¢ =1/2n, v = A = o = k, A* = 2\
AP = —KE [%’ fO}, Q" = —¢", and (F",3") as in (4.10) and (4.11). Tt follows from
(4.22)~(4.24) that

v

_ 1L 1 o _—
(428)  lim E / Y ST - T | =0,

N —o00
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where f and 7 are defined as in (4.17) and (4.18), respectively. By Corollary 4.2 and
the estimate (2.3), we have f € S2 and g € L2. So (4.25) and (4.26) follow again from
Theorem 2.11. By (4.16), (4.23), (4.24), and (4.25) we also have (4.27). ad

The preceding lemma yields a representation on the candidate optimal strategy
in terms of the candidate optimal state and adjoint processes akin to the maximum
principle for the penalized problem.

THEOREM 4.7. The limit €% in (4.16) admits the following representation:

_ p+ B[R] ) - mXG

4.2 0,
( 9) gt 277?

,  a.e. as. on[0,T] x Q,

where p = AX%* +p. Moreover, £%* € Ap(2°) and p satisfies the dynamic (1.12).

Proof. The characterization (4.29) follows from Theorem 4.4 and Lemma 4.6. It
remains to verify the admissibility of €%*. The fact that £%* belongs to L%O is due to
(4.15). By (4.14),

By (4.22),
N N; N; v
1 1 1 0,n,* 0,*
lim E || =Y =—> —> X" - X" | =0
N—roo N = N j=1 N;j k=1
Thus,
0,% v
E[lX77"]
N N, N; v
1 1 1 0,np,* 0,*
SO [|=) =) =D Xp™r - Xy
N = N =1 N; k=1
1 &N & X
k3 LS LS [t oo
i=1 "% j=1""7 k=1

which implies X%* = 0 a.s.. Finally, starting from p = AX%* + p by integration
by parts and taking into account the characterization (4.29), we know p satisfies
(1.12). 0

4.2.2. Sufficient maximum principle. In this section, a sufficient maximum
principle is established, from which we obtain the optimality of £%* for the leader’s
MFC problem.

THEOREM 4.8 (sufficient maximum principle). Under Assumption 4.1, £€%* given
by Theorem 4.7 is the unique optimal strategy to the leader’s optimization problem.

Proof. We denote by (X%* X* Y*) the states corresponding to £%* and by
(X% X,Y) the states corresponding to a generic strategy &0 € L%-O. The verifica-
tion is split into three steps.

Step 1. By Corollary 2.6, X and Y are convex in £° in the sense that

(X (€ + (1= p)E”), Y (p€° + (1 - p)€”)) = p(X (%), Y (€%)) + (1 — p) (X (£V), Y (V).

Thus, J is strictly convex in €°. As a result, there is at most one optimal strategy.
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Step 2. Integration by part for (X? — X%*)p, (X — X*)r, and (Y —Y*)g on [0, T]
for 0 <T < T yields

E {(X% - X%’*)pf} +E [(Xf - X;)rf} +E [(Yf - in:)qf}

T
- & V (2 - XP*) (RE [6177) + €)™ + 2000 ‘“]

0

T—e 1
—E [ [ B - X017 ( ~RIE [ \f?] X
0 2nt
— 1
- o[ L i 77 o
277t

) /T]E {Y;Yt*
0 2my

ff} (RexP™ + 2NE [¢177)) dt]

T
-E l/‘) (pe + E[RY g F) (& — ?’*)dt] ,

where we recall £* is defined in (4.19).
Step 3. To prove the optimality of the strategy (4.29) we define, for any 7' < T
the cost functional

7
~ Y, 1
) = | [ w0 (5| 3| 7] - B | | 7] Bl R) X0+ stedxd + ab(ely
0 2m 2
- Y, 1 ?
FANXD2 4N |E [t f?] ~E {‘f?} Elr: X, | FL]| dt| .
2 2n,

By direct calculation we have
JOE0) = I0E")

>E

T—e
[t e (oot et )
0

/Te E l:}/t _ th*
0 21,

T—e
1
vE| [0 Bl - xnIF)( - w5 |2 xee
0 t

+E

ff} (ROxP" + 2Nl |77)) dt]

(4.30)
_ 1

- 2| 5|70 i)

T—e¢
+E / €& (n?XS’* + 277,?531*) dt] .
0

Plugging the result into Step 2 into (4.30) and taking into account the characterization
(4.29), we have

T(E) = (™) + B [(X% — X2 pz| +E |(X7 — Xp)rz| + E (Vg — V)] 2 0.
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The same estimate as in the proof of [25, Theorem 2.9] yields that

1imE‘X0~—X9’* ~':0.
Lim (X7 — X2 )p7

Moreover, Corollaries 4.2 and 4.5 imply that
E [(XT - X%)W} +E [(YT - Y%‘)CJ%}
— B (X7~ X5)(~Agaz + D) + (Az Xz + By — Az Xz - By a7
= E (X7~ X})Dz + (B; - Byaz)
— 0 as T NT.

This completes the proof. 0

COROLLARY 4.9. There exists a convex combination of the value functions con-
verging to JO(€%%), i.e

N, N;

.
—_
<l

JO ngk 60 SNk % JO(fO,*).

Q

k::l

Proof. Recall that X%™%* and £™* are the optimal states of the leader and the
optimal strategy of the follower corresponding to £%7%* respectively. Due to the
additional penalty term in the definition of J%"™* and because ¢%* is an admissible
strategy for the penalized problem,?

Jo(go’"’“*) S JO,nk (go,nk,*) _ inf JO,nk(€> S J0(€07*)

€€L2, ([0, T]xR)

Denote by K(N) the cost functional with (£°, X, ¢) in JO replaced by

N .
(03 e 8

The function J° admits a representation similar to (4.4). By Assumption 4.1(i-iii)
the integrand of J° is nonnegative. By Lemma 4.6, (4.16), and Fatou’s lemma

N N, N,
~ 1 1 «— 1
JO(e%*) <liminf K(N) < liminf = Zj %ZJO(fO’nk ) <JE%). O
N—oo Nesoo N =1 Vi =1 Y e

3Notice that JO(£%7k>*) is well-defined even though £%™k»* may not be admissible for the con-
strained optimization problem.
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4.3. Numerical simulations. We close this paper with a preliminary numerical
analysis of the Stackelberg game previously analyzed. To the best of our knowledge,
no numerical methods for simulating the mean-field FBSDEs arising in our game are
yet available. We therefore simulate a deterministic benchmark model with constant
coefficients. In this case, the conditional mean-field FBSDESs reduce to deterministic
forward-backward ODEs that can be solved numerically using the MATLAB package
bvpsuite [34]. Figure 1 (left) shows the optimal positions for the leader (solid) and
follower (dashed) for the parameter values n = 0.5,k = 0.5, = 2,k = 0.5,&’ =
0.5,7° =0.5F =1,\°=2 X =1, and T = 1,2° = 8,z = 0. In particular, we see
that a beneficial round trip exists for the follower. The right plot shows the leader’s
cost as a function of the initial portfolio for the same parameter in a model with
follower (solid) and a benchmark model without follower (dashed). For these choices
of model parameters, the leader benefits from the presence of the follower. Figure 2
shows the same quantities as Figure 1, except that the impact of the leader on the
follower is now much stronger: &’ = 10. In this case, the leader suffers from the
presence of the follower.

3 140
250 g 120 P
/
.
S
2 100 p
/'//
y
15f 4 80 - pd
1t g 60 - e
~_ -
~__ -
o5 ~_ . 40 -
~_
o B 20
05 o
o o1 02 03 04 05 06 07 08 08 1 3 4 5 6 7 8 9 10

Fi1G. 1. Left: optimal position for the leader (solid) and follower (dashed). Right: leader’s cost
function in a model with (solid) and without follower (dashed). Weak impact of leader on follower.

8 T 2 400 - -
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Fic. 2. Left: optimal position for the leader (solid) and follower (dashed). Right: leader’s cost
Sfunction in a model with (solid) and without follower (dashed). Strong impact of leader on follower.

5. Conclusion. We established existence and uniqueness of solutions results
for linear McKean—Vlasov FBSDEs with a terminal state constraint on the forward
process. The general results were used to solve novel MFC problems and mean-field
leader-follower games of optimal portfolio liquidation. For the leader-follower game
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it could be viewed as an MFC problem where the state dynamics follow a controlled
FBSDE. For such problems we proved a novel stochastic maximum principle. The
proof was based on an approximation method. We proved that both the sequence of
optimal solutions and the sequence of state and adjoint equations associated with a
family of penalized problems Cesaro converge to a unique limit that yields the optimal
solution, respectively, the state and adjoint equations to the original state-constrained
problem.
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