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Abstract

We study the trade-offs between convergence rate and robustness to gradient errors in de-
signing a first-order algorithm. We focus on gradient descent (GD) and accelerated gradient
(AG) methods for minimizing strongly convex functions when the gradient has random errors
in the form of additive white noise. With gradient errors, the function values of the iterates
need not converge to the optimal value; hence, we define the robustness of an algorithm to
noise as the asymptotic expected suboptimality of the iterate sequence to input noise power.
For this robustness measure, we provide exact expressions for the quadratic case using tools
from robust control theory and tight upper bounds for the smooth strongly convex case us-
ing Lyapunov functions certified through matrix inequalities. We use these characterizations
within an optimization problem which selects parameters of each algorithm to achieve a partic-
ular trade-off between rate and robustness. Our results show that AG can achieve acceleration
while being more robust to random gradient errors. This behavior is quite different than previ-
ously reported in the deterministic gradient noise setting. We also establish some connections
between the robustness of an algorithm and how quickly it can converge back to the optimal
solution if it is perturbed from the optimal point with deterministic noise. Our framework
also leads to practical algorithms that can perform better than other state-of-the-art methods
in the presence of random gradient noise.

1 Introduction

For many large-scale convex optimization and machine learning problems, first-order methods have
been the leading computational approach for computing low-to-medium accuracy solutions because
of their cheap iterations and mild dependence on the problem dimension and data size. The typical
analysis of first-order methods assumes the availability of exact gradient information and provides
statements on the rate of convergence to the optimal solution as the main performance criterion.
However, in many applications, the gradient contains deterministic or stochastic errors either
because the gradient is computed by inexactly solving an auxiliary problem [10, 12], or the method
itself involves errors with respect to the full gradient as in standard incremental gradient, stochastic
gradient, and stochastic approximation methods [39, 41, 4, 5]. When there are persistent errors in
gradients, the iterates do not converge and could oscillate in a neighborhood of the optimal solution
or may even diverge [4, 5, 12, 19]. This makes robustness of the algorithms to gradient errors (in
terms of solution accuracy) another important performance objective [12, 27]. In particular, even
though accelerated gradient method proposed by Nesterov converges faster than gradient descent
(GD) in the absence of noise for convex problems [36], it was shown that they are less robust to
errors, i.e., accelerated methods require higher precision gradient information than GD to achieve
the same solution accuracy [12, 10, 19, 43].

* Authors are arranged in alphabetical order.



In this paper, we study the trade-offs between convergence rate and robustness to gradient
errors in designing a first-order algorithm. We focus on GD and Nesterov’s accelerated gradient
(AG) method for minimizing strongly convex smooth functions when the gradient has stochastic
errors and investigate how the parameters of each algorithm should be set to achieve a particular
trade-off between these two performance objectives. To study this question systematically, we
employ tools from control theory whereby we represent each of the algorithms as a dynamical
system. This approach has attracted recent attention and has already led to a number of insights
for the design and analysis of optimization algorithms [33, 29, 9, 18, 45, 28]. The novelty of our
work is to use this approach to provide explicit characterizations of robustness, which can then be
placed in a computationally tractable optimization problem for selecting the algorithm parameters
to systematically achieve a desired trade-off.

We first focus on problems with a strongly convex quadratic objective function. For this case,
the rate of convergence of any of the two algorithms we study is given by the spectral radius of the
“state-transition" matrix in the dynamical system representation. To characterize robustness, we
consider the asymptotic expected suboptimality for the centered iterate sequence (output vector of
the dynamical system) per unit noise which is a measure of the asymptotic accuracy of the iterates.
For the quadratic case we show that this limit exists and can be characterized using the Hy norm
of a transformed linear dynamical system. The Hs norm is a fundamental measure for quantifying
robustness of a linear system to noise [46] and admits various definitions and characterizations.
We focus on a particular representation of the Hy norm that requires the solution of a discrete
Lyapunov equation. This representation leads to explicit expressions for robustness of GD and
AG.

Using this result, we study the rate and robustness trade-off of the GD method for minimizing
quadratic strongly convex functions. The spectral radius of the state-transition matrix corre-
sponding to GD dynamics, hence, the rate of convergence for GD, can be expressed in terms of
the smallest and largest eigenvalues of the positive definite matrix ) defining the Hessian of the
strongly convex quadratic objective. We show that our robustness measure admits a tractable
characterization for GD in terms of the spectrum of (). We also show a fundamental lower bound
on the robustness level of an algorithm for any achievable convergence rate.

We next consider the AG method defined by two parameters: stepsize @ and momentum
parameter 3. Our first step is to characterize the stability region of the method, i.e., the set
of nonnegative («, ) for which the spectral radius of the state-transition matrix is less than or
equal to one. Similar to GD, we then provide an explicit characterization of the Hy norm of the
dynamical system representation of AG. We use these explicit expressions for both GD and AG
within an optimization problem for selecting the parameters to minimize the robustness measure
subject to a given upper bound on the convergence rate. Our results show that AG with properly
selected parameters is superior to GD in the sense that AG can achieve the same rate with GD
while being more robust to noise; similarly, AG can be tuned to be faster than GD while achieving
the same robustness level. This behavior contrasts with the comparison of GD and AG in the
deterministic gradient error setting in [12], which shows GD performance degrades gracefully while
AG may accumulate error. These results show the random and deterministic noise settings have
different behavior.

In our second set of results, we extend our analysis to handle minimization of strongly convex
smooth functions, i.e., mingcra f(z). In this setting, the dynamical system representation of a
first-order algorithm will no longer be a linear system due to the nonlinear gradient map, V f. The
analysis in this section is not limited to GD or AG; in particular, given a first-order optimization
algorithm, we use a linear dynamic system with nonlinear feedback to model the dynamic behavior
of the algorithm. For these systems, we again use a robustness measure that can be seen as a
discrete-time version of a more general Hy-norm for nonlinear systems [20] — see also [44] for
a similar definition given for linear systems with nonlinear feedback. We derive upper bounds
on the robustness measures for GD and AG using Lyapunov functions certified through matrix
inequalities and investigate the trade-off between rate and robustness.

In addition to the above cited papers, Devolder’s Ph.D. thesis [13] is closely related to our
paper. Chapters 4 and 6 of this thesis, considered smooth weakly convex functions under a de-
terministic oracle model whereas Chapter 7 focused on a stochastic oracle model; these general
oracles can model inexactness in the gradients as well as function evaluations. In the deterministic
oracle case, Devolder shows that primal gradient method (PGM) and the dual gradient method
(DGM) on smooth weakly convex objectives exhibit slow convergence with a rate O(1/k) but



without accumulation of errors (the total effect of errors after k iterations is equal to the individ-
ual error ¢ of each first-order information); whereas accelerated gradient methods converge faster
with rate O(;%) but suffers from accumulation of errors at a linear rate O(kd). Based on these
observations, Devolder et al. [11] design a novel family of first-order methods called intermediate
gradient methods (IGM) for solving smooth weakly convex problems; these methods have an in-
termediate speed and intermediate sensitivity to gradient errors, i.e., faster than classical gradient
methods and more robust to noise than the accelerated gradient methods. In the stochastic oracle
case, Devolder developed a class of accelerated gradient methods for weakly convex functions with
decaying stepsize rules and showed that the expected suboptimality admits the convergence rate

@ (Lklg2 + %) as opposed to the O (LTRZ + i’/—%) rate of PGM and DGM, where R is the distance

of the initial point to the optimal solution, L is the Lipschitz constant for the gradient of the objec-
tive f(x) and o is the level of the stochastic noise [13, Ch. 7]. In his thesis, Devolder studied also
smooth and strongly convex objectives under the same deterministic oracle model, showing that
both PGM and DGM converge with a rate that is proportional to exp(—k#%) without accumulation
of errors where p is the strong convexity constant, whereas accelerated gradient converges faster

proportional to exp(—k\/% ) while the error accumulation behaves like \/%5 up to a constant [13,

Chapter 5]. On the other hand, the smooth and strong convex objectives subject to stochastic
errors was left as future work [13, Ch. 8.1.1]; and this is the setting considered in our paper where
we focus on stochastic additive gradient errors for strongly conver objectives, which arises in a
number of problems in machine learning and large-scale optimization [27, 3, 40]. In this setting,
Ghadimi and Lan [23, 24] propose an accelerated method called AC-SA for solving strongly convex
composite optimization problems obtaining an optimal rate matching the lower complexity bounds
for stochastic optimization. Flammarion and Bach [19] considered accelerated versions of gradient
descent for quadratic optimization that attain the optimal rates for both the bias and variance
terms, respectively, in the performance bounds. Michalowsky and Ebenbauer [34] posed the design
of deterministic gradient algorithms as a state feedback problem and used robust control theory
and linear matrix inequalities to study them. Mohammadi et al. [35] examined the sensitivity
of accelerated algorithms to stochastic noise for strongly convex quadratic functions in terms of
the steady-state variance of the optimization variable. Finally, Dvurechensky et al. [15] consider
composite convex optimization problems with inexact first-order oracles having both deterministic
and stochastic errors; indeed, their inexact oracle is an extension of the one adopted in [11, 12] to
include stochastic errors. For this setting, Dvurechensky et al. [15] propose a stochastic version
of the intermediate gradient method in [11] and analyze the convergence rate in terms of expected
suboptimality and error accumulation due to inexact oracle; the proposed algorithm in [11] has
complexity bounds matching the optimal lower complexity bounds for composite convex problems
with stochastic inexact oracle as in [23, 24]. Finally, Hu et al. [28] analyze the stochastic gradient
method under deterministic noise and study the effect of the stepsize on the convergence rate and
the asymptotic neighborhood of convergence. These papers focus on convergence rate of the al-
gorithms, whereas our goal is to define robustness and design algorithms to successfully trade-off
different objectives. Furthermore, we make some connections between the robustness of a first-
order method and its behavior when perturbed from the optimal solution and show that AG is more
resilient to perturbations in the sense that it recovers the optimal point with less energy compared
to GD for sufficiently small stepsizes. We will also demonstrate in our numerical experiments that
the framework we propose is competitive in practice with the existing state-of-the-art algorithms
from the literature and can outperform them in some problems, illustrating the potential of the
proposed framework in practice. In fact, in a companion paper, we use our framework to develop a
universally optimal multi-stage stochastic gradient algorithm for stochastic optimization [1] which
achieves the lower bounds without assuming a known bound for suboptimality or the variance of
the gradient noise.

1.1 Preliminaries and Notation

For two functions g, h defined over positive integers, we say f = O(g) if there exist constants Cj, C,,
and ng such that Cjg(n) < f(n) < Cyg(n) for every positive integer n > ng. For a set I, |I| denotes
the cardinality of the set I. Let 0[k] denote the Kronecker delta function, i.e., §[0] = 1 and 6[k] =0
for any integer k > 1. The d x d identity and zero matrices are denoted by I; and 04, respectively.
We define diag(ay,...,aq) or diag([a;]2 ;) as the diagonal matrix with diagonal entries ay, ..., a4;

similarly, diag([A4;]%_,) denotes a block diagonal matrix with i-th block equal to A; € R™*": for



i=1,...,d. For matrix A € R4 Tr(A) denotes the trace of A. We use the superscript ' to
denote the transpose of a vector or a matrix depending on the context. The spectral radius of A
is defined as the largest absolute value of its eigenvalues and is denoted by p(A). We say that a
square matrix A is discrete-time stable, if all of its eigenvalues lie strictly inside the unit disc in
the complex plane, i.e., if p(A) < 1. Throughout this paper, all vectors are represented as column
vectors. Let S™ be the set of all symmetric m x m matrices. Similarly, ST, (S7) denote the
set of all symmetric and positive (semi)-definite m x m matrices. For two matrices A € R™*"
and B € RP*?  their Kronecker product is denoted by A ® B. For scalars 0 < p < L, we define
S, (R%) as the set of continuously differentiable functions f : R? — R that are strongly convex
with modulus g and have Lipschitz-continuous gradients with constant L, i.e.,

gHw —yllP > f@) = fy) = Vi) (@ —y) > %Ilm —ylI’>, Va,yeRY (1)

(see e.g. [37]) where the gradient V f is represented as a column vector. The ratio k = £ is called
the condition number of f. In many places, we also use the following relation for strongly convex

smooth functions.

Lemma 1.1 (Theorem 2.1.12 in [37]). If f € S,...(R?), then for every z,y € R,

(V1@) = VI (= 9) > L o=yl + — V@) = V)

For our subsequent analysis, we represent the preceding relation in matrix form:

Tz — 2ulLl —(u+ L)I T —y
d d] [Vf( VaoyeRL  (2)

[Vf(x) - ny(y)} T L(M + L)1y 21, z) — Vf(y)} <0,

2 Optimization Algorithms as Dynamical Systems
Our goal is to design first-order algorithms with certain rate-robustness balance to solve

f* % min f(z), where f¢€S,(RY), (3)
zER
when the gradient Vf is corrupted by random errors in the form of additive white noise. We
denote the unique optimal solution of problem (3) by =*. We will focus on Gradient Descent (GD)
and Accelerated Gradient Descent (AG) and show how the parameters of these algorithms can be
tuned to optimize various performance metrics.
Our analysis builds on a dynamical system representation of these algorithms. A discrete-time
dynamical system with a feedback rule ¢ can be expressed as

§kp1 = A + Bug,  yp = C& + Dug,  up = d(yw), (4)

for k > 0, where & € R™ is the state, u;, € R? is the input, and y, € R? is the output. The
matrices A, B,C and D are called the system matrices; they are fixed matrices with appropriate
dimensions. The function ¢ : R4 — R? defines the feedback rule that relates the output of this
system to its input.

Consider the GD method for solving problem (3). Given zy € R?, the GD iterations with a
constant stepsize o > 0 take the following form for k£ > 0:

T+1 = Tk — OéVf({,E}C), (5)
which can be cast as (4) by setting & = xx, ¢(-) = Vf(+) and letting
A= Id, B = —O(Id, C= Id, D= Od. (6)

On the other hand, when implemented on (3), the AG method with constant stepsize o > 0 and
momentum parameter 3 > 0 generates the iterates as follows for k£ > 0:

ye = (L + By — Brr—1, Trs1 = yu — OV f(yr). (7)



Setting ¢(-) = Vf(-) and defining the state vector & = [gcz :v,;'—_l]—r, AG iterations can be
rewritten as in (4) for

A= |0 O] s [T o= fasan an). D=0 @)
For both algorithms, the iterates xj are captured by the state & of the dynamical system repre-
sentation.

In this work, we assume that at each iteration k > 0, instead of the actual gradient V f(yx),
we have access to a noisy version V f(yx) + wy, where w;, € R represents the additive noise. In
the dynamical system representation, the noisy iterations of the GD and AG algorithms could be
written as

Ehp1 = AL + B(ug +wi), yx = C&y  ur = Vf(yr), 9)

where A, B, C, and D are selected according to (6) for GD or (8) for AG.! Except for Section 5
where we study deterministic perturbations, we assume throughout this paper that the sequence
{wy }1. of random variables satisfies the following assumption.

Assumption 2.1. For any k > 0, the random variable wy in (9) is zero mean and independent
from {&}5 and {y;}F_,. In addition, there exists a scalar o > 0 such that E(wyw, ) = 021y for
any k > 0.

This noise structure arises naturally in stochastic optimization where the full gradient is ap-
proximated from finitely many samples (see e.g. [39]), in regression problems [19, 14, 2| as well as
in optimization algorithms where the full gradient is subject to an isotropic noise or uncertainty
(see e.g. [30, 31]). The special case when wy, is Gaussian also appears in algorithms where random
noise is intentionally injected to the gradient to guarantee privacy (e.g. [3]) or to ensure global con-
vergence, as in the Euler-Mariyama discretization of the overdamped and underdamped Langevin
dynamics [8, 16, 21, 22|. It will be clear from our discussion that our results can be extended to
the structured noise case, i.e., when the covariance matrix E(wyw, ) = S for some positive definite
matrix S.

Consider a first-order algorithm (e.g., GD or AG) subject to additive noise satisfying Assump-
tion 2.1. For this scenario, where the noise is persistent, i.e., it does not decay over time, it is
possible that limg_,o E[f(xx)] may not exist; therefore, one natural way of defining robustness
of an algorithm to noise is to consider the worst-case limiting suboptimality along all possible
subsequences, i.e.,

J 2 limsup 3 E{f(xx) — /). (10)

k—oo O

Clearly, J depends on the choice of algorithm parameters. Moreover, since the limit limg_, » f(xg)
may not exist when the gradients are perturbed by persistent additive noise, both notions of
“convergence” and “convergence rate” are vague. To make these terms more precise in our context,
consider the line segment [f*, f* + 02J]. In the subsequent sections of the paper, we show that
{f(xk)} k>0 sequence converges to this line segment linearly with a rate depending on the algorithm
parameters. Thus, the aim of this paper is to investigate this trade-off between the robustness and
rate associated with a given first-order algorithm and to understand the dependence of these key
notions of convergence on the choice of algorithm parameters. We believe that achieving this goal
would provide an important leverage to decision makers to set the parameters in such a way that
fits the purpose of the application. We focus on the expected suboptimality {E[f(xr) — f*]}x in
the text since this is typically the object of study in the literature for quantifying the performance
of similar algorithms.

It is worth emphasizing that robustness can also be studied in the solution space. Indeed,
let {x}r>0 be a random iterate sequence corresponding to (9) where {wy}, models the additive
noise sequence and satisfies Assumption 2.1. Due to the noise injected at each step, the sequence
{z1} will oscillate around the optimal solution with a non-zero variance; therefore, another natural

LAlthough our focus in this paper will be primarily on GD and AG dynamics under noise, it will be clear
from our discussion that our ideas naturally extend to many other algorithms that admit such a dynamical system
representation including the heavy-ball and the robust momentum methods [9, 33, 29].



metric to measure robustness is the worst-case limiting distance to the optimal solution z* along
all possible iterate subsequences, i.e.,

. 1 .
g e hlrcn sup ;E[ka —z*|°]. (11)
—o0

Similarly, the convergence rate could be defined to be the linear rate that {zj}r>0 converges to
the ball {z € R%: ||z — z*||* < 02J’}. The quantity 7’ can be viewed as the robustness to noise
in terms of iterates because it is equal to the ratio of the power of the iterates to the power of the
input noise, measuring how much a system amplifies input noise. In particular, the smaller this
measure is, the more robust a system is under additive random noise.? In Section 3, we remark
that J' is indeed the Hs norm of the dynamical system in (9) with C' = I, a notion being applicable
to both linear and non-linear systems [44, 20]. Later in Section 5, we will use J’ to make some
connections between the robustness of a first-order method with its behavior when perturbed from
the optimal solution.

3 Quadratic Functions

In order to understand the effect of noise on the dynamics, we find it insightful to first focus on
the case where the objective function is quadratic. Let f € S, £ (R9) be a quadratic function given
by f(z) = %xTQx —p'z +r where Q is symmetric and positive definite with eigenvalues {\;}&,
listed in increasing order satisfying 0 < g = A\ < Ag <. < Ay = L. The gradient of f is given by

V() =Qux—p=Q(z—2a7), (12)

where ¥ = Q~!p is the optimal solution to problem (3). Plugging the formula for the gradient
V f(yx) from (12) into (9), we obtain

€1 = (A4 BQC)&, — BQx™ + Bwy,  yir = C&. (13)

With £* equal to z* for GD and [m*Tx*T]T for AG, in both cases we have £* = A¢* and 2* = C¢*
where A and C are given in (6) and (8) for GD and AG, respectively. Therefore, defining g, £
yr —x* and & £ & — &, (13) yields

€1 = Agér + By, Gk = C&, (14)

where Ag is the state-transition matrix given by Ag = A+ BQC.

In the absence of noise (when wy = 0 for all k), if p(Ag) is less than one, then we clearly have
ék — 0 and g — 0 linearly. As a consequence, the suboptimality, f(zx) — f*, goes to zero linearly
as well. On the other hand, when the gradients are perturbed by random additive noise, as we
shall discuss in the next section, E[f(zx) — f*] does not go to zero.

3.1 Performance metrics under gradient noise: Rate and robustness

In this section, we use the dynamical system representation of the algorithms given in (14) to study
the limiting behavior of the expected suboptimality E[f(x;) — f*]. We show that this sequence
converges, i.e., the limit of the expected suboptimality exists and it is equal to the limit superior in
(10). We also provide the associated convergence rate, and present an explicit characterization of
the limiting value using insights from robust control theory. More specifically, consider the shifted
state sequence {£;, }x generated according to (14). Since wy, is zero mean for all k > 0 (Assumption
2.1), by taking the expectation of (14), we obtain

E[&] = A§ &, Yk=>0. (15)

Therefore, under the assumption that p(Ag) < 1, the sequence {E[£x]} converges to zero with an
asymptotic linear rate p(Ag). Note that the state sequence {{x}r and the iterates {zx}r can be
related by defining T'= I; for GD and T' = [I; 04 for AG so that z; = T¢;, for all k£ > 0.

2See Appendix E, provided as a supplementary material, where we derive robustness results based on J’ for
both GD and AG.



Recall the robustness definition given in (10). In the next lemma, we focus on the suboptimality
sequence, {f(zy) — f*}x for quadratic f and we show that the limit,

T = tim E[f() - £, (16)

02 koo

exists; moreover, for some {e;}r C [0,00) such that limy_,o e = 0, we have

E[f(z1) — *] — 02T| < o (p(AQ) + )™, YV k>0, (17)

where p(Ag) is the spectral radius of Ag, and ) is a constant that may depend on the initialization
xo. This shows that the sequence {E[f(zr) — f*]}x converges to an interval around the origin with
radius 027, and the convergence is linear with an asymptotical rate that is arbitrarily close to
p(Ag)?. Tt is therefore natural to define the normalized radius, J, as robustness of the system to
gradient noise, i.e., if this radius is bigger, it means that the asymptotic error of the algorithm in
terms of the function value is larger; hence, the algorithm is less robust to the injected noise.

The limit in (16) can be evaluated by using the tools from standard Hs theory arising in robust
control of dynamical systems (see e.g. [26]) as we shall explain below. The Hs-norm is a well-
known fundamental metric for quantifying the robustness of a linear dynamical system to noise
in control engineering and has been widely used in designing the parameters of control systems
subject to noise. Given arbitrary matrices (A4, B,C) and D = 0g4, consider a linear system as in
(4) but without feedback ¢. Suppose there exists £* and y* such that £&* = A&* and y* = C¢*.
The Ho-norm of this linear system, denoted by Hs(A, B, ('), measures the stationary variance of
the output response {yx} to unit white noise input [46], i.e.,

1 .
HZ(A,B,C) 4 Jim 5By, —y 2. (18)
—00 O

The Hy norm admits alternative definitions, which are all equivalent for linear systems (see e.g.
[46, 44]). When it is clear from the context, we will remove the dependency of the Hy norm to the
system matrices (A, B, C). The Hz-norm can be computed as

H3(A,B,C) = Tr(CX,CT) (19)
where X solves the discrete Lyapunov equation®:
AXgAT —Xy+BBT =0 (20)

(see e.g. [26, 46]). Moreover, if BB is positive definite and A is discrete-time stable (i.e., p(A) <
1), the solution admits the following formula:

Xo=)Y (AT)*BTBA* (21)
k=0
(see e.g. [46]). We will show in the following lemma that the limit 7 in (16) exists for quadratic

objectives. Our proof technique is based on relating 7 to the Hy norm of a transformed linear
system as follows: We first rewrite the suboptimality f(zr) — f* in terms of the iterates zy:

Fla) = f* = 3len — ) T Qen — «*) = 5(T6) T Q(Té) = (RTE) T (RTEy), (22)

where we used the fact that zp = T¢, and %Q = RTR is the Cholesky decomposition of %Q If
we consider the system defined by matrices (Ag, B, RT), it follows from the definition of the Ho
norm (18) and (22) that

J = H?(Ag,B,R) where R2 RT. (23)

By (19) and (20), we have J = Tr(RXR"), where X is the solution to

AgXAL—X+BB" =0. (24)
3The value of H22 can also be computed as Tr(BTXOB) where Xg solves AT XoA— Xo+CTC =0.




Lemma 3.1. Consider the linear dynamical system (14) defined by the matrices (Ag,B,C). If
p(Ag) < 1, then the limit in (16) ewists, i.e., 02J = limg_yoo E[f(zx) — f*], and there exists a
non-negative sequence {ey tr such that limg e, = 0 and

|E[f(zx) — f*]—0T| < o (p(Ag) + ), VEk>0,

holds for some explicitly given positive constant ¥ that depends on the initialization xq. Further-
more, when Ag is symmetric, €, = 0 for every k > 0.

Proof. Using (22) and J = Tr(RXR"), we obtain
E[f(xx) — f*]—0”H5 (Aq, B, R) = E[(Ré) " (RE)] — o” Te(RXRT)

JORDURSY L - - 25
= Tr(RE[§ELIRT) — 0> Te(RXRT) = Tr(R(Vi — 0?X)RT) (25)

where Vi, £ E[¢,.€]] for k > 0. It follows from (14) that
Vi = E[6:&{ ] = E[(Aq&r—1 + Bwi—1)(Agék—1 + Bwi—1) "] (26)

= AgVi—1AL +0*BBT

holds for all £ > 1, where in the last equality we used the fact that the random vector wy_; is
zero-mean, independent of £;_1, and has covariance matrix E[wk_lw,{il] = ¢2I;. Moreover, by
(24) we have X = AQXAS + BBT; hence, subtracting 02X from both sides of (26), we obtain

Vi — 02X = Ag(Vimr — 02 X) AL = AG (Vo — 0> X)(A)" (27)
where the last equality comes from recursively using the first equality. This implies
| Tr(R(Vi — 0>X)RT)| = |Tr(RA’(f?(V0 - JQX)(Ag)kRTM
= | Tr((Vo — 0°X)(RAG) " (RAG))|
< m|[Vo — o X[[| RAG|* < m||Vo — o X[||| BII*[|AG I, (28)

where ||.|| is the spectral norm, and the first inequality in (28) follows from the Von Neumann’s
trace inequality which states that for any two m x m matrices U and V with singular values
|Ull2 = u1 > ... > up and ||V = v1 > ... > vy, respectively, we have| Tr(UV)| < 3 u;v;.
Finally, it follows from the Gelfand’s formula that there exists a sequence of non-negative numbers
{er}r such that for every k > 0, [|[Afll2 < (p(Ag) + er)" and limj e, = 0. Note that when Ag
is symmetric, we have [|Af[l2 = p(Aqg)" so that we can choose e, = 0. Inserting this bound into
(28), we obtain the desired result. O

It is worth noting that for a strongly convex quadratic function in the form of f(x) = %xTQx —
p'x + r, a similar line of argument as in Lemma 3.1 shows that J’ in (11) is in fact equal
to limy_so0 2z B[]z -] = HZ(Ag,B,T). Next we focus on the GD and AG algorithms,
discuss the dependence of their convergence rate and robustness on the parameters (stepsize o and
momentum () and show how to formulate an optimization problem that systematically trades off

convergence rate and robustness.

3.2 Gradient descent (GD) method
The dynamical system representation of GD, choosing the A, B, C as in (6) yields
E[gk—i-l] = AQE[fk], with AQ =14 — aQ.

As shown in Lemma 3.1, the convergence rate of GD is given by p(Ag)?. For GD, we will suppress
the dependence of p(Ag) on Ag and use the notation p(c) to highlight the effect of the stepsize
a. Since Ag is symmetric, p(a) can be computed as

pla) = p(AQ) = [|Aqll = max{|l — aul, |1 — aLl}. (29)

a € (0,2/L) is a necessary condition for global linear convergence; otherwise, p(a) > 1. In
particular, it is well-known that the fastest rate is achieved for the stepsize

argmin p(Ag) = ———, (30)



which leads to a convergence rate of p = 1 — %_H The choice of the stepsize not only affects

the rate (see (29)) but also the robustness of the GD algorithm to gradient noise. The following
proposition provides an analytical characterization of the robustness J of the GD method as a
function of the stepsize, which we denote by J(«) to highlight its dependence on a.

Proposition 3.2. Let f be a quadratic function of the form f(x) = %xTQx —pla+r. Consider

the GD iterations given by (5) with constant stepsize o € (0,2/L). Then the robustness of the GD
method is given by

a?)\; ‘ 1
j(“)222(1—(1—mi)2) :a; 22— ax)’ w

=1

where 0 < =X < Ay < ... A\g = L are the eigenvalues of Q.

Proof. We first show that without loss of generality we can assume @ is a diagonal matrix. Let Q =
UAUT be the eigenvalue decomposition of @ where U is a unitary matrix and A = diag(\1, ..., \q)
is a diagonal matrix containing the eigenvalues of ). Multiplying Ag by U and U from left and
right leads to

UTAgU =U"(I; — aQ)U = I; — al = Ay, (32)

where Ay 2 I; — aA is a diagonal matrix. Similarly, we multiply the Lyapunov equation (24)
from left and right by U' and U, which yields UTAqXALU — UT XU + oIy = 0, where we
have used the fact that B = —al, for the dynamical system representation of the GD method
(see (6)). It follows from (32) that Ag = U(I4 — aA)U T, which when plugged into the Lyapunov
equation above, yields (I —aA)UT XU(I;—aA)—UT XU +a?I; = 0. This means that the matrix
UT XU solves the Lyapunov equation obtained by replacing Ag by Ap in (24). Furthermore, the

Cholesky decomposition of %A is equal to \/gAl/ 2. thus, the robustness J, corresponding to
H2(A,, B, \/gAl/ZT), is equal to

1 1 -
5 Te(AY2TU T XU(AV2T)T) = 5 Te(AY2UT XUAY?) = Te(RXRT),

where we used T' = I; for GD for the first equality and the fact that the Cholesky decomposition of
1Q is (\/gAlﬂUT)T(\/gAl/zUT) to obtain the second equality. Therefore, robustness J would

be invariant if we were to replace @ by A and solve the Lyapunov equation (24) for (A, B) instead
of (Ag, B). With this replacement, it is easy to verify that the solution of the Lyapunov equation

is Xp = diag (1_(1fi>\1)2 s 1—(13;\(1)2 )) as Ap and B are both diagonal. Plugging this solution
into % TF(A1/2XAA1/2) lmphes j(a) = Z?:l m =« Zle m which completes the
proof. O

Remark 3.3. Proposition 3.2 also shows that the robustness J(a) for the GD method is an
increasing function of . This means choosing a smaller stepsize leads to GD being more robust

which has been previously observed in the literature for both additive and multiplicative deterministic
noise [33, 18].

Having explicit expressions for both convergence rate and robustness for GD (see (29) and
(31)), given an allowable deviation € > 0 from the optimal convergence rate p = 1 — %H, a natural
approach to account for the trade-off between these two measures is to choose the stepsize a that
results in the most robust algorithm satisfying the rate constraints, i.e., optimizing

i bject t <(1 D. 33
aer(gglmj(a) subject to  p(ar) < (1 +€)p (33)

This problem is equivalent to the following convex problem for € € [0, %) (which ensures that the

upper bound on the rate is less than one and the optimization problem (33) admits a solution):

1
i bject t < .
e e e B R

(34)

Indeed, 1/(1 — p?) is a nondecreasing convex function for p € (0,1) and p(a) is convex in o
therefore, both 1/(1 — p(@)?) and J(«) in (31) are convex for a € (0, %) and is increasing in



a. Moreover, (34) satisfies the Slater condition. Thus, strong duality implies that there exists 7
(which is a function of €) such that the above minimization problem is equivalent to the following
unconstrained problem:

a.(7) £ argmin F,(a) 2 J(a) + !

T—. 35
a€(0,2/L) 1 —p?(a) (35)

The parameter 7 > 0 determines the trade-off between rate and robustness. For small 7, the
dominant term in the cost would be J () so that we expect the optimal stepsize to be small since
J (@) is an increasing function of @. On the other hand, for large enough 7, the convergence rate
is the dominant term in the cost; therefore, one would expect the optimal stepsize (that solves
the problem (35)) to be close to & which corresponds to the fastest achievable rate p (see (30)).
In order to get more intuition about the effect of the choice of the stepsize parameter, we next
give an illustrative example in dimension d = 2 to show the behavior of the optimal a.(7) as the
tradeoff parameter 7 is varied from zero to infinity. For computational tractability, we consider
the unconstrained version of the problem given in (35).*

Example 3.4. In dimension d = 2, let T = 2 and consider the parameters
) L
=X =01 and L=X=1 with x=— =10. (36)
1

The first-order optimality conditions for (35) is derived in Proposition A.1 which is equivalent to a
polynomial root finding problem in « for a polynomial of degree 4. The roots of polynomials can be
found up to arbitrary accuracy by calculating the eigenvalues of the corresponding companion matrix
[17], for instance using the roots function in MATLAB. After a careful examination of all the roots,
we conclude that the optimal stepsize o, that minimizes the cost F(a) is o, =~ 1.5055 which gives
the rate p(an) ~ 0.8494 and robustness J(a.) /= 1.9294. This point is marked on Figure 1 below
which shows the robustness level as a function of the optimal convergence rate p when we change T
from zero (corresponds to the rightmost point in the curve) to infinity (corresponds to the uppermost
point in the curve) for the parameters in (36).

1 6 6 :

;‘ —GD
= O Standard choice of GD
s 0.95 4 4 Fastest rate of GD
o - - ® =2
$ 09 S .
o S S
Lo.85 2 2
20.
8 \

0.8 0 0

0 5 10 15 20 0 5 10 15 20 0.8 0.85 0.9 0.95 1
T T Convergence rate p

Figure 1: Left and Middle: The behaviors of the convergence rate p and robustness 7 computed at the
optimal stepsize ax, as a function of the trade-off parameter 7. Right: The robustness level as a function
of convergence rate again as 7 varies from zero to infinity.

The left and the middle panels of Figure 1 show the convergence rate and robustness corre-
sponding to the optimal stepsize o, as a function of the trade-off parameter 7. As T goes to 0,
the robustness term is more dominant which requires a smaller stepsize; therefore, a, goes to 0
and p(c) thus goes to 1. As T becomes larger, convergence rate becomes more important, and the
stepsize also becomes larger to ensure faster convergence. In particular, as T goes to infinity, a.
goes to & given in (30)leading to the fastest rate, p = :T_-} ~ (0.8182.

Finally, the rightmost panel of Figure 1 illustrates the trade-off between the rate and robustness.
We se that for small T, the optimal stepsize a. is smaller which implies improved robustness but
slower convergence. As T grows, we achieve faster rate at the expense of being less robust to the
additive gradient noise. In addition, the points corresponding to the fastest rate, i.e., « = 2/(u+1L),
and standard parameter choice o = 1/L for GD has been marked on this trade-off curve.

We see from Figure 1 that smaller values of p (or equivalently smaller values of ﬁ) are

accompanied by larger values of 7. This suggests that the product J ﬁ cannot be too small for

4In Proposition A.1 of the appendix, we derive the first-order conditions for a(7) that allows it to be computed
up to an arbitrary accuracy.

10



any choice of the stepsize a. The next lemma shows that there are some fundamental limits (lower
bounds) on how robust the GD can be.

Proposition 3.5. Let p(a) and J(«) be given by (29) and (31), respectively. Then, the following
inequality holds J(«) > (1 - pz(a)) Z?:l ﬁ for any choice of the stepsize a > 0.

Proof. Tt follows from (29) that for every ¢ € {1,...,d}, we have p(a) > |1 — a);|. This implies
that — pl(a)z > - (1 1())\»2. Multiplying both sides by W—)\a}@?) and summing over all ¢ yields

2
= p2 Zl 1 50 (1 a}\) = 2?21 W Given the explicit characterization of J(«a) in

Proposition 3 2 (see (31)) we obtain

d
1 o1 o? )
5 (37)
1- p 2 ; 1—(1—a))?)?
The right hand side of (37) admits a lower bound as follows:
d d d
1 a?)\; 1 a?);
1 _1 38
2; — (1 —a);)?)? 2;(04)\,-( 2 —a\) Z)\ 2704)\ P (38)

where the last inequality follows from the fact that |2 — a\;| < 2. Using the lower bound (38)
along with (37) completes the proof. O

3.3 Accelerated gradient (AG) method
The dynamical system representation of AG, given A, B,C in (8) leads to

We will first formulate an analogous problem to (35) for the AG method to design the parameters
(o, B) in a way to find a trade-off between the rate and the robustness. Because AG has the pair
(a, B) as design parameters, the analogue of (35) is

1
oy, B:) 2 arg min Fr(a,8) 2 J(o,8) + T——
( )= g(am () £ J(e B) 1 —p(a, B)?
where J(«, 3) is the robustness to the noise for the system (14), p(«, ) is the convergence rate of
AG with parameters («, 3) and S is the set of all possible choices of the tuple (a, 8) so that the
AG iterations are globally convergent, i.e.,

(40)

S={(a,B) : p(Ag) <1,a>0,8>0}CR% (41)

We call S, the stability region of AG, in analogy with the stability region of numerical methods
that arise in the discretization of continuous-time differential equations.

We next provide an explicit characterization for the convergence rate and robustness of AG for
any given parameters («, 8) € S. The convergence rate p of the AG method as a function of o and
B is well-known. Diagonalizing the Ag matrix using the eigenvalue decomposition of @, it can be
shown after some computations that the rate p = p(«, 8) admits the following formula

ple, B) = p(Aq) = max{py(a, B), pr(e, B)} (42)
where Ag is defined by (39) and pj is defined for A € {, L} as follows:

HA+B) A =N+ VAL AL >0

Bl —ad) otherwise ’ Ay = (1+8)*(1-aX)?=4B(1-a)) (43)

p,\(Oé,ﬁ) = {

(see e.g. [33, Appendix A, [38, Section 4.3]). The explicit expression (42) for the rate allows us
to characterize the set S in the next proposition whose proof can be found in the appendix. We
illustrate the set S in Figure 2 for different choices of the parameters p and L.°

5We note that the stability region of a second-order difference equation that arises in accelerated algorithms that
are sublinearly convergent for weakly convex quadratic functions has been studied in [19], however these results do
not apply to the set S as we do not require the rate to be accelerated (we consider not only accelerated rates but
also any rate p less than one) and we consider strongly convex functions instead of weakly convex functions.
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Figure 2: Left: The stability region & = & U S2 U S3 with parameters 4 = 0.7 and L = 1. Right: The
stability region & = §; U Sz with parameters = 0.1 and L = 1.

Proposition 3.6. Let S be the stability set of Nesterov’s accelerated method defined by (41). Then
its closure is given by the union of the following three sets:

81:{<a,ﬂ>:osfxsz, OSB(lau)Sl},

Sy :{(a,ﬁ):i<a§min{i,i},aL—1§%L,ﬁ(l—au)gl}, (44)
1 1
si={@p:tcas a1 b,

. . . . L
with the convention that Sz is the empty set if p < 5.

The next proposition gives a characterization of the robustness J(«, 8) of AG whose proof can
be found in the Appendix C.

Proposition 3.7. Let f be a quadratic function of the form f(z) = %xTQx —plx+r. Consider
the AG iterations given by (7) with parameters (o, 8) € S . Then the robustness of the AG method
1s given by

d
J(a, B) = Z ta,5(Ai) (45)

where =X\ < Ay < -+ < A\g = L are the eigenvalues of Q and

14+ 6(1—aX)
21— A1 — aN)(2+ 2B — a1+ 28))°

In the special case, choosing 5 = 0 reduces to the formula (31) derived for GD.

(46)

Ua, g(A) £

Since we have an exact characterization of J(a, ), we can derive the optimality conditions
for the problem (40) by an approach similar to Proposition A.l, where the optimizer can be
characterized as a root of some polynomial. In dimension d = 2, given parameters p and L, the
optimizer is easy to compute. However, in high dimensions, this is computationally expensive as
it would require determining all the eigenvalues of () which can be as expensive as optimizing the
objective function f. Nevertheless, exploiting the convexity properties of the function wus g(A),
we develop a tractable upper bound for J(a, 8) that only depends on p and L, hence tractable.
Moreover, in the numerical experiments section, we present experiments illustrating that this
approach can lead to good performance in terms of trading the speed and the robustness of an
algorithm.

To develop this upper bound, first, we show in Lemma D.1 that the function u, g(\) defined
in (46) is convex in A € [, L] for fixed (o, ) € S. Therefore, its maximum is attained at one of
the endpoints of this interval, i.e.,

Ua,p(A) < Ua,p £ max [ua,p(n), ta,s(L)] for A€ [p, L]
Substituting this upper bound in (45) and (40) leads to
j(aa 5) S j(a,ﬁ) £ dﬁa,ﬂ (47)
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and the relaxed optimization problem is

(cr ) 2 arg min_Fr(a, f) £ F(a, ) + 17—

- 48
(a.B)€S 1= p(a,B)? (48)

This objective only depends on g and L and is differentiable everywhere in the interior of the
stability region S except when the first term is not differentiable, i.e., when uo g(@) = (L),
or the second term is not differentiable, i.e., when p, = pr, or A, = 0 or Ay, = 0. Furthermore,
following a similar approach as in Example 3.4, the first order optimality conditions with respect to
a and f results in low-order polynomials (that are independent of the dimension d) which can be
solved efficiently up to any accuracy. Thus, other than checking the non-differentiable points of F,
the bottleneck in computational complexity is determined by computing the roots of a polynomial
with a small degree (whose degree is independent from the dimension d), which is easy to compute
even in high dimensions.

4 Strongly Convex Functions

In this section, we generalize our analysis to smooth strongly convex functions f € 5, r(R?). Note
that we can rewrite (9) as

Skr1 = A&k + B(Vf(yr) +wr),  yr = C&, (49)

where w;, € R? models the additive noise and satisfies Assumption 2.1. Similar to the previous
section, we define § 2 yp — 2* and &, £ & — &* where £* is equal to 2* for GD and [z* 2*'|T for
AG, and in both cases we have £* = A¢* and z* = C&* where A and C are given in (6) and (8)
for GD and AG, respectively. We use the equation zp = T&j to relate z, and & for any k > 0,
where T = I for GD and T = [I; 04] for AG. To simplify the notation, we define f : R™ — R
such that f(&) = f(T¢) for all ¢ € R™ which means f(&;) = f(zx) for all k > 0.

4.1 Rate and robustness

The goal is to extend the definitions of rate and robustness from the quadratic case to general
strongly convex functions. We will use

. 1 .
J = limsup — E[f(zx) — f7] (50)
k—oo O
(provided also in (10)) to define the robustness of an algorithm and study the convergence rate of
the expected suboptimality to an interval around zero with radius ¢27. For both GD and AG,
our main results provide upper bounds of the form:

E[f(zx) — ] < p*Mbo + 0*R, YV k>0, (51)

where ¥y, R, and 0 < p < 1 are non-negative numbers all of which depend on algorithm parameters
and the initial point xy. Clearly, R is an upper bound on [J; we will show in this section that
our bounds are tight. Moreover, we also recover the fastest known rates in the literature in the
absence of noise (0=0). Our upper bounds only depend on p and L, and are computationally
tractable and explicit in some cases. With these upper bounds, one can formulate an optimization
problem similar to that of the previous section to find the algorithm parameters that can achieve
a particular trade-off between rate and robustness.

4.2 Rate and robustness trade-off analysis using Lyapunov functions

We use a Lyapunov function approach to provide a bound as in (51) for both GD and AG methods.
In particular, we consider a family of Lyapunov functions parameterized by a non-negative constant
c and a positive semidefinite matrix P as

Vp.e(€) = V(&) +c(f(§) — f7), (52)

where Vp(€) £ (€ — ¢*)TP(€ — ¢*), and study the change in the Lyapunov function Vp . (¢) along
{& }r generated by the dynamical system representation (49).
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Our first result shows how for some positive semidefinite matrix P and ¢ = 0, V,(§)
Vpo(€) evolves along the iterations and provide a characterization of the difference E[Vp(§i41)] —
p*E[Vp(&)] for any k> 0 and p > 0.

Lemma 4.1. Consider the Lyapunov function Vp (&) = (€ — )T P(€ — &) where P = 0. Then,
we have

+02Tr(B'PB). (53)

E[Vp(£s1)] = E [§k - 5*]T [ATPA ATPB] [gk - 5*}

Vi)| [BTPA B'PB| |Vf(y)

Proof. Since £* = A¢*, (49) implies &1 = A&, + B(V.f(yr) + w) for k > 0. Therefore,
E[Vp (€r+1)] = EE 1 Péri1] = E[(Ak + B(Vf(yx) +wi)) " P(A&: + B(Vf(yr) + wp))]
[ & }T{ATPA ATPB}{ & }
)

=Evr] [BTPA BTPB] Vi)

+0?Tr(B" PB). (54)

where we use the fact that wy is zero mean and independent from ék and yy and the assumption
that E(wyw}l) = 021, to derive (54).
O

Corollary 4.2. For any p € (0,1) and P € ST, Vp(§) satisfies

«7 T *
E[vp@m)]—p?mvp(ﬁk)}=EH§’“‘5} (A, B, P.p) [f’“‘g] L THBTPB)  (5)

V£ (yx) V£ (yk)

where

(56)

B(AB.P.p) 2 [ATPAp2P ATPB}

BTPA BTPB
We next show how to provide upper bounds on the improvement in E[Vp ()] by imposing

Matriz Inequalities (MIs). In particular, given A, B, and C defining the first-order algorithm, we
assume there exists a symmetric matrix X € S™*+¢ such that

X = ®(A, B, P, p) (57)

for some P € ST and p € (0,1). Moreover, we assume that for some non-negative constants I' and
¢, the same p and X satisfy

BV )

G-y [a—¢ ; q_E[f :
[k ] * {vkﬂywH < (PEIf(&) — £ - E[f(€s) — £140°T)  (58)

for every k > 0; hence, it follows from (57) and (58) along with (55) that
P E[Ve (&) + 0*(Tr(B' PB) 4 ') > E[Vpc(&ri1)], Yk >0.

Thus, for all £ > 0, we have

2k

BV ()] < 0 Vrelé0) + T

0’Rp, Rp 2 Tr(B'PB)+cT. (59)

This MI based approach has been used in the literature to study the convergence rate of first-order
methods, e.g., [33, 29]. Here we use it to characterize their rate and robustness under additive
gradient noise.

4.3 Gradient descent (GD) method for strongly convex functions

Recall the GD update rule
Tpr1 =z — (Vf(2r) + wi), (60)

which admits the dynamical system representation in (49) with A, B, C as in (6). The next theorem
extends the result of Proposition 3.2 to general strongly convex functions and characterize the
behavior of {xy}, under additive gradient error.
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Proposition 4.3. Let f € S, 1(R?), and consider the GD iterations given by (60). Assume there
exist p € (0,1) and p > 0 such that

XO = (I)(AaBa-Pv p) (61)
holds where Xy = (iu—f%)l _(M;} L)L and P = ply. Then for all k > 0:
- d d
)2 2%k a2 =0 5y
Elllzr — 2™[]7] < p™ [lzo — 7| M o a’d. (62)

Proof. Noting that & = yi for GD, it follows from (2) with = £ and y = «* that (58) holds for
X = Xy and ¢ = 0. Moreover, (61) implies that (57) holds for X = X, and P = p ® I;; therefore,
(59) yields

1— 2k
PEl|lz — o*|*] < p*p llwg —2*[* + < 7'0/)2 o2 Te(BTPB), Yk >0. (63)
With B = —aly for GD, we have Tr(B" PB) = a?pd and this completes the proof. O

Note that for a fixed «, a smaller p makes both terms of (62) smaller as 11__’;)2 : is an increasing
function of p. If a € (0,2/L), it was shown in [33] that there exist (p, p) such that the MI in (61)
holds; moreover, for a given « fixed, the smallest p € (0,1) for which such a positive p exists is

equal to

pap(a) = max{[1 —apl,[1 - aLl}, (64)

as in (29) given for quadratic functions. Using p = pgp(a) in (62) leads to the following upper
bound for GD.6

Corollary 4.4. Let f € S, (R?). Consider the GD iterations given by (60) with constant stepsize
a € (0,2/L). Then, for all k >0,
E[f(we) = £ < pan (@) vo+ (1= pen(e)**) o*Rep(a),
where o = £ ||zg — 2*||> and pap(«) is given in (64). As a consequence,
La2d
2(1 = pgp(a))

Proof. Using the fact that f(xx) — f(z*) < £||ax — 2% for k > 0 together with Proposition 4.3
yields the desired result. O

J < Rgpla), where Rgp(a)= (65)

Note that by substituting pgp in (65), we obtain Rgp = O(ad). This bound is tight, as
Proposition 3.2 implies that for quadratic functions J = ©(ad).

4.4 Accelerated Gradient (AG) method for strongly convex functions

We next consider the AG algorithm with gradient noise given by

Tp+1 = Y — AV f(yr) + wi) (66a)
Yk = (L + B)xg, — Brg—1. (66b)

As before, these iterations admit the dynamical system representation in (49) with A, B,C as in
(8). We use the following result which extends Lemma 3 in [29] to the case with noisy gradient.

Lemma 4.5. Let f € S#VL(Rd), and consider the dynamical system representation of AG with
& = [z, z]_,]". Then, for any p € (0,1),

«1 T —&*
[%ﬂyi)} (X1 + (1~ )X [%f@i)] <) = ) = (Flare) = 1)

La?
+ THwkH2 —a(l = La)V f(y) "wk

2
6 Trivially, J’ < %. More details are provided in Appendix E as a supplementary material.
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holds for all k > 0, where X1 = X1 ® I and Xy = Xo ® I; with

[P B -B o (1+ﬂ) —BL+B)u  —(1+p5)
Xi=-|-Bn P B , Xo=—- | -B(1 +ﬂ)u B u B
2l -8 B a@2-Ia) 2l —a+5 8 (2 — La)

Proof. Setting x = x, and y = y;, in the second inequality in (1) leads to
T K 2
Flaw) = flyw) 2 VI ) (@0 —yi) + 5 llee —yill™ (67)

Similarly, setting @ = 41 = yr — aVf(yx) — cwg and y = yi in (1) yields to

Fl) = ) 2 V) (@ () + ) — o= [V ) +

o La? (68)
= 22— La) VA2 — 2 el + (1~ La)V () T
Summing up (67) and (68) implies
Ul — ] [ula Ia Tk — Yk
f(zr) — f(zre1) 25 |:Vf(yk)] [Id (2 — La)Id] [Vf(yk)} (69)

Lo?
- THwk\P +a(l = La)V f(ye) " we.
Note that z; — yp = v — (1 + B)xx — Brr—1) = B(xr—1 — zk); hence, (69) implies
«1 T *
Tp—1 — T Tp—1 — X
T — 2* } X1 | xp—2a* ] (70)
Vf(yk) V£ (yr)

Next, in a similar way, setting « = z* and y = y; in (1), and summing the second inequality with
(68) leads to

La? 9 T
flzr) = floprn) + THwkH —a(l = La)V f(yx) wi >

La2 Tp—1 — " ’ Tp—1 — X"
f@™) = f(wr41) + T||wk||2 —a(l=La)Vflyp) wp > | ap—a* | Xo| xp—a* |. (71)
Vf(yr) Vf(yx)

Multiplying (70) by p? and (71) by 1 — p?, and summing them will lead to the desired result. [J

Proposition 4.6. Let f € S, 1(R?), and consider the AG iterations given by (66). Assume there
exist p € (0,1), P € S2%, and co,c > 0 such that

coXo+cX(p) = ®(A,B,P,p), where (72)

2L CTC  —(u+L)CT
—(p+L)C 214

for X1 and X5 defined in Lemma 4.5. Then the following bounds hold for all k > 0:

X = | x=pxir -2

—p

1
1_p2‘7

E[Vee(6)] < 7 V() + %2 (SLd+Tr(Py)) (73)

where Py € Si is the submatriz of P formed by its first d rows and d columns.
Proof. Using (2) for © = y;, and y = =* along with the fact y, = C¢&, yields
T
fk_f*:| Fk—ﬁ*}
X <0. 74
i) olFron) < ()

This inequality along with Lemma 4.5 implies that (58) holds for X = ¢ Xo + ¢X(p) and T’ =
1 La?d. Moreover, (72) implies that (57) holds for this X. Therefore, (59) holds and Tr(B ' PB) =
a? Tr(P;1) completes the proof. O
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As stated in the previous proposition, the MI in (72) provides us with (P, p) pairs and through
(73) we obtain an upper bound on sup, E[Vp ()], which leads to a bound R on J. However,
solving this 2d x 2d MI becomes intractable as d increases. To keep this MI invariant of the
dimension, we restrict our attention to the case that P is in the form of P ® I, where P is a 2 x 2
symmetric positive semidefinite matrix; hence, (72) becomes a 3 x 3 MI. The following corollary
shows the robustness bound when P = P ® 1, for some Pe Si.

Corollary 4.7. Let f € S, .(RY), and consider the AG iterations given by (66) with parameters
o and B. Assume there exist p € (0,1), P € S, ¢co >0, and ¢ > 0 such that coXo + cX(p) =
®(A, B, P,p) with Xo defined in Theorem 4.6, X1, X5 defined in Lemma 4.5, and P = Py
Then for all k > 0,

Blf(ax) = 7] < 0 o + (1= ™) 0> Rac(a, ), (75)
La2d L+ 2P N
QOi %) oL ;P+ ;;P P >0,
Rac(a, B) N p°) cL +2(P11 — Pf,/Pas) (76)
La2d P - 0
2(1 — pQ)v 22 — U.

where g = %VP,C(&)). As a consequence, J < Rag(a, ).

Proof. Note that since Pecs? , we have ]522 > 0. If ]522 > 0, then using Schur complements, P
can be written as sum of two positive semidefinite matrices:

p— Py —Ph/Py 0 n PPy Py
0 0 Py Pyl

Hence, Vp(&x) > (Pi1 — P2/Pa)||lz, — 2*||>. On the other hand, if Py; = 0, then P € S2
implies that Pjs = 0 as well and we get Ve (&) > 1511|\xk — x*||%. In either case, substituting the
derived lower bounds on Vp (&) in (73) and using the facts that 2(f(zy) — f*) < ||z — 2*||* and

Tr(BTPB) = Tr(BB' P) = o?Py;d completes the proof. O

Remark 4.8. Note that for a € (0, %), setting B = 0 in AG yields GD algorithm with stepsize

a. Selecting cg = 1, ¢ = 0 and P = [p 0}, we observe that p = L? satisfies (72); therefore,

0 0
Corollary 4.7 implies that J < for GD; hence, the result in (65) can be derived as a

special case of Corollary 4.7

2(1- pGD(O‘)2

Using this result, the next corollary characterizes the rate and robustness of the AG method
with a particular parameterization.

Corollary 4.9. Let f € S, 1(RY), consider the AG iterations given by (66) with constant stepsize

a € (0,1/L] and B(a) = 1;\/‘/% Then, for all k >0,

Ef(zx) — f*] < pac(a)® o + (1 - pAG(a)%) 0*Rac(a)

where Yy = Vp1(&), pac(a) £ /1 —Jap and Rag(a) £ 2(1*2((1)2)(1 + al); hence, J <

Rag(a)= ¥5(1+aL).

Proof. |1, Theorem 2.3] guarantees that for any a € (0,1/L], the matrix inequality X (pac(a)) =
®(A, B, P(a), pac(e)) holds for A and B as in (8) corresponding to given a and f(a) =
where P(a) = P(a) ® I, for

/1
~ A %a
Paye ) " WVE VE-VE] (77)
2 2c
Therefore, the desired result follows from Corollary 4.7. O
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It is worth noting that although solving coXo + cX(p) = ®(4, B, P, p) considering only lower-
dimensional P = P ® I; is more restrictive, this small-dimensional MI can still recover the well-

known rate pag = /1 — \/g for the deterministic case, i.e., o = 0, in the literature [37] by setting

the stepsize a = % and momentum parameter §(a) = ﬁ: As shown in [29], this claim can be

verified by setting P = P(a)® I; with o = 1/L. In addition, for the case L = u, substituting 5(c)
in the explicit expression of J in (45) for quadratic functions, we obtain J(«, f(«)) = @(%)

which implies that R4 is a tight bound for J in terms of o dependency.
It is worth noting that the best rate known in the literature for general f € S, p(R?) is

p« =1/1 —+/2k —1/k provided in [42, Theorem 7]. However, this rate differs from ps¢g just by a

2
=r < \/2. Moreover, for the special case of f € SM,L(R‘}’) being a quadratic

9 177?4G =
function, the best linear rate for AG is 1 —2/4/3k + 1 (see [33, Prop 1] for an asymptotic analysis
and [6] for a non-asymptotic analysis). Therefore, we can conclude that p = O(/1 —1/y/k)
and p = O(1 — 1/y/k) denote the best known x dependency of the rate coefficient for general
and quadratic f € 5, r(R?), respectively. That said, since the focus of Section 4 is on general
strongly convex functions f € S, r(R9), in the following subsection in order to approximate the
rate-robustness trade-off curves for AG, we consider pag = y/1 — 1/+/k as the reference rate as it
exhibits the optimal x dependency.

constant factor, i.e.

4.5 Approximating the rate and robustness trade-off curve

Similar to (33), (34), and (35) in Section 3, there are several ways of forming an optimization
problem to trade-off the rate and robustness. In this section we focus on strongly convex objectives
fes, r(R%), where unlike the quadratic objectives, we have access to upper bounds for the
robustness measure rather than exact expressions. Therefore, we adopt a formulation similar to
(33) and vary e to characterize the rate-robustness trade-off. In fact, the parameter e shows how
much we desire to lose in terms of convergence rate to gain robustness.

In the rest, let pgp £ 1 — %H and pag = 1/1 -/ 1/k denote the linear convergence rates for

GD and AG from the literature for f € S, 1 (R?)[37]. In this section, we assume  # 1, as the
k =1 case is trivial. We also let Jgp,e and Jag,e be the best robustness value of GD and AG can
achieve corresponding to rate pap . £ (1+¢€)pgp and pag.c = (1+¢€)pac, respectively. In the rest
of this section, we discuss methodologies to derive tractable upper bounds on Jgp,c and Jag,e-
In particular, for GD, the best robustness level while asking for linear convergence with rate

pGD,e or faster is obtained by solving

argmin Rgp(a) subject to  pap(a) < pep.e, (78)
a€(0,2/L)

where pgp(a) is given in (64). The function pgp(a) is convex and piecewise linear in o over the
interval [0,2/L] with a unique minimum at pgp and it satisfies pep(0) = pep(2/L) = 1 on the
boundary points. Therefore, it follows from this property that, given € € (0, %), there are exactly

two ae > 0 values such that pgp(ae) = pap,e which we can explicitly compute as o, = %:;1) or

Qe = w The former value is strictly smaller as € > 0 and x > 1 here. From the formula
2

(65), we have Rgp(ae) = mfifgd). Clearly one should select the smaller a, value to minimize
GD,e

2—e(k—1)

the robustness bound, i.e., a choice of a, = yomn

RGD(ae)v i.e., jGD,e S RGD(ae)-
For AG, we can also write an analogous optimization problem in order to trade rate with
robustness:

leads to pgp,. rate with a robustness bound

argmin {RAG<aaﬂ) P S PAG e COXO +CX(IO) t ¢(A737P®Id7p)} (79)
,3>0,Pes?
p,co,c>0

with Xy, X(p), Rac defined in Corollary 4.7 — since we can scale P with ¢ > 0, without loss of
generality, we restrict our attention to the case ¢ = 1 for treating the ¢ > 0 case. This problem
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is in general non-convex and not easy to solve. Here, we consider two different ways to generate
rate-robustness trade-off curves.
The first approach is similar to the one we used for GD In particular consider Corollary 4.9,

for ae € (0,1/L], choosing 8 = H_? implies that pag(a) = /1 — . We get pag(ae) = pac,e
for
ac=[1-pied?/n=[1-(1+¢? (1—*)] /1, (80)
\/>
with € € [0, \/\E/El — 1) to make sure the rate is smaller than 1. Thus, choosing («a, 8) = (a., 5e)
with 8. £ 1; FVZZ guarantees the rate pag,.. In addition, Corollary 4.9 implies the robustness

bound Rag(ae) = O(\/jiid) for this case.

For the second approach, we first grid the (o, 8) € (0, %] x [0, 1] parameter space, and use a
numerical approach to find the best parameters for each ¢, i.e., we solve a low-dimensional (in
R*) convex semi-definite programming (SDP) problem for each possible (o, 3) value from the grid,
and we will pick the best one to determine the robustness bound. The SDPs arise from a convex
approximation to the problem (79) as we now elaborate further. First, we note that Rag(«, 5)
defined in (76) is not convex in P; therefore, to obtain a tractable problem, we replace Raq (o, 3)
with a convex upper bound. In particular, using Proposition 4.6, it is straightforward to see

o?d

2(1-p%)

whenever there exists p € (0,1), Pec S% and € > 0 such that”

Rac(a,B) < Rag(a,B) £ (L +2P1y)

cXo+ X(p) = ®(A, B,P® I4,p). (81)

NG
Vr—1
linear matrix inequality in ¢ > 0 and P € Sﬂ_ for fixed (o, B). Moreover, Rac(a, §) is linear in P.
Hence, given the trade-off parameter € > 0, we will approximately solve

Note given € € [0, — 1), setting p = pag,. within the matrix inequality in (81), we get a

R(e) = min  {Rag(o,B) : €Xo+ X(pac.e) = (A, B,P® Iy, pac.c)} (82)
,8,6>0,Pes?

with Xy and X (p) defined in Corollary 4.7, and Ra¢ as given above. In fact, for a fixed («, 3),
this is a small dimensional convex SDP problem and can be solved easily.

Thus, we first grid the AG parameter space, i.e., {(a,, Bi,) }i,ez, isez, and for given trade-off
parameter €, we solve |Z1||Zz| many 4-dimensional SDPs, i.e., for each (i1,i2) € Z; X I,

_ a?d

Ril,iz (6) £ >(§n1irelg2 RAG(QZIVﬁZZ) - W(L + 2P11) (83)
c AG,e

st eXo+ X(pac.e) = ®(A, B, P ® Iy, pac.c)-

Clearly, Jac.e < R(€) < ming, ez, iyez, Ri, 4, (€) where R(e) is as in (82). Note (o, 8) = (a., B.),
¢=0and P = P(a,) satisfies (81) where a. is given in (80), 8. = 1+\/7Vg” and P(«) is defined in
(77). Therefore, for any grid that contains (a., 8¢) as one of the grid points, we have

- ald 1 a.d _Yad
Rl = 2 (1 —pie,e) (L+ O‘E) : (1 —pic,e) VR 0

where the first inequality follows from P; = % for P = ]5(045) and the second inequality follows
from a. € (0,1/L]. The equality above is a direct consequence of the identity (80). Finally,
according to the discussion at the end of the previous section, for ¢ > 0 sufficiently close to

\/\E/El — 1, there exists a quadratic f € S, 1 such that J(a., ) = (‘ﬁd) while (84) implies

=~ acd
that Jag,e < R(e) < %

"Recall that we put ¢ = 1 in this section.
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In Figure 3, we consider the rate-robustness trade-off for a strongly convex function with p =1
and L = 20 using the upper bounds we derived in this section for both GD and AG (that are
applicable to any dimension d), where we report the normalized robustness level 7 /d in the y-axis
versus the convergence rate in the z-axis — for AG we plotted two curves associated with the two
approaches detailed above: the first one (marked in red color) uses the explicit bound and the
second one (marked in yellow color) is based on a grid search. We use the solver CVX [25] to solve
the 4-dimensional SDPs given in (83). We select a grid of size |I1| = |I2] = 30 on the parameter
space for («, ) determined by Proposition 3.6. We observe that the grid search and the explicit
upper bound approach give similar results on this numerical example for AG, especially when the
rate is close to 1. We also see that the robustness upper bound for GD obtained from our approach
(marked in blue color) is worse than the upper bound we developed for AG. To see how the AG
bounds are comparable with the exact expressions we developed for quadratics, first we note that
by Lemma D.1, any quadratic function f € S, £ (R%) admits the robustness upper bound®

Tmaz (e, B) = (d — 1) max [ua,g (1), ta,s(L)] + min [ua,g(1), ta,s(L)]

and this bound can be achieved for some choices of f. For large d, we have clearly Jnaz (v, 8)/d =
max [Uq, (1), Ua,g(L)]. In Figure 3, we plot the latter quantity versus the convergence rate (marked
in purple color) to demonstrate the rate-robustness curve for AG in the case of quadratic objective
functions. We observe from Figure 3 that our bounds for the quadratic case are tighter than those
for general strongly convex functions as expected.

0.5
0.4 —GD
— AG:Explicit upper bound
03" AG:Grid search
é — AG:Quadratic case
0.2-
0.1~
. K
0.7 0.8 0.9 1

Rate p

Figure 3: Rate-robustness trade-off for GD and AG algorithms using derived upper bounds and comparing
it with the quadratic result.

5 Asymptotic stability of the optimum with respect to per-
turbations

Our discussion so far has focused on the robustness of first-order methods with respect to random
noise in the gradients, which we quantify by J defined in (10). Our robustness measure J is based
on the Hy norm of an associated linear dynamical system. It is well known that the H norm
of a dynamical system is closely related to the asymptotic stability of the equilibrium (which is
characterized by the optimal solution z* to (3) in our setup) in the sense that it quantifies how
quickly the system can converge back to the equilibrium if it is unsettled from its equilibrium in
the direction of a coordinate [46]. More specifically, for each i € {1,...,d}, let {z}}x>0 be the
iterate sequence corresponding to (49) whenever {wy }, = d[k]e; for k > 0 where e; is the i-th basis
vector, i.e., we perturb the system from its equilibrium with an impulse input in the direction of
€;. Let

d
Jei=)_ lla" —2"|I3 (85)
i=1

where ||z — 2*||2 is the Iz norm of the sequence {z} — 2*};. It is worth noting that {z}; is the
same as the iterate sequence of the noiseless system (4) with initial state £&* + Be;, D = 04 and

¢() = V()

8This is a worst-case bound for a quadratic f € Sy, 1 (RY), tighter bounds are available if all the eigenvalues of
its Hessian matrix were known or estimated beyond the eigenvalues p and L, see Proposition 3.7.
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We next motivate this definition from another perspective. Recall the alternative robustness
measure J' = limsupy E[||zx — 2*||?] we briefly discussed in Section 2; for a linear system it is
known that J' = J. [46]. In other words, our explicit formulas and bounds for [J’, given in
Appendix E of the Supplementary Material, translate immediately to 7, for optimizing quadratic
functions. The definition in (85) also extends to the case when f is not necessarily quadratic or
equivalently when the system (49) is nonlinear; however, for non-linear systems there is no known
explicit formula that relates J' to J. [44]. We refer to the quantity J. as perturbation stability
of the first-order algorithm in consideration; indeed, it measures how sensitive the underlying
optimization algorithm is to the initialization around the optimal solution — it also quantifies how
strongly the iterate sequence is attracted to the optimal solution once they are close.

In particular, given A, B, and C defining the first-order optimization algorithm, we assume
there exists X € S™"¢ such that the MI in (57) holds for some P € ST and p € (0,1). Moreover,
we assume that when I' = 0 and o = 0, there exists a constant ¢ > 0 independent of &y such that
the same p and X satisfy the dissipation inequality in (58) for every k > 0; hence, it follows from
(57) and (58) along with (55) that

Vpe(&r) < p**Vpo(&), YV k>0. (86)

Since f € Sy, (R?), whenever P € S and/or ¢ > 0, (86) implies that the error signal {||z} —z.|/*}«
decays geometrically and is therefore summable; and as a consequence, 7 in (85) well-defined.

Lemma 5.1. For GD, the following bound holds for all o € (0,2/L)

2
Ti(a) < a“d

ST ) a

where pap(+) is defined in (64). Moreover, for AG, given « € (0,1/L], setting 8(«) = 1;%, the

2
. .- d
perturbation stability can be bounded as J.(a) < 377(1 + k).
Proof. Recall that {x} }, is the same as the iterate sequence of the noiseless system (4) with initial
state £* + Be;. Hence, Proposition 4.3 with ¢ = 0 implies that

? <o — |

Hx,‘f —z*

, Vk>0. (88)
for some p € (0,1) and for any 1 < i < d and stepsize a € (0,2/L). Thus, > ;7 ||z} — 2 ? <

_1
1—p2

Therefore, we have J,(a) < 1“72512. Moreover, given any stepsize o € (0,2/L) for GD, using
(64), which is the smallest p value for which (88) holds, we obtain (87). On the other hand,
for AG, using Corollary 4.9 with 0 = 0 and the fact that § |lz; — *||? < fla®) — f*, we get

H:z:}cfm*HZ < pHa(||h f:z:*HQ + %(f(xg) — f*) for k > 0 and @ = 1,...,d, where we used

xh =", =a2* + Be; fori=1,...,d. Thus,

IER —;1:*”2, which implies ||2* —x*”2 < % foralli = 1,...,d since B = —aly for GD.

d

1 ; a?d
Je(@) € ——5——(T(B'B)+ ) _ 2(f(xp) = [)) < (1+k), Vae(0,1/L].
1- pie(@)( ; w0 ) Vap }
[
For o € (0,1/L] since pgp(er) =1 — ap, (87) implies that J.(a) < = &% = O(a) for GD.
For quadratic f € S, 1 (R?) such that p = L, as we discussed in Footnote 6, J'(a) = u(2oidau)'

Since J. (o) = J'(«) for quadratics, O(a) dependence of (87) for a € (0,1/L] is tight. We also note
that, O(a®/?) bound on J, () for AG implies that for sufficiently small stepsize o, AG possesses
better perturbation stability than GD.

6 Numerical Experiments

Our first set of experiments concern a further study of Example 3.4 for comparing AG and GD in
terms of performance. In the leftmost plot of Figure 4, we vary the trade-off parameter from 7 = 0
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to 7 = oo for AG and plot the robustness level J(aw(7),5.(7)) versus the rate p(a.(7), B«(7))
corresponding to the optimal parameters (a.(7), 8+(7)), we also plot the analogous curve for GD
(the same curve from Figure 1) to compare. We observe that for the same achievable convergence
rate, the optimized AG parameters lead to more robust algorithms compared to the optimized GD
algorithms as AG has an additional parameter 5 to optimize robustness over. This shows that
AG can improve GD in terms of both convergence rate and robustness at the same time when
gradients are subject to white noise. This result is in contrast with the deterministic gradient error
setting in [12], which shows that GD performance degrades gracefully while AG may accumulate
error. Therefore, our results suggest that AG algorithms can tolerate random noise better than
deterministic noise to preserve their accelerated rates, which is also inline with the theoretical
findings of [7]. Also it is interesting to note that the popular choice of parameters (blue and red
dots), as well as the parameters that lead to the optimal (fastest) rate (green and purple dots) lie
on curves that trade robustness with rate in an optimal fashion.

2
6 —GD 40 —AG: accurate formula 10 i — Standard GD/|
—AG —AG: upper bound | —Standard AG |
4| ® Standard GD 30/ ; Modified AG |
@ Optimal GD N ! 1
& || ® Standard AG 20 bl
5 || ® Optimal AG 100
10 I
0 0 % o
0.6 0.7 0.8 0.9 1 0.7 0.8 0.9 1 10 10
Convergence rate p Convergence rate p Iteration count

Figure 4: Left: Robustness J as a function of the convergence rate for GD and AG. Middle: Comparison
of the convergence rate and robustness obtained by solving (40) versus its approximation (48) for d = 100.
Right: Tuned AG can be both faster and more robust than GD.

Next, we illustrate the tightness of our upper bound J(a, 3) provided in (47) to the (true)
robustness level J(«, 8). This upper bound results in a small scale optimization problem (48) that
allows trading-off robustness and the convergence rate in a way that computationally tractable,
even in high dimensions. The middle plot of Figure 4 shows the convergence rate and robust-
ness obtained by solving (40) versus solving (48). The objective is a random quadratic function
in dimension d = 100 with parameters ;4 = 0.1,L = 1. Our results show that for any trade-off
parameter 7 our upper bound is within a factor of 1.2 of true parameters, illustrating the accuracy
of this approximation to the optimal parameters for different levels of robustness, especially the
approximation is more accurate when the trade-off parameter is larger (in which case the conver-
gence rate is closer to 1). We obtain quantitatively similar results repeating this experiment with
other randomly generated quadratic functions.

Next, we illustrate our framework to trade-off robustness and convergence rate on a quadratic
optimization problem, similar to the one considered in [27] where it is shown that AG algorithms
with standard choice of parameters have difficulty to handle random gradient noise. We consider
the quadratic function f(z) = 227 Qz+b"2+6§||z|? in dimension d = 100 where Q is the Laplacian
of a cyclic graph, § = 0.1 is a regularization parameter to make the problem strongly convex and
b is a random vector. As it can be seen in the rightmost plot of Figure 4, we show that when
properly modified, AG can be both faster and more robust in comparison with GD.

In the leftmost plot of Figure 5, we compare the tuned AG with other algorithms such as AC-SA
[32] and the Flammarion-Bach algorithm [19]. For this purpose, we consider the same quadratic
test problem from [19] in dimension d = 20, where the eigenvalues of its Hessian ) are set equal
to A; = i2 for i = 1,2,...,20. Our results show that modified AG can trade robustness with the
convergence rate successfully and can improve upon AC-SA and Flammarion-Bach algorithm on
this example.

Finally, we validate our results for strongly convex and smooth functions by choosing function
f to be a regularized logistic loss. We synthesize a random matrix M € R2900x100 and a random
vector w € R and compute y = sign(Mw) as the output of the classifier. The goal is to recover w
using regularized logistic regression when the gradient of the logistic loss is corrupted with additive
Gaussian noise. The plot on the right panel of Figure 5 shows the behavior of tuned AG after
solving the optimization problem (79) with three different e values 0 < ¢; < €3 < €3 in comparison
with standard AG and GD. As predicted by our theory, AG performs better than GD and the
asymptotic suboptimality decreases as € gets larger.
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Figure 5: Left: Comparison of the other algorithms with Modified AG. Right: Tuned AG for the regularized
logistic regression problem.

7 Conclusion

We consider the gradient descent (GD) and accelerated gradient (AG) methods for optimizing
strongly convex functions. We developed a computationally tractable framework to design their
parameters in a way to trade between two conflicting performance measures: the convergence rate
and the robustness to additive white noise in the gradient computations measured in terms of final
asymptotic variance of the algorithm output. For strongly convex quadratics, we show that this
robustness measure is equal to the Hy norm of a dynamical system associated to the optimization
algorithm and give an explicit characterization of this quantity. Our results show that for the same
achievable rate, AG can always be tuned to be more robust. Similarly, for the same robustness
level, we show that AG can be tuned to be always faster than GD. We also give fundamental lower
bounds on the achievable robustness level for gradient descent for a given achievable rate. We
show how our analysis can be extended to smooth strongly convex functions and we derive upper
bounds on the robustness measures for GD and AG.
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A First-order optimality conditions for the objective F;(«)

Proposition A.1. There exists an optimizer o, (T) to the minimization problem (35). Further-
more, any optimizer is either a, (1) = 2/(u+ L) or it satisfies one of the following two conditions:

o d

a 1 T(ap — 1)

QZ;@_Q&V+M@—aM2 and |1 —au| > |1 —al] (89)
o d

o 1 T(aL —1)

2 = 1- 1—all.

2 ; G T T2—anp 0 ad [L-aul <|l-alf (90)

Therefore, by examining the values of F at the points that satisfy this equality and inequality
constraints, we can determine the optimal stepsize a*(T).

Proof. To solve (35) explicitly, note that

1 m if |1 —ap|>1—-all,
1—p? if |1—aul<|1—all

1
1-(1—aL)?

The optimal a* cannot be attained on the boundary points of the interval [0,2/L] as F is not finite
at these points. Therefore, it suffices to solve the optimization problem over the open interval
(0,2/L) where F is differentiable with respect to « except when |1 — au| = |1 — «L|, i.e. when
a=2/(p+ L). For a* # 2/(un+ L), we can write-down the first-order conditions of optimality
g—g = 0 which leads to (89) and (90). O

B Proof of Proposition 3.6

In the light of the formula (42) that characterizes p(Ag), the closure of the stability set S admits
the representation S = S, N Sy, where for A € {u, L} we define

Sy={(a,8) : pala,8) <1,a>0,8>0} C R (91)

We first write Sy as a union of two disjoint sets depending on the signature of Ay: Sy = S5x,1US) 2
where

S)\,l =8N {(Oz,ﬂ) A< 0}, S)\,Q =8N {(Ox,ﬂ) Ay > O}. (92)

It follows from the definition of Ay in (43) that Ay < 0 if and only if 0 < 1 — a)\ < 1+/3
when this condition holds, py = v/B(1 —a)X) <1 if and only if 0 < 1 — aA <3 . Therefore,

)2; and

Savi={(a,B): 0<1—ar< min{ R 5)2}} (93)
We next focus on Sy 2. Note that Ay > 0 if and only if
45

If (94) is satisfied, then py < 1 if and only if 2(1+ 8)(1 — aX)sign(l — a)) + 2+/A\ < 1. There
are two cases:

1) Ay > 0 and 1 — a)X < 0: In this case, py < 1 if and only if /A, < 2 — (1 + B)cy, where
cx = —(1—a)) > 0. By squaring both sides, this is if and only if, Ay < (2—(1+8)cx)? and 2—
(1+ B)ca > 0 The first inequality holds if ¢y = —(1 — a)) < whereas the second inequality
holdsif ey = —(1—aX) <
holds too. Therefore,

1
2B+1
71 +1 The first inequality is more binding, if it holds the second inequality

{(,p): 0< (1—04/\)_2ﬁ+1}C3A2 (95)

2) Ay > 0and 1 — aX > 0: In this case, py < 1 if and only if /Ay < 2 — (1 + B)d) where
dy = —cx = (1 — a\) > 0. After squaring both sides, this is if and only if

A< (2= (1+B)dy)? and 2— (14 B)dy >0 (96)
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where the first inequality simplifies to 1 > dyx. (96) along with (94) means 225 <1 — a\ <

(1+p)?
min{1, ﬁ} which implies 8 < 1; therefore,
48 2
,0): ——=<1—aXx<——}C 82 97
(@8): i <1-ars 25} C (o7
Merging (93), (95), and (97) yields
Sy = {(a B): 1—aXe S min{l 2}}} (98)
A= ) . 1+ 267 Ba 1 +6 .

To complete the proof, due to the representation (91), it suffices to compute the intersection
S, N Sr. There are several cases to consider depending on the value of a:

1) First, consider a € [0,1]. In this case 1 —ap > 1 —aL > 0, and hence (98) implies
1l—ap < ﬁ if 8 <1 whereas 1 —au < % if 8 > 1. Nevertheless, if 5 < 1 then ﬁ > 1, so the
first case always holds; hence, (1 — ap)g < 1.

2) Now, assume « € [%,min{%,% ]. Then 1 —ap > 0> 1—aL, and thus (98) yields 1 —aL >

—ﬁ, 1l—ap< min{%, ﬁ} where the second inequality again simplifies to (1 — ap)g8 < 1.
3) The last possible case happens when p > é ,and so a € [i, 2] is possible. In this case

1—alL <1—ap <0, and so using (98), we just need to check 1 — aL > —ﬁ Considering all
these cases along with the fact that (98) shows « cannot be greater than % completes the proof.

C Proof of Proposition 3.7

Similar to the analysis for GD, we can assume without loss of generality that @ is diagonal. The
proof is also similar. Consider UAU " be the eigenvalue decomposition of Q. Then Ag in (39) can
be written as

Ag =UA\UT, where (99)
5~ _|U 0q _ @+ B)a—al) —B(lg—al)
e [U 0] a9 = )

Replacing Ag from (99) in Lyapunov equation (20) implies

UA\UTXUAJUT — X + BBT =0. (101)
Multiplying by U and U from right and left respectively yields

ANUTXUA, ~UTXU +BBT =0 (102)

where we used the fact that B in (8) has the property that UTBBTU = BBT.

Equation (102) shows that U XU satisfies the Lyapunov equation when Ag is replaced by
Ap. Next, we show that after after substituting @ by A, the robustness J(«, ) would stay the
same; i.e., H3(An, B, \/gAlﬂT) = H3(Aq, B, RT), where R = \/gAl/QUT. To show this, note
that from (19), we have

1 1 - ~
H2(A,, B, \/;Al/QT) =3 Te(AY2T)UT XU(AY2T)T)

= %ﬂ((Al/QTUT)X(AmTUT)T) = Tr((RT)X(RT)"),

where the last equality is true as TU ' = UTT for T and U given in (22) and (100). This result
completes the proof of our claim that we can assume () is diagonal. For simplicity we will continue
our analysis with Ag, assuming its a diagonal matrix.

Let P, be the permutation matrix associated with the permutation 7 over the set {1,2,...,2d}
that satisfies (i) = 2i — 1 for 1 < i < d and 7(¢) = 2(i — d) for d+ 1 < i < 2d. Tt is well-known
that permutation matrices satisfy P! = P = P, 1; therefore, multiplying Lyapunov equation
(20) by P, and P, from left and right, respectively, leads to

(PrAqP] )Y (PrALP]) —Y + PrBB'P] =0, (103)
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where Y = P, X P, . Tt follows from (39) that

P,AgP] = diag([TJL,), and T;=|U +/8)<11 —ah) _ﬂ(lo_o“”)], i=1,....d
Oézjd Od

0q  Og
is a 2d by 2d diagonal matrix with a? on entries (1, 1), (3,3), ..., (2d —1,2d — 1) and zero elsewhere.
Hence, Y that solves (103) is a block diagonal matrix in the form: Y = diag([Y;]%,), where

vty
Y, = [ A Q} satisfies the equality

i %

and 0 < u= A1 < Ao < ... < Ay = L are the eigenvalues of (). Since BBT = { },PWBBTPT;r

[(1 +B8)(1—aN) —B(1— a/\i)} Y, {(1 +6)(1 —aXi) 1} Y4 [a2 0} 0

1 0 —B(1—a)) 0] 0 0
for all i = 1,...,d. This is equivalent to the linear system:
1+ B)2(1—aX)? =1 =28(1+8)(1—aX)? B2(1—aN)?] [y® —a?
1+ 81 —aN) —1-8(1-aN\) 0 ywWl=10
1 0 -1 yd 0

Solving this system of equations, we obtain:

Ai(1 = B(1 = aXi)) (2428 — aXi(1+28))’

vl =yl =a

o a?(1+ 6)(1 — a)\) (104)
YT an(1— BT~ aX))(2 1 28 — aX(1 +25))
The J(a, ) can be computed using
TY((\/gQ”QT)X(\EQ”QT)T) = %H(PJTQTPJ Y). (105)

The matrix P,T"QTP, is block diagonal with 2 x 2 matrices ﬁ\; 8} on its diagonal. Therefore,

using (104), the robustness measure J(a, ) is equal to

1< 1+ B(1— a))
N o

1—a\))(2+28 —a(1+28))

D Convexity of u, ()

We next show that u,, g(\) appearing in the definition of the J (o, ) for the AG algorithm is
convex with respect to A.

Lemma D.1. Let (o, 8) € S where S is the stability region of the dynamical system representation
of AG given by (41). The function uq g(A\) defined by (46) is convexr on the interval [p, L].

Proof. The function u,, 5()\) can be written in terms of A := 5(1 — a)) as follows

~ « 1+ A
CIA(/\) = gm (107)

where v := 2 + % It follows from (41) that for (o, 8) € S, 1> A > *71, and thus both terms in

denominator of (107) are positive. Note that A is linear, and since the composition of a convex
functions with a linear function is convex, it suffices to show gy ()) is a convex function of A over
domain [=%, 1]. To show this, we simply compute the second derivative of (107) with respect to .

After doing some algebra,

d <« 2(y3 =2 4
ol =5 (S =) (108)
d\ 2\(y+1)(WA+1)3  (y+1)(1 =X
which is non-negative as v > 2 and Ae [_71, 1]. This completes the proof. O
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E Defining rate and robustness based on iterates

In this supplementary file, we first recall how an alternative robustness measure can be defined
based on the distance of the iterates to the optimal solution instead of the robustness measure J
we introduced in the main text based on the asymptotic expected suboptimality in function values.
Here, we focus on the iterate sequence {zy}x to characterize the notions of rate and robustness.
First we consider the case that f is a quadratic function in the form of f(z) = %zTQx —plz+r.
Using (15) along with the relation x; = T¢, with T defined in Section 3.1, for both GD and AG
the sequence {E[xy]}r goes to zero with rate p(Aq).

However, due to the noise injected at each step, the limit of the sequence {z}} will oscil-
late around the optimal solution with a non-zero variance. Thus, a natural metric to mea-
sure robustness is then to study the asymptotic normalized variance by considering the limit
I =limg oo HE[||ay — 2* I?]. Similar line of argument as Lemma 3.1 shows that this limit exists
and is in fact equal to H3(Aq, B,T). This quantity can be viewed as the robustness to noise in
terms of iterates because it is equal to the ratio of the power of the iterates to the power of the
input noise, measuring how much a system amplifies input noise. In particular, the smaller this
measure is, the more robust the system is under additive random noise.

The robustness J’ can be evaluated precisely for GD and AG method same as what we did
in Section 3 for J. For GD method with constant stepsize @ € (0,2/L), the robustness to noise
in terms of iterates is denoted as J'(«) to show the dependence to a. The following proposition,
which can be proved similar to Proposition 3.2, shows the explicit characterization of J'(«).

Proposition E.1. Let f be a quadratic function of the form f(x) = %mTQx —plx+r. Consider
the GD iterations given by (5) with constant stepsize a € (0,2/L) . Then the robustness of the GD
method in terms of iterates is given by

() :Oﬂz—l_ T=any ~ "X NE—an) (109)

where 0 < p = A1 < Ay < ...Ag = L are the eigenvalues of Q.

For AG, with constant stepsize a and momentum parameter 3, we denote the robustness to
noise in terms of iterates as J'(«, 3). The following theorem, which can be proved similar to
Proposition 3.7, provides an explicit formula forJ(a, 8) in terms of the eigenvalues of Q.

Proposition E.2. Let f be a quadratic function of the form f(z) = %xTQx —plx+r. Consider
the AG iterations given by (7) with parameters («, ) € S . Then the robustness of the AG method
in terms of iterates is given by

d
T'(@.8) =3 uly 5(M) (110)

where =X\ < Ay < -+ < A\g = L are the eigenvalues of Q and

1+ 5(1—a))
A1 =B(1—aX)(24+28 —aX1+28))

As discussed in Section 3, the J’(«, 8) admits a tractable upper bound in the form of J'(a, §) <
dmax(uy, 5(p),uy, 5(L)) which only depends on y and L.

We can also extend the definitions of rate and robustness in terms of iterates to the case that
f € S, L(R?). Note that in general the sequence {z}}; might not converge to the optimal solution
in expectation (see [14]). Using the family of Lyapunov functions Vp.(§), it can be shown that,
similar to (51), the following inequality holds for both GD and AG with properly chose parameters

Elllzr — 2*12) < g%+ 2R k> 1 (112)

up, 5(N) = o (111)

where 0 < p < 1 is the same p as (51) and also ¢, and R’ are non-negative numbers and depend on
algorithm parameters and initial point xo. For instance, Proposition 4.3 implies that (112) holds
for GD, i.e., for all £ > 0,

El||zr — 2*|°] < p(a)?* |zo — z*||* + 0°R'(a), where (113)
2
/ A ad
= . 114
R(a) = 1— ()2 (114)
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Similarly, we can derive (112) for AG by using Proposition 4.6.

Finally, we show that the R'(«) is a tight bound for J’. For quadratic f € S, 1.(R%), J’ can
be written in closed form as in (109), Note that if \; = p = L for ¢ = 1,...,d, then this quantity
is equal to R'(«).
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