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Abstract

We consider flux-based multiple-porosity /multiple-permeability poroelasticity systems describing mulitple-
network flow and deformation in a poro-elastic medium, also referred to as MPET models. The focus of the
paper is on the convergence analysis of the fixed-stress split iteration, a commonly used coupling technique for
the flow and mechanics equations defining poromechanical systems. We formulate the fixed-stress split method
in this context and prove its linear convergence. The contraction rate of this fixed-point iteration does not
depend on any of the physical parameters appearing in the model. This is confirmed by numerical results
which further demonstrate the advantage of the fixed-stress split scheme over a fully implicit method relying on
norm-equivalent preconditioning.
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1 Introduction

Double-porosity poroelasticity models have been used to describe the motion of liquids in fissured
rocks as early as in [4]. As a generalization of Biot’s theory of consolidation, [0, [7], they have
been further extended in the framework of multiple-network poroelastic theory (MPET) where the
deformable elastic matrix is permeated by more than two fluid networks with differing porosities
and permeabilities. The latter find important applications in biophysics and medicine, see [27, [12]
(5] 28].

In a bounded Lipschitz domain © C R?, d = 2,3, the mathematical model is described by the
MPET system:

—dive +> a;Vpi=f in Qx(0,T), (1a)
i=1
v, = _szpz in € x (O,T), (]_b)
—alle'LL — div v, — Cpipi — Z 51)(]9@ — pj) = g; in  x (O, T), (1C)
j=1
J#i

where (Ial) and (L) are for i = 1,...,n. Here
1
o = 2ue(u) + Mdiv(u)I and e(u) = §(V'u, + (Vu)h), (2)

denote the effective stress and the strain tensor respectively and the Lamé parameters A and
w are expressed in terms of the modulus of elasticity F and the Poisson ratio v € [0,1/2) by
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A= %, W= 2(1—% The displacement w, fluxes v; and corresponding pressures p;,
1 =1,...,n, are the unknown physical quantities.

The constants «; in (Ial) are known as Biot-Willis parameters while f represents the body force
density. The hydraulic conductivity tensors K; in (D) are defined as the permeability divided by
the viscosity of the i-the network. The constants c,, in (Id) denote the constrained specific storage
coefficients, see e.g. [25] and the references therein. The network transfer coefficients f3;; couple
the network pressures and hence ;; = ;;. Fluid extractions or injections enter the system via the
source terms g; in (Id).

The system () is well posed under proper boundary and initial conditions. For stability reasons,
this system is discretized in time by an implicit method. This creates a coupled static problem in
each time step. The latter can be solved fully implicit, using a loose or explicit coupling, or an
iterative coupling. In general, the loosely or explicitly coupled approach is less accurate than the
fully implicit one which, however, is normally more computationally expensive. Iterative coupling
is a commonly used alternative to avoid the disadvantages of the aforementioned approaches. The
most popular procedures in this category are the undrained split, the fixed-stress split, the drained
split and the fixed-strain split iterative methods. As shown in [20], in contrast to the drained
split and the fixed-strain split methods, the undrained split and fixed-stress split methods are
unconditionally stable.

Convergence estimates and the rate of convergence for latter methods have been derived in [23]
for the quasi-static Biot system. The convergence and error analysis of an iterative coupling
scheme for solving a fully discretized Biot system based on the fixed-stress split has been provided
in [2]. Linear convergence in energy norms of a variant of the fixed-stress split iteration applied to
heterogenous media has been shown in [9] for linearized Biot’s equations.

Other variants of the fixed-stress split iterative scheme include a two-grid algorithm in which the
flow subproblem of the Biot system is solved on a fine grid whereas the poromechanics subproblem
is solved on a coarse grid, see [13], or the multi-rate fixed-stress split iterative scheme which exploits
different time scales for the mechanics and flow problems by taking several finer time steps for flow
within one coarse time step for the mechanics of the system, see [1].

The fixed-stress split scheme has also been successfully applied and proved convergent for space-
time finite element approximations of the quasi-static Biot system, cf. [5]. In the context of
unsaturated materials, it can be used for linearization of non-linear poromechanics problems. When
combined with Anderson acceleration, as shown in [I0], this yields a highly efficient method. The
optimization of the stabilization parameter that serves the acceleration of the fixed-stress iterative
method is considered for the Biot problem in the two-field formulation in [26].

In this paper we propose a fixed-stress split method for the MPET system. We prove its
linear convergence and, furthermore, show with a proper choice for the stabilization parameter
that the rate of convergence is independent of the physical parameters in the model. These
theoretical findings are also tested computationally. The obtained numerical results support the
proven convergence rate estimate and demonstrate the precedence of the fixed-stress split iterative
method over the MinRes algorithm with norm-equivalent preconditioning.

The remainder of the paper is structured as follows. In Section Pl we introduce notation and
recall some important stability properties of the flux-based MPET system, see [18], also [17]
for the special case of Biot’s system, which are to be used later. Section [3] contains the main
contribution of the paper. There, the fixed-stress algorithm for the MPET system is formulated
and a parameter-robust convergence rate estimate proven. Numerical tests for the proposed fixed-
stress split iterative coupling scheme are presented in Section[@l Section [7gives concluding remarks.



2 Properties of the flux-based MPET problem

Firstly, we present the operator form of the MPET equations ([{l). After imposing boundary and
initial conditions to this system to obtain a well-posed problem, we use the backward Euler method
for its time discretization. Subsequently, a static problem in each time step has to be solved which
with rescaling and proper variable substitutions has the form:

T T
d[uTavfa---avzapla"'apn} :[fTaoTa"wOTaglw"agn} . (3)
Here
[—dive — AVdiv 0 0 \Y T VA
0 R'T 0 ... 0 v 0 ... 0
: 0 : 0 ’ :
: : - 0 : 0
o = 0 0 ... 0 R 0 .0 \Y% (4)
—div —div 0 ce 0 CNEHI a12[ ce aln]
0 . 0621[ . Oégnf
: : 0 : . :
i —div 0 oo 0 =div oagl apel ... appl]
is the rescaled operator, 7 the time step size and
_ i Cp; “ 705 N
R, bi=1 lKi 10%‘27 Qp,; = 0227 Bii = ;ﬁij, Q5 = Kajj’ Qi 2= —OQp, — Qg
J#i
for 7,7 =1,---,n. General and plausible assumptions for the scaled parameters, namely,
A>0, RiYOLRT>0, apye0, >0, o >0, d,5=1,...,n (5)
are made.
2.1 Preliminaries and notation
Denote v? = (vl,...,vD), 27 = (2,...,2]), p* = (p1,...,00n), @& = (qi,...,q,) where

v,ze€V=Vix XV, ppge P=P, x---xP,andU={u€ H(Q)!:u=00nT,p},Vi=
{v; € Hdiv,Q) :v; - n=0onT, n}, P, =L*Q), and P, = L3(Q) if T, p =T = 9.

The weak formulation of system (3)) reads as: Find (u;v;p) € U x V x P, such that for any
(w;z;q) € U x V x P there hold

n

(e(u), e(w)) + Adivu, divw) = Y “(p,divw) = (f w), (6a)
i=1

(Ri_lfvi,zi)—(pi,divzi) = 0, 1= 1,...,71,, (6b)

—(divu, ¢;) — (divvs, ¢;) + dui(pi, @) + Z%‘j(pj, @) = (9a), i=1...,n, (6c)
j=1
i
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or, equivalentely, A((u;v;p), (w; z;q)) = F(w; 2z; q) for (w; z;q) € UXV x P, where F(w; z;q) =
(f,w)+ ;(giv ¢;) and

A((w; v;p), (w; 2;q)) = (e(w), e(w)) + A(div u, divw) — Z(p,., divw) + Z(R;lv,-, z;)

n

= (pi,divz) =) (diva,g) = > (dive,q) — Z(% + ) (Pir ¢i) + Z Zaﬂ Pj» 4:)
1=1 i=1 i=1

=1 j=1

3

J#i
= (e(u), e(w)) + A(diva, divw) — > (p;, divew) + Z Ri'vi,z) = ) (pi,divz)
=1 =1 i=1
R Z diva,¢) — (Dive,q) — (A1 + A2)p, q).
Here we have denoted (Divw)? := (divwy,...,divv,) and
11 —Q12 ... —Qqp Oy, 0 ce 0
Al - —O.égl 04.22 . —O.égn ’ A2 - 0 Qpy oo 0
—Qp1 —Qpa ... Qg 0 0 ... ap,
Furthermore, define R~! := max{R;",..., R;'}, Ao := max{1, A} and the n x n matrices
1 1
0O R ... 0 : :
A= |. . . |y Aa= . .
00 ... R 1 1
R PRO

that are used later in the convergence analysis of the fixed-stress coupling iteration. It is easy
to show that A; are symmetric positive semidefinite (SPSD) for i = 1,2, 4 while A3 is symmetric
positive definite (SPD).

Moreover, we denote

4
A=) A

i=1

which obviously is an SPD matrix and therefore, can be used to define the parameter-matrix-
dependent norms | - ||, || - [|v, || - ||p induced by the inner products:
(1w, w)er = (€(u), e(w)) + Adivu, divw), (7a)
(v,2)v =Y _(Ri'v;, z;) + (A"'Divw, Div 2), (7b)
i=1

(p,q@)p = (Ap,q). (7¢)

As shown in [I§], these norms are crucial to show the parameter-robust stability of the MPET
system.



2.2 Stability properties

The following inf-sup conditions for the spaces U, V', P are assumed to be fulfilled in the analysis
presented in this paper:

di
inf SUPM25% 7;:19"'7”7 (8)
a€Pive; [|0]|aivllg]
(1)
inf sup =1 > B 9)

(g1, ,qn)EPLX X Pr qcU

]l

n
E q;
i=1

for some constants 5; > 0 and S5 > 0, see [I1 8]. Then from [I8], we know that the MPET
problem ([B) is uniformly well-posed, namely the three assertions in Theorem [ hold:

Theorem 1.

(i) There exists a positive constant Cy independent of the parameters N\, Ry, a,., auj, 1,7 €
{1,...,n} and the network scale n such that the inequality

[A((w; v;p), (w; z:9))| < Co([Jufu + [[v]lv + [pllp)(|wllv + [[z]lv + llqlp)
holds true for any (u;v;p) € U XV X P, (w;z;q9) e U x V x P.

(ii) There is a constant w > 0 independent of the parameters A\, R; ', a,., i, 1,7 € {1,...,n} and
the number of networks n such that

A((u; v;p), (w; 2;
(Wwip)EX (wizgex ([|ullu + [[v]lv + [pllp)(|wllu + |2]lv + llgllp)

where X :=U xV x P.

(i1i) The MPET system ([6l) has a unique solution (u;v;p) € U xV x P and the following stability
estimate holds:

lullo + [lvllv + llpllp < CL(llfllo- + llgllp-), (11)
where C, is a positive constant independent of the parameters A\, Ry, ., a;,1,7€{1,...,n}
and the network scale n, and || f|ly- = sup W, lgllpe = sup &L — |[A-2g].

SUD Tl SUb lalle

2.3 A norm equivalent preconditioner

Consider the block-diagonal operator

1 0 0
B = 0 %' 0 ,  where %, = —dive — \Vdiv,
0 0 %, |
R7'T 0 ... 07 AnVvdiv 4, Vdiv ... F, Vdiv
2 0 R ... 0 AnVdiv  FooVdiv ... Ay, Vdiv
0 0 R;lf_ ﬁandIV ’?nQVdIV '?nanIV



and

Yl vyl .. il
B, — 72‘11 72‘2] - 72.n]
Vo1l Yn2d oo Yand
Here, 7ij, Yij, 9,7 = 1,...,n are the entries of A and A™!, respectively.

As substantiated in [18], the stability results for the operator &7 imply that the operator Z is
a uniform norm-equivalent (canonical) block-diagonal preconditioner that is robust with respect
to all model and discretization parameters.

Note that the existence of this canonical uniform block-diagonal preconditioner can be trans-
ferred to the discrete level as long as discrete inf-sup conditions analogous to (8) and (@) are
satisfied, cf. [18].

3 Fixed-stress method for MPET model

In the proposed fixed-stress split iterative coupling scheme for the MPET system, and as for
Biot’s equations, we first solve the flow and then the mechanics problem where, in order to avoid
instabilities, a stabilization term is added to the flow equation. Note that generalizing the fixed-
stress iteration from the Biot to the (flux-based) MPET model is not straightforward due to
the involvement of n pressures p; and n fluxes v;. Our formulation suggests a stabilization that
employs the sum of the pressures which later shows itself to be vital in the convergence analysis
of the scheme.

In order to elucidate our approach, we present the fixed-stress splitting scheme for the continuous
k¥ denote the k-th fixed-stress iterates for u, v; and p; respectively,

problem first. Let u®, v* and p}
1 =1,...,n. The single rate fixed-stress coupling iteration is given by the following algorithm:

Algorithm 1 : Fixed-stress coupling iteration for the MPET system
m—+1 m—+1

% 4

Step a: Given v, we solve for v and p

(—diV’U;TH_l, qi) - ((O‘Pi + aii)p;n-’_l’ Qi) +

(12)
=(9i,q:) — L (
and
(Ri_l'vf”l,z ) (pf”l,divzl) =0, 1<i<n (13)
Step b: Given v and p/" !, we solve for u™*+!
(e(u™), e(w)) + A(divu™ !, divw) = (f, w) + i(p;n+1,divw). (14)

i=1




Our main result is formulated in terms of the following quantities:

ef = v -ueU, (15a)
ei = vi-v eV, i=1,...n, (15b)
e';i = pf—pepP, i=1,...,n, (15¢)

denoting the errors of the k-th iterates u®, v¥ pF, i = 1,... n generated by Algrorithm [[I The

k k T _ ((ok \T kW (of\T — (ok k
error block-vectors e; and e; are defined by (e;)” = ((e;,)",...,(e;, )", (ey)" = (ep,-- ., ).

Since u, v;, p;, i = 1,...,n are the exact solutions of (@), the error equations

(~Divey ™, q) — (A1 + Ao)ey ™ q) — L <Z ! Zqz) =L <Zez,2qi)
(dlve qu>, (16a)

(R 'e)™, z) — (e)'*!, Divz) = 0, (16b)
(e(e™h), e(w)) + A(dive™ ! divw) = (Z ertt, d1vw> , (16¢)
i=1

hold, the latter of which playing a key role in the presented convergence analysis.

Note that in the following we do not make any further restrictive assumptions on the parameters
in (6) but consider the general situation in which only () needs to be satisfied. Useful for deriving
and defining the tuning parameter L is the constant cx in the estimate

|le(w)]| > ck||div (w)]| for all w € U (17)
which is used for w = e™*! — €™ in the proof of the next Lemmal]

We perform the convergence analysis in two steps. The first one is the proof of the following

lemma.
Lemma 2. The errors €, et and €)™ of the (m + 1)-st fived-stress iterate generated by

Algorithm [ for L >

satisfy the estimate
A+

1 m . m — m m
5 (le(el™ )" + Alldive] +1||2) + | BT 2e TP + (A + Ag) eyt
[ o8 I (18)
m-+ m _
+§ ;:1 €y, < 3 ;:1 el » m=0,1,2,....

g =—elt w = e in (I6a) (IGd), it follows that

le(en ™11 + Alldiver 1 + [[R=2e I + [ (Ar + Ag)2ep |2

+L Zn: mbl _em) Zem“ div (er+! — Ze’”“ .
> )= (o )

=1

Proof. Setting z = e

(19)

1The constant cx is related to Korn’s inequality and, while in general not easy to bound tightly from below, can be estimated
sufficiently in the discrete setting.



Using the identity

n
2 m+1 ’ em—l—l .
i=1 i=1

equation (I9) can be rewritten as

le(er I + AIIdive’”“H2 IR e 2 + [[(Ar + Ag)Pep 2
2

2 2 2

n

m+1
Z pi

i=1

n

m
Z p;

i=1

3

_|_

n n

L
] )oEE 1) SERE o
2 1=1 1=1 (20)
L n
=3 Ze + (le mtl eT),Zeg“
i=1
Now, taking w = e™*! — e™ in (I6d) we obtain
(dw e ZemH) = (e(egth), eleg™ —e)) + A(divey ™, div (e —e)), (21)
and, substituting (2I)) in (20), conclude that
le(e m+1)||2 + /\||diV6’”+1H2 +[|R7 e P + [1(A + Ag) e |2
m-‘rl Z 6m-‘rl Z €ZZ
i=1
L m+1 m+1 _ m+1 m+1 m
=3 Zepz +(€(€u ) €(e; " —ey)) + Aldivey™, div (e — e'))
2
L 1 m~+1y(|2 : m~+11|2
<3 Zepz + 5 (lleter I + Alldiver=|2)
(H (et = em)|2 + Alldiv (e + — e)2).
The latter inequality can be expressed equivalently in the form
(H (e m+1)!|2 + /\HdiV em+1||2) IR P+ 1 (Ar + A2) e
n 2
m+1 m+1 m
-2 (22)
=1 i=1

n

Z

=1

L
< Z

<3 (r|<m+1 2P+ Alldiv (e — e)2).

To estimate the last term in ([22) consider (I6d) again. Subtracting the m-th error from the
(m + 1)-st, choosing w = €™ — €™ and applying Cauchy’s inequality yields

Z( m+1 eg)

i=1

le(en ™" —ex)II* + Alldiv (e — ef)[|* < [|div (e — el (23)

u




Next, from (7)) we have that |e(e™"! — e™)|| > CKHdiV (emt! — e™)]||, which implies

(c3 4+ N)||div (et — e™)|| < o Zeg‘
i—1

u —

that is,
m m 1 m - m
[div (e — “)HS)\+02 Ze +1 Zem" (24)
K i=1
Hence
1 & i
le(er+! — eI + Aldiv (e —em|* < 5 1> (e — )
K |li=1

2 (25)

IA
h

Therefore, using (28) in (22), we obtain

(II (e m“)I|2 + A||Olivem+1!|2> Rl P 4 [[(Ar + Ag) ey 2

n 2
S+ >
Di
=1

which completes the proof. O

n n 2

2
m+1 m
Epi Z Cpi|| =

i=1 i=1

n

Z(egﬂ . 6;;)

i=1

)

Using (I§), we can prove that ", e 7% 0, which is stated in the following theorem.

Theorem 3. Let cx and s denote the constants in (7)) and (@), respectively. The single rate
fized-stress iterative method for the static MPET problem (0l) defined in Algorithm[dlis a contraction
that converges linearly for any L > 1/(\ + %) independent of the model parameters and the time
step size T. The errors e’ in this case satisfy the inequality

m+1 2
L < rate®(A) o (26)
with 1
rate’(\) < ——— (27)
5+ 1
Bs
1
For L = ——-, the convergence factor in (26)) can be estimated by
A+ g
1 B2 1
2\ < ——— < 2 5. 28
rate”( )_;J;C%{AJrl_maX{C%{jLﬁs_Q,Q} (28)

n
Proof. By the Stokes inf-sup condition, we have that for any Z e;:”’l there exists w, € U such

i=1
that

divw, = Zezﬂ and  |e(w,)|| < B! (29)

E 6m-‘,—l




where f3; is the Stokes inf-sup constant in (@]). Hence,
2

n
§ m+1

epi
i=1

le(ewp)[I* + Alldivaw,||* < (8.7 + A)

Taking w = w, in ([I6d) and using ([29) yields

mil| — (e(er ), e(w,)) + A(div e divas,). (30)

- u

Now, applying Cauchy’s mequahty, we obtain
2

n

§ m+1

i=1

< (lle(er I + Mdiver2)2 (|l e(aw,)|* + Alldivw, )2

(31)

n

m—+1
>

i=1

< (le(e I + Mdivey|2)2 (52 + )2

which implies

(B + )7 <H (e DI + Al div ey %, (32)

§ : 6m—l—l

Given Lemma 2l and (32]), we therefore obtain
2

Zem-l-l + ||R 1/2 m+1||2_|_ ||(A1—|—A )1/2 m+1||2

=1

n
2 m+1

i=1

1 L _L
- 4= m+1 _
<2ﬁ;2+2)\+2) Ze =3

2
L_l - m—+1
(753_2 Y + 1) ' €pr

=1

(6 +A)”

N
2

and hence

or, equivalently,

n 2
m
2
i=1

1
which proves (20)—-(217). Finally, (28]) follows from (27) by choosing L = o
c

and noting that

K
pww is a monotone function for A > 0. O
52 5T
Note that only defines a seminorm of €)' and Theorem [ indicates the convergence
n

2. e

rate of e, in this seminorm. It still remains at this point unclear whether
i=1

that e}’ converges to 0.

10



Theorem [0, as stated later, clarifies this and demonstrates the uniform convergence of e, el

and e}’ for the fixed-stress iterative method utilizing the uniform stability results from [I8]. Before
we present Theorem [Bl we introduce the matrices:

L ... ... L

AL =

and
Ae =A + AL-

Analogous to the assertion of Lemma 1 in [I§], the properties of A, are as follows in Lemma [4t

Lemma 4. Let A = As+A s+ Ay, Al = (Bij)nxn, then A is SPD and for any n-dimensional vector
x, we have

(Aewaw) 2 ( w7w) Z (A3waw)a (33)
(AJ'z,z) < (A 'z, z) < (As'z, @) = R (x, x). (34)
Also,

n n 5 1 .

0<Zzb“'§(ro“) (35)
i=1 j=1
Subsequently, we can use A. to define the following parameter-dependent norms:
(u,w)y = (e(u), e(w)) + A(divu, divw), (36a)
(v, 2)v. = Y _(Ri'v;, 2;) + (A;'Divw, Div 2), (36h)
i=1

(p,q)p. = (Aep, q). (36¢)

As stated in the following theorem, the fixed-stress coupling iteration for the MPET system con-
verges uniformly.

Theorem 5. Consider the fized-stress coupling iteration according to Algorithm[1 and assume that

L>1/(A+ k). Then the errors e, e and e} defined in (I5), measured in the norms induced
by ([36)), satisfy the estimates

lexllu < Culrate(A)]™, (37)

e llve +lleyllp. < Cuplrate(A)]™, (38)

where the constants C,, and C,, are independent of the model parameters and the time step size T.
Furthermore, the convergence rate rate(\) satisfies (27)).

Proof. In the same manner as we derived (25) we find

n 2

m—+1
>

i=1

1
Jete I + Mdiver I < (5 )

11



which shows ([B7). Moreover, rewriting the error equations (I6al)—([I6d) and using the definition
of A, we deduce the variational problem

(e(em™™), e(w)) + A(dive™ ™, divw) (Z ent! d1vw> =0,

=1

(R‘leerl z) — (ey*!, Divz) =0,

<d1v emnt! Z ¢ | — (Dive]™', q) — (Ar + Ay + Ap)e)' ! q) (39)
=L (Z € Zqz> + (div e —dive™t!, Zq,) .
i=1 i=1 i=1
Denote g, = —LZ@Z} + dive™ — dive™™ then by the triangle inequality, (24)) and the
i=1
contraction estimate (26), it follows that
lgell = || =LY e + dive] — divep ™!
i=1
- m 1 m+1
<L Zem +7)\+c§< Zepl Ze +
= (40)

- m 2 m
<L e, +)\+c§( Zepi

=1
0

Z 2 Z p:
=1

Next, by taking f = 0, g = (ge, ge, -+, ge)? and replacing A; + Ay by Ay + Ay + Ap in (@) and
using the uniform stability estimate (III) with A replaced by A., we obtain

pr = Ci|Ac2g| = Ci(As g, g)%. (41)

n

< 3L < 3L[rate(\)]™

ler o + lley™ v, + lleg ™ [lp. < Cillg]
Further, by Lemma [ and (@0), we have
(A'9,9) < (A'g,9) = (A (gesge -+ 90) s (ger 9o -5 9.)")

n n_ 1 -1
- (Z bm) 0000 = (5 +1) (00a)
— £ 0
=1 j5=1
1 -1 n 2 (42)
<9(—+L| L*rate(\)]*™ 0
<oy +r) et d o,
< 9L[rate(\)]*™ Z €
Combining (41) and ([@2) then implies (37) and (38]). O

12



4 Discrete MPET problem

In this section, mass conservative discretizations of the MPET model are discussed, see also [18],[17].
The analysis here can be similarly used for other stable discretizations of the MPET model.

4.1 Notation

We consider a shape-regular triangulation 7j, of €2 into triangles/tetrahedrons. Here, the subscript
h indicates the mesh-size. The set of all interior edges/faces and the set of all boundary edges/faces
of Ty, are denoted by &/ and EP respectively and their union by &.

We define the broken Sobolev spaces

H*(T;) = {¢ € L*(Q), such that ¢|p € H*(T) for all T € T;,}

for s > 1.

We next introduce the notion of jumps [-| and averages {-}. Let T} and T3 be two elements from
the triangulation sharing an edge or face e and n; and ns be the corresponding unit normal vectors
to e pointing to the exterior of Ty and Ty. Then for ¢ € H'(T), v € HY(T,)® and 7 € HY(T,)?*¢
and any e € &/ we define

[CI] = Q|8Tme - q‘aTgﬂeu [’U] = ’U|8Tme - 'v|8Tzﬂe

and
1
{’U} = 5(’0\8Tme Ny — ’U\aTgme : n2), {T} = (T\aTmenl - T\aTgmeﬂa)

while for e € EF,
lq] = qle, [v] =0, {v}=wv|.-n, {7}=T7n.

4.2 Mixed finite element spaces and discrete formulation

In order to discretize the flow equations, we use a mixed finite element method to approximate
the fluxes and pressures whereas for the mechanics problem we apply a discontinuous Galerkin
method to approximate the displacement. The considered finite element spaces are denoted by:

U, = {ue Hdiv;Q) :ulr e U(T), T € Tp; u-n =0 on 00},
Vi = {veH(div;Q):v|lp e Vi(T), T€Tp; v- n=00n00}, i=1,...,n,
P = {qeL*(Q) :qlr € Qi(T), T € Ty; /qd:)s:O}, i=1,...,n,

0

where V;(T)/Q:(T) = RT,_1(T)/P,_1(T) and U(T) = BDM,(T) or U(T) = BDFM,(T) for | > 1.
For each of these choices, we would like to point out that div U (T') = div V;(T') = Q;(T) is satisfied.
As commented also in [17, 18], for all e € &, and for all 7 € H(T;,)¢,u € U, it holds that

/[un] -Tds =0, from which it follows /[u] -Tds = /[ut] - Tds, (43)

where u,, and u; denote the normal and tangential component of u respectively.
Using the notation

,Ufz; = (vfha e ,Urz;,h)a P;LF = (pl,ha e 7pn,h)7 zfj; = (th, e zrj;,h)a qu; = (ql,ha e 7qn,h)7

13



Vi=Vipx--xVup PBP,=Ppx---xP,,, X,=U,xV,xDP,

the discretization of the variational problem (@) can be expressed as: Find (wp;vp;ppn,) € Xp,
such that for any (wy; zp;q,) € Xpandi=1,...,n

n

ap (wn, wp) + M(divuy, divey) = Y (pip divey) = (f,wn), (44a)

i=1
(Ri_l’Ui,h, Zin)—(Pin,divzgy) = 0, (44b)
—(divun, gin) — (divoin, gin) + &(Pins Gin) + Z i (Pin Gin) = (i Gip) (44c)
i=1
=
where
mww) = 3 / e(w) : e(w)dz — /{e (45)
TETh T ece&y
—Z/{e( utds+2/nh [w] - [wy]ds,
ec&, V€ ecéy
Qy; = —ap, — oy, and 7 is a stabilization parameter independent of the parameters A, R; 1, ap,,
a;j, where i,j € {1,...,n}, the network scale n and the mesh size h.

The discrete variational problem (44]) corresponds to the weak formulation (6) with homoge-
neous boundary conditions. The DG discretizations for general rescaled boundary conditions can
be found in [18 [17].

4.3 Stability properties

Let u be a function from U, and consider the mesh dependent norms

lulli = > le@)lgx+ Dkt llwdll

KeTy, eely,
lalfn = D IVulgx + D ke lIfudll..
KeTy, ecly,
lulbe = Z ||vu||OK + Z he | ||Oe Z hi |u|2K (46)
KeTh €&y, KETy,
and
lullgy, = lulbe + Al divul. (47)

The well-posedness and approximation properties of the DG formulation are detailed in [19] [16].
Here we briefly present some important results:

o || |pcs || - lln, and || - |1 4 are equivalent on Uy,; that is

l|lu|lpe = [|ulln = ||w|/1,n, for all w € Uy,

e ay(-,-) from ([43) is continuous and it holds true that

lan(u, w)| < |ullpellw|pe, forall w, we H*(T,)% (48)

~
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e The inf-sup conditions

(divaun, Y ¢in)

inf sup i—l > B
(@107 G, n)EPLRX X Py wp €U [l |1nl Z%h” - (49)
i=1

1nf sup M_ﬁddu izlv"'vnv
q; hEchvlhEVlh ||U2 thlquz h||

are valid for our choice of Uy, V;, and Py, see [24], and the positive constants fsq and [y are
independent of A, R;l, ayp,, oy; for i, 5 € {1,...,n}, the network scale n and the mesh size h.

e ay(+,-) is coercive, namely
an(wn, up) > agllugll?, forall  wy, € Uy, (50)

where o, > 0 is a constant independent of the model and discretization parameters \, R; ', ;s
a;;,1,7 € {1,...,n}, n and h.

Using the definition of the matrices A; and Ay, we define the bilinear form

An((wn; vn; pr), (Wi 205 qn)) = an(up, wy) + A(div wy, divwy,) — Z(pi,h, divawy,)
. - (51)
+ Y (R 'in, zin) — (pn, Divzy) — (divay, Z gi,n) — (Divop, gn) — (A1 + A2)pa, gn)

related to problem (44al)—(44d).

Similar to Theorem [I], the following uniform stability results can be found in [1§].
Theorem 6.

(i) For any (up;vp;prn) € Xp, (wp; 255 qn) € X there exists a positive constant Chpy independent
of the parameters \, R;*, ap,, g, 4,5 € {1,...,n}, the network scale n and the mesh size h
such that the inequality
| An((wn; vns Pr)s (Wi 203 @n))| < Coa(llunllu, + lonllv + oallp)(lwellu, + z6llv + llgnllp)
holds true.

(i) There exists a constant By > 0 independent of the model and discretization parameters \,
R, ap,, aij, i, € {1,...,n}, n and h, such that

wuf sup An((wn; vn; pr), (W 215 qn)) >
(unionP)EXn (wyizian)e Xy (1Unllo, + [lvnllv + [[pallp)([wallo, + [[20llv + [lgnllp)

(52)

(111) Let (up;vp;prn) € X, solve (d4al)-(@4d) and

1£llo; = sup ﬁf’ wn),

wpeUy,

(9,an)

lgllp+ = sup :
Qh||P

| | Uh qnEP;,

Then the estimate

[unllo, + llvnllv + llpallp < Co([ £]

holds with a constant Cy independent of X, R;*
n and the mesh size h.

u; + llgllp) (53)

L, ayi, 1,7 € {1, ..., n}, the network scale
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5 Fixed-stress method for the discrete MPET model

In the manner of Algorithm [II we formulate the fixed-stress method for the mixed continuous-
discontinuous Galerkin finite element method (44):

Algorithm 2 : Fixed-stress method for the discrete MPET problem
m—+1

Step a: Given u}"', we solve for 'U L and Din

(—div o} i) — ((@py, + @i)pi ™ qin) Z aipi qin | — L (Z Pt i h)

J;ﬁz (54)
gQOzh (Zp_] thzh leU 7Qi,h)7 1§Z§n7
and
(R; 11;:”,1“,,21 ) — (p;”,fl,d1vzi7h) =0, 1<i<n. (55)
Step b: Given 'U;",fl and pzn,j 1 we solve for u;L”H
an(u)t wp) + Mdivu ™ divay,) = (£, wn) + Z(p;”,jl, divwp,). (56)

i=1

The main convergence result for Algorithm [2is formulated in terms of the following quantities
corresponding to the discrete case:

eﬁh = uﬁ —up € Uh, (57&)
k k .

evi,h = v17h - vlvh E ‘/ivh7 1= ]‘? ce 7n7 (57b)
k k .

€pin = Pin— Pih S PNH 1=1,...,n, (570)

denoting the errors of the k-th iterates uf, vfh, pﬁ ne 0 =1,...,n generated by Algrorithm 2l In
the discrete case, the useful constant for defining the tuning parameter L is the constant cg, from
the estimate

an(wyp, wy) > i ||diva,||?  for all wy, € Uy, (58)

Note that ck, is strictly positive and independent of the mesh size h.
Using the approach applied to proving Lemma 2], for the continuous MPET model we obtain
the corresponding lemma for the discrete case as follows:

Lemma 7. The errors e, e'*! and €)™ of the (m + 1)-st fived-stress iterate generated by

Up,
Algorithm (2 for L > satisfy the estimate

2
A+ ek,

(ah(em+1 m+1)—|—)\Hd1V6m+1H2> + HR—1/2 m+1H2-|—||(A1+A2)1/2 m+1||2

N —

up,
2 2
Ly Ly (59)
T > et <5 dem . m=0,1,2,....
i=1 i=1
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By Lemma [l again following the proof of Theorem [ for the continuous MPET model, we
obtain the corresponding statements, Theorem [8 for the discrete case:

Theorem 8. Let ck, and PBsq denote the constants in (B8) and [@9) respectively. The single rate
fized-stress iterative method for the discrete static MPET problem ([A4l) defined in Algorithm[2is a
contraction that converges linearly for any L > 1/(A + c%d) independent of the model parameters,
the time step size T and the mesh size h. The errors e in this case satisfy the inequality

" 2 " 2
Zegtl < ratey*(\) Zegh (60)
i=1 i=1
where ]
ratedz()\) S kli_l_l (61)
Bad +A
1
For L = T the convergence factor in (60) can be estimated by
CKd
rateg(\) < 1 < ma Pt L (62)
T E— X4 ———5,= ¢ .
R P S A
) d S
ﬁsd +A

=1 "pinl||"
However, we can combine the estimates in Theorem [§ with the uniform stability result presented

in Theorem [@] and follow the proof of Theorem [bl to obtain the following convergence results for

Note that Theorem [ only gives the convergence rate of e’ in the semi-norm HZ" er

e, ,e; and e} in their respective parameter-dependent full norms:
Theorem 9. The errors e}, e’ and e]! defined in (57) measured in the norms induced by (&7)
and ([0) satisfy the estimates:
lew, 17, < Cualratea(A)]™™, (63)
lex I, + llep 15, < Cupalratea(N)]*™, (64)

where the constants Cy,q and Cpq are independent of the model parameters, the time step size and
the mesh size.

6 Numerical results

In our numerical test setup, we assume that:
e () = [0,1] is partitioned into 2N? right-angled triangles with catheti of length h = N
e Problem ([6)) is discretized by a strongly conservative discontinuous Galerkin method based
on a mixed finite element space formed by the triplet of BDM; /RT,/Pd elements;

1 .
1+ X
e the iterative process is terminated when residual reduction by a factor 10® in the combined

norm induced by the inner products (7]) (the norm induced by the inverse of the precondi-
tioner) is reached.

e the constant for the fixed-stress splitting is L =
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Numerical experiments have been performed in FEniCS, [3] 22], and their aim was:
(i) to validate the theoretical estimates for the convergence of the fixed-stress splitting;
(ii) to compare the performance of the latter with the preconditioned MinRes algorithm using
the norm-equivalent preconditioner proposed in [I8].
6.1 The two-network model

The Biot-Barenblatt model involves two pressures and two fluxes. In our notation, it has the
following formulation:

—div(e — p1 I —pI) = f, (65a)
Ri'vi+Vp; =0, i=1,2, (65b)
2
—dive — divy; — a,,p; + Z a;ip; =9, 1=12. (65¢)
j=1
J#i

Specifically, the subject of numerical study in this subsection is the cantilever bracket benchmark
problem, see [14], for which f = 0, g; = g» = 0. The boundary T' of the domain Q = [0, 1]? is split
into bottom, right, top and left boundaries denoted by I'y, I's, I's and I'4 respectively and

(0' —plI—p2I)n = (0,O>T on Fl UFQ,
(0 —piI —pI)n = (0,—1)T  on T,

u = 0 on I'y,
pr = 2 on I,
pe = 20 on I

Table [1l gives the base values of the model parameters as taken from [2I]. We have varied the
parameter K, over a wider range than K since, at least, for the MinRes iteration it happened to be
the more interesting case. The results in Tables 2H4] show very clearly the robust behaviour of the
fixed-stress iteration with respect to mesh refinements and variation of the hydraulic conductivities
K, and K, and also A\. Furthermore, they demonstrate its advantage over the MinRes method in
terms of rate of convergence.

6.2 The four-network model

This subsection is devoted to the four-network MPET model. As with the previous example, the
boundary I' of € is split into bottom (I'y), right (I'z), top (I's), and left (I'y) boundaries. The
considered boundary conditions are chosen as:

(0 —pid —poI —psI —pi)n = (0,007 on Ty Uy,

(0 —p1l — pod — p3I — pyd)n ,—1)T on T},
u = 0 on I'y,
pr = 2 on I,
py = 20 on I,
ps = 30 on I
ps = 40 on I,

18



Table 1: Base values of model parameters for a Barenblatt model.

parameter  value unit
A 4.2 MPa
1 2.4 MPa
Cpr 54 (GPa)~!
Cps 14 (GPa)~!
Qg 0.95
Qo 0.12
5 10~ %g/(m-s)
b 100 10-"%kg/(m-s)
Ky 6.18 10~ m?
Ky 27.2 10~ 15m?

Table 2: Number of preconditioned MinRes and fixed-stress splitting iterations for residual reduction by a factor
108 in the norm induced by the preconditioner when solving the Barenblatt problem.

h| B8 | Ko Ky-10° Kp-10° K- 10°
K;-102[16 8]21 8][37 8[29 8

5E-10 || K1-107' [ 16 8|21 8|37 8|20 8

1 K, 16 821 8|37 8|2 8
16 K;-10°[16 8|21 8|37 8|29 8
1E-8 || Ki-107' |16 8|21 8|37 8|20 8

K, 16 8|21 8|37 8|20 8

K;-102[16 8|26 8|38 8|27 8

5E-10 | 11071 |16 8|26 8|38 8|27 8

K, 16 8|2 8|38 8|27 8

32 K;-10 7|16 8|26 8|38 8|27 8
1IE8 || K;-107' |16 8|26 8|38 8|27 8

K, 16 8[2 8|38 8|27 8

K;-102[18 8|32 8|38 8|27 8

5E-10 || K1-107' [18 8|32 8|38 8|27 8

1 Ky 18 8[32 8|38 8|27 8
64 K;-10 718 8|32 8|38 8|27 38
1E-8 || Ki-1071 |18 8|32 8|38 8|27 8

K, 18 8032 8|38 8|21 8

whereas the right hand sides are f =0, g1 = g2 = g3 = g4 = 0.

Table[Blshows the base values of the parameters which have been taken from [28]. The presented
numerical results in Table [6] demonstrate again the superiority of the fixed-stress splitting method
over the preconditioned MinRes algorithm and its robustness with respect to large variations of
the coefficients \, K3 and K = K; = Ky = K.

7 Concluding remarks

To the best of our knowledge, this paper is the first example of a proposed and analyzed fixed-
stress splitting scheme for a three-field formulation of the MPET model. Fundamental to the
linear convergence of the evolved algorithm is the incorporation of stabilization that employs the
sum of all pressures. By applying the stability results proven in [18], we have demonstrated that
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Table 3: Number of preconditioned MinRes and fixed-stress splitting iterations for residual reduction by a factor
10® in the norm induced by the preconditioner when solving the Barenblatt problem where we have redefined
A:=0.01-\

h 8 | | Ky Kp-10° K,-10* K,-10°
K -102]24 11]38 11|71 1142 11
SE-10 || K;-107' [ 24 1138 11|71 11|42 11

1 K 24 11138 11|71 11|42 11
16 Ki-1072 24 11|38 11|71 11]42 11
1E-8 Ky-107t |24 11|38 11|71 11|42 11

K 24 11|38 11 |71 11|42 11

Ki-1072[25 10[45 10[66 10|38 10
5E-10 || K;-1071 |25 10|45 10|66 10|38 10

1 K 25 10|45 10|66 10|38 10
39 Ki-1072[25 10|45 1066 10][38 10
1E-8 Ki-1071 |25 10|45 10|66 10|38 10

K 25 10|45 10|66 10|38 10

Ki-1072[25 10|57 1066 10|38 10
5E-10 || K;-107* | 25 10 | 57 10 | 66 10 | 38 10

1 K 25 10|57 10|66 10|38 10
64 Ky-1072[25 10|57 1066 10] 38 10
1E-8 Ki-1071 |25 10|57 10|66 10|38 10

K 25 10|57 16 |66 10| 38 10

Table 4: Number of preconditioned MinRes and fixed-stress splitting iterations for residual reduction by a factor
10® in the norm induced by the preconditioner when solving the Barenblatt problem where we have redefined
A:=100- A

hl B | Ko  K»-10° Kp-10* K- 10°
K, -102[4 2] 8 216 2|14 2

SE-10 || Kp-107' |4 2| 8 2]16 2|14 2

1 Ki |4 2|8 2]16 2[4 2
16 Ki-107[4 2| 8 2|16 2|14 2
IE8 || Ky-107' |4 2| 8 2[16 2|14 2

Ki |4 2|8 216 2[4 2

K -102[6 2|12 2|20 2|14 2

5E-10 || K1-1071 [ 6 2|12 2[20 2|14 2

1 Ki |6 2|12 2]20 3|14 2
32 K, -10%[6 2|12 2|20 2|14 2
IE8 || K-1071 |6 2 (12 2(20 2|14 2

K, |6 2|12 2]20 2|14 2

K, -102[7 2[16 2|21 2|14 2

SE-10 || Kp-1071 [ 7 2|16 2|21 2|14 2

1 K, 7 2016 2[21 2|14 2
64 Ki-10 77 2[16 2|21 2|14 2
IE8 || Ky-1071 |7 2[16 2(21 2|14 2

Ky 7 2]16 2[21 2|14 2

20



Table 5: Base values of model parameters for a four-network MPET model.

parameter value unit

A 505 Nm 2

o 216 Nm 2

Cpy = Cpy = Cpy = Cp, 4.5-10710 m?N~1!

1] = g = (3 = Q4 0.99

B12 = B24 1.5-1071° m?N-1s1
B3 2.0-10~19 m?N—1g—1
B34 1.0-10713 m?N—1g—1
Ki=Ky=K,=K (10 10_10)/(2.67- 10_3) m?/Nsm_2
K; (1.4-1071)/(8.9-107%) m?/Nsm~2

Table 6: Number of preconditioned MinRes and fixed-stress splitting iterations for residual reduction by a factor
108 in the norm induced by the preconditioner when solving the four-network MPET problem.

h K; 1072 K3  K3-102 Ki-10% Kj3-10° Kj-101
K-1072 |34 1034 10]26 1023 10]2L 10]2L 10

A K 24 10|24 10|24 10|22 10|21 10|19 10
K-102 |21 10]21 10]23 10]23 10|31 10[30 10

. K-10"2 | 18 2123 224 234 234 234 2
5 | A0t K 11 2117 2034 2|31 2|31 2|31 2
K-10%2 | 9 2114 2|32 2021 2|14 2|14 2

K-10°2] 14 2114 212 2|12 2|12 2|12 2

A-108 K 11 2114 2|19 27 27 2|7 2
K-10%2 | 9 2114 2| 9 2|5 2|5 2| 5 2

K-1072 |34 10|32 10|26 10|23 10|19 10|19 10

A K 24 10|24 10|24 10|22 10|21 10|20 10
K-102 |21 10|21 10|21 10|26 10|41 10[39 10

. K-10-2 | 18 2125 230 2|34 234 234 2
= | A0t K 12 2120 203 2|31 2|31 2|31 2
K-10%2 | 9 2118 2|34 2021 2|14 2|14 2

K-10°2] 14 2114 212 2|12 2|12 2|12 2

A-108 K 12 2114 2|19 2|7 2|7 2|7 2
K-10% | 11 2114 2| 9 216 2|5 2| 5 2

K-102 |34 10|32 10[26 10|21 10]19 10]19 10

A K 24 10|24 10]24 10[23 10[22 10|21 10
K-102 |21 10|21 10|21 10|36 10|45 10|45 10

. K-10-2 | 20 2128 234 234 234 234 2
51 | A0t K 13 2125 203 2|31 2|31 2|31 2
K102 | 6 2125 2036 2|21 2|14 2|14 2

K-10°2 | 14 5114 212 2|12 2|12 2|12 2

A-108 K 12 2114 2|19 27 2|7 2|7 2
K-10% | 12 2114 2| 9 216 2|5 2| 5 2

the contraction rate of this fixed-point iteration is independent of any model physical parameters.
Furthermore, the performed numerical experiments have clearly demonstrated the efficiency of the
presented fixed-stress scheme along with its superiority over a fully implicit scheme which utilizes
a norm-equivalent preconditioner.
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