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Abstract

The main theme of this paper is the enumeration of the order-isomorphic occurrence of a pattern in
words and permutations. We mainly focus on asymptotic properties of the sequence f2(k, n), the

number of r-array A-ary words that contain a given pattern vexactly rtimes. In addition, we study
the asymptotic behavior of the random variable X, the number of pattern occurrences in a random

n-array word. The two topics are closely related through the identity P(X,, =r) = inf;f(k, n). In
k

/

particular, we show that for any r= 0, the Stanley-Wilf sequence (fﬁ(k,n))1 " converges to a limit

independent of 1, and determine the value of the limit. We then obtain several limit theorems for
the distribution of X, including a central limit theorem, large deviation estimates, and the exact
growth rate of the entropy of X}, Furthermore, we introduce a concept of weak avoidance and link
it to a certain family of non-product measures on words that penalize pattern occurrences but do
not forbid them entirely. We analyze this family of probability measures in a small parameter
regime, where the distributions can be understood as a perturbation of a uniform measure. Finally,
we extend some of our results for words, including the one regarding the equivalence of the limits
of the Stanley-Wilf sequences, to pattern occurrences in permutations.

Keywords

pattern occurrences; weak avoidance; finite automata; random words; Stanley-Wilf type limits;
limit theorems

1 Introduction and main results

Pattern occurrence enumeration is a central topic in modern combinatorics, see for instance
the monographs [8, 16, 20, 25]. In this paper, we are primarily concerned with pattern
occurrence problem for words, however, we provide the extension of certain results in the
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context of permutations. We define words as finite arrays of letters from an alphabet [A] :=
{1, ..., K}, for some given k € N. A pattern is any distinguished word, and occurrence of a
pattern vin a word wis a subsequence of letters in w (not necessarily consecutive) that are
in the same relative order as the letters in v. For instance, the word w= 37451554 has four
occurrences of the pattern v= 1332, namely 3* *5* 5* 4 3 * *5 * *54 3 * * * *554 and *
* * * 1554, See Subsection 2.1 for a more formal introduction of the concept. Occurrences
of patterns in permutations are defined similarly, see the beginning of Section 3 for details.

Suppose that the alphabet [A] and a pattern vE€ [/d/are given, and that exactly o< Alistinct
letters are used to form the pattern v. For instance, if k=7 and v= 35731, then /~5and d'=

4. Our main object of interest is the frequency sequence fZ(k, n), namely the number of
words in [A]” that contain the pattern vexactly rtimes. We also study the asymptotic
behavior of the partial sums gf(k,n) = ¥ ; < »f7(k.n) and X, the number of occurrences of v
in a random word distributed uniformly over [A]”. Remark that the distribution of the
random variable X}, is related to the sequences fZ(k, n) and gl(k, n) through the identities

1 1
P(X,=r)= Ffﬁ(k’ n) and P(X,<r)= Fg#’(k, n. (6

The starting point of our study is the celebrated Stanley-Wilf conjecture which states that the
number of permutations of size navoiding a pattern grows exponentially. The conjecture
was settled by Marcus and Tardos [27] in 2004, see [11, 17, 25, 34] for a review of the
history and recent developments in the field. The analogue of this result for the words is the
convergence of the series (f§(k, n))l /". This was proved by Brandén and Mansour in [9] via
a combinatorial analysis of certain finite automata that generate words avoiding a given

1/n

pattern. In fact, it was shown in [9] that lim,, _, o(f§(k. 1)) =d — 1, where dis the number

of distinct letters in the pattern v. In Section 2.2, we generalize this result to all r > 0.
Specifically, we show the following (as stated in Theorems 2.7 and 2.8):

Theorem A.

a. For any integer r= 0,

1 1
lim (ff(k.m)n = lim (g¥(k.m)n =d~—1,

n— o n— o

where d is the number of distinct letters in the pattern v.

b. Assume that d> 1. Then for any r= 0, there exist a positive integer M, € N and
real constants C, € (0, o) and K,= 0 such that
Y(k, (k.
lim &: » and  lim M:

n—>oonMr(d_1)” n—>oonM"(d—1)n
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We remark that in various examples with @> 1, we are able to verify K> 0. Nevertheless,
we believe that it may be zero in some cases, see the discussion in Section 2.3.

We also give the following extension of this result for permutations. Let & be a given
permutation pattern of size kand f&(n) denote the number of permutations of size n7that
contain & exactly rtimes, r= 0. We have (Theorem 3.1 below):

1 1
Theorem B. Foranyr € N, lim,, _, o( f§(n))ﬁ exists and is equal tolim,, _, 4 ( fg(n))".

In contrast to the obtained results in the context of words, we cannot describe the exact
structure of Stanley-Wilf type limits as a function of the parameters (r, &) in a general form.

The next result turns out to be a direct implication of Theorem A. It is stated below as
Theorem 2.11.

H .
Theorem C. /fd> 1, then, lim, _, k’n o _ log f T where Hy, , (1) Is the entropy of X,

d
aefined in (16).

Loosely speaking, for a given 7, the entropy H (/1) measures the amount of uncertainty in
the value of the random variable X, Consequently, the entropy sequence Hy (.) is

subadditive, namely Hy (n+ m) < Hy A1) + Hy m) because of the dependence of pattern
Hy p(n)

occurrences each of other. The convergence of is thus ensured by Fekete’s

subadditivity lemma. Theorem 2.11 then gives the precise value of this limit for an arbitrary
pattern v.

In Sections 2.4 and 2.5 we study the asymptotic behavior of the sequence (X,), e n- IN

Section 2.5 we obtain a central limit theorem and several related asymptotic results for the
distribution of X, The following result is an analogue of the central limit theorem (CLT) for
permutations obtained by Béna in [8]. The bulk of the proof is an estimation of the variance
of X, referred to as VAR(.X). The latter, together with general theorems of [29] and [23],
yields also a Berry-Esseen type bound for the rate of convergence and large deviation
estimates stated, respectively, in Corollaries 2.14 and 2.15. The following is the content of
Theorem 2.12.

n\(k\ 1
Theorem D. Let u,= E(X}) and s, = \[VAR(X,,). Then u, = (f)(d)?’ o, grows when n—

U . . L. Xp—H . L. .
00 as c—~, where c Is a strictly positive constant, and % converges in distribution, as n
n

N
— 00, {0 a standard normal random variable.
For a pattern of length £there are (;) places in a word w € [k]” where the pattern might

occur. Enumerate them in an arbitrary way, and let X}, {w) be the indicator of the event that
the pattern occurs at the /th place in w. Choose a parameter x € [0, 1] and consider the
following partition function penalizing the occurrences of v:
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n
4
cllc),n(x)= Z H (1= xXp, (W) = Z a _x)OCCU(w)z Z Foem (1 =)

we k=1 w e [k]" rz0

Using this partition function, one can construct a Boltzmann distribution on []” as follows:

, 1
Qp N(A) = - 3 -0 A
knMwe A

The probability measure @,‘é’,ﬁ( -) penalizes words wwith a non-zero occ {w) with the factor
(1 - x)9ccUM), but unless x = 1 it doesn’t forbid them completely. We refer to a random word
wdistributed according to @Z’j as weakly avoiding the pattern v. The construction and the
terminology are inspired by their analogue in the theory of self-avoiding walks, where a
similar construction is used to penalize self-intersection of the path of a random walk and
introduce weakly self-avoiding walks [5]. Similar construction for permutations is outlined
in Section 3.2. In the case of permutations and the inversion pattern 21, the above probability
measure is a Mallow’s distribution. Mallow’s permutations have been studied by many
authors, see, for instance, recent work [12, 19, 30] and references therein.

We remark that when x = 0, the above results for X, hold under @, as @;", is the uniform

distribution over [4]”. One would then expect that for a sequence (x,,),, ¢ n decaying to zero

sufficiently fast, similar limit theorems hold for @Z’ ﬁ”. Indeed, by using perturbation

techniques we prove this the following (see Theorem 2.17):

Theorem E. The following holds for anyt € R and a sequence of positive reals (p,), c N

¢
such thaty := lim,, _, 002— €0, + ) :
n

a. U’p— tXy, ¢ k
lim E " 7z)=¢e .
T kn ) xP[kff!(d)]

1Xn/n

v —
lim,, _, w% log [Ek S”(e 7 )= Ji, ot, Where Jy, are strictly positive constants.

C. v, L
Let Q,(r) = Q m(Xy,=rand H, = — Y, > 0Qu(r) log Q,(r) be the entropy of X,
/]

v,— H k
on . n_ k v
under the laWQk’n - Thenlim, _, o~ =log_— + sz’ﬂ(d)'

Note that in the context of permutations, somewhat similar perturbative regimes for
Mallow’s permutations were recently studied in [6, 19, 33].
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Another interesting result closely related to Theorem D (Theorem 2.12 below) is a limit
theorem dealing with a Poisson approximation of X}, in the case when d'= a, is a rapidly
increasing function of n. The result is an analogue for random words of [12, Theorem 3.1]
for random permutations, it is stated below as Theorem 2.20.

Theorem F. Suppose that sequences of natural numbers (k,), e N» @n e Ny @00 (dp)y e N
satisfy the following condition:

There exist constants A> 0 and > 2—15 such thatmin{k,, &} = d,= AP foralln e N,

dy

where § = lim inf,, _, w07
n

Consider an arbitrary sequence of patterns vy, € [k & neN, with a), distinct letters used to
form vy, Let X, = occy,, (W),), where W), is drawn at random from [k;]". Then

U —
Slhkpan) e Hn

n r!
kp

=0,

lim
n— oo

for any integer r= 0.

The paper is structured as follows. Section 2 is devoted to pattern occurrences in words. The
framework is formally introduced in Section 2.1. In Section 2.2 we study the sequences

fL(k,n) and gl(k,n), r= 0. The generating functions are explicitly computed for several
examples using the automata approach and the transfer matrix method. The Stanley-Wilf
limits of fZ(k,n) and g¥(k, n) are studied in Section 2.3. Section 2.4 is devoted to the study of
words weakly avoiding a pattern. Section 2.5 contains various limit theorems for the

distribution of the random variable X, Finally, within the framework of permutations the
Stanley-Wilf type limits and words weakly avoiding a pattern are discussed in Section 3.

2 Pattern occurrences in words

In this section we focus on pattern occurrences in words and study the asymptotic behavior
of f£(k,n) and X, The section is divided into five subsections. We begin with notation.
Section’s organization is discussed in more detail at the end of Section 2.1.

2.1 Notation and settings

Let N and Ny denote, respectively, the set of natural numbers and the set of non-negative
integers, that is Ng = N u {0}. For a given set A, #A is the cardinality of A. For any given
k € N, we denote the set {1, 2, --- K} by [A] and refer to it as an alphabet and to its elements
as Jetters. A word of length 7, is an element of [A]”, n € N. A language [k1* := Uy = o[k]" is

the set of all words compound of letters in an alphabet [4]. We adopt the convention that [4]°
= {€}, where eis an empty word. For any A c Ny we denote by [£]“ the union UﬁA[k]f. For

instance, [K127 = U [KV and [K]=7 = U [KV. We write a word w € [K]”in the form w=
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wm1) -+~ w(n), where () is the Fthe letter of w. The concatenation of two words w € []”
and ve€ [ is the word wv:= m(1) --- M{n)U1) --- U m). For instance, the concatenation of
w=20and v=19 is wv=2019. A patternis any distinguished word in the underlying

language [A]*.
Let us now fix integers k> 0, /= 2, and a pattern vin [/d/.’ These parameters are considered
to be given and fixed throughout the rest of Section 2. An important characteristic of the

pattern turns out to be the number of distinct letters used to compound it. We will denote this
number by d. For instance, if = 33415, then /=5 and d= 4.

For a word w € [A]” with 7> /an occurrence of the pattern vin wis a sequence of Zndices
1< 1 <o <- < jy< nsuch that the subword w(fy) -+ w(j) € [K]%is order-isomorphic to the
word v, that is

w(jp) <w(jy) S vp<vg V1 <pgq<’?t

and

w(jp)= w(jq)c»up: iy Vi<pg<Ct.

For a word w € [A]*, we denote by occ, (W) the number of occurrences of vin w. For
instance, if vis the jnversion 21 and w= 35239, then occ(w) = 3 (for the following three
occurrences of pairs of letters which appear in the reverse order: (1) u(3) = 32, M2)mM3) =
52, and m(2)m(4) = 53). We say that a word w € [K]* contains the pattern vexactly rtimes,
r € Ny, if occ{w) = r. For r € Ny, we denote by fZ(k,n) and gl(k, n), the number of words in

[A]” that contain v, respectively, exactly rtimes and at most rtimes. That is,
r
k) =#{w € [K]" : oce,w) =r) and  gi(k.m)= 3 fi(k.n). @
i=0

We define their corresponding generating functions as

Frux)= Y file,mx" and Gy p(x)= Y gh(k,mx". @

n>0 n>0

We remark that given fZ(k,n) = 0 for r > (;

, F_n(x) is a polynomial in x. Throughout this

paper, a,~ bp, a,= O(by), and a, = o(b,,) for sequences a,and b, with elements that might

n

depend on &, r, £ d, vand other parameters, means that, respectively, lim,, _, Oo:— =1,
n

a a .
lim supy, , oo ‘ b—Z ‘ < o0, and lim,, _, wé =0 for all feasible values of the parameters when

the latter are fixed. As usual, a,= ©(b,) indicates that both a,= O(4,) and b,= O(a,;) hold
true.
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The remainder of this section is divided into four subsections. In Section 2.2 we study a
finite state automaton that generates words w € [k]” with a given value of occ(w). The
words are then counted trough an application of the transfer-matrix method, allowing us to
evaluate g/(k, n) and subsequently fZ(k, ) in several interesting cases. The results of Section

2.2 are then used in Section 2.3 to show that (see Theorem 2.7) for any r=0,

1 1
lim (fYk,m)n = lim (glk.n)n =d -1,

n— oo n— oo

where d'is the number of distinct letters in the pattern v. Theorem 2.7 is the main result of

this paper. Remark that a similar result for permutations is given by Theorem 3.1 in Section
1
3.1. We refer to lim,, _, o(fZ(k, n))n and their counterparts for permutations in Theorem 3.1

as Stanley-Wilf type limits.

Finally, Sections 2.4 and 2.5 deal with random words. Let W, be a permutation chosen at
random from [A]” and X, = occ,(W,,). In Section 2.5 we obtain a central limit theorem and
several related asymptotic results for the distribution of X, The study of Xj,is, in principle,
equivalent to the study of the sequences fZ(k, n) and gl(k, n) in view of the identities (1). In

Section 2.4 we introduce a notion of weak avoidance for an arbitrary word pattern. In
Theorem 2.17 we obtain limit theorems for random words avoiding a pattern weakly. The
distribution of W/, is not uniform in this case, and we use the CLT for the uniform case and
perturbation techniques to derive the results.

2.2 Finite automata and pattern occurrences

Following [9], we define a finite automata for counting occurrences of a fixed pattern in
words over finite alphabet, which leads to Theorem 2.8 as extension of Theorem 3.1 in [9].
Given an integer 7> 0, we define an equivalence relation ~, -on [A]* as follows. We say that
two words W’ and win [K]* are equivalent and write w/ ~ ., wif the following condition
holds for all v € [A]*:

occy(w'u)y=m ifandonlyif occ,(wu)=m, Vm<r. 03]

For instance, if k=2, r=1and v=12, then 1 =11 because occi5(12) = 1 and occy»(112)
= 2. On the other hand, 11 ~ ., 111 because occip(114) = occip(111u) = mforany m=0, 1,
and v € [2]*. We denote the equivalence class of a word wby (1), For simplicity in
notation, we drop the indexes when context is clear. We remark that:

. wand /' do not need to have the same length in order to be equivalent;
. if occ(w) > rand occAwW') > r, then w~,,, W/

The latter observation implies that there is a unique equivalence class %(v, r, k) such that

{w e [k]™ : occy(w) > r} € B(v,r, k).
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Since the empty word e is an element of the language [A]*, it follows from (4) that if
occw) < rthen

(w)v;r c{w e k1 : occp(w') = ocey(w)} .

In particular,
R, r k) = {w e [k]" : occy(w) > r}. (5)

The following lemma shows that the equivalence of any two words can be checked with a
finite number of steps. We omit the proof of the lemma, due to its similarity to that of
Lemma 2.1 in [9].

Lemma 2.1. Let w’ and w be two words in [k]'. Then w’~.,wifand only if(4) holds for
all u€ K"

Let &(v, r, k) be the set of all equivalence classes of ~ .. Note that by Lemma 2.1 the number
of equivalence classes is finite. Recall %(uv, r, k) from (5), and let

E(,r,k) =&, r, k)\MR(,r, k)}

denote the set of equivalence classes excluding % (v, r, k). By the definition,

E(v,r. k) = U (w)p; r-

{w € [k)*:0ccy(w) < r}

We next introduce the key tool in our proofs in this section.

Definition 2.2. Given an integer r = 0, we denote by AUV, r, K) a finite automaton [21] such
that

. The set of states of the automaton is E(v, I, K);

. The input alphabet is [K];

. Transition function & Ev, r, K) x [ — Ev, r, K) is given by the rule 5§{w), a)
= (na);

. The initial state is{€), where e denotes the empty word:

. All states are final states.

We identify the automaton A(Vv, 1, k) with a (labeled) directed graph with vertices in £V, r,
K) such that there is a labeled edge a from (w) to (w') if and only if wa~,, .

Example 2.3. Consider the case v= 123, k=3, and r=1. The set of equivalence classes
E(123, 1, 3) is given by
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E(123,1,3) = {{e), (1), (11),(12),(112),(123)} .

The labeled graph associated with the automaton Au(123, 1, 3) is

N

AN LA LR
()= ()< (11) —- (112)

) A (23)

The automata serves for us as a bridge between the formal language theory and theory of
computing on one side and the asymptotic theory of algebraic functions on the other. See,
for instance, [4, 16] and references therein for background.

w
-

We exploit the link between asymptotic properties of rational functions and the structure of
associated regular languages to study the generating functions F, ,(x) and G/, (x) of the

sequences fY(k,n) and gl(k, n) defined in (3), and subsequently the asymptotic behavior of

these sequences, as n7tends to infinity. The class of automata Au(v; 0, k) has been introduced
in [9]. Our results in this subsection (Lemmas 2.5 and 2.6 below) are extensions of the
corresponding results in Section 2 of [9]. Thus, we omit the proofs.

It is straightforward to verify (cf. [20, p. 256]) that one can order the states of the automaton
AUV, I, K) s Sy, S, ..., Sp, p=H#E(V, I, k), so that if /< jthen there is no path from the state
sjto the state s;. Transition matrix T(v, 1, K) of AUV, r, K) is the p x p matrix with non-
negative integer entries defined by

[T(v,r,k)ljj=#{a € [k] : &(sj,a) = s} .

Thus [ 7{v, r, )] counts the number of edges between s;and s; and 7{v; 7, A) is triangular.
The following observation reduces the study of the sequence gf(k, n), n € N, to the analysis

of the matrix 7(v, r, ) :

gl(k, n) = #{paths of length n starting at <e> in the graph associated with Au(v, r,
k)} 6)
P
= Y [Ty
i=1
where 7= T(v, r, K) and p=#EV, 1, K).

Example 2.4. Consider again the setup of Example 2.3, namely v=123, k=3, and r=1.
The transition matrix T(123, 1, 3) is given by
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210000
011100
002010
000111|"
000020
000002

Thus the generating function for the number of 3-ary words of length n that contains 123 at
most once is given by

GI3) = Y el®C.mx"=ef Y T(123,1.3)"x"(e; + -+ + eg)
n>0 n>0 7
(= 8x3 4 10x2 = 5x + 1) Q)

(1 -2x)(1 = x)?

where e; Is the I-th standard unit vector (all coordinates are zero, except that the i-th
coordinate is one), and el denotes its tarnspose. Note that the generating function for the

number of 3-ary words of length n that avoids 123 is given by

2
FE) = ns 0/073, mxn = 3"_—3’“;1 see [10],) Therefore, by Virtue of (7),
(1-2x)

123 3

123
Fl’g(x)= f Gnxt= —M————.
,Eo (1= 2x)%(1 = x)2

X

Applying arguments similar to the one we used in order to get (7), we find that

_ 2 _ 3 4_45.5
G%’zé%(x) _ z g%23(4, M = (1 —7x+22x%—32x" + 156x 2x )’
n>0 (1 =x)(1-2x)
and
_ 2 _ 3 4 _ 5 _ 2,6 7
G11’253(x) _ 2 g%23(5,n)x" _ (1 —10x + 48x 124x° + 170x 7103x 3x°+23x") )
n>0 (1 =x)(1-2x)

We refer to an edge of the associated graph starting and ending at the same state {u) as a
Joop at {w). 1t is easy to see that the graph does not have any cycles, besides perhaps loops
(cf. [20, p. 256]). Using similar arguments as in [9] (see Lemma 2.4 there), one can prove
the following lemma.

Lemma 2.5. Let d be the number of distinct letters in v. Then for any{u) € E(v, 1, K), the
number of loops at{u) does not exceed d - 1. Moreover, there are exactly d— 1 loops at  €).

Recalling (3), the following lemma links the number of loops to the poles of the generating
function Gy, x(x), x € C, and hence to the asymptotic behavior of the sequence g(k,n) as
tends to infinity. The result follows directly from the identity in (6) and the transfer-matrix
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method [32, Theorem 4.7.2]. Given a matrix A, denote by A(/ the matrix with row 7and
column jdeleted. We have:

Lemma 2.6. Let p=#E(v, 1, K) be the number of states in AV, 1, K). Then the generating
function Gy, (x) is given by

Y2 _ (=1t lder(r — x7U: D)
Gr k()= D) ghlkmx" = j=1 > _ pdet B
"= Ili= 1 (=4 ITi= 1 (1= 42

where A; is the number of loops at state s;, T= T(Vv, 1, K), and B(X) is the matrix obtained by
replacing the first column in 1 — xT with a column of all ones.

2.3 Stanley-Wilf type limits

Note that when the pattern is the repetition of only one letter, we have that f7(k,n) = 0 for all

n= (/- 1)kr+ 1. Therefore, throughout this section we assume that the number of distinct
letters in the pattern v € [/d/,’ namely @, is greater than one. An interesting consequence of
the results in Lemma 2.5 and Lemma 2.6 is the following theorem, which is the main result
of this section.

Recall f2(k, n) and gl(k, n) from (2).
Theorem 2.7. Assume that d> 1. Then for all r € Ny,

1 1
lim (f'(k,n)n = lim (g%k,n))n =d — 1. @®)

n— oo n— oo

Proof. By Lemma 2.6, the generating function Gy, x(x) = X, > 0g¥(k, n)x" is a rational
function in the complex plane C. By Lemma 2.5, the smallest pole of G} x(x) is ﬁ. Since

the reciprocal of the smallest pole is the radius of convergence of the generating function
[16], we have

1
lim sup(gf(k, m)n =d — 1.

n— o

Since fL(k, n) < g¥(k, n), we conclude that

1
lim sup(fE(k,n))n <d —1.

n— oo

On the other hand, if V€ [/d/and aword w € [A* contains vexactly rtimes, then the
concatenation wu contains vexactly rtimes for any word ¢ € [A]* such that each letter of v
belongs to the set
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{(L2,...,vp=Lk—d+ve+ 1, k—d+uve+2,.. .k},

where vzs the rightmost letter of v. Therefore, there exists a constant ¢, > 0 such that for all
neN,

fRUen) > cvp—1+k—k+d=—vp—1+1)'=c(d=1D".

Hence,

1
lim inf(fE(k, m)n > d — 1,

n— oo

which completes the proof of the theorem. O

Note that the limit in (8) is independent of 7. It turns out that a similar result holds for the
occurrence enumeration problem in permutations; see Theorem 3.1 below. We remark that in
the case of permutations, the structure of the dependence of the limit on the underlying
pattern is considerably more complex than in (8) and is not yet completely understood [11,
17, 18]. The theorem has an interesting implication for the asymptotic behavior of the
entropy of the random variable X, = occ W}, with a random W, see Theorem 2.11 below
for details.

A simple path in the graph representation of Au(V, 7, A) is a finite sequence of states s, ...,
Sj,in (v, 1, k) such that sjp = (e)andforall /=1, ..., g we have jiq < jiand s, , is
connected to s;;by a direct edge. The proof of the following partial refinement of Theorem
2.7 follows that of Theorem 3.2 in [9] nearly verbatim, and therefore is omitted.

Theorem 2.8. Assume that d> 1. Let M, be the maximal number of states with d - 1 loops
in a simple path in A(v, r, K). Then for any r= 0, there exists a constant C, € (0, ) and K,
> 0 such that

v(k, - (k,
fim & o and tim 2Rk ©

n—oon™rd - 1y" n—oon™r(d - 1y"

We conclude this section with a remark that Theorems 2.7 and 2.8 can be interpreted as large
deviation estimates for occ{w) when w € []” is chosen at random, see Section 2.5 below
for details.

2.4 Weak pattern avoidance

In this section, we further investigate the asymptotic behavior of the sequence
(fEk, ), e No- It turns out that the generating function of this sequence, as defined by (3),

can be linked to a natural concept of “weak avoidance” that may be of independent interest.
The weak avoidance is defined in a fashion similar to the notion of the weakly self-avoiding
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random walks [5], namely by introducing a penalty for the non-avoidance rather than
completely striking off the possibility of a pattern occurrence.

Formally speaking, for a pattern v € [A]*, we associate a sequence of penalty functions
k.n 10,11 —=10,k"], n €N, as follows:

= I (1 +xUjy. ... j, (0, w)), 10)
we[k]nlsh < <jg<ln
where forany 1< g, r</
—1if (u)j Swj- @qu Uy)
Uj. o, jplo,w) = a-
It |0 otherwise.
It follows from (10) that
da0= Y A=0""= 3 g -0 "

w e k" rz0

Thus c/'é’ 2(x) = F§_,(1 — x). According to the definition in (10), the function c,’j, () can be
considered as a partition function counting the words in [A]”7 with weights penalizing
occurrences of the pattern v. Note that c}g’ (%) is a decreasing function of x, c%’n(O) = k"

counts all words without discrimination, and on the opposite extreme ¢} (1) = fole,n)

counts only words avoiding the pattern entirely. The parameter x € [0, 1] can be therefore
interpreted as an intensity or strength of the pattern avoidance.

The subsequent Section 2.5 is devoted to the study of the asymptotic behavior of the
sequence X, = occAW,), n e N, where Wj,=w, -, w, € [K]" and wjare i. i. d. random
variables, each one distributed uniformly over [4]. The asymptotic behavior of random
variables X, = occ (W) in the case when the sequence (w;); ¢ n IS drown at random from

non-product probability measures on [k]" is beyond the topic of this paper and will be
studied by the authors elsewhere. The only exception in this paper is Theorem 2.17 where,
following a canonical construction in the theory of self-avoiding random walks [5], we study
X, in the case when W/, is chosen at random according to the probability law

Qpn(A) =

1 occy(w) n
1-x)"""", AcCILk]".
Cllc), n(x) w;A a2

Here xis a parameter which ranges within the interval [0, 1]. Clearly, @Z:ﬁ( -) is not uniform

on [K]”, it penalizes words wwith a non-zero occ,(w) by the factor (1 — x)2¢A") which
depends on the parameter x € (0, 1). This probability measure belongs to a general class of
Boltzmann distributions intensively studied in statistical mechanics and combinatorics, cf.

[14]. In Theorem 2.17 we study @Z’,ﬁ in a certain small parameter regime where x = x,, =
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0(1) decays fast, and consequently, @Z’fl” can be considered as a perturbation of the uniform
probability measure over [A]”.
We conclude this section with an analogue of Theorem 2.7 for c]lé’n(x). It follows from
Theorem 2.7 that for all x€ [0, 1],

1 1

d — 1 < lim inf(cf ,(x))n < lim sup(cf ,(x))n < k, (13)

n— oo n— oo

where d'is the number of distinct letters in the pattern v. We have:

1
Proposition 2.9. Given a pattern v € [/d/,’ limy, _, oo(cf. L)) exists and lies within the closed

interval [d- 1, K] for all x€ [0, 1].

Proof. By the definition, for any x€ [0, 1], w€& [kF/,’ and an increasing sequence of indices
Ji 1< i< /we have

0<1 +xUj1’...’jf(U,w) <l1.

Therefore, for any 7, m e Nand x € [0, 1],

Kot m) = D 11 A +xUjy ., j 0, 0))
we[k]n+m1 << <jg<n+m
< A+ xUjj ... j0,0)) 11 A +xUjy oo, j0,w
we[k]n+m1§j1<~--<jf§m n+l1<ji<-<jg<n+m

)

1+ XUjl’ "',jf(U’ w1))

WIE[k]m1§j1<---<jf§m

x{ ) 11 A +xUjy ..., j 0, 102)
wye k" SIS s

= clg’ m(x)cz’ n(x).

Hence log ¢f ,(x), n € N, is a subadditive sequence, and the claim of the proposition follows
from Fekete’s subadditive lemma and the estimates in (13). O

Example 2.10. Let us consider v=21. In order to avoid the pattern v, the letters of a word w

k-1
nE ),the
k-1

number of ways to write n as a weak composition n= a, + --- + ay, where a;= 0 represents
the number of occurrences of the letter i € [K] in a k-ary word of length n. Furthermore, by

€ [K” must be arranged in the non-decreasing order. Therefore, f% Y,n) = (

Theorem 2.7, lim,, _, o ffl(k, n))1 I 1 for all integer r= 0. Though a simple explicit

expression for f2'(k, n) is not known, a result on generating functions due to MacMahon
(see, for instance, Theorem 3.6 in [1]) combined with (11) shows that for x € (0, 1],

SIAM J Discret Math. Author manuscript; available in PMC 2020 April 09.



1duosnuepy Joyiny 1duosnuely Joyiny 1duosnue Joyiny

1duosnue Joyiny

Mansour et al. Page 15

Mi=1a-0a-xy)

R = Y f7 e m(1 = x)" =

r>0 {aj20:a1+...+ak=n}H,]-€=1Hji=1(1 -1 —x)j)
-1 -1 -x)
< PRy 14)

(0200 5 g =m (1= A=) 2T A - - %))

< 1 (n+k-1
xk=1 k-1

The first inequality in (14) follows readily from the fact that

(I=sh-sh>-si—Ha-si+1) vse©

as long as i< j+ 1. Combining (14) with the trivial inequality c,%}n > f%l(k, n), we obtain that

(" * f R 1) << - kl_ 1 (" Z f; ]) for all x € (0, 1). Remark that a straightforward

improvement of the lower bound for c,%},,(x) is

= 1a-a-x)
{ajz20:a1 + ...+ a = n} Hlk= 11_[71; 1 a=a —x)j)

I = 10 = xY)
+1

e n) =

> %
{aj201a1+...+ak=n}(l—[][_n=/1k] (1—(1—x)1))

nek-1)  If=10-0-%)

_ v
-t }(HjLn:/1kJ *la —(1—X)J))

>

whereLal denotes the integer part of a € R. Combining this lower bound with (14), we
obtain that for all x € (0, 1),

— k-1 el (x el (x
(e =x) x)), < lim inf ";("( 1) < lim sup ";c”( 1) <= ! , (15)
(k_l) n—oo H*7 n—oo n7 x* (k—l)'

where g(x) Is the Euler generating function []5- | 11_/ Notice that the lower and upper
- X

bounds in (15) match asymptotically when x — 1.

2.5 Random words
Let (w)); e n b€ @ sequence of independent random variables, each distributed uniformly on

[A and let vE [/d/be aword pattern, /= 2. Denote W, = waws - w, € [K" forn e N, and
let W= myws --- be the infinite string compound from the successive letters in the sequence.
In this section we study the asymptotic behavior of the random variable X, = occ A W},).
Note that for all r € N,
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Py(r):= P(X,=r) = ki” fEke,ny.

We start with a corollary to Theorem 2.7 that is concerned with the asymptotic behavior of
the information entropy of X}, when ntends to infinity. Let

Hy o) = = )7 Py(r) log Py(r) 6

r>0

be the entropy of the random variable X}, The following theorem shows that H () grows
linearly with 7and gives the exact rate of growth for an arbitrary pattern vwith o> 1.

Theorem 2.11. Assume that d> 1. Then,

Hy, v(n) — loek
T =

lim og T

n— oo

Proof. We have

Hi, o= = D Py(r)log Py(r) = - in > Rk, mlog f1(k,n) —nlog k)
r>0 kK" r>0
=nlogk— Y. Py(r)log ff(k.n).
r>0
Thus
Hy, (n) log fF(k, n)

=logk— Y Pylr)

n
r>0

and the result follows from Theorem 2.7 and a discrete version of the bounded convergence
theorem. O

Our next result is a central limit theorem for X, which asserts that, as 72tends to infinity, X},

k . I
n)( )if with standard deviation of order iE(X,,). The
n

Z\d) i Jn

fact that, exactly as in the classical case of partial sums of i. i. d. variables, typical

is highly concentrated at E(X,) = (

fluctuations of X}, are of order iE(X,,) will be often exploited in the rest of this section. The
n

T

proof follows closely that of Theorem 2 in [8], a similar CLT for pattern occurrences in
permutations. It is based on an application of a general CLT for dependent variables due to
[22], and hence, it relies on an accurate estimation of VAR(X),). Given the variance estimate
and a general result in [29], the CLT can be strengthen to a Berry-Esseen type result
providing the classical O(/7/2) rate of convergence, see Corollary 2.14 below.
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Theorem 2.12. Let u,= E(X}) and s, = ,/[VAR(X,,). Then u,, = (;)(’;)lf oy = @(”—\/;), and
k

X,—u 3 .. . .
% converges in distribution, as n— oo, to a standard normal random variable.
n

Proof. There are (;) ways to choose Zindexes j; < -+ jout of npossibilities. We refer to these

ordered 4tuples as Zsubintervals of []. Enumerate these subintervals in an arbitrary manner,

andlet1;,j=1,... ( ) denote the j-th subinterval. Let X, ;be the indicator of the event that

n
4
the pattern occurs at j~th subinterval.

First, we will compute £(X};). Given that

1 (k
E(X,-)=—(), 15;5( .
I A\ ¢

n

and X, = ¥ X j» we have
j =

n\(k\ 1
- (

Next, we will estimate VAR(X,). To that end, we rewrite X3 as follows

4
2
Xn= Z Xn, jXn,m= Z Ag
) (n) s=0
1<jm<
4
where
Ag = Xn,an m

In what follows, we will adopt the proof strategy of [8] and estimate £(A,) separately for
different values of the parameter s. For s= 0 the exact value is

E(A _(n)n—f)ikz
o) = L”( ¢ sz(d)
where we used the fact that for two intervals /;and /,, with no overlap

1 (k2
E(Xn,an,m>=,g7d :
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If Ay would be the only terms contributing to the variance of X, its entire contribution
combined with the term —[£(.X;)] would amount to (cf. formulas (9) and (10) in [8])

s - z0eof = (' Bl - ()

Lﬁz k 2
— 20 —1 20 -2
= —n —(f!)szf(d) + O(n )
- _ @(n2f— 1)

(18)

To finish the estimate on the variance we need to provide estimates on Agwhen s# 0. More
specifically, when s= 1 we give an accurate estimate, and for s= 2 a crude estimate will
suffice for our purpose. More specifically, we will show that £(A,) = @(/72“15), and while
E(A) - [E(X,)]% is negative, F(Ag) + E(A1) - [E(X,)]? = ©(r241) which gives the
necessary estimate for the variance.

Case I: s= 1. Consider the sum of the terms £(.X), ;X)) over the pairs of intervals that
overlap exactly at one place. The summation of these terms is

h 201
E(A1)= z E(Xn;ansm)= 2Z/ﬂ 1 Dk7U=@(n )DksU’ (19)
(om: | I Iy | =1} -
where
by o] f_lfjff—2—2i . k‘ffp(r-1xk-jr
[ . min >
k’U_ka—lizoi ¢-1-i) 1<p<a &, -1ld=p

with two words occupying the intervals /;and /,, overlap over the (/+ 1)-th letter of each,
and vj1 being the p-th highest letter (among the distinct possibilities 1, ... , @) in the pattern
v. To obtain the lower bound for Dy, we will only consider the case when the common letter
is the (7 + 1)-th letter for some /€ {0, ..., - 1} in both intervals. Once the joint location of
/jand /s chosen, we have in total K41 possibilities to choose the corresponding letters.
We have to fill 2/locations before and 242-2/locations after the common letter. The term

(Zi)(2f —2 Zi) is the number of possibilities to designate /- 1 of the remaining 2/~ 2

iNe—-1-i
locations to be occupied by letters of the interval /,, Assuming that for given pand zthe
common letter for /,and /jis t€ [p, p+ 1, ..., k= (d- p)], we observe that we have

(t - 11)(5 ] t) possibilities to choose ddistinct letters from [4].
p—1\d=—p

We remark that

| ”‘1(21')(%—2—2:') | (M—z)fil(f:l)(f:l) 2 (-2

—— = > ,
k2f—1i=0 il p—1-i 20-T\r-1 <o (M;Z) k2f—1\f_1
1

where the inequality is obtained by enumerating the terms with /=0 and 7= /- 1 only.
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Furthermore,
_ _ 2
k—d+p J—1\(k = j)|2 k d+pj_1 k=
D - >k—d+1) -
j=p W P j=p ¥ P
k2 (k\2
=k-d+1 >,
( )d _(d

where we used Cauchy-Schwartz inequality in the first inequality and a variation of the Chu-
Vandermonde identity stated as

This identity can be justified as follows: in order to choose ddistinct letters from [A] we can
first choose the p-th largest element among those d letters, call it /, from the interval [p, k- d
+ p], then p— 1 letters from the interval [1, j— 1] and & - p letters from the interval [j + 1,

A]. Collecting all the estimates together, we obtain that

no\ 2 |2f-2
w121 \e-1]) (20)

Case Il: s> 1. A suitable extension of (19) to the general case reads:

k
E(A) 2 d

E(4;) = ) E(Xy jXn,m) = (2 o

)Dz(f,)v =0(n* 79, (21)
{j,m: |IjnIm| =i}

where D,(c’;)v > 0 are strictly positive constants whose value depends on kand vonly (but not

on 7). Having in hand these estimates for £(A,) we can now evaluate the variance of X,
Taking into the account (18), (20), and (21), we obtain that

k n 2 (2¢-2 2
VAR(X,) > _z 2= om -2
M=, (2f—1)k2f—1(f—1) TUEETO T e
— 6k, Uan— 1 + O(an—Z)’
where
s _(k)l 2 £? )_(k 22 2k 1)
k,v — — - = —
TN KT — e - D)2 @A T \d) e \20 -1
) ) (23)
S (o _1): £ .
T K22 \26 -1 K20 - 1)
Finally, by virtue of (17), the following limit exists and is strictly positive:
. Hn
Ji pi= lim >0, 24
k,v n—>ooO'n\/; (24)
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and therefore, the remainder of the proof is a straightforward application of Theorem 2 in
[22] to the random variables X}, ;, and can be carried as in [8] verbatim. O

Remark 2.13. A central limit theorem for multisets closely related to Theorem 2.12 can be
found in [15], see also references therein for earlier versions. Let a;, = 0 represent the
number of occurrences of the letter i € [K] in the random word W, and denote by A,, the
random vector (ay p, ... , ak). The CLT for Wy, in [15] can be stated as a limit theorem for
X n— .‘7 n
On

the random variable

under the conditional measure R |Ay). The main difference

with Theorem 2.12 is that the scaling factors i, = 1 (A,) and s, = c,(A,) are random in that

they depend on the vector A, The relation of Theorem 2.12 to the CLT in [15] thus
resembles the one between the so called annealed (average) and guenched limit theorems in
the theory of random motion in a random media, see, for instance, [35]. In particular,

0% = E(E%,) + 8%,, where 2 Is the “annealed” variance that appears in the statement of
Theorem 2.12 whereas the term 8% describes fluctuations of the “random environment” A,
Our next result is a Berry-Esseen type bound for the convergence rate of the above CLT. The

bound is a direct implication of Theorem 2.2 in [29], along with the estimates in (22), (23) ,
and the following modification of (18):

2

n n—=¢ I
— _ 20— 20 -2
A,,_(f)—( p )—1—n 1ﬁ+0(n ). (25)

Here A, is the number of random indicators X}, ; that are independent of X}, », an indicator
with a given index 1 < i* < (;) Let &(x) = \/;/fooe—%z dx, x € R, denote the distribution
function of the standard normal variable. We have:

Corollary 2.14. In the notation of Theorem 2.12,

£+2
LA N -3/2 22
<0 ,lrm+0(n I+ 0m=?12.

- U
B x| -d)

Remark that the classical Berry-Esseen bound for the rate of convergence of the CLT for
partial sums of i. i. d. random variables is of order /7712, thus the above bound is
asymptotically optimal up to a constant.

Theorem 2.12 implies a weak law of large numbers for X, and asserts that a typical
1
"
Chernoff type bounds is to estimate the probability of large deviations, namely the ones of
the order of magnitude £(.X}). The result is merely an instance of Corollary 2.6 in [23]

formulated using the notation of Theorem 2.12.

deviation of X}, from E(X)) is of order —= E(X,,). The main purpose of the following

Corollary 2.15. Forany t= 0,
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21— A, / 4Ky)
_ZAn(l‘n +1/3)(1- Hn / Ky)

P(Xy > py+1) < exp

and

2(1 - 4, / 4Ky
24,4y

P(Xp < pp—1) <exp

where A\, is introduced in (25) and K, = (;)

We will now state a direct consequence of Theorem 2.12 in terms of the weak avoidance
penalty function ¢} ,(x). Our main motivation for including this result is the subsequent

Theorem 2.17. Recall the notation of Theorem 2.12.
Lemma 2.16.
a. Let (0,), e N De a sequence of positive reals such thatlim,, .« 6,=+00 and
lim,, _, wg—: exists and is finite (possibly, zero). Then, the following holds for any

constantt € R .

. Oy Koo 0, r
lim — log E(e’g, )= lim — log E (1 + —) =t (26)
n—oorn n—ootMn 0}1
b. The following holds for any constantt e R :
tX/n Xn
lim —= log E(e—7 )= lim L og E|[1+ @ = Jp o @7
n— oo\ n— oo\H n

where Jy , are strictly positive constants introduced in (24).

Proof. Observe that all the expectations in the statement of the lemma are well-defined for
n
l

parts, (a) and (b), of the proof.

all r e R because 1 < X, <| | Let s= & We will use the parameter sso defined in both

(@) Let

We will consider separately two cases, =0 and y € (0, o0).

Case I: = 0. Using the second-order Taylor series with the remainder in the Lagrange form
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k
y'y2 Xt
& =1+y+ 5 withy="7=>0,1y"| €0, |y|], (29)
n
we obtain:
O, X, /6y, On X, % Xpt)?
og{E@E AN/ Oy = Piog VE[1 + =2 4 efnXn/ OnT7
Hn Hn 911 2(0n)2

for some random (because of the dependence on X)) #;; € [0, | 7 | ]. Note that in view of (17)

and the condition lim,, _, m? < o0, With probability one,
n

n
sup enXn/ % < sup el (f)/an < My (1) (29)
neN neN
for some (deterministic) constant M (9 > 0 which depends on the parameters &, vand &
Furthermore, by Theorem 2.12, E(X2) = 62 + u2~u2. Therefore,

0
lim log E(eXn/ %) =1

30
n— oo /"n ( )
Recall the constant M () in (29). For any r € N, we have

t
ef, —1-

r
6”[

ert/e”—(l+gi)r| =

n

r
ert/en — (1 +L) ‘ < er U(t)
0, ’

My 0% &
< s —
9”1

where we used the mean-value theorem applied to the function #{)) = /in the first step and
(28) in the second one. Since,

On 1 v r 1
lTn . Ergofr(k, n)g = E — O as ntends to 0,
we get (26) for =0 by utilizing (30).

Case II: y € (0, 00). In this case, (30) follows directly from the law of large numbers X/,
= 1 in probability, as n— oo, which is implied by Theorem 2.12. The rest of the proof of
(26) is the same as in Case I.

(b) By Theorem 2.12, for any ¢ € R we have:

2
lim ¢ "Hn/ O-”E(etX” / Ony = e%.

n— oo
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. . Xy - - .
The convergence of the moment generating functions of ”6—”” can be verified using, for
n

instance, a general Theorem 3 in [26], it is also transparent from the proofs in [22]. It
follows that

t
lim (=2 4 1og (E(!Xn/ ony)
n— oo On

and hence

lim ilog (B Xn/ ony)) = g .

n— oo

The last formula is an analogue of (30) in part (a) and plays a similar role, the remainder of
the argument is similar to its counterpart in (a). O

Recall @k * from (12) and let [Ek * denote the expectation with respect to Qk . Then for any

z>0and x€ (0, 1) we have

E[(z(l - x))X"]

EyX(z*m) = - 1 > a- x)ocey()z® V) (31)

o (%) =y E[(l — x)n

Two interesting regimes in this model arise when it is assumed that x = x,, depends on nand
either x, = o(1) or 1 - x, = o(1). Both the regimes can be considered as a perturbation of a
uniform distribution, over S, in the former case and over the pattern-avoiding set {w € [4]”:
occ(w) = 0} in the latter. In the context of permutations, similar regimes for the particular
case when the pattern is the inversion 21, were recently studied in [6, 19, 33]. In view of
(31), Lemma 2.16 implies the following:

Theorem 2.17.
a. Let6,), e N and (py), e N D€ two sequences of positive reals such thatlim, o
O
6, = +00, and bothlim,, _, 9 " andlim, _, w0, EXI.S‘I‘ and are finite (possibly,

zero). Then the following holds for anyt e R :

6y v, pi Xy,
i n —
. l_l,mooﬂn log [Ek (e7g, ) =t.
In particular, by virtue of (17),
v, — TXn ¢ k
lim E "(e7,7) = exp (32)
n—oo ki Ke\d
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- nf
Ifllm,, — oop— (S [O, + OO)
n

b. The following holds for anyt € R and a sequence of positive reals (p,), ¢ n SUch
¢
thatlim,, _, °°pn_\/,; exists and Is finite (possibly, zero).
n
1
v,— X ,,ﬁ

lim = log B "1(e—7—) = J, o, 39)
k,n n >

n— oco\n

where Ji. , are strictly positive constants introduced in (24).

c. The following holds for anyt € R and a sequence of positive reals (p,), e N SUCh
¢
that lim,, _, oo';— exists and is finite (possibly, zero).
n
i. We have:
0.~ X k
lim E ”n(—") g (34)
n—oo kn \n?) Kle1\d

i, oL
LetQ,(r) = @k Pn(x, =r) and
N

Hy= = Y. Qur) log Qu(r)
r>0

1
v, —
be the entropy of X,, under the /aW@k Pn. Then
N

H k
lim —n:logL+L .
n d-1 kfcf"d

n— oo

Proof. For part (a), plug x = pi and z= e?@ninto (31) and use (26). For part (b), substitute
n

z= e# and use (27). Part (i) in (c) follows then from the bounded convergence theorem and
n

1

X, v, —
2 under the law F, Pn converges to the
. n

nt

(32) which implies that the distribution of

N k\ _.
degenerate distribution at S ) Finally,
Kel\d
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Uik (1 — x)"

Hp=— 3 Py log Srmd -y Un)( %)
+$0 e
1

oL
= = Y Py log fr(k.n) —E "X, log(1 — pir 1) +1og ¢f_ (o D).
r>0 k,n

which implies the claim in (ii) of part (c). Indeed, %Z, > oPn(r) log fr(k,n) converges to
log(d- 1) by Theorem 2.7 and a discrete version of the bounded convergence theorem,

1
v, —
%[Ek Pn(x,) log (1 — p;l)~% by (32), and L 1og ¢/ (s 1) converges to log k by virtue of (26).
,n n ’

n

The proof of the theorem is complete. O

The results in Theorem 2.17 shed some light on the asymptotic behavior of X}, under Qz:z"

for x, = o(1). More specifically, the corollary suggests that the intensity sequence x, = 1/p,
with p, which is at least ©(y,,) yields a perturbative “light avoidance regime” in that the
results in Lemma 2.16 and Theorem 2.17 formally correspond to their counterparts in the
corollary with p, = +c0. In particular, (32) shows that z, remains the proper scaling for X},

for any x, in this regime, namely the distribution of X}/u, under QZ Z" converges to that of

the constant one as 77— ©o. Furthermore, by the Gartner-Ellis theorem [13], the result in
(33) for moment generating functions implies Corollary 2.18 given below.

Corollary 2.18. Let py, be as defined in the statement of part (b) of Theorem 2.17. Then the
following holds for any Borel set B C R :

U,fX
lim LlogQ p"(—”eB)=—oo.
n— ocoVh k,n nl’p

1

v
It is reasonable to expect that a large deviation principle for X,,/n/under Qk Pn holds with a
. h

finite rate function and with respect to the usual scaling sequence 7 rather than /» (in our

2
context, cf. Corollary 2.15 where AHZ = ? = O(n)). However, proving such a result would
nrn n

be beyond the reach of methods we employed in this section.

We conclude the section with another corollary to Theorem 2.12, a limit theorem that
concerns with a Poisson approximation of X}, in the case when & = & is a rapidly enough
increasing function of n. The result is an analogue for random words of [12, Theorem 3.1]
for random permutations. The proof of the theorem relies on a Poisson approximation of the
sum of random indicators X, =} /X, ;via a modification of the Chen-Stein method which is
due to [3], and follows the bulk of the argument in [12]. Recall that the total variation
distance dr (X, Y) between two Ny-valued random variables X and Y'is defined as
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[ee]
dry(X,Y)= sup |P(X€A)—P(Y€A)|=%Z |PX=r)—PXY =r)]| .
ACNO r=0

The following summary of results in [3] suffices for our purpose (cf. Theorem 4.2 in [12]):

Theorem 2.19 ([3]). Let N € N and (Y)) i e a collection of identically distributed (but
possibly dependent) Bernoulli variables with A Y;=1) = p€ (0, 1) and(Y;=0)=1- p. For
L, JE€[M let pjj= E(Y;Y). Sety = Z,Nz 1Yiand A = Np. Forany i€ [N] let D;C [N be a
set of indlices such that

Y; is independent of o,

where aj is the o-algebra generated by { Y;: j€ D}, and define

N N
b= Q2 P10l and b= > py (@)

i=1 i=1j € D)}

We=4

r!

Let W be a Poisson random variable with parameter A, that is POW =r) =

Then,

, r € Np.

dry (Y, W) <2(b1 + b2).

We will apply Theorem 2.19 with Y;= X, ; where X}, ;are indicators introduced in the
course of the proof of Theorem 2.12 assuming that k= k,and /= ¢4, Note that under the
conditions we impose,

n kn 1
n)kn

goes to zero as ntends to infinity. We have:

Theorem 2.20. Suppose that three sequences of natural numbers (k,), e Ny Cn e Ny @00
(dwn e N Satisfy the following conditions:

i. d,< 4 and d,< ky, for all n e N.

ii. - dn
6:= liminf, _, o7 > 0.
n

iii. There exist constants A> 0 and p > %5 such that 4= ArP for all n e N.

Consider an arbitrary sequence of patterns vy, € [k & neN, with a), distinct letters used to
form vy, Let X, = occy,, (W),), where W), is drawn at random from [k,]". Then
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lim dpy(X,,0p) =0,

n— oo

where Qp, is a Poisson random variable with parameter p,. In particular,

v, -
[ kp,m) e Hn

n r!
kp

lim =0,

n— o

for any integer r= 0:

Remark 2.21. We believe that the lower bound for B in the statement of the theorem is an
artifact of the proof and can be improved. In the most favorable to us case 6= 1, the

conditions of the theorem require g > % This is compared to the lower bound p > % obtained

in 12] for permutations.

n

kn
ly d

n

Proof of Theorem 2.20. Fix any n € N, and let K, = ( ) for this

1
) and p, = E(Xy, j) = @(

particular value of 7. Note that 4, = £(X})) = Kupp. Recall the intervals /;from the proof of
Theorem 2.12, assuming that k= k,and /= ¢, define for j € [M],

Yij=Xp,j and Dj={me[Kyl:Ijnly=0}.

Let (4~ /) A ddenote min{4, - /, dj;}. Observe that if /;N /,,= J then

K
1 n
EQY Yp) = EY;EY ;| Y) <E|Yj——
Y ¥m) = EQGEXm 1Y) < Jk}fn_’((fn—i)/\dn
B 1 kp kp
- kf”k,f”_i dy\(¢p =) Ady)
Therefore, for b, and & introduced in (35) we have:
b1 = Kndnph < (Knpp)* = .
where Ay is defined in (25), and
el kn’/”nzl n \(2n=en kn .
_kf” dy) & \2n=i\ ¢y i \Cn—D)Ady k,f"_i

fp—1

o) 2,0

i=

kp
dp

1

Cp—i’
k"

_ 1

‘n kp
(i)(fn—i)/\dn

n

Therefore,
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‘n

bi+by < g+ py Y,
i<

a1
En—DAdy En—i
n

n—=2¢p ‘n
Cn—ili

Since

k.
L LA N P —
(fn_l)/\danzf’n—l ((Ey—DAd)! = dy! " (£ — i)
n

we obtain that

‘n

n—fn) fn
+ i
nmgo( (f”_m

m

1

Hpn
b]+b2§lly21+m Ik

n
”0}1

where we used Vandermonde’s identity for the second term and change of variables /m= -7

for the third one. Since

we obtain that

Ky

2
1
bl+b <2 dn!) +;4,,K,1E(A—n!),

‘n

where A, is a random variable with hypergeometric distribution, P(A, = m) = ( p
)

for m=0, ..., 4 By Hoeffding’s inequality for partial sums of bounded random variables,

n—=y

2
PlA, -ty < —etpy|<e26%n

for any e > 0. Thus for any given £ > 0 and 7 large enough,

2
P(Ap < (1 —2€)¢,) < e 267n,

Therefore, for all an arbitrary e > 0 and all 77 large enough,
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Kp\2 2 HnK Kp\? 2
—262¢ nKn n —262¢
bl + b2 < z(dn!) + MnKne n+ T = ZE)fn) < z(dn!) + 2ﬂnKne n
2 2
Ky\2 _Khe=267Cn  4KZe=2670n
<2[— < )
=4a, dy = dy

where T'(:) is the gamma function. Finally, using Stirling’s formula we obtain that

2
4KZe=26%0n

log| i

=2{nlogn—(n—£,) log (n—£y) — £y log £y — €26} — dy log d,, + dyy + O(n)
¢
= 2[,,’,, log % —(n—2p) log (1 - 7”“ — dy, log dy, + O(n)
n

=2¢, log % — dyy log dyy + O(n).
n

- d
By the conditions of the theorem, § = lim inf,, _, 007” > 0. Therefore, for any y € (0, §) and n
n

large enough we have:

2
4K,%e_2$ n

log(b) + bp) < log n
n!

<2plogn—Q24+y)ylog £+ O0n).

The proof of the theorem is complete. O

3 Permutation patterns

In this section, we discuss an extension of some of our results about counting occurrences of
a pattern in words to permutations. The section is divided into two subsections. Subsection
3.1 is devoted to Stanley-Wilf type limits for permutations, and Section 3.2 adapts the
concept of weak avoidance to permutations. The main results of this section are Theorem 3.1
and Proposition 3.2. The latter is a counterpart of Proposition 2.9 and the former is a
modification for permutations of Theorem 2.7. Extensions of the CLT-related results in
Section 2.5 to random permutations are readily available due to the CLT for permutations
proved by Bona in [8]. This is briefly discussed in the concluding paragraph of Section 3.2,
the details are left to the reader.

We begin with notation. Permutations are bijections from a set [#] to itself. For n e N, let S,
denote the symmetric group of order n, the group of permutations of the integers in [71].
Occasionally, when confusion is not likely to occur, we will identify permutations in S, with
the words representing the image of the permutation. For instance, for permutations r =
(1) -+ () € Spand v= 1) -+ V(M) € S,,; we refer to the permutation

wvi= 2(1) = m(mw(1) - Um) € Sy 4 m
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as the concatenation of the permutations = and v.

Fix any k e N and £ € S, We refer to £ as a pattern, it remains fixed throughout the rest of
the paper. For a permutation = € S, with 7= k; an occurrence of the pattern £in isa
sequence of kindices 1 < j; < i, < -+ < i< nsuch that the word 7z(#y) -+ 7(ig) € [A]Kis
order-isomorphic to the word &, that is

alip) <nlig) & &p<&q VI<pg<k.

For a permutation 7z € S, with 77> k'we denote by occg(r) the number of occurrences of the
pattern £in . For example, if £=12 and rr = 51324, then 13, 12, 14, 34, and 24 are order-
isomorphic to 12, and occg(r) = 5. If occg(r) = m, we say that  contains & (exactly) /m
times. For a given r € Ny, let £5(n) denote the number of permutations in S, that contain 4

exactly rtimes. That is,

fg(n) =#{n €Sy occg(m)=r}, r=0.

For example, if £=12 then fg(3) =1 (only 321 counts), f‘f(3) =2 (312 and 231 count)
f§(3) =2 (132 and 213 count), and f§(3) =1 (only 123 counts).

3.1 Stanley-Wilf type limits

The celebrated Stanley-Wilf conjecture proved in [27] states that lim,, _, % log fg(n) exists

and belongs to (0, ©0). For = € Sy, let Z, = occg(r), where  is a permutation chosen
uniformly randomly from S,,. Notice that

75

P(Zy=r)="—"

reNp.

In the language of random permutations, the Stanley-Wilf limit is

lim llog[n!P(Zn =0)]= lim (% log P(Z, =0)+ logn—1],

I’l—>00n n— oo

which yields the following weaker conclusion:

. 1
nl_l)moom log P(Z,=0)= —1.

Thus the limit can be interpreted in terms of the asymptotic behavior of A.Z,=0) as a local
large deviation result with respect to the scaling sequence 77log 7. The probability A2, = 0)
is very small since according to the CLT obtain by Béna in [8], Z, is tightly concentrated
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around E(Z,) = %(Z) The following theorem extends this large deviation result to AZ,= 1)
with an arbitrary fixed » € N.

1 1
Theorem 3.1. Foranyr € N, lim,, _, o( f§(n))? exists and is equal tolim,, _, .( fg(n))".

1
Proof. The proof by induction on 7. By Corollary 2 in [27], ¢ == lim,, _, oo(fg(n)); exists and is
finite. Assume that for some m € N the claim holds for r=0, 1, ..., m— 1. To complete the
proof, we need to show that under this assumption it holds also for r= m.

To this end, let = be an arbitrary permutation in S, that contains the pattern £ exactly m
times. By removing the leftmost letter in the leftmost occurrence of £in sz and renaming the
remaining letters, we obtain a permutation 7z in S,-1 that contains & at most /77— 1 times.
Thus,

m—1

fhm<n Y fin-1).
/=0

It follows that

L/(n=1)
) =c. (36)

m—1
lim sup(f&n)' /" < lim (n 3 A1
/=0

n— oo n— oo

On the other hand, consider an arbitrary permutation = € S, that contains & exactly m—1
times and the concatenation z’ = 7€ € Sj 4, Where & is obtained by adding /7to each
letter in & For instance, if 7=5, = =13542, and £ =12, then ¢ =67 and =’ = 1354267.
Without loss of generality, we may assume that the letter A precedes 1 in £ (the idea is
borrowed from [2]). Because of this assumption, the new permutation 7" contains & exactly

mtimes. We can therefore conclude that f,i _q1m < fﬁ(n + k). This inequality along with the

induction hypothesis imply that

1
c= lim (/5 _ ) " < im inf(ff,,(n+k))1/": lim inf(f;f,,(n))l/".

n— oo n— oo n— oo

In view of (36), this completes the proof of the theorem. O

3.2 Weak avoidance of permutation patterns

Similarly to (10), with any pattern £ € S¥one can associate a sequence of weak avoidance
penalty functions ¢ : [0, 1] — [0,r!], n € N, by setting

= [T a+xv . & -

reSyl<ji<<jkg<n
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where

—Lif (z(jg <7(jp) & &g <&(r) VI<gr<k)

Vit e (&1 =
J1> 0 Jk ‘o otherwise.

Notice that c§(0) = n! and c&(1) = £5(n). Similarly to (11), we have

= Y A=x"% "= 3 fin - )

TES, r>0

For certain particular cases the polynomials c4(1 — x) generating functions of the sequence

£&(n), n € N have been studied in [24, 28] through the analysis of certain recursive functional
equations that they satisfy.

The analogue of the @an‘ measure introduced in (12) is the probability measure Py~ on S,
defined by

Ex, | occg(m)
P& X(A) = —— ) . ACS,.
" ) ,EA !

In the case of inversions, i. e. for £ =21, P&~ is a Mallow’s distribution. Mallow’s

permutations have been studied by several authors, see, for instance, recent [12, 19, 30] and
references therein.

The next proposition establishes the existence of lim,, _, o(,(c;,‘(f))l /" The proof is based on a
standard sub-additivity argument, and follows the same line of argument as the one in [2].

Unfortunately, we were unable to verify that the limit is necessarily finite (cf. Proposition
2.9 together with (13) for words).
Proposition 3.2. lim, _, e(c5(x))’ /™ exits for all x € [0, 1].

Proof. For ;€ Spandi,j e Nsuchthat 1 <7< j< n, let

W, j= (i) -+ mi(j), where z;(r) == a(r)—i+1.

Thatis 7;; € [AV"*1 and m; (A = =(i- 1~ A~ (- 1) for all r€ []. Further, for any m,
n € N such that m< nlet

qu:{neSn:ﬂlijSm}.

Note that = € Sy’ implies 741, € Sp-m In other words,
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7 — (71 j,7j 4 1.,) is a bijection between S} and S; X S, _ ;. (39)

Without loss of generality, we can and will assume that £71(A) < £71(1), that is & appears
before 1 in £ Under this assumption, we have

{TL'GS:,n,jl <m,ji > m} =>Uj1,"',jk(§’7[)=o' (40)
In view of (39) and (40), for any n, m € N and x € [0, 1] we have

Gam= Y II (1 +xUjp, oo j (&)
TESy4ml i< <jg<n+m

> (1+xUj1’...,jk(§,7r))
”ESrrzn+m1 <j1<<jk<n+m

= A+xUjy . jEm)) Y, 11 A+xUj, ..., j (&)
T ESylLj1< - <jr<m mESILj1< - <jk<n

= cgl(x)cﬁ(x).

Hence, —log cg(x), n € N, is a subadditive sequence, and by Fekete’s subadditive lemma,

|
lim,, _, o(c5(x)) exists for all x€ [0, 1]. 0O

Example 3.3. Consider & = 21. Then the number of occurrences of & in a permutation r is
the number of inversions in rt, and > (n) are Mahonian numbers [7]. The identity in (38)

together with Netto’s formula for the generating function of the sequence { f,21 (n) : r>0}
(see, for instance, [1, p. 43] or [31, Seq A008302]) give 2\ (x) = TT = | Lx—x)’ In

particular, lim,, _, o(2'n' /" = x=1 for all x# 0. Note that f3'(n) = 1 foralln € N, and

/n_ 1 for all r € N. Interestingly enough,

hence by virtue of Theorem 3.1, im,, _, «o(f2'(n))"
in contrast to Example 2.10, the asymptotic behavior of ¢2\(x,) for a sequence x,, such that

X,~ 1 as n— 0o, does depend on the rate of convergence of x,

1
Conjecture. lim,, _, oo(cﬁ(x))ﬁ < oo for all patterns £ € U Sy and all x € (0, 1).

It is interesting to notice that while for words we have cl(k, n + m) < cl(k, n)cl(k, m), the
opposite is true for permutations, namely c§(n +m) > c§(n)c§(m). The differences can be

explained as follows. For words we have:

Hkon+m)=E [E[(l —x)Xn+m| W,,] =E [(1 — 0 XnE[1 = x)Xn+m = Xn | W,,] ,

and, since letters can be repeated in words, the conditional expectation is less than the
unconditional one £[(1 — x]X™]. Indeed, any pattern occurrence in the first 7 letters does not
affect the last m letters in W), ,, but does increase the probability of having occurrences of
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the pattern spread over two intervals, [1, 7] and [7+ 1, n= m]. It turns out that with
permutations, where letters cannot be re-used, the situation is different and the correlation
between occurrences of the pattern in the beginning and continuation of a large permutation
is negative in contrast to words.

We conclude with a remark concerning the extension of the results in Section 2.5 to
permutations. The key elements in the proofs in Section 2.5 is the specific covariance
structure (the dependence graph) of the indicators X, ;and the asymptotic relation

? = O(y/n) between the expectation and variance of X}, Bona’s CLT for permutations [8]
n

asserts that the key elements are similar for words and permutations, and thus enables one to
carry over the proofs of Corollaries 2.14, 2.15, and 2.18, Lemma 2.16, and Theorem 2.20 to
permutations nearly verbatim. We leave the details to the reader.
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