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Abstract

We consider a Nonlinear Schrodinger Equation with a very general non linear term and with
a trapping 0 potential on the line. We then discuss the asymptotic behavior of all its small
solutions, generalizing a recent result by Masaki et al. [30]. We give also a result of dispersion
in the case of defocusing equations with a non-trapping delta potential.

1 Introduction
In this paper we consider the Nonlinear Schrédinger Equation (NLS)
it = Hyu+ g(jul*)u, (t,z) € R x R, with u(0) = up € H' (R, C), (1.1)
with the Schrédinger operator (here 6(z) is the Dirac § centered in 0)
H, = 02 — ¢d(z) for ¢ € R\{0} (1.2)
defined by H, := —0? with domain
D(H,) = {u e H'(R,C)n H*(R\ {0},C) | 9,u(0T) — 0,u(07) = —qu(0)}. (1.3)

For the nonlinearity, we assume g € C(]0,00),R) N C3((0,00),R) and that there exist p > 0 and
C >0s.t. for k=0,1,2,3 we have

lg®) (s)| < C|s|P~* for all s € (0, 1]. (1.4)
In particular, we have ¢g(0) = 0 and the primitive G of g defined by
G'(s) = g(s) and G(0) = 0. (1.5)

satisfies |G(s)| < |s|PF! for all s € (0,1).
Remark 1.1. A typical example we have in mind is g(s) = As? with p > 0 and A € {+1}. In this
case, our NLS can be written taking ¢ =1 in the form

it = Hyu + Mu|*u, (1.6)

which was considered by Masaki et al. [30] for the case p > 2. They also considered the cubic NLS
for the cubic NLS, p = 1, with dispersive potential ¢ < 0 in [31], where they proved dispersion, that
is [lu(t)]| o) S t=% as t — +oo, for appropriate very small solutions.
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We recall, see [30], that the operator in (1.2) for ¢ > 0 satisfies

oq(Hy) = {—q*/4} with ker (Hy + ¢*/4) = Sp(ipq) where ¢q := Vq/2e 217 (1.7)

with Sp(pq) := Cp,. Furthermore the point 0 is neither an eigenvalue nor a resonance for Hy, that
is to say, the only ug € L?(R) U L®(R) s.t. Hyuo =0 is ug = 0.
We also have a spectral (orthogonal) decomposition

L*(R) = Sp(pq) ® L2 (Hy) (1.8)

with L2(H,) the continuous spectrum component associated to H,. We will consider the case ¢ = 1
and denote

L? := L?(H;) and ¢ := .

We will denote by P. the projection onto L2. In particular,

Pou:=u— (/ ucpd:v) o =u—(u, o) — (u,ip)ip,
R
where
(f,g) = Re/ f(z)g(x)dz for f,g: R— C . (1.9)
R
We will also use the following notation.
e Given a Banach space X, v € X and § > 0 we set Dx(v,0) :={zx € X | |lv — z||x < d}.
e For v € R we set
12 = {u € S'R;C) | Julzz = "= lull2 < oo}, (1.10)
Hi ={u e S'R;C) | lull = el g1 < oo} (1.11)
e For f: C — X for some Banach space X, we set D1 f = Ore.f and Dof = O . f-

The eigenvalue of H; yields by bifurcation a family of standing waves solutions.
As in [15, 6, 30], we have the following, which we prove in the appendix.

Proposition 1.2 (Bound states). Let p > 0. Then there exists yo > 0, ap > 0 and C > 0 s.t. there
exists a unique Q € C*(Dc(0,ap); H% ) satisfying the gauge property

Qle’z] = e Q[z], (112)

0

s.t. there exists E € C([0,a3),R) s.t.
H1Q[2] + g(1Q[=]1*)Q[z] = E(|=[*)Q[2], (1.13)
and
2p+1 :j—1 2p 2 1 2p
QL] = 2ol < Ol |1D;QL2] =¥ wlluy < O™, |E(]2[7) + 7| < Clz*. (1.14)
Moreover, if 2p > 1 we have
QI € €2 (De(0,a0), 1Y) (1.15)
and

ID;DuQL s < CLY, ik =1,2, (1.16)



Remark 1.3. In the case of power type nonlinearities g(s) = s, there is an explicit formula for Q[z].
See [12, 30].

Our first result is the following, related to [15, 33, 30], see [6] for more references.

Theorem 1.4. Assume p > 0 in (1.4). Then there exist eg > 0, v > 0 and C > 0 such that for

€ := ||u(0)|| g1 < €o the solution u(t) of (1.1) can be written uniquely for all times as
u(t) = Q[z(t)] + &(t) with &(t) € P.HY, (1.17)
s.t. we have
|20 + €)1 < Ce for all t € [0,00), (1.18)
| et e < ce (1.19)

Theorem 1.4 claims that solutions with sufficiently small H' norm converge asymptotically to

the set formed by the Q[z]. Indeed formula (1.19) is stating that, in an averaged sense, & 2
locally in space. In Theorem 1.4 there is no proof of selection of ground state: we do not prove
that up to a phase, z(¢) has a limit as ¢ — +o0o. However, if we strengthen the hypotheses of the
nonlinearity g(s), we obtain also the selection of ground states. This will be our second result. It
requires a more subtle representation of u(t) than the one in (1.17), due to Gustafson et al. [15].

Definition 1.5. Consider the ag > 0 in Proposition 1.2.
He[2] = {n € L*(R) : (in,D1Q) = (in, D2Q) = 0}. (1.20)
It is immediate that H.[0] = L2. Our second result is the following.

Theorem 1.6. Let p > 1/2 in in (1.4). Then there exist ¢g > 0, v > 0 and C > 0 such that for

e := [|[u(0)|| g1 < eo the solution u(t) of (1.1) can be written uniquely for all times as
u(t) = Q[z(t)] + n(t) with n(t) € He[z(t)], (1.21)
s.t. we have
|z(®)| + ()] gr < Ce for all t € [0, 00), (1.22)
[l e < ce. (1.23)
and there exists a z € C such that
tiigrnoo z(t)eifﬂt Blz()lds — 5 (1.24)

We don’t know if the last statement, with the limit (1.24), is true for p < 1/2. We will prove
Theorem 1.4 in Sect. 2 and Theorem 1.6 in Sect. 3.

Equations like (1.1) and its particular case (1.6) represent an interesting special type of the NLS
in 1-D. Related models, obtained eliminating the linear §(z) potential and replacing g(|u|?*)u with
Z?Zl §(z —z)g(|u|*)u, in some cases have been shown to satisfy very satisfactory characterizations
of the global time behavior for all their finite energy solutions; see [23]-[26], which solved the Soliton
Risolution Conjecture in these cases.

Returning to equation (1.1), Goodman et. al. [14] and Holmer et al. [16]-[19] have shown in the
cubic case interesting patterns involving solitons, usually for finite intervals of time or numerically.



Some of these results have been proved for global times by Deift and Park [7], using the Inverse
Scattering Transform. Masaki et al. [30] is a transposition to (1.6) of a result similar to Theorem
1.6, but for more regular potentials, by Mizumachi [33]. Similarly, the result in Masaki et al. [31]
we described under (1.6) transposes to the case of § potentials work on dispersion of very small
solutions for NLS’s with a non—trapping and quite regular potential in [9, 13, 35]. Even though they
are usually motivated by the problem of stability of solitons, currently it is not so clear how to get
from them results of the type [|£(t)||Lm) S t7% as t — +oo for the error term &(t) in (1.17) or
for the n(¢) in (1.21). Such kind of transformation of results around 0 into results around a soliton
exists in the context of the theory of Integrable Systems, where there are appropriate coordinate
changes named Bécklund and Darboux transforms, see for instance Deift and Park [7]. However for
non integrable perturbations of the cubic NLS such coordinate changes represent an open question,
c.f.r. the discussion in Mizumachi and Pelinovsky [34].

The main motivation for this paper is then to show the promise of an alternative method,

involving positive commutators, which is classical in Quantum Mechanics, see for example Reed and
Simon [38, pp. 157-163] and [2, 10]. In the nonlinear setting the method is also classical and has
been extensively used to prove dispersion, like for example Morawetz estimates, see [5], or in the
analysis of blow up, see for example [36, 32]. The method represents the tool of choice to complete
the last step of the proof in the theory of stabilization developed by Kenig and Merle [20] (a possible
alternative, the energy channel method of Duyckaerts et al. [11], has not been adapted yet to NLS’s).
In this paper we are inspired by the stability of various patterns studied for wave like equations by
Kowalczyk et. al [27, 28]. The main point here, is that this method can be applied rather simply in
the proof of Theorems 1.4 and 1.6.
In the nonlinear setting, an insidious problem arises from the fact that the commutators often
have some negative eigenvalues. An important part of the proofs in papers such as [27] consists
in showing that analogues of the & in (1.17) or of the n in (1.21), live where the commutator is
positive. If in (1.1) we replace the d—potential with a more regular one, proving such positivity,
or circumventing possible negativity, appears to be mostly an open problem. See [43] for related
problems. In the case of a d—potential in 1-D, we show that this is an easy problem (see also
Banica and Visciglia [3], Tkeda and Inui [29] and Richard [39]). This allows us to cover with a
rather simple proof cases outside the reach of the theory in Masaki et al. [30], where the use of
Strichartz estimates restricts consideration to p > 2. In this sense we go beyond the results for
more regular potentials considered by Mizumachi [33], in turn related to [40, 41, 37, 15]. In some
of these older papers there is a clear interest at obtaining the largest possible set of of values for
the exponent p. However they are severely restricted by their dependence on dispersive and/or
Strichartz estimates, not always sufficiently robust in nonlinear settings, see [42]. The commutator
method can be more robust, as results such as [27, 28] show. In the literature some partial stability
results have been obtained for subcritical nonlinearities in 2-D and 3-D by Kirr et al. [21, 22] using
dispersive estimates. But exactly like for the dispersion results on small solutions of cubic NLS’s
with potentials in [9, 35, 13, 31] or for the theory initiated by Deift and Zhou [8] on the Scattering
Transform in non-Integrable Systems, the ultimate test will be how pliable, widely utilizable and
not too technically complicated will they be. Our point here is that the theory in [27, 28] seems the
most promising.

Just as a final remark, to emphasize once more the effectiveness of the commutator method
for equations like (1.1), in Sect. 4 we will also give a very simple proof of the following result for
defocusing equations (1.1) with non—trapping § potential, which to our knowledge is not in the
literature.

Theorem 1.7. Consider equation (1.1) with ¢ < 0, g > 0 everywhere and sg(s) — G(s) > 0 for any
s >0 for G defined in (1.5). Then for any v > 0 there exists a Cs, > 0 s.t. for any ug € H*(R,C)



the corresponding strong solution u(t) satisfies

|l e < €, ((Buo)Quuo)? + Q) (1.25)

0

2 Proof of Theorem 1.4

2.1 Notation and coordinates

We have the following ansatz, which is an elementary consequence of the Implicit Function Theorem.

Lemma 2.1. There exist cg > 0 and C > 0 s.t. for all w € H' with ||ul|g1 < co, there exists a
unique pair (z,€) € C x P.H! s.t.

u=Qz] + & with |z| + |||l < Cllullm. (2.1)
The map u — (z,€) is in CY(Dy1(0,¢),C x HY).
Proof. Set

rew= (2800

Then, by Proposition 1.2, we see that F' € C!'(D¢(0,a) x H'; R?) and moreover

OF (1 0)
—_— =— . (2.2)
d(zr, 21) (2,u)=(0,0) 01
Therefore, by implicit function theorem, we have the conclusion. O

For z,w € C, we will use the notation

d
DQ[z|w := e . Q[z + ew].
Notice that by Q[e'z] = €?Q[z], we have
Q= | eQEl= 7| Q= 7| Qle+ it = DQLs

Further, for w € C, we set

fw) = g(jwl*)w.

The well posedness of problem (1.1) in H!(R) is considered by Goodman et al. [14], Fukuizumi
et al. [12] and [1]. The energy and mass conservation imply the global well posedness of our small
solutions, with representation (1.17) valid for all times along with the bound (1.18). So we can write
the equation (1.1) in terms of the ansatz (1.17), or (3.1), and obtain the system

(iDQ(: +iEz), i~ 'g) = <f(§) n f(z,g),iﬂ'*l@ for j = 1,2, (2.3)
i§ = Hi& + f(§) + f(2,§) —1DQ(2 +iE2), (2.4)

where
f(z,8) = [Ql2] + &) — (&) — F(Q[2]) (2.5)

In order to prove the last two points of Theorem 1.4, that is estimate (1.18) and the limit (1.24),
we will use the method considered by Kowalczyk et al. in [27] and in their very recent paper [28].



2.2 The commutator method

Following [28], we introduce an even smooth function x : R — [—1, 1] s.t.
x=1in[-1,1], x=0in R\ [-2,2],x' <0 in R,. (2.6)

For A > 1 large enough which will be fixed later, we set

Ca(z) :=exp <—% (1- X(a:))) and Y (x) = /0 (). (2.7)
One can easily verify
e <la(z) < 2¢~ % for A > 4. (2.8)

To each function ¢ € H'(R) we can associate
w = (A€ (2.9)
Notice that there exist fixed constants C' and Ag s.t.
(=02 + 0)yw,w) < C||€||3x for all A > A,. (2.10)
Also, we have
|72 + 1 (@)~ w][Zz < C (=02 + d)w,w), (2.11)

where (x) := (1 + |2[>)'/? and C = 12. Indeed, it suffices to bound the second term. Since

w(z) = w(0) + /01 w'(s) ds,

from Holder inequality we have

()] < Jw(O)] + |/ || = < 2 ()2 (=02 + B)uw,w) (2.12)
Thus, we have
@) wla)lf <4 [ @07 do (=02 + Buw) < 12((-02 + Sw.w).
R
We consider now the quadratic form
7€) =2 (ie, (%2 +va0i ) ). (2.13)
By the well posedness of (1.1) we can consider
¢ € C'(R,D(H,)) N C*R, L*(R,C)) c C°(R, H'(R,C)) N C*(R, L*(R,C)) =: Y.
We claim that J(¢) € C'(R,R) with
4 e = (i (Ya
2716 = (&, (%2 + w0, ) €. (2.14)



Indeed we can consider a sequence {£,} in CO(R, H3(R,C)) N C(R, H%(R,C)) converging to ¢ in
Y uniformly for ¢ on compact sets. The functions J(&,) belong to C*(R,R) and furthermore their
derivatives satisfy (2.14) with £ replaced by &,. From this formula we derive that the sequence

{£ T (&)} converges uniformly on compact sets to the r.h.s. of (2.14). Since J(&,) 272 T8
uniformly on compact sets, we conclude that J(£) € C*(R,R) and that formula (2.14) is correct.
From (2.14) we obtain

%j(g) + <1DQ(2 +iEz), (W + 40, ) §> (2.15)

= (g (% a0 ) ) + (10 (B + a0 ) €) + (Fe0 (B2 +0an ) €).

The main result of this section is the following.

Proposition 2.2. There exist values 1 > ag > 0 and A > 1 s.t. for € € P.H' and |z|+||&||g1 < ao
we have

rhs. of (215) > = (Jufllze + | (2) 2 wlfa) for w = at. (2.16)

The rest of this section is devoted to the proof of Proposition 2.2.
The key and single most important term is the quadratic form singled out in the following lemma,
see [27, 28].

Lemma 2.3. For w = (a€ we have the equality

<(¢A + 140, ) §,H1§> = <H%w,w> + i (Vw,w) with V(z) = x"(z) |z| +2x"(x) =z

||
(2.17)
Proof. Integrating by parts, see Corollary 8.10 [4], we obtain
(% +wo. ) e.ne) - ——Re/wAgs o5 [Py
= [wnlePan+ 3 [ hePydn+ 5 Re (w2000 (€07 —E’m))
= (Y€, &) - <¢W€ & — 5 (6¢,€), (2.18)

where we used £'(0%) — &'(07) = —£(0), ¥4(0) = ¢’4(0) = 0 and ¢, (0) = 1.
For the first term in the r.h.s. of (2.18), we have

er=(a(2) (2= (v o)
(8] ) (e
ot () + (2 o) 0 ()



and for the second term we have

1 " o 1 (CQ)N o 1 A Cl ?
-preo =3 (5 w’W>—‘5<(<—i+(<—2) )“”“’>'

Summing up we obtain

Ua o uo Yeme) -l L[ ()
<(7+1/}A z)ga 1€>—< %w7w>+§ C_A_<<_A> w,w ) .

Finally, from

we conclude

! (c_i - (%) ) = X' (@)la] + 2¢' (&) = = V().

Substituting (2.20) into (2.19) we obtain (2.17).

The main step in the proof of Proposition 2.2 is the following lemma.

Lemma 2.4. There exist a fived constant Ag > 1 s.t. for A > Ay we have

<<w7‘4 + wax> €,H1€> > 5 (=02 +8)w.w) for w = Cag and all§ € H o).

Proof. We use formula (2.17) singling out the the 1st term in the r.h.s. and writing it as
1 3
<H%w,w> =7 (=02 +6) w,w) + 1 (Hyw,w) .

We now make the following claims.
Claim 2.5. There exist Ag > 0 and Cy > 0 s.t. for A > Ay we have

1 Co
ﬂ” (Vw,w) || < 1 <(—3§ + 5)w,w> for all w e H'.
Claim 2.6. There exist Ag > 1 and Cy > 0 s.t. for A > Ay we have

(Hyw,w) > —% (=02 + §)w,w) for all w = (a€ with £ € L2.

Let us assume Claims 2.5 and 2.6. Then we conclude

(% +wao.) &) = (Hyww) + 5 (Vo)

(—85 + 5) w,w> + g (Hyw,w) + i (Vw, w)

-G (34 e ) ) (2240 ww)

Vv
N R
==
b
_|_
b

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)



which yields immediately (2.21). This, up to the proof of Claims 2.5 and 2.6, completes the proof
of Lemma 2.4. O
Proof of Claim 2.5. By integrating (2.12),

LH (Vw,w) || < z/ \V(2)| (z) da ((—02 + §)w,w) for allw € H'.
24 A Jr

Proof of Claim 2.6. Since w = (fR Wy dw) 1 + P.ow and (Hy; P.w, P.w) > 0, we have

2 2

1
(Hyw,w) = 1 /wgoldx + (H1Pow, P.w) > —— for all w € H'.
R

1
1 /ngoldx
On the other hand, for w as in (2.23) we have

/wad:r:/RscAwl dx:/Rs(cm—wl) dx:—/wa (CiA—l) dz.

Since e~ & < {a(z) <1 and elel -1 < |a:|e|9”| forall z € R, for A >4

1 1 || ||
wprdr| < w — —1)de < — wle” 2 (e®x —1)dz
‘/R ! _/R| |@1<<A > ‘\/§/R| % ( )

Furthermore, by (2.12)

1 || 1 ||
< — wle 2+7xdw<—/we_7xd;v.
< o [l # R alae < —— [ jule %

1/2

ﬁ‘/R|w|e_%|x|d:v < g‘/R@ﬁ/z e dz (=02 + d)w,w)

This immediately leads to the lower bound (2.23). O
By Lemma 2.4 we have found a lower bound on the the 1st term in the r.h.s. of (2.15).
We now examine the contribution to (2.16) of the term with f(&) = g(|¢]?)€.

Lemma 2.7. For any 69 > 0 and A > 1 there exists ag > 0 s.t. for |||z < ag we have

’<<¢7A ! ‘”Aa””> & f@>‘ < Sollu/|[3 for w = Cat (2:24)

Proof. We follow [27, 28]. Recall that f(£) = g(|¢|?)€. Consider the G in (1.5). Then, we have
2\¢\ _ 2\F _1 oy, 1 / 2
(840:6.9()) = Re [ wag(€PiE0gdo = 5 [ 040Gl do =~ [ w46 do.

Thus, by ¢/, = (3%, we have

K(%A +¢A‘9I> £,f(§)>’ < / ¢ (lg(1€®)1€1?] + 271 G(l€1)]) da < C/ 20+ gy
R’ R

Let ¢ = 22 > 0. Then, by the embedding H'(R) <+ L>(R), we have

/ IR do < [1€]1% / PPy,
R R



Therefore, it suffices to prove
[ GlePr -1 ds < ' (2.25)
R
Following p. 793 [27], since 4(p —q) +2=2(p+ 1) — g,

/H§<,24|§|2(p+1)7qd17:/RC;(QP—q)|w|2(p+1)*fIdx

oo 0
</ e2pqu|w|2(p+l)—qd$+/ e—zqu1|w|2(p+1)—qu
0

~
— 00

L [ /e”ﬂlml
2p—q 2p—q Jr

SA / G2 wlPm | de = A / CalgPm W' dw
R R

(|w|2(p+1)fq)/ dx

< Alle],s / CAlE PP~ | de

1
2
< Alell [ Gl -rae) o'
R
1
< I/l + 342061 [ iR,

4
Thus, taking +A%a3” < 1, we have (2.25). O

We now examine the contribution to (2.16) of the term with f(z,£).

Lemma 2.8. There exist Cy > 0 and r > 0 and a neighborhood U of the origin in C s.t. for any
pair z,& € U we have

1f(2,6)| < ColQ[2]["[¢]. (2.26)
Proof. Tt is enough to set ¢ = Q[z] and then to prove
[F(C+&) = f(&) = FIO] < Colc]¢]. (2.27)

We will prove (2.27) with » = 1 if 2p > 1 and with » = 2p if 2p < 1. With these values of r, then
I¢] > |€] implies [(]"[€] < [€]"|¢]. This means that it is enough to consider the case |¢| > [¢].

If €| < 2]¢| we have [¢] ~ |§| and it is elementary to conclude that each of the 3 terms in the Lh.s.
of (2.27) is < [¢|"|€]. Hence we are left with case |¢| > 2|¢|. Notice that |f(€)| < |€[2PH < |C]7|€].
So it is enough to prove that for a fixed C). > 0 we have

[F(C+8) = F(OI < Crl¢]" ] (2.28)
By (1.4) we obtain the following, that implies (2.28) and completes the proof of the lemma:

FC+E) - £ s/o

d
rC )

1
- / |9(1C + tE2)E + 29'(1C + 1€[2)(C + tw) (Re () + tuw]?) | dt
< CICPle] + C (2P IE + ICPP11C?) < 3C)CP e,

10



Lemma 2.9. For any dp > 0 and A > 1 there exists ag > 0 s.t. for ||(z,8)|lcxmr < ap we have

(%2 + 0000 ) €.70)| < 6o (012 + 1 o) 2 wl) Jorw = o

Proof. First, we have
Va, 7 -
(%6.7.9)| < [ 10l ds 5 aol @) ul
Next, since [0,€] < 2 (Jw'| + |w|), we have

[(0adut e )| £ 4 [ 1QLNEA! (') + ) ] d S a0 (o3 + 1 () w3
R
Therefore, taking agA < 1, we have the conclusion. |

2.3 Closure of the estimates and completion of the proof of Theorem 1.4

We set

2
lwlli = llw'|Z2 + || (@) wilZ. (2.29)

In view of (2.15)—(2.16), for any T > 0, we have

1/2

T T
/0|w(t)||§(dt§62—|—</o |w||§(dt> 12 +1E2| L2((0,1))- (2.30)

From (2.3) we have
. . 2 min
£ 4+ 121 S €2 fwlx + [ ] .

Thus,

. 1/2
|2 +1iEz||L2¢0,1)) S emin(2p1) </0 Hw(t)”%( dt) :

Entering this in (2.30) we obtain
||U’H%2([o,T],X) <€+ 6min(2p’1)Hw||2L2([0,T],X)-
Since min(2p, 1) > 0, we obtain ||wl|z2(j0,7),x) < Coe for a fixed Cy > 0 and any T, and so
||’U}||L2(R+7x) < CQG, (231)

which for A sufficiently large implies the estimate (1.19) and ends the proof of Theorem 1.4.

11



3 Proof of Theorem 1.6

We have the following ansatz.

Lemma 3.1. There exists co > 0 s.t. there exists a C > 0 s.t. for all u € H with |jul| g < co,
there exists a unique pair (z,m) € C x (H' NH,[z]) s.t.

u=Qz] +n with |z[ + ||l g < Cllullg (3.1)
The map u — (z,n) is in C1(Dy1(0,co),C x HY).
Proof. Set

_ [({(u—Qlz],iD:1Q]z])
F(z,u) = ((u — Q[z],iD2Q[z]>> '

Then, since here 2p > 1, we have F(z,u) € C* with formula (2.2) true for this function. We conclude
by Implicit Function Theorem. O

The following operator was introduced by Gustafson et al. [15].

Lemma 3.2. There exists ag > 0 such that for any z € C with |z| < ag there exist o;j(z) (j =1,2)
st |le"lag]| g < |2[P~1 such that the R-linear operator R[z] defined by

R[ZJ¢ := €+ (i, a1 (2)) o + (i€, aa(2)) i, (3.2)
satisfies R[z] : H[0] — Helz] and Pely () = R[z]7L.
Proof. We search for 8; = 3;(z,&) € R (j = 1, 2) which satisfy

i€+ (b1 +1B2)p), D;Qlz]) = 0 for j =1,2. (3.3)

Since

D(z) := (¢, D1Q[z]) (i, D2Qlz]) — (ipD1Q[z]) (0, D2Qlz]) = 1+ o(1),

where o(1) — 0 as |z] — 0, the system (3.3) have a unique solution

A\ _ L ({9, DaQl2)) = (o, DiQL2) Y [ (i€, D1Q[2))
(52) = D) <<i<p,DzQ[2]> —<i<p,D1Q[z]>> <<i§,D2Q[z]>>' (3-4)

Therefore, setting

a1(z) == D(2) ™" ({9, D2Q[2]) D1Ql2] = (@, D1Q[2]) D2Q[2])

az(z) = D(2)7" ({ip, D2Qlz]) D1Q[2] — (i, D1Qlz]) D2Q)z]) ,
we see that R[z] defined by (3.2) with «; given by (3.5) satisfies R[z] : H[0] — H[z]. It is obvious
that we have P.R[z]¢ = € for all £ € H[0]. Finally, we have R[z|P.£ = &, for all £ € H[z]. Indeed,

since R[z]P.£ is the unique element of H[z] of the form P.£ + By, we have the conclusion from the
spectral decomposition £ = P.£ + B¢ where § = [£pda. O

(3.5)

Thanks to Lemmas 3.1 and 3.2 we conclude the following.
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Lemma 3.3. Picking ap > 0 small enough, we have

u = Qle] + RIEJE for (2,6) € De(0,a1) x (H' 1 L2)
such that (z,€) — u is C* and
2+ 1€l ~ Nlullm

In terms decomposition (1.21)—(1.22) equation (1.1) can be expressed as follows:

(DQ: +iE2), D,Q) — (in. D;DQU +iE2)) = { £n) + F(zm). D,Q) for j = 1.2
i = Hn+ f(n) + f(z,n) —iDQ(% +iEz),

where
Hn = H[z|n = Hin + V2] with V[z]n = —|Q[2]*n — 2Q[2] Re(nQ[=])

and where f(n) and f(z,n) are defined like in Sect. 2. Like above, we consider

) = 27! <i (W a0 ) >

Proceeding like in Sect. 2.2 we obtain

97 - <<w,4 T 0ad, ) miDQ(: +1Ez>>

<<¢A + a0, )n,H177> + <(¢A + a0, > [Z]n>
+ <(¢A + a0y ) n,f(z,n)> + <(¢A + a0y ) n,f(n)> :

Then, like in Sect. 2.2, we have the following result.

Proposition 3.4. There exist values 1 > ag > 0 and A > 1 s.t. for € € P.H* and |z|+||n||g < ao

we have

rhs. of (312) > o (Il + | (2) 2 w2 for w=Can.

(3.13)

Proof. The proof of Proposition 3.4 is exactly like the proof of Proposition 2.2, except that in (3.12)
there is an additional term (the 2nd in the 2nd line) dealt with in Lemma 3.5 below, and that the
analogue Lemma (2.21) continues to be true with an n € H[z] instead of £ € H[0]. We skip the

elementary proof of the last point.

Lemma 3.5. There exist ag > 0 and Cy > 0 s.t. for |z] < ag we have

<<w‘4 + Y40, > V0= ]77>’ < Colz|? (=02 + d)w,w) for w= (an and alln € H'.

O

Proof. In view of the fact that V[z] is symmetric for our inner product, we have the following:

(%2 + 0400 ) 0. VD) =27 (o, 1QEIPY 0 + 212D ReGiQED + 212 Re(r{QEY)

< |22 <(—8§ + 5)w,w> )

13
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End of the proof of Theorem 1.6. From (3.13) we have like in
[wllZ 20,0, x) S 26% + lwll2(0.0),x) 12+ 1Bzl L2(0.0))- (3.14)
From (3.9) we have
1+ 1Bzl 20, < 15+ 1Bzl 20l () wll e (0..22)
+ (2l o + @) wllze0.,22) ) 020, 5)
S ellz +iBzll L2 (0. + € llwll L2 (0.0, %)
and hence
12 + 1Bz L2 (0.0 S € lwll2((0.0),22)-
Entering this in (3.14) we conclude, for a fixed Cy > 0,
wllz2((0,6),x) < Coe.
We set now p(t) := z(t)e' Jo ()]s Then we have
16l L1 (0,8y) = 12 + 1Bz L1((0,0))
S Al ooy Il (@) "2 wll oo o,y 22) + (HZHLoo((o,t)) + | <~”C>_2w|\Lw((o,t),L2)) [wl|72((0.4),5)-
From this we derive
I8l @y S ellwllfee, x) S €

The existence of p; and of the limit (1.24) follow. This ends the the proof of (1.23)— (1.24). O

4 Proof of Theorem 1.7

We know that there exists a unique global strong solution v € C°(R, H}(R, C)), and furthermore
that energy and mass are constant

Bu(t) = 31000l eqey + Lu(t.0)? + 5 [ Gllu(0)de = B(uo)

1
Q(u(t)) = §|\U(f)|\%2(n@) = Q(uo).
By well posedness and a density argument, it is enough to focus on the case ug € D(H,), so that
u € C°(R,D(H,)) N CH(R, L*(R,C)).

Then we consider J(u), defined like in (2.13), and by the same argument of Sect. 2.2 we have

%j(u) = <1u (%“ + ¢A6I> u> = <1u (%A + ¢Aaw> u>

_ <<_a§ + lald())u+ g(ful)u. (%A - Ww) “> |

14



By computations similar to Lemma 2.3, for w = {4£ and for the V(z) in (2.17), we have
2 Yy _ 2, lal 1
(=05 +19l6(x))u, > FYa0y |u) = —05 + 75@) w,w ) + oA (Vw, w)

> % <(—8§ + |2i|6(:c)> ww>

for A > Ay with Ag a fixed sufficiently large constant.
On the other hand, by ¢/, > 0 and the argument in the first few lines of Lemma 2.7,

(atluPyu, S} + auyu. vadru) =

5 (g(lu®)ul* = G(jul*),vs) > 0.

1
2
Hence, for fixed constants
T
| @)1 a < ) = T(w) < v ETuo) Q) + Qo).

which yields Theorem 1.7.

A Appendix.
We prove Proposition 1.2.

-1
Lemma A.1. Set R := ((H1 + i)’P L2) . Then, for sufficiently small v > 0, R is a bounded

operator from L?Y to H%

Proof. For case v = 0 see Lemma 2.12 of [30]. For the case v > 0, set xa(x) := x(x/A) where x is
given in (2.6). Set puy a(x) := ?VH#y 4 (x). Then, multiplying H; Ru = u by pa, we obtain

Hipy aRu = [Hu, piy, Al Ru + pty, au.
Notice that there exists a C' > 0 s.t.
[[Hq, iy, alul| < C v ||ppy,aul| g for all v € [0,1] and A € [1,00).
This implies that for sufficiently small v > 0,
[y, aRullm S Ny, aullpz S Jlul 2.
Thus, taking A — oo, we have ||Rul[m < ||ullrz. O

We consider h : [0,1] x R — R defined by

hp, 1) == g(pp*)p. (A.1)
For v < %, we set h: [0,1] x HI(R,R) = L2(R,R) by
h(p:q)(x) = h(p, q(x)) = g(pa(x)*)g(x). (A-2)

Notice that ¢ in (A.1) is a number but ¢ in (A.2) is a function.

15



Lemma A.2. We have h € C([0,1] x R,R) N C'((0,1] x R,R) and the estimates

(o, | S PPl (A.3)

and
10php, )] < 0" Hpl P, 19uhlp, )] S Pl (A4)
Furthermore, for pu # 0, h is three times differentiable and we have
02h(p, )| S PP 2|0 10,0uh(0, )] S PP H PP, |07R(p, )| S P P! (A.5)

and
03h(p, )| < PP 2|, 10,030 (p, )| S PP P (A.6)
Ifp> L, we have h € C?((0,1] x R,R).

2
Proof. By the definition of h, we have C([0,1] x R,R) N C3((0, 1] x (R\ {0}),R). Also, (A.3) is
immediate from (1.4) and (A.1). At (p,q) = (p,0) with p > 0, h is differentiable w.r.t. p and
having d,h = 9;h = 0. One can see this easily from h(p,0) = 0 and
h(p+€0) =0, [h(p,€) S FF1.
Further, since for p # 0,
0ph(p,q) = g'(pp® i, Ouhlp, 1) = g(p1®) + 209’ (p1® ), (A7)

we have (A.4) from (1.4), which imply that 9,k and 8,k are continuous at (p,0).
Differentiating (A.7) for p, u # 0, we have

9%h(p,q) = g"(pu*)p°,  0,0uh(p, 1) = 3¢ (pp®)u® + 29" (o)1,

O2h(p, 1) = 6pg (pp® )+ 4p°g" (pp® ).

and
Eh(p,q) = g" (pr® )",  0,02h(p,q) = 2pg" (pp®)°.

This implies that p, ;1 # 0, we have (A.5) and (A.6). By (A.5), for the case p > 1/2, we see that h
is twice continuously differentiable at (p,0) (p # 0) with

92h(p,0) = 9,0, h(p,0) = 92N (p,0) = 0.
Therefore, we have the conclusion. |
Lemma A.3. Let v > 0. Let h, h be the functions given in (A.1) and (A.2). Then,
172 1 172
h e C([0,1] x H,,L7) N C*((0,1] x Hy, L7) (A.8)
and

0ph(p, q)(x) = Ophlp,q(x)), (Dghlp,a)v) (x) = Duh(p, q(x))v(x). (A.9)
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Proof. First of all, for g € H;, we have h(p,q) € L?Y. Indeed, from (A.3),
1h(o, )z = 1A, a(D)llez S pPllall Foellal 2 < pp||l1||§f;1, (A.10)

which implies also that h is continuous at {0} x H®.
Next, we show (A.9). For (p,q) € (0,1] x HJ, and [¢| < p,

el " IB(p + €,9) — h(p,a) — €dph(p, @)l 2 = le| I h(p + €,9) — hlp,q) — €Dph(p, q)| L2
1
= [ 10,itp + miesq) dr = 0,hp, )2 s
0
1 1 5
N / / T1lel[|05h(p + 11726, 9) || L2 ({zeRiq(2)20}) dT1dT2
0 0

1 1
N |6|/ / T1(p + T172€6)P 2 dﬁdTquHif;l —0ase— 0.
o Jo

Similarly,

1
ol (e a +©) = h(p, @) = Dublp,0)ellzz = o] 5t / (0uh(p.a+ 70) = 0h(p.0)) vllrz

< sup [|0,h(p,q +Tv) — 0uh(p,q)|| L= — 0 as [vllm2 — 0. (A.11)
T€[0,1]

Here we have used the fact that d,h is uniformly continuous in [5,1] < [=llgllze — 1, gl + 1]

and [[v]|gee — 0 if [[v[|gn — 0. By similar estimate, we see that d,h and Ogh are continuous in

(0,1] x H}. From this, we have (A.8). O

Lemma A.4. Let p > 1/2. Let h, h be the functions given in (A.1) and (A.2). Then,

he C([0,1] x H}, L2) N C*((0,1] x H}, L?), (A.12)
and - -
Oph(p 9)(@) = ph(p. a(2)), (DpDsh(p: 9)v) () = 0,0uh(p: a(x))0 (), (A13)
9;h(p, q)(v,w)(x) = Tph(p, a(x))v(z)w(z).
Proof. Since the argument is similar to the proof of Lemma A.3 we omit it. O

Lemma A.5. Let v € [0,3) and set
e(p,q) = (hlp,p + ), ) -
Then, e € C'((0,1) x H1(R,R),R). Moreover, if p > 1/2, we have ¢ € C*((0,1) x H}(R,R),R).

Proof. Set F' e C*°(L2;R) by F(h) := (h, ). Since ¢(p,q) = F o h(p + ¢,q), we immediately have
the conclusion from Lemmas A.3 and A 4. O

Lemma A.6. Let v € [0,3). Set

®(p,q) = e(p,q)(¢ +q) — h(p,p + q). (A.14)
Then, ® € C1((0,1] x PcHi(R, R);PCL%(R, R)). Moreover, if p > 1/2, we have ® € C?((0,1] x
P.H(R,R); P,L2(R, R))
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Proof. From Lemmas A.3, A.4 and A.5, it suffices to show ®(p,q) € PCL,%. However, from the
definition of ¢ we obtain the following, which yields the conclusion:

(@(p,q),p) = e(p,q) — (h(p, o+ q), ) = 0.
O

Lemma A.7. Take vy € (0,1/2) such that the conclusion of Lemma A.1 holds. Then there exists
po > 0 s.t. there exists a unique q € Ck((O,po),Hi) with k=1 and k=2 if p > % satisfying

q(p) = RP(p, q(p)); (A.15)
and
gl < 27, 110pa(p)lmz S PP~ and [e(p,q(p))| < PP (A.16)
Moreover, if p > 1/2 we have
102a(p) | S P72 (A.17)

Proof. By Lemma A.1 and Lemma A.3, we have
IR®(p, 1) = R®(p, q2)| 2 S N1@(p, q1) — (s a2)llLz S I1h(ps o + q1) — hlp, o + a2) |22

1
< / 10g1(p, ¢ + a2 + (a1 — @2))l| = d7llar — @2llz2 < PP lr — @2l
0

for q1,q2 € DH% (0,1). Therefore, there exists pg > 0 s.t.

1
|R®(p,q1) — R®(p, QQ)HHMR,R) < EHfh — Q2HH$,

for all p € (0,pp) and q1,¢2 € DH%(RR)(O, 1). Thus, by contraction mapping principle, there exists
a unique ¢ € DH#(RJR)(O, 1) satisfying (A.15). We call ¢(p) the fixed point of R®(p,-) and set
F(p,q) :=q— R®(p,q).

Since one can show JgF |(p O)=(p:a(a) is invertible by using the estimate we have prepared, by the
Implicit Function Theorem and by Lemma A.6 we have g € C*((0, po), H}) with k = 1 and k = 2 if
p> 3.

We now prove (A.16). First, by the fact that g(p) is the fixed point of R®(p, ), Lemma (A.1)
and (A.3) with the definition of h, ®, we have

la(p)l e = IR (p) 2 S 1@(p)lIL2 S Ihp, ¢ + a(p))llrz < PP

Next, by the definition of e, we have

le(p, q(p))| < [|h(ps ¢ +a(p)llLe S PP

Finally, since

0,q = RO, 0,q + RO,
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and by the above argument, for sufficietly small p > 0, we have ||(Id — R(’“)QCI))_1||H%HH% < 2, we
have the 2nd estimate of (A.16) by

10,11 = 11(1d — RO,®) " RO ®ll1y < 10,02 < 19hlz < o7
The estimate (A.17) can be proved similarly. O

1
Proof of Proposition 1.2. Set ag = pi where pg > 0 is given in Lemma A.7. Set

Qlz] = z(p + q(|2[*)) and E(|z[*) := —i +e(|2%, q(|2%)),

where ¢ € C*((0,a3), H (R, R)) is given in Lemma A.7. Then, (1.12) and (1.13) are immediate from
the definition of @, ¢ and e. The first and third inequality of (1.14) follow from (A.16).

By Lemma A.7, we have Q € C(Dc(0,a0), H}) N C*¥(Dc(0,a0) \ {0}, H2) for k =1 and k = 2
for p > % However, since

ID;Ql2] = ¥ ol = ¥ a(l2?) + 24 (|2*) 225y S 1217, 5 =1,2,
we see that Q[z] is also continuously differentiable at z = 0. Here, we have set z = 2, + izq for
21,22 € R. Similarly, if p > 1/2, we see that Q[z] is twice continuously differentiable at the origin
and satisfying the estimate (1.16). This finishes the proof. O
Acknowledgments
S.C. was supported by a grant FRA 2018 from the University of Trieste. M.M. was supported by
the JSPS KAKENHI Grant Number 19K03579, JP17H02851 and JP17H02853..
References

[1] R. Adami and D. Noja, Existence of dynamics for a 1D NLS equation perturbed with a
generalized point defect, Jour. of Physics A 42 (2009), 495302 (19pp).

[2] W. Amrein, A. Boutet de Monvel and V. Georgescu, Cp-groups, commutator methods and
spectral theory of N-body Hamiltonians, Birkhduser/Springer (1996).

[3] V. Banica and N. Visciglia, Scattering for NLS with a delta potential, J. Differential Eq. 260
(2016), 4410-4439.

[4] H. Brezis, Functional Analysis, Sobolev Spaces and Partial Differential Equations, Springer
(2011).

[5] T. Cazenave, Semilinear Schrédinger equations, Courant Lecture Notes in Mathematics, vol.
10, Courant Lecture Notes, American Mathematical Society, Providence (2003).

[6] S. Cuccagna and M. Maeda, On small energy stabilization in the NLS with a trapping
potential, Anal. PDE 8 (2015), no. 6, 1289-1349.

[7] P. Deift and J. Park, Long-time asymptotics for solutions of the NLS equation with a delta
potential and even initial data, Int. Math. Res. Not. IMRN 24 (2011), 5505-5624.

19



8]

[9]

[10]

[11]

P. Deift and X. Zhou, Perturbation theory for infinite-dimensional integrable systems on
the line. A case study, Acta Math. 188 (2002), 163-262.

J.—M. Delort, Modified scattering for odd solutions of cubic nonlinear Schrédinger equations
with potential in dimension one, preprint.

J. Derezinzki and C. Gerard, Scattering Theory of Classical and Quantum N-Particle

Systems, Springer (1997).

T. Duyckaerts, C. Kenig and F. Merle, Classification of radial solutions of the focusing,
energy—critical wave equation, Camb. J. Math. 1 (2013), 75-144.

R. Fukuizumi, M. Ohta and T. Ozawa, Nonlinear Schrodinger equation with a point defect,
Ann. Inst. H. Poincaré Anal. Non Lineaire 25 (2008), 837-845.

P. Germain, F. Pusateri and F. Rousset, The nonlinear Schrodinger equation with a

potential, Ann. Inst. H. Poincaré Anal. Non Linéaire 35 (2018), 1477-1530.

R. Goodman, P. Holmes and M.Weinstein, Strong NLS soliton—defect interactions, Physica
D 192 (2004), 215-248.

S.Gustafson, K.Nakanishi, T.P.Tsai, Asymptotic stability and completeness in the energy
space for nonlinear Schrodinger equations with small solitary waves, Int. Math. Res. Not.

66 (2004) , 3559-3584.

J. Holmer and M. Zworski, Breathing patterns in nonlinear relaxation, Nonlinearity 22
(2009), 1259-1301.

J. Holmer and M. Zworski, Slow soliton interaction with delta impurities, J. Mod. Dyn. 1
(2007), 689-718.

J. Holmer, J Marzuola and M. Zworski Soliton splitting by external delta potentials, J.
Nonlinear Sci. 17 (2007), 349-367.

J. Holmer, J Marzuola and M. Zworski Fast soliton scattering by delta impurities, Comm.
Math. Phys. 274 (2007), 187-216.

C.Kenig and F. Merle, Global well-posedness, scattering and blow-up for the energy-critical,
focusing, non-linear Schrédinger equation in the radial case, Invent. Math. 166 (2006), 645—
675.

E. Kirr and O. Mizrak, Asymptotic stability of ground states in 3D nonlinear Schr édinger
equation including subcritical cases, J. Funct. Anal.257 (2009), 3691-3747

E. Kirr and A. Zarnescu, Asymptotic stability of ground states in 2D nonlinear Schr &dinger
equation including subcritical cases , J. Differential Equations 247 (2009), 710-735.

A. Komech, On attractor of a singular nonlinear U(1)-invariant Klein-Gordon equation, in
Progress in analysis, Vol. I, IT (Berlin, 2001), pp. 599-611, World Sci. Publ., River Edge,
NJ, 2003.

A. Komech and A. Komech, Global attraction to solitary waves for Klein—-Gordon equation
with mean field interaction, Ann. Inst. H. Poincaré Anal. Non Linéaire 26 (2009), 855-868.

20



[25]

[26]

[27]

28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

A. Komech and A. Komech, Global attraction to solitary waves for anonlinear Dirac equation
with mean field interaction, STAM J. Math. Anal. 42 (2010), 2944-2964.

A. Komech and A. Komech, On global attraction to solitary waves for the Klein-Gordon
field coupled to several nonlinear oscillators, J. Math. Pures Appl. 93 (2010), 91-111.

M. Kowalczyk, Y. Martel and C. Mufioz, Kink dynamics in the ¢* model: asymptotic
stability for odd perturbations in the energy space, J. Amer. Math. Soc. 30 (2017), 769-798.

M. Kowalczyk, Y. Martel and C. Munoz, Soliton dynamics for the 1D NLKG equation with
symmetry and in the absence of internal modes, arXiv:1903.12460.

M. Ikeda and T. Inui, Global dynamics below the standing waves for the focusing semilinear
Schrodinger equation with a repulsive Dirac delta potential, Anal. PDE 10 (2017), 481-512.

S. Masaki, J. Murphy and J. Segata, Stability of small solitary waves for the 1d NLS with
an attractive delta potential, arXiv:1807.01423.

S. Masaki, J. Murphy, and J. Segata, Modified scattering for the one-dimensional cubic NLS
with a repulsive delta potential, Int. Math. Res. Not. doi:10.1093 /imrn/rny011 .

F.Merle and P.Raphael, The blow-up dynamic and upper bound on the blow-up rate for
critical nonlinear Schrodinger equation, Ann. of Math. 161 (2005), 157-222.

T. Mizumachi, Asymptotic stability of small solitary waves to 1D nonlinear Schrodinger
equations with potential, J. Math. Kyoto Univ. 48-3 (2008), 471-497.

T. Mizumachi and D. Pelinovsky, Backlund transformation and L?-stability of NLS solitons,
Int. Math. Res. Not. (2012), 2034-2067.

I. Naumkin, Sharp asymptotic behavior of solutions for cubic nonlinear Schrodinger
equations with a potential, J. Math. Phys. 57 (5) (2016) 051501.

T. Ogawa and Y. Tsutsumi, Blow-up of H' solution for the nonlinear Schrédinger equation,
J. Diff. Eq. 92 (1991), 317-330.

C. Pillet and E. Wayne, Invariant manifolds for a class of dispersive, Hamiltonian partial
differential equations, J. Diff. Eq. 141 (1997), 310-326.

M. Reed and B. Simon, Methods of Modern Mathematical Physics IV, Academic Press, San
Diego, 1978.

S. Richard, Some improvements in the method of the weakly conjugate operator, Lett. Math.
Phys. 76 (2006), 27-36.

A. Soffer and M. Weinstein, Multichannel nonlinear scattering for nonintegrable equations ,
Comm. Math. Phys., 133 (1990), 116-146

A. Soffer and M. Weinstein, Multichannel nonlinear scattering II. The case of anisotropic
potentials and data , J. Diff. Eq., 98 (1992), 376-390.

[42] W. Strauss, Nonlinear Scattering Theory at Low Energy, Jour. of Funct. Analysis 41 (1981),

110-133.

21



[43] T. Tao, A global compact attractor for high-dimensional defocusing non-linear Schr 6dinger

equationswith potential, Dyn. Partial Differ. Equ. 5 (2008), 101-116.

Department of Mathematics and Geosciences, University of Trieste, via Valerio 12/1 Trieste,
34127 Italy. E-mail Address: scuccagna@units.it

Department of Mathematics and Informatics, Faculty of Science, Chiba University, Chiba 263-
8522, Japan. E-mail Address: maeda@math.s.chiba-u.ac.jp

22



