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¢-FEM: A FINITE ELEMENT METHOD ON DOMAINS DEFINED
BY LEVEL-SETS

MICHEL DUPREZ* AND ALEXEI LOZINSKI'

Abstract. We propose a new fictitious domain finite element method, well suited for elliptic
problems posed in a domain given by a level-set function without requiring a mesh fitting the bound-
ary. To impose the Dirichlet boundary conditions, we search the approximation to the solution as
a product of a finite element function with the given level-set function, which also approximated
by finite elements. Unlike other recent fictitious domain-type methods (XFEM, CutFEM), our ap-
proach does not need any non-standard numerical integration (on cut mesh elements or on the actual
boundary). We consider the Poisson equation discretized with piecewise polynomial Lagrange finite
elements of any order and prove the optimal convergence of our method in the H!-norm. Moreover,
the discrete problem is proven to be well conditioned, i.e. the condition number of the associated fi-
nite element matrix is of the same order as that of a standard finite element method on a comparable
conforming mesh. Numerical results confirm the optimal convergence in both H' and L? norms.
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1. Introduction. We consider the Poisson-Dirichlet problem

(1.1) {—Auzf on £,

u=0 on T,

in a bounded domain Q € R? (d = 2,3) with smooth boundary I' assuming that
and I' are given by a level-set function ¢:

(1.2) Q:={¢p <0} and I' := {¢ = 0}.

Such a representation is a popular and useful tool to deal with problems with evolving
surfaces or interfaces [15]. In the present article, the level-set function is supposed
known on R?, smooth, and to behave near I' as the signed distance to I. We propose
a finite element method for the problem above which is easy to implement, does not
require a mesh fitted to I', and is guaranteed to converge optimally. Our basic idea
is very simple: one cannot impose the Dirichlet boundary conditions in the usual
manner since the boundary I' is not resolved by the mesh, but one can search the
approximation to u as a product of a finite element function wy with the level-set ¢
itself: such a product obviously vanishes on I'. In order to make this idea work, some
stabilization should be added to the scheme as outlined below and explained in detail
in the next section. We coin our method ¢-FEM in accordance with the tradition of
denoting the level-sets by ¢.

More specifically, let us assume that 2 lies inside a simply shaped domain O
(typically a box in R?) and introduce a quasi-uniform simplicial mesh 7, on O
(the background mesh). Let 7, be a submesh of 7;59 obtained by getting rid of
mesh elements lying entirely outside Q (the definition of 7, will be slightly changed
afterwords). Denote by €, the domain covered by the mesh 7;, (so that typically Qp,
is only slightly larger than Q). Our starting point is the following formal observation:
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assuming that the right-hand side f is actually well defined on €2, and the solution u
can be extended to 2, so that —Awu = f on €}, we can introduce the new unknown
w € HY(Qy) such that u = ¢w and the boundary condition on I' is automatically
satisfied. An integration by parts yields then

(1.3) /Q V(¢w) - V(¢v) — / 3(gi)w)gi)v = fov, Yve HY(Qy,).

0y, on Qn

Given a finite element approximation ¢, to ¢ on the mesh 7, and a finite element
space Vj, on Ty, one can then try to search for wy, € Vj, such that the equality in (1.3)
with the subscripts h everywhere is satisfied for all the test functions v, € V}, and to
reconstruct an approximate solution wuyp, to (1.1) as ¢pwp. These considerations are
very formal and, not surprisingly, such a method does not work as is. We shall show
however that it becomes a valid scheme once a proper stabilization in the vein of the
Ghost penalty [3] is added. The details on the stabilization and on the resulting finite
element scheme are given in the next section.

Our method shares many features with other finite elements methods on non-
matching meshes, such as XFEM [13, 12, 16, 10] or CwtFEM [5, 6, 7, 4]. Unlike
the present work, the integrals over {2 are kept in XFEM or CutFEM discretizations,
which is cumbersome in practice since one needs to implement the integration on the
boundary I' and on parts of mesh elements cut by the boundary. The first attempt to
alleviate this practical difficulty was done in [11] with method that does not require
to perform the integration on the cut elements, but needs still the integration on I'.
In the present article, we fully avoid any non trivial numerical integration: all the
integration in ¢-FEM is performed on the whole mesh elements, and there are no
integrals on I'. We also note that an easily implementable version of ¢-FEM is here
developed for Py finite elements of any order k > 1. This should be contrasted with
the situation in CutFEM where some additional terms should be added in order to
achieve the optimal Py accuracy if k > 1, cf. [8].

The article is structured as follows: our ¢-FEM method is presented in the next
section. We also give there the assumptions on the level-set ¢ and on the mesh, and
announce our main result: the a priori error estimate for ¢-FEM. We work with
standard continuous Py finite elements on a simplicial mesh and prove the optimal
order h* for the error in the H' norm and the (slightly) suboptimal order h**+1/2 for
the error in the L? norm. The proofs of these estimates are the subject of Section
3. Moreover, we prove in Section 4 that the associated finite element matrix has the
condition number of order 1/h?, the same as that of a standard finite element method.
Some numerical illustrations are given in Section 5.

2. Definitions, assumptions, description of ¢-FEM, and the main re-
sult. We recall that we work with a bounded domain Q € O C R? (d = 2,3) with
boundary T" given by a level-set ¢ as in (1.2). We assume that ¢ is sufficiently smooth
and behaves near I' as the signed distance to I' after an appropriate change of local
coordinates. More specifically, we fix an integer k£ > 1 and introduce the following

ASSUMPTION 2.1. The boundary I' can be covered by open sets O;, i = 1,...,1
and one can introduce on every O; local coordinates &1, . ..,&q with €4 = ¢ such that
all the partial derivatives 0*E/0x* and 0%x /O™ up to order k + 1 are bounded by
some Cy > 0. Morover, |¢p| > m on O\ Uj=1,... 1O; with some m > 0.

Let 7;10 be a quasi-uniform simplicial mesh on O of mesh size h, meaning that
diam(T) < h and p(T) > Bh for all simplexes T € T,° with some mesh regularity
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parameter 5 > 0 (p(T) stands for the radius of the largest ball inscribed in T').
Consider, for an integer [ > 1, the finite element space

Vb = {on € HY(O) s walr € BU(T) V T € T}

Introduce an approximate level-set ¢y € Vh( ) by

(2.1) on == Iio(9)
where [ }(l )(’) is the standard Lagrange interpolation operator on Vh( ()9 We shall use this
to approximate the physical domain Q = {¢ < 0} with smooth boundary ' = {¢ =
0} by the domain {¢, < 0} with the piecewise polynomial boundary Ty, = {¢p =
0}. We employ ¢, rather than ¢ in our numerical method in order to simplify its
implementation (all the integrals in the forthcoming finite element formulation will
involve only the piecewise polynomials). This feature will also turn out crucial in our
theoretical analysis.

We now introduce the computational mesh 7;, as the subset of 7,¥ composed
of the triangles/tetrahedrons having a non-empty intersection with the approximate
domain {¢, < 0}. We denote the domain occupied by Ty, by Qy,, i.e.

Th={TeTP :Tn{pn <0} £} and Q= (Urer,T)°.

Remark 2.2. Note that we do not necessarily have Q C . Indeed some mesh
elements can be cut by the exact boundary {¢ = 0} but not with the approximate
one {¢, = 0}. Such a mesh element will not be part of T although it contains a
small portion of €.

Fix an integer k > 1 (the same k as in Assumption 2.1) and consider the finite
element space

Vh(k) = {vh S Hl(Qh) : vh|T S Pk(T) VT e 771}
The ¢-FEM approximation to (1.1) is introduced as follows: find wy, € Vh(k) such that:
(2.2) an(wn,vy) = Ly (vy) for all v, € V¥

where the bilinear form a; and the linear form [}, are defined by

23) )= [ Vo) Vo) = [ SLomwon +Guw.o)

and

In(v) := A fonv + Gt (v),

with Gj, and G}"® standing for

G (w,v :_ahZ/{ H (¢hv]+ah2Z/A¢hw A(¢pv)

EeF} TeTr
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and

Gil(w) = —ot* 3 [ raiono)

TeTr

where o > 0 is an h-independent stabilization parameter, 7? C Ty, contains the mesh
elements cut by the approximate boundary I'y, = {¢ = 0}, i.e.

(2.4) TE={TeTh:TNTy #2}, O = (UTeThrT)O.

and F} collects the interior facets of the mesh 7y, either cut by '), or belonging to a
cut mesh element

Fi = {FE (an internal facet of 7;,) such that 37 € T, : TNT), # @ and E € 9T}.

The brackets inside the integral over E € F} in the formula for G} stand for the
jump over the facet E.

Remark 2.3. The term G}, in ay, is the stabilization which differentiate the method
introduced here from its naive version (1.3) from the Introduction. The first part in
G}, actually coincides with the ghost penalty as introduced in [3] for P; finite elements.
We add here another term involving the laplacian of ¢pwy,. To make the stabilization
consistent, this term is compensated by yet another term on the right-hand side —
Gzhs. Indeed, ¢pwp should approximate the exact solution v and —Au = f. We
shall show that such a stabilization makes the bilinear form a; coercive on Py finite
elements of any order £ > 1. Note that the usual choice for the ghost stabilization in
the CutFEM literature is more complicated in the case of P elements, k > 1, cf [7]:
it involves the jumps of higher order normal derivatives up to the order k. We believe
that our additional stabilization with the laplacians could be used in the CutFEM
context as well. In this way, one would avoid the derivatives of order > 2 even on
polynomials of degree k > 2 making the implementation somewhat simpler.

We shall also need the following assumptions on the mesh 73, more specifically
on the intersection of elements of 7T;, with the approximate boundary I'y, = {¢ = 0}.
This assumption is normally satisfied for h small enough, cf. the discussion in [11].

ASSUMPTION 2.4. The approzimate boundary I'y, can be covered by element patch-
es {IL; }i=1,....Ny having the following properties:
e FEach patch11; is a connected set composed of a mesh element T; € TR\ T, and
some mesh elements cut by I'y,. More precisely, 11; = T; U H{ with H{ C 7;;
containing at most M mesh elements;
o T) = UnII};
o II; and 11, are disjoint if ¢ # j.

In what follows, || - ||x,p (vesp. |- |k,p) denote the norm (resp. the semi-norm) in
the Sobolev space H*(D) with an integer k > 0 where D can be a domain in R or a
(d — 1)-dimensional manifold.

THEOREM 2.5. Suppose that Assumptions 2.1 and 2.4 hold true, | > k, the mesh
Th is quasi-uniform, and f € H*(Q, U Q). Let u € HET2(Q) be the solution to (1.1)
and wy, € Vh(k) be the solution to (2.2). Denoting up := ¢pwp, it holds

(2.5) lu — un|1.0nq, < COR||flkouan,
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with a constant C' > 0 depending on the constants in Assumptions 2.1, 2./ (and thus
depending on the regularity of ¢), and on the mesh regularity, but independent of h,
f, and uw. Moreover, supposing Q@ C Qy,

(2.6) lu —unllo < CHM2| fllkq,

with a constant C' > 0 of the same type.

3. Proof of the a priori error estimate. This section is devoted to the proof
of Theorem 2.5. We first give some preliminary results, starting with a Hardy-type
inequality which will allow us to properly introduce the new unknown w = w/¢. This
will be followed by some technical lemmas, mostly about the properties of functions

of the form ¢pv, with vy, € Vh(k).
3.1. A Hardy-type inequality.

LEMMA 3.1. We assume that the domain Q is given by the level-set ¢, cf. (1.2),
and satisfies Assumption 2.1. Then, for any u € H**1(O) vanishing on T,

u

¢

with C > 0 depending only on the constants in Assumption 2.1.

< Cllulle+1,0
e

Proof. The proof is decomposed into three steps:

Step 1. We start in the one dimensional setting and adapt the proof oF Hardy’s
inequality from [14]. Let u : R — R be a C° function with compact support such
that w(0) = 0. Set w(z) = u(z)/x for © # 0. We shall prove that w can be extended
to a C'*° function on R and, for any integer s > 0,

(3.1) ([ @) e ([ epa)

with C depending only on s.
Observe, for any = > 0,

1/2

Hence

1
(3.2) w(s)(x):/ w D (xt) e dt.
0

We have now by the integral version of Minkowski’s inequality

0 1/2 0o | sl 2 1/2
</ w™ (z)[? da?) = </ / uls Y ()t dt dﬂ?)
0 0 0
1 LS 1/2 00 1/2
g/ (/ |u(s+1)(xt)|2dx) tdt = C </ [+ ()2 da:)
0 0 0

with C = fol t571/2dt = 1/(s 4+ 1/2). Applying the same argument to negative x we

also have
0 0
</ |w® (z)? dx) <C </ [u D) (z)]2 dx)

1/2 1/2
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Adding this to the preceding bound on (0, +00) we get (3.1) assuming that w(®) is
continuous at = 0. To prove this last point, we pass to the limit z — 07 in (3.2) to
see that lim, o+ w® (z) = Y (0)/(s + 1). The same formula holds for the limit
as  — 0~. This means that w is continuous if we define w(0) = u'(0) and w(*) (0)
exists for all s.

Step 2. Let now u : R — R be a compactly supported C* function vanishing
at x4 = 0 and set w = u/xy. We shall prove

(3.3) |wlg e < Cluljiq gra

with C depending only on k.
To keep things simple, we give here the proof for the case d = 2 only (the case
d = 3 is similar but would involve more complicated notations). Take any integers

t,s >0 with t + s = k, apply (3.1) to 2% = L 2% treated as a function of x5 (note

ozt 2 Ozl
t . . . . .
that gT? vanishes at o = 0) and then integrate with respect to x;. This gives
1
H okw H oty
9.t 9,5 = a.ta,.5+tL
O} 0x5 0,Rd 83:‘{817? 0,Rd
Thus,
k k 2 k k+1 2
w2 e =S _ 0w <c?y” _ 0w < O2Ju)?
k,R? P kfsa s — p) kfsa s+1 — k+1,R4
s=0 10T OT3 llg Ra s=0 10T 0o g ra

so that (3.3) is proved.

Step 3. Consider finally the domains Q@ C O as announced in the statement of
this Lemma, let u be a C* function on O vanishing on I', and set w = u/¢. Assume
first that u is compactly supported in O, one of the sets forming the cover of I' as
announced in Assumption 2.1. Recall the local coordinated £1,...,&4 on O; with
&4 = ¢ and denote by @ (resp. W) the function u (resp. w) treated as a function of
£1,...,&4. Since @ = u/&q, (3.3) implies |||y e < C||t| 41 ra. Passing from the
coordinates z1, ..., x4 to &1, . . ., & and backwards we conclude |w||x,0, < Cllullk+1,0,
with a constant C' that depends on the maximum of partial derivatives 9%x/9&% up
to order k and that of 9*¢/0z® up to order k 4+ 1. Introducing a partition of unity
subject to the cover {O;} we can now easily prove ||w||x,0 < C||ul|k+1,0 noting that
1/¢ is bounded outside U;{O;}. This estimate holds also true for u € H**1(O) by
density of C* in H**1. O

Remark 3.2. Assumption 2.1 used in the lemma above implies in particular that ¢
is of class C**1, and the constant Cyy form this Assumption serves as an upper bound
for the norm of ¢ in C**!. Note that, this can be relaxed. For example, in the case
k = 0, it suffices to require that ¢ is in W1, In particular, ¢ can be a continuous
piecewise polynomial function with its gradient bounded almost everywhere by Cj.

3.2. Some technical lemmas.

LEMMA 3.3. Let T be a triangle/tetrahedron, E one of its sides and p a polynomial

onTofdegreeZEOwchthatp:g—ﬁ:OonEandAp:Osz. Thenp=0onT.

Proof. Let us consider only the 2D case (3D is similar). Without loss of generality,
we can assume that E lies on on the z-axis in (z,y) coordinates. Let p = " p;;ja'y?
with 7,7 > 0, ¢+ j < [ as above. We shall prove by induction on m = 0,1,...,{
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that pi, = 0, Vi. Indeed, this is valid for m = 0,1 since p(z,0) = Y, pioz’ = 0 and

g—Z(:v, 0) = >, pax’ =0. Now, Ap = 0 implies for all indices 7, j > 0

(i +2)(i + Dpiya,; + (1 +2)( + Dpiji2 =0
so that p;n, = 0, Vi implies p; y,42 = 0, Vi. a

Recall the definition of the submesh 775 and introduce the correspoinding domain
QL (2.4). The following lemma extends a similar result from [11] where it was proved
for piecewise linear finite elements.

LEMMA 3.4. Under Assumption 2.4, for any B > 0 and s € N* one can choose

0 < a <1 depending only on the mesh reqularity and s such that, for each vy, € Vh(s),

8’Uh
on
Proof. Choose any (3 > 0, consider the decomposition of Q} in element patches
{II}} as in Assumption 2.4, and introduce

v 2
(35) o= max |Uh|?,ng ~Bh Y per, | [52] Ho,E = B Y oren, A3 ¢

Ik un#0 A

2

+ 817 Y (| Avaff o

(3-4) |Uh|igz£ < 04|Uh|igh + Bh Z
0.E TeTr

EcF}

3

where the maximum is taken over all the possible configurations of a patch IIj al-
lowed by the mesh regularity and over all the piecewise polynomial functions on Il
(polynomials of degree < s). The subset 7, C Fi gathers the edges internal to II.
Note that the quantity under the max sign in (3.5) is invariant under the scaling
transformation x — hx and is homogeneous with respect to v,. Recall also that the
patch Il contains a most M elements. Thus, the maximum is indeed attained since
it is taken over a bounded set in a finite dimensional space.

Clearly, o < 1. Supposing o = 1 would lead to a contradiction. Indeed, if « =1
then we can take Ilj, vy yielding this maximum and suppose without loss of generality
|vp]1,m, = 1. We observe then

8vh
5]
vy,

since |va|T g, = |vnlf 7, + |Uh|ing. This implies vy, = ¢ = const on Ty, [%2] =0 on

+Bh* Y [ Av|f =0

0,E TCIIg

[onl3 7, + Bh Y

EecFy

all F € Fi, and Avp, = 0 on all T C IIx. Thus applying Lemma 3.3 to v, — ¢, we
deduce that vy, = ¢ on Iy, which contradicts |vp|1,m, = 1.
This proves a < 1. We have thus

2

+8h% > [AvE 1

0,E TCIIg

a’Uh
|’l}h|in£ S Oé|vh|%)nk + /Bh, Z H |:%:|

EecFy

for all v, € Vj, and all the admissible patches IIx. Summing this over I, k =
1,..., Ny yields (3.4). 0

LEMMA 3.5. For all v, € V;(*)

(3.6) H¢hvh|\o,§z; <Ch |¢hvh|1,ng

with a constant C > 0 depending only on the regularity of Th.
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Proof. Take any T € ’7? and let pp, = ¢pvp, on T. This is a polynomial in Py,
vanishing at at least one point of 7. We want to prove

(3.7) Ipnllo,r < Chrlpn|ir

with hy = diam(7'), which would entail (3.6) by summing over all T' € T;F'. To prove
(3.7), we consider the following supremum

(3.8) C = sup 7||ph”0’T
pn0,T hr|pn |1,

taking over all the polynomials in Py ; vanishing at a point of 7" and all the simplexes
T satisfying the regularity assumption hy/p(T) > 3. Note that the denominator in
(3.8) never vanishes if p;, # 0. Indeed, |ps|1,r = 0 would imply p, = 0 since py
vanishes at a point. By homogeneity, the supremum in (3.8) can be restricted to pp
with ||pn|lo.r = 1 and to simplexes T with hy = 1. This supremum is thus taken over
a closed bounded set in a finite dimensional space so that it is attained. This means
that C' is finite which entails (3.7) and (3.6). O

Remark 3.6. Inequality (3.6) is also valid on Q4 \ © instead of Q). Typically, we
have any way Q \ © C Q] . But it can happen that the real boundary I' goes slightly
outside of O}, which is defined by intersections with I'y,. To deal with this situations,
we can add more neighbor mesh elements into 2} and prove

(3.9) ||¢hvh||o,szh\sz <Ch |¢hvh|1,szh

LEMMA 3.7. For all vy, € V¥

(3.10) > lénvnlls < Chlgnonli g,
EeF}

and

(3.11) énvnllg o0, < Chlononliq,

with a constant C > 0 depending only on the reqularity of Tp,.
Proof. Let E € F, E . Recall the well-known trace inequality

1
(312) IolB.e < € (ol + bl

for each v € H'(E). Summing this over all E € F} gives

2 L 2 2
Z ||¢hvh||0,E <C El|¢hvh”oygz£ + h|¢hvh|1,gzl’:
EeF}

leading, in combination with (3.6), to (3.10). The proof of (3.11) is similar. O

LEMMA 3.8. Under Assumption 2.1, it holds for all v € H*(Qp) with integer
1<s<k+1, v vanishing on £,

(3.13) [vllo,00 < CP I0ll5 000 -
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Proof. Consider the 2D case (d = 2). For simplicity, we can assume that v is
C* regular and pass to v € H*(Q) by density. By Assumption 2.1, we can pass
to the local coordinates &1,&> on every set Oy covering I' assuming that & varies
between 0 and L and, for any &; fixed, & varies on Qj \ © from 0 to some b(&;) with
0 < b(&1) < Ch. We observe using the bounds on the mapping (z1,z2) — (£1,&2)

b(&1)
[0115 @mayno, < C/ / 03 (&1, &2)dErdE

(recall that — 0% (51, 0)=0fora=0,...,s-1 and b < Ch)

23y

=C / /b<£1 < /52 528—_ tis) lgzs (&t )dt>2d§2d§1
<C/ hQS/b@l P

o559
< CP* o2 (o a)no,-

dtd§1

Summing over all neighbourhoods Oy, gives (3.13). The proof in the 3D case is the
same up to the change of notations. d

3.3. Coercivity of the bilinear form ay,.

LEMMA 3.9. Under Assumption 2.4, the bilinear form ay, is coercive on Vh(k) with
respect to the norm

llonlln == 1/16nvnl2 g, + Galvn, vn)

i.e. ap(vn,vp) > cl|opl|? for all vy, € Vh(k) with ¢ > 0 depending only on the mesh
regularity and on the constants in Assumption 2./4.

Proof. Let vy, € Vh(k) and By, be the strip between I'j, and 0Qp, i.e. By = {¢p >
0} N Q. Since ¢pvp, =0 on Ty,

d(pnvn) _ O(pnvn)
/mh “on OrUp = /83,1 o dhUn

_ non) o
- Z ~/6(BhﬁT) on (bhvh

TeTF

¢hvh
Uh7
BrNE on

where T;I' is defined in (2.4) and F£“*(T) regroups the facets of a mesh element T' cut
by I'y,. By divergence theorem,

8(¢hvh
/aszh, T Z /BmT (énon)l* + Z / A(¢nvn)onvn

TeTF TeTF BrOT

dpnvn
B Z /EmBh P h{ on }

EeF}

TeTF Eefwt
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Substituting this into the definition of aj yields

(3.14)
an(vn,vn) Z/ [V (énvn)|? / V(dnvn)|? / A(pnvn)dnvn
Qp T;F 8BhﬂT T;F ByNT
8( 2 ) ¢hvh
+ ) Snvn oh? Y [ 18@u)P+on S
FeFf FNBp TeThF Eef,{

Since By, C QF (cf. (2.4)), applying Lemma 3.4 to ¢pvp, € Vh(kH) gives

> /aBmTW(fbhvh)FSoz/s IV (non)? + B8R Y / { (¢non) }

TeTy BEeFf

+ 807 Y /|A (non)[?

TeTr

Moreover, by Young inequality, (3.6) and (3.10), we obtain for any & > 0

Z/B TA(¢hUh h’Uh<_ > /|A dnun |2+CE/ [V (¢non)|?
nN

TeTr T TrF

and

> [ o | 2] g%; [ [2eT” s cewom

FeF}

Thus, putting the last 3 bounds into (3.14) we arrive at

2
R A(
iy ( 3 ) /| (6vn) 2

TeTr

a(vp,vn) > (1 —a — Ce) |¢nunli g,

+(a—6—2—5>h 3 [ wh””]

on
EcF}

This leads to the conclusion taking e sufficiently small and o sufficiently big.

O

3.4. Proof of the H' error estimate in Theorem 2.5. Since f € H*(Q),
the solution u of (1.1) belongs to H**2(Q) (see [9, p. 323]) and can be extended by

a function @ in H**2(0), cf. [9, p. 257], such that @ = u on Q and
(3.15) l@llsr2.0. < lallkie.0 < Cllullkrz,a < Cllfllka-
Let w = 4/¢. By Lemma 3.1,

(3.16) [wlky1,0, < Cllullrsz,0 < Cllfllko-
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Introduce the bilinear form @y, similar to aj, as defined in (2.3) but with ¢ instead of
¢n, multiplying the trial function:

9

(.0 = [ Viow) o) - [ Touon
o2 [ [gwen] [go)] +or 3= [ s

Since gw = @ € H?(fy,), an integration by parts yields

> /T];A((bhvh)u Yon € Vj,

an(w,vy) = fonvn — oh?
n TeTr

with f = —Ad on Q. Hence,
(3.17)  an(wn,vn) — an(w,vp) Z/ (f = fonon — oh? E /(f—f)A(¢hvh)~
n Terr’ T
h
Put vy, = wp — Inw. The last equality can be rewritten as

ap(vp, vn) = an(w, vy) — an(Ipw, vp)

+/Qh(f_f)¢hvh_0h2 > /T(f—f)A(¢hvh)

TeT)
= o V(opw — ¢plpw) - V(gpup) — /852;1 ({%(@Lw — ¢Iyw)dpon
0 0
+oh Y / [%(@U - ¢hIhw)] {%(%Uh)}

EecF}

+oh® Y /A(¢w_¢h1hw)A(¢hUh)
T

TeTF

+ (= Py = ol 7= D)

TEThH

By Lemma 3.9, Young inequality, and recalling f = f on (), we now get
2

1 h| o
2 < 2 ow — dpIhwl|? 2w — ppl
clllvnllln < 2E|¢w Snlnw|i g, + 5= an(¢w bnlpw) o
o2h 0 2 o2h?
+= > ||z (@nw—lw) ||+ > A(Ghw — ¢Ihw)[5 7
2¢e on 0.E 2¢e
EeFT : TeTy
(1+0%)h? -
+ T”f - ng,szh\Q
2
€ 9 1 9 0
v (|¢>hvh|1,gh+E||¢hvh|o,mh+h > g,
EcF} '

1
+2h? Z ||A(¢hvh)”3,T + ﬁ”éf’hvhﬁ,szh\sz) .

TeTr
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We now show how to absorb the term with a coefficient € by the left-hand side. The
first contribution |¢pvn|1,q, and the sums over }',I; and ’7? are evidently controlled
by |||vs|l|ln. Remark 3.6 and Lemma 3.7 give

lonvnlloone < Chlonvnlia,

and
llonvnllo.oa, < CVh|onvnlia,

so that these terms are also controlled by |||vs|||n. Taking e small enough, we conclude

(3.18)

0
lonlln < € 16w = oulnwl? o, +h H—ww ~ o)
on 0,00
8 2
h2 3 A= cha)p+h Y | Lo - ol

TeTY EcF}

0,E

[N

+h?|| f — f||(2),szh,\sz)

We now estimate each term in the right-hand side of (3.18). By triangular inequality,

|pw — dplpwli, < [(¢ — dn)w|ia, + |on(w — Thw)|iq,
<|NIV(P = on)ll Lo lwllo,en + |0 = énll Lo (@) w100
+ IVonll Lo llw — Ihwllo,q, + 9nll e @n)lw — Ihwliq, -

We continue using the classical interpolation bounds (see for instance [2])

lpw — dnlpwlia, < CRF(|@lwrsro o lwlloen + [@lwre@)lwlio,
+[olwree @) [wlk,0, + 1]l Lo (@) Wkt 1,0, )

< ChF|@llwrsros (o lwllk41,0, -

Similarly,

1
2
< Z |pw — ¢h1hw|§,T> < ChF | llwrsr.oo () 10] g1, -

TeThH

Combining this with the trace inequality (3.12), we conclude

2 2

+
0.0 perr
g3

H %(%w — ¢pIhw) [(%(%w - ¢Ihw)]

0,E

1
<c|; > lenw — olywli p+h Y |énw — dIhwl3 5

TeTr TeTr

< Ch2k71||¢||€vk+1woo(m)||w||i+1,ﬂh-
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Finally, we get by Lemma 3.8 applied to f — f which vanishes on €2,
(3:19) |If = fllo.asre < CRFHIF = Flle—1.0me < CRF 7 (1 f l-1,0, + @llk11.0,)

since f = —Ad.
Putting all these bounds into (3.18), we get

(3.20) |on(wn — Inw)l1,q, < llonllln < CRF(Jwlles1,0, + [1fllk=1.0, + @llks1.0,)-

We have absorbed [|¢|lyys+1,5(q,) into the constant C' in the bound above. Indeed,
the constants denoted by C' in this proof are allowed to depend on the constants from
Assumption 2.1, which bound in particular ||@||yr+1.5(q,). We shall follow the same
convention on constants C' until the end of this proof.

By triangle inequality and interpolation bounds,

lu — dnwnl1,0na, < |t — ¢rwslia,
< (¢ = dn)wli, + [dn(w — Ihw)|10, + |on(Inw —wi)|1,
< ChF(|Jwl|ks1,0, + 1fllk=1,0, + l[llks1.0,)-

We have thus proven (2.5) taking into account the bounds (3.15) and (3.16).

3.5. Proof of the L? error estimate in Theorem 2.5. Let z € H3(f2) be
solution to

—Az=u—wup inQ,
z=0 on I'.

Extend it to Qj by 7 € H3(,) using an extension operator bounded in the H? norm.
Set y = Z/¢. Then
(3.21) yl2.0, < ClEls0, < Cllu—unlie
thanks to Lemma 3.1 and to the elliptic regularity estimate. We also have
(3:22) lyll.0, < CllElg, < Cllu = unllos.
By Lemma 3.1 from [11], we have for any v € H'(Q2})
(3.23) [v]lo,or <C (\/EHUHO,F + h|”|1,szg) :
This is valid since QE is a band of thickness ~ h around I'. Note that the same

estimate also holds for [|v[q,\q (typically Qp, \ Q@ C Q},, but even if it is not the case,
Qp \ Q is still a band of thickness ~ h). In the case v = Z, (3.23) gives

(3.24) [Zllo,r < ChlZ[; or < Chllu—unlloq
and, in the case v = Vz,
(8:25)  lyap < C (VRIVEor +hlzlap ) < CVRIE20, < CVRlu = willoa.

By integration by parts,

(3.26) ||u—uh||(2)79 :/Q(u—uh)(—Az) = —/F(u—uh)% —I—/QV(u—uh)~Vz.
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To treat the first term in (3.26), we remark first

0z

< Cllu — unllo,rllu — unllo,0-
0

/(— 12 < =
Fu uhan_u Up|lo,T

Furthermore, since the distance between I' and T, is of order at least h**!, we have
lu—wunllo,r < C(ll@ = unllor, +h*TD2 )@ — unly0,)
(recalling @ = ¢pw and ¢, = up =0 on I'y)
= C(l(¢ = én)wllor, +h*ED21a —uply0,)
C(RE M [wlo,r, +REI2F £l 0,).

We have used here the already proven bound on |& — up|1,0, and the interpolation
error bound for ¢ — ¢p. We have thus thanks to Lemma 3.1,

| (lwll,e, ) < CRFH(|12 )
< R (| )-
Hence,
0z k+1 2
(3.27) F(u—wz)% < CR (lu = unllg.o + 1 f ke llv — unlloq)-

The second term in (3.26) is treated by Galerkin orthogonality (3.17): for any
(k)
Yh € V

(3.28) /QV(U —up) - Vz= ; V(pw — pnwpr) - V(dy — dnyn)

1

- / V(6w — dnwn) - V(oy)
Q\Q

1
0
+ o —(ow — dpwn)(dnyn)
Pon
11T
—oh Z /[ (pw — ¢hwh)}[ (¢hyh:|—0h2 Z /Aqu dnwn)A(nyn)
EG}-F TGTF
v
[ =P —ant 3 [ (£ =P
fn TeTE
v

We now estimate term by term the right-hand side of the above inequality taking
Yn = Ihy with Ih the Clément interpolation operator on 7,. We shall skip some
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tedious technical details as they are similar to thouse in the proof of the H! error
estimate above. We recall that we do not track explicitly the dependence of constants
on the norms of ¢.

Term I: by Cauchy-Schwartz, the already proven bound on | — up|1 ., , and (3.21)

1] < Cli — unl1,0,|0y — dnynlien < CH | fllkan 2.0
< CRFY| fllkg, 1 — unll10-

Term II: using (3.24) for Z = ¢y,
11| < [ = unle, 2l ,0,00 < CH* V2| fllkg,llu = unllo.g-
Term IIT: applying the trace inequality on the mesh elements adjacent to 92, yields

1/2

IE Y i —unlp+ > hli—unl3y [ ¢nynllo,o0-
TeT! TeT,

> =

The term with the sum over T € T;'' can be further bounded using the triangle
inequality, interpolation estimates, and the bound (3.20) on vy, = ¢p(wp, — [hw) as

1/2
1, - 1
(--- )1/2 < (Elu — (;5hfhw|ig}: + hlt — ¢hIhw|%7T) + ﬁ Il vr Il 2

< CR* 2| fll, -

Moreover, since the distance between I'j, and 9€)y, is of order h, we have

|0l Lo 902,y < ChlIVén| Lo a0,y < Ch

and, by (3.22),
lorynllo,o0, < Chllyll,0, < Chllu —unllo,o

so that
[I11] < CRFM2 £l llu — unlfo,o-

Term IV: applying the trace inequality on the mesh elements adjacent to 92y, yields
[IV] < (CR¥(|f Ik + Monllln)Gr(yns yn)? < CRF|| Il Gr(yns yn)

and by (3.25)

C
(3:29)  Gnlyn,yn)"/* < = énynllo.ar < Cllynllo,or
< Cliyllo,ar < ClEl1ar < CVhllu— unllo0-

Hence,
[TV| < CRFY2 )| Flle, [ — unlfo,o.
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Term V: by an inverse inequality and (3.19)

VI < If = Floamellonynlloone < CRE fllkq, lonynlloano-

As we have already proved in (3.29)

Iénynlloor < Ch*?|lu — unllon
we conclude
V] < CRFM2 Fllea, llu — unllo.o.

Combining the bounds for the terms I-V in (3.28) with (3.27) and putting all this
into (3.26), we obtain by Young inequality

Ju — unlff o < CFu—unllf o + B2 Flle, [ — unllo.o

+ B Fllean lu — unllie)
C

< ChF M |lu —un||§ o + ?hzkHHfHZ,Qh, +ellu —un§ o + ehllu — un|f o

By the already established estimate for |u — up|1,0,
1
= wnlB < (2 4) WS g, + CHF 4 et et =

which proves (2.6) taking sufficiently small £ and supposing h small enough.

4. Conditioning of the system matrix. We are now going to prove that the
condition number of the finite element matrix associated to the bilinear form a; of
¢-FEM does not suffer from the introduction of the multiplication by ¢p: it is of
order 1/h? on a quasi-uniform mesh of step h, similar to the standard FEM on a
fitted mesh.

THEOREM 4.1 (Conditioning).  Under Assumptions 2.1 and 2.4 and recalling
that the mesh Ty, is supposed to be quasi-uniform, the condition number k(A) :=

lA|l2]|A~Y|2 of the matriz A associated to the bilinear form aj on Vh(k), as in (2.3),
satisfies
k(A) < Ch™2.

Here, || - ||2 stands for the matriz norm associated to the vector 2-norm | - |s.

Before proving Theorem 4.1, we introduce some auxiliary results:

LEMMA 4.2. Under the assumptions of Theorem 4.1, it holds for all wy, € Vh(k)
an(wn,wn) > Cllwp3 q,-
Proof. By Lemma 3.9, it holds for each wy € Vh(k)

an(wh, wn) > c || wh i > c|pnwnl? g, -

We now denote up = ¢pwp, and apply Lemma 3.1 with £ = 0 and ¢y, instead of ¢ to
wh = Uh/¢h5

(4.1) lwnllo.0, < Cllunllia,-
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This is justified by a possible relaxation of the hypotheses of Lemma 3.1 as outlined
in Remark 3.2. The constant in (4.1) will depend on ||y, ||y71.0 (£25,) which is bounded
uniformly in h. Moreover, the local coordinates around I' evoked in Assumption 2.1
can be reused to build the same around I',.

Applying Poincaré inequality on the domain Qi := {¢;, < 0} yields, as up, = 0
on Fh = ann,

[unllo.qin < Clunly i

with a constant that depends only on the diameter of Qi" and can be thus assumed
h-independent. Moreover, invoking Lemma 3.5 and observing Qj \ Q" C Q} we
conclude that

(4.2) lunllo.on < Clunli,ap-
Combining this with (4.1) we finish the proof as follows:

an(wn, wp) > clun|? g, > Cllunlli o, = Cllwnllf q,- 0
LEMMA 4.3. Under the assumptions of Theorem 4.1, it holds for all up,wy € Vh(k)

C
an(wp,vp) < ﬁ||wh||o,sz||vh||o,n.

Proof. Tt is sufficient to prove this statement for the case w, = v,. Let wp €
Vh(k). By definition of a;, and Lemma 3.7,

o
ap(wn, wp) < C|¢>hwh|iszh +CVh H%

|pnwn 1,0, + Ch? Z | bnw 3 -
0,00, TeTrk

Using the inverse inequalities on Vh(kH)

d(pnwn)
on

< c
< hWh |0, rwnl1.a, < —llonwallo.
o S VaNOrunlom, - Ignwnlian < Fldntnlog.,

and |@pwple,r < 5z l|pnwn o, yields
ap(wh, wn) < Clldnwal§q, < Cllwnllgq,
since ¢y, is bounded uniformly in h. d

Proof of Theorem 4.1. Denote the dimension of Vh(k) by N and let us associate

any vp € Vh(k) with the vector v € RY contaning the expansion coefficients of v, in
the standard finite element basis. Recalling that the mesh is quasi-uniform and using
the equivalence of norms on the reference element, we can easily prove that

(43) Clhd/2|V|2 S ||’Uh||0)Qh S Czhd/2|v|2.

Inequality (4.3) with Lemma 4.3 imply

A
|All2 = sup 7( v,2v) = LU}“:}I) < Ch? sup LU}“U;) < Ch42.
vERN |V|2 vERN |V|2 v €VR ||”h||0
Similarly, (4.3) with Lemma 4.2 imply
2 2 2 C
||A71||2 = sup |V|2 = sup |V|2 < = ||vh||0 <

very (Av,v)  yern a(vn,vn) = hd o, cv, alvn,vn) = b

These estimates lead to the desired result. 0
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5. Numerical results. We have implemented ¢-FEM in FEniCS Project [1]
and report here some results using uniform Cartesian meshes on a rectangle O as the
backgound mesh 7710.

15t test case. Let Q be the circle of radius v/2/4 centered at the point (0.5,0.5)
and the surrounding domain O = (0, 1)2. The level-set function ¢ giving this domain
Q) is taken as

(5.1) $la,y) =1/8 = (z = 1/2)* = (y — 1/2)*.

We use ¢-FEM to solve numerically Poisson-Dirichlet problem (1.1) with the exact
solution given by

(5.2) u(z,y) = ¢(x,y) x exp(z) X sin(27y).

The results with P; finite elements are reported in Fig. 1. We give there the
evolution of the errors in L? and H' norms under the mesh refinement for ¢-FEM
with stabilization parameter o = 20 and for ¢-FEM without stabilization, ¢ = 0. The
numerical results confirm the theoretically predicted optimal convergence orders (in
fact, the convergence order in the L2 norm is 2 and is thus better than in theory). We
also observe that the ghost stabilization is indeed crucial to ensure the convergence
of the method. The level-set ¢ is approximated here by a P; finite element function
On, i.e. we take [ = k in (2.1). Note that the choice | = 2 is also possible and would
result in ¢y, reproducing ¢ exactly. In practice, it produces an approximation wuj of
nearly the same accuracy as those with [ = 1. We choose thus not to report these
results here.

The condition number of the matrix produced by ¢-FEM is numerically investi-
gated at Fig. 2. In accordance with Theorem 4.1, the condition number is of order
1/h? at worst. We observe that the ghost stabilization (o = 20) is necessary to obtain
this nice conditioning: the condition numbers produced by the naive method with
o = 0 become much higher as h — 0. The influence of the stabilization parameter o
on the accuracy of ¢-FEM is investigated at Fig. 3. We observe that the accuracy
of the method is only slightly affected by the value of ¢ provided it is not taken too
small: ¢ in the range [0.1,20] produce very similar errors, especially when measured
in the H! semi-norm.

We finally describe the results obtained with higher order Py finite elements,
k = 2,3. The errors are reported in Fig. 4. The optimal convergence orders under
the mesh refinement are again observed (with the order (k+ 1) in the L? norm, which
is thus better than in theory). The influence of the stabilization parameter o on the
accuracy of ¢-FEM with Ps finite elements is investigated at Fig. 5. We observe that
the method works fine and is robust with respect to the value of o at least in the
range [0.1,20] (the same as for the P elements).

20d ot case. We now choose domain given by the level-set

(63) o(z,y)=—-(y—7mx—7) X (y+a/pi —7) X (y —7x +7) X (y +x/pi + 7).

It is thus the rectangle with corners (:%jl, :2:17)7 (0,7), (—f%fl, —:’rz—:lr), (0, —m).
We use ¢-FEM to solve numerically Poisson-Dirichlet problem (1.1) in ©Q with the

right-hand side given by
(5.4) flz,y) = 1.
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Fi1c. 1. Relative errors of ¢-FEM for the test case (5.1)—(5.2) and k = 1. Left: ¢p-FEM with
ghost penalty o = 20; Right: ¢-FEM without ghost penalty (o =0).
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Fic. 2. Condition numbers for ¢-FEM in the test case (5.1) and k = 1. Left: ¢-FEM with
ghost penalty o = 20; Right: ¢-FEM without ghost penalty (o =0).

This test case is not consistent with Assumption 2.1. We want here to test ¢-FEM
outside of the setting where it is theoretically justified.

The results with P, and P finite elements are reported in Fig. 6. Notwithstanding
the lack of theoretical justification, we observe the optimal convergence in the case
k =1 and somewhat close to optimal convergence in the case k = 2. Note that ¢y, is
approximated in both cases with Py finite elements, i.e. | = k in (2.1). We do not
have the exact solution in this test case. We compare thus the ¢-FEM solution up
against a reference solution given by standard FEM on a sufficiently fine mesh fitted
to the rectangle .

6. Conclusions. The numerical results from the last section confirm the theo-
retically predicted optimal convergence of ¢-FEM in the H' semi-norm. The conver-
gence in the L2 norm turns out to be also optimal, which is better than the theoretical
prediction. We have thus an easily implementable optimally convergent finite element
method suitable for non-fitted meshes and robust with respect to the cuts of the mesh
with the domain boundary.
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F1c. 3. Influence of the ghost penalty parameter o on the relative errors for ¢p-FEM in the test
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Fi1G. 6. Relative errors of ¢-FEM for the test case (5.3)—~(5.4). Left: k = 1; Right: k =2. The
reference solution u,.y is computed by a standard FEM on a sufficiently fine fitted mesh on Q.

Of course, the scope of the present article is very limited and academic: we
only consider here the Poisson equation with homogeneous boundary conditions. An
extension to non-homogeneous Dirichlet u = g on I is straightforward if ¢ is given in a
vicinity of I': one can the put u, = gn + ¢rwp with g, a finite element approximation
to g extended by O far from I'. On the other hand, treating Neumann or Robin
boundary conditions would be a completely different matter. We hope that the ideas
from [11] could be reused under a ¢-FEM flavor in this case as well. Future endeavors
should then be devoted to more complcated governing equations.

[ L.
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