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Stationary waves with prescribed L?-norm for the planar
Schrodinger-Poisson system
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Abstract

The paper deals with the existence of standing wave solutions for the Schrodinger-Poisson system with
prescribed mass in dimension /N = 2. This leads to investigate the existence of normalized solutions for
an integro-differential equation involving a logarithmic convolution potential, namely

fAu+fy(log| < *|u|2)u:a|u|p72u in R?,

/ lu|?dz = ¢
R2

where ¢ > 0 is a given real number. Under different assumptions on v € R, a € R, p > 2, we
prove several existence and multiplicity results. With respect to the related higher dimensional cases, the
presence of the logarithmic kernel, which is unbounded from above and below, makes the structure of the
solution set much richer and it forces the implementation of new ideas to catch the normalized solutions.

Keywords: Nonlinear Schrodinger-Poisson systems; stationary waves; normalized solutions; logarithmic
convolution kernel; variational methods.

1 Introduction

We consider the Schrodinger-Poisson system of the type

{ Py — A+ ywyp = alip|P 2,

) inRY x R
Aw = [¢|

(1.1)

where 1 : RY x R — C is the (time-dependent) wave function, v € R, a € R, p > 2. The function w
represents an internal potential for a nonlocal self-interaction of the wave function . The standing wave
ansatz ¢ (z,t) = e~ "u(x), A € R, reduces (L) to the system

(1.2) foru : RY — R.

{ —Au+ M+ ywu = alulP"2u,
2

Aw=u

The second equation determines w : R — R only up to harmonic functions, but it is natural to choose w as
the Newton potential of u?, i.e., the convolution of u? with the fundamental solution ® - of the Laplacian.
With this formal inversion of the second equation in (L2)), we obtain the integro-differential equation

(1.3) — Au+ M+ y[@n * |[ul*Ju = alulP2u inRY,

where @ (2) = — grytgys; |¢[>~" incase N > 3 and @y (x) = 5 loglz| in case N = 2. Here, as

usual, wy denotes the volume of the unit ball in RY.
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Due to its physical relevance in physics, the system has been extensively studied and it is quite well
understood in the case N > 3. In particular variational methods are employed to derive existence and
multiplicity results of standing waves solutions [[1}12|12}[20}23-25] and [|8}[18,121,[22]] for standing wave
solutions with prescribed L?-norm.

In two dimensions, due to the logarithmic nature of its convolution kernel, the nonlocal nonlinearity
exhibits some serious mathematical differences to the higher dimensional case. The study of planar nonlocal
problems (I.3) remained for a long time an open field of investigation, apart from some numerical studies
suggesting the existence of bound states [17].

In contrast with the higher-dimensional case N > 3, the applicability of variational methods is not
straightforward for N = 2. Although (L3) has, at least formally, a variational structure related to the
energy functional

1
1) =5 [ (uP+x)do s [ g = gPlu(o)lut)dsdy 2 [ Jupds
2 R2 8w R2 JR2 P Jr2

this energy functional is not well-defined on the natural Sobolev space H!(R?).
Inspired by [27], T. Weth and the first author [[13]] developed a variational framework to deal with the
equation (I3, within the smaller Hilbert space

X o= {ue H\®)| /R log (1 + | u() P < o0},

endowed with a norm defined for each function v € X by
Jully = [ | I9u@)? + lua) (1 + log(1 + ) d

Even if X provides a variational framework for (L.3]), some difficulties however arise in the application of
variational arguments, since the norm of X is not invariant under translations whereas the functional I is
invariant under translations of R? and the quadratic part of the functional [ is never coercive on X . In [13],
for A > 0 fixed, the authors constructed a sequence of solution pairs (+uy)nen C X to the equation (L3))
such that I(u,) — oo as n — +o00, under the assumption p > 4 and v > 0, a > 0. They also provided a
variational characterization of the least energy solution. Successively, Du and Weth proved the existence of
ground state solutions and of infinitely many nontrivial changing sign solutions for (L3]) when 2 < p < 4.
When a = 0, v > 0, the equation (L3]) is also referred to as the planar Choquard equation and it can be
derived from the Schrodinger-Newton [25]. In [[13], it has been showed that every positive solution u € X
of (L3) is radially symmetric up to translation and strictly decreasing in the distance from the symmetry
center. Moreover u is unique up to translation in R?. In [11], Bonheure, Van Schaftingen and the first
author obtained sharp decay estimates of this unique positive solution to the logarithmic Choquard equation
(L3) and they showed the nondegeneracy of the unique positive ground state. We also mention the recent
paper [6] for the existence of the ground state of (L3), with a = 0, v = 1, via relaxed problems.

In the present paper we are interested to study existence of standing waves solutions for the planar
Schrodinger-Poisson system with prescribed mass, which is a physically relevant open problem. To this
aim, for any ¢ € R, ¢ > 0, we consider the problem of finding of solutions to

—Au+ 7(1og| s |u|2)u = alulP"%u in R?,
(1.4)
lu|?dz = c.
R2

Solutions to (L4 can be obtained as critical points of the energy functional

Flu) = %A(u) + v - % C(u)



where
Aw = [ IVa@P e Vi = ([ @Rl tos(e ~ul) dedy

and
C(u) = lu(z)|P dz
]RZ
under the constraint
(1.5) S(e) ={ue X [|Jul}z = c}.

If p > 2, F is well defined and C"' on X (see for example [13, Lemma 2.2]) and any critical point u of
Fjs(c) corresponds to a solution of (L3) where the parameter A € R appears as a Lagrange multiplier.

We shall seek for normalized solutions to ((L4)) using variational arguments and we address a situation
which is substantially different compared to those considered in the three dimensional case [8,[18L21,122]],
since the logarithmic kernel changes it sign and the energy functional can unbounded from above and below
on the constraint. This forces the implementation of new ideas to catch the normalized solutions.

As a first main result, we explicit conditions under which the functional F' is bounded from below on
S(c) and the infimum

(1.6 m = inf F’
) 5(e)

is achieved. We prove the following result.

Theorem 1.1. Assume v > 0 and that one of the three following conditions holds:

2
(i)a<O0andp>2, (ii)a>0andp <4, (iii))a>0,p=4andc< ,
aKgn

where K¢ is the best constant of the Gagliardo-Nirenberg inequality 213). Then the infimum m defined
in (L6) is achieved. In addition any minimizing sequence has, up to translation, a subsequence converging
strongly in X.

Note that the property of convergence of the minimizing sequences insured by Theorem [I.I] provides a
strong indication that the set of standing waves associated to the set of minimizers for F' on S(c) is orbitally
stable.

In all the other cases that we shall now consider the functional F' will be unbounded from below on S(c)
and, in particular, it will not be possible to find a global minimizer. To overcome this difficulty we shall
exploit the property that F, restricted to S(c), possesses a natural constraint, namely a set, that we denote
by A(c), that contains all the critical points of F restricted to S(c).

Precisely, for each u € L?(R?) and t > 0, we consider the dilations

u'(x) ;= tu(tr) forall x € R?

which define an action of the group ((0,00), x) on S(c), since ||u’||2. = ||u||3.. By easy computations,
we also get
(1.7) Aty =t? A(u), Cu')=tP"2C(u) and V(u')=V(u)—c* logt.

Defining the fiber map ¢ € (0,00) + g,,(t) := F(u'), we can derive the formula

Q(u)
t )

d

S F(ut) =

(1.8) 7



where we have set

[}

(1.9) Qu):= 5|  F(u)=Aw)~a 1%2 Cu) -~ =.

Actually the condition Q(u) = 0 corresponds to a Pohozaev identity and the set
Ac) =={u € S(c) | Q(u) = 0} = {u e S(c) | g,,(1) = 0}

appears as a natural constraint. As we shall see, in Lemma B.12] when v > 0, F restricted to A(c) is
bounded from below.

We also recognize that for any u € S(c), the dilated function u®(x) = su(sz) belongs to the constraint
A(c) if and only if s € R is a critical value of the fiber map ¢ € (0,00) — g, (¢), namely g.,(s) = 0.
Moreover it happens that ¢,,(s) = g.,s(1), so that if s is a critical point of g, then u® can be seen as a
projection of u on the set A(c).

Now setting
1

(=4 1 o
(p—Q)g Q'YPT%KGN

60:2 b

we show thatif ¥ > 0, a > 0, p > 4, and ¢ < ¢y, then the set A(c) is a submanifold of X of codimension 2
and a submanifold of S(¢) of codimension 1.

At this stage, is view of the geometric profile of g, (s), and inspired by [28]], see also [26] for a very
recent applications of this idea, we are lead to decompose A(c) into three disjoint subsets

AT(e) ={u e S(c) | g,(1) =0, g (1) > 0}

A7 (c) ={u€e S(c) | g,(1) =0, g,(1) <0}
A%(c) = {u € S(c) | g,(1) = 0, gi/(1) = 0}

Firstly we recognize that for any u € S(c), there exist an unique s;7 > 0 such that uw e AT (c) and an
unique s, > 0 such that u® € A~ (c). Such s and s, are respectively strict local minimum point and
strict local maximum point for g,,. Finally setting

IT:S(c) >R IT(u)=F(sfu(sfu(z)))
and
I7:5(c) » R I (u) = F(s,u(s, u(x))),

we pass to minimize the functionals I+ on S(c), which correspond to minimize F on A*(c).
Precisely, setting
Jr . — .
¢):= inf F(u) and c) := inf F(u),
77(¢) = jnf Flu) 77() = inf F(u)

we prove the following result.

Theorem 1.2. Lety > 0, a > 0, p > 4, ¢ < cg. Then A°(c) = 0, while A*(c) are not empty and there
exist

ut € AT (c) suchthat F(u™) =~"(c) and u™ € A (c) suchthat F(u™) =~ (c).

In addition u* and u™ are critical points of F restricted to S(c).



We remark that the first solution u ™, which appears in Theorem[I.2]as a global minimizer of F restricted
to A(c), can also be characterized as a local minimizer of F' on the set S(c) N Ay, where

(p—2
p—4

~

Ap, ={ue X |A(u) < ko} where ko=

)

ye?
4

—
~—

see Theorem Also the second solution u~ corresponds to a critical point of mountain-pass type for
F on S(c). The existence of two critical points on .S(c), one being a local minimizer and the second one
of mountain-pass type is reminiscent of recent works [[7,16}/19,26] where a similar structure have been
observed for prescribed norm problems.

Regarding the existence of more than two solutions we derive the following result.

Theorem 1.3. Let v > 0, a > 0, p > 4 and ¢ < ¢o. Then F constrained to S(c) possess an infinity
of critical points lying on AT (c) and an infinity of critical points lying on A~ (c). These critical points
correspond to radially symmetric functions.

Next we consider the case v < 0 which appears more involved than the case v > 0. Note in particular
that when v < 0 and for A > 0 fixed, there are still no results of existence or non-existence of solutions to

(L3) set on R2.

Firstly, we notice that if a < 0 and p > 2, for each u € S(c) the fiber map g,,(t) := F(u') is strictly
increasing and so we can state the following non-existence result.

Theorem 1.4. Let vy < 0, a < 0and p > 2. Then F do not has critical points on S(c).

Concentrating now on the case v < 0, a > 0 and p < 4 we observe that for K; € R given by

1 1 p
4—p

Kl = i P
272" Kon 28-p(p—2)3(4—p)™="

we have, see Lemmald.1]

Ae)#£0  ifandonlyif a>K;~ 2 &P,
and, see Lemmal4.2]
4—p
/1\1(1f) F(u) = —oco, if a>K;y 2 7P
However, see Lemmal[4.3]
4—p
sup F(u) < oo, if a>K;~vy 7 3P
A(ce)
and, setting Ko = 2477?’ K, we are able to show that A(c) is a submanifold, of class C 1 of codimension
2 of X and a submanifold of codimension 1 in S(c) if K 74;213 P <a< Ky 74;213 ¢7P and then that
supy () F'(u) is achieved by a critical point of F to S(c) (see TheoremE.7).

In the aim to find more than one solution, we may now try to follow the approach, relying on the
decomposition of the natural constraint A(c) into three disjoint subsets A* (¢), A%(c) and A~ (c), developed
when > 0. At this point we face a new difficulty. For any choice of a and ¢ there always exists au € S(c)
such that u® & A(c) for any ¢ > 0. Namely an arbitrary u € S(c) cannot always be projected on A(c).

To overcome this problem our idea is, roughly speaking, to introduce an open subset V' of S(c), such that
for any u € V the dilation u* € V forany ¢ > 0 and there exists an unique s;, > 0 such that u®= € A~ (c)
and an unique s > 0 such that utn € A*(c). Such values u®: and us' are respectively strict local



. . . . . . 4— .
maximum and strict local minimum point of g,,. This geometry holds as soon as a > K 17 2 7P and it
makes sense to define the functionals

IT: V>R It(w) = F(sfu(stu(z))),

I7:V =R I (u) = F(syu(s;u(x)))

and to try to maximize the functionals I* on V, which correspond to maximize F on A*(c) NV.
However, since V' has a boundary, we need to insure that our deformation arguments take place inside
V. The additional condition a < Kﬂ% 3P insures that A(c) C V and that the superlevels of 1T are
complete. Actually we show that if v, — vy € OV strongly in X, then I*(v,,) — —o0, see LemmaZ.18l
At this point setting
v (c) := sup F(u) and ~ (c):= sup F(u)
At(e) A= (o)

we are able to prove the following result.

Theorem 1.5. Assume that v < 0 and p < 4. For K3 7477;, AP <a< Ky 7477;, 7P there exist
u~ € A (c) suchthat F(u™) =~ (c) and u™ € AT (c) suchthat F(u") =~ (c).

In addition u~ and u™ are critical points of F restricted to S(c).

We remark that the case v < 0, @ > 0 and p > 4 seems completely open. Under these assumptions, the
geometric picture is somehow simpler than when p < 4, in particular for any u € S(c) there exists a unique
t > 0 such that u* € A(c) but what is unclear is how to identify a possible minimax level.

We end this introduction by mentioning that in the case v < 0 the existence of more than two solutions
remains an open, challenging problem.

The paper is organized as follows. In Section[2] we establish some preliminaries. Section[3]is devoted
the case v > 0. In Subsection 3.1] we give the proof of Theorem [L.1] and in Subsection 3.2] the one of
Theorem Subsections 3.3 and 3.4] are devoted to the proofs of Theorems and [[3] respectively.
Section [ deals with the case where v < 0. In Subsection [4.1] we derive some properties of A(c). In
Subsection[4.2] we give the proof of Theorem[.71and in Subsection 43| the one of Theorem[L.3l
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bilita e le loro Applicazioni (GNAMPA) of the Istituto Nazionale di Alta Matematica INdAM). This work
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Notation. In this paper we denote for any 1 < p < oo, by LP(R?) the usual Lebesgue space with
norm ||ullb ;= [p, |ufP dx, and by H the usual Sobolev space H'(R?) endowed with the norm [[u|* :=
Jz2 IVul? + |ul? dz. We denote by — and — the strong convergence and the weak convergence, respec-
tively. We shall write lim for lim sup and lim for lim inf.

2 Preliminary results

In this section we present various preliminary results. When it is not specified they are assumed to hold for
anyy € R,a € R, p > 2and any ¢ > 0.

As already indicated, following [[13,127]], we shall work in the Hilbert space

X :={uec H'(R?) : |u? < o0}



where
= [ 1og(1 + Jal)ul(o) do.
]RQ

with X endowed with the norm given by ||ul|% = ||u||? + |u|?. As in [13] we introduce the symmetric
bilinear forms

() > Ba(uo) = [ [ og(1 4l = sl)ute)ots) dady,

(u,v) — Ba(u,v) = /]R2 /]RZ 10g(1 + z i yl)u(x)v(y) dzdy,

(u,v) = Bo(u,v) = Bi(u,v) — Ba(u,v) = /

/ log(| — yl)u(z)o(y) dedy,
RQ ]RQ

and we define on X the associated functionals
Va(w) = Ba(ut,?) = [ o1+ le =yl )ul(y) dady,
R2 JR?2

Va(u) = By(u?, u?) = /}R2 /]R2 log(l + z i y|)u2(x)u2(y) dzdy.

Note that V' (u) = Vi (u) — Va(u). We shall use the following results from [13].

Lemma 2.1. [/3| Lemma 2.2]
(i) The space X is compactly embedded in L*(R?) for all s € [2,0).

(ii) The functionals V, V1, Vs and F' are of class C'on X.
Moreover, V! (u)v = 4B;(u?, uwv) for u,v € X and i = 1,2.

(iii) Vo is continuous (in fact continuously differentiable) on L (R?).

(iv) V1 is weakly lower semicontinuous on H*(IR?).
Lemma 2.2. [I3| Lemma 2.1] Let (u.,) be a sequence in L*(R?) such that u., Lﬁ)) u # 0 pointwise a.e.
on R2. Moreover, let (v,,) be a bounded sequence in L?(R?) such that

(2.1 sup By (u2,v?) < o0.
neN

Then there exists ng € N and C' > 0 such that |vy,|. < C forn > ny.
If, moreover,

(2.2) Bi(u?,v2) =0 and |jv,l2 — 0 asmn — oo,
then
(2.3) [vnle =0 asn — oo.

Lemma 2.3. [I3| Lemma 2.6] Let (uy,), (vy), (wy) be bounded sequences in X such that u., X wweakly
in X. Then, for every z € X, we have

B1(vn Wny z(un —u)) — 0.

From Lemmas and[2.3] we obtain



Lemma 2.4. Let (u,) C S(c) be such that u,, X U, Up, B o and Vi(un) — Vi(w). Then u, X

Proof. In order to show that u,, — u in X, we have to prove that |u,, — u|, — 0. Since u, A u, then
U, — win L2(R?) with u # 0. Hence, by Lemma[2.2] we actually only need to prove that

Bi(un?, (un — u)?) — 0.
But we have
Bi(un?, (4, — 1)?) = Vi(un) — 2B1 (un?, (4, — u)u) — By (un?, u?).
Since (u,,) is bounded in X and u,, — u in X, we know from Lemma[2.3] that
B (un?, (un — u)u) — 0.

Hence, o o o
1imB1(un2, (upn, — u)2) < lim Vi (uy,) — h_mBl(un2, u2) < lim Vi (uy,) — Vi (u)

by Fatou’s Lemma since we may assume that u,, — u pointwise almost everywhere in R?. Since Vi (u,,) —
Vi (u) and By (un?, (un, — u)?) > 0, we conclude that By (u,,?, (u, — u)?) — 0. Whence the result. O

Our next two lemmas explore the links between the compactness of a sequence in L?(R?) and the
boundedness on the functional V7.

Lemma 2.5. Let (uy,) C S(c) and assume the existence of ¢ € (0, ¢) such that for all R > 0, we have

h_msup/ up? <c—e.
z€R? J B(z,R)

Then, L
lim V3 (uy,) = +o0.

Proof. Let R > 0. We denote

Ep = sup/ un?.
z€R? J B(z,R)

Up to a subsequence, we can assume that lime,, < ¢ — €. Then,

Vi(un) > / /|z_y|zR“”2($)“"2(y) log(1 + | — yl)dady

- //m—ySRuﬁ(x)uﬁ(y)dzdy] :
//lz—y|gR un® (z)un(y) = /]R2 un?(z) /B(%R) un2(y) < ¢ en,

Vi(un) >log(1+ R) ¢ [c —e,] > log(1+ R) ¢

>log(1+ R)

But

hence,

Do ™

for n large enough, which implies

lim V4 (uy,) > log(1+ R) ¢

Do ™

Letting R go to infinity, we get the result. O



As a consequence of Lemmal[2.3] we obtain,

Lemma 2.6. Let (u,,) be a sequence of S(c) such that (V1 (uy,)) is bounded.
Then there exists a subsequence of (u.,) which, up to translation, converges to u in L?(R?).
More precisely, for all k > 1, there exist ny — oo and xj, € R? such that uy, (- — xx) — u strongly in
L?(R?).

In addition if the sequence (uy,) consists of radial functions than necessarily the sequence (x1) C R?
is bounded.

Proof. Since (Vi (uy,)) is bounded, we deduce from Lemma 23] that for all ¥ > 1, there exist Ry > 0,
n, — oo and x, € R? such that
1
/ unkQ >c— —.
B(ax,Ri) k

Vg = Un,, (- + ).

Let us set

Since vi, € S(c), we may assume that, up to subsequence, v — v weakly in L?(R?). Moreover, since for
allk > 1, [go vE2 > fB(O Ri) VR > ¢ — %, then

lim ||vx |3 = c.

Hence, vy, — v strongly in L?(RR?).
Now if (uy,) is a sequence of radially symmetric functions we claim that necessarily (z) C R? is
bounded. Indeed by Lemma2.3 we can fix a R > 0 such that

. ,_ 3
lim sup U~ > —cC.
zeR? JB(z,R) 4

Then, using the definition of the supremum and the fact that each u,, is radial if we assume that (zy) is
unbounded we can find a ng € N where z,, satisfies |z,,| > R such that

/ Up? > 2c and / Up? >
B(ngR) 3 B(=2ny,R)

providing a contradiction. O

[SVR N )

¢,

Our next result establish, under general assumptions, a Pohozaev identity satisfies by the critical points
of F'. A previous, less general version was derived in [14, Lemma 2.4] and we make used of ingredients
introduced there in our proof. Note however that we do not make use of the exponential decay of the
solutions which is likely not available under our more general assumptions. As a consequence of this
Pohozaev identify any critical point u € X of F satisfies Q(u) = 0 and this property will proved crucial in
Lemmal[2.8]

Lemma 2.7. Any weak solution u € X to
(24) — Au+ du+y(log(] - | * |u|)u = aluP%u

where A € R, v € R and p > 2, satisfies the Pohozaev identity

3 @Pdssy [ [ tog(a = ylute) Pluty) Pdzdy

2 2 2 _ % Dy —
2.5) +7 (/]R ju(a) ?de) : /]R lu(z)Pda = 0.
As a consequence it satisfies Q(u) = 0 where Q is defined in (L.9).



Proof. Since u € X C H'(R?), standard elliptic regularity theory yields that u € W,”(R?) for every
p € [1,00) and that u € C?(R?). In [13, Proposition 2.3] it is proved that the function w : R? — R given
by w(z) = [g. log |z — ylu?(y) dy is of class C* on R? and satisfies

w(x) — HuH§10g|x| —0 as|z|] = oo.

Since u € X this implies in particular that wu? € L!(R?). For notational convenience, let us introduce the
functions )
S P )\
g(s) =als|P"?s — s and G(s) = / g(t)dt = alsl? _ As®
0 p 2
which belong to C'*(R), since p > 2. First, following [9] Proposition 1], we multiply the equation (2.4) by
x - Vu and integrate by parts to get a Pohozaev type identity on a ball B(0) := {z € R?||z| < R}. So
let R > 0. Since, for any function u € C?(R?) we have

2
Au(x - Vu) = div (Vu(x -Vu) — x@) on R?,
the divergence theorem gives
1 2 R 2
(2.6) —Au(z - Vu)de = —— |z - Vul*do + — |Vul*do.
Br(0) R Jopn(0) 2 JoBr(0)

Similarly, since g(u)(z - Vu) = div(zG(u)) — 2G(u) on R?, we have

2.7 g(u)(z - Vu)dr = —2/ G(u)dx + R/ G(u)do.
Br(0) Br(0) 0BRr(0)
Moreover, since wu(z - Vu) = %(div[mqu] —u?(z - Vw) — 2wu2), we have

R
(2.8) 7/ wu(z - Vu)de = —1/ u?(z - Vw)dr — 7/ wu?dr + L/ wu’do.
Br(0) 2 JBr(0) Br(0) 2 JoBr(o)

Thus, multiplying 2.4) by « - Vu and integrating on Br(0), we deduce from (2.6)-(2.8) that
2.9)
2

u?(x - Vw) 9 |z - Vul|? [Vu|?>  ~ywu
wiv: V) —2G(u))dz = - - do.
/BR(O) (’y 5 +ywu G(u)) x /E)BR(O) ( 7 +R< 5 T G(u))) o

Next, still following [9] Proposition 1], let us prove that the right hand side in (2.9) converges to zero for a
suitable sequence R,, — 00, i.€

V) ywu?
2 2

|z - Vu|?
x>

Rn/ |fldo — 0 for the function x +— f(x) — G(u)
dBR,, (0)

Actually it is a direct consequence of the observation that f € L!(IR?). Indeed, if there is no such sequence
(Ry,), it follows that

/ \fldo >
OBR(0)

o0 (e o) 1
/ |f|dx:/ dR/ |f|d02c/ — dR = 0.
R? 0 8BRr(0) Ro I

10

for R > Ry forsome constants ¢, Ry >0

=l e

and then



The fact that f € L*(IR?) follows directly using that u € H'(R?) which implies that |Vu|? and G(u) are
in L!(R?) and from the already observed property that wu? € L' (R?).
At this point we deduce from (2.9) that

2 .
(2.10) / (M +ywu? — 2G(u))d:c — lim R, | f|do = 0.
R2 2 n—oo dBRr,, (0)

Now using again that wu? and G(u) belong to L' (R?) we deduce from (2Z.10) that u?(z - Vw) € L'(R?).

A direct calculation now gives

2 —_ .
x - Vuw(z) = / Mu%y)dy, for = €R?,
Rz [T =yl

and thus

2
/ (x - Vw) dm—/ / i ny 2(x)u?(y)dy
R2 r2 JR2 T — Yl

2> + |y|> — 22y , 2 1 / 2. \?
2.11 — dy = - d .
@.11) +24L42 @)y 2<W“ z)

From 2.10) and Z.11) we deduce that (2.3) holds.
Now multiplying (2.4) by  and integrating we get that

[ 1vu@pds e [ P [ [ togtle - shiuto)Pfuty)Pdody

(2.12) :a/ |u(z)|Pdx
R2

Combining (Z.3) and 2.12) it follows that

/|Vu|2dz /|u |pd:c— :O
RQ

and thus, by definition, Q(u) = 0. O

Lemma 2.8. Let (u,,) C A(c) be a Palais-Smale sequence for F restricted to S(c) bounded in X. Then,
up to a subsequence, u, — u strongly in X. In particular v is a critical point of F restricted to S(c).

Proof. We claim that there exists a A € R such that (u,) is Palais-Smale sequence for the functional
F(u) 4 3||ul|2. Indeed since (u,) C X is bounded we know from [10, Lemma 3] (adapted from the unit
sphere to S(c)), that ||dF) , (un)|[x+ = 0n(1) is equivalent to ||dF (u,) — LAF (un) (un ) un| x+ = 0n(1).
Now letting

(2.13) An = —%dF(un)(un) - f% Alun) + 4V (un) — aC’(un)},

since (un,) C X is bounded we deduce that (A,,) C R is bounded. So, up to a subsequence, A, — A € Ras
n — oo and this proves the claim. At this point, using that (u,,) C X is bounded and dF'(u,,) + %un —0
in X* we shall deduce that (u,,) strongly converges in X to a u € X which will thus be a critical point of
F restricted to S(c).

Since (u,,) is bounded in X we can assume, passing to a subsequence if necessary, that u,, — u weakly
in X and, see Lemma[21\i), that u,, — u strongly in L*(IR?) for s € [2, 00). Next we observe that, since
forany ¢ € X,

(AF () + Juun)o = 0

11



we have that

A
dF(u)+§u:0 in X~

Namely « is solution to (2.4) and by Lemma 2.7] we deduce that Q(u) = 0. Now observe that, since
(un) C A(c), we have, using that Q(u) =0

—2 c —2 c
0= Q(un) = Alun) — a’ = Olu) + VT = Au) — apTC(u) + 77

Since C(uy,) — C(u) we then necessarily have A(u,,) — A(u). In particular u,, — u in H'(R?). Finally
we observe that, since A(u,,) — A(u) and u,, — u strongly in L*(R?) for s € [2, 00),

(2.14) o(1) = (F'(uy,) + %un)(un —u)

=o(1) + A(u,) — A(u) + %V’(un)(un —u) — a/}R2 [ | P 20 (U, — 1)

where
Vi () (un — w)| = |Ba(u,, wn (un — U))‘ < ||un||?§||un —ulls =0

as n — oo and
Vi (un) (un —u) = Bi(up, tn(un —u)) = Bi(up, (un —u)?) + Bi(us, u(uy —u))

with
Bi(u?, u(up, —u)) =0 as n— oo

by Lemma[2.3] Combining these estimates we obtain that
o(1) = o(1) + By (u2, (un — u)?),

which implies that By (u2, (u,, — u)?) — 0 as n — oo. Hence by Lemma2.2 |u,, — u|. — 0 asn — oo.
We conclude that ||u,, — u||x — 0 as n — oo as claimed. This ends the proof of the lemma. O

Finally, for future reference, note that using the Gagliardo-Nirenberg inequality

1 _ 1 1
(2.15) lullp < K&yl IVull3||ull;™" where 8 = 2(5 ; 1_7)

we obtain that
(2.16) C(u) = ||ullh < Koy A(u)® ' c.

Also by (2.2) in [I13]
[Va(u)| < C’o||“||§/3

and using (Z.I3) with p = § we get that for some best constant K > 0, for all u € H,

2.17) Va(u)| < K /Au) c2.



3 Thecasey >0

Throughout this section we assume that v > 0.

Lemma 3.1. Assume that v > 0 and let (uy,) C S(c) be a bounded sequence in H such that F(u,) < d
for some d € R. Then there exists a sequence (x,) C R? such that 1i,, = u,(- — z,,) has a subsequence
converging weakly in X.

Ifin addition (u,) C S(c) consists in radially symmetric functions, the sequence (x,,) C R? is bounded.

Proof. Since A(uy,) is bounded, hence Va(u,,) and ||uy,||b are also bounded by 2.17) and 2.16). Now
since F'(uy,) is bounded, then V; (u,,) also. We then deduce by Lemma 2.6l the existence of (z,,) C R2,
which is bounded if (u,,) C S(c) consists in radially symmetric functions, such that, if we denote

Up = un( - xn)v

then, up to a subsequence,
- L*(R?)
Uy — U.
Now, by Lemma[22] since V; () = V1 (uy,) is bounded and 1,, — u # 0 in L?(IR?), we deduce that |u, |
is bounded, so (u,,) is bounded in X. Since X is a Hilbert space, then, up to subsequence, we may assume
that u,, — u. O

Lemma 3.2. Assume that vy > 0 and let (u,) C S(c) be such that uy, X w. Then F(u) < lim F(uy). If
moreover F(u,) — F(u) then uy, ue S(e).

Proof. Since X is compactly embedded in L*(R?) for all x € [2, 00), see Lemma [2.11i), we deduce that
u € S(c), C(u,) — C(u) and by the continuity of V5 on L3 (R2), see Lemma [ZI\iii), that Vs (u,) —
Va(u). The fact that

then follows from the weak lower semicontinuity of u — V; (u) on H (and thus on X), see Lemma2.1{iv),
and of u — A(u) on H.
Now assume that F'(u,,) — F'(u). We shall see that A(u,,) — A(w) and V3 (u,,) — Vi(u), which in

particular implies that w,, — wu strongly in H and then, by Lemma[2.4] that w., X Indeed, considering
F(uy) — F(u), we get

G.1) 2 [AGun) = A+ 3 Va(un) = Viw)] = o(1).

Hence, taking the liminf, we get
1
5 llim A(u,) = A(w)] + 7 [lm Vi (un) = Vi (u)] < 0.

Using the lower semicontinuity of A (resp. V;) with respect to the weak H® (resp. X) convergence, we
then deduce that
lim A(u,) = A(u) and  lim Vi (u,) = Vi(u).

Taking the limsup in (3.1), we get the desired result. O



3.1 Proof of Theorem L1l
This subsection is mainly devoted to the proof of Theorem[I.1l We start with the following lemma.

Lemma 3.3. Under the assumption of Theorem[1.1l m = é?f)F > —00.

Proof. Firstcase: a < 0andp > 2.
Then, since V] > 0 and a < 0, we have for all u € X, using @.17)

3.2) F(u) >

N | —

A(u) = $Va(u) >

whence the result.
Second case: a > 0 and p < 4.
Then, for all u € X, we have, using 2.17) and 2.16)

(3.3) F(u) =

N~

Au) — %K VA ¢ — %KGN Aw): e,

whence the result since £ — 1 < 1.

Third case: a > 0,p=4and c <

a GN.
From (3.3) we get that
1 E
Flu) < (5 - %KGNC)A(U) - ZK VA@) ¢t
and the result follows here also. O

As a consequence of Lemma[3.3]and of the convergence results of Section2lwe can now give

Proof of Theorem[L.1] By Lemma[3.3]we know that m > —oo. Now let (u,,) be a minimizing sequence for
(L6). Since (F(uy,)) is bounded from above we deduce from (3.2) or (3.3), that (u,,) is bounded in H. Thus
we deduce from Lemma 3.1l the existence of (z,,) C R? such that, if we denote i,, = u,(- — ), then, up
to a subsequence, we may assume that u,, — u. Moreover, recording that the embedding X C L?(R?) is
compact, we have that u € S(c). At this point, since F' is invariant by translation, we deduce from Lemma
B2l that F(u) = m and that 4, — uin X. O

We end this section by observing that setting
S = {ue S(c), Flu) =m},

and for any R > 0,
Y(R)=XNBx(0,R)
we have

Lemma 3.4. There exists R > 0 such that ¥ = R? x X(R).

Proof. We argue by contradiction. Assume that forall n > 1, there exists u,, € ¥ such that u,, ¢ RZx%(n).
Reasoning as in the proof of Theorem[[.Tlwe deduce that there exists a sequence (z,,) of R? such that

Up = Un(- — Tp)

has a subsequence bounded in X . But by hypothesis, u;,, ¢ X(n) so ||ty || x > n, which is a contradiction.
O



3.2 Existence of a local minima on S(c).

In this subsection we always assume that a > 0, p > 4. We also set

ko =

(p—2) v¢
(p—4) 4

Lemma 3.5. Assume thaty > 0,a > 0andp > 4. If Q(u) < 0 and A(u) = ko, then ¢ > cg, where ¢
depends on p, a and vy by the following formula :

-9 1 1 |77

p
Co = 2 D p—4
(p—2)z Kaenay™s

As a consequence, if Q(u) < 0 and ¢ < ¢y, then A(u) # ko.

Proof. Since Q(u) < 0, we have

_ 2
Alu) < app 2C(u) + %

and by Gagliardo-Nirenberg inequality (2.13), since A(u) = ko, we deduce

p—2
p—2 yc? p—2 p—2yc2] % v c?
L K Ie Al
p—4 a4 -9 GNL;—44 ct
then L
2 4 p—2 p—2]1"7 7
T4T§a KGN|: _4 2p—26p R
p p p
SO .
A N 174 < 3
(p—2)7 Kenay™=
whence the result. O
Now we set
Ak, ={u € X, A(u) < ko}
and we define
(3.4 m; = inf F.

S(c)NAg,

Theorem 3.6. Let v > 0, a > 0 and p > 4. Assume that ¢ < cg, then any minimizing sequence for m;
defined in (B4) has, up to translations, a subsequence converging strongly in X. In particular the infimum
is achieved. Also any minimizer of (3.4) is a critical point of F on S(c).

Proof. Let (u,,) be a minimizing sequence for (3.4). Reasoning exactly as in the proof of Theorem[L.1] we
see that there exists a sequence of (z,) C R2 such that, 4, = un (- — ), converges strongly towards a
u € X. Obviously u € Ay, and F(u) = m;. Thus to end the proof it just remains to show that u satisfies
A(u) < ko.

Let us assume by contradiction that A(u) = ko. Then we see directly from Lemma[3.3] that necessarily
Q(u) > 0. But then we consider u' with g < 1 close to 1. Recording (L7) and (L8) it follows that
u'® € Ay, and F(u') < F(u) providing a contradiction. This ends the proof. O



3.3 Proof of Theorem 1.2,

In this subsection we start to be interested in the multiplicity of solutions. We shall always assume that
a > 0and p > 4. For any u € S(c) we denote g, : (0,00) — X the function defined by

t2 2 tp—2
9u(t) = F(u) = S A(w) + FV(u) - T logt — =

C(u)

where u®(z) = tu(tx) for all z € R2. Clearly g, is C? on (0, c0) and we obviously have
Ae) :={u € S(c) | Q(u) = 0} = {u € S(c) | g, (1) = 0O}.
Lemma 3.7. For any u € S(c), a value s € R is critical for g,,(t) if and only if u® € A(c).

Proof. Fix u € S(c). We have

0 = 1 (4w - 1 - LB ow),

Therefore s > 0 is a critical value for g, if and only if

which means

namely g,,. (1) = 0 and thus u® € A(c). O
Now we prove the following lemmas.

Lemma 3.8. If ¢ < cg, then A(c) is a submanifold of codimension 2 of X and a submanifold of codimension
1in S(e).

Proof. By definition, v € A(c) if and only if G(u) := ||u||3 — ¢ = 0 and Q(u) = 0. It is easy to check that
G, Q are of C'! class. Hence we only have to prove that for any u € A(c),

(dG(u),dQ(u)) : X — R? is surjective.

If this failed, we would have that dG(u) and dQ(u) are linearly dependent, which implies that there exists
a v € R such that for any ¢ € X,

2/ Vu~V<pdz—a(p72)/ |u|p72u<pdz:2y/ up dx,
RN RN RN

namely that u solves

—Au — a¥|u|p72u = vu.
At this point from Lemma2.7] we deduce that
_a(p—2)°

A(u) 5

C(u)
and then, since Q(u) = 0 we obtain that A(u) = ko which contradicts Lemma[3.3] O

16



Lemma 3.9. Let u € S(c) such that Q(u) = 0 and 4 ‘t:l Q(u') = 0. Then A(u) = ko.

Proof. First, a simple computation shows that

d (»—2)?
— Qu') = 24(u) — a~—2 C(u).
G|, QN =24 — a2 o)
So by hypothesis,
p—2 2
i =—— Au
— C() = —= A(w)
But we also know that Q(u) = A(u) — a ijQ C(u) — v % =0, so

i.e. A(u) = k/’o.

Let us denote
AT(e) ={ue S(c) | g, (1) =0, g;/(1) > 0}.
A7 () ={u € S(c) [ g,(1) =0, g,,(1) <O}
A%(c) = {u € S(c) | g,(1) =0, g;(1) = 0}.
Observe that A°(c) = () when ¢ < ¢ by Lemmas[3.3]and 3.9

Lemma 3.10. Let ¢ < ¢g. For any u € S(c), there exists

1. aunique s > 0 such that u® i At (c). Such st is a strict local minimum point for g,,.

2. aunique s,; > 0 such that u®« € A~ (c). Such s, is a strict local maximum point for g,,.
Proof. Fix u € S(c) with ¢ < ¢o. Let t* = [a(;pg;g(u)} 1/(p_4), which means

204w = L2 p-20(w)
namely
2A(u’") = a(pp2)20<ut*>

It follows that
(3.5) 2A(ut) > a(p; 2)20(uf), Vo<t<t
and
(3.6) 24(ut) < “P= 2)20(ut), Yt >t

9, (t) = %(A(ut) - % — a%C(ut))
> a0 -3¢ - ) = (G- )



Now we prove that if ¢ < ¢y, then

7¢* (p—2)
4 (p—4)

In fact, taking into account the Gagliardo-Nirenberg inequality, we have

(3.8) At > = ko.

v

\%
Q
M)
—
o
N
k=
—

3.9) 2 (c =9 [

since

pp=4"= 1 1 } 7
(p72)P/2 KGN a/ypT% '
It follows that there exists § > 0 such that for any ¢t € (t* — ¢, t*)

c<00:2[

A(ut) > ko.

By (B7) we infer that for any ¢ € (t* — §,t*), ¢,,(t) > 0 and thus g, (¢) is increasing in (t* — 4, t*).
Taking into account that the function g, (t) — +oo as t — 01 and g,(t) — —oo as t — +o0, we

conclude that there exists at least a critical point s;7 < ¢* which is a local minimum point of g,, and a

critical point s;; > ¢* which is a local maximum point of g,. We first consider s;; > 0. Since s, > t*,

from (B.6]) we derive that

—92)2
(3.10) (s )2A(u) — a%(s;)p_QC(u) <.
Moreover from (3.10) and the fact that g/,(s;; ) = 0, we derive that

Jl(s0) = = (@) + 25— (@203 0y

(su)? 4 p
(3.11) = (;)2 (2(s7)%A(u) — a@(sqnp—QC(u)) < 0.

Therefore s;, is a strict maximum point for g,, and u®« € A~ (c).

We have to show that s, is unique. By contradiction we assume that there exists z,, > 0 an other critical
point of g,, which is a local maximum point.

Firstly we observe that if 0 < z,, < ¢*, then from g/,(z,,) = 0 and (3.3)) it results

_9)2
(3.12) gn(zy) = i(QZiA(u) - a(me,ZPQC(u)) >0

2 u
Zu
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which is a contradiction. This implies that z,, > ¢* and thus arguing as before we have ¢/ (z,) < 0 namely
u* € A~ (c). We derive the existence of an other critical point #,, > ¢*, which is a local minima for g,,.
Taking into account (3.6]), we again deduce g/!(6,,) < 0, which is a contradiction. Therefore the point s,, is
unique.

Now a direct adaptation of the argument used for s;; > 0 leads to conclude that s} > 0 is the unique
local minimum point for g,,. O

Lemma 3.11. Let ¢ < co. The maps u € S(c) = s,+ € Randu € S(c) + s,- € Rare of class C*.

Proof. It is a direct application of the Implicit Function Theorem on the C! function ¥ : R x S(c) —
R, defined by ¥(s,u) = g (s), taking into account that ¥ (s, u) = 0, ;¥ (st,u) = ¢/(s}) > 0,
sV (st u) = g’(s;) < 0and A%(c) = 0. O
Lemma 3.12. F restricted to A(c) is coercive on H and bounded from below by a positive constant.
Proof. Firstly we observe that if u € A(c), then
(3.13) Ou) = —2— [A(u) - 7—02}
a(p —2) 4

Taking into account that yV; (u) > 0 and @.17), we get that

P 2 34 - 255 At - L a0 - 2] 2 [§ -~ aw - 25 aw)!
Since p > 4, this concludes the proof. O

In view of Lemma[3.12) we can define

T(¢):= inf F(u) and “(¢) == Inf F(u).
(@) = inf Flu) and 9(0)i= inf F(u)

Aiming to prove Theorem[L.2we shall establish the existence of a Palais-Smale sequence (u,,) C AT (c)
(respectively (u,,) C A~ (c)) for F restricted to S(c). Our arguments are inspired from [3].
We start by recalling the following definition [15, Definition 3.1].

Definition 3.13. Let B be a closed subset of a metric space Y. We say that a class G of compact subsets of
Y is a homotopy stable family with closed boundary B provided

1. every set in G contains B;

2. forany A € G and any n € C([0,1] x YY) satisfying n(¢,xz) = « for all (¢t,z) € ({0} xY) U
([0,1] x B), we have n({1} x A) € G.

We explicitly observe that B = & is admissible. Now we define the two functionals

+

IT:8(c) =R by IT(u)=F(u™)
and
I7:S5(c)—R by I (u)=F(u).

Note that since the maps u + s,,+ and u — s,,— are of class C, see Lemma[3.11] the functionals I and
I~ are of class C.

Lemma 3.14. The maps T,,5(c) — T .+ S(c) defined by i — Ve and TuS(c) = T .- S(c) defined by

) — Y5 are isomorphisms.



Proof. We give a proof of the first statement and to shorten the notation we set s = s} and u* = u® +. For
¥ € T,,S(c) we have

/}RQ ()0 (@) dr /R su(se)sv(sz) de = /R ()b (y) dy = 0.

As a consequence, ¥* € T,:S5(c) and the map is well defined. Clearly it is linear and the rest of the proof
is standard, see for example [5, Lemma 3.6]. O

Lemma 3.15. We have that dI't (u)[¢)] = dF(u)[*e] and dI~(u)[ip)] = dF (ue)[@®] for any u €
S(c) and ¢ € T, S(c).
Proof. We give the proof for I, we set here s, = s} and )%« = 1/15I . Our proofis inspired by [4, Lemma
3.2]. Lety € T,S(c). Then ¢ = 4/(0) where v : (—¢,¢) — S(c) is a C-curve with y(0) = u. We
consider the incremental quotient
(3.14) I"(y(t) = I*(v(0)) _ F(y(®)™) = F(x(0)*)

) t ¢

where s; 1= s,(y) (notice that sg = s,,). Recalling that s; is a strict local minimum of s — F(u®) and using
that u — s is continuous, see Lemma[3.11] we get for |¢| small

2

F(y(t)") = FO(0)*) = F((t)") = F((0)™) = 2 [A((1) = A((0)]
ol ast

VOO = Vo) - F=[0Gw) - ¢ 0)]
=5t [ Vant) -9y (mtyeda [ [ dogle — ylr(rat) @ () )y () o) didy.
R2 RrR2 JR2

—as}? / Y (r3t) P2 (r5t)y ()t dae
]RQ

for some 71, 72, 73 € (0, 1). Analogously
F(y(t)*) = F(7(0)*) < F(y(t)*) — F(v(0)*) = s /R Vy(rat) - VY (rat)t da
[ tosle = sla (st 2@ ()7 (750 )

*‘15872/ Iy (76t)|P~ 2~ (76t)y (Tot)t da
R‘Z

for some 74, 75, Tg € (0 1). Now from (3.14) we deduce that
I+ —
tl% O ®)) " / Vu - Vz/Jd:c—i—v/ / log |z — ylu®(z)u(y)w(y) dedy
“ast [ fula) P o)) do
R2
= [ V@)V oty / | ozl sl @y ()% () dady

ytog(en) [ [ @it dady —a [ | ju @ et @) @) da
= DF()[*] +7log(s.) / J@)ds [ uty)wl) dy = DF(u [
for every u € S(c) and ¢ € T,,5(c). O
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In our next lemma I+ denotes either It or I~ and accordingly A*(c) denotes A*(c) (or A~ (c)) and
sy = s (or s, = s3,).

Lemma 3.16. Let G be a homotopy stable family of compact subsets of S(c) with closed boundary B and
let
£ ._ +
eg = Xéfg %16&21([ (u).
Suppose that B is contained in a connected component of A* (c) and that max{sup I*(B),0} < eg < o0.
Then there exists a Palais-Smale sequence (u,,) C A*(c) for F restricted to S(c) at level eé.

Proof. Take (D,) C G such that maxyep, I*(u) < eg + £ and
n:10,1] x S(c) = S(c), n(t,u) = ut =i,

Since s, = 1 forany u € A*(c),and B C A*(c), we have n(t,u) = u for (t,u) € ({0} x S(c))u([0, 1] x
B). Observe also that 7) is continuous. Then, using the definition of G, we have

Ap :=n({1} x D) ={u’: ve D,} €G.
Also notice that A,, C A*(c) foralln € N. Letv € A, ie. v = u®s for some u € D,, and I (u) =
I*(v). Somax,, I* = maxp, I* and therefore (A,) C A*(c) is another minimizing sequence of 3.
Using the minimax principle [15, Theorem 3.2], we obtain a Palais-Smale sequence (i,,) for I* on S(c) at

level eg such that distx (i, A,) — 0 as n — oo. Now writing s,, = sz, to shorten the notations, we set
up = uin € A*(c). We claim that there exists C' > 0 such that,

(3.15) —<s<C
for n € N large enough. Indeed, notice first that

(3.16) s2 =

Since by definition we have F'(u,,) = I* (ii,) — eg, we deduce from Lemma[3.12] that there exists M > 0
such that

(3.17) % < A(un) < M.

On the other hand, since (A4,,) C A*(c), is a minimizing sequence for eg and F is H coercive on A*(c),
we deduce that (A,,) is uniformly bounded in H and thus from dist x (4, A,) — 0 as n — oo, it implies
that sup,, A(@,) < oco. Also, since A,, is compact for every n € N, there exists a v,, € A,, such that
distx (ln, Ap) = ||vn — Un||x and, using once again Lemma[3.12] we also deduce that, fora é > 0,

A(ty) > A(vy) — Ay, — vy) > =.
This proves the claim.
Next, we show that (u,,) C AT (c) is a Palais-Smale sequence for F' on S(c) at level eg. Denoting by
[I.]l« the dual norm of (7, S(c))*, we have
ldF@ale = sw jdF@)l = sw dFG) ()]

Y€Tu, S(e), [¥lI<1 Y€Tu, S(e), [¥lI<1
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From Lemma[3. 14 we know that 75, S(c) — T, S(c) defined by ¢ — * is an isomorphism. Also, from
Lemma[3.15 we have that dI* (1, )[¢p~*"] = dF (u,)[(x»~%")*]. It follows that

(3.18) JdF @l = sup Al
Y€Tu, S(c), [I¥]I<1

At this point it is easily seen from (3.I3) that (increasing C' if necessary) ||y~ || < C||¢|| < C and we
deduce from (3.I8) that (u,,) C A*(c) is a Palais-Smale sequence for F on S(c) at level eg. O

Lemma 3.17. There exists a Palais-Smale sequence (u,) C A*(c) for F restricted to S(c) at the level
vt (c) and a Palais-Smale (u,,) C A~ (c) for F restricted to S(c) at the level v~ (c).

Proof. Let us assume that (u,) C A (c), the other case can be treated similarly. We use Lemma [3.16
taking the set G of all singletons belonging to S(c) and B = &. It is clearly a homotopy stable family of
compact subsets of S(c) (without boundary). Since

ef 1= inf max I (u) = inf I*(u) =7*(0)

the lemma follows directly from Lemma[3.16 O
Now we are ready to give

Proof of Theorem[L2] We give the proof for u™, the one for v~ is almost identical. Let (u,) C AT (c) be
a Palais-Smale sequence for F' restricted to S(c) at level y*(c) whose existence is insured by Lemma[3.17
By Lemma[3.12 we know that (u,,) is bounded in H. Also since the functional F' is translational invariant,
in view of Lemma[3.1]it is not restrictive to assume that (u,,) C AT (c) is bounded in X. At this point we
conclude using Lemma[2.8] O

3.4 Proof of Theorem

We are now interested in the existence of infinitely many solutions lying on A*(c) and A~ (c). For this
we shall work in the subspace X,.,q of X consisting of radially symmetric functions. We set A,qq4(c) =
A(C) N Xrad.

We denote by 0 : X — X the transformation o(u) = —u. The following definition is [13, Definition
7.1].

Definition 3.18. Let B be a closed subset of a metric space Y. We say that a class G of compact subsets of
Y is a o-homotopy stable family with closed boundary B if

1. every setin G is o-invariant.
2. every set in G contains B;

3. forany A € G and any n € C([0,1] x Y,Y) satisfying, for all ¢t € [0,1], n(t,u) = n(t, o(u)),
n(t,x) = forall (¢t,z) € ({0} x Y)U ([0,1] x B), we have n({1} x A) € G.

Lemma 3.19. Let F be a o-homotopy stable family of compact subsets of A;ta 4(¢) with a close boundary

B. Let cr := inf gc r maxy,ca F(u). Suppose that B is contained in a connected component of Afad(c)
and that max{sup F(B),0} < cr < cc. Then there exists a Palais-Smale sequence (u,,) C AE, ,(c) for F
restricted to S(c) at level cr.

Proof. We are only sketchy here and refer to [S]] for the proofs of closely related results. The proof of
Lemma[3.T9first relies on an equivariant version of Lemma[3.16, whose proof is almost identical to the one
of Lemma[3.16] Then the lemma follows just as [5, Theorem 3.2] follows from (3, Proposition 3.9]. O
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Remark 3.20. Lemma [3.19] establishes that, if the assumptions of the equivariant minimax principle [13]
Theorem 7.2] are satisfied by the functional F’ constrained to A* (c), then we can find a “free" Palais-Smale
sequence for F' on S(c) made of elements of A*(c).

Now let H := AT (c) N Xyqq (or H := A~ (¢) N X,.q4q) and recall, in this notation, the definition of the
genus of a set due to M.A. Krasnosel’skii.

Definition 3.21. Let 4 be a family of sets A C H such that A is closed and symmetric (u € A if and only
if —u € A). Forevery A € A, the genus of A is defined by

v(A) :=min{n e N:J ¢ : A — R"\{0}, ¢ is continuous and odd}.
When there is no ¢ as described above, we set y(A) = oco.

Let A be the family of compact and symmetric sets A C H. For any k € NT, define
Iy :={Aec Ay :v(A) >k}

and

= inf F(u).
fui= jof, 2 )

Lemma 3.22. Let ¢ < co. Forany k € N*, Iy # 0 and T} # 0.

Proof. We give the proof for I'}". Let V' C X4 be such that dim V' = k. We set SV (c) := V' N S(c). By
the basic property of the genus, see [3, Theorem 10.5], we have that v(SV(¢)) = dimV' = k. In view of
Lemma [3.10] for any u € SV (c) there exists unique s, > 0 such that usn € AT(c). It is easy to check
that the mapping ¢ : SV (¢) — A(c) defined by ¢(u) = u*+ is continuous and odd. Then [3, Lemma 10.4]
leads to v(p(SV (¢))) > v(SV(c)) = k and this shows that ', # (. O

Proof of Theorem[1.3] We give the proof for A™(c), the case of A~ (c) is identical. Consider the minimax
level 3. From Lemmal[3.22] we know that each of the classes I'y, is non empty and thus to each of them we
can apply Lemma[3.19 to obtain the existence of Palais-Smale sequences (uf) C A¥ (c) for F restricted
to S(c) at the levels ;. Since u¥ is radial we know from Lemmas[2.6land Lemma[.lthat (u*) C X4 is
bounded in X. At this point we conclude using Lemma[2.§] that (u¥ ),, converges to a u* which is a critical
point of F' on S(c). Now to show that if two (or more) values of 3y coincide, than F' has infinitely many
critical points at level ¢y, one can either proceed in the usual way, or adapt [|5, Lemma 6.4] to the present
setting. O

4 Thecasey <0

In this section, for convenience, we change v into —+ and thus we write

Flu) = %A(u) OE % C(u)

with v > 0. With this change note that the function g,, : (0,00) — X becomes

t2 o ~ve? a ., _
= [ _ Rl _ 2 p-2
gu(t) = F(u") 5 Au) 1 Viu) + 1 logt ’ tP=2C(u).

Obviously we still have that g,, is C? on (0, 00) and

@.1) g.(t) = %(tQA(u) + % - Mtff’*?@(u)).



Firstly, we notice that if a < 0 and p > 2, for each u € S(c) the fiber map g,,(t) := F(u') is strictly
increasing and so we can immediately derive Theorem(I.4l
Also note that

Ale) ={u € S(c) | Q(u) = 0} = {u € 5(c) | g, (1) = 0}.

For future reference observe that defining
4.2) = [

we have that

“3) DAty = 22 . 2% outt
Furthermore notice that

(4.4) 24(ut) < L2 ; 2)2C(ut), VO<t<tl
and

4.5) 2A(u") > ‘L(pr)QC(ut), Vit > th.

In what follows we always assume that @ > 0 and p < 4. The following quantities will play a crucial
role in this section,

1 1
Kl = 4—p Z; 4—p °
25" Kan 230(p ~2)8 (4 p) 7"
and )
Ky=27%" K, = P —-

Kan 23-p(p—2)8(4—p) ="
4.1 Properties of A(c)
Lemma 4.1. Assume that v < 0 and p < 4. Then
A)#0 ifandonlyif a > Kw%pcgfp.

Proof. Letu € S(c) and ¢ > 0. Defining

_9 2
6u(0) = Q') = Awe* — LB o2+ 1
we have g/, (t) = $¢,(t). Thus the function ¢,, achieves its minimum at ¢;; given in (4.2) and
-1 COu)? 1/@-p) ,
N=— - Ki| /(4=p)
(4.6) dults”) =7 — K [A(U)H} a

(p—2)P/4P) (4 — p)
p2/(4=p)2(p=2)/(4=p)

where K| = . By Gagliardo-Nirenberg inequality (Z.13), we have

C(u)?

2 2
A2 = one
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which leads to )

C ~
inf >y— — K4[K, 2/(4=p)
uérsl'(c) Q(U) =7 4 1[ GN @ C]

Hence if a < K17 = ¢3~P, then infg(c) @(u) > 0, and so A(c) = (. Now, since the best constant in the
Gagliardo-Nirenberg inequality is reached, say by @ € S(c), we also have that

2
. _ & = —_
inf Qu)=Q(a) =~v— —Kl[KGNac]Q/(4 p),
ueS(c) 4

Thus if a > K177 2" ¢~P, then

inf <0
and since lim;_, oo ¢, (t) = —+o00, we deduce by continuity that A(c) # 0. If a = Klfy%p 7P, then
Q(u) = 0andso A(c) # 0. O

Lemma 4.2. Assume that v < 0 and p < 4. Then if
i—p 3
4.7 a>Kyvy 2 7P,

we have that i?f) F = —o0.

Proof. Our proof borrows ideas from [8]]. First observe that if « € S(c) is such that Q(u) < 0 then since
Q(u') — +oo as t — oo there exists a t > 1 such that Q(u') = 0 and F(u') < F(u). So we only
need to prove that there exists a sequence (u,) C S(c) with Q(u,) < 0 and F(uy,) — —o0 as n — <.
Let ¢ > 0 satisfies (4.7) and assume first that p > 3. Then there exists a ¢; > 0 such that ¢ > ¢; and
{ueSd):Qu) <0} #D0ford > ci. Wesetn =c—c; > 0and take u € C§°(R?), u > 0 with
||u|[3 = ¢— ¥ and Q(u) < 0. We also choose a v € C§°(R?), v > 0 with |[v[|3 = Z. We now consider the

sequence
un(x) =u(r) + %v(%(x - nR)) = u(r) + v (x)

where R > 0 is choosen sufficiently large so that the supports of v and v,, are disjoints. Clearly

Qu,) = A(u+vn)—ap_20(u+vn)+77c2
= A(U)_app C( )+L+A(Un)—a ’ C(Un)
2
— A(u)—ap;QC(u)—i—%<07

since A(vy,) — 0and C(v,) — 0 as n — oco. Also we easily observe that, because the functions u and
v, are non negative, that V3 (u,) > Vi(v,) and that V4 (v,) — 400 as n — oo. We then deduce that
F(uy) — —oo proving the lemma in the case p > 3.

Now if we assume that p < 3 there exists a c; > 0 (¢c; = +oo if p = 3) such that ¢ < ¢y and
{u€ S(d):Q(u) < 0} # 0 for d < c; We then modify the previous proof by taking u € C§°(R?), u > 0
with ||u||3 = § and Q(u) < 0 and consider instead the sequence

1,1
n(z) = ~u(=(z — nR)).
By similar arguments we obtain Q(u,) — Q(u) < 0 and F'(uy,) — —oo as n — 0. O
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Lemma 4.3. Assume that v < 0, a > 0 and p < 4. Then,
1. F restricted to A(c) is bounded from above.

2. Forany my € R, there exists a ma € R such that, for all uw € A(c), A(u) < mg and Vi (u) < mqy if
F(u) > ms.

Proof. Letu € A(c). From

__ b e
4.8) 0w = ot [A(u) + 2 }
and yV1(u) > 0, we deduce
1 ye3/2 1 1 ~c? (4-p) yc3/? 1
<= i DAy QU S 2 RAa. 2
F(u) < 5 A(@w) + A - = [Aw) + y E 23 A + T A
Since 2 < p < 4, both points follow. |

The following three lemmas give information on the geometric structure of A(c).

Lemma 4.4. Assume thaty <0, a > 0andp < 4. If Q(u) < 0 (resp. Q(u) < 0) and A(u) = ko then
a> Ky 74% AP (resp. a> Ky 74% cs_p)

Proof. Since Q(u) < 0, we have
p—2 'ch
A < C -
() < =0 -5

Then, by Gagliardo-Nirenberg and since A(u) = ko, we get

p—29¢ _ p-2 p—2qc] 7 e
- L S a N |———— c— —
4—p 4 P 4—p 4 4
-2 2 1 2 —2)% p
F +4£:_ 1 < Ry —P =2 232 po1
4 — 4 4—p 2 p(4 —p)iz 202
')/4513 3—p 1 — p E S a
Kon (4—-p) 77 23r(p—2)%
K> 74;21) AP < a,
whence the result. O

Lemma 4.5. Assume thaty < 0, a > 0 and p < 4. Let u € S(c) such that Q(u) = 0 and 4 ‘t:l Qul) =
0. Then A(u) = ko.

Proof. First, a simple computation shows that

d (p —2)?
— Q) =2A(u) — a~—="C
G| w)=240) a2
So by hypothesis,
p—2 2
a u)=—— A(u
2 cu) = 2 Aw)
But we also know that Q(u) = A(u) — a 222 C'(u) + ~ % =0, so
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4.2 Proof of Theorem

In order to prove Theorem[4.7] we first establish the following lemma.

Lemma 4.6. Assume that v < 0 and p < 4. Then if K3 74;21) A P<a< K 74;21) 3P, M :=sup Fis
Ale)
achieved on A(c).

Proof. From Lemma 3] we already know that M < oo and that for any maximizing sequence (u,) C
A(e), (A(uy,)) is bounded. Clearly also (V;(uy,)) is bounded. Hence, using previous arguments we may
assume that, up to a subsequence and translations, (u,) is bounded in X and that, for some u € S(c),

u, Jues (¢) and uy, X . In addition we have that Va(un) — Va(u). At this point it is convenient to
introduce the functional
4—p ol c?
—— Alu) — -V(u) =y —.
e R )
which coincide with F' on the set A(c). Since A (resp. V1) is lowersemicontinuous for the weak convergence
on H (resp. X) and since G is invariant by translation, we deduce that M < G(u).

Similarly, C'is continuous for the weak convergence in X and A is lower semicontinuous for the weak
convergence in H, hence Q(u) < 0. To conclude we just need to show that Q(u) = 0. Observe that by a
direct calculation, for any ¢ > 0,

4.9) G(u) = —

4—p ye? v
t = - A 2 —1 —_ —
G(u") =2 (u) t* + 1 ogt 4V(u),
and thus
d 4—p vt 1
4.1 Loty =— A ez
(4.10) dtG(u ) ) (u) t+ 13

Note that v := 4 ‘t:l G(u?) = 01is equivalent to A(u) = ko. Since Q(u) < 0 we thus know from Lemma
E.4that v # 0. We shall now prove that neither v < 0 nor v > 0 is possible if Q(u) < 0 and it will end the
proof.

2

c
First assume that v < 0. Since Q(u') — FYT > 0 as t — 0, assuming that Q(u) < 0, there exists a

to < 1 such that Q(u'?) = 0 and Q(u') < 0if t € [to, 1]. Thus, again by Lemma 4] we deduce that
4 G(ut) < 0fort € [to, 1] and consequently G(u'®) = F(u*0) > M in contradiction with the definition
of M. Assume now that v > 0. Since Q(u') — +oc as t — oo there exists a t; > 1 such that Q(u') = 0
and Q(u') < 0if ¢ € [1,¢1]. Thus, again by Lemma4] we deduce that 4 G(u') > 0 for t € [1,¢1] which
lead to the same contradiction. (]

At this point we are ready to give

Theorem 4.7. Assume v < 0, p < 4 and
K4 74% AP <a< Ky 74% AP,
Then supy . F'(u) < oo and it is achieved by a critical point of F restricted to S(c).

Proof. We shall see in Lemmald. T3] that, under the assumptions of the theorem, A(c) is a submanifold of X
of codimension 2. By Lemmal4.6 we know that there exists u € A(c) such that

F(u) = max F.
A(e)
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Since u is a maximizer of F' on A(c), hence a critical point, there exist two Lagrange multipliers A, u such
that

@.11) AF(u) = A (u, ) + 1 dQ(u).
Our aim is to show that u = 0. Observe that (£.11)) can be rewritten as
(4.12) — (1 —=2p)Au —y(log| - | * [ul*)u — A = a(1 — p(p — 2))|[ulP~u

and thus from Lemmal[2.7] we obtain that

(p—2)(1 — plp — 2))C(u) ye?
P

Now using that Q(u) = 0 we obtain from (.13) that

(4.13) (1-2u)A(u) —a

2

-2
(4.14) pTu(4 —p)C) = .

If 1 = 0 we are done, so we assume that p # 0. We then deduce that
2
p e
(4.15) Clu)= —————
alp—2)(4—p) 2

and inserting (.13)) into Q(u) = 0 we deduce that A(u) = kq. This contradiction proves that y = 0 namely
that u is a critical point of F restricted to S(c). O

Remark 4.8. 'We also would like to express the sufficient conditions given in Theorem[4.7lin term of ¢ > 0
since an interesting phenomenon then occurs. Actually, there is a strong qualitative change depending on
the position of p with respect to the, thus critical, exponent 3. In particular, our result says that F|g ) has
no critical point

e ifc > Oislargefor2 < p < 3.
e if ¢ > Oissmall for3 < p < 4.
o ifa < K, 74%} but without conditionon ¢ > 0 if p = 3.

In the following table, we express the sufficient conditions given by Theoremd.7]in term of c.

Nonexistence Existence i, t=1,2

T
1 a3—p

2<p<3 c>c ca<c<c

_1 4—p
K;3—P ~2(8-p)

I—p I—p I—p
p=3 a< Kiv=z | Kivz? <a<Koyz

3<p<4 c< e c1 <c<ey Kim”%

4.3 Proof of Theorem

Considering a sequence (u,,) C S(c) such that C'(u,) = 1 and A(u,,) — oo, we deduce from (&.6) that for
any a > 0 and ¢ > 0 there always exists a u € S(c) such that u® ¢ A(c) for any s > 0. For this reason we
shall localized our search of critical points into the subset of S(c) given by

V={uecS(c)| (t:)*A(u) > ko}.

The following result gives an alternative characterization of V' and some first properties.
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Lemma 4.9. Assume that v < 0, a > 0.and p < 4. We have
1. u €V < inf~0Q(u?) = Q(uv) < 0.
2. Ifa> Klf}/% c37P, then V is an open, not empty subset in S(c).

Proof. By definition, v € V if and only if

tr _(r- 2)7_62
(4.16) Alu )>k07(4_p) T
But (£.16) is equivalent to
2
Gy 1S 2 A
4.17) Alu's) + 4 <p_2A(u )

and recording that by definition of ¢},

2 * -2 .
2 @ty = o P= Vo
p—2 P
it is also equivalent to
x -2 « 2
A(utU)a(pp )C(utu)—i-% <0

namely to Q(utz) < 0. This proves the first point. Now, arguing as in the proof of Lemmald.1] we see that

ifa > Kly% c37P, there exists u € S(c) such that Q(u) < 0 proving that V is non empty. The fact that
V is open in S(c), follows from the continuity of the map u > ;. O

Remark 4.10. For future reference note that it can be checked, by direct calculations, that if Q(«) = 0 and
A(u) = ko thent¥ =1 and thusu ¢ V.

Our next result can be deduced from the characterization of V' given in Lemmal£.9]but we provide here
a proof directly based on the definition of V.

Lemma 4.11. Assume that v < 0 and p < 4. Let a > Kl'y%Tpc?’_p, then for any w € 'V, we have that
u® € V forany s > 0.

Proof. Letu € V, namely u € S(c) and ()% A(u) > ko. We define v = u* and we evaluate

tt =
Ty A

(p—2)? Clw)1V/6@=p)  [(s)P72 (p—2)2C(u)¥/=p) ¢}
] _[ (2 " 2p  Alu)

@ |

It follows that

4w = B aw) = 1)2am) > ko
and thusv € V. O
Let us now denote
AT(c) ={ue Vg, (1) =0, g, (1) > 0},
Ae) ={ueV|g,(1)=0, g;(1) =0},
A7(e) ={ueV|g,(1) =0, g, (1) <0}.

Observe that A%(c) = () by Lemma.3and Remark ELT0l
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Lemma 4.12. Leta > K1'y4;2p c37P. For any u € V, there exists
1. aunique s} > 0 such that us € A*(c). Such s is a strict local minimum point for g,.
2. aunique s,; > 0 such that u®« € A~ (c). Such s, is a strict local maximum point for g,,.

Proof. Fix u € V. Since (t})2A(u) > ko, we deduce that

) = (A + 28— OBt
1 o c? 2 - 1 ~e2 4 Py
(4.18) = (A + T oA = E(VT _ Epgit“ Aw) <o

Moreover by ({.4]) we have that for any ¢ € (0, ¢}) we have

a0 = 1 (4 + 2 — o= Do)
(4.19) < %(A(ut) + % o 3 2)A(ut)) = %(% - %tm(u)).

By (@.19) we infer that there exists > 0 such that for any ¢ € (¢& — §,t%), ¢, (¢) < 0 and thus g, (t) is
decreasing in (t} — ¢, t). Taking into account that the function g, (t) — —oo as t — 0" and g,,(t) — +o00
as t — +oo, we conclude that there exists at least a critical point s > ¢* which is a local minimum point
of g, and a critical point s;; < ¢, which is a local maximum point of g,,.

Since st > t, from (4.3) we derive that

4.20) 252 A(u) — a@(s;y)—%(u) > 0.

Moreover from (&20) and the fact that g/, (s;7) = 0, we derive that

4.21) gl(sh) = (sg)Q (A(USI) - % - QWC@J))
(4.22) = ﬁ(Q(Si)QA(u) - a%(sj)pQC(u)) >0

Therefore s is a strict minimum point for g, and u* € AT (c).

We have to show that s, is unique. By contradiction we assume that there exists z;7 > 0 an other
critical point of g,, which is a local minimum point.

Firstly we observe that if 0 < 27 < ¥, then from g/, (z;7) = 0 and (£.4]) it results

423 ) = (o (G0 - =2 o) <o

which is a contradiction. This implies that z;} > ¢ and thus arguing as before we have g/ (z.;) < 0 namely
u® € AT (c). We derive the existence of an other critical point 6,, > ¢, which is a local maximum for g,,.
Taking into account (f3]), we again deduce g!/(6,,) > 0, which is a contradiction. Therefore the point s} is

unique.
Now a direct adaptation of the argument used for s, leads to conclude that s;” > 0 is the unique local
maximum for g,,. O
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For future reference note

Lemma 4.13. Assume that v < Oandp < 4. Ifa > K, 'y% 7P, the maps u € V + s,+ € R and
u €V s,- €Rareof class C*.

Proof. Tt is a direct application of the Implicit Function Theorem on the C! function ¥ : R x V
R, defined by W(s,u) = g/ (s), taking into account that (s u) = 0, 9,¥(s},u) = g"’(st) >
sV (s, u) = g(s;) < 0and A%(c) = () by Lemma[3and Remark 10}

Lemma 4.14. Let v < 0 and p < 4. Assume that a > Kw% c37P, then A(c) N'V is a submanifold, of
class C1, of codimension 2 of X and a submanifold of codimension 1 in S(c).

Proof. Note that the assumption a > K 174;213 ¢37P is just used to guarantee that V is an open, not empty
subset in S(c). By definition, u € A(c) if and only if G(u) := ||ul|3 — ¢ = 0 and Q(u) = 0. It is easy to
check that G, Q are of C*! class. Hence we only have to prove that for any u € A(c),

(dG(u),dQ(u)) : X — R? is surjective.

If this failed, we would have that dG(u) and dQ(u) are linearly dependent, which implies that there exists
a v € R such that for any ¢ € X,

2/ Vu~V<pdz—a(p72)/ |u|p72u<pd:p:2y/ up dz,
RN RN RN

namely that u solves

u = ru.

-2
—Au — a—(p 5 ) |u|P~2

At this point from Lemma 2.7l we deduce that

—9)2
(4.24) Al = =2 0.

2p
Then on one hand, since @(u) = 0 we obtain that A(u) = ko. On the other hand (@.24) implies that ¢} = 1.
Thus, from the definition of V', one deduce that u ¢ V which contradicts our assumption. O

Lemma 4.15. Assume thaty < 0,a > 0andp < 4. Ifa < KgfkTp 3P then it holds that A(c) C V. In
particular A(c) is a submanifold, of class C*, of codimension 2 of X and a submanifold of codimension 1

in S(c).

Proof. If u € A(c), then ¢, (1) = Q(u) = 0. Since ¢} is the minimum point of ¢,, we deduce that
Q(uts) = ¢y (%) < 0. Since a < Ky 7 P we deduce from Lemma 4] and B3] that Q(uts) = 0 is
not possible. Thus Q(u') < 0 and we get from Lemma@9]that u € V. O

4—p _ .
From now on we assume that ¢ < Ky v = ¢>7P. In view of Lemma[.3] we can define

v (c):= sup F(u) and ~ (c):= sup F(u).
At(e) A= (o)

Aiming to prove Theorem [[.3] we shall establish the existence of a Palais-Smale sequence (u,) C AT (c)
(respectively (u,) C A~ (c)) for F restricted to S(c). Arguing as in Section 4, we define the two functionals

I": VR by It(w)=Fuws) and I":V =R by I (u)=F(u'™).

By Lemma[.13] the maps u + s,+ and u — s, are of class C'* and thus the functionals /™ and I~ are
of class C*. As in Section 4, we can prove the following results.
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Lemma 4.16. The maps T,V — Tust V' defined by 1) — 1/)53 and T,V — TuS; V defined by 1p — 1%«
are isomorphisms.

Lemma 4.17. We have that dI* (u)[¢)] = dF(uSI)[i/}SI] foranyw € V, ¢ € T,V and dI~ (u)[¢)] =
dF (u®e )[p*] foranyuw € V and ¢ € T, V.

In our next lemma I+ denotes either I+ or I~ and accordingly A*(c) denotes A*(c) (or A~ (c)) and
su = s} (or s, = s,). This lemma is crucial to guarantee that it is possible to develop a minimax argument
inside V.

Lemma 4.18. Assume that v < 0, p < 4 and let
K 74;21) AP <a < Koy 74;21) AP,
If (v,) C V is a sequence with v,, — v € OV strongly in X, then I* (v,,) — —oc.

Proof. Let (vy,) C V such that v, — vy € 9V strongly in X, as n — oc.

Since v, € V, we have (¢ )2A(v,) > ko and s, <t < s} . Moreover since vy € OV, we have
(t5,)?A(vo) = ko, t5 # 0 and limsup s, < ¢ < liminf s .

Now if (sjn) is bounded from above, then up to a subsequence, it converges to 5 # 0 and ¢ < 5.

Moreover since v, — v strongly in X and Q(vff’") = 0, we infer that Q(v§) = 0.

At this point we deduce from Lemma .13 that v§ € V and thus, by Lemma[@.TT] we have vy € V in
contradiction with the assumption that vy € OV

We conclude that (s ) is not bounded from above and thus, up to a subsequence, s;, — 400, as
n — oo. Taking into account that

st 4 — 2
IJF(’Un) = G(’Un“”> _ 771) + V(’Un) + 02% log(SUJrn) — ’Yﬁ

NI

we deduce that I (v,) — —o0, as n — oc.
On the other side, up to subsequences, (s, ) converges to 5, as n — oo. If 5 # 0, we can argue as
before, deriving a contradiction. It follows that s, — 0% as n — oc. Taking into account that

2

_ sy 4—p , _ o ¥ 97 _ c
I~ () = Gopm) = ——— 2 Alvy) — v (v, 2 PV
(v0) = GT™) = =gt (53,7 Alw) = TV () +¢27 lo(sr,) = 11—
we deduce that I~ (v,) = —o0, as n — oo. O

Lemma 4.19. Assume that v < 0, p < 4 and that K, 74%,) AP <a< K, 74%,) c37P. Let G be a
homotopy stable family of compact subsets of V with closed boundary B and let

+ : +
es = sup min I~ (u).
g AE% u€A )

Suppose that B is contained in a connected component of A*(c) and that

min{inf I*(B),0} > eg > —o00.
Then there exists a Palais-Smale sequence (u,,) C A*(c) for F restricted to V at level eg.
Proof. Take (D) C G such that min,ep, I*(u) > e — % and

n:[0,1] x V =V, n(t,u) = u' Tt
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Since s, = 1 forany u € A*(c),and B C A*(c), we have n(t,u) = u for (t,u) € ({0} x V)U([0, 1] x B).
Observe also that 7 is continuous. Then, using the definition of G, we have

Ap =n({1} x D) ={u’*: ve D,} €G.

Also notice that A,, C A*(c) foralln € N. Letv € A, ie. v = u® for some u € D,, and [T (u) =
I*(v). In particular we have min4, I* = minp, I* and therefore (A4,) C A*(c) is another maximizing
sequence of eé. Now by Lemma[4.18] we derive that the superlevels of ()% are complete for any d € R.
A direct adaption of the minimax principle [[15, Theorem 3.2] implies the existence of a Palais-Smale
sequence (i, ) for It on V at level eg such that distx (t,, A,) — 0 as n — co. Now writing s, = sz,
to shorten the notations, we set u, = u;" € Ai(c). We claim that there exists C' > 0 such that,

(4.25) —<s<C

for n € N large enough. Indeed, notice first that

A(u,
(4.26) s2 = AE%?
By Gagliardo-Nirenberg inequality and
4.27) Clun) = —L— [ A(un) + 25
a(p—2) 4
there exists C' > 0 such that
(4.28) C < A(up)

for n € N. Moreover since F(u,) = I*(i,) — eé, we know from Lemma [4.3] (ii), that there exists
M > 0 such that A(u,,) < M. Also, since (4,) C A*(c), is a maximizing sequence for eg , we deduce,
still by Lemmald.3](ii), that (A,,) is uniformly bounded in H and thus from dist x (i, A, ) — 0asn — oo,
it implies that sup,, A(@,) < co. Moreover since A,, is compact for every n € N, there exists a v,, € A,
such that dist x (tn, An) = ||vn — n||x and, using (E28]), we deduce that

A(iin) > A(vn) — Alin — va) > K

for some K > 0 and this proves the claim.
Next, we show that (u,,) C A (c) is a Palais-Smale sequence for ' on V at level eg.
Denoting by ||. || the dual norm of (7, S(c))* and recalling that V" is open in S(c), we have

[dF(un)lls = sup  [dF(un)[y]] = sup  |dF(un)[(7)™]].
WETL, V, 4] <1 WETu, V, <1

From Lemma [3.14] we know that T; |V — T, V defined by ¢» — *®~ is an isomorphism. Also, from
Lemma[3.15l we have that dI7F (@i, ) [ =] = dF (uy,)[(»=*)*"]. It follows that

(4.29) [dF (up)lls = sup |dI*(an)[~"]l.
VET, V. [¥ll<t

At this point it is easily seen from (3.I3) that (increasing C' if necessary) ||y~ || < C||¢|| < C and we
deduce from @29) that (u,,) C A*(c) is a Palais-Smale sequence for F' on V' at level eg. O
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Lemma 4.20. Assume that v < 0, p < 4 and that

K, 74;21) AP <a< Ky 74;21) AP,
There exists a Palais-Smale sequence (u,) C AT (c) for F restricted to V at the level v (c) and a Palais-
Smale sequence (u,) C A~ (c) for F restricted to V at the level v~ (c).

Proof. Let us assume that (u,) C A*(c), the other case can be treated similarly. We use Lemma {.T9
taking the set G of all singletons belonging to V and B = @. It is clearly a homotopy stable family of
compact subsets of V' (without boundary). Since

e;f :=sup min /" (u) = sup I'"(u) =77 (c)
Aeg u€A ueV

the lemma follows directly from Lemmal[4.19] O
Now we are ready to give

Proof of Theorem[L.3] We give the proof for u™, the one for ™ is almost identical. Let (u,) C AT (c)
be a Palais-Smale sequence for F restricted to V' at level v+ (c) whose existence is insured by Lemma
By Lemmald.3] we know that (u,,) is bounded in H and that (V7 (u,,)) stays bounded. Also since the
functional F is translational invariant, reasoning as in the proof of Lemma [3.1]it is not restrictive to assume
that (u,) C A1 (c) is bounded in X. At this point we conclude using Lemma[2.8] O
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