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Scaling limits of discrete optimal transport

Peter Gladbach* Eva Kopfer! Jan Maas?

Abstract

We consider dynamical transport metrics for probability measures on discretisa-
tions of a bounded convex domain in R?. These metrics are natural discrete counter-
parts to the Kantorovich metric Wy, defined using a Benamou—Brenier type formula.
Under mild assumptions we prove an asymptotic upper bound for the discrete trans-
port metric Wy in terms of Wy, as the size of the mesh 7 tends to 0. However,
we show that the corresponding lower bound may fail in general, even on certain
one-dimensional and symmetric two-dimensional meshes. In addition, we show that
the asymptotic lower bound holds under an isotropy assumption on the mesh, which
turns out to be essentially necessary. This assumption is satisfied, e.g., for tilings
by convex regular polygons, and it implies Gromov—Hausdorff convergence of the
transport metric.
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1 Introduction

Over the last decades, optimal transport has become a vibrant research area at the
interface of analysis, probability, and geometry. A central object is the 2-Kantorovich
distance Wy (often called 2-Wasserstein metric), which plays a major role in non-smooth
geometry and analysis, and in the theory of dissipative PDE. We refer to the monographs
[1,30,32] for an overview of the theory and its applications.

More recently, discrete dynamical transport metrics have been introduced in the
context of Markov chains [24], reaction-diffusion systems [26] and discrete Fokker—Planck
equations [7]. These metrics are natural discrete counterparts to Wy in several ways:
they have been used to obtain a gradient flow formulation for discrete evolution equations
[12,25], and to develop a discrete theory of Ricci curvature that leads to various functional
inequalities for discrete systems [11,16,27]. The geometry of geodesics for these metrics
is currently actively studied, both from an analytic point of view [13,18], and through
numerical methods [14, 31]; see also [8, 23| for further recent developments involving
discrete optimal transport.

It is natural to ask whether the discrete transport metrics converge to Wy under
suitable assumptions. The first result of this type has been obtained in [20]. The authors
approximated the continuous torus T¢ by the discrete torus T¢, = (Z/NZ)¢, and endowed
the space of probability measures P(']I‘ﬁlv) with the discrete transport metric Wy. The
main result in [20] asserts that, under a natural rescaling, the metric spaces (P(T4;), W)
converge to the L2-Kantorovich space (P(T¢), W3) in the sense of Gromov-Hausdorff as
N — .

A different convergence result was subsequently obtained by Garcia Trillos [19]. Given
a set Xy consisting of N distinct points in T¢, Garcia Trillos considers the graph obtained
by connecting all pairs of points that lie at distance less than ¢, for a suitable € depending
on N. Under appropriate conditions on the uniformity of the point set, it is shown
in [19] that the discrete transport metric converges to W, provided that ¢ = &(N)
decays sufficiently slow. While the result of [19] covers a wide range of settings, the
latter assumption typically implies that the number of neighbours of a point in X tends
to oo as N — oo; in particular, the result of [20] is not contained in [19].

The aim of this paper is to investigate Gromov-Hausdorff convergence for transport
metrics on general finite volume discretisations of a bounded convex domain  C R
While our setting is different from [19], it corresponds in terms of scaling to the limiting
regime in which the results of [19] fail to apply.

Setting of the paper

We informally present the main results of this paper. For precise definitions we refer to
Section 2.

Let © C R? be a bounded convex open set. We endow the set of Borel probability
measures P(§2) with the 2-Kantorovich metric, which can be expressed in terms of the
Benamou—Brenier formula

1
Wa (o, p1) = inf \// A* (g, frr) dt 5
0



for po, p1 € P(@) Here, the infimum is taken among all absolutely continuous curves
(11t)eejo,1) in P(Q) connecting g and pi1, and

A*(w) = sup {<¢, )~ <,¢>>}, Ao) = [VoPan. ()

$eCH()

We discretise the domain €2 using a finite volume discretisation, closely following the
setup from [17]. An admissible mesh consists of a partition 7 of Q into sets K with
non-empty and convex interior, together with a family of distinct points {xx } xe7 such
that 25 € K for all K € T. We write (K|L) = K N L to denote the flat convex surface
with (d —1)-dimensional Hausdorff measure |(K|L)|. We make the geometric assumption
that the vector zx — xy, is orthogonal to (K|L) if K and L are neighbouring cells and
we write dir = |tx — zr|. In addition, we impose some mild regularity conditions on
the mesh; see Definition 2.11 for the notion of {-regularity that is imposed in the sequel.
We write [T] := maxger diam(K) to denote the mesh size of T.

The discrete transport metric on P(7T) is defined in terms of a discrete Benamou—
Brenier formula: for mg, my € P(T), we set

1
WT(mo,ml) = inf \// A;—(mt,mt) de y
0
where the action functionals are defined using natural discrete counterparts to (1.1):

Artmo) = sup {200.0) = Ar(m.u) |

w'T%R
K) m(L
Z SKLHKL< mf) mi )> (V(K) - WL))Q :
KLeT K17 I
Here, the transmission coefficients Sk are defined by Sk = &f_‘ﬂr This choice

ensures the formal consistency of the discrete and the continuous definitions; cf. Remark
2.14 below for a verification at the level of the associated Dirichlet forms. We refer to [17,
Theorem 4.2] for a convergence result for the discrete heat equation to the continuous
heat equation.

The functions Ok : Ry x Ry — Ry are admissible means, i.e., Ok is a continuous
function that is C*° on (0,00) x (0, 00), positively 1-homogeneous, jointly concave, and
normalised (i.e., #(1,1) = 1); see Definition 2.8 below for further details. Furthermore, we
impose the symmetry Condltlon Orr(s,t) = 0rk(t,s). A common choice is the logarith-
mic mean Oy (s,t) f 1=pr dp for all K ~ L, which naturally arises in the gradient
flow structure of the discrete heat equation [7,24,26]. We write 8 = (0x) to denote
the collection of mean functions in the definition of Wy, and suppress the dependence
of Wy on 0 in the notation. The freedom to choose these mean functions is due to the
discreteness of the problem. We will see that a careful choice is crucial in the sequel.

Statement of the main results

The goal of this paper is to analyse the limiting behaviour of the discrete transport metrics
Wr as [T] — 0. To formulate the main results we introduce the canonical projection
operator Pr: P(Q2) — P(T) given by

(PTH)(K) = u(K) for p € P(Q) and K € T . (1.2)



Our first main result establishes a one-sided asymptotic estimate for the discrete
transport metric in great generality.

Theorem 1.1 (Asymptotic upper bound for Wy). Fiz ¢ € (0,1], and let po, p1 € P(2).
For any family of (-reqular meshes {T}, and for any choice of mean functions @1, we
have

lim sup W (Prpio, Prin) < Wa(po, p1) -
[T]—0

In view of the Gromov-Hausdorff convergence results from [20] and [19], one might
expect that a corresponding asymptotic lower bound for Wy in terms of Wy holds as
well. However, convergence can fail, even in one dimension, as the following example
shows.

Ezample (A; a one-dimensional period mesh). For N € N and r € (0, %), we consider a
one-dimensional discretisation 7,y of the unit interval [0,1], obtained by alternatingly
concatenating intervals of length 5 and %

o o 1
0o X 1 147 2
N N N N N

Figure 1: The mesh 7, x on the interval [0,1].

The next result shows that Wy can not be bounded from below by Wy as [T] — 0.

Proposition 1.2 (Counterexample to the lower bound for Wr). Let Q = (0,1) and let
Tr.N be as in Example (A) above. Fix an admissible symmetric mean 0, and consider
the transport metric Wy defined by setting Oxr, = 0 for oll K, L € T. Then there exist
probability measures o, i1 € P(Q) such that, for each fized r € (0, %),

limsup Wr, (P, o, Py v 1) < Wa(po, p11) -
N—o0

We stress that the discrete heat flow converges to the continuous heat flow in the
setting of this counterexample.

The idea behind the one-dimensional counterexample is that an “unreasonably cheap”
discrete transport can be constructed by introducing microscopic oscillations in the dis-
crete density in such a way that most of the mass is assigned to small cells. We refer to
Section 5 for more details.

In view of Proposition 1.2 it is natural to look for additional geometric assumptions on
the mesh under which an asymptotic lower bound for Wy in terms of Wy can be obtained.
A weight function on T is a mapping A : 7 x T — [0, 1] satisfying Axr, + Arx = 1 for all
K, L € T. The following definition plays a central role in our investigations.

Definition 1.3 (Asymptotic isotropy). A family of admissible meshes {T} is said to be
asymptotically isotropic with weight functions {)\T} if, for all K € T,

Ny I(K;L)\ (o —21) ® (vx — 21) < [K|(1 + n7(K))Ia | (1.3)

where supger [n7(K)| — 0 as [T] — 0.



The asymptotic isotropy condition puts a strong geometric constraint on a family of
meshes, although it will be shown in Section 5 that isotropy always holds on average on
a macroscopic scale.

Remark (Centre-of-mass condition). In examples it is often convenient to verify the
asymptotic isotropy condition by checking the following stronger condition: we say that
T satifies the centre-of-mass condition with weight function X if

][ xdS = A\irTr + \KLTL
(K|L)

for any pair of neighbouring cells K, L € T. As Axr+Arx = 1, this condition asserts that
the centre of mass of the interface (K|L) lies on the line segment connecting zx and xy,.
In the literature on finite volume methods this property is known as superadmissibility
of the mesh; see [15, Lemma 2.1].

For all interior cells K € T, we claim that the centre-of-mass condition yields the
asymptotic isotropy condition (1.3) with equality and n7(K) = 0. To see this, let n =
n(x) be the outward unit normal on 0K, and note that

/ (r —zx)®@ndS = |K|ly, (1.4)
0K

as can be shown by applying Gauss’s Theorem to the vector fields ®¥ : R* — R¢ given
by ®Y(z) := (z — xk, e;)e; for 1 <i,j <d. For all L ~ K, the centre-of-mass condition
yields

/ (r—zg)®@ndS = Mgr(xp —rr) @ndS
(K|L) (KIL)

:)\KLK(I;‘L)’(I‘K—xL)@(xK—xL) . (1.5)
KL
The claim follows by summation over L.

Note that for boundary cells, the centre-of-mass condition does not imply asymptotic
isotropy in general. If  is polygonal and 7 can be extended to a global mesh satisfying
the centre-of-mass condition, then our claim holds also for boundary cells by positive
semi-definiteness of (1.5). This is the case in several examples below.

B3

Figure 2: Five admissible meshes (B1)—(B5) and a non-admissible mesh (B6).

Ezample (A; revisited). Clearly, the centre-of-mass condition holds in every one-dimen-
sional mesh for an appropriate weight function A. For the one-dimensional periodic
lattice 7, n in Example (A), it is immediately checked that Ay = r if K is small, and
Ak =1—rif K is large.



Ezample (B; Two dimensional meshes). The centre-of-mass condition holds for the reg-
ular hexagonal lattice (B1) and the equilateral triangular lattice (B2) in dimension 2, if
the points xx are placed at the centre of mass of the cells. In these examples we have
Akr = 5 for all K and L. The hexagonal lattice (B1) is truncated in such a way that
all interior interface have equal size. More generally, it is immediate to see that the
centre-of-mass condition holds for any tiling of the plane by convex regular polygons;
cf. [22, Chapter 2] for many examples.

The centre-of-mass condition is clearly satisfied for rectangular grids in any dimension,
if the points xx are placed at the centre of the cells. The weights Ax 1 will depend on
the size of the rectangles. It is possible to put the points xx at different positions, as
is done in (B3). In that case, the centre-of-mass condition is violated, but the isotropy
condition holds.

Another example for which the centre-of-mass condition holds is shown in (B4). The
value of the weights Ax is determined by the length ratio of the edges.

The centre-of-mass condition fails for the lattice in (B5). Indeed, to satisfy this
condition, the points xx would have to be placed at the boundary of the cells, in a way
that violates our assumption that the points xx are all distinct. This would lead to
infinite transmission coefficients Sk . The isotropy condition fails to hold as well, as will
be discussed in Section 5.

In each of the examples (B1)—(B4) it is readily checked that the isotropy condition
also holds for boundary cells, by introducing suitable fake points outside of the domain.

The mesh in (B6) is not admissible, as the line segments connecting the points zx
are not orthogonal to the cell interfaces.

Our next main result provides an asymptotic lower bound for Wy in terms of Wy
under the assumption that the meshes {7} satisfy the asymptotic isotropy condition,
and the means 9% ; are carefully chosen to reflect this condition.

A mean function (0xy) is said to be compatible with a weight function (Agp) if, for
any K,L € T and all a,b > 0, we have

Orr(a,b) < Axra+ Apkb,

or equivalently, )0k (1,1) = A\gp for any K, L; cf. Section 2.2 for a more extensive
discussion.

Remark. In the special case that A\gp = %, the compatibility condition holds for any
admissible mean that is symmetric (i.e., Oxr(s,t) = Ok (t,s) for all K, L and s,t > 0).

Theorem 1.4 (Asymptotic lower bound for Wy ). Fiz ¢ € (0,1], and let po, p1 € P(Q2).
Let {T} be a family of (-regular meshes satisfying the asymptotic isotropy condition with
weights (\e; ) k.LeT, and let (Q;L)K,LGT be admissible means that are compatible with
(Np)k.LeT- Then:

Wa(po, p1) < liminf Wr(Pruo, Prua) -
[T]—=0

Remark. As discussed above, the assumptions of the theorem are satisfied in the Examples
(A) and (B1)—(B4).

In Section 6 we will prove slightly stronger versions of Theorems 1.1 and 1.4, that
provide uniform error bounds in terms of pg and p;. As a consequence, we obtain the
following result.



Corollary 1.5 (Gromov—Hausdorff convergence of Wy ). Under the conditions of Theo-
rem 1.4, we have convergence of metric space in the sense of Gromov—Hausdorff:

(P(T)aWT) — (P(Q),Wg) as [7’] 0.

Another consequence is the following result on the behaviour of Wy-geodesics. Let

Q7 : P(T) — P(Q) be the natural embedding defined in (3.1) below.

Corollary 1.6 (Convergence of geodesics). Under the conditions of Theorem 1.4, let
wi € P(Q) and m] € P(T) be such that Qrm] — w; as [T] — 0 fori=0,1. Then:

lim Wr(mg,m]) = Wa(po, ) -
[T]—0

Moreover, if (m?)te[o,l] is a constant speed geodesic in (P(T),Wy) and Qrm] — u; €
P(Q) as [T] = 0 for every t € [0,1], then (p)icpoa) is a constant speed geodesic in
(P(62), Wa).

Finally, we will show that the asymptotic isotropy condition is essentially necessary
in Theorem 1.4 and Corollary 1.5. More precisely, the following result shows that the
asymptotic lower bound for Wy fails to hold if the asymptotic isotropy condition is
locally violated at all scales. In this sense the asymptotic isotropy condition for {7} is
essentially equivalent to Gromov—Hausdorff convergence of Wy to Wy. The result relies
crucially on the smoothness of the mean functions 0x. In particular, the result does
not apply to Ok (a,b) = min{a, b}.

Theorem 1.7 (Necessity of asymptotic isotropy). Fiz ¢ € (0,1], and let {T} be a family
of C-reqular meshes on Q. For each T, let 87 be a mean function on T satisfying the
regularity condition

sup sup || D?0% 1 |l (B((1.1).5)) < 0
T K,LeT

for some s > 0. Consider the weight functions X7 defined by Axp = 819[7;L(1, 1), and
assume that there exists a non-empty open subset U C Q, a unit vector v € S4 1 and

c > 0, such that

liminf > ((Z)\KL]nKL-v\z\(K]L)]dKL>—\K!) >V,  (L6)

7120 peT RV 2 +
for any non-empty open subset V. C U. Then there exist pg, u1 € P(Q) such that

lim sup Wr(Prpo, Prpn) < Wa(po, p1) -
[T]—0

The condition (1.6) can easily be verified in the setting of Examples (A) and (B5);
cf. Section 5 for details.

Remark. On a technical level, our method of proof offers the advantage that the maps
for which Gromov—Hausdorff convergence is proved are the canonical projections Py,
rather than regularised versions of these maps, as in [20]. Another advantage is that we
do not require any regularisation argument at the discrete level, as was done both in [20]
and [19]. All regularisation arguments are done at the continuous level. In particular,
we do not require any lower Ricci curvature bounds for the Markov chain at the discrete
level, which would be quite restrictive.



Let us finally discuss how the results in this paper relate to the discretisation of
gradient flows. Indeed, it follows from results in [7,24,26] that the discrete heat equation
on a mesh 7T is the entropy gradient flow with respect to Wy if and only if the mean
function O, is the logarithmic mean for every pair of adjacent cells K, L. Moreover, for
any vanishing sequence of regular meshes, solutions of the discrete heat equation converge
to solutions of the continuous heat equation [17].

By contrast, our main results imply that if 0, is the logarithmic mean, the associated
transport metrics do not converge to Wy, unless the meshes satisfy (rather restrictive)
isotropy conditions. Thus, in the non-isotropic setting, preservation of the gradient flow
structure is incompatible with convergence of the associated transport distances.

For 1-dimensional isotropic meshes, evolutionary I'-convergence of the entropic gra-
dient flow structure for the discrete heat flow with respect to the transport distance Wy
has been proved in [10]. Loose speaking, this means that

1 1
/ A% (my, i) + \gradWTEntT(mt)|2 dt — / A* (e, f1e) + |gradyy, Ent(p)|* dt
0 0

in the sense of I'-convergence. For gradient flow approximations to nonlinear parabolic
problems, convergence results have been obtained as well; see, e.g., [5].

Structure of the paper

In Section 2 we recall some known facts about the Kantorovich distance Wy and the heat
flow on convex bounded domains. Furthermore we introduce {-regular meshes and the as-
sociated discrete transport distance Wy. Section 3 contains several useful coarse a priori
bounds for discrete optimal transport, and in Section 4 we obtain finite volume estimates
for the action functionals A7 and A%. The failure of Gromov-Hausdorff convergence
to Wq (Proposition 1.2 and Theorem 1.7) is established in Section 5. Finally, Section 6
contains the proofs of the lower bound (Theorem 1.1), the upper bound (Theorem 1.4),
and the convergence results (Corollaries 1.5 and 1.6).
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2 Preliminaries

2.1 The Kantorovich metric

Let (X, d) be a Polish space, and let P(X) be the set of Borel probability measures on X'.
The class of Borel measures on X’ is denoted by M (X), and the class of signed Borel
measures with mass 0 by Mo(X).



For 1 < p < oo, the p-Kantorovich metric (often called p-Wasserstein metric) is
defined by

1/p

W) = _int ([ dwpasan) (2.1)
Y€l (po,m1) \ Jaxx

for 10,11 € P(X). Here, I'(uo, p1) denotes the set of all couplings (also called transport

plans) between pg and pq:

T(po, 1) = {7y € P(X x X) : myy = po and wyy = pun }

where 70(x,y) = z, m'(z,y) = y, and 7@7 denotes the push-forward of v under 7*. If
W(po, p1) < 00, then the infimum in (2.1) is attained; see, e.g., [32] for basic properties
of W,,.

Let © C R? be a convex bounded open set. Let D = C(R%) be the space of test
functions and let D’ be the space of distributions. In this paper we will make use of the

dynamical formulation of the metric Wy, which is given in terms of the action functional
A M4 () x CHQ) — R and its Legendre dual A* : M (Q) x D' — RU {+oc}, where

Ay = [IVoPdu  A%(nw) = sup (2<¢,w>—A<u,¢>). (22)

¢eD

The Benamou—Brenier formula [4] asserts that

1
Wa(po, 1) = inf{\//o A*(pe, fre) At : (pt)eefo,n) € AC(MO,M)} : (2.3)

Here, AC(po,p1) denotes the class of all Wa-absolutely continuous curves (fi¢).e(o,1] in
P(Q) connecting po and 1.

For fixed § > 0, it will be useful to introduce the set Ps(Q) C P() consisting
of all 4 = udz such that u: @ — R is Lipschitz continuous with Lip(u) < % and
min, g u(z) > 6. For p € P5(Q) and w € L*(Q) with [, w(z)dz = 0, the maximiser in
the definition of A*(u,w) is given by the unique distributional solution ¢ € H'(2) to the
elliptic problem

—div(uV¢) =w in Q
Onp =0 on 0f)

satisfying [, ¢ dz = 0. Moreover, A(y, ¢) = A*(p, w).

Let (Hg)a>0 be the heat semigroup associated to the Neumann Laplacian A on €.
Since € is convex, (2 is a CD(0, d) space in the sense of Bakry—Emery and Lott—Villani—
Sturm. In particular, the heat semigroup satisfies the Bakry—Emery gradient estimate

VHu$|* < Ha| Vo[ (2.4)
for all sufficiently smooth functions ¢ :  — R, and the local logarithmic Sobolev in-
equality

|VIOgHa¢|2 S iHa(d)loggb)I;agagblogHaqb , (25)




for all smooth and positive functions ¢ : Q@ — R; cf. [3, Theorem 5.5.2]. Moreover, it is
well known that the Neumann heat kernel h, satisfies the Gaussian bounds

R -
(47Ta)_d/2e_‘ s < hg(z,y) < C’(a_d/2 Y 1)6_C| - (2.6)

for all @ > 0 and z,y € €, with constants ¢,C > 0 depending on Q; see [9, Theorems
3.2.9 and 5.6.1]. The following result asserts that the heat semigroups maps P(f2) into
Ps(Q).

Lemma 2.1. For all a > 0 there exists a constant § > 0, depending on 0 and a, such

that for any p € P(QQ) the density ug of Hap satisfies
— 1
ug(x) >0 forallz € Q  and  Lip(ug) < 5

Proof. The lower bound follows immediately from the Gaussian lower bound in (2.6).
To prove the Lipschitz bound, we use the pointwise gradient inequality

2a|VH,[* < Ho(47)

which follows from the CD(0,d) property of ; cf. [3, Theorem 4.7.2]. Together with
(2.6) we obtain

Vo (@)]? = [V Hyjottapo(2)* < a7 [ Hopo(ugjo)lloo < aHlugplie < €

for some C' < oo depending on a. This implies the result. O

We collect some known properties of the Kantorovich metric that will be useful in
the sequel. Let us remark that the convexity of the domain 2 is crucial for Part (ii) in
the following lemma, as its proof relies on gradient estimates in the sense of Bakry and
Emery (see, e.g., [2, Theorem 3.17] and [3]).

Lemma 2.2 (Bounds on the Kantorovich metric). The following assertions hold:

(i) (Monotonicity) Fori=0,1, let u; € M4 (Q) with po > p1, and let w € D'. Then:

A*(:u‘()?w) < A*(Nlaw) : (27)

(ii) (Contraction bounds) For any u € P(R), ¢ € D, w € D', and a > 0, we have
A Hod) < A(Ho8) and A*(Hap, How) < A(uw) . (28)
Consequently, the following contraction property holds for any po, p1 € P(Q):
Wa(Hapo, Hapr) < Wa(po, 1) - (2.9)
(iii) (Holder continuity of the heat flow) There exists a constant C' < oo such that
Wo(u, Hapr) < Cva

for any € P(Q) and a > 0.

10



Proof. Assertion (i) follows immediately from the definitions.

The first part of Assertion (ii) is a consequence of the Bakry—Emery gradient esti-
mate (2.4) and the selfadjointness of H,. The second part follows immediately, and the
inequality (2.9) holds by the Benamou-Brenier formula (2.3).

To show Assertion (iii), note first that dy(z,y) = ha(x,y)du(z)dy is a coupling
between p and Hypu. Thus using (2.6) we obtain

Wa(p, Hapr)® < /Q/Q!w—yIQha(x,y) du(z) dy
S
< C(a?v1) /Q/Q!x — P dp(e) dy

2
< C(a?v1) // o — yPe e dy du(a)
Q JRd

= C(lVad/2)a .

(2.10)

If ¢ < diam(Q2)?, we have 1V a¥/? < C for some constant C' depending on €, so we
may absorb the factor 1V a%? into the constant. If a > diam(2)?, we trivially have
Wa(u, Hop) < diam(2) < v/a. O

2.2 Discrete transport metrics

We briefly recall the definition of the discrete transport metrics introduced in [7,24,26].

Let X be a finite set, and let R : X x X — R4 be a non-negative function satisfying
R(z,z) = 0 for all z € X. We interpret R(x,y) as the transition rate from x to y for
a continuous-time Markov chain on X, which we assume to be irreducible. Under this
assumption, there exists a unique invariant probability measure 7 € P(X). We assume
that 7 satisfies the detailed balance condition:

m(x)R(z,y) = m(y)R(y,x) forall z,ye X .

To define the discrete transport metric we need to choose a family of admissible
means in the sense of the following definition. Note that these assumptions slightly differ
from [11, Assumption 2.1].

Definition 2.3 (Admissible mean). An admissible mean is a continuous function 6 :
Ry xRy — Ry that is C* on (0,00) x (0,00), positively 1-homogeneous, jointly concave,
and normalised (i.e., 6(1,1) =1).

We collect some known properties of admissible means in the following result.
Lemma 2.4. Let 6 be an admissible mean.
(i) For a,b> 0 we have #(a,b) > min{a, b}.
(i) For any a,b >0 and c¢,d > 0 we have
O(a,b) < adhb(c,d) + bdeb(c,d) , (2.11)
with equality if a = ¢ and b= d.

Proof. To show (i), assume first that a > b, and write (a,b) = b_%g(b—ke, b+e)+452(M,0),
where M = bj—a(a —b). Using the concavity, 1-homogeneity and normalisation of 0, we
obtain 6(a,b) > H%G(b +e,b+¢e) = b0(1,1) = b. The case a < b can be treated
analogously, and the case a = b follows immediately by 1-homogeneity and normalisation.

We refer to [11, Lemma 2.2] for a proof of (ii). O
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It will be useful to associate a number A(?) to an admissible mean 6 that quantifies
its asymmetry.

Definition 2.5 (Weight). For an admissible mean 0, its weight A®) € [0,1] is given by
A0 = 9,0(1,1) .

If there is no danger of confusion, we will simply write A = A(©).
Remark 2.6. Note that A is indeed nonnegative, since 6 is non-decreasing in each of
its arguments. Applying (2.11) with a = b= c = d = 1, it follows that
10(1,1) + 0260(1,1) =1, (2.12)

which implies that A(?) < 1.
Remark 2.7. Tt follows from (2.11) with ¢ = d = 1, that

0(a,b) < XDa + (1 —AD)p

for any a,b > 0. Moreover, this inequality characterises A(?) € [0,1] uniquely. If 0 is
symmetric, it follows from (2.12) that A(®) = :.

atb
2
the geometric mean Ogeom(a,b) = Vab, the logarithmic mean 6,4(a,b) = fol a'~PoP dp,

Examples of symmetric admissible means are the arithmetic mean 6,41 (a, b) =

and the harmonic mean Oy, (a,b) = %f;. For each of these means there exist natural
generalisations with weights A € [0, 1], such as
00 (@b) =da+ (1= Nb,  0Q).(a,0) =a' ™,
1 2.13
1 (2.13)
0N (0 b) — / PP - (dp) . 0 (ab) — _
log(a7 ) 0 a 7_( p) ) harm(a7 ) A/a_i_ (1 o )\)/b

Here, 7 is an arbitrary Borel probability measure on [0, 1] with fol pr(dp) = A
Definition 2.8 (Mean and weight functions). Let X' be a finite set.

(1) A mean function is a family of admissible means @ = (uy)zyex satisfying the
symmetry condition 6y(a,b) = 0y, (b, a) for all z,y € X and a,b > 0.

(i1) A weight function is a collection X = (Azy)ayex C [0,1] satisfying Apy + Aye =1
forall x,y € X,

. L . . . 0
(iii) For a mean function 0, its induced weight function A s defined by )\;(yy) =

010.y(1,1) for all z,y. We say that a mean function 8 is compatible with a weight
function X, if X is induced by 6.

It follows from (2.12) that the induced weight function is indeed a weight function.

We are now in a position to define the discrete transport metrics. Given a Markov
chain (X, R,7) and a mean function 6, the discrete transport metric is defined using
discrete analogues of (2.2). The action functional A : P(X) x RY — R and its dual
A* i P(X) x RY — RU {+0o0} are given by

Alm, ) = 5 3 By (@) R, ), m(y) Ry, ) (0() — 6())°
T,YyeX
(2.14)
Ly = su x)o(z 1 m
34 o) = s { 3 lelota) ~ jA0m0) |
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For mg, m; € P(X), the associated transport metric is given by

1
W(mo, m1) —inf{\// A*(my, ) dt 0 (mi)iejo,n) € AC(mO:ml)} -
0

Here, AC(mg, m1) denotes the class of all curves (my)icp,1) € P(X) connecting mg and
myq, with the property that ¢t — my(z) is absolutely continuous for all z € X.

Remark 2.9. In most of the previous papers dealing with discrete dynamical transport
metrics, 6, has been chosen to be independent of x and y. In particular, to obtain a
gradient flow structure for Markov chains [7,24,26], one chooses 0, to be the logarithmic
mean for all z,y. We will see in this paper that the additional freedom can be important
to obtain Gromov—Hausdorff convergence. In a noncommutative setting, a similar gener-
alisation has been useful in the setting of Lindblad equations with a nontracial invariant
state [6,28].

We will occasionally use an equivalent formulation for W given by

1
W(mg, my) = inf {\//0 K(myg, Vi) dt : (m, V) € Cg(mg,ml)} .

Here, CE(mg, m1) denotes the class of pairs (m, V') satisfying

o m:[0,7] — P(X) is continuous with m|;—9 = mo, and m|i=1 = my;
e V:[0,7T] x X x X — R is locally integrable;

e the continuity equation holds in the sense of distributions:

1
() + 5 > w(@)R(x,y) (Vilz,y) — Vi(y,2)) =0 forallze X . (2.15)
yeX
Moreover,
Km,V) =2 3 m(@) R, ) Ky (2, W) i) (2.16)
9 2 9 Y 7'['(1’) ) ﬂ'(y) 9 9 )
T,yeX
where the convex and lower semicontinuous function K : R?® — [0, 00] is given by
’LU2
W , WeE R, a, b>0 ,
Kay(a,b,w) := <0, w=0,ab>0, (2.17)
400, otherwise .

By Fenchel duality, A* can be obtained from K by minimising over all solutions to the
continuity equation

A*(m,o) = ir‘}f {K(m, V):

o(x) + % Z m(z)R(z,y)(V(z,y) — V(y,z)) =0 Ve X
yeX

} | (2.18)

Here the infimum runs over all vector fields V' : X x X — R. Without loss of generality
we may impose the anti-symmetry condition V(z,y) = —V(y,z) for all z,y € X; see [11,
Section 2] for more details.
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2.3 Admissible and (-regular meshes
Following [17, Section 3.1.2], we introduce the notion of an admissible mesh.
Definition 2.10 (Mesh). A mesh of Q is a pair (T,{xk }keT) where

e T ={K}ker is a finite partition (i.e., a pairwise disjoint covering) of Q into sets
(called cells) with nonempty and convex interior.
e {2 }ker € Q is a family of distinct points with xx € K for every K € T.

Note that all interior cells K are polytopes. Throughout the paper we will use the
following notation:

| K| denotes the Lebesgue measure of a cell K € T.

(K|L) = KNL is the flat convex surface with (d—1)-dimensional Hausdorff measure
|(K|L)|. Two cells K, L € T with K # L are called nearest neighbours if |(K|L)| >
0. In this case we write K ~ L. We write K ~ L if K = L or K ~ L.

- dgr = |lxg — x|

- [T] = maxge7 diam(K) denotes the mesh size of T.

Definition 2.11 (Admissible and (-regular mesh). A mesh (T,{zx}xeT) is called ad-
missible if xx — x, L (K|L) whenever K,L € T are nearest neigbours. An admissible
mesh T is called (-regular for ¢ € (0,1] if the following conditions hold:

e (inner ball condition) B(zk,([T]) C K for every K € T;
e (area bound) |(K|L)| > ¢[T]4! for every K,L € T with K ~ L.

In view of Definition 2.11, we stress that the (-regularity of a mesh implies its admis-
sibility.

Every Voronoi tesselation yields an admissible mesh. Another example is obtained by
slicing  multiple times in the cardinal directions. In this case there are several degrees
of freedom for placing the points {xx }xe7, so these points are not necessarily uniquely
determined by 7. We refer to [17] for more information.

In the following result we collect some basic geometric properties of (-regular meshes
that will be useful in the sequel.

Lemma 2.12. Let T be a (-regular mesh of Q for some ¢ € (0,1]. Then there exists a
constant C < oo depending only on £ and { such that the following assertions hold:

(i) The number of nearest neighbours of any cell is bounded by C'.

(ii) Any pair of cells K, L € T can be connected (for some N > 0) by a path (K;))N., C T
wz’tth:K, KN:L, Ki_lNKZ‘ f07’1 SZSN, and

N
ZdKi,l,Ki < Cdkr, . (2.19)

i=1

(iii) For all K ~ L we have the following estimates:

diam(K) S CdKL y (2.20)
CTYK| < di|(K|L)| < CIK] | (2.21)
K| <C|L| . (2.22)
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Proof. (i): Write h = [T] for brevity. By the inner ball condition we have

J Blar,¢h) < |J LCB(ak,2h).
L:L~K L:L~K

Hence, Assertion (i) follows by comparing volumes.

(ii): Let ¢ be the line segment from zx to xr. By path-connectedness, there exists a
continuous curve 7 in the [T]-neighbourhood of ¢ that connects zx to x and avoids the
boundaries of the cell interfaces. Let {K;}¥ , be the N cells that successively intersect
v. By (-regularity, each of the balls B(zk,,([T]) is contained in K;. In turn, each of
the cells K; is contained in the cylinder of radius 2[7 ], whose central axis is obtained by
extending ¢ by a distance [7] in both directions.

The number of disjoint balls of radius r that can be packed into a cylinder of length
s and radius R is bounded by C’ds%, where Cy is a dimensional constant. Therefore,
if follows that

[k — x| +2[T]
7] ’

where C' depends on ¢ and d. As ([T] < mingr4ps |wg — 2|, if follows that N <
Cleg —xr|/[T]. As dk, , k, < 2[T], this yields the desired bound.

(iii): To prove (2.20), we use the inner ball condition to obtain dgx; > Ch >
¢ diam(K).

Since xg — zr, L (K]|L), the volume of the bipyramid spanned by (K|L), zx and xp,
is given by %|(K|L)|dkr. Using the inner ball condition we obtain

N<C

1
d

which proves the upper bound in (2.21). To prove the corresponding lower bound, note
that ¢h < dkr,, hence by (-regularity,

dgr|(K|L)| < |[K U L] < |B(zk, 2h)| < C|B(zk,Ch)| < CIK],

K| < |B(ax,h)| < Ch? < CR|(K|L)| < CdgL|(K|L)] -
The inequality (2.22) follows from (2.21). O

The (-regularity condition allows us to control the constants in several useful inequal-
ities. Most notably, we will use the Poincaré inequality [29]

. K 2
/ ¢ dz < dlmng)/ Vo2 dw (2.23)
K T K
and the trace inequality
$*dS < Cdiam(K) / Vo> da (2.24)
0K K

both of which are valid for all K € 7 and all ¢ € H'(K) with [, ¢dz = 0; cf. [21,
Theorem 1.5.1.10]. The constant C' < oo depends only on ¢ and the dimension d. For
the convenience of the reader we record a simple consequence that we will use below.

Lemma 2.13. Let ¢ € (0,1]. There exists a constant C < oo depending on ¢ and €2,
such that, for any K € T and any ¢ € H*(K),

]£K|¢|d5 S]i’(b' dx+cm,/]£(|v¢|2dm. (2.25)
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Moreover, for any convex subset B C K with |B| > (| K|, we have

’]é(sbdx—]éwx gcm\/]w. (2.26)

Proof. Write ¢ = §, ¢ dz. Using (2.24) and (2.21) we obtain

16l 10y < [OK 18] + |6 — dll L1 (o)
< |0K||¢] + CV/|0K | diam(K) ||V | r2(x) -
As Lemma 2.12 implies |K| < C|0K]|[T], we have diam(K) < C%[TP, which yields
(2.25).

To prove (2.26), we write ¢5 = f ¢ da and op = {5 ¢ dx for brevity. Using the
Poincaré inequality (2.23) we obtain

\K||¢p — dr|*> < C|B||¢5 — ¢k |?
<C [ o5 -oPde+C [ 1o~ ol s
B K
<crp [ voPde,
K
which implies (2.26). O

2.4 Discrete optimal transport on admissible meshes

Given an admissible mesh 7 of ) we consider an irreducible Markov chain on 7 with
transition rates
[(K|L)|

R(K,L)= if K ~L 2.27

and R(K, L) = 0 otherwise.

Remark 2.14 (Formal consistency). This choice of the transition rates R(K, L) is moti-
vated by the following formal consistency computation for the Dirichlet energy associated
to our problem. Let U be the uniform probability measure on 2. For a smooth function
¢ : 0 — R, the continuous action functional satisfies

S 2de = _ L T~ _ x
w00 = iy [ 1VoFdr =~ 3 [ onode = =S o) || onoas
p(zr) — dlzx) _ 1 3 ‘ (KL

e —xr] 29

~ o 3 olax)| (K|L) (d(ak) = dr1))”
P

Let Uy € P(T) be the canonical discretisation of U given by Uy = PrlU, and let ¢y :
T — R be given by ¥7(K) = ¢(xk). Then the latter expression is indeed of the form
A(Ur,17) defined in (2.14), provided that the coefficients R(K, L) are defined by (2.27).

It is immediate to check that the unique invariant probability measure 7 on T is given
m(K) = % Moreover, the detailed balance condition 7(K)R(K,L) = n(L)R(L, K)
holds.
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For this Markov chain, the discrete action functional A7 : P(T) x R7 — R and its
dual A% : P(T) x R7 — RU {400} defined in (2.14) are given by

drtmo) =5 30 B g, (700, 0 i) — ww)?

K,LeT dkL
gm0 = sup (3 (oK) Lr(mu) )
VeRT \ et 2

The main object of study in this paper is the associated transport metric, defined for
mg,my € P(T) by

1
Wr(mo,m1) = inf{\// A (my, mig) dt 0 (mi)eejon) € .AC(mo,ml)} .
0

3 A priori estimates

In this section we prove the necessary a priori estimates. Throughout this section, we fix
a convex bounded open set  C R? and a ¢-regular mesh 7~ for some ¢ € (0, 1]. Moreover,
we use the convention that the constants C' appearing in this section (which are allowed
to change from line to line) may depend on 2 and ¢, but not on other properties of 7.

Lemma 3.1. There exists a constant C' < oo such that for any K, L € T with K ~ L,
Wr(dk,0r) < Cdkr, .
Proof. Tt follows from [11, Lemma 2.13] that

dir,
Wr (0, 01) < ¢ max{| K|, |L[}
[(K|L)]
for some universal constant ¢ < co. The claim follows by (-regularity in view of (2.21).

O

To compare discrete and continuous measures, we use the canonical projection op-
erator Pr defined in (1.2). The associated embedding operator Q1 : P(T) — P(Q) is
given by

Qrm = Z m(K) Uk for m € P(T) , (3.1)
KeT
where Ug denotes the uniform probability measure on K. Note that Py o Q7 is the

identity on P (7). The following lemma quantifies how close Q7 o Py is to the identity
on P(Q).

Lemma 3.2 (Consistency). For all u € P(Q) we have

Wo(p, QrPru) < [T] .

Proof. For U € T, let vk € P(Q x Q) be any coupling between jix, the normalised
restriction of p to K, and Uk, the uniform probability measure on K. It then follows

that v := > e u(K)vx belongs to I'(u, Q7 Prpu). Consequently,

Wa(u, QrPru)? < / =yl dy(z,y)
QxQ

=S [ o= o dvto) < 30 ) dim(K)? < (7]
K

K
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The following result provides a coarse bound for the discrete distance Wy in terms
of the Kantorovich distance Ws.

Lemma 3.3 (Upper bound for Wy). For all mg, mi € P(T) we have

Wr(mo,m1) < C<W2(Q7mo, Qrm1) + [7']) : (3.2)

Proof. Let v € T'y,(Qmo,@mq) be an optimal plan for Wy, and set vxp = v(K x L)
for brevity. Observe that mg = ZK,L kL0 and m; = ZKL vik10r. Therefore, by
convexity of the squared distance (cf. [11, Proposition 2.11]) we have

Wr(mg, m1)? < Z YL Wr (0K, 61.)?
KL

For K, L € T, take a connecting path {Ki}i]\;o C T with Kg = K and Ky = L satisfying
the (-regularity estimate (2.19). Using Lemma 3.1 we obtain

N N
Wr(dk,dr) < Z Wr (0K, ,,0Kr,;) < Czdm,l,m < Cdgr, -
i1 i=1

For all z € K and y € L we have d%; = |rx — x1|*> < |z — y|? + C[T]. Combining these
estimates, the result follows. O

The following lemma provides a coarse lower bound for the discrete dual action func-
tional in terms of its continuous counterpart.

Lemma 3.4 (Bound for the dual action functional). There ezists a constant C' < oo
such that for any m € P(T), and any o € My(T), we have

A*(H[ﬂQTm, H[T]QTU) < C’A%—(m,a) .

Proof. Let m € P(T) and 0 € Mo(T) be such that A%(m,o) < co. In view of (2.18)
there exists an anti-symmetric momentum vector field V' : T xT — R solving the discrete
continuity equation

+Z‘K|L L) =0. (3.3)

drr

For K € T, define g : 9K — R by g(z) = Y8 for 2 € (K|L) with K ~ L, and
g(x) = 0 for z € 9Q. It then follows that o(K) = — [,,- gdS. Therefore, denoting the
outward unit normal on 0K by n, the Neumann problem

{—Am{ = o(K)/|K| in K

(3.4)
Ondr =g on 0K

has a unique solution ¢x € H'(K) with [, ¢x dz = 0. Since o(K) < [|g]l11(ax) by (3.3),

we obtain
1
[ Wonle = e [ atR)ondat [ gonds
K K| oK

(o
< 12 onluaci + lolsone o ton 55

0K
<Ilgllz2a) < ||K||||¢K||L2 +H¢>KHL2(8K)> :
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Since [, ¢ dz = 0, the right-hand side can be bounded in terms of ||Veg||12(x) using
the Poincaré inequality (2.23) and the trace inequality (2.24). Moreover, using the (-
regularity inequalities (2.20) (2.21), and the bound on the number of neighbours from
Lemma 2.12, we obtain |0K|diam(K) < C|K|. Consequently,

/ |V¢K|2dx<0diam(K)/ g*ds .
K

0K

Using the (-regularity inequality (2.20) we obtain,

LeT KL

and therefore,

/|v¢ 2 da <CZ| V(K,L)?.

LeT

Let us now define the vector field ® € L?(Q;RY) by ®(z) = V¢ (z) for z € K. By
(3.4) and the anti-symmetry of the Neumann boundary values, one has

Qro+dived =0 (3.6)

in the sense of distributions, and ® - n = 0 on 9.

Take now m € P(T). Writing p(K) = WIL(TIT)’ we obtain

A*(Qrm, Qo) < > Vo "
Ker 'K p(K)

(K|L)|  V(K,L)?
<C Z dKL eharm(p(K)vp(L))7

dx

K,LeT

where Opam(a,b) = %fl’) is the harmonic mean.

We would like to obtain a similar estimate involving the means g, but as p is in
general not bounded away from 0, we cannot bound the harmonic mean by a multiple of
O 1. To remedy this issue, we perform an additional regularisation step. Consider the
function p: T — Ry given by p(K) = p(K)+ >, x p(L), and set m(K) = p(K)|K|. In

view of (2.7), Lemma 3.5 below, and (2.8), we obtain, for a = [T],

A*(H,Q7rm, H,Q70) < CA*(H,Qrm, H,Q70)
< CA*(Qrm, Qro)

We stress that to obtain the first inequality, the choice a = [T] is crucial; cf. Remark
3.6. Moreover, applying (3.7) to m, we obtain

(K|L)|  V(K,L)?
A*(Qrim, Qro) < C K;ET Ak O (PUK), (L)

Since p(K), p(L) > p(K) + p(L) whenever K ~ L, we have Oy (p(K), p(L)) > p(K) +
p(L) > 0k (p(K), p(L)). Therefore, combining the estimates above, we obtain

(K|L)| V(K L)?
dgr Oxr(p(K), p(L))

A*(HyQrm, HyQro) <C Y
K,LeT

Taking the infimum over all V satisfying (3.3), the result follows using (2.18). O
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The following result was used in the proof of Lemma 3.4. Recall that we write K ~ L
if K~Lor K=L.
Lemma 3.5. For m € P(T) we define m : K — Ry by m(K) = |K|p(K), where
P(K) =31 pp(L) and p(K) = % Then, for every a > 0 and z € Q, the inequality

H,Qrm(z) < HyQrm(z) < CeCVTIINTIH, Qrm(z) | (3.8)
holds, with n(a) = a=2 + (a~'loga) V0.

Remark 3.6. It is crucial in our application that by choosing a = [T] (as is done in
Lemma 3.4), the exponent \/7(a)[T] remains bounded as [T] — 0.

Proof. Since m > m, the first inequality follows from the positivity of H,, so it remains
to prove the second inequality.
To prove the second inequality, note that

HuQrm(a) = 3 p(k) [ hatepay and

HQrin() = - p(K) Y [ haliev)dy
1% L

L:L~K

We claim that there exists a constant C < oo such that
ha(z,y) < CVIOW=2lh, (2 2) (3.9)

for z,y,z € Q.

Let T 1, be a (not necessarily optimal) transport map between the uniform probability
measures on neighbouring cells K and L. As [Tk (z) — z| < 2[T] for z € K, the claim
yields

1/ ho(z,y)dy = 1/ ho(z, Tkr(2))dz < eC\/@mi ha(z,2)dz .
1L /L K| /i K| Jk

Since |L| < C|K]| by the (-regularity estimate (2.22), and since #{L : L ~ K} < C by
Lemma 2.12, we obtain

> [ oo dy < VI [ oz dz
L K

L:L~K
which yields the result.
It remains to prove the claim (3.9). For this purpose, note that by the heat kernel
bounds (2.6) there exist Q-dependent constants ¢, C’ > 0 such that, for all a > 0,

sup hgjo(z,y) < C(1V a2y and  inf he(z,y) > Ca~¥2e=c/
z,yeN x,yef)

For any smooth function ¢ : Q — (0, M] with M € (0, 00), the local logarithmic Sobolev
inequality (2.5) implies that

2 M
Vleg H, 56> < = 1lo < )
[Vlog Haja¢l” < —log T, 00

Applying this inequality with ¢ = h,/2(, ), we obtain using the semigroup property,

2 (supx,yeg haja(,y)

sup |V, loghe(z,y)|> < =1lo - >§Ca, 3.10
,1;7yepQ’ y g tl( y)‘ a g lnfx7yeQ ha<x,y) 77( ) ( )

which implies (3.9). O
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4 Finite volume estimates for discrete optimal transport

The goal of this section is to show that the dual action functional A% for the discrete
transport problems is a good approximation to its continuous counterpart A*. This will
be shown in Proposition 4.6.

To obtain this result, we first show an error estimate for a discrete elliptic problem,
in the spirit of [17, Theorem 3.5]. In our application, we think of w as being fi; at some
fixed time t, so that the elliptic equation below is the continuity equation at time ¢.

As in Section 3, we fix a convex bounded open set Q@ C R¢ and a (-regular mesh 7
for some ¢ € (0, 1].

Proposition 4.1 (Weighted H'-error bound). Let w € L*(Q2) with [, w(z)dz = 0 and
p=udx € Ps(Q) be given, and let ¢ € H?*(Q) be the unique variational solutwn to

(4.1)
On® =0 on 0f)

{— div(uVe) =w in Q
satisfying fQ ¢odx = 0.
Define m € P(T) by m = Pru, and o € My(T) by o := Prw. We write p(K) :=
m(K)/|K| and p(K, L) := 0xr(p(K),p(L)). Let ¢ : T — R be the unique solution to the
corresponding discrete elliptic problem

- 30 WG e Ly () — () = o) (12)
rer KL
satisfying ZKG’T K[y (K) = 0.
Set p(K JKB ¢ dz, where Bg = B(zk,([T]) denotes the closed ball of radius ([T

around T, and set
e(K) == ¢(K) —(K) .
Then there exists a constant C < oo depending only on 0, 2, and {, such that
Ar(m,e) < CITP lw]72(q) - (4.3)

Remark 4.2. The existence of a unique variational solution ¢ to the Neumann problem
(4.1) in H'(Q) follows from the Lax-Milgram theorem. The existence of a unique solution
to (4.2) follows from elementary linear algebra, cf. [24]. In both cases, uniqueness holds
up to an additive constant.

Remark 4.3. Crucial for the proof is the a priori estimate ||@| g2(q) < Cllw||p2(q) with
C < oo depending only on €2 and J; see [21, Theorem 3.1.2.3].

Remark 4.4. The error estimate (4.3) is similar to the H2-error estimate in [17], except
that we use an averaged sample JCBK ¢ instead of the pointwise sample ¢(zx) to define
the error term. This change is required to be able to deal with dimensions d > 4, where
H?(Q) does not embed into the space of continuous functions.

Proof of Proposition 4.1. Integration of (4.1) over K € T yields

_ Z /(K|L) uOppdS = /Kwdx:a(K) , (4.4)

L:L~K
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where n denotes the outward unit normal on K. We define

1 l P(L) — ¢(K)
R(K,L) := OppdS — ———— |
(K, L) p(K, L) (K|L)u S dxr

and note that, by (4.2) and (4.4),

S DG 1) (o) - e(n)

dgr
=S [[(K!L)]ﬁ([(, L) (R(K, L) ﬁ(l;,L)]{Km uanqﬁds)] — o(K)

= > [(KIL)IAK, DR(K, L) .
L:L~K

Multiplying this expression by e(K), and using the symmetry of p(K, L) and the anti-
symmetry of R(K, L), we obtain

Artm,e) = 5 S 50 1) e(06) - em)?
K,L
=> e(K) > ’(f;’f)‘ﬁ(K,L)(e(K)—e(L))

e(K) Y |(KIL)p(K,L)R(K, L)
L:L~K

= 3 SSUKID)UK, D)R(K, 1) (¢(K) — e(L)
K,L

< \/;AT(m, &) S dicr|(KID)IA(K, L)R(K, L)?

K,L
Consequently,
1 ~ 2
K,L
Observe that
v B(L) - (K)
R(K, L g][ — —1’ On dS—i—][ OppdS — ————=| . 4.6
[BUK, L)) (x|L) | P(K, L) 19nél (K|L) dkr (4.6)

To estimate the first term on the right-hand side of (4.6), we note that the function

u is Lipschitz since u € Ps(2), and the mean 0, is Lipschitz on [§,00)%. Using this
observation followed by Lemma 2.13, we obtain

o

u

— — 1| |0,0|dS < C Ono|dS
ey ]\ " [”J{Kw)' "

(4.7)
<cm(f. ol [ f popar)

for some constant C' < oo depending on €2, § and (.
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To estimate the second integral in (4.6) for neigbouring cells K ~ L, write zx =
T — Tk, so that n = flgf We set

MK::][ ngn, MKL:: qun
K KUL

Using the trace inequality (2.24) we have

’][ OnpdS — Mg
(K|L)

Arguing as in (2.26), we obtain

My — M| < C[T | |D2¢|?da . (4.9)
KUL

Furthermore, writing Bx = B(zk,([T]) as before, the fundamental theorem of calculus
yields

2
[ \KI ( 2612 4
< O — Mg )?dS < D . 4.8

HL) =) _ [ dly+rr) = o)

dkr B dkL

1
:]€3K/0 Ond(y + trgp) dtdy :]é(uL Ono(x) f(x)dx

where f is a nonnegative function satisfying fBK f(z)dz = 1 and ||f|lp~ < C < oc.
Therefore, using the Poincaré inequality (2.23),

’d)(L) — $(K)

Y

_ MKL] < ]{( 10u6(0) — M| (@) do
@]

< N fllzee \/]é(UL |0nd(x) — Mp|? da (4.10)

<cmy/f e

Combining the inequalities (4.8), (4.9) and (4.10), we obtain, using the (-regularity once
more,

KUL

’][KIL O dS — ¢() ¢( >'<cm |D2¢)2 dx .

Together with (4.7), the latter estimate yields

R(K,L)| < cm\/ ][ VP2 + | D22 da .
KUL
Thus, using (4.5) we find

Ar(m,e) < 3 S dict[(KID)F(K, L)R(K, L)’
KL

drr|(K|L) ’ 2 2 12 (4.11)
C[TP? Z KUL o, VP + D% de
O[T H¢HH2(Q) :

23



since dir,(K|L)/|K U L| < C, and the maximum number of neigbours of any cell is
bounded in view of Lemma 2.12. The result thus follows using the a priori bound from
Remark 4.3. O

In the following result it suffices to assume that 7 is admissible. We do not need to
require (-regularity.

Proposition 4.5 (Discrete weighted Poincaré inequality). There exists a constant C' <
oo depending only on Q such that for all ¢ : T — R satisfying > . | K| (K) =0, and all

m € P(T) with p(K) := |§(|) >0 >0 forall K € T, we have

S KK < S Ag(m,v)

KeT

Proof. This is a straightforward modification of the proof in [17, Lemma 3.7]. Define
¢: Q= Rby ¢ =5, xx¥(K) and set p(K, L) = 0xr(p(K), p(L)). We need to show
that

)2 [(K[L)| . 2
drdy < K, L K)—vy(L))”.
567 . [ 190) — o)l da 252 TN D) - w(L)
For K ~ L and =,y € R?, put X(k|0)(®,y) = 1 if z,y belong to Q, (K|L) intersects the
straight line segment connecting = and y, and (y — x) - (zrp — xx) > 0. Otherwise, we set
X(k|0)(®,y) = 0. For K ~ L and z € R4, we set c ., 1= é' . xlél}(iK As ) is convex, we
obtain for a.e. z,y € Q,

|9( Yl < Z lv(L K)[x K|L)(9€ y) -

Note that ck 1.y« > 0 whenever x(kr)(¥,y) > 0. Using this fact, the Cauchy—Schwarz
inequality yields

o(z) - (Z (L) = pUOI” LK, L)X<K|L><x,y>>

CKLy z dxr

dir )
X c Y—T = 1 T\ €, .
< g K,Ly (K, L)X(K|L)( Y)

K,L

For fixed  and y, let Ky,..., Ky be the subsequent cells intersecting the line segment
{(1 =t)x +ty}iecp,1) as t ranges from 0 to 1. By definition, x (k1) (7, y) vanishes, unless
(K|L) = (K;-1|K;) for some i =1,...,N. We thus have

N
dgr cKi—hKi;y_x‘xKi - xKi—l‘
ZCKLy xA(K L) X(k|)(@,y) = Z p(Ki1, K;)

K,L =1
<0~ 1261{1 1L, EKGy— o|TK, — TR, 4| =67 12‘3/—56‘ TR, — TK, ;)
=41 y ~(xKN—a:KO)§5’1R.

ly — x|
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where R = diam((2). Let Bgr denote the ball of radius R around the origin. Using a
change of variables, we observe that

1
//X(KL z,9) dz dyﬁ/ /X(K|L)(x,x+z)dxdz
CK,Lyy—=x Bgr CK,Liz JQ

< /BR (K|L)||2] d= = C|(K|L)|

for a dimensional constant C' < co. Therefore,

| [16te) = st asay

W(L 25K, L
<" 1R//Z| K)I"p (d ) X(k|L)(z,y) dr dy
Q KL CK,Lyy—=x KL
K|L
<Cs~ 1Z|¢ )‘ZA(K L)’( | )|
k1 dir,
= C6~ Ar(m,y) ,
for some 2-dependent constant C' < oo, which completes the proof. O

Now we are ready to prove the main result of this section.

Proposition 4.6 (Comparison of the dual action functionals). Let § > 0. For all p €
Ps(Q) and w € L*(Q) with [, w(z)dz =0 we have

| A%-(Prpp, Prw) — A (p,w)| < O[T] w2y
where C' < oo depends only on 2, ¢, and §.

Proof. We use the notation from Proposition 4.1. By Remark 4.3 there exists a function
¢ € H?(Q) with 9l 7202y < Cllwlz2(q) such that

—div(uVe) =w and 0Opp=0. (4.12)

Let m = Prp and 0 = Prw. As noted in Remark 4.2 there exists ¢ : 7 — R solving

= B BIG 1y (w(z) - () = oK) (113)

d
LeT KL

Recall that A*(u,w) = A(p, ¢) and A%-(m, o) = Ar(m,v). Using (4.13) and exploiting
symmetry, we obtain

QK,L dikrL
=Y (K)o (K)
K
= /Q(;5wdx+ (;qﬁ(K)U(K) —/Qqﬁwdx) —l—; (1/1(K) —$(K))U(K)
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It remains to estimate the latter two terms
To bound the first term, let qﬁ = f4 ¢ dz, and observe that, using Lemma 2.13
and the Poincaré inequality,

[G(K) = dllragrey < VIK|9(K) — (K| + [6(K) — @ll 20
< CITIIVAl 2k

Therefore, the first term can be bounded by

'Z ] @)~ g)was < DB = Ao ol
K VK
< ol loliae

To estimate the second term, we use Proposition 4.5 and Proposition 4.1 to obtain

< CHwHL2 VAT (p,€)
< C[T] ||wHL2(Q)

Combining these estimates yields the result. O

5 Counterexamples to Gromov—Hausdorff convergence

In this section we show that if the asymptotic isotropy condition fails sufficiently often,
then the discrete transport metric Wy does not converge to the 2-Kantorovich metric
Wy, in spite of the fact that the discrete heat flow converges to the continuous heat
flow; see, e.g., [17, Theorem 4.2]. In fact, in the one-dimensional example below, even
evolutionary I'-convergence has been proved for the entropic gradient flow structure of
the discrete heat flow with respect to the transport distance Wy cf. [10].

5.1 A one-dimensional counterexample

We present a one-dimensional example to illustrate the non-convergence to Ws in the
simplest possible setting.

We start with a well-known result on the existence of smooth Wy-geodesics in the
one-dimensional case. For the convenience of the reader we include a direct proof. We
write Z = [0, 1] for brevity.

Lemma 5.1. Let § > 0, and let jug, 1 € Ps(T) with densities ug, u; € C°(T) respectively.
Then there exist constants & > 0 and C' < o depending only on § > 0, such that the
unique Wa-geodesic (pit)iepo,1] connecting po and py satisfies iy € P5(Z) and du(x) =
ur(x) dz for all t € [0, 1], with sup,cpo 1 [[ttlcozy < C.

Proof. Let F; denote the distribution function of p; given by Fj(z) = f:: u;(y) dy, which
is readily seen to be invertible. The unique optimal transport map T between pg and
p1 is then given by T' = F| 1o Fy. By the inverse function theorem, T € CY(Z) and
T'(x) € [M~1, M] for all z € Z, where M > 1 depends on §. The unique Wa-geodesic
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between po and g is given by py = (T3)4p0, where Ty(x) = (1 — t)x + tT'(x), hence the
density u; of us satisfies

—_

Ut(.%’) _ uO(ﬂ_ (.Z')) )
T(T;  (x))

The result follows directly from this explicit expression. O

For N € N and r € (0,3), we consider the 3-periodic mesh 7,y of Z = [0,1] from
Figure 1, given by

ﬁ’N:{[k k+r),[k+r,k+1> :O§k<N—1}.

N N N ' N

The cells in 7,y will be denoted K}, for kK = 0,...,2N — 1 according to their natural
ordering. To make sure that 7,y is a partition of [0, 1], one should add the point 1 to the
set Kon_1, but this will be irrelevant in what follows. Let x; = T;JF\;“ be the midpoints
of Ky, so that dyx41 = 55 and [T, n] = 35, (For notational simplicity we write dj, 41
instead of dk, r, . Similarly, we write P, y instead of Pr, etc.) According to (2.27),

the transition rates Ry r+1 from cell £ to cell £+ 1 are given by

2N?2 ki
2 is odd
Ry p+1 = { 15 ’

2 .
%, k is even .

with the understanding that Ry 1 = Ry n4+1 = 0.

We fix an admissible mean 6 (in the sense of Definition 2.3) that is assumed to be
symmetric, i.e., 6(a,b) = 0(b,a), and consider the transport metric W, ny defined by
setting Ok = 0 for all K ~ L. For each fixed r € (0, %), the next result implies that
the distances W, ny do not Gromov-Hausdorff converge to Wy. The idea of the proof is
to add a suitable energy-reducing oscillation to the density of a smooth competitor; see
Figure 3 below.

In Section 6 we will show that Gromov—Hausdorff convergence holds if one takes a
different (non-symmetric) mean adapted to the inhomogeneity of the mesh.

Proposition 5.2. Fiz r € (0,3) and § > 0. Then there exists a constant £ € (0,1)

depending only on r and §, such that for any ug, 1 € Ps(I),

lim sup Wy N (P N o, Pronvpen) < (1 —e)Wa(po, p1) - (5.1)

N—oo

Proof. We divide the proof into several steps.
Step 1. Fix r € (0, %), d€(0,1), and N > 1. For p € Ps(Z), set m = P, yp, and let

p be its density given by p(K) = @ For n € (0,6) we define m" € P(T, n) by

K]
m(Ky) + 7“(17]\7”77 k is even ,
m

TKy) :=
' (Kr) { (Kk)—LlA?T)n k is odd ,

so that its density is given by

n ] p(Kp)+ (1 —=7r)n kiseven,
p(H) = { p(Ki) —rn k is odd .
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If r is small, the density p" increases substantially with 7 in the small (even) cells, whereas
it decreases only moderately in the large (odd) cells.

We claim that, for any 6 > 0 and r € (0, %), there exists ’ > 0 and N’ < oo, such
that for any pair of neighbouring cells K and L, and any pu € Ps(Z),

p/;7(K, L) > b\(Ka L) + %77(% - T) ) (5'2)

whenever 7 < 7/ and N > N’. Here, we write p"(K, L) = 0(p"(K), p"(L)) as usual.

To show this, we assume without loss of generality that K is small and L is large;
thus |[K| = % and |L| = 1L, Define f(n) := p"(K, L). The concavity of ¢ implies that

fm) = £(0) +nf'(n)

thus it suffices to show that f'(n) > 3(3
N0(a,a) = 5 = 8:0(a,a) and 16(a,b) =

— r). Since 6 is 1-homogeneous, we have
010(a/b, 1) for all a,b > 0. Therefore,

f'n) = (1 =r)0(p"(K), p"(L)) — r020(p" (K), p" (L))

T R )

Set & := (1 —r) and choose h > 0 so small that |916(a, 1) — 3| < ¢ whenever |[a — 1| < h.
If n and N~! are chosen sufficiently small (depending on § and r), we obtain, since

w € Ps(Z),

7 _ —15-—1
p(K)_l'Slp(K) p(L)HnSN g L/ P
(L) (L) 5
and similarly, 5 :(([L()) — 1| £ h. Therefore,

P02 0=n(t-e) —r(b+e) =h—r—c=}}-),

which proves the claim.
Since there is a constant C' = C'(§) < oo such that p"(K, L) < C, it follows from the
claim that there exists a constant ¢ = ¢(d) € (0, 1) such that

1 L—en(3 —r)
ST S AK.D)

Thus, for any V : T, v x T, v — R we have

2N—1 2N—1
V2(Kk,Kk+1) 1 Vz(KkaKkJrl)
2N ———————= <2N(l—cn(5 —r —_—.
kZ:O P (K, K1) — (1 =en(z =1)) kZ:O P(Eg, Kis1)
Using the notation from (2.16), this means that
Ken(m" V)< (1—en(s—r))Ken(m, V). (5.3)

Step 2. Take pog,p1 € Ps(Z) for some & > 0, and let (u¢)eo1] be the constant
speed geodesic connecting po and p. By Lemma 5.1, there exists 6 > 0 such that
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pt € P5(Z), and the density u; of p satisfies supyepq) [l Lo(z) < 00. It then follows
from Proposition 4.6 that m; := P, yju satisfies

« . « . C
Ar,N(mtamt) < A (,utu /'Lt) + N ) (54)

with C' < oo depending on r and §.
Let V: T xT x(0,1) — R be an anti-symmetric function satisfying the continuity
equation (2.15), given by

tia(Ki) + 2N (Vi( K, Kier) = V(K1 K3 ) = 0

forall k =0,...,2N — 1, with Vj _; = Vay_12n = 0. Since ;] = 1 for all , it follows
that (m”, V) solves the continuity equation as well. Therefore, (5.3) yields

wn(mf,mi) < (1—en(3 - T))A:,N(mt,mt)

Combining this bound with (5.4), we infer that there exists a constant ¢ € (0, 1) depending
only on ¢, such that

lim sup W (m, m?) < (1= en(} — 7)) Wa(uo, ) |

N—oo

provided 7 is chosen sufficiently small depending on 6 and 7.
To finish the argument, we note that Lemma 3.3 yields, for i = 0, 1,

1 1 1 C
T ) < < r iy T g 7) < (7\/ 7) <=
W,N(m7mz)—cWQ(Q,Nm7Q,Nmz)+N —C N r’r/+N —N7
where C < oo depends on d and r. Consequently, by the triangle inequality,
hjl\’/vnsupwr,N(mOaml) S (]- —CT](% —T))W2(,U«07N1) )
— 00
where ¢ € (0,1) depends only on é. This implies (5.1). O

The construction in the proof of Proposition 5.2 breaks down if we choose mean
functions 6, 41 adapted to the inhomogeneity of the grid, instead of a fixed symmetric
mean 0. Indeed, suppose that € 2r+1 is a smooth mean function with weight = in the
sense of Definition 2.5, so that 0102y 2x+1(1,1) = 7 and 0262k 2k+1(1,1) = 1 — r. Typical
examples are given in (2.13) with » = A. By homogeneity of 0y, 2r+1 we have, for any
a>0:

377!77:09%,21@11(@ + (I —=7r)n,a—1rn) = (1 —r)01bak26+1(a, a) — 70202 2p+1(a,a) =0,
hence the concave function 1 — 6oy 2p+1(a+(1—r)n, a—rn) attains its maximum at n = 0.

This argument shows that one cannot increase the mean density (and thus decrease the
energy) by introducing microscopic density oscillations. This is in sharp contrast to (5.2).
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t=0 t=4¢ t=1/2 t=1-34 t=1

Figure 3: The picture illustrates the principle behind the proof of Theorem 5.2. It shows
how an “unreasonably cheap” transport can be constructed between the measures at time
0 and 1. First, in the interval [0, ], a bit of mass is moved into the short interval, so that
the mean of the densities in the left and the middle cells increases. Then the bulk of the
mass is moved during the interval [0, 1 — 4], after which the short intervals are emptied
in the interval [1 — §, 1]. The first and the final phase are cheap because very little mass
is moved, and the middle phase is cheap since the mean of the densities is kept high by
the mass in the middle cell.

5.2 Necessity of the asymptotic isotropy condition

Our next aim is to show that for any family of meshes {7} for which the asymptotic
isotropy condition fails at every scale, the distance Wy is asymptotically strictly smaller
than Ws.

We start with a lemma that guarantees the existence of certain smooth Ws-geodesics
that transport mass in a parallel fashion.

Lemma 5.3. Let Q C R? be a bounded open set with Lipschitz boundary, let o € Q, and

v € ST Then there exist r > 0, § > 0, k > 0, and a Wa-geodesic (1e)eefo,) € Ps(€2)
with the following properties:

(i) the continuity equation

{atut +div(uVe) =0  inQ, (5.5)

Vor-n=0 on 00 ,

holds for some vector field ¢ € C*(]0,1] x Q) satisfying Vo4 (z) = kv for all t € [0,1]
and x € B(xo,7);
(ii) Oy € CO(Q) for all t € [0,1], and supyeo,] [|0tptllcoy < oo-

Proof. Fix an open ball B = B(zg,7) C Q and let n € C>*(R%) be a nonnegative function,
supported in the unit ball B(0,1), satisfying n(z) = 1 for € B(0, %) We define

¢o(z) = v - (z — w0) U(x —TSU0> ;

so that ¢g € C*°(Q) with support contained in B(zo,r), and Vgo(z) = v for all z €
B(l’o, %)

Since ¢ is smooth, there exists T > 0 such that the Hamilton—Jacobi equation
Ode + 3|Vé|? = 0 has a unique solution in C'([0,7] x RY) with initial value ¢o. It
follows from the Hopf-Lax formula ¢(z) = inf,{¢o(y) + %|z — y|?} that the following
properties hold for all t € [0, T, provided T' > 0 is sufficiently small:
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e supp ¢ C B(zo,r);
o Voi(x) = v for all x € B(xo, 7).

Let po € P(€2) be the normalised Lebesgue measure, and set py = (Ig + tVeo)xtio
for t € [0,T]. Then (u, ¢¢): solves the continuity equation (5.5). Moreover, the density
pt of s solves the Monge-Ampere equation

po(@) = pu( + tV o (x)) det(I + LDy (x)) .

It follows from this expression that there exist 7' > 0 and § > 0 such that p; € Ps(Q)
and Oy € CO(Q) for all t € [0,T], with supyeqo,r] [|Oepellco < oo.

To obtain the result, it remains to rescale the geodesic in time. In doing so, we replace
¢t by T'¢y, so that Vey(x) = kv for x € B(xo, §) and ¢ € [0,1], with x = T'. Replacing
by 7, the result follows. O

The following lemma asserts that, at the macroscopic scale, the isotropy condition
holds without any assumption on the mesh. For A C R% and r > 0, we let B(A,r) :=
Uzea B(x,7) denote the r-neigbourhood of A.

Lemma 5.4. Let Q C R? be a bounded conver domain. Let T be an admissible mesh on
Q, and let X a weight function on T. For any open subset U C Q and any unit vector
v e S we have

(5 @D ) - 0] < [BEUAT) . (6

K,LeT;K,LCU

Note that by the symmetry of the summand, the left-hand side does not depend on
the choice of the weight function A.

Proof. We consider the cells Cxr, = Cpxg C R? defined by
Crr={ze (K|IL)+RvCR? : z-veconv(zk -v,xp-v)} .

Observe that these sets have pairwise disjoint interiors (up to the symmetry condition
Ckr =Crk). Set U= =U \ B(OU,4[T]) and U = B(U,4[T]). It then follows that

U™ C U CkxrL CUT,
K,LCU

hence |U™| < ZKngU Axr|Ckr| < |UT| since Ak + Apx = 1. The result follows, as
the area formula yields |[Cxr| = (v nxr)?|(K|L)|dkL- O

As the right-hand side in the previous result is small, the contribution of the term
> rerncu AKL(V- nir)?|(K|L)|dxr is equal to |K| on average, up to a microscopically
small error. However, it may happen that the isotropy condition fails at the microscopic
scale, in the sense that the microscopically small error in (5.6) results from a cancellation
of positive and negative contributions of macroscopic size. The following definition makes
this intuition precise.

Definition 5.5 (Local anisotropy). Let Q C R? be a bounded convexr domain, and let
U C Q be a non-empty open subset. Let {T} be a family of (-reqular meshes on Q for
some ¢ > 0, and for each T, let X7 be a weight function on T. We say that {T} is
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locally asymptotically {)\T}—anisotropic on U, if there exists a unit vector v € S¥1 and
a constant ¢ > 0, such that

mint S (X walvm KD ) K1) =Vl (5)

7120 keTikev N\ LeTicv
for any open cube V C U.

Ezample 5.6 (Anisotropy in one dimension). For r € (0,3) and N > 1, consider the one-
dimensional periodic mesh 7, y from Section 5.1. We fix s € [0,1] and define a weight
function XA on 7,y by setting Agz, = s is K is small, and Agy =1 — s if K is large. As
large and small cells alternate, this indeed defines a weight function.

Fix an interval V' = (a,b) for some 0 < a < b < 1, and set v = 1. For any K € T, n
and [7] sufficiently small, it follows that

B . ) _ % if K is small ,
Sk = LeTZLCV)\KL(U nir)’|(K|L)|dkr { % if K is large .
r N =

Note that for any neighbouring pair K, L, we have Sk + Sp = + = |K|+ |L|. This
means that the isotropy condition holds on average, in accordance with Proposition 5.4.
However, it follows that

liminf " (Sk—|K|), =[s—r|(b—a) .

N—oo
KeT, n;KCV
Therefore, the local anisotropy condition (5.7) holds whenever r # s. If r = s, we have
already seen in the introduction that the asymptotic isotropy condition (and in fact the
centre-of-mass condition) holds.

Ezample 5.7 (Anisotropy in a 2-dimensional example). Consider the crossed square grid
from Figure 4 with [7] = . It follows that [(K|L)| = + in the coordinate directions,

and |(K|L)| = ﬁﬁ in diagonal directions. We fix r € (0, 1) and choose the points 2

in such a way that dx = ?V—T if ngr points in one of the coordinate directions. If ngr,

is in one of the diagonal directions, we then have dg = (% — r)% By symmetry, it is

natural to choose A\g1, = % for all K ~ L.
For each interior cell K we compute Mg := ZLGT;LNK Acp|(K|L)|dgpnkgr @ nir.
Denoting the cells by N, E,S and W, we have

12r [0 0 13-r[1 0
MN_MS_2N2[0 1}*2 NZ [0 1]
1 1—2r 0
~ 4N? 0  1+4+2r |
An analogous computation shows that

1
My — My — [1+27~ 0 ]

4N2 0 1-—2r
We thus find that

My + Mg + Ms + My = IN|+|E|+|S|+|W)I,

1
nol =
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in accordance to the fact that isotropy holds on average, for any r € (0, %)
To show that the family {7, v} is locally anisotropic, we fix v = (1,0). Then:

0 fK=No K=S§,

(v~MKU—‘K|)+:{ vz HK=EorK=W.

It follows that, for any cube V,

.. 2 —
it Y (X ana D) - K]) =V,
KeT, NiKCV N NLET, N;LCV +

which shows that the mesh is everywhere locally anisotropic, for any r € (0, %)

The following proposition shows that if the mesh is locally {)\T}—anisotropic, and if
the mean functions 67 are chosen accordingly, then the discrete transport distances are
asymptotically strictly smaller than Ws.

Theorem 5.8 (Necessity of asymptotic isotropy). Let Q@ C R? be a bounded convex
domain. Let {T} be a family of C-regular meshes on Q0 for some ¢ > 0, and assume that
{T is locally anisotropic on U for some weight functions {\” }. Let {67} be a family of
mean functions satisfying 819£L(1, 1) = Ak for any T and any K,L € T, and suppose
that the regularity condition

sup SEPTHD26}{~LHL°°(B((1,1),S)) < 00 (5.8)

)

holds for some s > 0. Then there exist g, u1 € P(Q) such that

lim sup Wy (Prpio, Prin) < Wa(po, 1) - (5.9)
[T]—0

Remark 5.9. Note that all examples from Section 2.2 satisfy (5.8). However, this condi-
tion excludes certain smooth mean functions approximating 6(a,b) = min(a, b).

Proof. We fix o € Q and v € S, Using Lemma 5.3 we obtain § > 0, r > 0, and a

geodesic (put)efo,1) € Ps(€2), solving the continuity equation fi + div(1uV¢) = 0 where the
velocity vector field V¢, € L?(Q) satisfies Vi (z) = kv for some x > 0, for all ¢ € [0,1]
and all = in the ball B = B(zg,r). For brevity we write B = B(x, 5)-

Fix ¢ > 0, and consider the collection of open cubes given by

2= {tp+(0,1))CB : peZ}.
For Q € 2, we define Tg :={K € T : K C Q}, and for K € Ty we set

Sic= Y (v nin)’|(K|L)ldxcr,
LeTg

We define the subsets TJ Tg €T by
%::{KETQ :(Sk — |K|)+ >0} .
It follows directly from (5.7) that, for all @ € 2,

lim inf Sk — |K|) > . 5.10
mint > (S~ IK]) 2 €lQ] (5.10)
KeTg
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Combining this bound with Lemma 5.4, we also find

lim inf K|—Sk) > . 5.11
iy i (IK| - Sk) > Q| (5.11)
KeTy
In particular, if [T] is sufficiently small, both ’7'5 and ’TQ_ are non-empty.
We define a variation v/ : 7 — R by

T _ T T
vy (K) = Z <O‘Q1{Ke7’5} - ﬁQl{KETQ_}> d
QEZ,
where ag, 55 € (0,1] are the unique numbers such that ZKETQ v] (K)|K| = 0 and
max{ag,ﬂg} =1forall Q € 2.
Set m] = Pru; € P(T), and let p/ (K) = m] (K)/|K| be its density as usual. We

consider the perturbed measure mz:t with density pZ:t given by

pl (K) = p] (K)+ev] (K) ,

where we suppress the dependence of pZt on ¢ in the notation. Note that mZ:t belongs
to P(T) if 0 < & < 4, since iy € Ps(Q). Write p! (K, L) = Ok (p,(K),pl,(L)). In

view of the regularity assumption (5.8) on 6 and the fact that u; € Ps(€2), a Taylor
expansion yields

R — N | ) (5.12)

o~

pl (K, L) pl (K,L) T (K,L)

for all € < g¢(9, s), where vx1, = /\KLVZ(K) + /\LKVZ(L), and C depends on ¢ and s.
Let ¥/ : T — R be the solution to the discrete elliptic problem (4.2), and consider
the associated momentum vector field

VI (K, L) = pl (K, L) (v] (1) = ¥/ (K)) ,
so that Ar(m] ] ) = Kr(m],V,7). Using (5.12) we obtain
(K|L

KL VT < Korond V) = 5 S SN (o7 1) — o 1))
K,L

(5.13)
+Ce(e+[T1) Y MWT(K, L)? .

We will estimate the three terms on the right-hand side separately.
To bound the first term, we apply Proposition 4.6 to obtain

Kr(m] V) = As(m] ,ih]) < A" ey i) + CLT] el gy -

Together with the uniform L?-bound on i from Lemma 5.3, this implies

1 1
lim sup/ Kr(m],V,7)dt < lim sup/ A* (g, fur) dt = Wo(pg, p11)? (5.14)
[7]=0 Jo [T]—0 Jo
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Moreover, as iy € Ps(Q), we have

(K|L)|
53 g W 1) < CRr V),

for some C' < oo depending on §. Using this estimate and (5.14) we obtain

K|L)|
hmsup/ Z (KIL) (K, L)?dt < Wa(ug, p11)? , (5.15)
71-0 Jo drr,

which bounds the third term in (5.13).
To treat the second term, we write ¢ = fBK ¢ dx, where B = B(x,([T]). Since

supg. 7, vxr < 1 and py € P5(Q), Proposition 4.1 yields

S e SO @ (2) — o7 (5)) - (81— 320)°

K,L

<o I G (T - 00) - G- 19
K.L

< CITP il 2 »

where C depends on €2, (, and §. Furthermore, for K € TQi and L ~ K, we have V¢ = kv

on K U L, which implies that ¢; — ¢ = kv - (x1 — vk ). Therefore, using the fact that
Y ker vl (K)|K| =0,

Z'YKL §|L)|(¢L—¢K — ZW Z)\KL dKL
721/[ )(Sk — |K])
~5 Y (aF X (sl + 55 X (K1-56) )

v (zg —2x))”

Qe KeTd KeT,
Using (5.10) and (5.11), this identity yields
K|L — 2 _ cK? ck? | ~
lim inf > > —|B
1m1n ZV — oK) > 2@;@ Q| > 4’ |
4

provided ¢ is sufficiently small. Together with (5.16), it follows that

CK/Z ~
mint [ S S ) upoyas SEL e

[T]—=0 KL

Inserting the three estimates (5.14), (5.15) and (5.17) into (5.13), we obtain

lim sup W(mZy, m7,)? <hmsup/ Kr(mT,, VT ) dt < Walpo, )2 — ¢| Ble + C<?
[T]—=0 [T]—=0

for suitable constants ¢ > 0 and C < oo.
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Figure 4: We can decrease the action by adding € to p in all N and S triangles and
subtracting ¢ in all £ and W triangles. If p is the same in E and W, we can choose a
momentum vector field V' that transports no mass over vertical lines with Vo = Vo
and VEN = VW N-

On the other hand, since ZKGTQ v] (K)|K| = 0forall Q € 2y, it follows from Lemma
3.3 that

Wr(m{ ,mly) < C(Wa(uo, @rmly) + [T))
<CU+IT]) ,

and the same holds at ¢ = 1. In summary, we obtain

lim sup W(mg ,m])? < Wa(uo, 1)? — ¢|Ble + Ce2 4+ C 22 (5.18)
[T]—0
for all € < 9. As £ > 0 is arbitrary, this yields the result. O

Remark 5.10. For the mesh in Figure 4, the construction in the proof of Theorem 5.8
can be somewhat simplified: as discussed in Example 5.7, isotropy fails to hold in the
coordinate directions v = +eq, +es. Picking a Wo-geodesic transporting mass in direction
e2 in some open ball B, we notice that the discretisation of that geodesic transports no
mass over vertical edges in B. The variation 77 can then be set to 77 =1 for all N and
S cells and 77 = —1 for all E and W cells. Along diagonal edges, the change in O, is
o(e), whereas for horizontal edges, the change in 0y g, is —¢ 4 0(¢). For vertical edges,
the change in 0g e, is € + o(¢), which would be costly, but here the momentum vector
field V(E, W + e;) vanishes.

6 Gromov—Hausdorff convergence

In this section we prove Theorems 1.1 and 1.4, as well as Corollaries 1.5 and 1.6. Let us
start by stating the definition of Gromov-Hausdorff convergence.

Definition 6.1 (Gromov—Hausdorff convergence). We say that a sequence of compact
metric spaces (Xp,dp)n>1 converges in the sense of Gromov-Hausdorff to a compact
metric space (X,d), if there exist maps f,,: X — X, which are

o ¢, -isometric, i.e., for all x,y € X,

|dn(fn (), fu(y)) —d(z,y)| < en (6.1)

and
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o c,-surjective, i.e., for all x, € X, there exists x € X with
dn (fn(), 2n) < en (6.2)

for some sequence (€,)y, with e, — 0 as n — oo.

Our main task is to show that the mappings Py are e-isometric. We divide the
argument into two parts: an upper bound for the discrete transport metric (Theorem
6.4) will be proved in Section 6.1. This result is valid for any sequence of (-regular
meshes. Under strong additional symmetry assumptions, we will prove a corresponding
lower bound (Theorem 6.8) in Section 6.2. The argument will be completed in Section
6.3.

We start with a useful time-regularisation result along the lines of [11, Lemma 2.9].

Lemma 6.2 (Time-regularisation). Let (m).c(0,1) be a curve in P(T) with

1
/ Af;—(mt,mt) dt < 0o .
0

For § € (0,3) we consider the “compressed” curve (mf)te[_571+5] in P(T) given by

mo fort e [=6,0],
My = mg_sy/a-2s) Jorte (6,1-35), (6.3)
my forte[l—96,1+90].
Letn : R — Ry be inﬁmtely diﬁerentiable symmetric, and supported in [—1,1] with
Jgn(t)dt =1, and define ml = Jzn(s/0) ml ds. Then the following assertions hold:
(i) The curve (mt)te[O,l] is infinitely differentiable, it satisfies m) = mg and m$ = my,
and

/ A (m?,m?) dt < 1_25/ A (my, ) dt .

(i) Let {T} be a sequence of a meshes. For each T, let (m] )ier be a curve in P(T),
and suppose that, for all t € [0,1], there exists a probability measure y; € P(S2)
such that Qrm] — py as [T] — 0. Then, for all t € [0,1],

TS

Qrm] =yl and Qrin]® — [ as[T] 0.

Proof. Using the joint convexity of the mapping (m, o) — A%(m, o) we obtain

1 1 )
| Armaidyae< | / D /8) A (g il ) dsdt
0

A% ( 0 dt = A (my, dt .

/ T(m 1—25/ 7(me 1)

Since mf"s — ) for all t € [=8,146] (where t — i denotes the time-compressed version
of t — fi1), the second part of the result follows using dominated convergence. O

Clearly, a completely analogous result holds in the continuous setting.
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6.1 Upper bound for the discrete transport metric

In this subsection we prove an upper bound for Wy, that relies on the finite volume
bounds obtained in Section 4. Since these bounds require an ellipticity condition on the
densities, we use a regularisation argument involving the heat flow. Lemma 6.3 contains
the desired bound for the regularised measures. The regularisation is removed in Theorem
6.4.

We emphasise that these results hold under the mere assumption of (-regularity, and
do not require the additional symmetry assumptions that we will impose in Section 6.2.

Lemma 6.3. Fiz ¢ € (0,1] and a > 0. There exists a constant C < oo, depending on
Q, ¢, and a, such that for any (-regular mesh T of Q, and o, u1 € P(Q) the following
estimate holds:

Wr(PrHapo, PrHap1)? < Wo(po, 1) + C[T] .

Proof. Let (Mt)te[o,l] be a geodesic connecting pg and p;. Take n: R — R as in Lemma

6.2 and define, for ¢ € (0, %),
a,d S ~0
e ::/n( Hoil_, ds
t R 5) t

where (ﬂ?)te[_d,l_f_(g] is the compression of (4it),¢[0,1) as in (6.3). By Lemma 2.2, the density

ul? of p? satisfies Lip(u®) < C and u®’(z) > C~! > 0 for all z € Q, where €' < 0o

depends only on a (and not on ¢ or §). Proposition 4.6 yields
* »6 Y 76 * ,5 .

A5 (Prug®, Prig®) < A*(u, ji°) + C[T]| i

where C' < 0o depends on {2, a and C.
Denoting the density of il by @, we observe that

ut 5/ CLut sds .

The heat kernel upper bound (2.6) yields
1ozl 20 < Csuph (z,y) < Cla¥?v1),

@ - (6.4)

where C' < oo depends only on 2. Consequently,

. a,0 _
|45 | 22y < ClI |l prry(a™¥? v 1)

Integrating (6.4) over [0, 1] we obtain
Wi (PrHapio, PrHaopn)? / A (P, Prg) dt

/A*( ) dt + OIT] (@™ v 1)

where the n-dependence is absorbed in the constant C. Furthermore, using the convexity
of (u, w) — A*(u,w) as in Lemma 6.2, and the contraction bound from Lemma 2.2(ii),
we obtain

A Hope, Hofr) dt
/0 " 1—25

1 2
<17 25/ (1t i) At = 37— W (o, 1)
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Since the constant C' does not depend on 4§, we obtain the desired result by passing to
the limit § — 0 (and absorbing the factor a=¢ Vv 1 into the constant C'). O

Theorem 6.4 (Upper bound for Wy). Fiz ( € (0,1]. For any e > 0 there exists h > 0
such that for any (-regular mesh T with [T] < h, we have

Wr (Prio, Prut) < Wa(uo, 1) + ¢ (6.5)

for all pg, 1 € P(Q).

Proof. Using the triangle inequality we estimate

Wr(Prpo, Prpy) < Wr(Prpo, PrHapio)
+ Wr(PrHapo, PrHapn) + Wr(PrHapa, Prin)

for any ug, 1 € P(2) and a > 0. Lemma 6.3 yields

Wz (PrHypuo, PrHypi)? < Wa(po, 1) + C1(a)[T]

where C'(a) < oo depends on €2, ¢ and a. Using the a priori estimate from Lemma 3.3
followed by Lemma 3.2 and Lemma 2.2, we obtain

Wy (Pr i, PrHap;)

<y (Wz(QTPTm, QT PrHap;) + [ﬂ)

< Cy (Wz(QTPTMz‘, 1) + Wa(pi, Hapsi) + Wa(Hapsi, QT PrHapi) + [ﬂ)
< Cy ([ﬂ + \/5>

for ¢ = 0,1, where the constant Cy < oo depends on 2 and ¢, but not on a. Combining
these estimates we find

Wr(Priso, Prm) < /Walyio, m)? + Co(@)[T] + Cs(IT] + va) .

Let now € > 0, and choose a sufficiently small, so that Cy\/a < £/2. Then there
exists h > 0 such that, whenever [T] < h, we have

Wr(Prpo, Prpn) < Wa(po, 1) + € (6.6)

for all g, u1 € P(Q), which implies the result. O

6.2 Lower bound for the discrete transport metric under isotropy conditions

Since the counterexamples in Section 5 show that YW does not Gromov—Hausdorff con-
verge to Ws in general, we will impose an additional condition on the mesh. Let I
denote the d x d identity matrix.

Definition 6.5. Let {T} be a family of admissible meshes such that [T] — 0. We say
that {T} satisfies the asymptotic isotropy condition with weight functions {\T} if, for
al KeT,

ST |(K;L)\ (rx — 1) @ (xx — 21) < |K|(1+n7r(K))Ia (6.7)
where supger [n7(K)| — 0 as [T] — 0.
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The following proposition contains the crucial bounds on the action functionals Ar
and their duals Ai}. To obtain the result, one needs to carefully choose the means 05,
according to the geometry of the mesh.

We say that a sequence of signed measures {wr}7 C M(£) converges weakly to a
signed measure w if (¢, wy) — (¢, w) for all ¢ € C°(Q). In this case, we write wy — w.

Proposition 6.6 (Action bounds). Let {T} be a family of (-reqular meshes satisfying
the asymptotic isotropy condition with weight functions {\7}, and let {07} be a family
of weight functions that are compatible with {\T}.

Suppose that mt € P(T) satisfies Qrms — pu as [T] — 0 for some p € P(Q).

(i) Let ¢ € C(Q) and define 7 : T — R by 7 (K) := ¢(zk). Then:

limsup A7(m7,¢¥7) < A, ¢) - (6.8)
[T]—0

(ii) Let o7 € Mo(T) and assume that there exists w € Mo(Q) such that Qror — w
as [T] — 0. Then:

A" (p,w) < 1%{]1 inf AZ-(mr,0o7) . (6.9)

Remark 6.7. We emphasise that it is important to assume in (6.9) that w in (6.9) is a
signed measure, and not an arbitrary distribution.

Proof. We will first prove (6.8). For K € T set vg = V¢(zx) and write p7(K) =
m7(K)/|K|. Let w: [0,00) — [0,00) be the modulus of continuity of V¢. Then

(6(zr) — d(a1))? < (vi - (x1 — k) + 4|Vl Loow(2[T])d

whenever L ~ K. By Remark 2.7, we have

0% L (p7(K), p7(L)) < NkroT(K) + AL cpr(L) .

Using these estimates we obtain

Aﬂmwﬂsfz'K'L (Mreor (K >+AZKpT<L>)(¢<xK>—¢<m)2

=Y pr ZAKL TN wc) - 9(on))’
< ;PT(K) ZL: A%L“Zi{'?’(w (2 —2K))’

+ 4|Vl L=w(2(T]) Y pr(K) Y drrl(K|L)| .
K L

(6.10)

In view of Lemma 2.12(i) and (2.21), we observe that

> dkr|(K|L)| < CIK|,
L
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where C' < oo depends on §2 and (. In the former term we use the asymptotic isotropy
condition (6.7) to write

> Ak |(K;L)’ (vic - (. — i) < (1407 (K)) K] ok,

where 7 (K) is the error term in (6.7), which converges to 0, uniformly in K, as [T]| — 0.
Summing up all contributions, we obtain

Ar(mr.im) < 3 pr(K K1+ r(E)) okl + 4CI Vol e (2(TD) )

Writing p7 := Q7my and &7 = 3 5 Xk (1 + n7(K)) vk [* we have

ZPT K| (1 +n7(K)) v |

— (erapr) = / Vo i+ / VP dlur — ) + / er — [VoP dur .

Since p7 converges weakly to p and ||&7 — [Vé|?||L~ — 0 as [T] — 0, we obtain (6.8).

Let us now prove (6.9). Take ¢ € C*(Q) and define ¥ : T — R by 7 (K) = ¢(zx).
We claim that (¢, w) = limy_o(¢7,07). To show this, set wy := Q7o and ¢7 :=
>k Y7(K)XxK, and note that (7, o1) = (¢7,wr). Therefore,

(Y1, 07) — (@, w) = (pT — ¢, wT) + (P, wT — W) .

Since wy — w, the Banach-Steinhaus Theorem implies that sups ||wr|Tv < co. To-
gether with the bound ||[¢7 — @[~ < C[T], this yields the claim.
Suppose first that A*(u,w) is finite. Fix e > 0 and choose ¢ € C!(Q2) such that

SA% () < (6,0) — SA(10) +e

Using the claim and (6.8), it follows that
1 1
227 (now) < liminf ({97, 07) = S Ar(my, ) + ¢
1
< 1%71%132{ §A§-(m7, or)+e

Since € > 0 is arbitrary, the result follows.
Suppose next that A*(u,w) = oco. Then, for each N > 0, there exists a function
én € CH(Q) such that

(pn,w) — SA(p, on) > N .

2
Define & : T — R by ¢¥(K) := ¢n(zk). Using the claim and (6.8) once more, we
obtain

1

< lim3i N ot N

N < l%g%f <<¢T,UT> S AT(mT, wT))
< 1%71@]1 ii%f %Afr(m% or)

which implies that lim inf|7_,0 A% (m7,07) = 0. O
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Theorem 6.8 (Lower bound for Wy). Fiz ¢ € (0,1]. For any € > 0, there exists
h > 0 such that the following holds: for any family of (-regular meshes {T} satisfying
the asymptotic isotropy condition with weight functions {)\T}, and any family of mean
functions {07} that are compatible with {\7}, we have

Wa(po, 1) < Wr(Prpo, Prin) + € (6.11)
for all po, 1 € P(Q), whenever [T] < h.

Proof. To obtain a contradiction, we suppose that the opposite holds, i.e., there exists
e > 0, a sequence of meshes {7} with [7] — 0, and probability measures puf , u] € P(T),
such that

Wr(Prud, Prul) < Wa(ud,ul) — ¢ . (6.12)

Let (mz—)te[o,” C P(T) be a constant speed geodesic connecting Pru] and Prul, so
that

1
/ As-(m] ;] ) dt = Wr(Prud , Prud )* . (6.13)
Set i == H [ﬂQTmt . Then, for almost every ¢ € [0, 1], Lemma 3.4 yields

ARl il ) < CAR(m] im])
where the constant C' < oo does not depend on 7 or t. Consequently, for 0 < t; <ty <1,

to -
Wa(il, i) < /t A AT AT dt
1

to
<C A (m] ] ) dt < CViEs — W (Pryd , Prpd )
t1

(6.14)

and hence by (6.12) the family of curves {(fi] );}7 is equicontinuous. Since (P (), Wy) is
compact, the Arzela—Ascoli Theorem yields a subsequence of meshes and a Ws-continuous

curve of probability measures (A;)e(o 1] in P () such that W (], A\t) — 0 forallt € [0,1]
as [T] — 0. Moreover, since Wa (1] ,Qrm]) < C\/[T] by Lemma 2.2, it follows that
Qrm] — M\ in (P(Q),Ws) as [T] — 0.

For ¢ € (0, l) let t — mtT"S be a time-regularised version of ¢ — m] , as defined in
T‘SAXS T64A5 for all

Lemma 6.2. It follows from this lemma that Q7m; and Qi

t €[0,1] as [T] — 0. Moreover, by Lemma 3.2,

No=X = li =1 Prul) = lim pl
0 =0 [ﬁleOQTmo [ﬁgOQT( THo ) A Ko

and similarly lim7_q p] = A, where the convergence is with respect to W,. Conse-
quently,

lim Wa(ud, 1] ) = Wa(Xo, M) -
[T]—0

Using Proposition 6.6 and Fatou’s Lemma, Lemma 6.2, and (6.13), it follows that

WQ(AO,A1)2§/ AT\, AD) dt<hm1nf/ Ab(m] 0 ] %) a
0 [ﬂﬁO

1 f
%]_f]lg%)/ As-(m] ] ) dt

1
= lim inf Prug, Pri)?
g0 limin Wr(Pr o, Pryn)
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Since & € (0,1) is arbitrary, we obtain

lim Wo(ul , 1]) < liminf Wy (Prpo, P ,
[ﬁrgo 214 Ml)f%_]ni% T(Prpo, Pryn)

which is the desired contradiction to (6.12). O

6.3 Proof of the Gromov—Hausdorff convergence

It remains to prove the corollaries stated in the introduction.

Proof of Corollary 1.5. Fix € > 0. We will check that there exists h > 0 such that the
map Pr: P(Q) — P(T) is e-isometric and e-surjective whenever [T] < h.

The e-surjectivity holds trivially, as P7 is even surjective. To show that Py is e-
isometric, we combine Theorem 6.4 and Theorem 6.8 to infer that there exists h > 0
such that

IWr(Prpo, Prin) — Wa(po, pa)| < e
for all ug, 1 € P(Q), whenever [T] < h. This yields the result. O

Proof of Corollary 1.6. For i = 0,1, let u; € P(Q) and m] € P(T) be such that
QTmZ— — p; as [T] — 0. Lemmas 3.3 and 3.2 imply that, for some constant C' < oo
depending only on © and ¢ (that changes from line to line),

Wr(m], Pru) < C(WQ(QTmZT, QrPru) + [7-])

< C(Wa(@rm] ) +[71) -

As Qrm] — p;, we have Wo(Q7m] , ;) — 0, and therefore Wy (m] , Pru;) — 0. The
triangle inequality then yields

\Wir(md ,m{ ) = Wr(Pruo, Pru)| < Wr(md, Pruo) + Wr(m], Prys) — 0 .

Since Wr(Prpuo, Pripn) — Wa(uo, 1) by Theorems 1.1 and 1.4, we obtain the desired
convergence Wr(mJ ,m]) — Wa(uo, p1)-
The final claim is now straightforward: for 0 < s <t <1 we have

Wa(ps, pe) = lim Wr(m],ml) = (t —s) lim Wr(mJ,m]) = (t — s)Wa(po, 1) ,
[T]—0 [T]—0

which yields the result. O

Remark 6.9. Clearly, it follows from the proof of Corollary 1.6 that the one-sided estimate
lim supj71-0 Wr(md ,m]) < Wa(uo, 1) holds under the conditions of Theorem 1.1, even
when the asymptotic isotropy condition fails.
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