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Abstract

Linear models for the radiative transfer equation have been well developed, while nonlinear models
are seldom investigated even for slab geometry due to some essential difficulties. We have proposed
a moment model in [24] for slab geometry, which combines the ideas of the classical Py and My
model. Though the model is far from perfect, it was demonstrated to be quite efficient in numerically
approximating the solution of the radiative transfer equation, that we are motivated to improve this
model further. Consequently, we propose in this paper a new model following the chartmap in [24]
with some significant theoretic progresses. The new model is derived with global hyperbolicity, and
meanwhile some necessary physical properties are preserved. We give a complete analysis of the
characteristic structure and propose a numerical scheme for the new model. Numerical examples are
presented to demonstrate the numerical performance of the new model.
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1 Introduction

In kinetic theory, the radiative transfer equation (RTE), which is the evolution equation of the spe-
cific intensity, describes the motion of photons and their interaction with the background medium. In
the past decades, it has many applications in different fields, for instance, radiation astronomy [43],
reactor physics [46 21], atmospheric radiative transfer [38], and optical imaging [32] [51]. The RTE is
a high-dimensional integro-differential kinetic equation, so how to develop effective numerical methods
for RTE is an important issue. The common numerical methods can be classified into two categories:
the probabilistic methods like the direct simulation Monte Carlo (DSMC) methods [3], 29] 18], and the
deterministic schemes [4} [36], [48], BT, [T'7, 20, 44, 2] 22| 24], such as the discrete ordinates method (Sy)

[4, [36], 48], the moment methods [3T], 17, 20} 2] 24] and etc.
The DSMC method, introduced by Bird in [3], follows a representative set of photons as they interact

with background and move in physical space. So far, this method has made remarkable successes in
solving the RTE, but the statistical scatter (or statistical noise) is the main issue for its accuracy. In
order to improve accuracy, one needs to increase the number of photons, which significantly increases
both the computational and memory requirements.

The discrete ordinates method (Sy), which is one of the most popular deterministic methods, solves
the transport equation along with a discrete set of angular directions from a given quadrature set.
However, the Sy model is based on the assumption that the particles can only move along the directions
in the quadrature set, which results in numerical artifacts, known as ray effects [36].

The moment method studies the evolution of a finite number of moments of the specific intensity.
Typically, the evolution equation of a lower order moment depends on higher order moments. Hence
one has to introduce the called moment closure to close the moment model. A common method for the
moment closure is to construct an ansatz to approximate the specific intensity and the two most popular
moment methods are the spherical harmonics method (Py) [46] and the maximum entropy method
(My) [37, 20, [44]. The Py model constructs the ansatz by expanding the specific intensity around
the equilibrium in terms of spherical harmonics in the velocity direction. However, the resulting model
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may lead to nonphysical oscillations, or even worse, negative particle concentration [6l [7, 42]. The My
model constructs the ansatz based on the principle of maximum entropy [37} [20]. However, no algebraic
expression of the moment closure is known for the case N > 2, and one has to solve an ill-conditioned
optimization problem to obtain the moment closure in the implementation, which strongly limits the
application of the My model.

Recently, a nonlinear moment model (called the MPy model) was proposed in [24]. This model takes
the ansatz of the M7 model (the first order of the My model) as the weight function, then constructs the
ansatz by expanding the specific intensity around the weight function in terms of orthogonal polynomials
in the velocity direction. The MPy model is a nonlinear model since the weight function contains the
energy flux of the intensity. Numerical tests in [24] demonstrate its numerical efficiency and show that
the MPpy model produces an improved approximation of the intensity in comparison of the Py model in
[24]. Moreover, it was proved that the MPy model with N = 2 is globally hyperbolic in the realizable
domain.

In spite of its numerous progress, the MPy model is, however, far from perfect. The theoretical
investigation shows that the MPy model with N > 3 loses its hyperbolicity when the specific intensity is
far away from the equilibrium. For the case N = 2, the MPy model might give unphysical characteristic
speeds. Precisely, the characteristic speeds could be faster than the speed of light. Detailed discussion
is presented in Subsection These defects limit the application of the MPy model on the strong non-
equilibrium problems and time-dependent problems. Encouraged by the improved numerical performance
of the MPy model, we are motivated to study further following this spirit to get rid of these limits. The
top object is to study how to gain hyperbolicity of the MPy model.

Although the hyperbolicity is a critical issue for the moment model, there are not too many works
on the hyperbolic regularization till now. The well-known entropy-based My model [37] is globally
hyperbolic because its ansatz is an exponential function, which makes the model symmetric hyperbolic.
However, it does not provide clues for other models to gain hyperbolicity. The first globally hyperbolic
regularization was proposed in [8, 0], where the authors study the regularization by investigating the
coefficient matrix of the reduced model. This work was extended to a general framework on deriving a
hyperbolic reduced model for generic kinetic equations in [I0 23] based on the operator projection (or
truncation). Many follow-up works were proposed after that, for instance [I1], 12 [34] T9] B5]. We refer
readers to [33] and references therein for more details. Hence, a natural idea is to apply the hyperbolic
regularization framework in [I0, 23] on the MPy model to yield a globally hyperbolic model. However,
though being hyperbolic, the resulting model is not satisfied since it changes the model even for N =1,
in which case the MPy model is precisely the M7 model. This indicates the resulting model may not able
to yield a correct high-order Eddington approximation. We are obliged to develop additional techniques
to attain a satisfied model.

In this paper, we first discuss some natural criteria to improve the MPy model by hyperbolic regu-
larization:

1. the regularized model is globally hyperbolic;

2. the characteristic speeds of the regularized model cannot be faster than the speed of light;
3. the regularization vanishes for the case N = 1;

4. only the evolution equations that are closed by the moment closure can be changed.

The first criterion is our goal, and the second one is a natural physical constraint. The third one is to
guarantee the correctness of the high-order Eddington approximation, and the last one is to attain high
efficiency. More discussion is presented in criteria [I] to [4

Taking these criteria into account, we notice that the key idea of the framework in [I0] 23] is that in

the convection term, the spatial derivative operator — and the multiplying velocity operator u- are not

coupled in the space defined by the specific intensityzbut they are coupled in the linear space defined
by the ansatz, and then the authors decoupled these two operators to gain the hyperbolicity. Keeping
such an idea in mind, we are inspired to propose a modified hyperbolic regularization. Making use
of the weight function and the ansatz of the MPy model, we introduce a new space that is defined
by the derivative of the weight function with respect to the parameter in the weight function. This
makes us decouple the spatial derivative operator and the multiplying velocity operator in this new
space. Consequently, the resulting moment model satisfies all the criteria, saying that the new model
is not only globally hyperbolic but also retains some physical properties of the RTE. The characteristic



structure of the new model is well studied. Moreover, the new hyperbolic regularization generalizes the
framework in [I0} 23], extends its application range and also takes properties of the kinetic equation into
account of the regularization.

To develop a numerical scheme for the new model, we adopt the DLM theory [39] to deal with
the non-conservative part by introducing a generalized Rankine-Hugoniot condition. Then the numerical
scheme in [47], which can be treated as a non-conservative version of the HLL, is applied to discretize the
non-conservative system. Numerical simulations are performed to demonstrate the numerical efficiency
of the new model. Thanks to the hyperbolic regularization, the new model works well for the case the
MPp model fails. The simulations on benchmark problems show that the new model has good agreement
with the reference solution.

The rest of this paper is arranged as follows. Section [2| briefly introduces the RTE and the MPy
model. Particularly, we try to discuss the defects of the MPy model in detail to clarify the improvements
in the new model. In Section [3] we point out the failure of the hyperbolic regularization framework in
[10, 23] and propose the generalized hyperbolic regularization method for the MPy model to yield the
new model. Numerical scheme and numerical results for the new model are presented in Section ] The
paper ends with a conclusion in Section

2 MPy Model for Radiative Transfer Equation

The time-dependent radiative transfer equation (RTE) for a grey medium in the slab geometry has the

form
101 ol

- — =S5(1), 2.1
~gr THa, =) (2.1)
where I = I(z,t, pu) is the specific intensity of radiation and c is the speed of light. The variable p € [—1, 1]
is the cosine of the angle between the photon velocity and the positive z-axis. The right hand side S(I)

denotes the actions by the background medium on the photons, and it usually contains a scattering term,
an absorption term, and an emission term.

2.1 Moment method

Denote the k-th moment of the specific intensity by

Iy = /4 pFI(p)dp, k€N, (2.2)

then multiplying (2.1)) by x* and integrating it with respect to p over [—1, 1] yields the moment equations

oI
%agt)k + <a>§+1 = (S}, keN. (2.3)

Notice that the governing equation of (I), depends on the (k + 1)-th moment (I),  ,, which indicates
that the full system contains infinite number of equations. Thus, in order to derive a reduced model for
(2.1), we choose a positive integer N and discard all the governing equation of (I),, k > N. Clearly,

the truncated system is not closed due to its dependence on (I) 41> S0 we need to provide a so-called
moment closure for the model. A common strategy of the moment closure is to construct an ansatz for

the specific intensity. Precisely, let By, k=0,..., N, be the k-th known moments for a certain unknown
specific intensity I. One can propose an approximation, also called ansatz, I(Fy, ..., En;u) such that
(I(Eo,...,En;)), =B, k=0,...,N, (2.4)
and I is uniquely determined by . Then the moment closure is given by
Ens1=(I(Eo,....EN;)) nis (2.5)
and the moment model is proposed to be the system
é% 8]?;’;“ = (SU(Eo,...,En;p)))y, k=0,...,N. (2.6)

Based on the moment closure strategy, many existing models are developed in the literature, for
example, the Py model [31], the My model [37, 20], the positive Py model [26], the By model [2], and
the MPy model [24]. The MPy model proposed in [24] shows good numerical results for some standard
benchmarks. In this paper, we will restudy this model and point out its defects in both theoretical
analysis and limitation on numerical simulations, and then propose a novel regularization for this model.



2.2 MPy model

The MPy model starts from introducing the weight function

1

Wl (1) = m7

€ (-1,1). (2.7)

Using the Gram-Schmidt orthogonalization, one can directly define a series of monic orthogonal polyno-
mials in the interval [—1, 1] with respect to the weight function w(®l(y) recursively as

Pl =1 e Z ,CJ’ o (W, 521, (2.8)
where the coefficients K; ;, is given by
b gl
o= [ 6l ) (2.9)
-1
The orthogonality of QSE:“] yields

1
Kjp =0, ifj <k, Ky = / (61 ()20l dpt > 0. (2.10)
1

The ansatz of the MPx model is defined as
N
[(Eo,....Enii) 2 fidl (), (2.11)

where <I>[ (n) = gi) ( ywlel(p),i = 0,1,..., N are the basis functions, and f; are the expansion co-
efficients to be determined by the moment constraints (2.4). Thanks to the orthogonality of ¢£a], we

have
fi= K. /d) w)dp, i=0,...,N.

Substituting the recursive relationship (2.8 into the upper equation yields the following recursive for-
mulation for f;, which are functions dependent on Ej,

i—1
1 .
fi= % Ei—Z/Ci,jfj , 0<i<N. (2.12)
5 j=0
The moment closure is then given by
N
Ens1 =Y Kniife- (2.13)
k=0
For the MPy model, the parameter « is set as a = —— 3Bi/By 1y this case, direct calculations
2+4+/4—3(E1/Eo)?
yield
Ji=0. (2.14)

2.3 Defects of the MPy model

The MPy model has been well studied in [24]. Tt was shown that the ansatz had a better approx-
imation to the specific intensity than the Py model, and the MPy model was numerically demonstrated
to be effective in approximating the RTE. As a particular case, the MPs model was well studied, includ-
ing its hyperbolicity and characteristic field for the Riemann problem. Nevertheless, the MPy model
is far from perfect, and it has some defects in the theoretical analysis, which limits its application in
numerical simulations.

There are a lot of criteria to judge a reduced model. Among them, the following criteria are basic
conditions for a physical model:



Criterion 1. The reduced model is globally hyperbolic.
Criterion 2. The characteristic speeds of the reduced model lie in [—c, c].
The criterion [T] uses the following definition.
Definition 1 (Global hyperbolicity). A system of first order quasi-linear partial differential equations

Jw ow

— +A(w)— = Q

5 + A(w) P 0, we

is called hyperbolic at the point wg € Q if the matriz A(wy) is diagonalizable with real eigenvalues. The
system is called globally hyperbolic if it is hyperbolic at each point w € ).

Since the left hand side of the RTE is an advection part, the criterion |1} is the necessary
condition for the existence of the solution. Thus, the hyperbolicity is a critical mathematical constraint
on the reduced model. The criterion [2|is a basic physical property of the reduced model, which can be
interpreted as that the information can not travel faster than the speed of light. However, as will be
shown, the MPy model fails to satisfy these criteria.

2.3.1 Loss of global hyperbolicity

In [24], the MP5 model was proved to be globally hyperbolic in its realizability domain. However, the
global hyperbolicity fails to be preserved by the MPy model with N > 2. In the following, we take the
MP3 model as an example to show that the MPy model fails to satisfy the criterion

Denote the characteristic polynomial of the MP3 model as ps(A), then it depends on Ei/Ey, k =
1,2,3, ie., ps(A) = p3(E1/Ey, Es/Eg, E3/Ep; \). That all the zeros of p3(\) are real is a necessary
condition for the hyperbolicity. Figure [1| plots the real region (the region that all the zeros of ps()\) are
real) of p3(\) with some given E3/Ey. Clearly, the zeros of ps(A) are not always real; thus the MPs3
model is not globally hyperbolic.

0.8 0.8+ 0.8
= 0.6 = 0.6 = 0.6
= &5 X
= 3 &
9 0.4 N 0.4} & 0.4
0.2 0.2 0.2
0 0 0
-1 -0.5 0 0.5 ] -1 -0.5 0 0.5 ] -1 -0.5 0 0.5
E\/Ey Ey/Ey Ey/Ey
(a) Eg/E():O (b) E3/E0=1/5 (C) Eg/E():l/Q

Figure 1: Real region of the MP3; model with respect to (F1/Ey, E2/Ey) with given E3/Ey. The blue
region is the real region where all the zeros of p3(\) are real, while the yellow region is non-real region
where at least one zero of p3(\) is not real.

2.3.2 Unphysical characteristic speed

We take the MP5 model as an example to show that the MPy model fails to satisfy the criterion[2] Denote
the characteristic polynomial of the MPs model by pa(A). Since the MPs model is strictly hyperbolic
[24], all the zeros of pa(X) are real and distinct. We denote the zeros of pa(A) by Ag, & = 1,2,3
with A7 < Ay < Az. Clearly, the characteristic speeds A, are determined by E;/Ey and Es/Ej, i.e.,
At = M (E1/Eo, Ea/Ey). Figure [2| presents the profile of Ag. One can observe that there is a region for
A1 and A3 where the characteristic speed does not lie in [—¢, c].

3 Hyperbolic Regularization

In Subsection [2:3] it is pointed out that the MPy model is not globally hyperbolic and its characteristic
speeds can be faster than the speed of light. This motivates us to explore a regularization for the MPy
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Figure 2: Contour of characteristic speeds A, kK = 1,2, 3 of the MP5 model in the realizability domain.
In the red region, the characteristic speeds lie beyond [—¢, ¢].

model to eliminate such defects. As is discussed in the introduction, even though the hyperbolicity is a
critical property for the reduced model, only a few works on the hyperbolic regularization are proposed.
The candidate is the moment model reduction method in [I0} 23], which provides a general framework
on deriving hyperbolic reduced models from kinetic equations.

On the other hand, one must follow some criteria in the regularization. As is discussed in [24], when
N =1, the MPy model is the classical M; model, which satisfies the criteria [I] and [2] It is nature to
require that the regularization does not change the MP; model, i.e.,

Criterion 3. The regularization vanishes for the case N = 1.

Remark 1. Basically, we should require that the local linearization of the reqularized reduced model
around the weight function is the same as that of the MPy model. Precisely, we assume I=uwll 4+ €g,
where € is a small quantity, then we use this decomposition to linearize the MPn model and the reqularized
reduced model by discarding high order terms. The resulting two models should be the same. This
constraint is a critical condition for the regularization. Otherwise, even I —wlel s quite small, the
solution of the MPy model and the regularized reduced model can be qualitatively different. Moreover, if
one applies the Chapman-Enskog expansion [16] on the reqularized reduced model with N = 2 to derive the
high-order Eddington approximation, the resulting approzimation may be not correct (Ref. [19] presents
an example for the quantum gas). Although the criterion @ is a necessary but not sufficient condition
for such constraint, this criterion is easy to check and is enough for verifying the regularization in this
paper.

In the derivation of the reduced model (2.6)), the governing equation of Ep is the only unclosed
equation. Thus it is the only equation one can modify in the regularization. Precisely, we have the
following criterion.

Criterion 4. To regularize the reduced model (2.6)), the governing equation of Ex, k=0,...,N —1 can
not be changed.

In this section, we first show that the regularization framework in [I0, 23] to regularize the MPy
model to be globally hyperbolic can not fulfill all the constraints of criteria [I] to [ This investigation
inspires us to propose a novel regularization by using the special structure of the weight function and
the RTE. Then the novel regularization is proposed, and the regularized reduced model is well studied.

3.1 Hyperbolic regularization framework

We first try to apply the regularization framework in [I0, 23] on the MPy model and show that the
resulting model dissatisfies the criteria [I] to[d It indicates that a globally hyperbolic regularization on
the MPpx model is not trivial.

3.1.1 Reformulation of reduced model

In order to apply the regularization framework in [I0} 23], we introduce some notations and reformulate
the reduced model. Denote H by the space of all the admissible specific intensity for the RTE and define



the Hilbert space
Hﬁ] = span{@Ea],i:O,...7N} (3.1)

with the inner product

@ W)y = [ W0/ () (3.2)

-1

Then for each intensity I € H, the corresponding ansatz I (2.11)) for the MPy model is in the space HE@‘].
We define a projection from the space H to the space HE{,X] as

N (refy Ll
) z glal L v mle _ffll@ dp
P i=) gl PRy T R
= Rt HK[M]

(3.3)

where IC; ; is defined in (2.8). Since the basis function is the product of the weight function and the
orthogonal polynomial, the projection P is an orthogonal projection.
With the upper notations, the reduced model (2.6) can be equivalently expressed as

10PI oPI
kol =222 o= = (pFwlel S(PI =0,...,N. 4
<uw,cat+uazhw (il SPDY, o k=0 (3.4
Since the projection P is an orthogonal projection, we have
1_0PI oPI
k _ E— = k [a] I == oo N. .
<u P+ P > o (ubule), PS(P )>HE‘;]’ k=0,..., (3.5)

For the simplicity of notations, we write the MPy model (3.5)) formally as

1,_0PI oPI
~P=5r +Pu—— =PS(PI). (3.6)

Moreover, noticing that {y*wl®) k =0,... N} and {@LO‘]7 k=0,...,N} are two sets of basis function of
Hl*l, we can also rewrite the reduced model ([3.5)) equivalently as

[a] 187?[ oPI o [a] _
<q>k e 0" <<I>k 7S(PI)>H[I$], k=0,...,N. (3.7)

We note that all of , and are different forms of a same model. The form is an
abbreviation of and is convenient to investigate the hyperbolicity regularization and the differences
between models, the form is beneficial to analysis the reduced model in the form , and the
form is good to study the hyperbolicity of the model.

Next, we derive the reduced model in the quasi-linear form based on . In the ansatz of the MPy
model , there are many variables, including f;, ¢ = 0,..., N and «. Noticing , the unknown

variables are fo,, fa,..., fy. We arrange them into a vector and denote it by w = (fo, a, f2,..., fx)7.
Since the basis @Ea], 1 =20,..., N only depend on the variables «, we let
del ()
gl = L .
i (1) o

Here we do not care about the concrete form of \IIEO‘], so its expression is omitted. The derivation part
can be written as

oPI ofi [a] [a] _ al Ofi [a] dax (o] _
B ;:0 (8 o+ fZ = iéo s o+ f; s U, s=t,z. (3.8)
Direct calculations yield
OPI ow oOPI ow
2T [e]\T il [ehTgZ=Z
P 5 = (@) D@t Pu P = (@) Baz’ (3.9



where ® = (@ga},,,.,q>k‘;])T and the matrices D = (D, ;)i j—0..x € RVFUXONFD apnd B =
(Bij)ij=0,...n € RVFUXINFL) are defined by

b dijs J#1L, (3.10)
“ Zk —0 <‘I> ‘I’[ >H5‘i] fu/Kis, j=1, '
<(I)[a]a:u ga]> [Q] /’Cl iy .7 7& 1
B, = (3.11)
i (0 ) o fe/Kiis G =1
Let § = <<<I>[a S(PI)> (o] /’Ci,i> , then the reduced model (3.7)) can be reformulated as
Hiy i=0,...,N
1. 0w ow
-D—+B—=S. 12
c Ot 0z S (3.12)

Clearly, (3.12)) is the quasi-linear form of ( @ The variables vector w can be uniquely determined
by the ansatz (3.3)) and vice versa. Thus we can treat w as the vector representation of PI in the space

a .. 0- 0- 0-
]HIEV]. By noticing (3.9)), D and Ba— are the matrix representation of the operators 738 and ’P,ua— in
z

(3.6) in the space HES,‘} With the basis <I>Ec I We emphasis these relationships using the following formula

w < PI, D% = P%, B% o Pu%, in Hi) with basis @), (3.13)

3.1.2 Hyperbolic model reduction framework

The hyperbolic model reduction framework in [10, 23] suggests to add a more projection between the

0-
operators p- and 7 to regularize the MPy model to be globally hyperbolic, and the resulting model is

1_oPI I
779% P Paai = PS(PI). (3.14)

Noticing (3.9), we can obtain that

oPI ow
Pl — (@] (plehT DI—
< P ot >H5§,’] < ) >H£\°,”] ot’

OPI ow 8111
olol, dld (plehTDZZ — (@l (ple)T
< "P s 0z >H[a <,u  ( ) 0z [/ gl <H 3 ) >H[“ 9z

Let A = diag(Koy, ..., Ky,n) € ROVFUXNFD and M = A~ (u@ld, (@[1)T) ), then the regularized
N
reduced model corresponding to (3.14) can be written as

ow ow
7DW MD = = 5. (3.15)

Similarly as , M is the matrix representation of the operator Pu- in the space HE@‘] with the basis
ol e,

M  Pp-, in HY with basis &, (3.16)
Since the matrix <u<I>[a], (<I>[°‘])T>HECVX] is symmetric and the matrix A is symmetric positive definite,
the matrix M is real diagonalizable. Hence, the model is globally hyperbolic, i.e., satisfying the
criterion |1l We also claim that the model satisfies the criterion [2| Actually, since @Ea] = wled ¢£a} and

quOL] is orthogonal polynomials, one can obtain that the characteristic polynomial of M is qbgs}ﬂ, whose
zeros lie in [—1,1]. We leave more details in Subsection

The hyperbohc reduced model reduction framework in [1() 23] indeed regularizes the MPy model to
be hyperbolic, however, it fails to satisfy the criterion (3| l For exampe, N = 1, we have PI = fowl®, then

one only need to check whether

OPI am Yol (0PI 0PI
< Wt P 0z e >H[a1 /_1M ( 0z 0z ) dp, k=0, (3.17)



are both zero for any « € (—1,1). Unfortunately, direct calculations yield

0z 0z h= 3a4(1l — a?)? 0z 0 (3.18)

/1 . (Paw[a] ) 8w[°‘]> L, Ue?-1h (2) + 240 5,
—1 a
3.2 Novel hyperbolic regularization

The failure of the existing regularization methods indicates that it is not trivial to regularize the MPpy
model to be globally hyperbolic in the constraints of the criteria (1| to In the following, we aim to
construct a novel hyperbolic regularization for the MPy model.

3.2.1 Reformulation of the reduced model
Note that the derivation of the weight function (2.7)) with respect to « is

dwlel A
oo (1+ap)s

We introduce a new weight function
1

T (Ttapp

and define a series of monic orthogonal polynomials in the interval [—1, 1] with respect to the weight
function @[® (1) recursively as

Hled

@ (3.19)

-1 = 1
~la ~To . IC « . > i Tl a
ol =1, o) = ~ E ), G>1, K :/lujczﬁL](u)w[ N dp.

k
/Ckk

Hereafter all the analogous notations with respect to the weight @[® will be marked by *. Let @a] () =
oled (/L)(ZEEQ] (1) and define the Hilbert space

e —span{ ol 0,...,N} (3.20)

with the inner product

1
@ W) = [ B0/ ) dn (3.21)

-1

The two spaces Hgﬁ] and H:]I[Ii,y] have the following relationship.

Lemma 2. For any ® € HK,"], we have

@ 8(1) Tl
o cHY,, and 5 € L . (3.22)

Proof. We only need to check that | - ) holds for CIJ[O‘] i =0,...,N. Note that

Hwled

wlol = =1+ op)@ [o] = —4u!*l,
We have
la] _ o] 4la] _ [o] ~ [ ] L
O =wYe N = (1+ap)p; @ EH Ne 1=0,...,N, (3.23)
9ol jowlel gl a9l _
G il = 4pelll 11 oll = N 24
N i 20 T oa ¥ po; w0 4+ (1+ ap) —— e i=0,...,N. (3.24)
[e]
Since ¢£a] is a monic polynomial of degree ¢ with its coefficient dependent on «, 8:1 is a polynomial
o] ~
whose degree is no more than ¢ — 1. Thus we have 872 € Hﬁ]ﬂ, 1 =0,...,N. This completes the
e
proof. O



oPI
By noticing (3.8 , lemmamdlcates that TS € H[N}Jrl This is an important property of the space

H[a] In the later of this section, we will show that this property is essential for the cr1ter10n I for the

our regularization. We define a projection from the space H to the space HEV]

5] -
N <I, plely T
P:I— Zgi@o‘], 9= 71 ~[>]HEV] = Ll[jbi dﬂ~ (3.25)
i=0 <<I>Z-a , D" >]ﬁ1£3] Kii

Analogously as the projection P, the projection P is also an orthogonal projection. We point out that
the inner products of the spaces HK}‘] and Hgs] satisfy the relationship

1
(o] k > _ k _ <~[a] k -
<w P e /_1“ Tdp = {1y ,I>H[ﬁ], k=0,...,N, VI € H. (3.26)
This relationship is fundamental to study the reduced model (3.4]). Actually, we can rewrite (3.4) as

1 0PI oPI
k~la] =974 _ k ~[a] _
<# R T >~M <u @ ’S(PI)>H£;”’ k=0,...,N, (3.27)

which can further be written as the following form by noticing P is an orthogonal projection

1~0PI ~ OPI
kN _— _— = =
<u P+ P > < 7)5(791)> o F=0N, (3.28)
We abbreviate (3.28) as
1 0PI ~ OPI -
77 P Puisz(”PI). (3.29)

ot 0z

Remark 2. It is worth to point out again that the system (3.6 and the system (3.29) are exactly same.
This can be understood in the viewpoint of the Galerkin method. For the system (3.6, both the trial

and test function spaces are HE@‘] with the inner product (-, -)H[a] ; while for the system (3.29)), the trial
N

function space is H[ﬁ] and the test function space is H[ﬁ] with the inner product (-, -)Eﬂ[a]. The two systems
N

are same due to the relationship (3.26). Both these two methods are natural and clear. The advantage
of the space ]I:]Igs] 1s its good property lemma

3.2.2 Hyperbolic regularization

In Subsection [3.1.2] a direct application of the framework in [I0, 23] fails to regularize the MPy model

to be hyperbolic in the constraints of criteria |l{to |4l Here we restudy the system in the space H:]I[ﬁ} By

adding a more projection between the operators y- and a— in (3.29), we obtain
z

1 -9PI I -
fp%w Paai PS(PI). (3.30)

Next we study the regularized system (3.30)) and check the criteria to |4 one by one. Firstly, we present
the relationship between the two set of functions ®; and (ﬂf‘] in the following lemma.

[]

Lemma 3. The functions @Eca] can be represented by the function ék by the following relationships

ol = adl 4 5 e, keN, (3.31)
8(1,[‘1] _ _
ko 43l p @l ke, (3.32)
where B = = and v, = ~1 R
Kok Krr Oa
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Proof. The orthogonality of <I>£f‘] and &)La] indicates that
1 . 1 ,
/ ol dy :/ dlyidu=0, j<k. (3.33)
-1 —1

Lemma 2| tells that @[a] € HL J]rl, thus there exists a set of coefficients c; such that

k+1

= Z Cj(i)ga] .
j=0

7la]

Using (3.33)), we can directly obtain ¢; =0, j =0,...,k—1and ¢ = ]gk k
kK
monic polynomials, (3.23]) indicates that c;+1 = a. Hence (3.31]) holds.

Equation (3.33)) indicates
1 [o]
0P ,
/ S du =0, j <k

1 «

Then using the same technique in the proof of (3.31)), one can directly prove (3.32)). O
Calculations using and ([3.32) yield

oPI N (0fi 1w ., 00 or e
:Z( f ol o ¢, > Z( f( oL, + ;)] ])+fiat(_4¢£+]1+%q)£]))

ot ot ®;
=0 (3.34)
8fz afz 1 o o] Ofn o]
_Z< ot +fz at% Afic1— )‘I)Z + W —4fN (DN_A,_la
where f_; = 0. Then we have
~OPI ofi 8fz 1 da\ zlal
o, [ [ i —4 1— o, 5 .
P50 ;( bt Jrfat7 Ji 181&) i (3:35)
and the time derivative part can be written as
- OPI ~ - Jw
a2 [eh\THZZ
P 5 = (2!*)'D 5 (3.36)
where &[] = (i)([)a], ce @%])T and
Bo Y0fo 0 0 0 0 0
«@ —4f 0 0 O 0 0
0 Y2.f2 Bz 0 0 0 0
. 0 v3f3 —4fo a fp3 0 0 0
D=1o Yafa —4fs 0 a py 0 0 | € RIVFIX(VED, (3.37)
0 w-ifv-1—4fn—2 0 0 O Bn-1 0O
0 YNIN —4fN-1 0 0 0 a By
Then we have
=1 = OPI ~ ~ -~ Ow = = = Ow
plel pZ - — ({ pld (plehTpH— — (Pl (pleh)T D—
< P ot >H[“1 < (2 Ot /gl < (&) >1ﬁ15§7] ot’
= - OPI1 ~ Jw = = ~ Jw
Pled il ol (lehTD — (@l (HlahT D—.
< P 0z >H5§*] </J (#)°D 0z file! <,u  (27) >H5{71 0z

Let A = diag(Ko.o, ..., Knn) € RVEDXNFD and M = A1 <u<i'[°‘], ('i>[°‘])T> 1> then the regularized
Hy
reduecd model corresponding to (3.28]) can be written as

“D— +MD-— =5, (3.38)



= = o - . ~ 0- ~ .
where S = <<‘I>£ },S(PI)>H[Q] /ICM-) . Similarly as (3.13]), D& and M are the matrix represen-
N i=0

=0,...,N

tation of the operators 75& and ’ﬁ,u- respectively in the space Hk]z] with the basis <f>£€a], ie.,

0-

[eY ™ ~ O- v N e . . Fla
w PI, i HY Do < Ps. MePu, in ) with basis ). (3.39)

For the regularized reduced model (3.38]), we claim that it is not only globally hyperbolic, but is also
strictly hyperbolic and symmetric hyperbolic.

Theorem 4. The regularized reduced model (3.38) is strictly symmetric hyperbolic for any w with
a€(-1,1).

Before the proof of the Theorem [4] we list some useful properties of the orthogonal polynomials. Its
proof can be found in textbook on the orthogonal polynomials, for example [50} 25].

Lemma 5. Given an interval [x;,x,] and a weight function w such that w(z) > 0 and w € L' (xy, x,), let
{pn} is a sequence of monic orthogonal polynomial with respect to the inner product (g, h) = f;‘;r wgh dzx,
then we have '

1. the orthogonal polynomials can be generated by the three term recurrence:
Pnt1 = (T — any1)pn — bup1ipn-1,m €N, p1 =0, po=1;

2. the polynomial p,, has n real and simple zeros, and they all lie in [z, x.|;
3. letxz;, j=1,...,n+1 be zeros of pp+1, then there exists one and only one zero of p, in (z;,xj4+1),
j=1...,n;

o f;l’ wzp;p; dz

4. let the Jacobian matriz be J = (J; ;)i j=0,. N with J;j = ST then the characteristic
o, WP;

polynomial of J is ppi1.
Proof of Theorem [ Since A is symmetric positive definite and AM = <ui>[°‘], (‘f[o‘])T>H[a] is symmet-
- ~ N
ric, we multiply (3.38) by DT A and obtain

1prAp?Y + BTAMD LY — BTAS,
c ot 0z
where DTAD is symmetric positive definite and DT AMD is symmetric. Thus the system is
symmetric hyperbolic.
Lemma item indicates that the characteristic polynomial of M is qNSES,‘Lrl, whose zeros are all real
and simple due to lemma [5| item [2| thus the system is strictly hyperbolic. This completes the
proof. O

In the proof of Theorem || we show that the characteristic polynomial of M is 9553]4_1 Using lemma
item [2, one can directly obtain the following corollary.

Corollary 6. For any 1 < N € N, all the characteristic speeds are not faster than the speed of light.

Theorem (4| and corollary |§| prove that the regularized reduced model (3.38) fulfils the criteria [l|and
Now we check the criteria [3[and |4 Equations (3.34) and (3.35] show that

oPI 0PI of oa\ zla
5 P = < 85a4fNaz> ol (3.40)
Let
0 k<N
~ afN oo\ = ’ )
_ la], k+1 422 plo - 41
o <w g 7(820( fNaZ) N+ it Knt1,n41 (aéfNO“lfN?), =N (3:41)
z
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Since the convection part of the MPy model is

1 oPI oPI 10E, OF
=@l =2 sl k= =-Zk Ml k=0,...,N
c<°" M’8t>[a1+<w “’“az>ﬂ[a] c ot 0s e

Hy

the convection part of the regularized reduced model is

1/. OPI . - 0PI 10F oF

= (gl k220 4 {@lelyr POt _ 10L& LSRN

c ot [ gl 0z [gl0 ¢ Ot 0z

N N
Thus the regularized reduced model is

10E,  O0Fk41
- — = 42
c Ot 0z Re = Cr, (342)

where C), = f_ll uFS(PI)du. Since Ry, =0, k=0,..., N — 1, the only difference of from is
the last equation, i.e., the criterion |4] holds.

Particularly, when N = 1, (2.14)) shows that f; = 0. Thus the regularized term Ry =0, k = 0,1, i.e.,
the regularization vanishes, which indicates the criterion [3] holds.

Remark 3. The hyperbolic model reduction framework in [10, 23] suggests that adding a more projection

between the operators p- and = s able to regularize the reduced model to be hyperbolic. However, in

that framework, all the procedures are done in the same space, which limits the freedom on the resulting
system. The regularization in this subsection studies the moments in two spaces, where one is for the
ansatz and the other one is for the operator. As discussed in remark[3, in the viewpoint of the Galerkin
method, the trial and test function spaces are different. Hence, the key point of the reqularization proposed

in this subsection is the specific choice of the space H:HE?]. Notice that

OPI N (0fi oy, 0O
a%(aq’ )

1=

It would be a good choice to select a subspace of

[o]
span{éga],aq)i ,iO,...,N}.

Oa

For the MPn model, lemma@ shows that the upper space is ]I:]IK,XLU which is the motivation of the novel
reqularization.

Till now, we proposed a novel hyperbolic regularization for the MPy model, and the resulting model
(3.42) satisfies all the criteria|l|to 4l Next, we investigate the characteristic structure of the regularized
reduced model.

3.2.3 Characteristic structure

Denote the eigenvalues of M by A,&N), k =0,...,N, which are zeros of ékﬂrl and )\E)N) < )\gN) <<

)\S\J,V). We have the following properties for the characteristic speed )\;N), k=0,...,N.

Property 7. The characteristic speeds )\,(CN) = )\,(CN)(oz), k=0,...,N satisfy the following properties:
8/\(N)
1. )\,(CN), k=0,...,N is strictly decreasing with respect to a, i.e., %7@ <0, ae(-1,1);
le%

2 A < AN <A k=0,...,N-1;
3. )\(()N) < % < )\%V), for any N > 1.

To prove the Property (7| we list the follow lemma, whose proof can be found in [30, Section 3].

13



Lemma 8. Let {p%a] (z)} be orthogonal polynomials with respect to weight function wl® () on the interval

[21, ,] and assume wl®)(2) is positive and has a continuous first derivative with respect to o for x € [xy, 2]
with o € (ay, o). Furthermore assume that

v gyl
/ L P P |
- e’

l

converge uniformly for a in every compact subinterval of (ay, ). Then the zeros of pLLa] are strictly

_, Oln(wled)

increasing (decreasing) functions of « € (o, ), sz is a strictly increasing (decreasing) function
Je!

of x € [z, m,].
Proof of Property[] We prove the conclusion one by one.

1. Notice that
oln(@lel () _581n(1 + ap) —5u

Ioe} N da 1t ap
is a decreasing function of p € (—1,1) for any a € (—1,1). For any a € [y, ] C (=1, 1), the
weight function ©l* is bounded, so

ne alol
/ L (I P T S W
1223 aa
()
k
Oa

converge uniformly. According to lemma we have that < 0 for any a € (—1,1) and

k=0,...,N.
2. It is a direct corollary of lemma [5] item

3. Direct calculation yields (5[1&] (1) =p— %, thus A\ o = % Using the 1emmaitem we complete
the proof.

O

Riemann problem is of fundamental importance for the hyperbolic reduced model. The solution
structure of the Riemann problem is instructional for studying the approximate Riemann solver, which
is the basis of the numerical methods using Godunov type schemes. We study the characteristic structure
of the regularized reduced model and have the following conclusion.

Theorem 9. The characteristic fields corresponding to )\E)N) and )\E\Z,V) are genuinely nonlinear.

Proof. Denote the eigenvectors of (]3)_11\7[]5 corresponding to the eigenvalue /\,(CN) by Ry = (Rko,. .., Ren)T
and let
AN = v AR, kE=0,...,N.

We only check whether A,(cN) with £k = 0 and N change their sign. Since the eigenvalues only depend on

a, we have
T
NeY)
va,(cN)=<o7a k_0,0,....0] .

Oa
(N)
The Property [7| shows that ﬁk < 0 for any a € (—1,1), so we only need to check whether Ry, ; with
e

k =0, N change their sign.
Since M is the Jacobian matrix of the orthogonal polynomial ¢Eco¢]7 we denote the eigenvectors of M

with respect to )\éN) by 7t = (rk0,---,7k.n)T, then direct calculation yields
~1,1 N Kio
Tho = =, TR = AL — =
0,0 Koo

14



Notice that Ry, = (ﬁ)_lrk and the matrix D (13.37)) is a block lower triangle matrix, whose top-left block

is Bo wfo . Thus we can obtain after some calculations
a —4fo
1 Bo By
Rp1 = ———F———(—arko+ Bors, —<)\ -—=].
YT —4Bofo — Oé’mfo( 0+ Aork1) det(Dy1) \"* Ey
Property |Z| shows that Ry ; with kK =0, N do not change their sign. This completes the proof. O]

Remark 4. In Theorem@ we only study the characteristic fields corresponding to )\éN) and )\S\J,V). For
other fields, we conjecture that each of other characteristic fields is neither genuinely nonlinear nor
linearly degenerate. In the proof of Theorem[9, we have shown that we only need to check the sign of
)\,(CN) - % Figure |3 presents the profile of )\,(CN) with N = 3,4 and % One can observe that all the

eigenvalues expect /\E)N) and )\E\J,V) have an intersection point with %, so these characteristic fields are

neither genuinely nonlinear nor linearly degenerate. But a rigorous proof is not easy. We numerically
verify it for N ranging from 2 to 200 with the help of high performance computing and obtain a positive
result.

1

0.8
0.6
0.4r
0.2f
o
-0.2
-0.4
-0.6
-0.8

-1 05 0 0.5 1 = 05 0 0.5 1

Figure 3: Profile of )\,(CN), k=0,...,N with N =3 and 4 and % with respect to « € (—1,1).

4 Numerical Simulation

The regularized reduced model (3.42)) proposed in Section [3| can be reformulated as

10U OF(U) U
ot + s + R(U)E =C, (4.1)
T T ou T
where U = (Eo,El,“' ,EN) N F(U) = (E17E2,"' ,EN+1) 5 Rai = (0,0,"' ,—RN) 5 and Ck =
z

fil u*S(PI)du. Here En, 1 is given by the moment closure of the MPy model in (2.13]) and Ry, is defined
as (3.41)). In this section, we investigate the numerical scheme for the regularized reduced model (4.1),
and perform numerical simulations on some typical examples to demonstrate its numerical efficiency.

4.1 Numerical scheme

Denote the computational domain by [z, 2], which is discretized uniformly by Ncey cells. The i-th
mesh cell is [2;_1/2, Zi41/2], @ = 1,..., Neen With 2;11/0 = 2 +iAz and Az = % Let U} be the
approximation of the solution U on the i-th mesh cell at the n-th time step ¢,.

To construct the numerical scheme for , we split it into two parts: convection part and the source
part as

19U | OF(U) oU

i = — = 4.2

convection part 5 % R(U) P 0, (4.2)
10U

t: ——— =0C. 4.3

source part:  —— (4.3)
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Next we study the numerical scheme for the both parts.

4.1.1 Source term

The right hand side S(I) denotes the actions by the background medium on the photons. Generally, it
contains a scattering term, an absorption term, and an emission term, and has the form [5] 4]

1 ! 1 5
S(I) = =0, / Idp — o + —aco,T* + =, (4.4)
2°° ), 2 2
where a is the radiation constant; T'(z,t) is the material temperature; o, (2,T), 05(2,T) and op = 04+ 0
are the absorption, scattering, and total opacity coefficients, respectively; and s(z) is an isotropic external
source. The temperature is related to the internal energy e, whose evolution equation is

Oe ! 4
&—Ua</_1[d/¢—acT>. (4.5)

The relationship between T and e is problem dependent, and we will assign it in the numerical examples
when necessary.
Noticing the quartic term aco, T in S(I) and the evolution equation of e (4.5)), we adopt the implicit

Euler scheme on them as

urtt —uyr Loertt—er

A SO S = (B —adTTY). (4.6)
One can directly check that in the absence of any external source of radiation, i.e., s = 0, this discretiza-
tion satisfies the conservation of total energy as

R il 211

€; —€; 0,7
L 2 . — =0. 4.
At + cAt 0 (4.7)

4.1.2 Convection part

The hyperbolic regularization in Section [3] modifies the governing equation of E such that this equation
may not be written into the conservative form. Thus, the classical Riemann solvers for hyperbolic
conservation laws can not be directly applied to solve (4.2)). Here we adopt the DLM theory [39] to
deal with the non-conservative terms. The key idea of the DLM theory is introducing a path T'(r;-,-),
7€ [0,1] to connect two states U* and U® beside the Riemann problem such that

ro, vt vt =uv*, r1,U*U"% =U" (4.8)
The path allows a generalization of the Rankine-Hugoniot condition to the non-conservative system as

or

5 (7 UL UM dr =0, (4.9)

1
F(U") - FU") +/ [vI-R(D(r; U, UM))

0
if the two states UL and UF are connected by a shock with shock speed vs. Then the weak solution of
the non-conservative system can be defined. Readers can find more details of the constrained of path
and the theory results in [39]. We then introduce the finite volume scheme in [47] to discretize the
non-conservative system . This scheme can be treated as a non-conservative version of the HLL

scheme and has been successfully applied on the non-conservative models [14] [13].
Applying the finite volume scheme in [47] yields

~ N

urtt —ur n Fii1p0—Fi_ 1) R:l+1/2 R:l 1/2

=0. 4.1
cAt Az Az 0 (4.10)
cn : . FU) .
Here the flux F'; |, /5 is the HLL numerical flux for the conservative term 5, given by
FUY), N2 20,
. M2 LFEU?) = AE L F(UN )+ A L up.,-U}
FTL+1/2 = anvh - anvh R( +1) aavh +1/2( e ), AL <0< \E )
2 A )\ i+1/2 i+1/2
i+1/2 i+1/2
F( ?—‘,—l)? )\Z+1/2 S 0
(4.11)
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where )\Z’.:Jrl/Q and )\ﬁl/z are defined as

)‘iL+1/2 = min()‘iLv)\iL-s-l), )‘ﬁu/z = max(\[T, /\2-1)~

Here Al and AP are the minimum and maximum characteristic speeds of U7,

f{ffl /2 is the special treatment of the finite volume scheme in [47] for the non-conservative term

R(U)a—U given by

respectively. The flux

0z’
0, >‘iL+1/2 >0,
B )‘iL+1/29?+1/2 I R
Ri+1/2: E AL )‘i+1/2 <0<)\i+1/2, (4.12)
i+1/2 i+1/2
9?+1/2v Aﬁ-l/Q <0,
and
_91'1-51%/27 >‘1'L+1/2 >0,
. Aj gr
n+ . i+1/2Ji+1/2 L R
Rijip= TNE. L A2 <O <A 0 (4.13)
i+1/2 i+1/2
0, A2 €0,
where
n ! n n BF n n
Git1/2 = o R(I(r; U, ”1))E(T; U, Ul,)dr (4.14)

Since the implicit scheme is adopted in the discretization of the source term, one can easily check
that the discretization is unconditionally stable. Thus the time step is constrained by the convection
term and complies with the CFL condition

CFL := max \A,@N>(U;?)\7 <1 (4.15)
7

In all the tests in this paper, we set CFL = 0.95. The corollary [f] indicates that the maximum speed is
less than 1, i.e.,
max [\ (U7)] < 1. (4.16)

While for the MPy model, as shown in Subsection the inequality (4.16) does not hold, which limits
the time step At.

4.1.3 Path selection

The remaining issue is the selection of the path I'(7;-,-) in . As is pointed out in [I], for a given
hyperbolic non-conservative system, different path I'(7; -, -) would give different numerical results. Nev-
ertheless, many numerical tests have shown that for the non-conservative system reduced from kinetic
equation, the selection of the path is not so critical [8, [14] [13] [I5]. This motivates us to study the reason
behind.

Note that the smooth solution does not depend on the path, and the path only affects the way in
which the waves are damped and show no affects on the intrinsic constituent of the solution. For the
RTE, due to the existence of the source term, which may contain a scattering term, an absorption term,
and an emission term, its solution is usually smooth. Hence, the choice of the path is not essential if
the solution approaches to the solution of the RTE and is also smooth except for two cases, where the
solution might not be smooth. The first case is that subshocks appear in the solution. The choice of the
path does make sense. However, in such case, the reduced model is inadequate to describe the physical
process and the moment order N has to be increased. The other case is that the end time ctq,q is small.
However, this solution has no physical significance. The reduced model is designed to approximate the
distribution, which is close enough to the smooth functions, and thus it shows its ability to describe
physics after the initial layer. To sum up, the choice of the path is not essential in solving the reduced

model (4.1]).
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4.1.4 Boundary condition

We adopt the method in [24] to deal with the boundary condition. The ansatz of the MPy model

provides an injective function from the moments Ey, E1,--- , Enx to the distribution function I , which is

stated in Subsection thus we can construct the boundary condition of the reduced model based on

the boundary condition of the RTE. Without loss of generality, we take the left boundary as an example.
On the left boundary (z = z;), the specific intensity is given by

IB(t ’u): I(Z:Z[,t7/14), ,U,<O, (417)
7 IOUt(ta/J‘)v n> 07 '

where I, is the specific intensity outside of the domain, which depends on the specific problem and
the intensity inside the domain on the boundary I(z = z;,t, u). Here we list some of the common used
boundary conditions and the choices of the intensity I, for later use.

e Infinite boundary condition:

Lows(t, ) = I(z = z;,t,p), 0<p<l. (4.18)

e Reflective boundary condition:

Towt(t, ) = I(z = z;,t,—p), 0<p<1. (4.19)
e Vacuum boundary condition:
TIow(t,p) =0, 0<pu<l1. (4.20)
e Inflow boundary condition:
Tout(t, 1) = Lnfow(t, 1), 0 < p <1, (4.21)

where Iinow is the specific intensity of the external inflow.

Furthermore, we replace the intensity I(z = z;,t, 1) by the specific intensity constructed by the
moments in the cell near the left boundary. Precisely,

I(Z = Zl,t,,u) = f(U(Z = Zl,t),/.t) ) (422)

where U(z = z,t) is the moments in the 1-st cell [z, 23/2] = [21, 21 + Az] at time ¢. Then one can
directly obtain the flux across the left boundary. Precisely, the k-th flux is given by

1 0 1
FY :/ 17 (t, ) dﬂ:/ uk“I(u;U(ZZZzyt))du+/ pF P Lo (8, 1) dpe. (4.23)
-1 —1 0

4.2 Numerical results

In this subsection, we perform simulations to validate the correctness of the numerical scheme in Sub-
section and also to demonstrate the utility and numerical efficiency of the reduced model by
comparing with the MPy model and the Py model. Since the proposed model is the hyperbolic version
of the MPy model, we call it the HMPy model hereafter.

4.2.1 Verification on the path selection

As is discussed in Subsection the solution of the HMPy model should not be sensitive to the path
selection T'(7; -, ) in dealing with the non-conservative terms. Here we further verify it numerically.

Noticing the formula of the regularization term Ry, in is depicted by fy and o, we define the
path y(7; w’, w?) instead of I'(7; U, U™), where w and U are uniquely determined by each other. For
the path ~, we select it in the form

y(r;wh, w?) = wh + 7 (wf —wh), 0<7<1. (4.24)

The following numerical experiment will show that the HMPy model is not sensitive to the choice of
the parameter k. Moreover, the compound Simpson formula with Nj,s intervals is used to evaluate the

integral in (4.14).
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We consider the Riemann problem with the initial value

<
[= 3o w0, (4.25)
I, x>0,
where [ is given by w
Io(p) = . “1<p<1 4.2
o) = A g asu—ospeyE L SHSD (4.26)

with wg to be a constant such that i fil Io(p) dp = 1. The computational domain is set as [—0.5,0.5]
with Neeyp = 10000 discretization cells, and the end time is cteng = 0.1.

25 25 25

zir
3 g g
< = s
ref
1.5 4 15—k =1
o _
k=1 k= g
—k=2 k=5
k=5 —k =10
k=10 1 L L L L L .
T Y T e a7 02 -015 -01 -005 0 005 0.1 015 —
. z

(a) Ep for N =2 (b) Ep for for N =7 (¢) Eg for N =12

N
i 2 7 12
2 1.31e-8 2.32e-8 2.87e-6
) 5.30e-7 1.03e-7 2.93e-6
10 1.37e-5 1.55e-6 3.15e-6

(d) Relative Lo error of Ey with respect to the solution of k = 1

Figure 4: Profiles of Ey with Nijntv1 = 10 for different integral paths of the HMPy model and the relative
Lo error with respect to the solution of £ = 1.
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N N 2 7 12
intvl
1 3.73e-7 2.33e-8 2.85e-6
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Figure 5: Profiles of Ey with k = 1 for different number of intervals in the compound Simpson formula
of the HMPy model and the relative Ly error with respect to the solution of Nju. = 10.

Figure E| presents the profiles of Ej of the HMPy model with Njyty1 = 10 for different integral paths
parameter kK = 1, 2, 5 and 10, and the relative Ly error with respect to the solution of £ = 1. Here the
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relative Ly error is defined as
1B = Ep™| 2 (- 0.5.0.5)

1B 205050 (4.27)
Clearly, it is hard to distinguish the solutions for different k& due to the negligible relative error. This
indicates that the path selection for this problem is indeed not sensitive. Moreover, we would like to point
out that the number of intervals Njnty1 in the compound Simpson formula is sufficient large. Figure
gives the results for different Vi, with & = 1. The relative errors for different cases are all negligible.
Hence, in the following simulations, we always choose the path with & = 1 and set Nip4v1 = 1.

4.2.2 Hyperbolicity validity

We have theoretically showed that the MPy model with N > 3 is not globally hyperbolic while the
HMPy model fixes the hyperbolic issue. Now we construct examples to validate it. The first example is
a Riemann problem and the second one has a continuous initial value. In order to avoid the disturbance of
the interaction between photons and background, we consider the case that the right hand side vanishes,
i.e., § =0, then the RTE can be written as
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Figure 6: Profiles of Fy and % for the MPy model, the HMPy model and the analytical solution at
specific end times for the Riemann problem.

A Riemann problem We first use the Riemann problem in (4.25) to test the hyperbolicity. The
computational domain is set as [—0.5,0.5] and the number of cells is Ny = 10000. Figure |§| presents

E
the profiles of Ey and E—l for the MPy model, the HMPy model, and the analytical solution (reference

solution). The end timoe is determined by the MPx model when it blows up. Due to the loss of
hyperbolicity, the MPy model blows up in a short time. The HMPy does not suffer such an issue and
gives reliable solutions thanks to the hyperbolic regularization.

We also present the results of the HMPy model and the Py model at ctenq = 0.1 for different N in

E
Figure Clearly, as N increases, the profiles of Ey and E—l approach to the analytical solutions, and

0
the HMPy model gets a better approximation than the Py model.
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Figure 7: Profiles of Ey and % for the HMPpyn model and the Py model at the end time cteng = 0.1
for the Riemann problem.
Continuous initial value We consider the problem with a continuous initial value as

61,

_1
1

8

<
— 0

I'=¢(10-10z)ly, —15 <z < 15, (4.29)

41, >
where [ is given by
1 1 9
= Zac = 5 — —1<pu<l. .
1o(1) = gae (15000 + 0= 1), <1< (430)

The computational domain is also set as [—0.5,0.5] and N = 10000. Figure [§ presents the profiles
of Ey and % of the MPy model, the HMPy model and the reference solution at specific end time. The
reference solution is calculated by the Py model with IV = 100. The end time is determined by the
MPy model when it blows up. The results for the HMPy model and the Py model at ctenqg = 0.1 with
different N are presented in Figure [0] One can see that the conclusions for the Riemann problem are
also valid for the continuous initial value, and similarly, the approximation of the HMPpy model is more
accurate than the Py model.

4.2.3 Two-beam instability problem

The two-beam instability problem is designed to test a closure’s ability to handle multi-modal distribu-
tions [52]. The maximum entropy model (My) yields unphysical shocks [6l 27] in this problem. The
computational domain is [0, 1]; the absorption and scattering coefficients are 2 and 0, respectively; the
external source term s = 0; and the coupling term with the background medium is neglected. The inflow
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Figure 8: Profiles of Ey and % for the MPy model, the HMPyn model and the reference solution for
the continuous initial value problem.

boundary condition are prescribed at the both boundaries, with linaow = %ac, and the initial state is
set as [ | 0 = 1078ac. We use N = 10000 cells to simulate this problem until the solution reaches
the steady state. The results of the Py model, the MPy model and the HMPy model are presented in
Figure [10]

For the case N = 2, the MPy model seems to give a result with unphysical shock while the profile
of Ey of the HMPy model is smooth. When N gets larger, the results of both models are close to each
other and approach to the reference solution. It is worth to point out that the characteristic speed of the
MPy model is greater than 1, so in the numerical simulation, the time step is smaller, thus its simulation
is slower.

4.2.4 Gaussian source problem

This example simulates particles with an initial specific intensity that is a Gaussian distribution in space
28, 24]:
L) = -2 5, 6=~ se(-L.I) (4.31)
= et 100’ ) ‘
Here L is adopted as ctenq+1 such that no energy reaches the boundaries and we can set vacuum boundary
conditions at both boundaries. The external source term is zero, i.e., s = 0, and the absorption and
scattering coeflicients are o, = 0 and o, = 1, respectively, so the material coupling term vanishes.

We simulate this problem until ctenq = 1 using Neep = 10000 cells. Figure presents the results of
the Py model, the MPy model, and the HMPy model with N = 2, 6 and 10, and the reference solution,
which is calculated by the Py model with N = 100.

For such problem, both the MPy model and the HMPyn model work well and their results are very
close. As the number of moments N increases, the results of both models approach to the reference
solution. Particularly, if N is large enough, for instance N = 10, the results of the two models almost
coincide. For the problems where the MPy model works, the HMPy model also works well.

4.2.5 Su-Olson problem

The Su-Olson problem [45] is a non-equilibrium radiative transfer problem with a material coupling term.
The computation domain is [0, 30], and the absorption and scattering coefficients are o, = 1 and o5 = 0,
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Figure 9: Profiles of E;y and g—; for the HMPy model and the Py model at the ctenq = 0.1 for different
N for the continuous initial value problem.

respectively. The external source term s(z) is given by

<z<li
s(z) =49 0s2=3 (4.32)
0, otherwise.

In this problem, the material coupling term plays an important role and the relationship between the
temperature T" and the internal energy e is

e(T) = aT™. (4.33)

The reflective boundary condition is prescribed at the left boundary while the vacuum boundary
condition is prescribed at the right boundary. We use N3 = 60000 cells to simulate this problem till
Ctend = 1, 3.16, and 10. The results of the HMPy model and the semi-analytic solution taken form [49]
are presented in Figure [I2} The HMPy model has a good agreement with the reference solution even
when N = 2 and gives a better approximation of the reference solution as N increases.

4.2.6 Anti-diffusive radiation flow

The anti-diffusive flow [40] is usually used to study the behaviour of radiative shocks. The material
consists of three parts and each part has its temperature. Precisely, the material temperature is given

by

a, z<0,
T4 = 17 O S z S 20, (434)
b, z> 2.
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Figure 11: Profiles of Ey for the Py model, the MPy model and the HMPy model for the Gaussian
source problem.

In this problem, the parameters are set as a = 0.275, b = 0.1, zg = 0.1. The absorption and scattering
coefficients are o, = 1 and o, = 0, respectively, and the problem domain is the whole space. The
relationship between the temperature 7' and the internal energy e is depicted by . Then the
analytical solution can be directly obtained as

e When 0 < 2z < zg,

ae 4 (1 — e 2/, >0,
be—(20—2) /11 + (1 —e (zo0 Z)/|:U«|)7 I < 0.
e When z <0,
e =" S (1.36)
Z, ) = :
: 100, p)e/ 1M 4 q(1 — /111, < 0.
e When z > z,
T —(z—z20)/p b(1 — —(z—20)/p >0
I(Z,[IJ) _ (207/”’)6 + ( € )7 1% ) (437)
b, w<0.

We simulate this problem with space step h = 1/200 until steady state. Figurepresents the profiles of
Ey and % of the HMPy model and the analytical solution. Clearly, as N increases, the solution of the
HMPy model convergents to reference solution very fast, and when N = 8, the HMPy model is good
enough to resolve the reference solution.
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(a) N =2 (b) N =14 (c)N=6

Figure 12: Profiles of Ej for the HMPy model for the Su-Olson problem. The three groups of lines
correspond to the end time ctenqg = 1, 3.16, and 10 (from bottom to top), respectively.
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5 Conclusion

We derived a new nonlinear model for RTE, which is a significant progress than the MPy model in [24].
For the new model, not only it is globally hyperbolic, but also some necessary physical properties are
preserved. Particularly, the regularization method in this work was novel, and it extended the hyperbolic
regularization method in [10].

The current work focuses on the globally hyperbolic moment system for the frequency-independent
RTE in slab geometry. Future work in this research area certainly contained: 1) an extension to the
three-dimensional case; 2) an extension to the frequency-dependent case; 3) the existence and uniqueness
of the solution of the new moment model. Moreover, the regularization method in this work is worth
further investigation. The novel regularization method generalizes the regularization method in [8] [9]
and takes more properties of the kinetic equation into account. It is also a future work to extend the
novel regularization method to a general framework, which reduces the kinetic equation to a globally
hyperbolic moment system by moment model reduction with maintaining physical properties of the
kinetic equation.
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