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INVERSE PROBLEMS FOR
ABSTRACT EVOLUTION EQUATIONS II:
HIGHER ORDER DIFFERENTIABILITY FOR VISCOELASTICITY

ANDREAS KIRSCH AND ANDREAS RIEDER

ABSTRACT. In this follow-up of [Inverse Problems 32 (2016) 085001] we generalize our
previous abstract results so that they can be applied to the viscoelastic wave equation
which serves as a forward model for full waveform inversion (FWI) in seismic imaging
including dispersion and attenuation. FWI is the nonlinear inverse problem of identifying
parameter functions of the viscoelastic wave equation from measurements of the reflected
wave field. Here we rigorously derive rather explicit analytic expressions for the Fréchet
derivative and its adjoint (adjoint state method) of the underlying parameter-to-solution
map. These quantities enter crucially Newton-like gradient decent solvers for FWI.
Moreover, we provide the second Fréchet derivative and a related adjoint as ingredients
to second degree solvers.

1. INTRODUCTION

Full waveform inversion (FWI) is the leading-edge technique in geophysical exploration
using the full information content (amplitude and phase) of the seismic recordings to
reconstruct the parameters in the underlying wave propagation model, see, e.g, [6, 11].
Waves propagating in realistic material encounter dispersion and attenuation which have
to be taken into account by a viscoelastic model. There are several of these models
described in the literature, see [6, Chap. 5] for an overview and references and see [14,
Chap. 2] for how these models are related to each other. The model we consider here is
the viscoelastic wave equation in the velocity stress formulation based on the generalized
standard linear solid rheology, see (1) below.

In [8] we provided an abstract framework for the nonlinear inverse problem of FWI
which applies to the elastic but not directly to the viscoelastic wave equation. The present
paper is driven by the wish to slightly adjust our abstract framework such that it finally
fits to the viscoelastic equation. So we are indeed able to give analytic expressions for
the Fréchet derivative and its adjoint of the FWI operator ® which maps the parameters
to the wave field.

Moreover, we present the second Fréchet derivative of ® which is needed for Newton-
like solvers of second degree, see, e.g., [7]. Second degree methods are of interest for FWI
to mitigate an effect known as ‘cross-talk’ or ‘parameter trade-off’. These terms refer to
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a coupling phenomenon: for some parameter combinations, the update of one parameter
value affects the other parameter values, see, e.g., [5] for a numerical demonstration.

Our paper is organized as follows. In the next section we introduce the viscoelastic
model in its original formulation. After a transformation of the state variables we arrive
at the version which we investigate in an abstract framework. This is done in Section 3
where we will rely on [8]. Then, we return to the concrete viscoelastic model and validate
all required properties to apply the abstract results to the FWI operator ® (Section 4).

Zeltmann [14] also considered a viscoelastic model using techniques akin to ours. In
principle, first order differentiability of ® could have been obtained from his results as
well. However, this is an involved task indeed as his setting includes further and different
parameters. Moreover, our main objective was to validate second order differentiablity.
We therefore generalized our clear framework from [8] and the first order result is thus
merely a by-product.

2. VISCOELASTICITY

The viscoelastic wave equation in the velocity stress formulation based on the gener-
alized standard linear solid (GSLS) rheology reads: In a Lipschitz domain D C R? we
determine the velocity field v: [0,7] x D — R?, the stress tensor o: [0,T] x D — R3X3

sym?
and memory tensors 1;: [0,7] x D — R3S, 1 =1,..., L, from the first-order system
(1a) pOyv=dive +f in |0, T[xD,
L
(1b) 0o = C((1+ L7g)po, (1 + L7p)mo) £(v) + Y _my in 0, T[x D,
=1
(le) —To 0m;, = C’(LTS,uO, LTP7T0> e(v) +n,, l=1,...,L, in]0,T[xD.

Here, f denotes the external volume force density and p is the mass density. The linear
maps C(m, p) for m,p € R are defined as
(2) C(m,p): R¥3 — R, C(m,p)M = 2mM + (p — 2m) tr(M)1.
Further,
1

e(v) = 3 [(Vov)T + V,v]
is the linearized strain rate. In formulation (1) two independent GSLS are used to describe
the propagation of pressure and shear waves (P- and S-waves). The parameters 1o and
denote the relaxed P- and S-wave modulus, respectively. Further, 7 and 75 are scaling
factors for the relaxed moduli. They have been introduced for the first time by [1] and
are now widely used to quantify attenuation and phase velocity dispersion in viscoelastic
media, see e.g. [6, 12].

Wave propagation in viscoelastic media is frequency-dependent over a bounded fre-
quency band with center frequency wg. Within this band the Q-factor, which is the
rate of the full energy over the dissipated energy, remains nearly constant. This fact is
used to determine the stress relaxation times 7,; > 0 by a least-squares approach [2, 3]
where up to L = 5 relaxation mechanisms may be required. Now we obtain the following
frequency-dependent phase velocities of P- and S-waves:

W%ﬂi,z

o 2 Ho .
3 v3 = =(1+71pa) and 2= ""(1+ 1) with a = alwy) = _—
3 =20+ ma) b= B0+ o) ) =3

=1
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Full waveform inversion (FWI) in seismic imaging entails the inverse problem of recon-
structing the five spatially dependent parameters (p,vs, 7s, vp, 7p) from wavefield mea-
surements.

Using the transformation

v v
L

(o0} o+ Zl:l To, M

o1 | = —To,17M1

oL —To, LT

discovered and explored by Zeltmann [14] we reformulate (1) equivalently into

L
1 1
(40) Qv = —div(Zal> 4o f in 10, T[x D,
p —o P
(4b) Qoo = C(po, mo) e(v) in |0, T[x D,
1
(4c) Oyo, = C(Ltspo, Lpmo) (V) — — o7, l=1,...,L, in |0, T[xD.
Tol
Let X = L*(D,R?) x L*(D,R2:3)'*". For suitable' w = (W, 4o,...,11) € X we define
the operators A, B, and () mapping into X by
2 0
. L i
div (Zico ¥1) C (0, m0) %o 0
e(w) . e
(5) Aw = — . R B w = LC(TS/,LO,TPT(O)’(/Jl s Qw = To,1 ’lpl
e(w) . 1
L C(TSﬂ(h 7—PT‘-O) ’(pL To,L ,l'[)L

With these operators the system (4) can be rewritten as
Bu'(t) + Au(t) + BQu(t) = f(t)

where u = (v, 0y,...,0) and f = (f,0,...,0).
Please note: The five parameters to be reconstructed by FWI enter only the operator B
via, see (3),
pui ps

6 = d = .
( ) 7o 1+ ma an Ho 1+ 15

3. ABSTRACT FRAMEWORK
We consider an abstract evolution equation in a Hilbert space X of the form
(7) Bu'(t) + Au(t) + BQu(t) = f(t), te€]0,T[, u(0)= uo,
under the following general hypotheses: T' > 0, ug € X,

B > 0 belongs to the Banach space £*(X) = {J € L(X) : J* = J} and satisfies
(Bz,z)x = (x, Bx)x > B||z||% for some 8 > 0 and for all z € X,

A:D(A) € X — X is a maximal monotone operator: (Az,z)x >0 for all z € X
and I + A: D(A) — X is onto ([ is the identity),

LA rigorous mathematical formulation will be given in Section 4 below.
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Qe L(X),and f e LY(]0,T], X).
Later we will show that the three operators from (5) are well defined and satisfy our
general hypotheses in a precise mathematical setting.
In [8] we explored (7) with @ = 0. Existence and regularity results of this paper apply
correspondingly. Let us be more precise: equation (7) can be transformed equivalently in
u'(t) + (BT A+ QJu(t) = BT f(t), t€]0,T[, u(0)=u,

where B! A with D(B~'A) = D(A) generates a contraction semigroup on (X, (-, ) g) with
weighted inner product (-, ) g := (B-, -) x where the induced norm ||-|| 5 is equivalent to the
original norm on X. Further, B~'A + @ is the infinitesimal generator of a Cy-semigroup
{S(t)}tzo with

1S@)s < exp([|Q]l 1),
see, e.g., Theorem 3.1.1 of [10]. Thus, (7) has a unique mild/weak solution in C([0, 77, X)
given by

u(t) = S(t)uo +/0 S(t —s)B~'f(s)ds

The estimates of [8, Theorems 2.4 and 2.6] carry over to (7) when we replace f by B~'f
and compensate the use of || - ||x by an additional constant depending on ||B]|, ||B™!||,
|Q|| and T'. For instance, we have the continuous dependence of u on the data:

(8) lulleqo,r,x) S llwollx + | fll oy, x)-

3.1. Abstract parameter-to-solution map. We define the following parameter-to-
solution map related to (7):

9) F:D(F)C L*(X)—€([0,T],X), B~ u,
where

D(F) ={B € £*(X): f-||} < (Br,2)x < Billzll5}
for given 0 < f_ < B4 < 0.

Transferring the techniques of proof of [8, Theorem 3.6] straightforwardly to F yields
the following result.

Theorem 3.1. Let T >0, f ¢ Wl! (]O,T[,X), and ug € D(A). Then, the mild solution
of (7) is a classical solution, i.e., uw € C*([0,T],X) NC([0,T],D(A)), and F is Fréchet
differentiable at B € int(D(F)) with F'(B)H =u, H € £*(X), where u € €([0,T),X) is
the mild solution of

(10) Bu'(t) + Au(t) + BQu(t) = —H(u'(t) + Qu(t)), t €]0,T[, w(0)=0.

The representation of the adjoint of the Fréchet derivative carries over as well, see [8,
Theorem 3.8|.

Theorem 3.2. Under the notation and assumptions of Theorem 3.1 we have
[F/( / (H(/ (1) + Quit)) w(t)) ydt, g € L2(0,T), X), H € £°(X),

where w € C([0,T], X) is the mild solution of the backwards evolution equation
(11) Buf(t) — Aw(t) — Q" Buw(t) = g(t), t €]0.T], w(T)=0.

2A < B indicates the existence of a generic constant ¢ > 0 such that A < ¢ B.
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Next we investigate the second derivative where we rely on the following theorem
which has been shown in [8, Theorem 2.6] for () = 0 under more general assumptions on

f and wuy.

Theorem 3.3. For some k € N, let f € W*'(]0,T[, X) with f©(0)=0,£=0,...,k—1
(note that f\ is continuous). Let B € D(F) and let u be the unique mild solution of (7)
with ug = 0. Then u € C¥([0,T], X) N €*1([0,T],D(A)) and

(12> ||U||ek([0,T],X) N ||fHW’“v°°(}O,T[,X)

where the constant depends on T, Q), B_, and P,.

We are now well prepared to prove second order differentiability of F'.

Theorem 3.4. Let f € W>'(]0,T[, X), up = 0, and f(0) = f'(0) = f"(0) = 0. Then,
F is twice Fréchet differentiable at B € int(D(F)) with F"(B)[H1, Hy] = u, H; € L*(X),
i=1,2, where u € C([0,T), X) is the mild (in fact the classical) solution of

(13) Bu'(t) + Au(t) + BQu(t) = —H,(@'(t) + Qu(t)), u(0) = 0.

Here, u € C2([0,T], X)NE€[0,T],D(A)) is the classical solution of (10) with H replaced
by H2 N

(14) Bu'(t) + Au(t) + BQu(t) = —Hy(u'(t) + Qu(t)), w(0) = 0.
Further, u € C3([0,T], X) N €*([0,T],D(A)) solves (7).
Proof. We need to show that
sup |F"(B + Hy)Hy — F'(B)H, — F"(B)[Hy, Hollleqorx) m-o,
Hael (X) [H o 1zl ex)
Set uw:= F'(B + Hy)H, which is well defined for H; sufficiently small. We have
Bu' + (A4 BQ)u = —Hy(u' + Qu),
(B+Hp)u'+ (A+ (B+ H)Q)u = —Hs (v + Qu),
Bu' + (A+ BQ)u = —H,(u’ + Qu).
Then, @ — u and v := u — U — U satisfy
(15) Bu—u) + (A+ BQ)(u—1u)=—H (' + Qu)

and

Bv' + (A+ BQ)v=—H[(u—71u) + Q(u—1u)],
respectively, with homogeneous initial conditions. Using the continuous dependence of v
on the right hand side, see (8), we get

(16) vlleqorx) S 1H e @ — e o, x)-

Now we apply the regularity estimate (12) repeatedly for k =1 to uw —@ in (15), then for
k =2 to w and finally for & = 3 to u:

[w = llevory,x) S IHillee [allezqomx) S IHllexo)l[ Halleo lulleso,r.x)
S [ Hillecol[H2lle ool f llwssgo.rpx)-
Substituting the latter bound into (16) yields
! @ =@ = @lleqo,x)

||H1||L(X) HQEL(X) HH2||£(X)

S e [ fllwsgorrx)
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which finishes the proof. O

Remark 3.5. In seismic exploration, where (7) is the viscoacoustic or viscoelastic wave
equation, we can assume the environment to be at rest before firing the source. In other
words, the assumptions on ug and f from the above theorem are justified.

The mindful reader might have noticed an unbalanced increase of the smoothness
assumptions on f and wg from Theorem 3.1 (f € W) to Theorem 3.4 (f € W31)
compared to the increase of smoothness of F: two additional differentiation orders for
f gain only one order for F'. This is because in (16) we need convergence of ||[u —
Ullevor,x) — 0 as Hi — 0 uniformly in Hy. At least we get F' € €*!, that is, F” is
uniformly Lipschitz continuous.

Theorem 3.6. Under the assumptions of Theorem 3.4 we have that’

|F"(B) = F"(B)|le2 (e x).eqo.r).x) S 1B = Bllgix
uniformly in int(D(F)). The constant in the above estimate only depends on f_, 5., T,
Q, and f.

Proof. For H; € L*(X), i = 1,2, we estimate ||[@ — Ulle(o.r],x) where © = F"(B +
5B)[H1, H2]7 i = F”(B)[Hl, HQ] From (13) we get
B@' —u")+ (A+BQ)v—-u)=-H,(v' —u'+ Qv —1u)) — BT+ Qv)

where @ is the solution of (14) and T solves (14) with B replaced by B + 6B and u by v,
the latter being the solution of (7) with B 4 §B instead of B and v(0) = 0. As before,
by the continuous dependence on the right hand side,

(17) 17— Tlleqo.r.x) S MHilleoollo = Tlleromx) + 10B]lecx) 1Plleror,x)
where the involved constant only depends on f_, 8., T, and ). All constants in this
proof, which are not explicitly given, only depend on these four quantities.
Further, by applying (12) again repeatedly for k = 1, k = 2, and k = 3, we obtain
(18) vllerqor.xy S NHillecolPllezqo.r,x) S 1HilleoollHalleox vlles o, x)
S H e 2l e o) [ f Iws.oe go,rix)-

In view of (17) it remains to investigate ||U —||e1(jo,r],x)- We can use the same approach
as above: Set d =7 — % and d = v — u. Then, d(0) = 0 and

Bd'+ (A+ BQ)d = —Hy(d' + Qd) — §B(®' + Q0).
By (12) as well as the second and third estimate from (18),
Idllexo.r1.x) S IHolleex) (Idllez oy, x) + 16Blec | fllwseorrx))-
We are left with estimating ||d||e2(jo,r1,x). Note that
Bd + (A+ BQ)d = —dB(v' + Qu)
and (12) delivers
ldllez(o,m1.x) S N0Bllccollvlleso.mx) S N0Bllex) |l fllweeegorix)-
So we found that
10— allevo.r.x) S 1Hellee) 1B el f llwsagorx)-

3L2(V, W) denotes the space of bounded bilinear mappings from V to W.
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Plugging this bound together with (18) into (17) results in

17 — lleqo,1,x)

sup

S 1 fllwsee o) 10 Bl e(x
i Hsee(x) || Hill oo [ Hell o ox) 10.71.%) 0

and we are done. O

3.2. Local ill-posedness. We consider (9) here as mapping with the larger image space
L*([0,T],X). Theorem 4.1 of [8] applies directly to (7) and (9). The proof only needs a
slight and obvious modification.

Theorem 3.7. Let u be the classical solution of (7) forug € D(A) and f € WH1(]0,T[, X).
Then the equation F(B) = u is locally ill-posed at any B € D(F) satisfying F(B) = u
if for any r € (0,1] there exists T € (0,7) and a sequence of bounded, symmetric and

monotone operators Ey: X — X such that B+ E, € D(F), 7 < ||Ekllexy < r for all
keN, and limy_.o Eyv =0 for allv e X.

4. APPLICATION TO THE VISCOELASTIC WAVE EQUATION

We apply the abstract results to the viscoelastic wave equation in the formulation (4).
The underlying Hilbert space is

X = L2(D,R3) % LZ(D7R3><3>1+L

Sym

with inner product

L
<(V,O’07...,O'L),(W,¢0,...,’(,[)l)>X:/ (V-W—{—ZUIZV,/)l) dx
b 1=0

where the colon indicates the Frobenius inner product on R3*3,

To define the domain D(A) of A (5) we split the boundary 9D of the bounded Lipschitz
domain D into disjoint parts 0D = dDpUdDy. Let n be the outer normal vector on
(9DN. Then,

L
D(A) = {(W,'z/)g, cotpr) € Hy x H(div)"**: > pm =0 on aDN}

1=0
with Hf, = {v.€ HY(D,R®?) : v. = 0on dDp} and H(div) = {o € L*(D,R%3) :
dive,; € L*(D), j =1,2,3}.

Remark 4.1. The domain of A can be generalized slightly, see (5.9), (5.10), and (5.28)
in [14].

Lemma 4.2. The operator A as defined in (5) with D(A) C X from above is mazimal
monotone.

Proof. Since

<A(V,ao,...,UL),(W,Q/)O,...,@bl»X:/D[div(ial> ‘W +e(v): (iwlﬂdx

we can proceed exactly as in the proof of Lemma 6.1 from [8] to show skew-symmetry of
A. Hence, (Aw,w)x =0 for all w € D(A).

4The traces o, j - n exist in a suitable space, see, e.g., [9].
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Next we show that I + A is onto adapting arguments of [8]. We will be brief therefore.
For (f,go,...,81) € X we need to find (v,00,...,0) € D(A) satisfying

L
V—div<2m>:f, o,—e(v)=g, [=0,..., L

=0

We multiply the equation on the left by aw € H},, integrate over D and use the divergence

theorem to get
L
/ <v~w—|— <Zal> : VW)dx:/ f-wdx.
D Py D

Now we sum up the L + 1 equations on the right, use the relation e(v) : & = Vv : o,
and arrive at

/l)(v.w+(L+1)s(v):s(w))dx:/ (f-W—zL:ngVW>d$ for all w € H},.

D

This is a standard variational problem (cf. displacement ansatz in elasticity) admitting a
unique solution v € H},.
Set o, = g; + e(v) and follow [8] to verify (v,o0,...,0) € D(A). O

Next we show that B € £(X) from (5) is well defined with the required properties. As
in [8] we consider C of (2) as a mapping from D(C) = {(m,p) e R® :m <m <m, p <
p < D} into Aut(R2%%) with constants 0 < m < m and 0 < p < P such that 3p > 4m.”

For (m,p) € D(C),

(19) C(m,p):=C(m,p)~' =C (ﬁ, ﬁ) .

Moreover, C'(m,p)M : N = M : C'(m,p)N and
min{2m,3p —4m} M : M < C(m,p)M : M < max{2m, 3p —4m} M : M,

see, e.g., [14, Lemma 50]. Provided p(z) > 0, (po(z), mo()), (7s(2)po(z), 70 (2)m0 (7)) €
D(C) for almost all x € D we conclude that

W N PW

Yo ~C(M0,7To)1/)0
(20) B| ¥1 [ =| £ C(rspo, 7om0) 91

Yr %5(TSM0,TP7T0)¢L

yielding B € £*(X) with B > 0 (in sense of our general hypotheses from Section 3).
Hence, the general hypotheses are satisfied for the viscoelastic wave equation.

Note that in [8] and [14] different C’s are used.
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4.1. FWI operator. In FWI the five parameters (p, vs, 75, vp, Tp) are of interest. There-
fore we will define a parameter-to-solution map ® which takes these parameters as argu-
ments. A physically meaningful domain of definition for ® is

D((I)> = {(pa USaTSavP77—P) S LOO(D)5 > Pmin S P() S Pmax; UP min S UP(') S VP max
VS, min < US(') < US,max; TP,min < TP(') < TP,max, 7S,min < TS(') < 7S,max a-€. in D}
with suitable positive bounds 0 < ppin < pPmax < 00, etc.
In view of (3) we set

2
and  fimax 1= Pmax US,max

max -— 7 . _
1+ TS, max®¥ 1+ TS, min®¥

Pmin Ué,min
Hmin ‘= 77—
which are induced lower and upper bounds for pg. We set the bounds my;, and myax
for my accordingly by replacing s by p. Next we define p, p, m, and m such that
(o, m0), (Tspto, TpTo) as functions of (p, vp,vs, 7p, 75) € D(®) are in D(C'). Indeed,
P = Tmin Min{1, 7p min} and P := Tyax Max{l, 7p max }
with m and m set correspondingly will do the job. The restriction 3p > 4m translates
into
4 Pmax 1+ TP, max®¥ maX{LTS,maX} U%’,min
3 Pmin 1+ TS, min¥ min{laTP,min} vg,max
which reflects in a way the physical fact that pressure waves propagate considerably faster
than shear waves.
For f € WY1(]0, T[,L?(D,R?)) and vy = (v(0),00(0),...,0.(0)) € D(A) the FWI
operator
P: D((I)) - LOO(D)5 — LQ([Ov T]7X)7 (107 Us, Ts, Up, TP) = (Vv g, ... 7UL)7

is well defined where (v, oy,...,0) is the unique classical solution of (4) with initial
value ug.
To benefit form our abstract results we factorize ® = F'o V' where F is as in (9) and

V: D((I)> CLOO<D)5_>L*(X)7 (p7U87T87UP77—P) '_>Ba
where B is defined in (20) via (6).

Remark 4.3. Note that the image of V is in D(F) by an appropriate choice of 5_ and
By in terms of pmin, Pmax; P, D, M, and m.

The inverse problem of FWI in the viscoelastic regime is locally ill-posed. This can
be proved using Theorem 3.7, compare the proof of Theorem 6.7 of [8]. We give a direct
proof though.

Theorem 4.4. The inverse problem ®(-) = (v,0q,...,07) is locally ill-posed at any
interior point of p = (p, vs, Ts,vp, Tp) € D(P).

Proof. Fix a point £ € D and define balls K,, = {y € R® : |y — &| < §/n} with a § > 0 so
small that K,, C D for all n € N. Let yx,, be the indicator function of K,,. Further, for any
r > 0 such that p, := P +7(Xns Xn> Xn Xns Xn) € D(®) we have that ||p, — p||re(p)> =7,
that is, p,, does not converge to p. However, lim,_,« || ®(pn) — ®(P)]|22(jo,r1,x) = 0 as we
demonstrate now.

Let u,, = ®(p,) and u = ®(p). Then, d,, = u,, — u satisfies

V(pn)dy, + Ady + V(pn)Qdn = (V(p) — V(pn)) (v 4+ Qu),  dn(0) = 0.
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By the continuous dependence of d,, on the data, see (8), we obtain
| 20,7720 S [[(V(P) = V(Pn)) (W' + Qu)| 11 0 11,59

where the constant is independent of n, see Remark 4.3. Next one shows lim,,_,« || (V (p) —
V(pn))v|lx = 0 for any v € X using p, — p pointwise a.e. in D as n — oo and the
dominated convergence theorem. Since ||V (p,)|lx S 1 for all n € N a further application
of the dominated convergence theorem with respect to the time domain yields

T
/0 (VD) = V(pa) (' (1) + Qu(t))|| ydt 2= 0
and finishes the proof. 0

4.2. First order differentiability. To derive the first order Fréchet derivative of ® we
provide the Fréchet derivative of V. Its formulation needs the derivative of C' which we
take from [8, Lemma 6.3]:

@1 &) | 5| = ~Clomp) o €. 0 Clonp
for (m,p) € int(D(C)) and (m,p) € R

Let p = (p,vs,7s,vp,7p) € int(D(®)) and p = (p, Vs, 7s,0p, 7p) € L=(D)”. Then,
V'(p)p € £L*(X) is given by

pPwW
- N
y ~50(u o + 38 e ) ]
SN L1 IO N
(22) 4 (p)p . - —#O(Tsﬂ7 TPW)¢1 + L_pC (Tslua TP7T> - wl
b
o ~ m
_LL;;?C(TSIMﬂ TPW)¢L + LLpC/(TS/J“v TPW) /7_‘\_ qva
where = po/p, ™ = my/p, see (6), and
_ 2ug avi ~ 2p avd
23 - - - -
(23) =1y TgQ s (1+ 75a)? s T it ma” (1+ mpa)? ™
. 21gvg v3 . . 21pup vd R
24 pum— pu—
(24) S e s (14 15ax)? s TTIY TP v (1+ mpar)? e

Theorem 4.5. Under the assumptions made in this section the FWI operator ® is
Fréchet differentiable at any interior point p = (p,vs, 7s,vp, 7p) of D(®): For p =
(p, Vs, Ts, Up, Tp) € L>=(D)® we have ® (p)p = u where u = (v, 0y,...,0) € €([0,T], X)
with wW(0) = 0 is the mild solution of

L
(25a) p OV = div (Zﬁl) — PO,

(25b) 0 = Cluo, m0)e(®) + (30U 7) + p C (R, )=(v),
(25¢) oo = L C(7sp0, Tpm0)€(V)
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1 ~ ~ A~
_T_El+ (pLC<TS,U7TP7T)+C(M77T))€(V)ﬂ [ = 17-"7L7
o,L

where (v, 00, ...,0) is the classical solution of (4).

Proof. We apply Theorem 3.1 to ®'(p)p = F'(V(p))V'(p)p and get the system

P &V I 0
; C(p, ™) div (2o 1) 0
Lip é(Tsu, )00 | = 8(V) _ Lplel 5(75/% TP7T)31
- B £(V) =~ _
LLP C(rsp, Tpm) 050 L, Lpic,,L C(rsp, 7p7) oL
[ 8tv 0 i
ata'o 0

— V'(p)ﬁ (9ta'1 + ol o

0oL 7wz oL/ ]

which is equivalent to (25) in view of (4b), (4¢), (21), and (22). O
Then, the adjoint ®'(p)* €

Theorem 4.6. The assumptions are as in Theorem 4.5.
L(L2(0,T], X), (L=(D)*)) at p = (p,vs, Ts, vp, 7p) € D(P) is given by
foT (Orv-w — ,%e(V) (o + X))dt
= I (—e(): (o + ) + 7 tr(E?) divv)dt
in's foT (e(v) : B, + wtr(X5,) divv)dt

- [ tr(ZY) div v dt

r (T sy
Ttarp Jo tr(Xp) divvde

e L'(D)°

for g = (g-1.80,....81) € L*([0,T], L*(D,R?) x L*(D,R¥3)TE) where v is the first

component of the solution of (4), & =" ¢, and
1 TP
3w —dp Pot 3Tpm — 4Tl

v
Y

« Tp 1
_* Y Yl,—ap, - -5
3 —4p Pot T5(3Tpm — 4T51) 52~ *%o T

T _
35, =—

wr_ @ 1
P 3r —4p #o 3Tpm — 4Tl

) € C([0,T], X) uniquely solves

and w = (W, @, ...

L
1 1
(264) aw ==div (Y @)+ -8,

P\ p

(26D) dpo = C (1o, m0) (e(W) + o),
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1
(26C) at(Pl = LC(TSMO) 7_]371—0) (€<W) + gl) + 7__ i [ = 17 BRI La

o,l

with w(T) = 0.

Remark 4.7. Please note that ®'(p)* actually maps into L'(D)> which is a subspace of
(L>°(D)5)'. This remark applies also to the adjoints considered in Theorems 4.10 and 4.11
below.

Proof of Theorem 4.6. Using A* = —A (skew-symmetry), Q* = @, and QB = BQ we
convince ourselves that (26) is the concrete version of the abstract equation (11). Further,
by Theorem 3.2,

<®I<p)*g7ﬁ>(Loo(D)5)/XLoo(D)5 = <F/(V<p))*g7 V/(p)ﬁ>L(X)/><L(X)

(27) :ié<v%mﬁ@m>+Qmwxw@»Xm

where u = (v, y,...,0) is the classical solution of (4). We are now going to evaluate
the above integrand suppressing its t-dependence. Using (22) and (21) we find for p =

o~~~

(p, Us, s, Up, Tp) that

(28) (V' (D)B( + Qu), w)x = / (PO W+ So+ S+ + Sy)da
D

with
So =

and, for [ =1,...,L,

| —

- . -
- %C(Maﬁ)aﬂo =~ ClmCERCh, oo - @,

S; = [— LL;QCV’(TS/L,TPW) (@UZ + %)

1 ~ ~ o
— L—pC(Tg/L, Tpm)C (1, ) C (Ts b, TPTT) (@a’l + :2)] Q.

In view of (4b) we may write

-~

&:[—%@%4%mmamﬁdw}¢w?§dw:%—Cmﬁkwrommwo
and, similarly by (4c) ,
S = —ge(v) Lo, — C(,7)e(v) : Clrsp, o)y, 1=1,...,L.
Next, using (19), we compute

C(ﬁ? %>€<V) : C(:U’v 7T-)()00

~ ~ o 1 2u — T
2 = (2 —2p)d I):(— —— 1
(29) (iie(v) + (7 = 2 divvT) = (50t 5 s (o))
= ﬁ(ls(v) Py — T vy tr(cpo)) + T divv tr(ep,)
I p(3m — 4p) 3m—Ap
yielding

~

p
So = —;s(v) N
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- 1 ™ . .
+ H< - ;€(V) fpot m divv tr(%%)) 3 divv tr(gy).

™ —4u

Analogously,

T T

divv tr(gol)> div v tr(ep;).

Fp+ T ol =
Tl Tsp(3pm — 4TS 1) 3mpm — 471
Next we group the terms in the sum (28) belonging to the five components of p. To this
end we replace fi, 7, i, and T by their respective expressions from (23) and (24) which
we slightly rewrite introducing p and 7:

(30) 20 ap - 2T am
= — Vg — T« mT = —"17Tp — s
H vs 0 1+ Tga vp . 147mpa D
275 VRN . 2pT ~
31 = v = v
( ) H Vs S+1+TsOéTS, T vp P 1+TpOéTP

After some algebra we get

D P
2
+ s —( —e(v): (pg+ X))+ mtr(X?) div V>
Us
?S T T :
T an <€(V) 35, + mtr(Xg,) div V)
2
_ % i tr(") div v + 7 - me tr(27) div v} da
which ends the proof. O

4.3. Second order differentiability. The second derivative of ® is given by

(32)  @(p)[P1,Po] = F'(V(P))[V'(P)P1, V'(P)Ps] + F'(V(p))V"(P) [Py Po

using the chain and product rules, see, e.g., [13, Section 4.3]. In a first step we need to
find V”. Differentiating (22) at p = (p, vs, 7s, vp, 7p) € int(D(P)) we obtain

W

53) Vi) pl | | -

(4
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(ﬁ;§20(u,ﬂ) — 2" (. ) [ﬂ — B0 (p, 7) [;j + 20" (, ) [’}] m )%

YS! Uy

A~

55 5= 2 Bo B
(38 Clrspirom) — £ g rem) 2] = o rom) |2

+LLp5”(TSM, 7'P7T) {ﬁl} {EZ} )1/J1

m T2

A~

- o ) [7] — 255 [
(%53’20(7—8#7 Tpﬂ') . Lp_p120/<7-slu7 Tpﬂ') l%2:| — %CI(TSM? TP7T) |:%1:|

o2 2]

T Uy’

for ﬁz = (ﬁia@S,ia?S,hi)\P,ia?P,i) € LOO(D)5, 1= 1, 2. Further, ﬁi, %Z’, and //Ii, %1 are defined
as in (23) and (24), respectively, plugging in the respective components of p;. We close
the expression for V" by

1) & mnp)|7] 2] = gy ) o Clom, ) o Cla, i) 0 Cln )

+ é(m7p) © C('fﬁ%ﬁg) © 5(771,]7) © C(mbﬁl) © 5(m7p)
The proof of (34) requires straightforward but lengthy calculations.

Theorem 4.8. Let f be in W31(]0,T[, L*(D,R3)) with £(0) = £'(0) = £(0) = 0. Further,
let ug = 0 and adopt the assumptions and notation made in this section.

Then, the FWI operator ® is twice Fréchet differentiable at any interior point p =
(p,vs, Ts,vp, Tp) of D(®): For p, = (p;, Vs, Tsi 0ps, Tpi) € L®(D)?, i = 1,2, we have
®"(p)[Py,Py] = v + U where v = (W, %y, ..., 1) and U = (V,00,...,07) are both in
C([0, T, X). They are uniquely determined as mild solutions of the following viscoelastic
equations.

The equations for u are u(0) = 0 and
L
pat% = div <Z§l> — ﬁl 3,57,

0iao = C(po, mo)e(¥) + (pr Cp, ) + p C i, ™)) (%),

oo, = L (g, Tpmo)e(V)

1 — ~ ~ A —
- T_El + (pl LC(TS:M:TPW) + C(/'Lluﬂ-l))g(V)? [ = 17 R L7
o,L

with ¥ being the first component of the solution of (25) where the parameters p have to
be replaced by Py.

The equations for v are v(0) =0 and

pow = div (fj«m),
=0
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Outpa = Clya,mo)e(w) = (BEC () + (T F) + C (e )

+ pC(fir, 7)1, m)C iz, 7o) + pC(Jia, F2) C 1, 1)C (i, 71) )€ (v),

1
Owp; = L C(Tspo, Tpmo)e(W) — — b, — (;0;/)2 (tsp, Tpm) + p1C (11, 1) + p2C (2, T2)

Tol
+ 9O, 72)C s, 7pm) (i, 7o) + pC (i, 7)C g, 7o) O, 7)) (),
l=1,...,L, where v is the first component of the solution of (4).
Proof. By (32), ®"(p)[P;, Py) = v + u where

vi=F(V(p)V'(p)P1,ps] and u:=F"(V(p))[V'(p)P1,V'(P)Po]-

We apply Theorems 3.1 and 3.4 to specify the equations for v and %, respectively.

We start with 7 which is determined by two coupled equations of type (25). These
equations only differ in the plugged in parameters and right hand sides.

Theorem 3.1 yields the following system for v:

pOrw . I 0
% ( T)dPo div ( >0 d’l) 0
& Clrsp, om)0p1 | = 5@ | o Clrsp o)
_ ' e(w ~
LL,) C(sp, Tp) 031, W) Lpi,,L C(Ts,u, TP7T>¢L
[ 8tV 0 i
@UO 0

—V'(P)B. P || 201 | + | ma O

1
0oL =z TL) |

Applying (4b), (4c), (21), (33), and (34) leads to the equations for v. O

4.4. An additional adjoint. As explained in the introduction second degree Newton
solvers might resolve the cross-talk effect. In our group we plan to implement a variant of
the second degree Newton method of Hettlich and Rundell [7] in the context of viscolesatic
FWI. There one needs to solve a linear system containing the operator ®”(p)[p,-]. Our
regularization method of choice is the conjugate gradient iteration which needs the adjoint
operator. In this subsection we derive an explicit expression for it.

Recall from (32) that

(35) o"(p)[p, | = F"(V(p)[V'(p)P. V'(p) | + F'(V(P))V"(P)[P, ]
)[H,): £5(X) — L*([0,T], X) for B € D(F)

In a first step we therefore consider F”(B

and H € L*(X).

Theorem 4.9. Under the assumptions of Theorem 3.4 we have

[F"(B)[H,, *g] Hy = /0 (Hy (@' () + Qu(t)), w(t))  dt
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for g € L*([0,T],X), H; € £L*(X), i = 1,2, where u = F'(B)Hy is the solution of (14).
Further, w € C([0,T], X) is the mild solution of the backwards evolution equation

Buw'(t) — A*w(t) — Q*Bw(t) = g(t), t €]0,T[, w(T)=0.

Proof. Since [F"(B)[Hx,"|*g]H2 = (U, 9) 120,71, x) Where U solves (13) we can argue as in
the proof of Theorem 3.8 in [§]. O

Theorem 4.10. Under the assumptions of Theorem 4.8 we have that the adjoint
F"(V(p)[V'(p)p,V'(p) ] € £(L*([0. T, X), (L*(D)°))
at p = (p, vs, s, vp, 7p) € D(®) and P = (p, Vs, Ts, Up, Tp) € LX(D) is given by

Jo (07w —1Le(): (g, +X))dt

% foT (—e(¥): (g + )+ 7 tr(X¥) divv)de
F' V)V (0B, V'R e = | i fy (6(9): Thy + mr(S, ) dive)at  |eL}(D)’
= (T o\ 1o —
—3—P Jo tr(Zv)divvde
].+7;TP foT tr(Xp) divvdt

for g = (g-1,80....,82) € L*([0,T],L*(D,R?) x L*(D,RE3L) where ¥ is the first
component of the solution of (25), w = (W, g, ..., @) solves (26) with w(T) =0, and
Y= Zle ¢1. The quantities 3°, 305 1, X5, and X} are exactly those from Theorem 4.6.

Proof. The second order Fréchet derivative is symmetric, see, e.g, [4, (8.12.2)], that is,
(F"(V(e)[V' ()P V() ]'8)P = (F"(V(P))[V'(P)P2: ]"8) V' (P)P:
T
= [ V@m0 + Qui).w(o)
0

where we applied the previous theorem to obtain the second equality. Note that here
u = F'(V(p))V'(p)p, solves (25) with p = p; and w solves (26). We are now exactly in
the situation of the proof of Theorem 4.6, see (27), and proceed accordingly. O

Theorem 4.11. Under the assumptions of Theorem 4.8 we have that the adjoint
F'(V(p)V"(p)[B.]" € £(L*([0,T], X), (L>(D)*))

at p = (p,vs, 7s,vp, 7p) € D(®) and p = (p, Vs, Ts, Up, Tp) € L=(D)® is given by
LIy (e(v) - X7+ tr(05) divv)de

2 fo (e(v): Xy + tr(Lg,) divv)de

FVEIV' )P = | e Sy (v) : Y5, + (Y5, divv)dr | € (D)

2 J tr(Ty) div v dt

fOT tr(Y7) divvde

_m
1tarp

for g = (g-1,80,..-,81) € L*([0,T], L*(D,R?) x L*(D,R¥3)**E) where v is the first

Sym

component of the solution of (4). Let w = (W, p,, ..., @) solve (26) with w(T) =0 and
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set o = Zle p;. Then,

P R P, B pr —m TSUT — TpT
1= (24 Bt (B4 L)m, rp= LT s,
T T 7 uBw — ) P Teu(3rpm — 7o)
- .
Ti =2+ D)o+ (2+ L),
pop p - Tsi

3pm? —4Awp®  p ow )
u(Br— )2 p 37 —ap)”’
N (2 3jitpr® — AxTi® p TpT >2
Tsp(3Tpm — drsp)?  p 3Tpm — 4TS

S~ o
+(Z+ )=

P TSk
3um? —4Axp®:  p o )
u(3r —4p)? 3 —dp)?’

Yy, = (2

N (2 3uTim? — AwTiu? B E TpT )2
T2u(37pm — 4Tsp)? 15(3Tpm — dTsp)/
SH OTP S P Ts\oTp S
) 1 3T — Ay’
- |
P\ ulr—ap) w0 — a2
. (ﬁ 1 L9 S%Tf-mz — 4pTip? )
p Tsp(3Tpm — A7) T5p?(3rpm — 4T )?
o~ (ﬁ 1 3T — 4’ )
= —\| —
d p (3T —4p) " 23w — 4p)? )7
N <E 1 5 3%7'12;71'2 — AT’ )E
p Tsp(3Tpm — A7) 752 (3Tpm — ATsp)?

with the abbreviations f, 7, and [, T from (30) and (31) which depend on Pp.
Proof. Since
~ Zt
(F VIV @By )5, E [ (V)DL Bl( 0 + Quln) wi) .

we are basically again in the situation of the proof of Theorem 4.6. Using (33) we find
that

<V//( )[p1,p2](u —i—Qu) > /ID(SO+SI+"'+SL)C1£L‘

with

and
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Lp? T

+ —O/ (Tsp, Tp) lm] lm] > (3t0'z + —) sy, l=1,..., L.

T [T2 Tol

Sl = (Ma(TSM7TP7T) - Lp_plgal(Tslu’a TP/]T) [;z] Lp C/<TS/~L7 Tpﬂ') |:u1:|

First we simplify Sy. By (4b),

1~
;C(,u, m)0i00 : o = €(V) : Po.
Further, in view of (29),

1~ Nt
— ;C (ILL,’]T) |:;L,Z:| atO'o t®o

™

] divv tr(goo)> + divv tr(ey), i=1,2.

~<1 )

= —e(v):pg— ——
7 * (BT —4p
Next, using (4b) and (34) we get

37r—4p

%@(M,W) {/j ] m Do po = O, m)C(fir, F1)e(v) 1 O, 72)C . ™)ep

+ C(pt, )C(Fia, T )e(v) + C(fir, 71)C (1, ) po.

We have _ _ _
=~ ~ ~ M2 UTg — f2T ..
C C = = ———d I
(1. 7)C i, F)e(v) = Be(v) + LRI divy
and _ _ _
~ o~ N\ 1 MU — U1 T
C C = — ——t I
(k1,1 ) C (1, ™)epo AR e r(o)
so that
1. ~
p i) |2 w?

L9 Jio (3 m* — AT (1%) + o (3T — 4jiy p”)
w2 (3w — 4p)?

Substituting above auxiliary results into the expression for Sy yields
(/P 1 m ™ )
So = P2 <—+—>s(v):cpo+—( - > div v tr(eo)
p* - pp p\3m —4dp p(3m —4p) (

2% 3t — Amp? P
+M2<<Pl +ﬂ>€(v):¢o+(2 Mzﬂ V4t m ))divv tr(goo)>

div v tr(¢g).

pu 2 pr3m —4p)?  p p(3T —4p

p1 1 3mm? — A’y .
+ (2 ) divv tr(0)
"\ a2 (e ) Y )
Similar computations for [ = 1,..., L based on (4c) result in

[ (P 1 1 m TpT .
: p2< p? P ()= ert p\Brpm —drgp Tep(3rem — dmgp)) e
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- D 211
+ Jl2 <p1 + Hl) (v) : ¢y

prspe - T2
Sfinrin? — 4R 2 P
( [T mTSHT P TpT >divv tr(s1)
e (3rpm — Arsp)?  p Tsp(3Tpm — 4Ts1)
D1 1 3miTEm? — Ay TE 1

divv t .
+ 7T2< p Tsp(3pm — 475 11) T (3rpm — 4Tsu)2> v tr(g)

Next we replace fig, T2, and fis, Ty by their values from (30) and (31), respectively. Finally,
we calculate Sy + - -+ Sp, and group the terms belonging to the components of p,. [

*

In view of (35) we have now derived an analytic expression for ®”(p)[p,-]* in rather

basic terms.

Remark 4.12. The expressions for the Fréchet derivatives and their adjoints provided
in this paper cannot directly be applied to the viscoelastic wave equation in two spatial
dimensions. This is because tr(I) = d where d is the dimension. Thus, the inversion
formula (19) for the Hooke tensor has to be adapted. Indeed, for d = 2 we have that

C~Ym,p) = % C(l, L)

m p—m
With these ingredients the derivatives and adjoints for d = 2 can be calculated exactly
along the lines presented on the previous pages.
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