arXiv:1903.04010v3 [math.AP] 17 Aug 2019

GLOBAL ENTROPY SOLUTIONS TO THE GAS FLOW IN GENERAL
NOZZLE

WENTAO CAO, FEIMIN HUANG, AND DIFAN YUAN

ABSTRACT. We are concerned with the global existence of entropy solutions for the
compressible Euler equations describing the gas flow in a nozzle with general cross-
sectional area, for both isentropic and isothermal fluids. New viscosities are delicately
designed to obtain the uniform bound of approximate solutions. The vanishing viscosity
method and compensated compactness framework are used to prove the convergence of
approximate solutions. Moreover, the entropy solutions for both cases are uniformly
bounded independent of time. No smallness condition is assumed on initial data. The
techniques developed here can be applied to compressible Euler equations with general
source terms.
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1. INTRODUCTION

We consider one dimensional gas flow in a general nozzle for the isentropic and isother-
mal flows separately. The nozzle is widely used in some types of steam turbines, rocket
engine nozzles, supersonic jet engines, and jet streams in astrophysics. The motion of the
nozzle flow is governed by the following system of compressible Euler equations:

pt+my =alz)m, z € R, t >0,
2 2

mg + <m_+p(p)> —a(z), z € R, ¢ >0, (1.1)

p . p
where p is the density, the momentum m = pu with u being the velocity, and p(p) is the
pressure of the gas. Here the given function a(x) is represented by a(z) = —‘i((;)) with

A(z) € C?*(R) being a slowly variable cross-sectional area at x in the nozzle. For y-law
gas, p(p) = pop? with v denoting the adiabatic exponent and py = %,0 = VT_l When
v > 1, (I is called the isentropic gas flow. When v = 1, (1)) is called isothermal one.
We consider the Cauchy problem for (II]) with large initial data

(0. m)liz0 = (pol), mo()) € L. (12)
The above Cauchy problem (LI)-(L2]) can be written in compact form as follows:
U|t=0 = UO($)7x €R, )
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where U = (p,m)T, f(U) = (m, ™ +p(p))T, and g(z,U) = (—2m, — 52T,
There have been extensive studies and applications of homogeneous ~-law gas, i.e.,
g(x,U) = 0. Diperna [9] proved the global existence of entropy solutions with large
initial data by the theory of compensated compactness and vanishing viscosity method
fory=1+ ﬁ, where n is a positive integer. Subsequently, Ding, Chen, and Luo [6}7]

and Chen [I] successfully extended the result to v € (1,3] by using a Lax-Friedrichs

scheme. Lions, Perthame, and Tadmor [I7] and Lions, Perthame, and Souganidis [18]
treated the case v > g The existence of entropy solutions to the isothermal gas, i.e.,
~v = 1, was proved in Huang and Wang [14] by introducing complex entropies and utilizing
the analytic extension method.

For the isentropic Euler equations with source term, Ding, Chen, and Luo [8] established
a general framework to investigate the global existence of entropy solution through the
fractional step Lax-Friedrichs scheme and compensated compactness method. Later on,
there have been extensive studies on the inhomogeneous case (see [2,[3L16]23]24,[30,31]).
For the nozzle flow problem, see [5,[I0HI2,19-2T,33]. For converging-diverging de Laval
nozzles, as flow speed accelerates from the subsonic to the supersonic regime, the physical
properties of nozzle and diffuser flows are altered. This kind of nozzle is particularly
designed to converge to a minimum cross-sectional area and then expand. Liu [19] first
proved the existence of a global solution with initial data of small total variation and
away from sonic state by a Glimm scheme. Tsuge [27H29] first studied the global existence
of solutions for Laval nozzle flow and transonic flow for large initial data by introducing
a modified Godunov scheme. Recently, Chen and Schrecker [4] proved the existence of
globally defined entropy solutions in transonic nozzles in an LP compactness framework,
whose uniform bound of approximate solutions may depend on time t. In our paper, we
are focusing on the L compactness framework. Moreover, general cross-sectional areas
of nozzles are considered, which include several important physical models, such as the
de Laval nozzles with closed ends, that is, the cross-sectional areas are tending to zero as
T — 00.

In our paper, we assume the cross-sectional area function A(x) > 0 satisfies that there
exists a C1! function ag(z) € L'(R) such that

A'(z)
A(z)

Here, A(z) > 0 is a natural assumption. The smallest cross-sectional area of the noz-
zle is the throat of the nozzle. We allow the general varied cross-sectional area and no
assumption is assumed on the sign of a(z).

The main purpose of the present paper is to prove the existence of a global entropy so-
lution with uniform bound independent of time for large initial data in both the isentropic
case 1 < 7 < 3 and isothermal one v = 1. We are interested in solutions that can reach
the vacuum p = 0. Near the vacuum, the system (LI))-(L2) is degenerate and the velocity
u cannot be defined uniquely. We define the weak entropy solution as follows.

= la(z)| < ap(x). (1.4)

Definition 1.1. A measurable function U(z,t) is called a global weak solution of the
Cauchy problem (L3)) if

/ / Ui + f(U)pu + glar, Updadt + / Uo(z)e(x, 0)dz = 0
t>0JR R
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holds for any test function ¢ € C&(R x R1). In addition, for the isentropic flow, if U also
satisfies that for any weak entropy pair (7, q) (see Section 2), the inequality

N0 +q(U)e — Vn(U) - g(x,U) <0 (1.5)

holds in the sense of distributions, then U is called a weak entropy solution to (L3]). For
the isothermal flow, U is called a weak entropy solution if U additionally satisfies (L.3]) for
mechanical entropy pair
m? m3
=g, +plnp, ¢ = 2,2 +mlnp.
Two main results of the present paper are given as follows.

Theorem 1.1. (isentropic case) Let 1 < v < 3. Assume that there is a positive constant
M such that the initial data satisfies

0 < po(z) <M, [mo(z)| < Mpo(z), ae.,z€R,
and a(x) satisfies (L) with
1—
lao(z) |1 (r) < 150
Then, there exists a global entropy solution of (LI)-(L2) satisfying
0 < pla,t) <C, Im(z,t)| < Cpla,t), ae., (v,t) € R xRT,

where C depends only on initial data and is independent of time t.

S

Theorem 1.2. (isothermal case) Let v = 1. Assume that there is a positive constant M
such that the initial data satisfy

0 < po(@) < M, [mo(@)] < po(@)(M + |Inpo(@)]), a.e., v € R,
and a(x) satisfies (L) with
llao(z)l| L1 (r) < % (1.7)
Then, there exists a global entropy solution of (LI)-(L2) satisfying
0 <p(z,t) <C, Im(x,t)| < p(z,t)(C + |Inp(x,t)]), ae., zeR,
where C' depends only on initial data and is independent of time t.

Remark 1.1. Here, the conditions (LG) (Theorem[IT]) and (I7)) (Theorem[.2]) are assumed
to guarantee a uniform bound of (p,m) independent of time. This condition illustrates a
new physical phenomena that is important in engineering. For example, if we consider an

isothermal nozzle with a monotone cross-sectional area, ap(x) = ’X((;C)) > 0, and denote Ay

and A_ the far field of a variable cross-sectional area, respectively, then the ratio of the
1
outlet and inlet cross-sectional area can be controlled, i.e., f‘—f <e2.

Remark 1.2. The condition (LG) in Theorem [[Ilis different from that in Tsuge [29]. Here,
in our paper, we allow 1 < v < 3.

The main difficulty we came across is how to construct approximate solutions with
uniform bound independent of time. Another difficulty is the interaction of nonlinear
resonance between the characteristic modes and geometrical source terms. Our strategy
is applying the maximum principle (Lemma 3.1) introduced in [I3[I5], which is similar
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to invariant region theory [20], to a viscous equation with novel viscosity. To be more
specific, for the isentropic case, we add —2eb(z)p, on the momentum equation (c.f ([B.1]));
for the isothermal case, we raise n := A(x)p with § and also add —4eb(z)n, on the
momentum equation (c.f (5IJ)). Two modified Riemann invariants are introduced and a
system of decoupled new parabolic equations along the characteristic are derived. Owing
to the hyperbolicty structure of (LI, we can transform the integral of source terms
along characteristics with time ¢ into the integral with space x. Finally after establishing
the estimate of Hl_ocl compactness, we apply a compensated compactness framework in
[BU7IT4T8] to show the convergence of approximate solutions. To the best of our knowledge,
for the isothermal flow, the uniform bound for the approximate solutions depends on time
t in all the previous results. We remark that the method in our paper can be applied to
obtain the existence of weak solutions of related gas dynamic models, such as Euler-Poisson
for a semiconductor model [I5] or an Euler equation with geometric source terms [13], and
may also shed light on the large time behavior of entropy solutions. Besides, we avoid a
laborious numerical scheme to construct approximate solutions.

The present paper is organized as follows. In Section 2, we introduce some basic notions
and formulas for the isentropic Euler system. In Section Bl we prove Theorem [LT] for the
global existence of isentropic gas flow in general nozzle. Subsequently, in Section M, we
further formulate several preliminaries and formula for the isothermal Euler system. The
proof of Theorem for global existence of isothermal gas flow in general nozzle will
be presented in Section Bl In the appendix, we provide the proof of variant version of
invariant region theory for completeness.

2. PRELIMINARY AND FORMULATION FOR ISENTROPIC FLOW

First we list some basic notation for the isentropic system (III). The eigenvalues are
m m
M=——0p" N=—+06p
p P

and the corresponding right eigenvectors are

(4] (3]

The Riemann invariants w, z are given by
m m
w=—+p z=——p% (2.1)
p p
satisfying Vw -r; = 0 and Vz -7y = 0. A pair of functions (1, q) : RT x R — R? is defined

to be an entropy-entropy flux pair if it satisfies

Vq(U) = Vn(U)V

2

== +p(p) ] ’

When
n %ﬁxed — 0, aSP—>07

n(p,m) is called weak entropy. In particular, the mechanical entropy pair

m?  pop?

W(Pym)ZEJF,Y_l

_m’ | apopim
22 v—1

. ¢ (p,m)



GENERAL NOZZLE FLOW 5

is a strictly convex entropy pair. As shown in [I7] and [18], any weak entropy for the

system (LLI]) is given by
1

1 m m m
n= ,0/ X p’s)(1—s*) s, q = ,0/1(; + p998)x(; +07s)(1—s")ds  (22)

with A = % for any function x(-) € C%(R).

3. Proor or THEOREM [L.1]

3.1. Construction of approximate solutions. We first construct approximate solu-
tions to (L)) satisfying the framework in [6L[7[18]. Indeed, for any € € (0,1) we construct
approximate solutions by adding suitable artificial viscosity as follows:

Pt + My :2 a(fl?)m + €pra,s

e + (% +p<p>) — o) + ety — 20l

xT

(3.1)

with initial data

(p,m)|i=0 = (pb(2), m5(x)) = (po() + &, mo(2)) * j°, (3:2)

where b(z) is a function to be given later, and j¢ is the standard mollifier.

3.2. Global existence of approximate solutions. For the global existence to Cauchy
problem (BI))-([B.2]), we have the following.

Theorem 3.1. For any time T > 0, there exists a unique global classical bounded solution
to the Cauchy problem BI)-B2) that has following L™ estimates

e CET) < pf(2,t) < O, [mf (2, 1) < Cp®(x,1). (3.3)
We shall show Theorem B] in two steps. In the section, we omit the upper index e for
simplicity.
Step 1. Uniform upper bound. First, we can rewrite the first equation of ([B.1]) as
Pt + upy = pge + plal(z)u — uy),
and then applying the maximum principle of parabolic equation yields that
p 2 min po(x)e_ fot ||a(w)u—uz||Loods > 0,
which implies w > z. Second, we recall a revised version of the invariant region theory [20]

introduced in [I3[15].

Lemma 3.1. (Mazimum principle) Let p(z,t),q(x,t), (z,t) € R x [0,T] be any bounded
classical solutions of the quasilinear parabolic system
{pt + 1Pz = Epze + an1p + a12q + Ry, (3.4)
Gt + H2qe = € + an1p + axeq + Ro '
with initial data p(x,0) <0, q(z,0) > 0, where
wi = pi(z,t,p(z, ), q(x,1)), aij = aij(z,t,p(z,t),q(, 1)),
and the source terms

R; = Ri($7t7p($vt)aQ(x7t)7pw(x7t)qu(x7t))7i7j = 1,2,V($,t) eRx [OvT]
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Wi, aijare bounded with respect to (x,t,p,q) € R x [0,T] x K, where K is an arbitrary
compact subset in R?, ai2,a91, R1, Ry are continuously differentiable with respect to p, q.
Assume the following conditions hold:

(C1): When p = 0 and q > 0, there is aja < 0; when ¢ = 0 and p < 0, there is
az1 < 0.

(C2): Whenp =0 and q > 0, there is Ry = Ry(z,t,0,q,(,n) < 0; when ¢ =0 and
p <0, there is Ry = Ro(x,t,p,0,(,n) > 0.

Then for any (z,t) € R x [0,T], p(x,t) <0, q(x,t) > 0.
Remark 3.1. The modified version of invariant region theory (Lemma [B.1]) is valid not

only for the Cauchy problem with source terms, but also for the initial boundary value
problem with Dirichlet and Neumann boundary conditions.

We shall apply maximum principle Lemma [B1] to get the uniform bound of p,m. By
the formulas of Riemann invariants (21), the viscous perturbation system (B.I]) can be
transformed as

w2—z

Wi + AWy = eWgy + 26(wy — b)%x —e6(0 + 1)p6_2p:20 +0 1

— P o2 o W —2
2t + Mzg = €2y + 26(2 — b)? +e0(0+1)p" “ps—0 1

Set the control functions (¢, 1)) as

¢=%+ﬂwwmwﬁ/b@@,

w=%+ﬂW@MM+/ b(y)dy.

T

Then a simple calculation shows that

(bt = E”b/(x)”Looa ¢:c = b(a:), ¢:c:c = b/(a;);
wt = EHb,(‘T)HLO"y w:c = —b(m), w:c:c = —b'(m).

Define the modified Riemann invariants (w, z) as
W=w-—¢, Z=2z+1. (3.6)
Inserting (3:6]) into (3] yields the decoupled equations for w and Z :

wy + )‘21532 =Wy + 5¢xw - ¢t - >\2¢m + 2€p—;’i)x — 60(9 + 1)p9_2p§

@ 2 _ (5 _ )2
Ry R e

B+ MZp =€Zaa — Ena + Y1+ M1t + 25’)—:2:(; + 00 + 1)p2p2

(@ +¢)* — (2 — )
4

+0

(3.7)

-0

a(z).
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Noting that
w+ z w—Zz
A= 5~ 0 5
w+ z w—Zz
Ao = 5 +6 5
the system (B.7) becomes
wy + ()\2 — 26&)27)50 = eWgpye + a11W + a12Z + Ry,
) (3.8)
2y + ()\1 — 26—)25(; = €Zpr + 21 + a29Z + Ra,
where
B 1+46 w+2¢ B zZ— 29
ay = ( 5 Pa 1 a(x)) GPES < P 1 a($)>
1-6 0+ 2 146 2
a1 = <T¢x —9w 4 (ba(x)) y 22 = <—7,Z)m 4 T/Ja( )> )
and
146 5 PP — P
Rl = €¢mm ¢t - —qubx —¢¢m - (9 + 1) px + 0 4 a(m),
— 1+0 2 —q?
_wa:c + wt + ?(wa - wax + 56(9 + 1) :c 9%&(%)
To apply Lemma [3.1] we need to verify (C1) and (C2). For (C1), when w =0,z >
have
0<zZ=z4+9Y<w+p=9¢+1,
and then
o =120 ( (z—w)())
9 .
(@) = 1 gy (0~ Dla(@)] ) it ale) <0,
<
- 1-— 9 0
-7 - i > 0.
3 (460 = 5 20la(@) it alo) 20
Hence, we take b(z) = Myag(x) with
My > ol max(s — v, 20),
02 5 —g) M

0 <0,z =0, we have

and using (4], one has a2 < 0. Moreover, whe
O>2w=w—90>2z—¢=—19—09,
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and then
ag = — 1;9 ﬁ(w + 2¢)a(x)>
9 0 .
{ - - m&b\a(w)]) if a(x) <0,
0 0 .
-5 - m@/} - <Z5)’a(x)\> if a(z) > 0,
<0,
provided
0
Mo 2 g max(9 1, 29).

Thus we require

9 x o0 [ee]
o2 o ([ iy [ btdnec + 2 lm -2 [ oay).
Taking ¢ sufficient small such that ||b'(z)|| =T < 1, we have
6
Mo 2 7= (Co+ 1+ Mollao(2)] 1)
that is,
1-60 Cp+1
lao@)llpr < —5= = =3 (3.9)
Hence (C1) is also satisfied by (w, z). As for (C2), one can derive
Ry <eb/(z) — ||t (z)] oo
146 1 —
rolo) (15 lo+ 15 0] 4ol O=Y) ‘”)fb e
1+6 1—6 [
ba) (00—t @)ime 5 [ o+ 57 [ )
9 xT [ee]
#4022l @t + 1blon) ([ by = [ b)) ale)
, 1-6
= | Mo(0Co + Oe|b(2)l| 2ot — —5— bl 1)
0
- G+ 220 (@)t + 10l bl (o)
1 6
< —Mpap(z) |0Cy — 5(9(70 +(1—0)My+ §M()”CL0HL1)”CL0”L1
<0.
The last inequality holds on the condition that
20C,
lao@)llr < g 1 and llao(@) e < 1. (3.10)
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Then we also have
Ry > &b (x) + ||t (x) || o=

+ b(x) <_ﬂ¢ 1+9¢> wa@)
<900+50||b’ HLoot——e y)dy +ﬂ/ b(y >
—é@@+%m%mmrwwp(/ st~ [~ b)) ale)
> | Mo(6C -+ 82l (@) et = <52 bl
- 81200+ 22l (@)=t + 10l bl oo

1 0
> Myoli) |60 = 5(6Ca + (1 = )0+ S Mola|)laol
> 0.

Hence (C2) is verified for (w, z). From (B.9) and B.I0), ap must satisfy

20C), 1-0 Co+1
0Cy+ M, 6 My )

Now we turn to choose My and Cy. Considering the initial values of approximate solutions,
we shall choose C large enough first such that

Cy > max{sup w(z,0), —inf z(x,0)},
and then we have w(z,0) < ¢(x,0), z(x,0) > —(x,0). One choice of My is

waSmmﬁ, (3.11)

2
MO_CO39 +9’
0
and then
2000 1-90 dl—H_&_i>1—9
HCo—i-MO 1+9 0 My My~ 1+6

if My is large enough. Thus our condition (LG]) on ag satisfies [B.I1]), which is the key
reason for (LG). Therefore, an application of Lemma [B] yields

w(z,t) <0, z(x,t) >0,
which implies
w(z,t) < ¢la,1) < Co+ bl +1 = C,
2(@,t) > —(a,t) > —Co— [bllp — 1= —C,
where we can see that C' is independent of time. Hence we obtain
0 < p(z,t) <C, |m(z,t)] < Cp(x,t). (3.12)

Step 2. Lower bound of density. By ([B.I2]), we know that the velocity u = o s
uniformly bounded, i.e., |u| < C. Then the lower bound of density can be derived by the
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method of [13]. Set v = In p, and then we get a scalar equation for v
Vi F VU + Uy = EVgy + V2 + alz)u (3.13)

from which we have

t
v = / G(x —y,t)vo(y)dy + / /(6’03 — Vet — Uy + a(x)u)G(z — y, t — s)dyds,
R o Jr

where G is the heat kernel satisfying
C
Gz —y,t)dy =1, / Gy(z —y,t)|dy < —.
/]R R Y Vet

Then it follows that

t
v = / Gz — y,t)vo(y)dy + / /(6115 — vyt — Uy + au)G(x — y,t — s)dyds
R 0o Jr

t
> [ Gla -ty + [ [ uGya .t =)+ (au = £)6( - vt~ s)dyds
R 0 JR

Ct Cvt
>lne— — — —\/_ = —C(e, ).
e e
Thus
p>e 06N, (3.14)
From [B12) and BI4]), we get ([B3). The lower bound of density guarantees that there
is no singularity in ([BJ). Then we can apply classical theory of quasilinear parabolic
systems to complete the proof of Theorem [B3.11

3.3. Convergence of approximate solutions. In this section, we will provide the proof
of Theorem [Tl Since we are focusing on the uniform bound of p and m, in this section
we assume 1 < vy < 2 for simplicity. For the case 2 < v < 3, one can follow the similar
argument in [I8] or [32] to obtain the same conclusions.

Denote IIr = R x [0, 7] for any T" € (0, c0).

Step 1. Hl_oc1 compactness of the entropy pair. We consider

77(/)87 ma)t + Q(PEa ma)sm

where (7, ¢) is any weak entropy-entropy flux pair given in (Z2]). We will apply the Murat
lemma to achieve the goal.
Lemma 3.2. (Murat [25]) Let Q € R™ be an open set, then

(compact set of VVlgclq(Q)) N (bounded set of I/Vl;clr(Q)) C (compact set of Hl_ocl(Q)),
where 1 < g <2<,

Let K C IIp be any compact set, and choose ¢ € C°(Ily) such that ¢|x = 1 and
0 < ¢ < 1. Multiplying [B1]) by ¢Vn* with n* the mechanical entropy, we obtain

6// 0Pz, M)V (s mg) " davdt
Hr . (3.15)

- / /H (@(o) ™ = 2@ + )i+ 1+ s+ €0 P,
T
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A direct calculation tells us that

(pus M) V20 (prymy) T = poyp? 2 p2 + pud.

Noting that

2 3
m % EPOY ~— _ m
(@)=~ = 2eb(z)or )] < T’Y,o7 2p3 +eCh?m?p) + a0~

we get

€ *
5// @(Px,mx)vzn (pm,mm)dedt
Iy

3
— m * * *
< // (C’eb2m2p “’+ao—p2 Yo + 0 0t + ¢ or + €N pag
Iy

3

mo T -1 dxdt
+(2,o2 + 7_1mp po)aopd
< Clp).

Hence
(pe ma) V20 (peyme) T € L (TI7), (3.16)
i.e.,
ep 2 p2 4 epu’ € L}, (Tl7). (3.17)
For any weak entropy-entropy flux pairs given in ([2:2), as in ([BI5]), we have

2
m
N + Gz = Mgz — €(Pas mm)v277(/0m, m:v)T + (npa(fﬂ)m + Uma(fn)7) — 267 p2b(T)

4
1=1

Using (BI7), it is straightforward to check that I; is compact in H, l_ocl (II7). Note that for
any weak entropy, the Hessian matrix V2 is controlled by V2n* ( [18]), that is,

(P:u mx)vzn(pxa m:c)T < (P:c, m:c)v277*(p:c7 mx)T7 (319)

and thus I is bounded in L], (II7) and thus compact in VVl;cl’O‘(HT) for some 1 < av < 2
by the Sobolev embedding theorem. For I3, we have

(3.18)

2
m
|I3] = |77pa(:17)m + Uma(fﬂ)7| < Cay,

which implies that I3 is bounded in L} (II7). For the last term Iy, we get

loc
L4 < Cep™ 7| p.

It follows from (BI6) that I, is compact in Hy ! (ITr). Therefore,

N + g is compact in VVl;cl

“(IIy) with some 1 < a < 2.
On the other hand, since p and m are uniformly bounded, we have

Nt + ¢z is bounded in I/Vl;cl’oo(HT).
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We conclude that
¢ + qq is compact in H,__ L(117) (3.20)

for all weak entropy-entropy flux pairs with the help of the Murat lemma 3.2

Step 2. Strong convergence and consistency. By ([B20) and the compactness
framework established in [6][7,9,18], we can prove that there exists a subsequence of
(p%,m?) (still denoted by (p°, m®)) such that

(p°,m°) = (p,m) in L} (IIp), p > 1, (3.21)

from which it is easy to show that (p,m) is a weak solution to the Cauchy problem (L.I])-
([C2). We omit the proof for brevity.

Step 3. Entropy inequality. We shall also prove that (p,m) satisfies the entropy
inequality in the sense of distributions for all weak convex entropies. Let (n,q) be any
entropy—entropy flux pair with 1 being convex. Multiplying BI]) by ¢Vn with 0 < ¢ €
Ce(Ily), we get

/ / N + quipdrdt
Iy

2
m
/ /H ENsap = £P(pes ) V(0 1) |+ 1ya(w)mp + 1 (0(e) - = 2eb(a)pe) ol
T

As in Step 1, we have

‘// Enmgpdmdt‘ —0ase—0.
Ir

'// 26pwb(:n)77mg0dxdt‘
Iy
1

1
2 2
< [/ Capz_“’b%pdxdt} [// gp&?pip’y_zda:dt]
HT HT

1
<Cez - 0ase—0.

Moreover,

Noting that
o (P M) V21 (pr,ma) T > 0,

we conclude that
2
// N + qpzdxdt + (77mﬁ + mn,)a(z)pdrdt > 0 as € — 0,
Iy p

that is, (p, m) is indeed an entropy solution to the Cauchy problem (II)-(T2]). Therefore,
the proof of Theorem [[.1]is completed.
4. PRELIMINARY AND FORMULATION FOR [SOTHERMAL FLOW

In this section, we provide some preliminaries and formulation for the isothermal case.
Here, we adopt a similar notion as in Section [2] with no confusion. Letting

n=A(z)p, J=A(x)m
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and using v = 1, we can rewrite (L)) as
Tt + Jx = O,

2
Ji + <J; + n> = —a(z)n,z € R (4.1)

with a(z) = —il((;)), J = nu. Then seeking weak entropy solutions of (LI)-(L2) is

equivalent to solving (£1]) with the following initial data:
(n, Jli=0 = (no(x), Jo(x)) = (A(x)po(z), A(x)mo(z)) € L=(R). (4.2)
The eigenvalues of (@1l are

M=S—1, A=
n

)
n

and the corresponding right eigenvectors are

() (4]

The Riemann invariants (w, z) are given by
J
w=—+1Inn, z=—-—Inn.
n n

The mechanical energy n*(n,.J) and mechanical energy flux ¢*(n,J) have the following

formula
2 3

J J
n*(n,J):%—Fnlnn, q*(n,J):W—i—Jlnn.
5. PROOF OF THEOREM
We first recall the compactness framework in Huang and Wang [14].

Theorem 5.1. Let (n°, J¢) be a sequence of bounded approximate solutions of (A.1)-([42])
satisfying
0<d<n®<C, |J?] <n°(C+|Inn)
with C' being independent of ,T, § = o(e). Assume that
Om(n®, J) + 0yq(n®, J) is compact in H; }(IIr),
where (n,q) is defined as
1 & g J
n=ni-Fel=tr, g = (— +€> U
n
for any fized & € (—1,1). Then there exists a subsequence of (nf,J¢), still denoted by
(n®, J), such that
(n*(x,t), J5 (2, 1)) — (n(x,1), J(x,1)) in L}, (R x RY), p>1,
for some function (n(x,t),J(x,t)) satisfying
0<n<C |J <n(C+|lnn|),

where C is a positive constant independent on T.
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5.1. Construction of approximate solutions. Next we construct approximate solu-
tions satisfying the conditions in Theorem 51l Raising density, which is motivated by [22],
we add artificial viscosity as follows:

et (J = 62)0 = g,
n

J2O6J2 [t J (5-1)
Ji + <; ) +/5 Tdt)gc =¢eJye —a(z)(n —6) + 2b(a:)55 — 4eb(x)ng
with initial data
(n, J)li=0 = (n5(x), Jg (2)) = (no(x) + 6, Jo(x)) * j°, (5.2)

where b is a function to be determined later, 6 = o(¢), and j° is the standard mollifier and
0 < e < 1. By a direct computation, the eigenvalues are
J n-=9 J n—-90

N =2 - A== .
1 n n ) 2 TL+ n ) (53)

and the Riemann invariants are

w=—+1Inn, z=——Inn.
n n

5.2. Global existence of approximate solutions. In this section, we show the global
existence of classical solutions to the Cauchy problem of quasilinear parabolic system
(E1I)-(E2) and obtain the following theorem.

Theorem 5.2. There exists a unique global classical bounded solution (n®,J¢) to the
Cauchy problem (B.1)-([B.2) satisfying
d<n®<C, |J°| <n®(C+ |lnnf). (5.4)
We divide the proof of Theorem into three steps. In this section, we omit the up
index €.
Step 1. Local existence and lower bound of density. The local existence of the

solution for (5I)-(52) can be proved by using the heat kernel and the same way in [9].
For the lower bound of density, we denote

v=mn—90,
and then v satisfies
v+ (U0)s = €0z, Vlimo = 10 () (5.5)
with u = % From the definition of ngy, we have vy > 0. Rewrite (5.5]) as
Ut + UVy = EVgy — Uy,
and then it is easy to obtain from the maximum principle of the parabolic equation that
v(z,t) > minvg(z)e” lu=lle=t > o

and hence we gain n > .
Step 2. Uniform upper bound. We apply Lemma B.] to obtain the uniform L
estimates. As before, to estimate the uniform bound of the approximate solution, we shall
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investigate a parabolic system derived by Riemann invariants. We transform (5.1) into
the following form:

2
Sy — ob(a))e — M _ gl S
W + AWy = eWgy + 26(w, — 20(2)) i a(zx) - + 26(w)5n2,
2
5 Ny ng n—2o J
2t + N 2g = €2pq + 26(2g — 2b(x))? e - a(x) — 2b(x)5m.

Set the control functions (¢, 1)) as follows:

T

o= M4z [ W)y 2V @)t

— 00
o

=M+ 2/ b(y)dy + 2¢||b ()] ot

xT

We remark that ¢, in this Section is different from those in Section [3] for simplicity.
Then we obtain

¢ = 2|V (2)|| oo, P = 2b(2), buw = 20'(2);
by = 2e||V (@) || Loy Yo = —2b(2), Yz = —2V(2).
Let
w=w—0¢,zZ=2z+1.
A simple calculation yields
2

W + (Ag - 2E%> Wy =gy + 266 (z) — 26|V (2)|| e — 5%
i <£ i 5) b(x) — ";%(ax) +2b(<p)5n—‘]2,

n n

2
Z + ()\‘15 — 252) Zp =€Zgy + 26V (x) + 2¢||b/ (x)|| L~ + &?n—g
n n

) <£ _n- 5) br) " dul) + 2b(a:)5ni.

n n

Note that

n 2 2 ’
and then the system (5.6) becomes

n

Wy + ()\g — 26;%) Wy = EWgpy + a11W + a12Z + Ry,
— ) Top\ _ — _ —

Z + <)\1 — 25;) v = EZpr + a91W + a9z + Ry

with
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and
n—2=0

n2
Ry =2¢b(z) — 2¢||V/(x )HLoo—E 3 +(—a—b)

o)

-6

+

Ry =2¢l(z) + 2¢||V/ (x )||Lo<>+€ —I—( a+b)

< / b(y dy—2/ by dy+1>
where we have used n > §. Since

sup{x exfz (a2 [ b(y)dy} 2,

we can take b(x) € C1(R) such that

+ b(x

o@)lzr <5 la()] < ba),

and then we have Ry < 0, Ry > 0. In fact, from our assumption on a(z), we take b(z) =
ao(x), which is our key reason for the condition (LT). By our conditions on initial data,
we can take M large enough such that

w(z,0) <0, z(x,0) > 0.
Then, Lemma B1] yields
w(z,t) <0, zZ(x,t) >0,
which implies that
w(@,t) < ¢(z,t) < M +2[[bl| L1 + 2¢||b'| L=t < C,
2(2,1) = —Y(@,t) = =M = 2||bl| 2 — 2¢[|b'|| =t > —C,
where for any fixed time T, we choose € small such that
el |lzoet < ellt||LT < 1.

Hence we obtain (G5.4]).
From Steps 1 and 2, using the classical theory of quasilinear parabolic systems, we can
complete the proof of Theorem

5.3. Convergence of approximate solutions. As stated in Section 2l (LI])-(L2) is
equivalent to (LI))-(@2). Thus we only need to show that a subsequence of (nf,J¢) in
Section [B.2] converges to the solutions of (L1))-(2)) by verifying the conditions in Theorem
BEIl We also d1V1de the proof into three steps.
Step 1. H . compactness of the entropy pair. We will verify the H,_ compactness
of the entropy palr
n(n®, J%)e + a(n®, J%),

for some weak entropy (7, q) of (@Il with
J
n

1 £
n=ni-¢el-¢

3w
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for any fixed £ € (—1,1). It is easy to calculate that

1 J\ n £ Ui
nn—l_—§2<1—§;>—,m—1_§2n,

% J J2 S W |
Nn = (1—{2)2‘ A | e,
£2 J %_1 £
M = g (§— o | ne e,
-2 \" n
2 &2 & g
n1,§2 6175277,

"= T-gp

Hence

Tnn"JJ — T]?LJ = mnl—gz el1-e2n > (.

It indicates that 7 is strictly convex for any £ € (—1,1). Then

(nx,Jw)V277(nmaJm)T
2
n + <Jnx —J. ) — 2&n, <%n:c - J:c)]

52
2 2
zaégﬁ%l< mm-urﬂw(J%—J>]

-y
Let K C IIp be any compact set, and choose ¢ € C(Ilr) such that ¢|x = 1, and
0 < ¢ < 1. After multiplying (&) by ¢Vn, and integrating over IIp, we obtain

: / / (g Jo)V2(ng, J,) Tddt
IIr

19 & J
ni-¢& “el-¢n

J 5 J
T
Due to
€] 1-[¢]
'J‘ < C+|lnn|, and n < n_15 Tz (C-lnn) <Cnie,
it is easy to get
|~ a(n —5) + 265%77]] <. (5.7)
Besides,
e€2(1— n?
|[4engbny| < ab\nx\ |££2 5( ( £2|§|) 1% Cenb?. (5.8)
Moreover, we have
Ny ne| 1€ (1 - Iél)nn 5
- < <
‘57177‘]‘_ n 1—&n = 4(1—¢£2)2 C€n2’ 59)
5 2 " i ﬁ 5521_\5’)77 ? 6 J? '
n?), / ’n £2)? . e nZn?’
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Taking 6 = &% such that 6%/ < 6°/% < n5/3, and choosing small |¢| # 0 , from the two
facts

12 _ n1,1§2 _2e$% é On171§2 2= 1‘*5;2 = O’[’L_Ql‘ﬂgﬁ’
n
e J.J2 1 o €l _4lgl+1
—2J—2 = nm - W”J—2 <copte? = (1 +|Innf?) < Cn~
n2n n
we get
€
Z// cp(nx,Jx)V%(nx,Jx)dedtgC(cp) (5.10)
IIr

with constant C(p) depending on the H?(II7) norm of ¢. Hence for small [£] # 0,

moe o (L N e (TN
z—:n2nx 6712 nnx T _gnQn:c en n),

€ L} (7). (5.11)
Now we investigate the dissipation of the entropy as follows:

J
N+ Qe =eNgw — (N, Jo)V20(ng, Jo) T + [—a(n — 6) + 206=1115
J ng 0 ,J?
_4 X —)xlin -
enabn -+ () + 182+ S0
5
:Z[k
k=1

Combining (5.7), (5.8), (59), (5I0), we obtain that Io+ I3+ I+ I5 is bounded in L}, (Il7),
and then compact in I/Vl_1 %(Il7) with some 1 < a < 2 by the Sobolev embedding theorem.
For Iy, from (5I0)), for any ¢ € H}(Il7),

[ ctesstsa| = | [ [ st nsyguia]
Tl e
< ([ [ ) [([ [ faar)
(] () o))

and thus we have that I; is compact in H. lzcl(HT). Finally, we get

dxdt

Mt + ¢ is compact in I/Vl;cl’o‘(HT) with 1 < a < 2.

Moreover,

£ _J
n

1
q:<%+0”§w—mn+HMSCHmmw@wﬁ <c

and then
Mt + g bounded in I/Vl;cl’oo(HT).
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Therefore, taking |£| small, we conclude that
Nt + g is compact in Hy, ! (IT7) for small |¢] < 1,

by Lemma
Step 2. Convergence and consistency. Since our approximate solutions satisfy all
the conditions in Theorem B applying Theorem [5.1] yields

(n®,J%) = (n,J) in L} (II7), p > 1.

This implies that (n,J) is a weak solution to the Cauchy problem (£I])-([&.2). Similar to
the previous argument, we can show that (n, J) satisfies the energy inequality. Thus (n, J)
is an entropy solution. The proof of Theorem is completed.

6. APPENDIX

Here we provide the proof of Lemma [B1] for completeness.

Proof. Let
Mo = |Ipll oo ®xjo,1) + gl Lo ®x[0,77)-
We define two new variables
p=pr—=§& §=q+¢,
where

coshz ,,
N >0
cosnNe Y

and A > 0 will be determined later. For (i,j) = (1,2)or (2,1), we write

§= f(l‘,t) = 2]\ZO

aij(x7t7p7 Q) za,'j(a:,t,ﬁ, Q)

! Oaij _ _ ! aaij _ _
+</0 8]9 (x7t7p+T€7q_T€)dT_/0 aq (x7t7p+7—§7q_7—€)d7->§

and

Ri(z,t,p,q,¢,n) = Ri(z,t,p,4,¢,m)
' </01 (ot g 76— 76 G - /01 k(o tp+ 7.0~ 767 ) €
Denote
@ij = aij(x, 1,9, q), Ri = Ri(x,t,p,7),

— L da;; Lo
bij:/ aa](x,t,p—i-T{,q—Tf)dT—/
0 p 0

gq” (w.t.p + 7€,G — TE)dr,

LOR; LOR; _ _
Eiz/ (x,t,p—i—T{,q—T{,C,T])dT—/ (@, t,p+ 787 — 7 ¢ m)dr.
o Op o 9q
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Then we get a system for (p, q),

_ _ _ = _ _ _ sinhz
Dt + 1Dz =E€Pgz + a11P + @12q + b12G§ + Ry + 1€ — 21 My M
cosh N
+&(—A+e+ a1 — ag2),
_ _ _ _ = _ _ — sinhz
Gt + H2Gy =€Qze + A21P + a22q + b1 P + Ro + ¢2€ + 2p2 My “osh NeAt
+ f(A — &+ ag — agg).

Note that for any A > 0, p(x,t) < 0 and g(x,t) > 0 hold for any |z| > N. Next we show

Claim :There exists A = A(M;) such that
1
p(x,t) <0 and g(x,t) >0 for x € (—N,N),0 <t < s, = e
To this end, let
A = {t €0, s,]| there exist x € [-N, N| such that p(z,t) > 0 or g(z,t) < 0}.
We shall prove the set A is empty by contradiction. In fact, if A is not empty, let t, =
inf A > 0, and then there exists |z,| < N such that p(z.,t.) = 0 or g(z,ts) = 0. Without
loss of generality, we assume p(x,,t.) = 0. Then, p(x,0) < 0, ¢(x,0) > 0, |z| < N. For
0<t <1y,
PEN,£) <0, g(EN,1) >0, |2 < N,
and thus p(z,t) takes the maximum value over [—N, N] x [0,t.] at the point (z,t.). We
have
ﬁx(x*yt*) =0, ﬁxx(x*yt*) <0, Ijt(x*at*) >0, cj(a;*,t*) > 0.
Note that at the point (z,t.), @12 < 0, Ry <0, At, < As, = 1. Moreover, for any 7 € [0, 1],
P+ 7&] < |pl + 26 < Moy + 4Moe < C1(Mo),
1§ — 7€| < |g| +2€ < Mo + 4Mye < C1(Mo).
Therefore, |512| < CQ(M(]), |521| < CQ(M(]), |51| < Cg(M(]), |52| < Cg(Mg) A direct com-
putation yields that at the point (x,,t.),
Pt + 1P <T12G + b12G€ + Ry + @& + (A + e+ an — a2 + | )
<& (—A +e+an —ai+ |,u1| + CQ(M())M(] + 202(M0)M0€ + ZCg(Mo)Moe) .

Then, choosing

2 2
A =:2e+ Z HNZ’”LOO + Z HainLoo + CQ(MO)MO(2€ + 1) + 203(M0)M0€,
i=1 ij=1
we get py + p1p, < 0. It contradicts with
Pt + 1Pz > 0, at (@4, ty).
Hence A is empty and Claim holds. Letting N tend to infinity, we obtain that p(x,t) <
0, and ¢(z,t) > 0 Vo € R,0 <t < s,. From the above analysis, we have proved that the
set
Q={te0,T]p(z,s) <0, g(z,s) 20Vz €R, 0 < s <t}

is an open set. It is obvious that  is a closed subset of [0,T]. Therefore, Q = [0,7]. We
thus complete Lemmal[3.1] O
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