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A two-dimensional electrostatic model of interdigitated
comb drive in longitudinal mode

Antonio Gaudiello*and Michel Lenczner!

Abstract

A periodic homogenization model of the electrostatic equation is constructed for
a comb drive with a large number of fingers and whose mode of operation is in-plane
and longitudinal. The model is obtained in the case where the distance between the
rotor and the stator is of an order €%, a > 2, where € denotes the period of distribution
of the fingers. The model derivation uses the two-scale convergence technique. Strong
convergences are also established. This allows us to find, after a proper scaling, the
limit of the electrostatic force applied to the rotor in the longitudinal direction.
Keywords: Comb drive, electrostatic forces, MEMS, homogenization
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1 Introduction

The technology of Micro-Electro-Mechanical Systems, or MEMS, includes both mechanical
and electronic components on a single chip built with micro fabrication techniques. The main
MEMS parts are sensors, actuators, and microelectronics. Many types of micro actuation
techniques are available, the most common of which are piezoelectric, magnetic, thermal,
electrochemical, and electrostatic actuation. The latter is clearly the most widespread be-
cause of its compatibility with microfabrication technology, its ease of integration and its low
energy consumption. In particular, electrostatic comb drives, introduced in [52], [51] to enable
large travel range at low driving voltage, are among the most used electrostatically actuated
devices in microelectromechanical systems containing movable mechanical structures.

A comb drive is a deformable capacitor consisting of conductive stator and rotor, each
one composed of parallel fingers, that are interdigitated, and whose number may exceed one
hundred. The stator is clamped and the rotor is suspended on elastic springs. The elastic
suspension is designed to allow the rotor to move in one of the desired directions: longitudinal
direction, i.e. parallel to the fingers, or in one of the two perpendicular directions. From
the electrical point of view, the stator is grounded and the rotor is subjected to an electric
potential V. The difference in voltage induces an electrostatic force between the stator
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Figure 1: The comb drive

and the rotor which causes a displacement of the rotor and therefore restoring forces in the
suspension. The equilibrium state is reached when the mechanical restoring forces balance
the electrostatic force.

The advantages of using electrostatic comb drive actuator approach include low power
dissipation, simple electronic control, and easy capacity-based sensing mechanism. These
devices are intended for applications in mechanical sensors, RF communication, microbiology,
mechanical power transmission, long-range actuation, microphotonics, and microfluids [51),
55l 138, [33].

To achieve considerable electrostatic forces without reverting to excessively high driving
voltages, the freespace gap between the electrodes must be minimal. With the advances of
microfabrication technology, thinner fingers and smaller gaps can be micromachined. This
can allow for a denser spacing of fingers and thus increase the power density of comb drive
actuators.

Design of complex MEMS involving multiple comb drives can not be performed by trial
and error due to the high microfabrication cost and time consumption. Designers then make
an intensive use of models. Part of the comb drive modeling works focuse on the development
of analytical models that, beyond taking into account the electrostatic forces between parallel
parts, describe the fringe fields according to different methods and in many configurations
[37], [54], [34], [35] [43], [36], [43], and the analytical models in the software package Coventor
MEMS+ [20]. On the other side, the use of direct numerical simulation remains the reference
approach for general configurations. Most often it is carried out by a finite element method
[25], [16], [B0], or a boundary element method [17], [44]. Despite the impressive increase of
computer power, the time scale required by their use for direct simulation, optimization or
calibration of complex systems is still incompatible with the time scale of a designer.

Until now, the use of multiscale methods has not been yet explored on this family of prob-
lems despite their periodic structure. However, they can offer a good compromise between



numerical methods adapted to general physics and geometries, but expensive in simulation
time, and analytical methods developed for particular physics and geometries requiring only
a few computation resources.

In this paper we develop a first comb drive multiscale model based on asymptotic meth-
ods. Precisely, we consider a 2-dimensional model for an in-plane comb drive, in a vacuum
and in statical longitudinal regime, made by a rotor called )¢ , and a stator called an (see
Figure [1)). Both of them are composed by a set of e-periodic fingers, with cross-section of
order €. The goal of this paper is to study the asymptotic behaviour of the longitudinal
electrostatic force applied on the rotor with respect to two parameters: the period € and the
small distance between the rotor and the stator. A priori estimates show that in this model
a discriminating role is played by this distance that we consider of order £“. Precisely, we
prove that if @ > 2 for obtaining asymptotically a force of order O(1), the applied voltage
has to be of order ¢*V and in this case the limit force is given by

— Y2 (meas(u”) + meas(u) (L)

where ¢ is the vacuum permittivity, V' is a constant independent of ¢, L the comb length,
and meas(w®) and meas(w®) the length of the cross section of the reference finger of the rotor
and of the stator, respectively (see Figure . This result shows that only the longitudinal
forces on the extremities of the rotor’s fingers and on the part of the rotor’s boundary
corresponding to the orthogonal projection of the stator’s fingers play a significant role. In
particular, this means that the fringe field can be neglected in the asymptotic regime o > 2.
We expect that this phenomenon appears when 0 < a < 2. We also underline that in the
limit force there is no contribution of boundary layer effect on the lateral side of the comb,
that are expected in other regimes.

The paper is organized in the following way. The geometry of the comb drive is rigorously
described in Section 2 The problem satisfied by the electrical potential in the vacuum
between the rotor and the stator is given in Section |3| (see where the voltage source
is normalized by assuming it equal to 1). The main result of this paper, i.e. the proof of
formula , is stated in Theorem . Section M| is devoted to rescale the problem given
in Section [3| to a problem on a domain where the finger’s height is independent of ¢ (see
Figure [2). Thus, the problem is split on three subdomains Q&!, Q22 and Q& (see Figure
. Moreover, in Proposition we prove a key result which allows us to transform the
longitudinal force applied on the rotor’s boundary part I'? , (see formula in and also p.
225 in [39]) into an integral on QS UQS2UQS. A priori estimates of the rescaled solution of
problem are obtained in Section . They suggest that different regimes depending on
« can be expected. Section [0]is devoted to prove Theorem in the case a = 2. The proof
consists of several steps. In Section further a priori estimates of the rescaled solution
are derived in the case a = 2. These estimates provide two-scale convergences (the two-scale
convergence technique was proposed in [49] and developed in [2], see also [14], [19], and [40]).
Then, in Section the two-scale limits are identified on each subdomain Q!, Q%2 and Q3
(see Figure [4)). The limit results are improved in Section by corrector results. Finally in
Section [6.4], these correctors allow us to pass to the limit in the formula of the longitudinal
force stated in Proposition and to prove Theorem in the case o = 2. The proof of
Theorem [3.1]in the case o > 2 is only sketched in Section
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Homogenization of oscillating boundaries with fixed amplitude is widely studied and we
refer to the following main papers: [1], [3], [4], [5], [6], [7], [8], [9], [10], 1], [12], [13], [15],
210, [22], [23], [24], [26], [27], [28], [29], [30], [31], [32], [41] [42], [45], [46], [47], [48], and [53].

Also the homogenization of boundaries with oscillations having small amplitude has a
wide bibliography, but this argument is beyond the scope of this paper and a reader interested
in this subject can see some references quoted in [30].

2 The geometry
Let (1, (o, (3, (4 €]0, 1] be such that

G < G2 < (3 < (4,

and set

w” :]Clv CZ[a wb :]C?n C4[7
meas(w®) = (o — (1, meas(w’) = {4 — G.
Let « € [0, +00[, L €]0,+o0], and Iy, 15,3 €]0, +00[ be such that
ll +2< lQ < 13.

For every € € {£ :n € N} set (see Figure [| for a > 0 or Figure [2 for o = 0)

L

Q¢ = (10, L{x]l, 1) U [ | (ew® + k) ]l + 1] |
k=0
L1

le),a = (]0, L[x]0,l,[) U U (5wb +5k) X [l 1 — €[],
k=0

0 = (0, L{x]0, 15D\ (R, UDE)
re, =00, Nos

£,
I, =000, Nnoas,,
leo=T2,U It

I'= {0, L}x]ly, ly].

where Qf , models the rotor, an the stator, each one composed of parallel fingers that are
interdigitated, Q¢ , the vacuum between the rotor and the stator, and I'? , and I'? | are the
parts of the boundary of the rotor and of the stator facing each other. Moreover, setting
(see Figure 3| for a = 0)

Qoo = Q20 N (0, L[x]ly, 1 + %),

002 = QL N (10, L[x[ly + &% 1 — £°])
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Figure 3: Decomposition of the rescaled comb drive
Qg = Q2 N (0, L[x]lz — €, 1),
the vacuum is split in three parts
A, = Qgi U Qgi U Qgi
Furthermore, set (see Figure [4)
QO =0, L[x]ly, L + 1], Q92 =)0, L[]l + 1,1, — 1], Q% =)0, L[x]ly — 1, 15].

Remark 2.1. For simplicity we assumed ¢ € { :neN } Of course, with small modifica-
tions in the proofs, all results of this paper hold true with £ €0, 1].
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Figure 4: The limit domains

3 The problem

Let a € [0,400[. Then, for every e consider the following normalized problem

(—Ap. =0, in QF

€,Q0

¢ =1, on I7g
3.1
¢ =0, onT? . &

Vo.-v=0, onT,

\

where v denotes the unit normal to I' exterior to € ,. The solution ¢. represents the
electrical potential in the vacuum ) , when the stator is grounded and the voltage in the
rotor is assumed equal to 1. By setting

1, on I'®

£,a0
Heo =

b

0, on I,

the weak formulation of (3.1)) is

¢e € Hls’a (Qg,a’ /vLs,oz>’

Vo.Vipdr =0, Yy e HL (QF,,0),

e,a
Q2
where for g € H‘%(Fw) it is set

Hr (Q%,.9)={veH(Q,) ¥ =g, onTea}.



According to [39], p. 225, the longitudinal electrostatic force on rotor’s boundary Ie,
generated by the electrical potential €*V ¢, in the vacuum is given by

- %v? / 14V e |vs ds, (3.3)
re¢.

where ¢y is the vacuum permittivity,}’ is a constant independent of ¢, and v, denotes the
second component of the unit normal to I'? , exterior to € ,.
The main result of this paper is the following one.

Theorem 3.1. For every e, let ¢. be the unique solution to (3.2) with a > 2 and let vy

denote the second component of the unit normal to I'? , exterior to Q¢ ,. Then,

lin% eV .|’ v ds = L (meas(w®) + meas(w)) (3.4)
e—

¢ o
where L, w®, and w® are defined in Section .

In the sequel, the dependence on « of the domain will be omitted when o« = 0. For
instance, 2, will be denoted by )¢, and so on.

4 The rescaling

By virtue of transformation (see Figure [I| and Figure

Teo: 9 — Q5 (4.1)
defined by
(71, m9) € QO — (21, (w9 — 11)e* + 1;) € Qg:}l,
(.Tl, (L’g) c QE’Q — (l’l, DE(IQ — ll - 1) + ll + 506) € Q;:iw (42)
(11, 22) € QS — (x1, (12 — la + 1)e* + 1 — &%) € Qg:i,
with l l 50
D, = b—h =2 4.
problem (3.2 is rescaled in the following one
( e € H11‘5<Q§m“€)>
€%y P02,V + € 0y 00,0 ) dx
/S;g,luﬂg,ii ( ) (44)

+ / (D000, 00 + D10,y 0:0,,0) du = 0, Vo € Hp_(Q,0).
QC,Q

\ €



Remark that

im D, = —2 1
50 ly— 1 —2

Let
QO* S COO(R X [ll, ZQ])

be such that
©* (-, x9) is 1-periodic for every xo € [ly, o],
QO*: 1, in w“x]ll—i—l,lg[, QD*:O, in wa]ll,ZQ—l[,
e*=1, on R x {l}, ¢*=0, on R x {l1},

and for every ¢ €]0, 1] set

T .
pilanan) =" (Fiwa) i Rx [l o],

The previous rescaling allows us to rewrite formula (3.3]).

(4.8)

Proposition 4.1. For every e, let ¢. be the unique solution to (3.2)), w. be the unique
solution to , ©f be defined by . -, D. be defined in (4.3)), and let vy denote the

second component of the unit normal to T'¢, exterior to X . Then, for every e,

/ ]VQSE\QVQCZS =

1 2
/ =00, 0% | 10, Sosl ~ Toa |0z el | + 200,020, 020, 0 | da
Qetunes €

1 N
+/02 ( Or % (’ax1908| D2 ‘ax2908‘2) +2ax290€am180aax1905) dx.

Proof. Let T, be defined by (4.1))-(4.3]). The first step is devoted to proving that

/ |V o.|*1ads

= / (=0, (920 T2) V| +20,,0:V (950 To)) Vo) dx, Ve,

from which (4.10)) follows by changing of variable (4.1]) in the second integral.
As we shall show in the following,

Vo |* e WH(Q,).

(4.9)

(4.10)

(4.11)



In particular, also (¢} o T, })|V¢.|* belongs to W (Q¢ ). Thus, definitions (4.1)) and (4.6)-

(4.8) allow us to write
I

- / (6t 0 T=1) [V, [Puads, Ve,
T. Ul ’

IV o.Prads = / (¢F 0 TV o. Prnds
N

a a
£, g,a

The Green’s Formula (for instance, see Th. 6.6-7 in [18]) gives

Q

[ o ToINo s = [ oo TV, v
I. Ul

C
g,

Then, (4.12) and (4.13))) provides

/ IV o.|*rads
r

a
g,

),

On the other side (see below),

Oy (7 0 T€T;)|V¢5|2dx + 2/ (¢fo Tg;)nggV(amqbg)d:E, Ve.

c c
€, £,a

Vo € Wh(Q2,).

(4.12)

(4.13)

(4.14)

(4.15)

In particular, (¢} o T, ;)V¢. belongs to Wl’%(Q‘;a), and 0,,¢. belongs to Wl’%(an) which
is included in WL%(Q;O&). Consequently, again applying the Green’s Formula as it appears
in Theorem 6.6-7 in [I8] with exponents p = % and ¢ = g, the last integral in the right-hand

side of (4.14]) becomes

/Q (¢F 0 T2V V(Dya6.)da

c
£,

-

where v is the unit normal to I'. , UT" exterior to () ,. Since

Te ol

c
£,

[ oo oo = [ (Vofuds, v
Ie,oUD

r

a
£,

div((pZ 0 T2 o)V P:) Ory¢d + / (920 T20)00, 0=V devds, Ve,

(4.16)

which can be checked by inspectioning on each part of I'. , UT', one can rewrite (4.16|) as

/ (¢t 0 TV 4.0, V.da
Q

c
£,

)

div((pf 0 T 4 )V ) Onydeda + / IVo.|?1ads, Ve.

c a
£, Fe,a

9

(4.17)



Comparing (4.14) and (4.17)) gives

/ Vo, *rads
r

a
£,

. / Oy (it 0 T 1) V6.2 + 2 / div((9? 0 T 1)V §2)Dnybedda
gﬂ Q

C
g,

= - Oy (P 0 Ts_,ci) |V¢€|2dx +2 V(pLo Teji)vﬁbeam Pedz
Q¢ o Q¢ o

[ o 1A d0ds, v
Q¢ o
which provides (4.10]) since Ag. =0 in ¢ .
Now, we sketch the proof of (4.11)), based on the decomposition of ¢. as a sum of its sin-
gular and regular parts ¢ € H'(Q¢ ) and ¢F € H*(Q¢ ). At the vicinity of any reentering
corner with angle w = 37”, the expression in polar coordinate of the singular part reads

¢ (r,0) =5 sin (?) :

Thus, ,
[VoZ[(r, 0) = r73®(6),

with ®; € C*°. The expansion of V|V¢.|? in ¢F and ¢ includes four terms:
VIVEZP, VV@IVeL, VIVeE, and VV§IVe?, (4.18)

of which only the first two terms cause regularity problems.
As the first term in (4.18)) is concerned, one has

VIVGZ(r,0) = r 3 01(6),
with ®; € C°. Then, it is integrable. As the second term in (4.18) is concerned, one has
VGVl = (rsVVe)(r 5 Vel

and its integrability comes from the observation that both terms révv¢f are r_%Vqﬁf are
square integrable.
The contribution of the corners with mixed conditions, that is at the ends of I', to the
singular part is in H 2*’7(927(1) for any positive  and does not yield any regularity issue.
Regularity result can be proved with the same arguments.

10



5 A priori estimates

Proposition 5.1. For every ¢, let . be the unique solution to (4.4)). Then

(
|0y pe|Pd < e (6727 % +72%)
Qolung®

Jc €]0, +oof / Ol < e (77 4+ 1) Ve. (5.1)
QSruUNe

/QC’Q V. Pde < c(e7?+e7°),
\

€

Proof. For every ¢, let ¢f be defined by (4.6)-(4.8). Moreover, set

Y =0, 1[x]l, lo[.
Then, one has
L
12 172e) < D elle*liay = Llle 72y, Ve (5.2)
k=0
Similarly, one obtains
* L *
Haan%@aH%%Qg) = E—guaxl@ H%z(y)a Ve, (5.3)
and
102, 0211722y = LllOza ™72y, Ve (5.4)

Now choosing ¢ = ¢, — ¢ as test function in (4.4)) and using Young’s inequality, (4.5)),
and estimates (5.3) and (5.4 provide

Je €]0, +oo : /

Qotune?

(€100 4 & ) da [ [V
Qo

<c(e2+e7®), Ve,

which implies (/5.1]). ]

6 The case o =2

This section is devoted to proving Theorem [3.1] when a = 2.

6.1 A priori estimates

Proposition [5.1] immediately implies the following result.

11



Corollary 6.1. For every ¢, let p. be the unique solution to (4.4) with o = 2. Then,

HgZa{ElngHLQ(Qg’lUQg’B) S C,
Je €]0, +00] Ham(:DEHLZ(Qg’lquﬁ) <c Ve. (6.1)

HffV%HLZ(Qg’?) <
The next task is devoted to prove the following a priori estimate.
Proposition 6.2. For every ¢, let . be the unique solution to (4.4) with a = 2. Then,
Je €]0, +oo[ : ||@ellr2@e) < ¢, Ve (6.2)

Proof. The Dirichlet boundary condition of ¢, on I'. and the second estimate in (6.1]) provide
that
HC G]O, +OO[ . HSOEHLQ(QSJUQES) S C, Vé’

The main task is to prove that
Je €]0, +o0[ : [[¢ell ooy S € Ve, (6.3)
which completes the proof. To this aim, set
P =10, 11\ (27 Uwr) =10, GilUGe, GolUIGa, 1.

Fix . Then, one has

L_q
lolgen = 3 [ o N
elrz(Qer) kzg (eP+ek)x]i1,l2] ]

Now fix k € {O, e ,f — 1}. Then, if 1 € ¢P + ¢k, one of the following three cases holds
true:
1y €lek, ey + k], x1 €leCs + ek, ez + ek, 1 €]eCs + ek, e(1 + k).

In the first case, since
v =1, on {e(y + ek} x]ly, 5],

one has

eC1+ek
e(r1,m9) =1 —/ O, pe(t, x0)dt, Vi €lek,e(y + ek, for a.e. xo €]y, 5],

1

which implies

l2 eC1+ek l2 eC1+ek
/ / \gog(xl,xg)\2da:'1dx2 < 2(12—l1)5+252/ / \8x190€(x1,x2)|2d331dx2. (6.5)
I ek A ek

Similarly, since

we =0, on {3 + ek} x]l1, o] and on {e(y + ek} x]ly, I3[,

12



in the second and in the third case one has

lo  pedstek lo  peCs+ek
/ / |oe ( xl,xg)] dridry < 2e? / / |0, e ( xl,x2)| dxidzs

Cat+ek Cotek
and
lo 6(1+k lo €(1+k
/ / | (1, 22)|Pdw1dwy < 262 / / |0, 0 (1, 22)|*dy ds.
I s1tek I 1+ck

Adding (6.5 ., and (6.7 gives

/ |<,0€|2d:1: < 2(ly — ly)e + 252/ |8xlg0€]2da;,
(6P+6k‘)><}l1712[ (€P+€k)><]l1,l2[

(6.6)

(6.7)

from which, summing up k € {O, s % — 1} and using (6.4) and the third estimate in (6.1)),

one obtains (6.3)).

6.2 Weak convergence results

]

The next proposition is devoted to studying the limit in 22, as ¢ tends to zero, of problem

(4.4) with a = 2.

Proposition 6.3. For every ¢, let . be the unique solution to (4.4)) with a = 2. Set

Pe,2 = 905\9?2

and
(-2, a.e. in Q9%

1, a.e. in U (ew® 4+ ek) x|l; + 1,15 — 1],

AS)
®
o
Il
>
Il
=)

0, a.e. in U (ew” +ek) x|l + 1,1, — 1.
\ k=0

Let
(y+1—G

G—CG+1
17 ny € [C17C2]7

ny € [07C1]7

y—G3
G — ¢

07 ny € [C37C4]7

P2 Y € [071] — ny € [gQaC?)L

y— G
L G — G+ 17

13

if y € [, 1].

(6.8)

(6.9)



Then,
P-2 two scale converges to s,

€0z, Pe2 two scale converges to Oyps, (6.10)

58;62305,2 two scale converges to 0,

as € tends to zero.

Proof. Proposition and the third estimate in (/6.1)) ensure the existence of a subsequence
of {e}, still denoted by {e}, and uy € L? (Qc’2, Hf)er(](), 1[)> (in possible dependence on the

subsequence) such that

©z2 two scale converges to us,
€0z, Pe2 two scale converges to 0,us, (6.11)

£0,,Pz2 two scale converges to 0,

as € tends to zero.
The next step is devoted to proving that

uy = 1, a.e. in Q%% x w®. (6.12)
Indeed, the definition of .5 gives
/ Pea(x1, x2)0 (ZEl,.TQ, ﬂ) dridxy = / P (Il,ZL’Q, E) dzdx,
Qo2 c Qo2 c (6.13)
Vi) € CF°(Q? x w®), Ve.
Passing to the limit, as € tends to zero, in and using the first limit in (6.11]) provide

/ Uz(fEl,Iny)@D (95175132,34) dxidxady = / @/)(whxmy) dxidzady,
Qo2 xwe

Q2 xwe
Vip € CF° (2% X w?),
which implies (6.12)).

Similarly, one proves that
uy = 0, ae. in Q% x W’ (6.14)
Finally, choosing ¢ = %1 (1, 72)x2 (ﬁ) with x1 € Cg° (2%%) and X € Hper (]0,1[) such
€
that yo = 0 in w® Uw® as test function in (4.4) with a = 2 gives

T

T
De€2/ 8x1905,2 (3331X1($175132)X2 (—€1> + 571X1($1>$2)3yX2 <—€1>> dzidzy
Oe.2

x
+D8152/ Oy P20, X1 (21, T2) X2 (?) dridxry = 0, (6.15)
Qc.2

Vxi1 € G (%), Vxa € Hper (10,1]) © x2 =0, inw*Uw’, Ve

14



Passing to the limit, as € tends to zero, in (6.15)) and using the second and third limits in

(6.11)), and (4.5)) provide that, for a.e. (xy,x5) in Q2

/ Oyus(w1, T2,y)0yx2(y)dy = 0,
J0,1[\ (wotw? ) (6.16)

Va2 € Hf)er (J0,1[) : x2 =0, in w*Uwb.
Problem (6.12]), (6.14]), and (6.16) is equivalent to the following problem independent of
(xlv x?)

((0%uy =0, in ]0,1[\ (w*UW’),

up =1, in w,
uy = 0, in W, (6.17)

UQ(O) = UQ(]_),

\ 8yu2(0> = (9yu2(1),

which admits as unique solution. Consequently, limits in (6.11)) hold for the whole
sequence and ([6.10) is satisfied. O

The next proposition is devoted to studying the limit in Q%® and in Q%! as € tends to
zero, of problem (4.4)) with o = 2.

Proposition 6.4. For every e, let . be the unique solution to (4.4)) with o = 2. Set
Pe,3 = QOE|QC,37 Pe1 = 806‘96717

©e3, a.e. in Q3
Pe,3 (6.18)
1, a.e. in Q%3 \ Q3
and
Qe1, a.e. in QL
Per = (6.19)
0, a.e. in Q>1\ QoL

Moreover, let

$2+1—l2, ifyewb7
@3 1 (T1,0,79) € Q°*x]0,1[—> (6.20)
1, if y €]0,1[\w",

and
T2 _lla ny € wa’
©1 ¢ (21,29, y) € Q' x]0, 1[— (6.21)
0, if y €]0, 1[\w™
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Then -
Y3 two scale converges to s,

(6.22)
Oz, Pe3 two scale converges to Oy, ps,
and e
©e1 two scale converges to ¢y,
(6.23)

OuyPen two scale converges to Oy, 1,

as € tends to zero.

Proof. The proof will be developed in several steps.

Proposition and the second estimate in (6.1]) ensure the existence of a subsequence
of {e}, still denoted by {e}, us, £ € L*(23x]0,1[), and w, z € L*(]0, L[x]0, 1[) (in possible
dependence on the subsequence) satisfying

-3 two scale converges to ug, (6.24)

and -
Oz, Pe,3 two scale converges to &,

the trace of p.3 on |0, L[x{ly — 1} two scale converges to w, (6.25)

the trace of p. 3 on |0, L[x{lz} two scale converges to z,

as € tends to zero.
The first step is devoted to proving that

€ = Op,u3, a.e. in Q°3x]0, 1[. (6.26)

Indeed, integration by parts gives

__ x
/ 3@905,3(%, xz)@/} (ﬁl, T2, —1> dxidzs
Oe:3 15
(6.27)

— X
= —/ (’0673(1131, 5(72)817277[) (.171, Xa, —;) dIldCL’Q, \V/¢ S C(()X)(QCBX]O, 1[), Ve.
Qe:3

Passing to the limit, as € tends to zero, in (6.27)) and using (6.24)) and the first limit in (6.25))
provide

/ f(x1,$2a9)¢($1,$27y)dx1d$2dy
Qe:3x]0,1[

= —/ U3(9€1,$2,y)6x2¢($1,$2vy)d$1d$2dy, Vi € CSO(QC’?’X]OJD,
Qe3x%]0,1]

which implies (6.26]). Combining the first limit in (6.25) with (6.26]) gives

Or,Pe 3 two scale converges to O, us, (6.28)
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as € tends to zero.

The fact that uz and & € L?*(2%3x]0,1[) combined with provides that for a.e.
y €]0, 1[ us(-, -, y) has traces on ]0, I[[x{la—1} and on |0, {[x {l5} belonging to L?(]0,[x{lo—1})
and to L*(]0,1[x{l2}), respectively. The second step is devoted to proving that

w(zy,y) = uz(x1,lo — 1,y), a.e in |0, L[x]0, 1]. (6.29)

Indeed, integration by parts gives

N x
812905,3(9617 I2)¢ (I1, —1> (l2 — xg)dxldxg
Qc:3 IS

— T o T
= / Pe3(@1, 22)V (m, —1) da:lde—/ Oea(x1,ly — 1) (Sﬁl, 1) dzy, (6.30)
Qe € j0.L] £

Vi € C§°(]0, L[x]0,1]), Ve.

Passing to the limit, as ¢ tends to zero, in (6.30) and using (6.24]), the second limit in (6.25),
and ((6.28) provide

/ Opotuz(T1, T2, Y)V (21, y) (I — x2)dx1drody
Qe3x]0,1]

_ / (s 20, y) 0 (1, y) dandsdy— / w(zs, y) (21, y) durdy,
Qe3x]0,1] 10.L[x]0,1]

vy € Cg2(]0, L[<]0, 1)),

that is

1 L
/ w(xhy)w (xlay) dxldy7: / </ w('rl?y)w(xl’y)d'rl) dy =
10,L[x]0,1] 0 0

1
/ ( / <U3<x1,x2,y>¢<x1,y>—amu3<as1,x2,y>w<x1,y><z2—m))dxldm) dy
0 Qe3

1 L
= / (/ ug(x,ly — 1,y)¢($17y)d$1) dy = / uz(w1,ly — 1, )¢ (21, y) dridy,
0 0 10,L[x]0,1]

Vip € C52(]0, L[]0, 1)),
which implies . Similarly, one proves that
2(x1,y) = ug(z1,l2,y), a.ein |0, L[x]0, 1]. (6.31)
The third step is devoted to proving that

ug(w1,lo — 1,y) = 0, a.e. in ]0, L[xw®, (6.32)
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Indeed, the boundary condition of ¢, on I'’ gives
__ x
/ el — 1) (o, ?) dry =0, Yo e CP()0, Lixwb), Ve. (6.33)
10.L[

Passing to the limit, as e tends to zero, in (6.33) and using the second limit in (6.25) and
(6.29) provide

/m[ sl = Ly (1, y) drady = 0, ¥ € G(0, L{xw"),
y | Xw

which implies (6.32)). Similarly, one proves

Ug(.’lfl, lg, y) = 1, a.e. in ]O, L[X]O, 1[ (634)
Arguing as in the proof of (6.12) gives
uz = 1, a.e. in Q%% x w?, (6.35)

The fourth step is devoted to proving that

/ Oryu3(21, T2, Y)Ouy X (21, T2, y)da1drody = 0,
Qe3%(]0,1[\w®) (6.36)

Yy € O (Q03 x (]0, 1[\w®)).

Indeed, choosing 1 = &%y (:Ul,xg, _3(:1) with x € C5° (Q%% x (]0,1[\w®)) as test function in
€
(4.4) with o = 2 gives

/ 543@1@,/3 (@ch <$1, T2, ﬂ) + 5_layX <$1,$2, ﬂ)) dxidxy
Qe:3 15 9
(6.37)

+/ Oy Pe 302, X <I1,ZL’2, %) dridzy =0, Vyx e Cf° (QC’3 x (]0, 1[\w“))), Ve.
c,3

Passing to the limit, as € tends to zero, in (6.37]) and using the first estimate in (6.1)), (6.28]),
and ((6.35)) provide (6.36)).

In a similar way, one proves that there exist a subsequence of {€}, still denoted by {c}
and u; € L?(24'x]0,1[) (in possible dependence on the subsequence) such that

©-1 two scale converges to uy, (6.38)
as € tends to zero. Moreover, 0,,u; € L?(2'x]0, 1[) and
Oz, Pe1 two scale converges to O,,u1, (6.39)

as € tends to zero. Furthermore,

u; =0, a.e. in Q%' x Wb, (6.40)
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ui(z1,l1 + 1,y) =1, a.e. in |0, L[ xw?, (6.41)
uy(z1,l,y) =0, a.e. in ]0, L[x]0, 1], (6.42)
and

/ 8$2u1(x17 Za, y)anX(xb T, y)dxld‘%‘?dy = 0’
Q1 (10,1[\w?)

(6.43)
Vy € Cg° (2! x (]0,1[\w”)) .
The last step is devoted to proving that
/ Oy u3(T1, T2, Y)Duy X (71, T2, y)da1dody
Qo8 x (J0,1[\ (wouw? ) )
(6.44)

+/ 3zzul($17$2;y)ax2X<$1,$2,y)d$1d$2dy7
Qo1 x (10,1[\ (wouwt))

Vx € C5° (¢ x (J0, 1]\ (w* Uw?))).

Indeed, choosing 1 = %y (xl,xg, a; ) with xy € C§° (QC (]0, 11\ (w“ U wb))) as test func-
tion in ({.4)) with oo = 2 gives

_ T _ T
/ 543351905,3 (&clx <$17$2, ) +e€ layX <$1,$27 >> dxidxy
Qe:3 £ £
— T
+ 8372@&‘,38%2)( (Ila X, _> dl‘ldl‘g
QC,B E
— :L‘
—l—/ 84(9931(,05,3 <8zlx <x1, To, — ) +e layx (.Il,ZL’Q, )) dxdxs
Qe & IS
— ! (6.45)
+ 8372%05,38%2)( <I17 X, ?) dmlde
Qel

+D.e / O0uy Pe2 (&Elx <$1,l’2, >+5 18yx (xl,gc2, . ))dx1d$2
Qc2

+D51€2/ 81280?,2812)( (371, Ta, %) dxldxz = 0,
Qec2

Vx € Cg° (Q° x (]0, 1]\ (w* Uw?))), Ve

Passing to the limit, as € tends to zero, in (6.45)) and using the first estimate in (6.1)), (6.28]),
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(6.35), (6.39), (6.40), (4.5), and the second and third limit in (6.10]) provide

83:2103(%, T2, y)amX(xl; T2, y)dxldmdy

/Qeai‘x(]o,l[\(wanb))

+/ Oyt (T1, T2, Y) Oy X (21, T2, y)dv1 dvady+
Qe (10,1[\ (weuwt) ) (6.46)
lo — Iy

lo—1—2 /Qa?x(]o,l[\(wawb))

ay%(l’l, T2, y)ayX($1: T2, y)dxld@d%

Vx € Cg° (92° x (0, 1]\ (w* Uw’))).

which implies (6.44)), since the last integral in (6.46) is zero due to (6.9).
Finally, (6.32), (6.34), (6.35)), (6.36]), and (6.40)-(6.44) assert that us and u; solve the
following problems

((uz =1, in Q3 x w?,
( 0%ug(wy, 22,y) = 0, in Q% x (]0,1[\w"),
u3(x17l2>y) = 17 in ]07L[X]07 1[7 (647)

US(ZL‘17Z2 - 1ay) = Oa n ]Oa L[waa

( \ Onuz(w1, 1 — 1,y) =0, in ]0, L[x]0, 1]\ (wa wa> )

and
b

)

((up =0, in Q%' xw
( ngul(a:l,xg,y) =0, in Q%! x (]O, 1[\wb) ,
ur(an, ) = 0, n]0, L[]0, 1] (6.45)

ur(z1, L+ 1,y) = 1, in ]0, L[xw®,

( \ Opua(z, b+ 1,y) =0, in ]0, L[x]0, 1[\ (w* Uw’),

respectively, which means that uz and wu; are given by (6.20)) and (6.21)), respectively. Con-
sequently, (6.24]), (6.28)), (6.38]), and (6.39) hold true for the whole sequence and ([6.22]) and
(6.23)) are satisfied. O

The following result is an immediate consequence of Proposition [6.3]and Proposition [6.4]

Corollary 6.5. For every ¢, let . be the unique solution to (4.4) with o = 2 and let Pz,
Pe3, and o1 be defined by (6.8), (6.18), and (6.19)), respectively. Moreover, let ©a, 3, and
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¢1 be defined by (6.9), (6.20), and (6.21)), respectively. Then

1
Pe2 — 3 (1 + meas(w®) — meas(wb)) €00, Pez — 0, €0,,P-2 — 0, weakly in L*(Q%?),
0oy — (w9 — lz)meas(wb) +1, Oppes — meas(wb), weakly in Lz(QC’3),

and
Peq — (2 — l1)meas(w?), OpyPoq — meas(w®), weakly in L*(Q%1),

as € tends to zero.

6.3 Corrector results

Th following proposition is devoted to proving the energies convergence.

Proposition 6.6. For every ¢, let p. be the unique solution to (4.4) with o = 2. Moreover,
let @1, @3, and s, be defined by (6.21), (6.20), and (6.9), respectively. Then

lim {/ (!528“905‘2 - \8302905\2) dx
e—0 Qg,1UQS,3

# [ (Deletpdt 4 D D) ]
Qo
(6.49)
:/ |8x2901|2 dmdy+/ |8x2903\2da:dy
Qe lxwa

Qe3 xwb

lo =1

= h y,p 2 dxdy.
lo— 1l —2 /Qcax(]o,l[\(wauw”)) e

+

Proof. Choosing ¢ = € (. — ¢¥) as test function in (4.4), where ¢* is defined by (4.6))-(4.8)),

gives
2 _
/ (‘82@11904 + |8$2g0€|2> dr + / (Ds ’58:6190€|2 + D; ! |€3$2g05|2) dx
Qoluas® Qo2

T

= / 1 <538:c195; (0y") (%Jz) + Oy P Ony 0™ <?,x2>> dr
. (6.50)

__ [T . (x
+/ (53896190873 (aygp ) <_17 $2> + 8562905,3836290 <_17 $2>> dr
Qec:3 g g

x

-I—/ (Dagamm(ay@*) <%, x2> + D120, 0220, <—,xg>> dzr, Ve,
QC,Q

3

where ©.1, -3, -2 are defined by (6.19), (6.18), and (6.8)), respectively. Passing to the
limit, as € tends to zero, in (6.50) and using (4.5)), the first estimate in (6.1]), Proposition
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[6.3] and Proposition [6.4] provide
. 2 2 2
lim {/ <|5 O e|” + |0aype| )da:
=0 | Jagtuae?

+/ ) (Ds |5a:v1906|2 + De_l |€0$2g0€|2) d.r}
Qe

£

(6.51)
= / O, dxdy + / O, 0 dzdy
Qolxwe

0c3 xwb

lo =1

+—/ 0,020, 0" dxdy.
I =l =2 Jaeasoap(wouw))

As the third integral and fourth integral in (6.51]) are concerned, the last two lines in (4.7)),
(6.20), and (6.21)) ensure that

/ Opy ™ dxdy + / Op,p*dxdy = / ldxdy + / ldxdy
Qelxwe Q3 xwb Qe lxwe Q3 xwb

— [ el dudy s [ ol dudy,
Qelxwa

Qc3 xwb

(6.52)

As the last integral in (6.51]) is concerned, the first two lines in (4.7) and ensure that

1 1
0y 20,0 dxdy = — / ldx
/ch(}oﬂ[\(wGwa)) il Y <C1 -G+l G- C3) Qo2

(6.53)

/ \8y902\2 dxdy.
Qo2 (J0,1[\ (wouwt ) )

Finally, (6.49) follows from (6.51)), (6.52), and (/6.53)). O

Proposition [6.3] Proposition [6.4, and Proposition provide the following corrector
results.

Proposition 6.7. For every ¢, let p. be the unique solution to (4.4) with a = 2. Moreover,

let @1, @3, and 2, be defined by (6.21), (6.20), and (6.9), respectively. Then

. 2 2 B El 2 .
}:1_13(1) o (‘s O | + | O e () — (Banp1) ( . ) ) dx =0, (6.54)
2
iy [ (1200l o) = @) (2)[[) =0, (6.55)
e—0 9?3 3
and ,
. ! 2 _
i [ ([0 = @) (2)] + gt o = (6.56)
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Proof. One has

/ (\&‘2%%!2+
oot
2 2
+/ <|8 (95,;1905‘ +
Qo3
i / (ps
Qo?
/ . (}52821s05!2+|ax2¢5|2) dx+/ (D. €0y, 02 + D" e0sy 0. %) da
Qg’luﬁg’ QS,Q
T
# [ (Jomen (2)
Qe E

(im0 () 2050 G (2) )

T

+D, » <‘(8yg02) (%) ‘2 — 203, Pz2(x) (0yp2) <?>> dv, Ve.

where .1, p-3, and P are defined by (6.19), (6.18)), and (6.8)), respectively. Passing to
the limit, as ¢ — 0, in this equality and using Proposition [6.3, Proposition [6.4], Proposition

[6.6] and provide

lim {/Q?l (}52%%!2 +
2 2
+/ (|5 8w1g05’ +
Qes
T / (Da
Qo2

which implies (6.54]) thanks to (4.5)). O

X1

Oy pe(x) — (Onyp1) (;) )2) dx

Dy pe() — (Ouyp3) (%) ‘2) dx

€T 2
€0z, — (Oyp2) (f)‘ + Dt |6c9$2<p€(x)|2) dx =

2
- 20,75 (0) O () ) do

T

Dy pe (@) — (Opyp1) (f) D dx

Dy pe() — (Ouyp3) (%) D dx

2
c0p: ~ Oy2) (2)[[ + D el | o,
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6.4 Proof of Theorem 3.1 with o = 2
Proof. Proposition with o = 2 provides that for every ¢

/ Ve, |Prads
Ieo

. 2
=— /ch . Oy 0% |E°00, 0c|” da + /ch Oy | Oy pe|? d + /ch Dy 0L |0y pe|” dx
Aus = 2

42t /Q s DespeOn @20 il
ol g,

+€2 /QC’2 < x2S05 (‘883:1905‘ _D2 ’5(912@5’ ) + 28812@58m1g0:€8x1g05) dx

(6.57)

As the first integral in the right-hand side of (6.57)) is concerned, (4.6))-(4.8)), (6.54)), and

(6.55]) provide that

x| 2 2
/ Oz, Pr |5 axﬁpa‘ dx
Qotuns®

« 2
< (|0, HL°°([O,1]><[11,12])/C %00, pe | dx — 0,

Qotuqe?

as e — 0.
As the second integral in the right-hand side of (6.57)) is concerned, one has

2
/Qc’1 3352@; |aﬂc290a| dr = /ﬂc’1 a:m%o:
= /C!1 axz@é

+2/671 Drr P (0@905 — (O, 1) (%)) (Den1) (%) dx, Ve.

Oy P — (Ozytp1) (%) + (O, 1) (%) )2 dx

Oaype — (Ony01) <x€1> dar+/c a0l

@) (2| da

24
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where ¢ is defined in (6.21]). Moreover, (4.6)-(4.8), (6.21)), (6.54), and (6.55)) provide

( /C’l Oy 0% | Oay P — (Ouy 1) (%) 2

S 020" o= q0,11x10020) /Q

/Q?l Oy 07 |(OnyP1) <%) ‘de = /chl Drr " (%,952) ‘(8952901) (%) ‘2d$

dx

Oy P — (Oryp1) (%) 2

dx — 0,

(6.60)
— O, 0™ (y, x2) drdy = meas(w®)L,
Qe lxwa
* I Z1
2 » Oy P2 <6x2¢€ — (Onyp1) <_>> (O p1) (_> dx
Q¢ 9 g
* L1
< 2000, o Oesillieqon) [ [ = @union) ()] do 0
\ oot
as € — 0. Then, combining (6.59)) and - ) gives
. * 2 a
}31_1}1(1) o~ O |0y pe|” dx = meas(w®) L. (6.61)
Similarly, one proves that
lim Dy |0, p|” dz = meas(w®) L. (6.62)
E— 3

c
Qg

As the fourth integral in the right-hand side of (6.57]) is concerned, (4.6))-(4.8), and the
first two estimates in (6.1]) provide

254/ 1 369329058119058,31@56135
Qe uae (6.63)

< 26”806190*”L°°([071}><[l1,l2])||528I1906||L2(Q?1uﬂ§’3)||8I2Q06||L2(Q§’1uf2§’3) — 0,

as e — 0.
As the last integral in the right-hand side of (6.57)) is concerned, (4.5)), (4.6)-(4.8)), and
the last estimate in (6.1]) provide

g2 /Q2 ( Oy Pk (|58x1905| D2 |0z, | ) + 2563;2@58“(,0258@%) dx

< |10nse ety [, (0o + 5 le0pcl) do (6.64)

+26[|02, 0" || Low (10,2711, 21) €0y SDEHL%QQ’Z) €0z, e HL2(Q§’2)1 — 0,
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as e — 0.
Finally, passing to the limit, as € tends to zero, in (6.57)) and using (6.58]), (6.61)), (6.62)),

(6.63), and (6.64) give (3.4) when o = 2. ]

7 The case a > 2

In the case o > 2, the proof of Theorem 3.1 will be just sketched.

7.1 A priori estimates

Proposition [5.1] immediately implies the following result.

Corollary 7.1. For every e, let p. be the unique solution to (4.4) with o > 2. Then,

( HEOC xlngHLQ(QgJUQgﬁ) S C,

de E]O, +OO[ : ||3x280s||L2(Qg1quvB) S C, Ve. (71)

{ H&T%V%Hm(ggﬂ) = ¢

This result provides the following a priori estimate.
Proposition 7.2. For every e, let . be the unique solution to (4.4)) with o > 2. Then,

||90€ ‘|L2(Q§’1ugg*3) <c

de €]0, +oo[ Ve. (7.2)
’ a—2 < c

252
2 (e ety =
Proof. The Dirichlet boundary condition of ¢, on I'. and the second estimate in ([7.1]) provide
the first estimate in (7.2)).

Arguing as in the proof of Proposition [6.2| gives

)

a—2 a— a 2
127 32 geey < 20 = )™ 42 [|€2 00,0 ooz Ve, (7.3)
which implies the second estimate in ([7.2)), thanks to the third estimate in ([7.1)). O

7.2 Weak convergence results

The next proposition is devoted to studying the limit in %2, as € tends to zero, of problem
(4.4) with o > 2.

Proposition 7.3. For every ¢, let . be the unique solution to (4.4)) with o > 2 and let .2,
be defined by . Then,

E:QT_Q()OT’Q two scale converges to 0,
£20,, Pz two scale converges to 0, (7.4)

& R
£20,,Pe2 two scale converges to 0,
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as € tends to zero.

Proof. The second estimate in ((7.2)) and the third estimate in ([7.1)) ensure the existence
of a subsequence of {e}, still denoted by {e¢}, and uy € L? <Q’3’2, Hper (10, 1[)) (in possible
dependence on the subsequence) such that

a—2
€ 2 -9 two scale converges to ug,

£20,, o two scale converges to J,us, (7.5)

£20,,P: 2 two scale converges to 0,

as ¢ tends to zero.
Arguing as in the proof of Proposition [6.3] one obtains

up =0, ae. in Q% x (w* Uw). (7.6)

Passing to the limit, as ¢ tends to zero, in (4.4) with o > 2 and with test functions
o x

Y =2y (21, 22) X2 (—1>, where x; € C§° (Q%?) and yo € Hll)er (]0,1]) such that yo =0
e

in w® Uw®, and using (4.5) and the second and third limits in (7.5 provide that, for a.e.

(11, 22) in Q2

/ Oyus (1, T2, y)0yX2(y)dy = 0,
]0,1[\(w‘1wa) (77)

Vxa € Hf)er (J0,1]) : x2 =0, in w* Uwb.
Problem (|7.6)) and ([7.7)) is equivalent to the following problem independent of (1, x2)
((0%uy =0, in ]0,1[\ (w*UW’),

uy =0, in w* Uw?,

UQ(O) = UQ(l),

[ Oyu2(0) = dyus(1),

which admits us = 0 as unique solution. Consequently, limits in ([7.5)) hold for the whole
sequence and ([7.4]) is satisfied. O

The next proposition is devoted to studying the limit in Q%® and in Q%!, as ¢ tends to
zero, of problem (4.4) with a > 2.

Proposition 7.4. For every e, let p. be the unique solution to (4.4)) with a > 2 and let p-3
and p.1 be defined by (6.18)) and (6.19)), respectively. Moreover, let p3 and @ be defined by
(6.20),and (6.21)), respectively. Then,

©-.3 two scale converges to s,
(7.9)
Oz, 3 two scale converges to Oy, s,
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and -
o1 two scale converges to ¢y,

(7.10)
Oz, Pen two scale converges to O, 1,

as € tends to zero.
Proof. One can repeat the proof of Proposition by making attention to use equation
(4.4) with o« > 2 instead of a = 2, and to multiply the test functions by &® instead of &2

when it occurs. Really, in this case the proof is simpler than the proof of Proposition |6.4
due to the fact that the second limit in ([7.4)) is zero. O

The following result is an immediate consequence of Proposition and Proposition [7.4]

Corollary 7.5. For every ¢, let . be the unique solution to (4.4)) with o > 2 and let Pz,

Pe3, and po;1 be defined by (6.8)), (6.18), and (6.19), respectively. Moreover, let @3 and ¢
be defined by (6.20) and (6.21)), respectively. Then

a—2

€2 P —0, 6%8951@?,2 — 0, 5%0@@ — 0, weakly in L2(QC’2),
e — (w9 — lg)meas(wb) +1, Onpes — meas(wb), weakly in LQ(QC’?’),

and
Pen — (2 — l1)meas(w®), OpyPen — meas(w®), weakly in L*(Q°h),

as € tends to zero.

7.3 Corrector results

Arguing as in Proposition [6.6], one obtains the following energies convergence.

Proposition 7.6. For every ¢, let p. be the unique solution to (4.4) with a > 2. Moreover,
let o1 and 3 be defined by (6.21) and (6.20), respectively. Then

lim |:/ ) , (|€O‘ x1¢6|2 + |a:v2()0€|2) +/ ) (Da {8%@119042 —+ De_l ‘5%8552@5‘2) dl':|
Qotung az

e—0

- / B0y dady + / Dnaips? dady.
Qolxwe

Qc3 xwb
By arguing as in Proposition [6.7, Proposition [7.3] Proposition [7.4] and Proposition
provide the following corrector results.

Proposition 7.7. For every ¢, let p. be the unique solution to (4.4) with o > 2. Moreover,
let o1 and 3 be defined by (6.21) and (6.20), respectively. Then

T

Oy pe() — (Ory01) (;) D dr =0,

fimy (|5a m190€|2 +

e—0 Qcl
€

X1

Oy pe(x) — (Ouyp3) (?) ’2> dr =0,

iy (’5a 11905’2 +

e—0 Qo3
and
lim (!5%8x1905|2 + ‘5%8902905(95”2) dx = 0.

e—0 QC,Z
e
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Finally, using Proposition [7.7, the proof of Theorem with o > 2 follows the same
outline of the proof of Theorem [3.1] with o = 2.
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