Global uniform estimate for the modulus of 2D
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Abstract

For € > 0, let ue : © — R? be a solution of the Ginzburg-Landau system

1
—Au, = 6—2u5(1 — |u8\2)

in a Lipschitz bounded domain 2. In an energy regime that excludes interior vortices, we
prove that 1 — |u.| is uniformly estimated by a positive power of ¢ globally in Q provided
that the energy of u. at the boundary 9Q does not grow faster than e~ with a € (0, 1).

1 Introduction
Let Q C R? be a Lipschitz bounded open connected set (not necessarily simply connected) with
the unit outer normal and tangent vector fields (v, 7) defined a.e. on 9 with

r=vlt= (—va,11)

so that (v,7) forms an oriented frame a.e. on 9Q. For every small ¢ > 0, let u. : Q — R? be a
solution of the Ginzburg-Landau system:

1 .
—Au, = ?ug(l —|us?)  in Q, Q)
Ue = Ge on 0f)
with the boundary data g. : 9Q — R2. For the boundary energy
Noi= [ 5100+ (1= oo @)
20 2 4e?
and the interior energy
M. ;:/ w11~ juef?)? do 3)
O 2 482 ’
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we assume that there exists a power a € (0,1) such that E|
1
M. < k|loge| and N. < — ase—0, (4)
€

for some small constant x > 0 depending on the Lipschitz regularity of 2. The first condition in
avoids nucleation of interior vortices of non-vanishing winding number (because the energetic
cost of an interior vortex of non-zero winding number is of order |loge|, see the seminal book of
Bethuel-Brezis-Hélein [4]). The second condition in (4)) corresponds to an energetic regime avoiding
the presence of boundary vortices: indeed, a transition of g. between two opposite directions at
the boundary on a distance € (the length scale of a vortex) has an energetic cost of order % (see
Example |1 below). If N, < %, then solutions u. of may have zeros on the boundary (see
Proposition .

1.1 Main result

Our main result is the following global uniform estimate in the regime for the convergence of
|ue| to 1 in €, which means that 1 — |u.| behaves as a positive power of .

Theorem 1 Let Q C R? be a Lipschitz bounded domain. There exists a (small) constant k > 0
depending on the Lipschitz reqularity of Q0 such that for every solution u. of satisfying for
some « € (0,1) we have the following global estimateﬂ

1
6

sup |[ue| — 1| <C<51(1+NE+ME)(1+ME)5> as €—0,
Q

for some constant C > 0 depending only on the Lipschitz regulam'tyﬂ of Q. In particular, g has
zero winding number on 051, i.e.ﬁ

1
deg (g, 9Q) = —— / 9% o (9= Y gyt —o.
21 Jaq |gE| Igal

In particular, under the assumption of Theorem [1 we deduce that

sup“ue\—l’SCs% as ¢ — 0.
Q
We believe that the power %— of ¢ in the above estimate is not optimal; moreover, the optimal
power of € is expected to be < % (see @ below). The proof of Theorem [1|is done in several steps.
In Section [2| we obtain a preliminary estimate of the uniform convergence of |u.| to 1, but at a
much slower rate than the one claimed in Theorem Thanks to this preliminary estimate, in
Section [3] we will be able to use more efficiently the Ginzburg-Landau system to deduce an
improved rate for the convergence of |u.| to 1, first in the L?-norm and then in the L°°-norm.

Remark 1 Our proof adapts with minor modifications to critical points of the energy
1 1
B(ui®) = [ 3190l + 5 F(ul’) do, 5)
Q £

where F' € C?([0, 00)) satisfies FF > 0, F(1) = 0 and (s — 1)F’(s) > ¢(1 —s)? for all s > 0 and some
constant ¢ > 0. The typical example is F(s) = (1 — s)%.

IWe write a < b if 4+ — 0, and a Sbif ¢ is bounded by a universal constant.

2We denote by a+ (resp. a—) any number strictly bigger than a (resp. strictly smaller than a) that one can
think of as close to a. The constants in inequalities involving a+ or a— may depend on the choice of these numbers.

3In fact, C > 0 depends only on the lowest angle and lowest radius of interior and exterior cones at any point of
the Lipschitz boundary 0f2.

4In general, O is not connected; the definition of the degree is coherent with the choice of the orientation 7 = v
given by the outer normal field v.
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1.2 Optimality of our assumptions

Let us discuss the optimality of the assumption in Theorem |1} First, the assumption on M,
in is optimal: if the constant x is not small enough, then solutions u. of may vanish inside
Q. Moreover, the threshold value of x at which this happens can be arbitrarily small depending
on the Lipschitz regularity of the domain:

Proposition 2 For any 6y € (0,7) and any n > 0 there exists a cone shape domain Q of opening
angle 0y, an exponent o € (0,1) and a solution u. of the Ginzburg-Landau system such that for
small € > 0, uc(P:) =0 for a degree-one vortex point P. €  and holds true for k = %‘J +n.

Second, the assumption on N in is near-optimal in the following sense: if N. < %, then a
solution u. of may have zeros at the boundary of any Lipschitz domain Q.

Proposition 3 For any Lipschitz domain 2, there exists a solution u. of the Ginzburg-Landau
system such that for small e > 0, us(xg) = 0 for some xy € O, while M. <1 and Ne < %

~

We also point out that solutions of with M. < k |loge| with small k may present an interior
vortex with non-zero degree if the boundary energy is of order %
Proposition 4 For any smooth simply connected domain Q and any small n = n(e) > 0, there
exists a solution u, of the Ginzburg-Landau system (1)) such that |u,| =1 on 002 and deg(u,, 0Q) =

1 (in particular, w, has a vortex on non-vanishing degree in Q0 ), while M, < (g)ﬂlogn\ and
Ne < % In particular,
1/2

e we can choose n =n(g) > 0 such that M. < 1 and N, < sl

€ )
e for every small k > 0, we can choose n = (e, k) > 0 such that M, < k|loge| and N. < L.

Finally we remark that even for S'-valued boundary data with zero degree, if N, > % then
minimizers may have bounded energy but modulus not uniformly close to 1. (This is related
to Example 1] in Section below.)

Proposition 5 For any smooth bounded domain Q and n(e) < € < 1, there exists g. € H*(9;S!)

with deg(ge,02) =0 an N ~ %, such that any minimizer ue of E.(+;$) under the Dirichlet
boundary condition u. = g. on OS) satisfies

fore <1,

| =

sup‘l - |u5|2’ >
Q

while M. < 1.

The proofs of Propositions |2[ to |5[ can be found in Section 4l The case N, < é (iie, a =1in
the regime (4))) remains open; in that case, we conjecture that our global estimate in Theorem
should still hold true, at least in smooth domains.

1.3 Related works

There is a huge literature on the analysis of solutions u. of the Ginzburg-Landau system . Let
us only mention some of them (and apologize for omitting many other important ones).

In the seminal paper [3], Bethuel, Brezis and Hélein studied the system on a smooth simply
connected domain 2 for minimizers u. of the associated energy functional, with a fixed smooth
boundary data g. := ¢ such that |g| = 1 on 9 and g is of zero winding number (so N, M. are of

5 We write a ~bif a <band b < a.



order 1); they proved that ||u€| — 1| behaves as €2 globally in € and this rate is optimal. They also
studied the case of non-fixed smooth boundary data g. : 9Q — R? that is of zero winding number
and has uniformly bounded energy N. < 1; then for minimizers u., they deduced that M. < 1
and ||us| - 1| behaves as £2 locally in €. These results also hold for non-minimizing solutions if
ue — up strongly in H' for some limit ug, see [4, Remark A.1].

In [B], Bethuel, Orlandi and Smets considered solutions of that need not be minimizing,
without imposing any bounds on M. or N.. They proved local estimates on ‘|u5| — 1‘, away from
the boundary and from a vorticity set. In our setting, their results imply that Hue\ — 1’ is of order
at most e21=A M, in the region {z € Q: dist (z,0Q) > £”}, for any § € (0,1), but do not provide
a good uniform estimate up to the boundary.

In the present work we focus on obtaining, for solutions of that need not be minimizing,
precise uniform estimates on ||u5| — 1’ which hold:

e up to the boundary 02 of a general Lipschitz domain,
e and in a regime that goes beyond the restrictive uniform bound N, < 1.

Estimates up to the boundary of a rectangle were obtained in [7, Appendix] in the regime
M., N, < |loge|. There it was proved that ||uc| — 1] is of order at most (%)%_ globally in
Q. In Section [2] we will follow the same approach in a general Lipschitz domain and under the less

restrictive regime (4f), as a first step towards the stronger estimate of Theorem

1.4 Motivation

The energy functional E. is a simplified version of a model describing superconducting materials.
We simply mention here that ‘|u€| — 1’ measures how close the system is to a superconducting
state, and refer the interested reader to the monographs [4, [16].

Another motivation comes from several studies of the pattern formation in thin ferromagnetic
films [IT} [7, [10], where one wishes to approximate u. by S'-valued maps away from the vortices.
In a vortexless region 1 (assume e.g. E.(us;Q) < |loge|), the idea introduced in [I1] consists
in finding a (squared, spherical etc.) grid R., each cell of the grid having the size ~ ¢ with
B € (0,1) (i.e., much larger than the length-scale of a vortex) such that the energy F.(u.;R.) on
the 1-dimensional grid R. is of order E.(u.;)/e”. Then Theoremimplies that ||uc|— 1| behaves
as a positive power of € in Q, and v, = u./|u.| is a “good” approximation of u. (in terms of the
L? norm, their global Jacobian etc., see [10]). In that context, we give the following consequence
of Theorem 1| for a cell of the grid leading to a key estimate needed in [10] (only a weaker version
of this key estimate was needed in [I11 [7]):

Corollary 6 Let C C R? be a Lipschitz bounded domain. Let € > 0, B € (0,1) and C. := €°C be a
cell of size €®. Assume that u. is a solution of in Ce with

1 1 |log g]
- 87_ 2 (1 — 2 QdHl 1Va~1
[, 5100l + 0 Lot < B
and ) )
/c §|Vug|2 + 4T:Q(l — |uc|*)?dz < |logel,
then

luc| 1| <Ce5~ in C.,

for some C' > 0 depending on the Lipschitz regularity of C. In particular, g. has zero winding
number on C..



Proof. Denoting the rescaled map 7iz(%) := u.(¢°%) for & € C with & := £, then iz satisfies the
system with the parameter € instead of € and the boundary energy, resp. interior energy of uz
on OC, resp. in C are estimated by Nz, Mz < |logé|. By Theorem |1} the conclusion follows. O

As already hinted at, the regime is motivated by the study of boundary vortices (see e.g.
[I4, [10]). In the absence of interior vortices, the first nontrivial example corresponds to a dipole
of two compensating boundary vortices.

Example 1 Let Q C R? be a bounded smooth domain containing the upper half unit ball, more
precisely,

QN B(0,1) = {z = (z1,22) € B(0,1) : o > 0},
where B(0, 1) is the unit ball centered at the origin. Let nn = n(e) € (0, 1) be a parameter. Consider
the boundary data g. : 9 — S! such that g.(z) = e**s with

o) = {0 if z €00\ B(0,n),

71'(1—‘%') if = (21,22) € 02N B(0,n). )

(This is the prototype of a dipole of two boundary vortices corresponding of two consecutive
transitions between opposite directions 7 and —7 at the boundary at a distance n). We extend ¢.
to the entire domain Q by setting ¢. = 0 in Q\ B(0,7n) and ¢-(z) = 7(1 — ‘f]—l) if z € QN B(0,n).
Then we compute that

1 1 )
N. :/ L10rgPdHY S <, (¢ 0) < 1.
o0 2 n

Therefore, if u. is a minimizer of E.(-;)) under the Dirichlet boundary condition u. = g. on
0Q, we have that E.(u.;Q) < E.(e'?;Q) so that holds provided that 71] < E% In this case,
Theorem 1| implies that |u.| remains close to 1 as a positive power of €, in particular, no interior
vortices appear in 2. We highlight the fact that the regime £ < 7 with a € (0,1) is essential in
the above example for minimizers u. to have modulus close to 1 uniformly. This scenario changes

dramatically in the opposite regime 7 < ¢ (see Proposition .

Notations

In the sequel we will use the symbol < to denote an inequality up to a multiplicative constant that
depends only on the Lipschitz regularity of €2, that is, on (pg, 6p) € (0, 00) x (0, 7) such that for all
x € 0N there is a cone of vertex z, radius py and opening angle 6, which is included in Q, and the
opposite cone is included in R?\ 2 (this is the uniform cone property, see e.g. [8, Theorem 1.2.2.2]).
We also note that, thanks to the uniform cone property, the rectangle

0 0 0
R= (f% sin 50, pQ—O sin 50) X (—po cos 50, Po COS 50),
has the following property: for all x € Q, there exists an angle v = v(x) € R such that for all
t € (0,1], the set

Ri(z) = (z + te" R) N Q is bi-Lipschitz homeomorphic to B, (7)

where B is the unit ball, and the Lipschitz constants of the homeomorphism and its inverse are
bounded by a constant depending only on (pg,fo). See Figure [1| below. (The angle v just serves
to rotate the rectangle in order to align it with the cone; Figur corresponds to v = 0.)

We recall that for a € R we write a+ (resp. a—) to denote any real number strictly greater
(resp. smaller) than a but that can be chosen arbitrarily close to a. In inequalities involving such
exponents, the constant will also depend on the distance of that number to a.

We write B(x,r) for the ball centered at x of radius r.



Figure 1: Cone property and rectangle R (z) at a boundary point x € 92

0o
Ri(x) /,()
\/ \/89

2 A-priori global uniform estimate of |u.| in
The aim of this section is to prove the following weaker estimate of Hu5| — 1‘ in

Theorem 7 Let Q C R? be a Lipschitz bounded domain. If u. satisfies and , then we have

1
1+ M\ ¢
sup’|u€|—1’§< + E) .
0 |log el
In particular, if k is small enough in then |ug| > % inQ ase— 0.

Theorem (7] is an improvement of [7, Theorem 6 in Appendix|, where the boundary data satisfies
the additional condition |g.| < 1, 2 is a square and N. < |loge|. We will follow the strategy in
[7], generalizing to Lipschitz domains and general boundary data g. : 9Q — R? with N, satisfying
the wider regime . The proof of Theorem [7]is divided into three parts:

Part 1 of the proof of Theorem [7|. We prove the following upper bound of |u.| in Q:

HUEHLOO(Q) -1 VeN.. (8)

For that, we start by denoting ¢ = (1 — |g.|)? on 9Q. The Cauchy-Schwarz inequality yields: E

1

1 ) gy 1 1 1 2 1
~10; 1- > —(+ =|0- > —(+ —10, Q.
510-gel* + |g:%)% > 8€2<+<8€2<+2|8 91| ) > g5+ 10-¢ om0

12

Using the embedding W11 (9) C L>(99), as H'(9Q) > €, we deduce by (2):

1 9 1 9vo L1 \
No= [ 30+ = o a4 2 ClClimiomy, w5 @20,

so that

0 1= H|Qa| - 1HL0°(8Q) S VeN.. 9)

6For the more general energy (B, only the estimate F(s) 2 (1 — s)? is needed, which is a consequence of
(s —1)F'(s) 2 (1 —s)% and F(1) = 0.




Let pe = 1 — |uc|? in Q. Then implies that
~ 2, 125 2 .
_Ap6+?|us| pe =2|Vue >0 in Q

and p. = 1—|g:|> > 1—(145.)? on 9. Thus, the maximum principleﬂimplies that p. > 1—(1+6.)?
in Q, ie., |us| <146 in Q yielding by ([9).

Part 2 of the proof of Theorem [7|. We estimate a Holder seminorm for u..

Lemma 8 Let Q C R? be a Lipschitz bounded domain. If u. satisfies and , thenﬂ

o) - ut < o(F2H) T veyen

where C' > 0 depends only on the Lipschitz regularity of 2.

Remark 2 In general, we don’t have that || Vue||p ) < € because this estimate can be violated
by the boundary condition g. on Q. But since g. belongs to H!(9f2) that embeds into the Holder
space 03 (09)), we can deduce an appropriate estimate of a Holder seminorm for . in .

Proof of Lemma (8] Consider the rescaled map (2) = u.(e#) defined for & € Q. = e~ Q. (The
map 4 depends on e, we omit this dependence to simplify notation.) This map solves

~Ad=(1—la>)a  in Q.
on S,

U

Il
NaY

where §(%) = ge(e2) for & € 0Q.. We fix xg € Q. and consider the Lipschitz domain
1 ,
R =R(xo) = - ((gmo + eetETI R) N Q) )

which is bi-Lipschitz homeomorphic to the unit ball B, with Lipschitz bounds uniform in ¢ and zq
and depending only on the Lipschitz regularity of 2, thanks to the definition of R, see (@ Since
19| <1+6. <20ndQ. (by (9)) and |a| <1+6. <2in Q. (by () as e — 0, elliptic estimates in
Lipschitz domains (see e.g. [12, [I7], and [13 Section VI] for the theory of traces) yield

lall ;3 ) S 1+ 109l 120, -
The constant depends only on the Lipschitz regularity of the domain R (see e.g. the proof of
Theorem 2 in [I7]), and is therefore bounded independently of z € 2. and € € (0, 1]. By Sobolev
embedding we deduce that
N N 1

lall 0.3~y S 1411070l 200,y S 1+ (eNe)2.
The constant in the Sobolev imbedding depends only on the Lipschitz regularity of €2, since the
imbedding inequalities [|v|[z4-(5) < ”UHH%*(B) and ||v||co,%,(3) S lvllwra- (g are valid on the

unit ball B C R? and behave well under composition by a bi-Lipschitz homeomorphism. Since any

"This argument adapts to critical points of the general energy , provided F’(s) > 0 for s > 1, see e.g. [15]
Lemma 8.3].

8For the general energy this argument only uses the fact that F' is C! and the validity of a uniform upper
bound ||uel| o, < 1, implied e.g. by which is valid as soon as F’(s) > 0 for s > 1.



two points z,y € Q. which are close enough are contained in a domain R(x) for some zy € Q.,
recalling once more that |4 < 2 in Q. (by (8)) we infer

[|a]| <1+ (sNg)% <1 as —0.

%37 (Q.)

The last inequality is due to our assumption . The conclusion follows by scaling back to
us(x) = (e x). O

Part 3 of the proof of Theorem [7] We start by estimating the normal derivative of u. at the
boundary 90€:

Lemma 9 Let Q C R? be a Lipschitz bounded domain. If u. satisfies , then we h(weﬂ

/ |0, ue|? dH' < M. + N..
on

Proof of Lemma @. We use the Pohozaev identity for u. in the spirit of [3, Proposition 3], the
only difference is to adapt that result to the setting of Lipschitz domains 2. More precisely, we
consider a map V : Q — R? that is O in the closed domain Q and such that V -~ > a > 0 on
0N for some a > 0 depending only on the Lipschitz regularity of 2 (see e.g. [8, Lemma 1.5.1.9]).
Multiplying the equation by (V(z) - V)u. and integrating by parts, as V € C1(£2), we deduce
by and :

1 1
|€—2/Qu6(1—\uE\Q)-(V(x)~V)u5da:| = ‘M/QV-V(l—IuEF)de

1

_@ §M€+Nsv (10)

/ V(@) (1 — |g.?)? dH?
o0

/ Aue - (V(x) - Vue dz = / <(1/ NVue - (V- V)ue — %V . 1/|Vu5|2> dH'  (11)
Q o0
—|—/ (;V V|Vu|? — Z Ojue - (0;V - V)ug) dx.
Q j=1,2

For x € 0f), we decompose V' = s(x)v + t(x)T where s,t € L>(9Q), s(z) =V -v > a > 0 for a.e.
z € 00, and Vu. = v ® dyu. + 7 ® d-g. on 0. By (1)), @), (@), and (1)), as V € C*(Q), we

conclude by Young’s inequality:
M.+ N, 2 / ﬂyﬁuugﬁ — ﬂ‘&gef + t(2)0,ue - Orge | dH' > / |8,,u5|2 dH' — N..
o0 \ 2 2 o0

O

We use Lemma@ to prove the following estimate of the potential energy in small balls (of radius
< e%). To simplify notation, we denote the energy density by

1
ee(ue) := §|Vu5|2 +

1

@(17 ‘u5‘2)2, Ue :Q*}RQ.

(In the context of the energy , only the assumption F € C* is needed for the following estimate).

9In the context of the general energy , we need only the assumption that F € C1.



Lemma 10 Let Q C R? be a Lipschitz bounded domain and u. be a solution of in the regime
M). Fizx1l > a1 > as > a > 0. There exists C > 1 such that for every xo € Q, we can find
ro = ro(xo) € (€*1,%?) such that

/ eo(uz)amt < CUT L) (12)
B(B(woﬂ‘o)ﬂﬂ) T0| log 5‘

for every e < ey with g = eo(a2, ) > 0. Moreover, we have that

1 C(1+ M,
=3 (1 - ey do < SOF M) (13)
€% JB(x0,m0)NQ |log €|

for some C > 1.

Proof of Lemma We distinguish two steps:

Step 1. Proof of . Assume by contradiction that for every C' > 1 there exists = € {2 such that
for every r € (¢*1,e%2) we have

1+ M.
/ ee(ug)d’Hl > M
a(B(x,rNQ) r|loge|

Since N.g® < 1, by and Lemma@ there exists ¢; > 0 such that

1+ M. 1+ M.
/ eg(Ug)dHl S Cl(Mg +N5) < + < C( + )
oN

;o Ve (e, e™
~ 2e22|loge| — 2r|loge| re (e e

for every € < g (with e9 > 0 depending on as and «). Therefore, we deduce that

C(1+ M,
/ ec(us) dH! > M
9B(z,1)NQ 2r[loge|

Integrating in r € (¢%1,£%2), we obtain by :

e¥2
- 1+ M,
M, = / ee(ue) dx Z/ ee(us) dx Z/ d?”/ ee(ue) dH! > Clon — az)(1 + Me)
Q B(z,e*2)N2 el OB (xz,r)NQ 2

which is a contradiction with the fact that C can be arbitrary large.

Step 2. Proof of (13). Let v be the outer unit normal vector at the boundary of the domain
D .= B({Z?(),To) N Q.

As in the proof of Lemma @ we use the Pohozaev identity for the solution u. of . Indeed,
multiplying the equation by (z — zp) - Vu. and integrating by parts, we deduce:

/D A, ((x ) - qu) dz = /aD (;(a: — 20) - V| VU2 — Byue - ((x — o) - v)ug) dH?,
é/puau — Jucl?) - ((a: — ) .vug) do = — [ (1— jue?)? do

252 D
1
e /m)(x —x0) - v(1 = |uc|?)? dH.
Since |z — 2| < rg on dD, by , we deduce that holds true. O

The conclusion of Theorem [7] comes from the following result:



Lemma 11 Let Q C R? be a Lipschitz bounded domain. If u. satisfies and , then we have
i 1
1+ M, > 67

2
| ey < [
el = Uiy S (s

Proof. Let 2p € 2 and set 1 > A > 0 such that
’1 - |u€(x0)\2|
2 )
where C' > 1 is given by Lemma [8| By Lemma [8] we obtain for any y € B(zg, Ag) N Q

|1 — Jue(@o)?|
2

40 A2~ =

11— Juc ()] = |1 — |uc(ao)?| —4C A3~ =
as |us(y)| + |ue(z0)] < 4. Hence, for small e,
/ (1 Jue(9)[2)? dy > O A%2(1 — uc(0)|?)?
B(IO,AE)OQ

> C(Q)*(1 — Juc(x0)]?)°F,

(14)

where C(Q2),C(£2) > 0. We have that B(zg, Ac) C B(xo, o) for € < ¢ with ¢9 depending only on
1 in Lemma Thus, by , we obtain

and the conclusion follows. O

3 Proof of Theorem [1

The main idea is to improve the convergence of |u.| to 1 locally in L?-norm; this involves improving
the local estimate of the potential energy to a positive power of € and then the argument in
Lemma 11| yields the conclusion (i.e., the desired estimate in L*°-norm of |u.| — 1 in our main
result).

Let zp € @ and € > 0. By Fubini’s theorem we may choose ¢t € [1/2,1] such that the domain

R = Ri(xo) (15)
defined in @ satisfies

1 1
/{mmgwuem@u_ lue|?)? dH' < M. (16)

Recall that R is bi-Lipschitz homeomorphic to the unit ball B, in particular it is simply connected.
Moreover by Theorem [7]if  is small enough then u. does not vanish. So we may write

Ue = pe€e'¥c in R,

with pe, 0. € HY(R) (moreover, p? and . are smooth in R as u. is smooth by standard elliptic
regularity). The system writes in terms of p. and ¢.:

{ —Ap: + pa|v905|2 = Eizps(l - Pg)

in R. 17
V- (p2Vp0) = 0 " "

10For the general energy (B) we only need here (s — 1)2 < F(s).

10



Step 1. We prove the following estimateE of V. in LYR), where ¢ = 4—:
”v‘PsHL‘I(R) ST+ N2+ M2, (18)
Indeed, by , @, Lemma, |§| and , we note that

/ |V |? dH! 5/ |Vue|? dH' < N. + M.
OOQNR o0

and Voo |? dH' < /

|Vu |2 dH < M..
QnaR ORNQ

Therefore, by the Poincaré-Wirtinger inequality, up to adding a constant to y., we can assume
that . )
lpellmor) S 14+ N& + M.2. (20)

By the theory of traces in Lipschitz domains (see e.g. [I3} Section VI.2]), for s = 1— there is a
continuous extension operator from H*(OR) to H*T/2(R), and its operator norm is bounded by
a constant depending only on the Lipschitz regularity of R, hence only on the Lipschitz regularity
of Q. Thus there exists an extension ® € H?~(R) of g0€|8R such that

1

By Sobolev embedding Hz~(R) C L*~(R) we deduce the bound

1
V@] oy S 1+ N2+ M2 (21)

The constant in the Sobolev embedding depends only on the Lipschitz regularity of Q since R
is bi-Lipschitz homeomorphic to the unit ball (with Lipschitz constants depending only on the
Lipschitz regularity of ). Denoting

= —® EH&(R)a

by , 1) solves
AYp=V-(1-p})Vp.—V®) in R,

so that elliptic estimates in Lipschitz domains (see e.g. [I12, Theorem 0.5] or [I7, Theorem 2]) yield
IVeellpagry < CO+ (1= ) Ve Loy + 1V Lar))-
By Theorem @ C ’1 — p§| < % in R for k > 0 small enough. This implies
IVeelpary ST+ IV Lar) -
The last term can be estimated by and this proves .

Step 2. An improved local estimate of the potential energy. We will prove the following:

Lemma 12 Let Q C R? be a Lipschitz bounded domain. If u. satisfies and , then

1

o (U fue)Pde S e+ No o M) (1+ M)E
R

for every point x¢ € Q0 with the associated domain R in .

HFor the general energy , no modification is required for this step since the equation satisfied by . stays the
same.

11



Proof. Multiplying by 1—p?2, as p. > 1/2in R (by Theorem, integration by parts yieldﬁ

1 1
o G- Pdr< 5 [ - s
R e Jr

2e2

—— [a=dpede+ [ p1-BVe e
R R

—— [ = upedr =2 [ (Vo dot [ 1= ) (Tel do
OR R R

< ||]- - ngL2(6R) ||3ups||L2(aR) +2 ”v‘aDEHQLQ(R) ||1 - ngLﬁ(R)

1_
Se(Me+ No)+e'~(1+ N + M) M2

for ¢ = 4—, where we used
e 1
o @ and (18) vielding 1~ 52| ) S £(Me + No)B:
L4 yielding ||avps||L2(8R) N (Ms + Nsﬁ?
e (|18) and the interpolation inequality for A = @ =1-

13),(8) 2
2

1-A A
(Bl <= P2l iy = P2l ey S €™M

.
La-2(R)
yielding the last estimate. ([

Step 3. Conclusion of Theorem Applying the arguments in the proof of Lemma in the
domain R = R:(x) defined at , we find

1 _ 1_
(|Us($0)|2*1)6+§;2/(1*,0?)2‘190551 (14 Ne o+ Me)(1+ M=
R

The last inequality follows from the previous step. Since xy € ) is arbitrary and the constant
depends only on the Lipschitz regularity of €2, this proves Theorem [I} (I

4 Optimality of the regime (4))

In this section, we prove Propositions [2] to [5}

Proof of Proposition [2] Let 2 be a cone of opening angle 6, and height 1, see Figure[d] Consider
the point P. on the medial axis at distance s. from the corner, where

se=¢el withO<pu<1

Set @ = HT“ € (0,1). We also denote by d. the distance of P. to the boundary 9. For 6; = 6y+1n
(where, possibly lowering 7, we may assume 7 < 6p) consider the cone K; of opening #; and height
1 centered at P. and with the same medial axis. The boundaries of the two cones intersect in two
points at a distance r. from P;.. It follows that Q C B(P.,r.) U K1 (as sc < r¢),

0, sin &
d. = sgsinEO ~et and 1. =s.—

n
Sin 2

~ et

12For the general energy (), this estimate holds thanks to the assumption (s — 1)F’(s) 2 (s — 1) for s > 0.

12



Figure 2: The cones 2 and K7 of opening angles 6y and 6, respectively.

We consider the following degree-one vortex solution u. of :

|1:—P5|> ©— P

for every z € R2,
€

ue() =f<

where P, is the vortex point (i.e., u.(P-) = 0), f : [0,00) — [0,1) is the smooth radial profile given
by the unique solution of

F L = fA = ) forevery 1€ (0,00)

with f(0) = 0 and lim,_, f(r) = 1; f and f’ have the following asymptotics for r — co (see [6],9])
L9 6y oy L9 7
f(r)y=1 57 " 54 +0@™"), fiir)= 3 + 5,5 +0O(r ).

In a point x € R? with |x — P.| = t, the Ginzburg-Landau energy density is given by

1ty)2 ]2
so that for t > ¢, we find
1 1 et
e(ue(®)) = 53 + 5055 (22

Recalling that 7. > €, we obtain by integrating over K; \ B(P-,7¢):

62

/ ee(ue) d <0/2t 1 +1O(€4) dt<9110 2+O( )
ue) dz 2o oE 0, 2 ey
KaBEr L N2 e =2 % TN

13



In B(P.,r.), using and the fact that f(0) = 0 and |f’| < 1 (in particular, |f(t)| < ¢ for t > 0),
we estimate

/B(PE)TE) (ue dx<7r</ / > K P lf(t2)| >+21€2(1f(§)|2)2}tdt

SC’/ —th—l—ﬂlogi—i-O(l):ﬂlogri+0(1).
0 € € €

As Q C B(P.,r:) U Ky, it follows that the interior energy M, is estimated as:
0 2 01
M, = eg(us)dﬂcgwlogrg—i—;log+O(1)§( (I—p)+ u>|log5+C
Q Te

where C' > 0 is a constant depending only on 1 and 6y. Note that for p sufficiently close to 1 and
€ small enough, this implies

6
M. < (?0 +n)|logel.
To estimate the boundary energy N., we write 9 = I'y UTJ UT;, where I'; is the basis of the

cone, and I's are the two sides of the cone adjacent to its vertex. Since P. is at distance ~ 1 of
I'y, it holds

/ e-(ue) dH' = O(1).
I

On the rest of the boundary, note that for every point x € in that has a distance s from the
orthogonal projections of P. onto 1"2i, we have

1 1 4
ec(ue(z)) = ——i——O(%), where t = |z — P.| = \/s? + d2,
since t > d. ~ " > . We can thus estimate

o 1 g2 1 e 1 1 1
N, <2 C d o< — 4+ < ~ = -
= /_w(2<s2+dz>+ <52+d3>2) sHONSTHES " a<a

as a was chosen such that a = HT“ < 1. So holds with k = %" + 1, while u.(P:) = 0. O

Remark 3 Applying the construction in the proof of Proposition [2] to a half-space domain, we
deduce that a necessary condition in order that Theorem (1) holds true is given by x < 7 in
(even for smooth domains §2).

Proof of Proposition [3| Let f :[0,00) — [0,1] be a smooth function with f(0) =0, f(r) =1
for r > 1 and |f'(r)| < C. Let z € 9Q and consider v.(x) = f(£Z2) for every € R?®. Let g. =
(ve,0) on O and let u. be a minimizer of the Ginzburg-Landau energy with Dirichlet boundary
conditions g., in particular, u-(xo) = ge(xo) = 0. Then u. satisfies and (by minimality)
M. < E-(vs;€) S 1 while N. < 1. O

Proof of Proposition Since 2 is smooth, bounded and simply connected, upon applying
a conformal diffeomorphism we assume 2 = B(0,1) is the unit diSkE Our example is strongly
inspired by [I, Example 1] and [2, Lemma 4.1]. For n > 0 small we consider

vy(2) = lz—_((ll—_:))z for z € B(0,1) C C,

13 Only the bulk energy changes and is bounded (up to a multiplicative constant depending on ) by the new
bulk energy in the disk B(0, 1).
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and denote by g, its boundary datum g,(6) = v, (e’

%), which satisfies |g,| = 1 on B(0,1). As
explained in [2, Lemma 4.1], the map v, satisfies

1

/ |V'U17|2 dr =, and deg(’un,aB(O, 1) =1
2 JB(o,1)

Lengthy but direct computations show that for § € (—7, 7) we have

|2_(2777)2 1

|9,(0)]" = :
! " (1+2177_27](1—C089))2

Moreover 1 — cos > %62 for § € (—m,m), and therefore, for small 7,

T 1 ™ dé 1 % dt
(0))7do < /7227/ 1+ 2)2

S

S =

For 0 <r <1 and 0 € (—m, ), setting a = 1 — n we have

1—r?
(1+ a?r? —2arcosf)’

In order to estimate [(1 — |v,|*)? we first compute

1- |vn(rei9)|2 =(1-a?

Imﬂ/ﬂ d
). (14 a%r? — 2arcosf)?’

The change of variable 2 = tan § gives df = 2dz/(1 + 2?) and cos = (1 — 22)/(1 + 2?)

> 1
I = 2/ e 2dm
—oo (1 —ar)?+ (14 ar)2a?)

_ 2 /OO 1+ i e 1—ar
(M 4ar)t ) (A2 4 22)277 T l4ar
We have

/OO <A12+x dx_/ A2+2 “‘AQ’/_OO( v

o A2 +SL‘2)2

1 [~ dt
— A? —
A 1+ﬂ )A3/ (1+1¢2)2

n 1-A%rx 71+ A2
"A TTTA ) T A
Since 1 4 ar > 1, plugging this back into I yields

1+ a?r? 1 2T

I= 27T(1+a1")3 (1—ar)d = (1 —ar)3

15



We deduce
1
/ (1—|vn|2)2dx:(1—a2)2/ (1— 1220 rdr
B(0,1) 0
1 2 1 2
1-— t
§172/ =) dr:n2/ ——=dt
o (1—ar)3 o (at+mn)3
1 2 2 o 2
YRy
nJo (Gt+1)3 a® Jo (s+1)3
1
< n?log —.
n

In particular,

e choosing 1 = ¢/ |log €|% and u. minimizing the Ginzburg-Landau energy with Dirichlet con-
dition u. = g, on 9B(0,1), we have that u. is of modulus one and degree one on 0B(0,1) while

1
M. <1and N, < logel2.
~ ~ € )

e choosing 7 := == with L > 0 big enough and u. minimizing the Ginzburg-Landau energy

with Dirichlet condition u. = g, on 0B(0,1), we have that u. is of modulus one and degree one
on 9B(0,1) while M, < x|loge| and N. < L

€~ g

O

Proof of Proposition Upon locally flattening the boundary and rescaling the domain (thus
only introducing multiplicative constants in all estimates), we may assume that 2 is as in Exam-
ple|[l] i.e. it contains the upper half unit ball:

QN B(0,1) ={z = (z1,22) € B(0,1) : 25 > 0}.
As in Example [I} for n = n(¢) < & we consider the boundary data g. : 9Q — S' such that
ge(x) = €% with

o if z €09\ B(0,n),
¢5($)— W(l*‘znill) if x:($17x2) EaQﬂB(O,U)

As in Example |1| we then have that N, ~ % and any map wu. minimizing E.(-; Q) with Dirichlet
boundary data u. = g on 0f2 satisfies M. < 1.
It remains to show that

1
sup‘1—|u5|2‘ > 3 for e < 1. (23)
Q

The idea is to use the decomposition u. = v. + w,. with

1
—Av. = — (1 - lue|*)ue  in Q, Aw, =0 in ,
€ and
w. = g- on 0N,

ve =0 on 0,

(see also the proof of Lemma 3 in [7]).

The maximum principle can be used to see that |w.| < 1 and |us] < 1 in Q. Indeed, since
—Alw.|? = =2|Vw,|? < 0in Q and |w.| = 1 on 99, the maximal principle implies that |w.| < 1
in 2. Moreover, recalling that p. = 1 — |u.|? satisfies

2
—Ape + Sluelpe =2[VuP 20 im0,
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and p. = 0 on 9, the maximum principle ensures that p. > 0 in Q, i.e. Jus| < 1in Q.
We deduce that |v.| < 2 in Q. Using this together with the equation satisfied by v, and the
interpolation inequality [3]

1 1
190z S el gy 1A ey

we find that [|Vve||pe@) S % In particular, since v. = 0 on 92, we deduce that |v.| $ 2 < 1 in
2N B(0,27). As a consequence we have

sSup ‘ue‘z - |we‘2 <1,
QNB(0,27n)
and to prove it suffices to show that
1
lwe(0,7)]> < 3 for e < 1. (24)
To this end we rescale w,, setting @, (z) = we(nx) so that
1
Ady =0 i B(0, )0 {2 > 0},
~ iq; 1
w, =€’ on B(O,;)ﬂ{xQZO},
~ 0 if 1
where ¢(x1,0) = 1 1] > 1,
(1 —|z1]) if |zq| <1.

Since [w,| < 1 and ¢ is Lipschitz, elliptic estimates ensure that 1, is bounded in C>%({z2 > 0})

for any « € (0,1) and therefore admits a subsequence converging locally uniformly to a map
Wo: {x2 > 0} — C which solves

Awg =0 in {372 > 0},
Wy = €' on {xy =0},

and satisfies |1g| < 1. This system has a unique bounded solution, given by the Poisson formula

. Ty [ eiP(t0)
i) =2 [ G
— 00

In particular no subsequence is needed for the locally uniform convergence, and we have
we(0,m) = w,(0,1) — we(0,1) as € — 0.

Using the explicit expression of gz~5 we compute

2 1ei7r(1—t) 00 1
00(0,1) = — —dt —dt
wo(0,1) w(/o 1+ ¢2 +/1 1+ ¢2 )

2 11_ —imt
:—/ .

It can be checked that

and we infer that

which implies . ([l
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