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ABSTRACT. We present the theory of rank-metric codes with respect to the 3-tensors that
generate them. We define the generator tensor and the parity check tensor of a matrix code,
and describe the properties of a code through these objects. We define the tensor rank of
a code to be the tensor rank of its generating tensors, and propose that this quantity is a
significant coding theoretic parameter. By a result on the tensor rank of Kruskal from the
1970s, the tensor rank of a rank-metric code of dimension k and minimum rank distance d
is at least k +d — 1. We call codes that meet this bound minimal tensor rank (MTR)
codes. It is known from results in algebraic complexity theory that an MTR code implies
the existence of an MDS code. In this paper, we also address the converse problem, that
of the existence of an MTR code, given an MDS code. We identify several parameters for
which the converse holds and give explicit constructions of MTR codes using MDS codes.
We furthermore define generalized tensor ranks, which give a refinement of the tensor rank
as a code invariant. Moreover, we use these to distinguish inequivalent rank-metric codes.

1. INTRODUCTION

The theory of rank-metric codes is an important topic in coding theory, which has seen a
resurgence of interest in the last decade. Any linear space of matrices can be viewed as a rank-
metric code, where the rank distance between a pair of matrices is the rank of their difference
and indeed the most general class of (linear) rank-metric codes are the I -subspaces of Fy ™,
which we refer to as matriz codes. Much of the initial focus of the theory was on subspaces
of Fiim, the so-called Fym-linear vector rank-metric codes, where the rank of a vector in Fgim is
the dimension of the span of its coordinates as an [Fy-linear space. Given a basis of Fym over
Fg, any vector rank-metric code can be represented as a linear space of matrices in Fy*™.
The most prominent family in this class of codes are the Delsarte-Gabidulin codes [6] [8, 21],
which can be conveniently described in terms of generator and parity check matrices that are
g-analogues of those for the well-studied Reed-Solomon codes of classical coding theory.

The role of matrices in classical (Hamming metric) coding theory is crucial. Efficient en-
coding and decoding rely on generator and parity check matrices. Several properties of a code
are characterized by such matrices, including duality, equivalence, and minimum distance.
These matrices also yield connections between coding theory and finite geometry, from which
optimal codes have been constructed from sets of points in projective space.

In this paper, we present rank-metric codes in the framework of 3-tensors. More precisely,
we define the generator tensor and parity check tensor of an F,-linear space of matrices and
describe the properties of such codes in relation to these objects.

An important and well-studied parameter of a tensor is given by its tensor rank. This
aspect of bilinear forms is central to algebraic complexity theory [3 [ I5]. The definition
of tensor rank considered here is the minimum number of simple tensors that appear in the
expression of a tensor as a sum of simple tensors. It extends the notion of matrix rank and
gives a measure of the complexity of tensor multiplication. Precise computation of tensor
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rank is elusive for an arbitrary tensor; indeed computing the rank of a 3-tensor over a finite
field is NP-complete [I2]. We propose that tensor rank is a significant parameter in the
theory of rank-metric codes. This extends the notion of the tensor rank of a rank-metric
code corresponding to a finite semifield [16]. A rank-metric code in Fy*™ is a slice space of
an associated generator tensor, just as a code in Fy is the row-space of a generator matrix.
The smaller the tensor rank of the generating tensor, the more efficient the encoding. It is
therefore of interest to obtain codes whose generating tensors have minimum tensor rank.

Lower bounds on tensor rank have been known for some time [I5]. If X is a generating
tensor for an [Fy-linear code in F{*™ of dimension £ and minimum rank distance d then this
lower bound on trk(X), the tensor rank of X, can be expressed as:

trk(X) > k+d— 1. (1)

Coding theorists will immediately notice the similarity of this inequality to the Singleton
bound. We will refer to a code having a generating tensor meeting this bound as a minimum
tensor rank (MTR) code. It is known that any (nondegenerate) tensor of rank R gives rise to a
linear block code of length R, and in particular that any lower bound on the length of a linear
block code provides an immediate lower bound on the tensor rank [3, [4]. It can therefore be
deduced that any MTR code gives a construction of an MDS block code. A central problem
posed in this paper is to address the inverse problem: given an MDS block code of length R,
find a construction of an MTR code with tensor rank R. We solve this problem for a range
of parameter sets.

We introduce the generalized ranks of a matrix code, which turn out to be an invariant
of code equivalence. In particular, such values can be used to distinguish between inequiva-
lent codes and, remarkably, even between MRD codes that otherwise share many invariants.
Moreover, generalized tensor ranks lead to a refinement of the tensor rank bound, from which
the existing tensor rank bound (I]) can be deduced. The coding theoretic arguments used in
these proofs are very simple and compact.

A further aspect of the tensor description of a matrix code is that many of its coding
theoretic parameters are encoded in its generating and parity check tensors. For example, the
minimum rank distance of a matrix code can be characterized by the dimensions of its slice
spaces, in direct analogy with relation of the minimum Hamming distance of a block code in
relation to its parity check matrix.

Outline. In Section 2] we cover preliminary results on rank-metric codes and in Section 3] we
recall basic results on 3-tensors and characterize tensor rank. In Section Ml we relate matrix
codes and tensors and introduce the generator tensor of a code. We define optimality of a
code with respect to tensor rank and describe a connection between matrix codes of a fixed
tensor rank and linear block codes, which allows the construction of one code, given the other.
In Section [6l we define the notion of an extremal triple (C,V,W). It consists of an optimal
Fy-code C, which is a code with smallest possible length for given dimension and minimum
distance, and full-rank matrices V € F;‘XR, W e F;”XR; such a triple yields a tensor rank
extremal code. In the special case where C' is an MDS code, the extremal triple yields an
MTR code. We identify parameters m,n, R for which (C,V, W) is always an extremal triple
via a characterization theorem. For some values outside these parameter sets, we give an
explicit construction of an extremal triple using Cauchy codes. We furthermore consider the
Delsarte-Gabidulin codes and obtain an upper bound on their tensor rank. We apply these
results to give constructions of matrix codes with upper-bounded tensor rank. In Section [6] we
define the r-th generalized tensor rank of a matrix code and establish their main properties.
We show that the r-th generalized tensor rank is an invariant of equivalent matrix codes and
use this to distinguish between codes. We also show that these ranks are not an invariant of
duality. Finally, in Section [7, we define the parity check tensor of a matrix code. We consider
the standard coding theoretic operations of shortening and puncturing of matrix codes, and
use these as a tool to relate the parameters of a code to its generator and parity check tensors.
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2. RANK-METRIC CODES

Throughout this paper, ¢ is a prime power and m,n are positive integers. In this section,
we assume m > n to simplify the presentation. Analogous results hold for n < m. We denote
by Fy*™ the Fy-linear space of n X m matrices with entries in F,. For an integer i > 0, we
let [i] :={1,...,i}. All dimensions are computed over [, unless otherwise stated.

The main objects studied in this paper are rank-metric codes. They were introduced in by
Delsarte [6] for combinatorial interest.

Definition 2.1. The rank distance between X,Y € Fj*™ is d(X,Y) := rk(X —Y). A
(rank-metric) code is an F-linear subspace C C Fp*™. If C # {0}, then the minimum
distance of C is the integer

d(C) :=min{rk(X): X €C, X #0} =min{d(X,Y): X, Y €C, X #Y}.

From now on, we will refer to a rank-metric code C C Fy*™ of dimension k as an IFy-[nxm, k]
code. When the minimum distance d is known, we will call it an F-[n x m, k, d] code.
In this paper we adopt the following definition of code equivalence.

Definition 2.2. Codes C,C" C Fy*™ are equivalent if there exists an Fy-linear isometry
2 (ngmad) — (ngm,d) such that QD(C) = C,'

As a linear isometry of Fy*™ is necessarily bijective, equivalent codes have the same di-
mension and minimum distance. According to [13], 23], in which all the F,-linear isometries
are classified, codes C,C’ C [ ™™ are equivalent if and only if there exist invertible matrices
A € GL(n,q), B € GL(m, q) such that

C'=ACB:={AXB:X e€(C},
or, when m = n,
¢'=ac’B:={ax"B:xec}.

The following result is the rank-metric analogue of the Singleton bound for codes with the
Hamming metric.

Theorem 2.3 (Theorem 5.4 of [6]). Let C C Fp*™ be a non-zero code. Then
dim(C) < m(n —d(C) + 1).

Definition 2.4. A code C is maximum rank distance (MRD) if it meets the bound of
Theorem 2.3 or if it is the zero code.

Recall that the trace-product of X,Y € FI*™is (X,Y) := Tr(XY ). It is well-known and
easy to see that the map (X,Y) — Tr(XY ") defines a bilinear, symmetric and nondegenerate
form on Fy>™.

Definition 2.5. The dual of an F,-[n x m, k] code is
ct={Xe Fy ™ (X,Y) =0 forall Y € C}.
Note that C* is an Fy[n x m,nm — k] code.

In [8], Gabidulin introduces a class of rank-metric codes that are linear over the extension
field Fgm. They are defined as follows.

Definition 2.6. A vector rank-metric code is an Fym-subspace C' C Fn.

To obtain a matrix code from a vector code, it suffices to use that fact that Fim and
[F7>*™ are isomorphic as F,-linear spaces. An isomorphism can be constructed as follows. Let
' = {71,---,Ym} be a basis of Fym/F,. For v € Fym, denote by I'(v) € Fp*™ the matrix
whose (7,7) entry is the j-th coordinate of v; over the basis I'. Then the map v — T'(v) is
an Fg-isomorphism. We denote by I'(C') the image of a vector rank-metric code C' C Fymn

under I, i.e., we let I'(C') = {T'(v) : v € C}.
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Lemma 2.7 (see e.g. [1]). Let C C Fym be a non-zero vector code. The minimum distance
of I'(C) does not depend on the choice of the basis T for Fym /F,. Moreover, for any such
basis we have

dimg, (I'(C)) = m - dimg,,, (C).

Definition 2.8. The minimum distance of a non-zero vector code C' C Fgm is the minimum

distance of I'(C'), where T' is any basis of Fym /IF,. It is denoted by d(C).
With these definitions, it is easy to see that a vector code C' C Fyim is MRD if and only if
d(C) = n — dimg,,, (C) + 1.

MRD vector codes (and therefore MRD matrix codes) exist for every set of parameters. The
first construction was found by Delsarte [6] and independently by Gabidulin [§] and Roth [21].
It was then generalized in [9].

Let K,s,m be positive integers such that 1 < K <m and 1 < s < m. Define the set Gx s
of linearized polynomials as

K—1
OK,s = {Zfixqm : fi € Fgm fori:O,...,K—l}.
=0

Definition 2.9. Let a = (aq,...,qy) € Fym be a vector such that aq,...,an € Fym are
linearly independent over ;. Let moreover K, n,s, m be positive integers such that 1 < K <
n <m,1<s<mand ged(s,m) = 1. The generalized Delsarte-Gabidulin code Gx ()
is defined as

gK78(a) = {(f(al)v s 7f(an)) 1 fe gK,s} .

When s = 1, we will simply refer to G 1(a) as a Delsarte-Gabidulin code.

Another property on vector codes that we will need is the following, that is different matrix
representations of the same vector code lead to equivalent rank-metric codes.

Remark 2.10. Let C C . be a vector code, and let T' = {y1,...,vm}, I = {71, .., 7}
be bases of Fym /F,. Note that the matrix codes I'(C) and I''(C) are equivalent.

We also define the column support and row support of a rank-metric code. See [10] for a
detailed analysis of the various definitions of rank-support proposed in the literature.

Definition 2.11. Let C be a rank-metric code. The column support and the row support
of C are defined to be the F-subspaces of Fy' and Fi", respectively, defined by

csupp(C) = Z colsp(M), rsupp(C) := Z rowsp(M),
MeC MeC

where the sums are sums of vector subspaces. The code C C Fp*™ is said to be nondegen-
erate if csupp(C) = Fy and rsupp(C) = F;".

3. 3-TENSORS

We recall some definitions and results from tensor algebra. The interested reader is referred
to [4, 5] for more details. In this section, F denotes an arbitrary field.

Recall that a tensor product of F-spaces U and V', denote by U ® V', is defined as a pair
(T, ¢), where ¢ : U x V. — T is a bilinear map to the F-space T such that for any bilinear
map f : U xV — W to an F-space W, there exists a unique F-linear map f T = W
satisfying f = f o p. We say that (T,¢p) satisfies the universal mapping property. The
existence and uniqueness of (T, ¢), and hence the well-definedness of U ® V', can be shown by
its construction as a quotient space of the free F-linear space on U x V' (see, for example, [5]
Chapter 10]). Tensors of the form u ® v are called simple tensors (also called fundamental
or pure tensors in the literature). Arbitrary elements of U®V are expressed as sums of simple

tensors: Zle u; ® v;, with u; € U and v; € V. Since the tensor product of a pair of spaces



TENSOR REPRESENTATION OF RANK-METRIC CODES 5

is itself a vector space, we may construct the tensor product (U@ V)@ W =U & (V @ W),
for F-spaces U, V, W, which we therefore express as U ® V ® W. The corresponding map
associated with such a tensor product is a trilinear map ¢ : U X VW - UV Q W.

If {uy,...,ux}, {v1,...,v,} and {wy,...,w,,} are bases of U, V and W, respectively, then
a basis of U ® V ® W is given by

{ui®@vj@w:1<i<k, 1<j<n, 1<0<m}.
In particular, dimp(U ® V @ W) = dimp (U ) dimp (V') dimp (V).
In this paper we shall be mainly interested in tensor products of the form
FF @ F* @ F™,
whose elements are called 3-tensors, 3rd-order tensors, or triads. The elements of this space

can be represented as 3-dimensional arrays. As with matrices (2nd-order tensors), one can
define a 3-dimensional array of size k X n x m as a function

X:{l,... .k} x{1,....,n} x{1,...,m} =T,
which we represent as
X=(Xjr:1<i<k, 1<j<n, 1 << m).

These representations of the tensor X = Z _, Ur ® v, ® w, are related by

Xije = E UiV Wer
r=1

where u, = (ur : 1 <1 < k), v, = (vjr : 1 <j <n),and w, = (wgr : 1 <€ < m). We
hence identify F¥ @ F” @ F™ with the space F¥*"*™_ The representation of X as an element
of Fk*nxm is called its coordinate tensor.

For the remainder of the paper, given vectors z, € FY, we will write zjr to denote the jth
coefficient of z, for each r. That is, 2z, := (2, : 1 < j < N).

We introduce the following maps, which defines multiplication of 3-tensors with vectors
(corresponding to s = 1) and matrices (s > 1).

W@l:EﬁXk><E%X"X"L—+E$X"X"1:(Aj)()k+7n¢(A,)()::253@4u0<®1ﬁ6§uﬁ,
My : BN 5 FRxnxm _y pexkxm . (B X) s my(B, X) = E:u, (Bv;) @ w,

ms : FSXm y Fkxnxm s Fsxkxn . (C X) — m3 C X Zu’ Qv; ® Cw,)

for any X =) u; @ v; @ w; € Fkxnxm_

Let X € FNN2xNs, For each i € {1,2,3} and for any A € F**¢, B € F”N it is easy to
see that
Indeed, GL(N;, ) acts on the set of tensors FV1xN2xNs,

Remark 3.1. Notice that, in the case that s = 1, the operation m; yields a 3-tensor of
the form ), \; ® v; ® w;, for some scalars A\; € I, which can be identified with the 2-tensor
Yo (Niv) @ w; € F™ (F® V and V are isomorphic). Similarly, my and m3 yield 2-tensors
for the case s = 1. With abuse of notation, in this case we will consider the images of the m;
to be in the space of matrices over F.

Definition 3.2. Let X € FM*N2xNs For each i € {1,2,3}, we define the i-th slice space
of X to be the F-span of {m;(e;, X) :1 < j < N;}, that is,

SSZ‘(X) = <mi(€1,X), e ,mi(eNi,X)>.
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We write dim;(X) to denote the dimension of ss;(X) as an F-vector space. We say that ss;(X)
is nondegenerate if dim;(X) = N;, in which case we say that X is i-nondegenerate.

If X = 25:1 Uy @ v @ Wy, € FEXMXM then clearly

R
SSl(X) = <Zujrvr®wr 1< < k;>’

r=1

where for each 7, u, = (uj, : 1 < j < k) € F¥. In particular, ss;(X) is the F-span of k matrices

Aj = Zujrvr ® w, =my(ej, X) € F™™,
T

of rank at most R, which form a basis of ss;(X) if X is 1-nondegenerate.
We also point out the simple fact that for every basis g1, ..., gn, of FVi we have

SSZ‘(X) = (mi(gl,X), PN ,mi(gNi,X)>.
In particular, for every G € GL(NV;, q) we have
ss;(X) = ssi(m;i(G, X)).

Of particular interest in this paper, is the 1st slice space ss;(X) of a nondegenerate 3-tensor
X e qu“ *nxmwhich will be a k-dimensional subspace of matrices in Fg™™.

A notable parameter of a tensor that relates to algebraic complexity is its tensor rank,
which we now define.

Definition 3.3. Let X € FFX"*™_ The tensor rank of X is the minimum integer R such
that there exists u, € F¥ v, € F", w, € F™ such that

R
X = Zur@)vr@wr.
r=1
We write trk(X) to denote the tensor rank of X. A representation of the X as sum of
R = trk(X) simple tensors is called a minimal rank form of X.

The reader will easily verify that
trk(mq(A, X)) < trk(X), (3)

for any A € F*** (with analogous statements for elements in the image of msy and mg3). More-
over, it is straightforward to check that the tensor rank is invariant under any permutation
of the spaces F* F™ F™.

The following result gives various characterizations of the tensor rank; see for example [4]
Proposition 14.45]. As we will use the construction of these characterizations in Lemma [£13]
we include a proof.

Proposition 3.4. Let X € F¥*X"X™ qnd let R > 0 be an integer. The following are equivalent.
(1) trk(X) < R.
(2) There exist Ai,...,Ar € F™™ of rank 1 such that ss1(X) C (A1,...,AR).

(8) There exist diagonal matrices D1, ..., Dy, € FF*E and matrices P € F"E Q ¢ FmxR
such that

ss1(X) = P(Dy,...,Dp)Q" == (PD1QT,...,PD,Q").
Proof. Suppose that trk(X) < R. Then X = Zf;l U, @ v, @ w, for some vectors u, € FF,
v € F*, w, € F™ and

ssl(X):<Zujrvr®wr:1§j§k> C (v, @uw,:1<r<R).

r
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Conversely, if ss1(X) is contained in the span of R rank 1 matrices A, = v, ® w,, then
for all 1 < j < k there exist uj. € F satisfying mq(e;, X) = Zle wjpUyr @ wy. Therefore
X = Zf;l ur @ vy @ w, and trk(X) < R.
Again suppose that X = Zle Uy @ v, @ w, for some u, € F¥ v, € F?, w, € F™. Let
D; = diag(ujr,1 <r < R).
So the diagonal elements of D; are the jth coefficents of the u,. Set
P=(vj,:1<j<n,1<r<R), Q= (wj:1<j<m,1<r<R).

Then PD;Q" = SR uj v, ® w, for each j and hence ss1(X) = P(D1,...,D)Q". Con-

r=1
versely, given the existence of matrices P, @, D; satisfying (B]), the tensor X can be constructed

as Zle U, ® v ® wy, where v, is the rth column of P, w, is the rth column of @) and u;, is
the rth element of the main diagonal of D; for each j. O

Example 3.5. The following example, adapted from [18], illustrates the preceding definitions
and propositions. Consider the tensor X =e1 ® (61 ® e1 +e2 @ e3) + €2 ® (€1 ® €3 + €3 ® e3)
in F?2 @ F? ® F3, where F is any field of characteristic not two. Then

s =((3 4 (08 9)-

Then X can be written as the sum of the three rank one tensors
Xi=e1®e ®(e1 —e3)

1
Xo = 5(61 +e2)® (€1 +e2) ® (e2 + €3)

1
X3 = 5(—61 +e2) @ (e1 —e2) ® (e2 — e3),

which corresponds to the fact that ss;(X) is contained in

1 0 -1 0 1 1 0o 1 -1
00 o/’\0 1 1/J7\0 -1 1 ‘
The matrices P, () are given by
1 0 -1
A T (]
0 1 -1
and D; = diag(1,1/2,—-1/2), Dy = diag(0,1/2,1/2).

It was shown in [12] that computing the tensor rank of a 3-tensor over a finite field is
NP-complete. However we have the following bound on the tensor rank, which was proved by
Kruskal; see [I5, Corollary 1].

Theorem 3.6. Let X € FF*"*™ be 1-nondegenerate. Then
trk(X) > dim; (X) 4+ min{trk(m; (u, X)) : w € F¥\ {0}} — 1.

In the language of rank-metric codes, for X € FFX"X™ gatisfying dim;(X) = k, this in-
equality is equivalently expressed as

trk(X) > k + d(ss1 (X)) — 1. (4)

Another operation that is important in the context of tensors, is the so-called contraction
with respect to some indices. Since in this work we will only need one particular contraction,
we will not define this concept in general, but only for the following case.
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Definition 3.7. Let k,k',n,m € N, and let
!
X:Zui®vi®wieﬁ?kx“m, Y:Zu;(@v;@w;elﬁ‘kxnxm
i J

be tensors. We define the double-dot product between X and Y, as the 2-tensor (i.e., the
matrix) X : Y € F’;Xk/ given by

X:Y = Z(vl i) (wy - wh)ug @ uj.
4,J

In terms of their coordinate tensor representations, if we write X = (X;j5¢) and Y = (Yyj0),
then it is straightforward to see that the double-dot product X : Y will have coordinate
representation defined by

(X : Y)zs = ZXZ'][Y;J[, for 1 < ) < kj, 1 <s< k‘/.
3t
The definition also extends when one (or even both) of the tensors is a 2-tensor, i.e. a

matrix, considering A € F?*™ as an element in F'*™*™  In particular, for two matrices
A, B € F™™ we have

A:B=Tr(AB"),
that is, the double-dot product between two matrices corresponds to their trace-product.

Moreover, it is straightforward to prove that, for A € F*k B € Fs*k' X ¢ Fkxnxm_ and
Y € FF' XX e have

mi(A,X): Y =AX:Y),
X :mi(B,Y)= (X :Y)BT. (5)

We now turn to the connection between tensors and rank-metric codes.

4. CODES AND TENSORS

In the theory of rank-metric codes, a natural representation of the code is with respect
to a generating tensor for it. It will become evident that this representation offers greater
efficiency in terms of complexity of encoding and storage of the encoder.

The generator tensor essentially determines an encoding from the information space F’; to
the ambient matrix space Fy*". More specifically, for a given Fg-[nxm, k] code C, an encoder
is a an F,-monomorphism

.7k
E:Fk . Frxm,

The space of all such encoding maps is contained in the space Homp, (F’;, [Fg™™), which is an
[F,-vector space of dimension knm. Moreover, we have that

Homg, (F}, Fp ™) = Frxmxm
as [F,-vector spaces. The isomorphism is explicitly given by:
£ : Fixm*m — Homp, (F&, Fp*™) : X — Ex,

where
Ex : F’q“ — FyX™ g = ma(g, X).
This yields an analogue of the notion of a generator matrix for rank-metric codes, in the
form of a 3-tensor.

Definition 4.1. Let C be an Fy-[nxm, k| code. A generator tensor for code C is an element
X € FF*mxm guch that ssi(X) = C.
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Clearly, with respect to this definition, any generator tensor for a code is necessarily 1-
nondegenerate. The complexity of realizing a code C as the slice space of a tensor X depends
on the tensor rank of X and hence it is of interest to give expressions of generating tensors
as minimal sums of simple tensors, and moreover to obtain constructions of codes whose
generating tensors have least possible tensor rank.

Let C C Fy*™ be a non-zero code, and let X, Xo be generating tensors for C. By Propo-
sition [3.4] we have

trk(X7) = min{R : there are rank 1 matrices A;,..., Ag with C C (Ay,..., AR)} = trk(X2).
Therefore the following hold.

Proposition 4.2. Let X1 and Xy be two generator tensors for the same rank-metric code C.
Then

tI‘k(Xl) = trk(Xg).
Furthermore, if C is not the zero code, then this numbers equals the minimum R > 0 such
that C is contained in the span of R rank 1 matrices.

Definition 4.3. Let C be an Fy-[n x m, k| code. The tensor rank of C, denoted by trk(C),
is defined to be the tensor rank of any generator tensor of C. We say that C is minimum
tensor rank, or MTR in short, if it meets the bound of Theorem [B.6] that is, if

trk(C) = k+d(C) — 1.

If C and C’ are a pair of codes satisfying C' = ¢(C) for an isometry ¢, then any R-base A
for C yields the R-base ¢(A) for C'. Therefore, Proposition also implies that the tensor
rank is invariant under code equivalence.

Proposition 4.4. Let C,C" € F*™ be equivalent codes. Then trk(C) = trk(C’).

Let C be an Fy-[n x m, k| code with generator tensor X € FkXnxm_ By the definition of
a generator tensor, we have that dim;(X) = dimg,(C). However, dim(X) and dim3(X) also
have an important role, as explained by the following result.

Proposition 4.5. Let C be an Fy-[n x m, k] code with generator tensor X € FI;X”””. Then
dimg(X) = dim(csupp(C)), dim3(X) = dim(rsupp(C)).
Proof. Let A1,...,Ar be a basis of C. Then Y = Zle e; ® A; is a generator tensor for C.

For any y € Fy, we have that ma(y,Y) = Zle e; ® (yA;) = 0 if and only if yA; = 0 for each
i=1,...,k. This is true if and only if

k 1
Y€ ﬂ colsp(4;)*+ = <Z colsp(Al-)> = csupp(C)*.

i=1 i=k
In particular csupp(C)* is the kernel of the map
ma(,Y) 1 Fy = Fg™™ ty s ma(y,Y),
hence dim(csupp(C)) = dima(Y) = dim ss3(C) = dima(X). O

Remark 4.6. As a consequence, the property of a rank-metric code C of being nondegenerate
can be read from its generator tensor. Indeed, C is nondegenerate if and only if any of its
generator tensors is both 2-nondegenerate and 3-nondegenerate.

Remark 4.7. We note that some of the results of this section have been previously considered
in the case of m = n = k, due to the fact that MRD codes in this situation are in one-to-
one correspondence with finite semifields; that is, nonassociative division algebras. Indeed,
tensors and rank-metric codes in this case correspond to algebras which are not necessarily
associative. Knuth [I4] considered the cubical array of a semifield, which is precisely the
co-ordinate tensor introduced in Section 3. The explicit tensor correspondence was outlined
in [I9] and developed in [16], where the tensor rank was proposed as an interesting invariant
of a finite semifield, or equivalently its corresponding slice space.
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4.1. A Connection with Linear Block Codes. In [3], the authors draw a connection
between tensor rank and linear block codes. See also [4, Chapter 18] for an exposition. This
connection provides a lower bound on the tensor rank in terms of the length of a block code
hence one can apply coding theoretic bounds to get an estimate for trk(X). First, we define
the following number from coding theory.

Definition 4.8. For positive integers k,d we define
Ny(k,d) := min{N | there exists an Fy-[N, k,d] code}.

We will associate a linear block code with a rank-metric codes as follows. Let C be an
F,-[n x m, k] code with tensor rank R. By Proposition [3.4] we can define the following.

Definition 4.9. Let C be an F,-[n x m,k] code with £ > 1 and tensor rank R. A set
A={A,...,Ar} CFP*™ of rank 1 matrices such that C C (A) is called an R-basis for C.

Let A = {Ay,...,Ag} C F*™ be a linearly independent set of matrices of rank 1. We
define an Fg-linear isomorphism (c.f. [4, Theorem 18.4]):

(2

R R
Y (A) — Ff C D A= D e

i=1 =1
Definition 4.10. Let C be an Fy-[n x m, k] code with tensor rank R and let A be an R-basis
for C. We define the linear block code C' 4 to be the image of C under 1 4:

Ca:=14(C).

For a generator tensor X = Zle Uy ® v ® wy of an Fy-[n x m, k] code C, any element M
of C can be expressed as
R
M =mi(a,X) = Z(a ) (v @ wy)
r=1
for some a € F’;. For A, = v, ® w,., the image of M element under ¢4 is (a-u, : 1 <r < R).
In other words, we have that C4 is simply the F,-[R, k] block code with k& x R generator
matrix (u, : 1 <r < R).

Theorem 4.11 ([3]). Let C be an Fy-[n x m,k,d] code with tensor rank R. Let A =
{A1,..., AR} be an R-basis for C. Then the following hold.

(1) For every M € C, rk(M) < wtg(4(M)).

(2) C4 is an Fy-[R, k,> d] code.

(3) trk(C) > Ny(k,d).

Proof. Let M € C, and let s = rk(M). Then any expression of M as sum of rank one matrices
requires at least s such matrices in the sum. In particular, M = Zf; 1 AiA; for some \; € Fy
with at least s of the values \; non-zero. Then clearly s < wy(v¥4(M)) < R, proving the first
statement. The next two statements follow immediately. (]

Definition 4.12. Let C be an Fy-[n x m, k, d] code. We say that C is tensor rank extremal
if trk(C) = N, (k, d).

Indeed any lower bound on N,(k,d) provides a lower bound on the tensor rank so the
connection to linear block codes can be exploited. In particular, if C meets the tensor-rank
bound, that is, if R = k+d—1, then code C4 is an Fy-[R, k, R — k + 1] code and is thus MDS.

For any pair of full-rank matrices V' € F**® and W € F™*®, define the Fy-linear map

pvw : FE— FXm . s Vdiag(z)W ',
Let v, w, denote the rth columns of V' and W, respectively and let A = {4, : 1 <r < R},
with A, = v, ® w, for each r. Then

ovw (Ya(M)) = M, (6)
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for each M in the span of A. This is easy to see, for if M = Zle A Ay for some A, € Fy,
then we have

R
dvw (Pa(M)) = dvw (Z)\rer)
r=1

= ovw(N)

= Vdiag M)W’
R

= Z AU @ W,
r=1
R

= > MA =M.
r=1

This yields the following result.

Lemma 4.13. Let C be an Fy-[n x m,k] code. Suppose that C = V(D)W for some set
D = {D,...,Dy} of diagonal matrices and matrices V & IFZXR and W € FgLXR of ranks

n, m respectively. Let v,., w, denote the rth columns of V and W, respectively, and define
A={A4,:1<r <R} such that A, = v, ® w, for each r. Then ¢yw(1a(C)) =C.

In the next section, we shall be concerned with tensor rank extremal codes (those meeting
the bound of Theorem [.11]) and in particular with constructions of codes meeting Kruskal’s
tensor rank bound of (Theorem [B.6). One approach will be to view a rank-metric code C in
F™>™ as the image of an F,-linear block code under ¢y 7. Then

¢‘;1‘;V(C) = {c € Ff : Vdiag(c)I/VT c C} ,

is an Fy-[R, k] code C and in fact we have C = ¢ 4(C) where A = {4, : 1 <r < R} such that
A, = v, ® w, for each r.
We therefore have, using (@) and/or Lemma 13| the following rewriting of Theorem LTIl

Corollary 4.14. Let C C Fy™™ be a rank-metric code of dimension k, minimum distance d
and tensor rank R. Let D = {Dy,..., Dy} be a k-set of R x R diagonal matrices and let
C =V (D)W for matrices V,W € FZXR, IE‘Z”XR of ranks n, m respectively. The following hold
(1) For every M € C, rk(M) < WtH(qﬁ‘_,,lW(M))
(2) ¢‘;}W(C) is an [R,k,> d] code.
(3) If C is tensor rank extremal, then the code (ﬁ\_/lW(C) is an Fq-[R, k,d] code of length
Ny(k,d). In particular, if C is MTR then the code QS(/}W(C) is an MDS code.

We have also obtained a new proof of the tensor-rank bound.

Corollary 4.15 (Tensor-rank bound). Let C C Fp*™ be a rank-metric code. Then
trk(C) > dim(C) + d(C) — 1. (7)

4.2. Complexity. We have demonstrated how the encoding map from F’; to the ambient
space Fg™™ is represented for a rank metric code by a 3-tensor, namely its generator tensor.
Let X = Zil ur ® v ® wy, be a generator tensor for an Fy-[n x m, k,d] code C of tensor
rank R. The message a € F’; is encoded via

R
ar— my(a,X) = Z(w Uy )vy @ wy = Vdiag(zU)WT,
r=1
where U = (u, : 1 <r < R),V=(v,:1<r<R)and (w,: 1 <r <R). We say that X is
in standard form if U = [I|U'], V = [I,,|]V'] and W = [I,,,|W’] for matrices U’, V', W' of the

required sizes.
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X has storage complexity R(k + n 4+ m) in the general case and requires storing up to
R(k+mn+m)—k? —n? —m? symbols in F, if X is in standard from. Note that the expression
of the codeword ¢ = mj(a, X) as an Fy-linear combination of  rank one matrices v, ® w, is
unique and as we outlined before, C and C 4 are isomorphic. Thus is is sufficient to compute
(¢;) = zU in order to represent elements of C, once the generator tensor X is known. The
tensor encoding therefore requires kR multiplications and (k — 1)R additions over F, for
arbitrary U of rank k and k(R — k) multiplications and (k — 1)(R — k) additions if U is in
standard form.

Of course, being an F4-space, we could also choose to use a generator matrix to represent
the encoding map. This can be achieved by representing each element of Fy*™ as a vector of
length F¢™ by the obvious Fy-isomorphism

Then choose a k X nm generator matrix G as the encoder. The storage complexity of G is knm
and if G is in systematic form it requires k(nm — k) symbols in F,. The encoding complexity
of the computation x — zG for G in standard form then requires k(nm — k) multiplications
and (k —1)(nm — k) additions. We remark that the k X nm matrix G can simply be obtained
from the coordinate tensor representation of X via Gy := X;j, where t = (i — 1)j + £ for
1<j<n,1<l<m.

We summarize these observations in Table []

k x nm Generator Matrix | k x n X m Generator Tensor
Storage k(mn — k) R(k+n+m)—k* —n? —m?
Encoding Additions (k—1)(nm — k) (k—1)(R—-k)
Encoding Multiplications k(nm — k) k(R — k)

TABLE 1. Complexities

Since R < nm, the generator tensor approach in most cases offers complexity lower than
that required by the generator matrix encoder. The number of symbols in F, required to
store the standard form generator matrix G exceeds that of the standard generator tensor X
if and only if

knm + n? + m?

k+n+m
We now study codes that meet the tensor-rank bound.

R <

5. TENSOR RANK EXTREMAL CODES

In this section we consider existence questions on tensor rank extremal and MTR codes.
Let k, d, be positive integers. We wish to determine for which n, m € N there exists an
Fg-[n x m, k,d] code C of tensor rank R = N,y(k,d) and in particular, those for which R =
k+d-—1.

Our approach to this problem is relies on Lemma [£.74] which gives a way to obtain tensor
rank extremal codes from block codes of minimal length and hence MDS codes from MTR
codes. A natural problem is to determine in which cases we can do the converse.

Problem 1. Let n,m be positive integers and let R, k,d be positive integers satisfying R =
Ny(k,d). Find an Fy-[R, k,d] code C and a pair of matrices V € FZLXR, W e F;”XR such that
the code ¢y (C) is a rank-metric code of dimension k, minimum distance d and tensor rank
R (i.e., is a tensor rank extremal code).

An interesting special case is given by the following.

Problem 2. Let n,m be positive integers and let R, k,d be positive integers satisfying R =
k+d—1. Find an Fy-[R, k] MDS code C and a pair of matrices V € F;‘XR, W e IFZ”XR such
that the code ¢y (C) is a rank-metric code of dimension k, minimum distance d and tensor
rank R (i.e. is an MTR code).
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The answer to these problems clearly depends on n and m. Indeed, one immediately
observes that both n and m can not be smaller than d. Moreover, we can use the Singleton-
like bound of Theorem 23] to deduce that n,m have to satisfy

E <min{n(m —d+1),m(n —d+1)}.

Definition 5.1. Let C' be an Fg-[R, k,d] of length R = Ny(k,d). Let V € F2*% and let
W e IF'ZLXR. We say that (C,V, W) is an extremal triple if it is a solution to Problem[I] i.e.
if pyw (C) is a tensor rank extremal code.

With this notation, given positive integers k, d, we wish to determine for which n,m € N
there exist matrices V € FI*H W € FI® and an Fy-[R = Ny(k,d), k,d] code C such that
(C,V,W) is an extremal triple. It is clear from the definition that this happens if and only if

rk(Vdiag(c)W ") > d, (8)
for every ¢ € C'\ {0}.
The following result will be useful to us in addressing this problem.

Lemma 5.2. Let V € IF‘ZXR,W € IFZ”XR and let ¢ € Ff. Let Cy and Cy, denote the
row-spaces of V- and Wdiag(c), respectively. Then

rk(Vdiag(c)W7T) = rk(V) — dim(Cr N Cw,) = rk(W) — dim(Cyy, N CF).

Proof. Suppose first that V' and W both have full rank. For any ¢ € C, the rank of
Vdiag(c)W T is the rank of the associated bilinear form on

o :Fy X F": (z,y) — zVdiag(c)W TyT,
which is
n —dimkery, ¢ = m — dimkerp ¢.

Now V has full rank, and so Fy and Cy are isomorphic.
kery, o = {x € F : zVdiag(c)W Ty =0V y € Fo'}={vely: vdiag(c)W ' =0} = CyNCyy,.

Similarly, kerp ¢ = Cy, N C‘ﬁ. Now consider the case rkV = s < n and rkW =t < m. There
exist full rank matrices A € IFZXR and B € FZXR such that AV and BW are full rank matrices
with the same row-spaces as V and W, respectively. Then apply the above argument with
AV in place of V' and with BW in place of W to complete the proof. O

We fix some further notation. For an arbitrary matrix ¥ € ngR and element ¢ € Ff, we
write Cy to denote the row-space of Y and write Cy, to denote the row-space of Ydiag(c).

It is clear that if for given parameters k,d we have a tensor rank extremal code in Fy*™,
then we can construct a tensor rank extremal code in a larger ambient space for the same
parameters k,d. In terms of extremal triples, we can express this observation as follows.

Lemma 5.3. Let C be an Fy-[R = Ny(k,d),k,d] code. Let V € FI*E and W e FxE
such that (C,V,W) is an extremal triple. Then for all integers n' > n, m' > m and for all
the matrices V' € IE‘ZLIXR,W’ € IFZ”/XR such that rowsp(W) C rowsp(V') and rowsp(W) C
rowsp(W'), (C, V', W') is an extremal triple.

Proof. Let (C,V, W) be an extremal triple. Let V' € F;‘/XR, W' e IF;”/XR such that rowsp(W) C
rowsp(V’) and rowsp(W) C rowsp(W’). Then, there exist A € GL(n’,q), B € GL(m’, q) such

that
r(V r (W
AV_<O>, BW—<O>,

Therefore, for every v € C'\ {0}

Vdiag(v)W " 0

rk(V'diag(v)W'") = rk(AV'diag(v)W'"B") = rk < 0 0

) > rk(Vdiag(v)W ') = d.

O
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In particular, this means that in our analysis of Problem [I] we may assume without loss of
generality V and W are full rank matrices.

First we observe that in the case that at least one integer among n and m is greater or
equal than R, then it is easy to construct an extremal triple. Suppose that n > R. Let C be a
F,-[R = Ny(k,d), k,d] code and let V, W be any full-rank matrices. By Sylvester’s inequality,
we get that for every ¢ € C'\ {0},

rk(Vdiag(c)W ") > rk(V) 4 rk(Wdiag(c)) — R = rk(Wdiag(c))
For the case m > R, all columns of W are linearly independent and so rk(Wdiag(c)) =
wg(c) > d. For the case R < m, rk(Wdiag(c)) > rk(W) — (R — wp(c)) = wu(c) > d. In
either case the inequality of () is satisfied and clearly holds similarly with the assumption
m > R. It therefore only remains to consider the case m,n < R.

Proposition 5.4. Let C be an Fy-[R = Ny(k,d),k,d] code. Let n,m € N such that d <
n,m< R andV € F;‘XR, W e IF;”XR.
(1) (C,V,W) is an extremal triple.
(2) For every c € C'\ {0}, dim(C;{z N Cw,) <tk(W) —d
(3) For every c € C'\ {0}, dim(Cy N Cy ) < tk(V) —d
(4) For every c € C'\ {0}, dim(CiF + Cw,) > R —1k(V) +d
(5) For every c € C'\ {0}, dim(Cy + Cj ) > R—1k(W)+d

Proof. As we observed before, ¢y (C) has tensor rank at most R and dimension k and
so is tensor rank extremal if and only if it has minimum rank distance d. Therefore, from
Lemma [(£.2] the equivalence of the first three statements is immediate. The equivalences
between (2)) and (@) and between (B]) and ([B) are a direct consequence of the dimension formula
for the sum of two subspaces, which is dim(X +Y) + dim(X NY) = dim(X) + dim(Y).

The equivalences between (2)) and (B]) and between (B]) and () follow from the fact that
(XNY)t =X+ 4 Y+ and that dim(X+) = R — dim(X), for every X, Y subspace of FqR. O

Proposition 5.5. Let k,d,n,m, R be positive integers satisfying d < n,m < R and R =
Ny(k,d). Let C be an Fy-[R,k,d] code and let V € FP*B W € Fi*F such that Cy and Cy
are MDS codes. If n+m > R+ d, then (C,V,W) is an extremal triple.

Proof. Let ¢ € C \ {0}, with wtg(v) = w > d. Since Cy and Cy are MDS codes, we
have rk(Vdiag(v)) = min{n,w} and rk(diag(v)W ') = min{m,w}. By the Frobenius rank
inequality, we have

rk(Vdiag(c)W ") > rk(Vdiag(c))+rk(diag(c)W ) —rk(diag(c)) = min{n, w}+min{m,w}—w.
It is easy to check that in all cases, under the assumption that m +n > R+ d, the right hand
side of this inequality is at least d. O

We conclude this section with particular construction of an extremal triple involving doubly-
extended generalized Reed-Solomon codes or Cauchy codes [7, 22], which hence is a partial
solution to Problem 2l Before doing this, we briefly recall some notation. For each s € N, let
F,[z,y]<s denote the F, -space of homogeneous polynomials with degree strictly less than s.
Let F, = F, U {co} denote the projective line over FF,. For any

s—1
vy) =Y [ty T € Fylr, gl

=0
we define the map

fiFy—Fy:0— f(0) ;:{ ;Efé; Ezilig

Let N € N. For any a = (aq,...,an) € Fév define the evaluation map
evo i Fyle,yles = FY 2 f(z,y) = (flaa), .., flan)),
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and similarly for elements of F[z] s

Definition 5.6 (see [7]). Let 1 <k < N—1andlet 8 = (p1,...,0n) € Fév and let aq,...,ay
be pairwise distinct elements of Fq. The Cauchy code Ci(a, 3) is defined to be the set

Ck(awﬁ) = {(/Blf(al)7' .. 75Nf(aN)) : f € Fq[xay]<k} .

Observe that in our definition we allow the coefficients of 8 to be zero, while the standard
definition requires each 5 € (FZ)N . In particular, the Cauchy code as defined here is MDS
if g€ (FZ)N . However, for our purposes, we will sometimes require § to have some zero
coefficients.

Let % denote the Schur product (or Hadamard product) of two vectors, which is the vector
obtained after component-wise multiplication of two vectors of the same length. Then we
have the expression

Crla, B) = {B*evalf) : [ € Folw,yl<r} -

The following result gives a construction of MTR codes of dimension k£ and minimum rank
distance d, provided that d < k. We will see later that in the case d > k we can always find
a construction of MTR codes for every m,n > d. Therefore, the case analyzed here is the
non-trivial one.

Theorem 5.7. Let 0 < d < k < R be positive integers satisfying R =k +d —1 and let « =
(a1,...,aR) € Ff be a vector such that o; € Fy are pairwise distinct. Let f(x,y) € Fqlz,y]
be an irreducible homogeneous polynomial of degree k. Let C = Ci(a, 1), let V € FI;XR be a

parity check matriz of Cr_i(a,evo(f)) and let W € IF'ZXR be a generator matriz of Cy(a, 1).
Then (C,V,W) is an extremal triple.

Proof. In order to prove that (C,V, W) is an extremal triple, we use the characterization given
in Proposition 5.4} showing that for every ¢ € C\ {0} we have dim(Cj> NCw,) < dim(Cyw, ) —d.
Let ¢ € C\ {0}. Since C is an MDS code with minimum distance d, then wty(v) > d.
Moreover, the code Cyy, is obtained from Cyy by multiplying the i-th coordinate of every
codeword by ¢;, that is, Cyy, = Cy(a, ¢). Since Cyy is an MDS code of dimension d, we have
dim(Cw,) = d. We therefore need to show that

CiF N Cyw, = {0}

Now ¢ = ev,(g) for some non-zero g(x,y) € Fylz,yl<k, and so Cyw, = Cyla,evqy(g)). Let
b € Cir N Cyy,. There exist p € Fy[z,yl<p—k, A € Fylz,y]<q such that b = evy(f) * eva(u) =
eva(g) *x evy(N), ie.

bi = flay)pu(ey) = glap) M), fori=1,...,R.
From the fact that deg fu < R and deggA < R, we obtain fu = gA. Therefore, since f is
irreducible, f divides g or A. But degg < k and deg A < d. This implies A=0and b=0. O

Example 5.8. Let =8 R=7, k=5and let d = R—k+ 1= 3. Let w be a generator of
Fg and let o = (1,w,...,w®). The polynomial f(z) = 2° + x? + 1 is irreducible in Fg[z]. Let
C' be the Fg-[7,5, 3] Reed-Solomon code C5(c,1). Let

1 000 0 wb w?

01 00 0 w W 1 00 w3 w 1 w?
V=]10010 0 b |, W=1[010 w b 1 u?

00010 w wt 00 1 o w* 1 wt

0000 1 w* w?

V is a parity check matrix of Co(a,eva(f)) = Ca(a, (1,w,w? wt wt w? w)), and W is a

generator matrix of Cs(c,1). It can be checked that for each ¢ € C, we have Cy(a, ev, (f)) N
Cs3(a,c) = {0}. (C,V,W) is an extremal triple and the rank-metric code C = ¢y, (C) is an
MTR Fg-[5 x 3,5, 3] code of tensor rank 7 and is in fact MRD.
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Remark 5.9. The storage complexity cost of the generator tensor for this class of MTR
codes is at most 3kd — 2k — d. This bound is exceeded by the bound on the cost of encoding
using a generator matrix as described in Section (which is k%(d — 1)) for all k > d. The
generator tensor encoding cost requires at most k(d — 1) multiplications and (k — 1)(d — 1)
additions, while the encoding costs required by a generator matrix requires up to k%(d — 1)
multiplications and (k — 1)k(d — 1) additions.

Remark 5.10. The figure below gives a graphical description of the parameters for which
Problem 2l is solved. That is, it represents the parameters for which we do have constructions
of MTR codes, the parameters for which we know no MTR codes exist, and the parameters for
which the problem is still open. We suppose that d < k are fixed integers, and the axis show
increasing n and m (the number of rows and the number of columns of the ambient matrix
space). The black hyperbolae represent the Singleton-like bounds, and therefore below them
there does not exist any MTR codes. The blue shading represent the construction of MTR
codes described in Theorem [B.7] and its transpose. Moreover, by Lemma [£.3] the right-upper
quarter-planes having those points as corner points have also a construction of MTR, codes.
The red line represents the solutions provided by Proposition [B.5] and again by Lemma 5.3}
for each point on it, the right-upper quarter-plane starting from it has solution. As we can see,
the area in between the Singleton-like bounds, the red line and the two upper-right quarter-
planes starting from the blue dots is not solved yet. For this reason, in the following we will
investigate codes which are not necessarily MTR, but have “small” tensor rank relative to
their dimension and minimum distance.

Existence of MTR Codes

[ ]
[ ]
L

5.1. Tensor rank of Delsarte-Gabidulin codes. In this subsection, we study the tensor
rank of Delsarte-Gabidulin codes, which form the best understood family of rank-metric codes.
We will give a precise computation of their tensor rank when the dimension of the code
over the extension field is 1, and a non-trivial upper bound when this dimension is strictly
greater than 1. In order to do this, we recall some well-known results on tensors over finite
fields. In the literature, the computation of tensor rank of tensors over finite field was mainly
studied for complexity purposes. Indeed, the tensor rank of some special tensors reveals the
lowest complexity of some operations, such as multiplication between polynomials or between
matrices. The interested reader is referred to [4] for a more complete exposition.
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First, we need the following result, which ensures that the tensor rank of a vector code is

well defined.

Proposition 5.11. Let C' C Fyin be a vector code, and let T = {vy1,...,Ym}, I = {71, s v}
be two bases of Fgm /F,. Then trk(I(C)) = trk(I(C)).

Proof. By Remark 2T0, we have that T'(C)) and I''(C') are equivalent codes in Fyp*™, so the
result follows by Proposition 4] O

Therefore, by Proposition .11} the notion of tensor rank of a vector code is well-defined,
and we will denote by trk(C) the tensor rank of any of its matrix representations.
Let f € Fy[z] be a fixed polynomial of degree k. The map

Fyltlam % Fylelan = Folzlak : (9.h) = gh mod f,

is clearly bilinear, and so can be represented by a tensor, which we denote by T}, ,, 1. € IF;”X"X]“.
We have the following result on the tensor rank of 1), ,, ;.

Proposition 5.12 ([4, Propositions 14.47, 14.48]). T),, ,, x over F, has tensor rank at least
m+n —1, and has tensor rank exactly m +n — 1 if and only if g > m +n — 2.

Lemma 5.13. Let f € Fylx] be an irreducible polynomial of degree m, and let o be a root
of f. Let C = {((1,c,... ,am_1)>qu and let T = {1,(1, e ,am_l}. The tensor Ty, mm is the
generator tensor of the m-dimensional code I'(C).

Proof. Let My denote the companion matrix of the polynomial f. Then the map h — gh
mod f has an associated matrix g(My) with respect to the basis {1,z,...,2™ !}, Thus,

$851(Tom,mm) = {9(My) : g € Fylalam} = (I, My, ... ,M;fkl) =T(C). O

As an immediate corollary, we have a similar statement for the one-dimensional Delsarte-
Gabidulin codes in Fjm.

Corollary 5.14. Let n < m be positive integers. The tensor T, n.m 15 the generating tensor
of a one-dimensional Delsarte-Gabidulin code in Fim.

Proof. Denote by X the matrix associated to the map from F,[z]|<y, to Fy[z]<, defined by

m—1 n—1
E a;x’ E a; ",
=0 =0

with respect to the basis {1,z,...,2™ '} and {1,z,...,2" '}, Then it is clear by defini-
tion that ssi(Tn,m) = $81(Tmm,m)X = I'(C)X, where C is the one-dimensional Delsarte-
Gabidulin code in (F,m)™ generated by the vector (1, a,...,a™ 1) and T := {1, a,...,am™ ! }
Now, for every v € C and every i = 0,...,m — 1, I'(av) € C. Therefore, for every
B € Fgm,v € C, we have I'(fv)X € I'(C)X, which means that I'(C')X is equivalent to
an Fym-linear code in Fim of dimension 1. All such codes are Delsarte-Gabidulin codes.  [J

Using the results above, we give an upper bound on the tensor rank of some special Delsarte-
Gabidulin codes.

Proposition 5.15. Let n < m and let ¢ > m +n — 2. For every K < m, there exists a K-
dimensional Delsarte-Gabidulin code in Fym of tensor rank at most min{mn, K(m +n —1)}.

Proof. 1t is clear that every code in Fin has tensor rank at most mn. Choose as a K-
dimensional Delsarte-Gabidulin code the code C C Fgm defined as an evaluation code on
the points 1,a,...,a" !, where a is a primitive element of Fym over ;. Therefore, the

code C is the Fg-span Qf K one-dimensional Delsarte-Gabidulin codes of the form C; =
(1,07 029" ... a»=Da)) For each i = 1,..., K, consider the basis

r, =1, aqi,oﬂqi, . ,a(”_l)qi}.
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Then, I';(C;) = ss1(Tm,n,m), which by Proposition [5.12] has tensor rank exactly m +n — 1,
and the result follows. O

Remark 5.16. The rank of the tensor T}, ,, m for ¢ < 2n — 1 has been studied in connection
with the algebraic complexity of multiplication in Fym. This problem remains open in general.
We refer to [17] for the case n = 3, and [I] for bounds in the case ¢ = 2.

5.2. Codes with small tensor rank. In this subsection we give some constructions of codes
with tensor rank bounded by above. In order to do that, we rely on the results given in the
previous subsection about the tensor rank of Delsarte-Gabidulin codes. Before proceeding
with these constructions, we give an auxiliary lemma.

Lemma 5.17. Let C be an Fy-[n x m,k,d] code with tensor rank R. Then there exists a
subcode D C C such that dim(D) =k — 1, d(D) > d and trk(D) < R — 1.

Proof. Let C be a rank-metric code with tensor rank R, and let A = {Ay,...,Ar} be an
R-basis for C. Consider the code C' 4. Without loss of generality we may assume that C4 is
systematic in the first k coordinates and so it has a generator matrix of the form

G= (I | M).
Now let D be the subcode of C4 generated by all but the first row of G. The code
D:=¢4'(D)
clearly has dimension k£ — 1 and minimum distance > d. Moreover, since Dc (€9,...,eR), we
have D C (As,..., Ar). Therefore trk(D) < R — 1. O

Proposition 5.18. Let k,d,n,m be positive integers with d < n < m and let p = min{s €

N:s(s—d+1) > k}. If p < n then there exists an Fy-[n x m,k,> d] code C such that
trk(C) < k +min{p(d — 1), (p — d+ 1)(p — 1)},

provided that ¢ > 2p — 2.

Proof. Let K = p —d + 1. There exists a Delsarte-Gabidulin code C' C ng of dimension
K, minimum distance d, and by Proposition (.15} tensor rank at most min{p?, K(2p — 1)} =
min{p?, (p — d + 1)(2p — 1)}. Let I be a basis for Fg/F,. Then, the code I'(C) is an F-
[p X p, Kp] code and can be embedded in Fy*™. Applying Lemma 517 Kp — k times, we get
an Fg-[n x m, k, > d] code C with trk(C) < k +min{p(d —1),(p —d+1)(p —1)}. O

We now present a refinement of the previous construction, which yields a better upper

bound.

Theorem 5.19. Let k,d,n,m be positive integers with d < n < m, and k < m(n —d + 1).
Then there exists an Fy-[n x m,k,> d] code C such that

o[ 8] o-1) . 4] (4] 5-2)}

provided ¢ > m + [%W +d-—3.

Proof. Let p = min{s € N: m(s —d+1) > k} = (%1 + d — 1. By hypothesis, u < n.
Let K = p—d + 1. There exists a Delsarte-Gabidulin code C' C Fgm of dimension K,
minimum distance d and, by Proposition [5.15] tensor rank at most min{mu, K(m+u—1)} =
min{mpy, (@ —d+1)(m+p—1)}. Let I" be a basis for Fgm /F,. Then the code I'(C') is an Fy-
[t x m, Km] code, which can be embedded in F;*™. Again, we iteratively apply Lemma [5.17]
Km — k times to get aF,-[n x m, k,> d] code C such that

trk(C) < min{mu, (p —d+1)(m+p—1)} —(p—d+1)m+k
— b min{pu(d — 1), (4 — d+ 1) — 1))

romm{([E e S]]}
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Remark 5.20. In Proposition [5.I8] the essential idea was to take a Delsarte-Gabidulin code
whose elements are representable as square matrices, embed it in Fy*" and iteratively obtain
subcodes with decreasing tensor rank. In Theorem (.19 we applied the same principle, but
this time chose a Delsarte-Gabidulin code whose elements are representable as rectangular
matrices. In the first case the initial code is a subspace of F4™*, while in the second the code
ngm

is a subspace of . The fact that the latter construction gives a smaller upper bound on

the tensor rank can be easily verified since [%1 =pu—d+1and p<p.

Remark 5.21. In fact we stated this result in the most general case, even though we are
more interested in the those parameters k,d,n,m that are not covered by the constructions
of MTR codes given at the beginning of this section. As a consequence of this result, we get
the existence of MTR codes for the same parameters as those arising in Theorem B.7], even
though the constructions are quite different.

Corollary 5.22. Let d, k,n,m be positive integers with d < n < m and k < m. Then there
exists an Fy-[n x m,k,d] MTR code C, provided that ¢ > m +d — 2

Proof. If k < m, then by Theorem [5.J9 we get an Fy-[n x m, k, d]-code C such that trk(C) <
k + d — 1 and we deduce the result by the tensor rank bound. O

Remark 5.23. Observe in Corollary we require ¢ > m+d — 2, whereas the construction
provided by Theorem [5.7 depends on the existence of a Cauchy code of length k+d — 1, which
we always have for ¢ > k+ d — 2.

6. GENERALIZED RANKS OF A CODE

In the sequel, we denote by U the set of subspaces of Fy*™ that are generated by matrices
of rank one.

Definition 6.1. Let C be an F,-[n x m, k] code with k£ > 1, and let 1 <r <k be an integer.
The r-th generalized tensor rank of C' is

d,(C) = min{dim(U) : U e U, dim(CNU) > r}.
It is easy to check that the set of generalized tensor ranks form a code invariant.
Proposition 6.2. Equivalent codes have the same generalized tensor ranks.

The next result summarizes the main properties of the generalized ranks and explains the

terminology. It also gives a new proof of the tensor rank bound (Corollary A.T5]).
Theorem 6.3. Let C C Fp*™ be a k-dimensional code with k > 1. The following hold.

(1) d1(C) = d(C).

(2) di(C) = trk(C).

(8) For all 1 <r < min{k,mn — 1} we have d,(C) < d,4+1(C).

(4) For all1 <r <k we have d.(C) > d(C) +r —1. In particular, trk(C) > d(C) + k — 1.

(5) For all 1 <r <k we have d,(C) < trk(C) — k +r.

Proof. (1) Let M € C be a matrix with d = d(C) = rk(M). Write M = M; + --- + My,
where each M; € Fy*™ has rank one. Then U = (My, ..., M) attains the minimum
in the definition of d;(C).
(2) This follows from Proposition
(3) Let U € U with dim(CNU) > r + 1 and dim(U) = d,+1(C). Let U" C U be a
hyperplane of U with U’ € U. Since U’ + (UNC) C U, we have
dim(U'NC) = dim(U' N (UNCQC))
= dim(U’) + dim(U NC) — dim(U’ + (U NC))
> dim(
im(

= dim

U+ (r+1) —dim(U)
U)—1+(r+1)—dim(U)

I
3
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By definition, this implies that d,(C) < dim(U’) = d,+1(C) — 1.
(4) This follows combining and
(5) This follows from and O

An interesting application of generalized tensor ranks is the distinction of inequivalent
codes, as the following example shows.

Example 6.4. Let ¢ = 2 and n = m = 4. Let C1be the Fy-[4 x 4] code generated by the
matrices

1000 0100 0010 0 001
0100 0110 0 011 1 010
0oo0o10)]’f0OO0 1T 1’1101 0’2 1 0 1}
0 001 1 010 1101 0101
and let Cy be the Fo-[4 x 4] code generated by the matrices
1 000 0100 0010 0 001
0100 1101 01 01 0111
0 01o0]’IOO0OT1T 1)’ 01T 0]’ 1 01
0 001 1111 0100 1001

It can be checked that both C; and Cy are MRD codes of dimension 4, and that their generalized
tensor ranks are (4,6,8,9) and (4,6,7,9), respectively. In particular, C; and Cy are not
equivalent.

A natural question is whether generalized tensor ranks satisfy a duality property analogous
to that of generalized tensor rank weights [20, Corollary 38]. More generally, one may ask if
the generalized tensor ranks of a code C determine those of the dual code C*. The answer to
this question is negative in general. In the following example, we exhibit two codes that have
the same generalized tensor ranks, but whose duals have different generalized tensor ranks.

Example 6.5. Let ¢ = 2 and n = m = 4. Let Cy be the Fa-[4 x 4] code defined in Example[6.4]
and let C3 be the Fa-[4 x 4] code generated by the matrices

1 0 00 0100 0010 0 001
0100 0111 1 0 00 0101
0010)’12 00 0]’ 00 1)’12 1 1 0
0 001 1 0 01 0100 0110

Then Cy and C3 have the same dimension, the same minimum distance, and the same
generalized tensor ranks, namely, (4,6,7,9). However, the tensor rank of Cy is 14, and that
of C3 is 13.

7. OPERATIONS ON CODES

As we have already seen in Section [4l the tensor representation of a rank-metric code is
the analogue of the generator matrix in the linear block case. We now study the properties
of the generator tensor of a code and what information can be read from it. In particular, we
focus on operations on rank-metric codes and the corresponding operations on their generator
tensors.

Let M € Fy*™. For any I C [n], J C [m] satisfying 0 < |I| < n, 0 < |J| < m, respectively,
we denote by M; € Flf‘xm the matrix whose rows are those of M indexed by I and by
M7 € FZLXM the submatrix whose columns are those of M indexed by J.

Definition 7.1. Let C C Fj*™ be a rank-metric code and A € GL(n,¢) and let B € GL(m, q).
Let I C [n], J C [m] satisfy 0 < |I| < n, 0 < |J| < m. We define the row-punctured and
row-shortened codes of C with respect to A and I by

I'(C,A,I) == {(AM); : M €C}, S(C,AI):={(AM);: M €C,(AM); = 0}.
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We define the column-punctured and column-shortened codes of C with respect to B
and J by

1°(C, B, J) == {(MB)j Me c} . ¥C,B,J) = {(MB)j .M eC,(MB) = o} .

Clearly,
II"(C, A, I) = A;C and 1I°(C, B, J) = CB”. (9)

In particular every row-punctured code of C has the form AC for some ¢ x n matrix A of rank ¢
and every column-punctured code has the form CB for some m x s matrix B of rank s.
Let X be a generator tensor for C € Fy*™ and let M € C. Then M = my(a, X) for unique

a € F5. Let I C [n] and let A € GL(n,q). Then
(AM)r = AfM = my(Ar, M) = ma(Ar, mi(a, X)) = mi(a, me(Ar, X)).

In particular,
II"(C, A, I) = ss1(ma(4Af, X)). (10)
Similarly, for any J C [m] and B € GL(m, q), we have

1°(C, B, J) = ssy(ms((B7)T, X)). (11)
Clearly, ma(Af, X) is a generator tensor for I1"(C, A, I) (respectively ms((BY)T, X) is a gen-
erator tensor for II°(C, B, J)) if and only if it is 1-nondegenerate.

Proposition 7.2. Let C be an Fy-[n x m, k] code, and let 2 < d < min{n,m}. The following
are equivalent.
(1) d(C) > d.
(2) For every A € GL(n,q) and I C [n] satisfying |I| < d — 1, the row-punctured code
II"(C, A, I) has dimension k.
(3) For every B € GL(m,q) and J C [m] satisfying |J| < d — 1, the column-punctured
code 11¢(C, B, J) has dimension k.

Proof. Let A € GL(n,q) and let I C [n] such that |I| < d — 1. The F,-linear epimorphism
f:C—=1"(C,AI): M~ (AM)y,
has non-trivial kernel if and only if rk(AM); > 0 for every non-zero M € C. Since
rk(AM); > vk(M) — |I| > rk(M) — d + 1,

f is an isomorphism if and only if dr(C) > d. This establishes the equivalence of (Il and (2).
Similarly, ({l) and (@) are equivalent. (]

Proposition [7.2] combined with (@), (I0) and (II]) immediately yield the following result.

Corollary 7.3. Let X € F]qcxnxm be the generator tensor of an Fy-[n x m, k| code C, and let
2 <d < min{n,m}. The following are equivalent.
(1) d(C) > d.
(2) For every A € GL(n,q) and I C [n] satisfying |I| < d—1, ma(Af, X) is the generator
tensor of II"(C, A, I). )
(8) For every B € GL(m,q) and J C [m] satisfying |J| < d — 1, mz((B?)T, X) is the
generator tensor of 11¢(C, B, J).
(4) For every A € F((InfdJrl)X" of rank n —d + 1, dim;(ma(A, X)) = k.
(5) For every B € Fgm_dﬂ)xm of rank m —d + 1, dim;(ms(B, X)) = k.
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7.1. The Parity Check Tensor. We define a parity check tensor of a rank-metric code.
Definition 7.4. Let C be an F,-[n x m, k] code and let Y € F,gmn_k)xnxm. We say that Y is

a parity check tensor for C if
C={MecF™™|Y:M=0}.

Recall that for a pair of matrices M = (m;;) and N = (n;;) in Fy*™,

<M,N> = Tr(ABT) = Zmijnzj.
0]

This operation coincides with the tensor double-dot product when applied to matrices, i.e.
M:N=(M,N).

Proposition 7.5. Let Y € Fmn—k)xnxm unq et C be an Fy-[n x m, k] code. Then, Y is a
generator tensor for C- if and only if it is a parity check tensor for C.

Proof. Y is a parity check tensor for C if and only if Y : M = 0 for all M € C. From (), this
holds if and only if

0=gY :M)=mi(9,Y): M
for all g € F™~% and M € C, which holds if and only if C+ = {m(g,Y) : g € F~*}. O

Corollary 7.6. Let X € FFX"X™ be the generator tensor for an Fq-[n x m, k] code C. A

1-nondegenerate tensor Y € Fmn—k)xnxm o o narity check tensor for C if and only if

X:Y=0.

Let C C Fy*™ be a rank-metric code. We now express the shortened code of a rank-metric
code in terms of its parity check tensor. It will be convenient to use the following duality
result.

Theorem 7.7 (see [2, Theorem 3.5]). Let C C Fp*™ be a rank-metric code, A € GL(n,q),
B € GL(m,q). Let I C [n] with 0 < |I| <n and let J C [m] with 0 < |J| < m.

(A" =%t (A1), T°C, B, ) =%t (BN J).
Corollary 7.8. LetY € F((Inmfk)xnxm be the parity check tensor of an Fq-[n x m, k] code C,
let A€ GL(n,q) and let B € GL(m,q). Let I C [n| and J C [m]. Then

(1) ss1((m2(((AT) 1) Y)) = X"(C, A, I)*.
(2) ss1(ms((B~1)7,Y)) =%¢(C,(BT) 1, J)*".
Proof. By the duality statement of Theorem [[.7], we have
Y(C,A ) =T17(CH, (A7) D)t
By Proposition [T.5] Y is a generator tensor for C and so by Eq. (I0) we have
ss1(ma((AT) ") Y)) =1I"(CH, (A7) 1),
showing that () holds. The proof that (2]) holds is similar. O

Proposition 7.9. Let C C ngm be a rank-metric code and let 2 < d < min{n,m}. The
following are equivalent.

(1) d(C) > d.

(2) For every I C [n] with |I| =n —d+ 1, for every A € GL(n,q), ¥"(C, A, I) = {0}.

(8) For every J C [m| with |J| =m —d+ 1, for every B € GL(m,q), X°(C, B, J) = {0}.

Proof. From Proposition [[.2] dr(C) > d if and only if II"(C, A, I) and C are isomorphic under
the map : M +— (AM);. The kernel of this map is ¥"(C, A, I'), which shows the equivalence
of (1) and (). The equivalence of (Il) and (3] follows similarly. O

As a direct consequence of Corollary [7.8 and Proposition [7.9] we get the following result
that relates the minimum distance of a rank-metric code with any of its parity check tensors.
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Corollary 7.10. LetY € anm_k)xnxm be the parity check tensor of an Fq-[n x m, k| code C,
and let 2 < d < min{n,m}. The following are equivalent.

(1) d(C) > d.
(2) for every A € By ™ of full rank, ss1(ma(A,Y)) = Fy ™",
(3) for every B € ng_l)xm of full rank, ss;(ms(B,Y)) = IE‘ZX(d_l).
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