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Abstract. In medical image analysis, constructing an atlas, i.e. a mean
representative of an ensemble of images, is a critical task for practitioners
to estimate variability of shapes inside a population, and to characterise
and understand how structural shape changes have an impact on health.
This involves identifying significant shape constituents of a set of im-
ages, a process called segmentation, and mapping this group of images
to an unknown mean image, a task called registration, making a statis-
tical analysis of the image population possible. To achieve this goal, we
propose treating these operations jointly to leverage their positive mu-
tual influence, in a hyperelasticity setting, by viewing the shapes to be
matched as Ogden materials. The approach is complemented by novel
hard constraints on the L° norm of both the Jacobian and its inverse,
ensuring that the deformation is a bi-Lipschitz homeomorphism. Seg-
mentation is based on the Potts model, which allows for a partition into
more than two regions, i.e. more than one shape. The connection to the
registration problem is ensured by the dissimilarity measure that aims
to align the segmented shapes. A representation of the deformation field
in a linear space equipped with a scalar product is then computed in or-
der to perform a geometry-driven Principal Component Analysis (PCA)
and to extract the main modes of variations inside the image popula-
tion. Theoretical results emphasizing the mathematical soundness of the
model are provided, among which existence of minimisers, analysis of a
numerical method of resolution, asymptotic results and a PCA analysis,
as well as numerical simulations demonstrating the ability of the mod-
eling to produce an atlas exhibiting sharp edges, high contrast and a
consistent shape.
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1 Introduction

In recent years, joint image processing models have experienced increasing atten-
tion, including combined segmentation/registration models [30J34] (joint phase
field approximation and registration), [45] (model based on metric structure
comparison), [26/61] (level set formulation that merges the piecewise constant
Mumford-Shah model with registration principles), [33] (grounded in the expec-
tation maximisation algorithm), [25] (based on a nonlocal characterisation of
weighted-total variation and nonlocal shape descriptors), or [TI43I52I5563I68];
joint image reconstruction and motion estimation [QUT4T9I5TI57I62IT3I46l6]; joint
reconstruction and registration for post-acquisition motion correction [22] with
the goal to reconstruct a single motion-free corrected image and retrieve the
physiological dynamics through the deformation maps, joint optical flow esti-
mation with phase field segmentation of the flow field [I2], or joint segmenta-
tion/optimal transport models [10] (to determine the velocity of blood flow in
vascular structures). This can be attributed to several factors:

(i) the will to limit error propagation. Indeed, addressing the considered
tasks in a unified joint framework (or multitasking) and exploiting, thus
the strong correlation between them reduces the propagation of uncer-
tainty, contrary to a sequential treatment that may amplify errors from
step to step;

(ii) Second, —and this is a corollary of the previous point —, performing
simultaneously these tasks yields positive mutual influence and benefit
on the obtained results as shown in Figure [1l To exemplify this obser-
vation, we can think first of joint models for image reconstruction and
registration: not only does the approach correct the misalignment prob-
lem, but it also allows for alleviating ghosting artefacts.

In the case of joint segmentation/registration models —the case that
will be addressed more thoroughly afterwards —, as salient component
pairing, shape/geometrical feature matching and intensity distribution
comparison drive registration, processing these tasks simultaneously in
a single framework may in particular reduce the influence of noise since
the mapping can be done through the pairing of significant structures,
e.g., by transferring the edges, and not only through intensity correla-
tion.

Besides, the registration operation can be viewed as the inclusion of pri-
ors to guide the segmentation process, in particular, for the questions of
topology-preservation (the unknown deformation is substituted for the
classical evolving curve of the segmentation process —[37/42][64, Chap-
ter 9] for instance —and the related Jacobian determinant is subject
to positivity constraints) and geometric priors (since the registration
allows to overcome the issue raised by weak boundary definition due
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to noise sources in the acquisition device, to degradation of the image
contents during reconstruction, etc., by restoring them). In return, rele-
vant segmented structures contribute to fostering accurate registration,
providing then a reliable estimation of the deformation between the en-
coded structures, not only based on intensity matching (which takes the
form of a local criterion), but also on geometrical /shape pairing (which
has a nonlocal character).

Example of joint segmentation and registration model

and the effect on registration (red circles). Example of our joint model and the impact on the atlas quality

(yellow arrows).

Segmented atlas via Segmented atlas via a

our joint approach. sequential approach.
Deformed template Deformed template Our joint model creates an atlas with less blurring artefacts
Joint segmentation Registration alone [28]. and sharper edges than a sequential approach.

and registration [25].

Assessement of the segmentation and registration quality :
Joint model : Dice(Reference, deformed Template) = 94.31%,
Registration alone model : Dice(Reference, deformed Template) = 93.71%.

Fig. 1. Illustration of the positive impact of joint approaches against sequential ones.

(iii) Lastly, the pooling of the various results produced by the joint model
allows for accurate post-processing treatments based on mutual analy-
sis: for instance, the representation of the true underlying anatomy of
an organ from a set of multiple acquisitions corrupted by motion, when
tackling simultaneously reconstruction and registration, or the genera-
tion of an atlas in the context of joint segmentation and registration.
The term atlas refers to a specific model for an ensemble of images and
serves as a benchmark, i.e. a meaningful statistical image, to account
for the variability (e.g., different shapes and sizes for organs in medical
imaging) that might be observed in a population of images.

The proposed work adopts this joint model philosophy. It aims at addressing the
issue of designing a unified variational model for joint segmentation, registration
and atlas generation by exploiting the strong correlation between the two for-
mer tasks thus reducing error propagation, in the medical imaging setting. The
latter one requires the mapping of a group of images to a mean representative,
which is an additional unknown of the problem, the subsequent goal being to
extract a relevant hidden structure from this ensemble of images. As in medical
images the variability between individuals is significant, constructing a mean-
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ingful statistical image of the global underlying anatomy of an organ from a
set of images to measure this variableness is of great interest. It allows for the
derivation of image statistics, the retrieval of the inherent dynamics of a single
individual’s organ, the estimation of the probability that a particular spatial lo-
cation takes on a certain label, the detection and quantisation of abnormalities,
that is, more generally, it allows to characterise and understand how geomet-
rical and structural changes influence health. A large body of papers feeds the
field of atlas generation and shape statistics among which [36] (atlas genera-
tion problem phrased in the Large Deformation Diffeomorphic Metric Mapping
(LDDMM) framework []]), [16] (the shapes to be analysed are modeled as ran-
dom histograms and in order to learn principal modes of variation from such
data, the Wasserstein distance between probability measures is introduced), [70]
(dedicated to elastic shape analysis; a unified registration/parameterised object
statistical analysis framework is tackled, based on square-root transformations
and able to process data as diverse as curves, functions, surfaces and images),
[3] (statistics performed on the space of diffeomorphisms), [35] (the use of a
kernel descriptor that characterises local shape properties ensures geometrically
meaningful correspondence between shapes with statistical studies of the defor-
mations), [55I56] (the shapes are viewed as closed contours approximated by
phase fields, and shape averaging and covariance analysis are carried out in a
nonlinear elasticity setting), to name a few.

The difficulty in designing the model arises from the complexity of the
formulation that is generally underconstrained, involves nonlinearity and non-
convexity, and is dictated by the given application. While segmentation attempts
to reproduce the ability of human beings to track down significant patterns and
automatically gather them into significant constituents (see [5, Chapter 4] or
[64, Part II] for a relevant analysis of this problem), it remains a challenging
and ill-posed task (as emphasised by Zhu et al. ([71])) since the definition of
an object encompasses various acceptations: it can be something material —a
thing —or a periodic pattern, this heterogeneity entailing the design of suitable
methodologies for each specific application. Similarly, for the registration as-
signment (see [47/48/59] for the registration counterpart with Matlab software),
the sought deformation is usually viewed as a minimal argument (uniqueness de-
faults in general) of a specifically tailored cost function that has a polymorphous
character in nature. For images acquired on different devices and depicting vari-
ous physical phenomena, the quality of registration is not measured by intensity
distribution alignment, but by the degree of shape/geometrical feature pairing.
Also, several stances can be adopted to describe the setting the objects to be
matched fall within (physical models —[8], [11], [15], [I8], [23], [28], [29], [32],
[43], [52], [55] —, purely geometric ones —[M], [24], [58], [69] —, models including
a priori knowledge ([2I]), depending on the assumption regarding the proper-
ties of the deformation to be recovered) and to devise the measure of alignment
(that is, how the available data are exploited to drive the registration process),
increasing thus the complexity of the problem. To meet these criteria, we devise,



A Variational Multitasking Framework for Shape Analysis 5

in a variational framework, a theoretically well-motivated and physically rele-
vant combined model, capable of handling large deformations, reliable in terms
of pairing of the shapes encoded in the images, and efficient in extracting a
relevant underlying structure decomposed into shapes from the considered set
of images. Statistical shape analysis is then performed by means of a Principal
Component Analysis (PCA) on the obtained deformations to retrieve the main
modes of variations inside the dataset, after finding a suitable representative of
the deformation in a linear space (i.e. in order that the recovered deformation
lives in a vector space).

The results are obtained through the use of the hyperelasticity setting and
the design of an original geometric dissimilarity measure ensuring alignment of
the (possibly nested) shapes for the combined model —thus favouring the match-
ing of shapes rather than the coupling of grey levels with the underlying goal to
potentially process images with different modalities—, and the introduction of
a tensor-based approximation problem for the statistical analysis. Unlike [55],
the shapes to be matched are not modeled by their closed contour but through
a piecewise-constant partition (Potts model [49/54]), which constitutes the main
difference with [55]. Not only does the shape pairing rely on the object outer
envelope matching, but also on the internal structure alignment. This way of
looking at shapes entails substantial modifications in the design of the func-
tional to be minimised and in the search for an appropriate representative of the
deformation in a vector space.

More precisely, the novelty of the paper rests upon: (i) an original modeling
involving the stored energy function of an Ogden material complemented by two
new hard constraints on the Jacobian and its inverse (in addition to the theo-
retical utility of these constraints, it also allows to control changes of length),
the Potts model for segmentation, and an original discrepancy measure ensur-
ing edge mapping; (ii) the derivation of theoretical results encompassing non
straightforward mathematical tools; (iii) the analysis and comparison of three
different methods to perform statistical analysis on the obtained deformation:
the first one, based on linearised elasticity principles largely inspired by [56], the
second one using the Cauchy-stress tensors motivated by [56], and the last one,
more novel and on which the paper focuses, relying on tensor-based smoothing
D™ splines, influenced by [41]. Section [2|is devoted to the analysis of the math-
ematical model including a theorem of existence of minimisers, while Section
is dedicated to the theoretical analysis of a numerical method of resolution
based on a splitting approach and implying the Alternating Direction Method
of Multipliers (ADMM) techniques and proximal gradient descent algorithms.
Section [4] deals with the resulting geometry-driven statistical analysis, which
requires finding a fitting representation of the obtained deformation in a lin-
ear space before performing a PCA. As already mentioned, our motivation is
to investigate how the linear elasticity based approach and the Cauchy-stress
based method compare to the D™ splines approximation based procedure. The
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first two are non-straightforward adaptations of the techniques envisioned in
[56], but the view we take to model the shapes —phase field rather than closed
contours —implies substantial changes in the physics of the problem, while the
emphasis is put on the last one for its novelty. Section [5] focuses on numerical
simulations with a thorough comparison between sequential treatments and the
proposed joint model, demonstrating the ability of our model to handle large de-
formations and to produce in the end, an atlas with sharp edges, high contrast
and reflecting a realistic shape.

Let us emphasise that the focus of the paper is on the mathematical presenta-
tion of a nonlinear elasticity-based unified segmentation, registration, and atlas
generation model. Hence, the computational results are currently still restricted
to two dimensions due in practice to the applications that were presented to us
by clinicians. However, as will be seen next, the proposed algorithm can be easily
adapted to the three-dimensional case.

2 Mathematical Modeling

2.1 Depiction of the Model

Let £2 be a connected bounded open subset of R® with boundary sufficiently
smooth (convenient way of saying that in a given definition, the smoothness
of the boundary is such that all arguments make sense and enabling us to use
compact Sobolev embeddings among others). Let us denote by T} : £2 — R the
i-th template image with ¢ = 1,--- , M —available data in our problem —, M
being the total number of initial images. For theoretical and numerical purposes,
we assume that each T; is compactly supported on (2 to ensure that T; o ; is
always defined and we assume that 7; is Lipschitz continuous. It can thus be
considered as an element of the Sobolev space W1>°(R?), and the chain rule
applies. The partitioning of each template T; into regions with homogeneous in-
tensities, defining shapes, is encoded in the variable 6; : 2 — R —the variables
{91‘}?11 belonging to the set of unknowns of the problem and being read as sim-
plified versions of the images T; that encompass the geometrical shapes —, and
Or : 2 = R is the unknown segmented atlas generated by our model. As will
be seen later, these variables allow making the connection between segmenta-
tion and registration. Also, using these schematic versions of the images tends
to favour shape pairing rather than grey level mapping. Let ¢; : £ — R? be
the sought deformation between 67, and the unknown mean segmentation fg.
Of course, in practice, o; should be with values in {2 but from a mathematical
point of view, if we work with such spaces of functions, we lose the structure
of vector space. Nonetheless, we can show that our model retrieves deforma-
tions with values in £2 — based on Ball’s results [7]. A deformation is a smooth
mapping that is orientation-preserving and injective, except possibly on 02, if
self-contact is allowed. The deformation gradient is V; : 2 — M;3(R), the set
M3(R) being the set of real square matrices of order 3. The associated displace-
ment field is denoted by u; such that ¢; = Id 4+ u;, and V; = I3 + Vu;, with
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Id, the identity mapping, and I3, the 3 x 3 identity matrix. We also need the fol-
lowing notations: A : B = trAT B, the matrix inner product and ||A|| = VA : 4,
the related matrix norm (Frobenius norm).

Following the joint model philosophy in a variational framework, the sought
deformations ¢;, the segmentations 6r,, for all ¢ =1,--- , M, as well as the seg-
mented atlas 6 are seen as minimal arguments of a specifically designed cost
function. It comprises a regularisation on y;, for all ¢ = 1,--- | M, prescribing
the nature of the deformations, a penalisation on ér,, for all = 1,--- , M, and
Or, favouring piecewise constant segmentations, a segmentation fidelity term en-
suring the closeness of the O, to the initial available image T;, and a data-driven
term measuring the alignment between the deformed segmentations {6, o (pi}f\il
and Og, intertwining then segmentation and registration.

In this work, we view all the template images and their respective partitioning
as deformed versions of a single image/segmentation. Inspired by the observation
in [55): "the arithmetic mean x of observations {x;}M | can be interpreted as the
minimiser of the total elastic deformation energy in a system where the average
x s connected to each x; by an elastic spring, under the Hooke’s law”, a natural
choice for the definition of the mean segmentation is given by the particular de-
formed configuration that minimises the total nonlinear hyperelastic deformation
energy required to align each segmentation to this mean configuration. To allow
large deformations, the shapes to be matched are viewed as isotropic (exhibit-
ing the same mechanical properties in every direction), homogeneous (showing
the same behaviour everywhere inside the material), and hyperelastic (with a
stress-strain relation derived from a strain energy density) materials, and more
precisely as Ogden ones ([20]). Note that rubber, filled elastomers, and biological
tissues are often modeled within the hyperelastic framework, which motivates
our modeling. This perspective drives the design of the regularisation on the
deformations ¢; which is thus based on the stored energy function of an Ogden
material, prescribing then a physically-meaningful nature.

We recall that the general expression for the stored energy function of an
Ogden material (see [20][40]) is given by

Ko
"+ bl Cof F||% + I'(detF),

j=1

K1
Wo(F) = Z%‘HF
=1

with a; > 0, 6; > 0,7, >0, 8; >0,foralli=1,--- ,K;and all j =1,---, Ko,
and I" :]0, +oo[— R being a convex function satisfying lim I'(6) = lim I'(d) =
§—0t d—+o0

400. The first term penalises changes in length, the second one controls the
changes in area while the third one restricts the changes in volume. The latter
also ensures preservation of topology by imposing positivity of the Jacobian
determinant almost everywhere. In this work, we focus on the following particular
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energy:

WOP(F) =
ar||F||* + az||Cof F||* + as(detF — 1)? +
400 otherwise,

(de?ﬁ —3(ay + a2) — a4 if detF > 0,

fulfilling the previous assumptions. The third and fourth terms govern the distri-
bution of the Jacobian determinant : the latter prevents singularities and large
contractions by penalising small values of the determinant, while the former
promotes values of the determinant close to 1 avoiding thus expansions and con-
tractions that are too large. The choice of the remaining terms is motivated
by the theoretical results in [7] to ensure that the deformations are homeomor-
phisms. The constants are added to fulfill the energy property Wo,(I3) = 0. In
order to avoid singularity as much as possible, to get deformations that are bi-
Lipschitz homeomorphisms, and to obtain Cauchy-stress tensors (whose formal
definition will be given in Section {)) in the linear space L?(£2, M3(R)), we com-
plement this stored energy function Wo, by the term L, o v, )y <at (F) +
IL{H~”L°°(Q,]\/13(R))§B}(F_l)’ with o > 1, and 8 > 1, where 14 denotes the convex
characteristic function of a convex set A. Therefore, the regularisation can be
written as

WiF) = /n Wop(F) dz + L e 0 as i <03 (F) F 1001 o (s <83 (F 1)

Remark 1. In terms of functional spaces, if ¢ € W1°°(£2,R?) (suitable space ow-
ing to the L hard constraints), Cof V¢ and det Vg are automatically elements
of L>°(£2, M3(R)) and L (§2) respectively, since L>(f2,R3) has a structure of
commutative Banach algebra. Penalising the L> norm of V¢ thus entails control
over the Jacobian determinant. This additional term implicitly gives an upper
and lower bound on the Jabobian determinant ensuring thus topology preserva-
tion.

The aforementioned regulariser is then applied along with a discrepancy mea-
sure, which allows intertwining the segmentation and registration tasks, and
a segmentation part comprising a fidelity term and a sparsity measure on the
paired edges based on the Potts model ([54]). The latter, also known as piecewise-
constant Mumford-Shah model [49] with N € N phases/shapes (N is thus a
prior), is written, for an observed image f, as

N N
a
inf => T > - f)?
inf Potts(U) l=12 V(UI)+/91=1W(Q f)? dax,

N
with U = {u = (w)i=1.... v € (BV(22,{0,11))", SSu; = 1, a.e.on 2}, and

=1
[o furdz .
Cl:{fnuldx if [, udz#0,

, a > 0 being a weighting parameter balancing
0 otherwise,
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the fidelity term and the regularisation. The notation TV denotes the clas-
sical Total Variation, measuring the perimeter length of the set defined by
{z € 2|w(z) = 1} thanks to the coarea formula ([27)31]). The segmenta-

N
tion/partitioning is then retrieved by @ = Y w¢;, 4 being a decomposition
=1
of the initial image f into N shapes defined by the characteristic functions u;

with constant intensity values ¢;, each one corresponding to an object of inter-
est under the assumption that it is defined by a homogeneous region with close
intensity values.

Remark 2. Extensions to homogeneous regions in terms of texture with a piecewise-
smooth approximation instead of a piecewise-constant approximation (see [64])
or in terms of histograms (see [53]) are possible, depending on the nature of the
considered images, but this is not the scope of this paper.

The characteristic functions u; give a good representation of the geometric fea-
tures inside the images, and can be seen as nonlocal shape descriptors that will
help the registration process. In that prospect, we introduce this novel geometric
dissimilarity measure whose aim is to align the salient structures based on the
previous decomposition without taking into account the intensity values —thus
favouring shape pairing —:

M N
1
Eaist ((01;, 03 )i=1, ., 0R) = mZZTV(QTM ow; —Or1),

i=1[=1

with notations consistent with the definition of U, i.e. Vi € {1,--- , M}, 0, =
O7,0)11.... x € BV(2,{0,1}))" and 0r = (0r1),_, ... x € (BV(£2,{0,1}))".

Remark 3. Consistently with Remark[2] we could also envision a model including
both the deformations ¢; pairing the structures (i.e. viewed as global deforma-
tions) and additional components reflecting better the more local deformations.
This results mathematically in a composition of deformations. Again, this is not
the scope of the proposed work.

It thus allows for the registration of images acquired through different mech-
anisms and is more robust to small changes of intensities that can happen even
for images of the same modality, especially in medical images. It measures the
perimeter length of the misaligned region for each structure of interest and thus
drives the registration process by mapping the shapes.
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In the end, the overall problem denoted by [P] is stated by

M N N

. 1

inf 71 (0, {07, pi}it)) = MZ(?ZTV(QTM) + /Q ZQTi,l(CTi,l —T;)% da
=1

=1 =1

N N
TR 2
72 T § T o
+ 9 2 V(@RJ) + /Q lZIGRJ(CRJ ;0 %) dx

N
A
+ §;TV(9T1',Z ow; —0Rry)+ W(Vgpi)) , (P)

Jo 01, 1 (2)Ti(x) da .
With CTivl — «f(l OTi,L(z) da: lf fQ GTMZ(ZE) d‘T # O ,
0 otherwise

M 0 x)T;0p;(x)dx .
ﬁlzlfn 1};(9;1(9;)/’(11) if fQ Or(x)dz #0 ,a>1land g >1.
0 otherwise
An illustration of the overall components of the model as well as the pipeline of
the resulting analysis is given in Figure

CR,l =

Segmentations/
Initial set of images Shapes

Potts model

Mean segmentation/

First Mode of Variation v1
Mean shape  oeformations in a linear space
5

Deformations Linearisation = '

g / i (G 1d-2%v1
Linearisation

- L;(_’

i

i

)
( a1
L=
: (G
3
3

v

Potts model

v

Potts model

v

Linearisation

Potts model

Potts. moT
N

Linearisation

min. Rreg(91) + Reeg(07,) + Rscg (0r) minD(v, ¢;) + Riin(v)-
iR

07,5,

+ Dseg (07, Ti) + Dseg(Or, Ti 0 i) + D(Br, 07, 0 7).

Fig. 2. Overview of our framework

2.2 Theoretical Results

In this subsection, we theoretically analyse problem [P] by showing its well-
definedness. In that purpose, we prove the existence of minimisers in the fol-
lowing theorem.
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Theorem 1 (Existence of minimisers.).
We introduce the functional space:

- W= {y eld+ Wy (2,R®), 35555 € L'°(2), det V) > 0 a.e. in 2,

IVl (@ my) < o (V)™ Lo @Ry < B}

The infimum is searched for 0g € U, 01, € U, and @, € W for alli € {1,---, M}
such that 01, 0 ¢; — O, € BV(Q2) for alll € {1,--- ,N} and for all i €
{1,---,M}. There exists at least one minimiser to this problem.

Proof. The proof is based on the theory of the calculus of variations, and re-
lies on Ball’s results [7] and arguments inspired by [67]. See Section 1 of the
supplementary material for the detailed proof.

We now investigate an original numerical method for the resolution of problem

[Pl

3 Numerical Method of Resolution

3.1 Description and Analysis of the Numerical Method

Inspired by a prior work by Negrén Marrero [50] in which the author describes
and analyses a numerical method detecting singular minimisers and avoiding
the Lavrentiev phenomenon for 3D problems in nonlinear elasticity, we introduce
auxiliary variables and split the original problem into sub-problems that are com-
putationally more tractable. The idea of Marrero’s work is to decouple the de-
formation ¢ from its gradient V¢ and to formulate a related decoupled problem
under equality constraints, moving thus the nonlinearity in the Jacobian to this
new variable. With this in mind, we introduce the following auxiliary variables:
V; simulating the Jacobian of ¢; for each i, W; simulating the inverse Jacobian
(V%)‘l for all 7, and Vi € {1, S 7]\4}7 vl e {17 s ,N}, 611”—'1 1= eTi,l oY _HR,Z;
to simplify numerical computations, and derive a functional minimisation prob-
lem phrased in terms of (0r,, ¢;, Vi, Wi, QTi)i=1,-~~,M’9R- However, we do not
impose equality constraints as in [50], but integrate instead, LP-type penalisa-
tions (p = 1 or p = 2; the choice for the L!-penalisation will be discussed later)
into the functional, partially relaxing a constrained problem under both equality
and inequality constraints by a problem under inequality constraints only. The
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decoupled problem is thus defined by means of the following functional:

inf {flﬁ({%,ﬁTi,Vi,Wi}ﬁl,( T“l) Zl M HR MZ(VTZTV GT“[

/ ZGTI,Z ch,l d + 7ZTV 93[ / ZGR,Z(CR,Z — Tz o SDi)2 dl‘
2

=1 25
+ ;;TV(%J) +7 /Q ;|9Ti,z — (01,10 0i —Opy)| dx + /9 Wop(V;) dz:
IV = Vil )+ L0ioe sy <o) (V) L0 iy <51 (W)
+ %HWi - ‘/;71||%2(Q,M3(R))) }a (DP)

Jo 07, 1 (@) Ti(@) dx
with Vi € {1,--- , N}, ey —{ fQQTOl(z)dx if [, 07,.( )dx?é()’

otherwise

M
1 [o Or,1(2)Tiop;(z) do .
crt — MZ; 2 I}(j o1 (@) da if fQ HR,l(x) dr #0 :

0 otherwise
address this problem for o; € Id4+Wy*(2,R3), V; € {€ € L=(£2, M3(R)) | deté >
0 a.e. on {2, detE Llo(g)> ||§||L°°(Q,M3(R)) < a}7 W; e {f € L2(Q’M3(R)) ‘ HgHL""(QyMs(R)) <
B}, Or, € U such that Or,; 0 ¢; € L'(2) for all I € {1,---,N} and for all
i€ {l,--- .M}, 07, € BV(£2,{-1,0, 1}) for all I € {1,---,N} and for all
ie{l,--- M}, and 05 € U.

a>1land 8> 1. We

3.2 Theoretical Results

In this subsection, we theoretically analyse problem[DP]and show an asymptotic
result relating the decoupled problem [DP] to the initial problem [P}

Theorem 2 (Asymptotic result). Let (v;);>0 be an increasing sequence of

positive real numbers such that lim ~y; = +o0. Let ({@ir;, 01, k;» Vik;, Wi,kj}i]\ilv
jStoo . ik .

(HT“M )171 ot ,O0r.k;) be a minimising sequence of the problem Fi . for v =

I=1,--- N

vi- Then there exists a subsequence such that v;r, (j @i, O, (L—J}

= ! N o * *

Or Ore, "= O Vi, 2 Vs in L¥(20M(R)), Wi, = (V)7
7 oo Jj—+oo Jj—r+o0

in L(Q, Ma(R)), 0z, 15, = (‘” Y Br,00@i—On, Jor alll =1, N, for all i =
1.+, M, and lim JFi., ({<Pi,kj,9Ti,kj,Vi,kj7 Wik, 1244, (a;ﬁ,lk,) — ORk;) =
J=too U

Fi1(0r,{0r,, ;M) = inf F1, so that (Or, {0r,, @i} ;) e UMF1x WM is @ min-
imiser of the initial problem [P}
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Proof. This proof is divided into three parts. The first one consists of deriving
a coercivity inequality. The second one shows the convergence of a minimis-
ing sequence and the last one is dedicated to the lower semi-continuity of the
functional. See Section 2 of the supplementary material for a detailed proof.

Equipped with this material and argument, we propose the following discretised
numerical scheme.

3.3 Numerical Scheme

In this subsection, we restrict ourselves to the two-dimensional case and make
some minor changes to the model for the purpose of simplicity but the extension
to the three-dimensional case shouldn’t induce additional challenges.

We now consider the following discrete two-dimensional decoupled problem

—note that from now on, 61, denotes the partition of T; into piecewise constant
N

regions, i.e. 07, = g cr, 1 01,1, the number of shapes, N being an unknown (see

I1=1
Remark [5)) similarly for §p—:

M
. 1
inf {7:2,7({%9T7~,,Vi,9ﬁ, Wit 0r) = MZ’YT”VQE Lo(£2)

=1
+ 7107, — Till 7200y + VRIVOR| Lo(2) + ARlOR — Ti 0 @ill72 (0

97907 2oy + 10, = (07, 01 = Oy + [ Wop(Visdetti) do

V2

+ ?HVZ - V‘PiH%?(Q,MQ(R)) + ]l{H-HLoom.MS(R))SOé}(Vi) + ]l{H-HLoom,MQ(R))Sﬁ}(Wi)
3 _

+ ?HWi -V 1||2L2(Q,M2(R))}a (DPb)

ar||||* + az(6 —1)* + & —2a1 —az if 5 >0

. 1 J—
with WOP(Q/J,(S) = {+oo otherwise

Remark 4. In the two-dimensional case, the cofactor matrix vanishes and we only
need an L2-penalisation to get the asymptotic result as in [25]. Also BV (£2) <
L?(£2) in 2 dimensions, so we can replace the L!-penalisation for the auxiliary
variable 07 by an L?-penalisation term.

Remark 5. We have also opted for the discrete Potts model for the segmentation
as in [60] since it does not require any prior knowledge on the number of shapes
in the image. If the number of shapes is known a priori, another approach based
on convexification as in [I7] can be applied.

We address this optimisation problem by an alternating scheme in which we fix
all the variables except one and solve the subproblem related to the remaining
unknown iteratively.
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— Sub-problem 1. Optimisation over 0r,. For each ¢ = 1,--- , M, the
problem in 67, amounts to solve

inf yr[|VOr,[| o) + Arlfr, — Till 7200y + %H% — 01, 0 i + Or[172()
T;

&infyr||Vor,
eT'i

o) + Allor; — Till72(0)

i - _ _1
+ o 107, 00t = 07, + 0k 0 07 )(det Vi) "2 7).

sinf yp|| VO, | Lo
GTi

ATy + lzl (detV%)_l(Qﬂ o gp;l + 0o (p;1) ||2
VAT + (detVip;) T L)y

+ ||\/)\T + (detwi)—% o7, —

This amounts to solve the Potts model with nonnegative weights and
we use the algorithm in [60] based on the Alternating Direction Method
of Multipliers (ADMM) and linear programming.

— Sub-problem 2. Optimisation over ;. For each i =1,---, M, the
sub-problem in 64 is the following one: '

: 71
inf 17| VO7, o) + 5 1107, — (97, 0 i — Or)72(0)-
T;

This is again the Potts model and we use the same algorithm [60] to
solve it in practice.

— Sub-problem 3. Optimisation over 0y. By fixing all the other vari-
ables, the optimisation problem with respect to 8z becomes

M
. g
1£7R\\V9R\|LO(Q) +a7 > ArllOr — Ti 0 @ill 12(0) + 5 10r = (7, © pi — 07172 2),
=1
1 M
(27 2 ART 0 i + B (01, 0 i) — 07,)
2

. ﬂ - 7 2
<Z>1gg’7RHVGRHLO(Q) + (Ar + 5 )(Or YT Nzz2(0)-

This is again a Potts model that we solve with the Algorithm [60].
— Sub-problem 4. Optimisation over V;. For each ¢t = 1,--- , M, the
sub-problem in V; reads

_ a3 dx
(detV;)10

72 3 -
+ ?”V’ - v‘pi”%Q(Q,Mz(R)) + ?HWZ -V 1”?:2(9) + 1{”'HL°°(.Q,M2(R))Sa}(‘/i)'

infF (Vi) + Reg(V;) = / ar ||Vi||* + ag(detV; — 1) +
o

This can be cast as a structured convex non-smooth optimisation prob-
lem of the sum of a proper closed convex function Reg(.) = 1| | .o (g ar, ry <o} ()
and a smooth function F' corresponding to the remaining of the func-
tional. This is a classical optimisation problem and several schemes
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have been developed to solve it. In practice, we use the simple itera-
tive forward-backward splitting algorithm [38]:

‘/;k+1 = prOX’yReg(Vvik - VVF(V;’C))a

with prox, g, (y) = ming|[lz—y||3+yReg(y) = ming|lz—y |3+ o
P{H*HLOC(Q,ZW2(R))S(X}(y)’ P¢ being the projection operator onto the con-
vex set C. This could be improved in future work by using for instance
the algorithm proposed in [44].

— Sub-problem 5. Optimisation over W;. For each i =1,--- , M, we
solve the following minimisation problem

My (R)) Sa} (y) =

.73 —172 -1
inf W = Vi 222y + Lo o ammn <81 Wa) = Pl e aay 0y <03 (Vi )-

— Sub-problem 6. Optimisation over ¢;. For each ¢ = 1,--- , M, the
sub-problem in ¢; reads

72

. 71
lgif7R||9R —Tiogill 720 + 5 107, = bz, 0pi+ Orl72(0) + 5 Vi = Villz2(a)-

We propose to solve the associated Euler-Lagrange equation using an
L?-gradient flow scheme with an implicit Euler time stepping.

The overall algorithm is summarised in Algorithm

Remark 6. Under mild assumptions —by replacing the L°-penalization by an L*
one —, we can prove the convergence of the algorithm as well as a I'-convergence
result.

We now turn to the geometry-driven statistical analysis.

4 Representation of the Deformations in a Linear Space
and Geometry-driven PCA

In this section, we focus on the performance of a statistical analysis on the
obtained deformations in order to retrieve the main modes of variations in terms
of geometric distortions in the initial set of images. The main hindrance is that
our deformation maps live in a nonlinear space whereas classical statistical tools
require the objects to be in a linear space. Therefore, we first need to find a
good representation of our deformations in a linear space equipped with a scalar
product (in order to compute the covariance operator), enabling us to perform a
Principal Component Analysis (PCA) on these representatives afterwards. The
fundamental axiom of elasticity stating that the energy required to deform an
object from a state of reference to another equilibrium state is the same whatever
the chosen path is, prevents a straightforward definition of geodesics. Therefore,
the use of Riemannian geometry principles as in [39] cannot be envisioned.

In the following, we propose, study and compare three different strategies to
get a relevant depiction of our deformations in a linear space. The first two ones
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Algorithm 1 Alternating scheme of resolution.

1. Define k := 1, T; := i-th template image, 07, := Potts segmentation of T3,

Vi1 Vz‘,lz) = 1,

M
0r := Potts segmentation of ﬁ E T;, 07 = 01, —0r, Vi = (V v
i i,21 Vi 22

i=1

Wi Wiz

Wi:= <Wi,21 Wi 22

(Ui,1,Us2) := 0, displacements associated to the deformation ;, for i = 1,---, M.
while k < nblter do
if k%10==0 then

> =1, a1, a2, a3, AT, AR, YT, YR, V1, V2, V3, nblter, o, B, U; =

2.1. Compute for ¢ = 1,--- , M the inverse deformation 4,0;1 using a Delaunay
triangulation and linear interpolation.
22. For ¢ = 1,---,M, update 61, by solving the Potts model

with  algorithm in  [60]: igf yrl[Vullpooy 4+ IW/Ar+ (detVe:) 13w —
ApTi+ 2L (detVe;) TH (04 0p; T +oR00; 1)
@ 72(0) end for 2.2.
2.3. Fori=1,---, M, update % by solving the Potts model with algorithm in
[60): infyz[|Vull Loy + (0 © i — Or) — ull72(o) end for 2.3.
2.4. Update 6r by solving the Potts model with algorithm in [60]:
A M M
E)HU— Tl Tiopi+ 33, (Orioe—10z) ,
2 AR+ %

igf’YR”VUHLO(Q)"'()\R + ||L2(Q)'

end if
2.5. For each i = 1,--- , M, for each pixel (I,j), —c playing a role similar to the
one of a step size in a gradient method— update V; using the following equations:

temp1(l,5) = Vi1 (1, 5) + c((dﬂ}‘)% Viea(l,7) — 4a1 Vi (1, §)
Vi I = 2a2(detVi(l, ) = 1) Viaa (1 ) +72(“54 (1)
Vi (L)) = 9(Wen (19) = 553200 (i)
+y3(Wiaz(l,5) + d;ti/ﬁ(lljj)))( )

(
21 (1) | Via () Vi, 51 1,9)
+V3(W121(7J) el ?ieﬂjx(uzﬁ )
(

i,11(L,5) Vi11(1,5) Vi, 22(1,9)
—v3(Wi,22(l, ) — deti/l(lj))( detV(l]) + t;etVi(Z,;f)Q ))7
j) <

—a if temp1 (L, j —a,
Via(l,3) = { tempi(l, ) if [tempi(l, )| < @,
@ if temp1(,5) > «
temps(l,j) = Viaz(l,5) + C(W( Vi21(l,)) = 4a1(Viaz(l,5))
. . Opi,
IVi(l, )1 + 2a2(detV; (1, ) = D) (Vir (L, ) + 252 (L 4)
i,22(0 i,22(1L,3) Vi l,
~Viaz(1,3)) +18(Wini (1, 5) — 353275 (¢ iz;a)(l,;;é =
izl Vi 01(L,7)Viia2(l,j
—"YS(Wz 12( ) + det;/z((l ;)) )(detVl(l ])2 + ?(lzl(et\]/f(l,jl)Z)g j))
—vs(Win (1, j )+detV(l,]))((detV(l,]))2)
(

Vi, 21(1,5) Vi,21(1,5)

i,11(4,) i,11(LI) Vi 21 (LJ)
19V, ) — A CP2))
—a if tempa(l, ) < —a,
Viaz(l,j) = 4 tempa(l,5) if [temp2(l, j)| < @,

\
@ if tempa(l,j) >
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temps(l,j) = Via1(l,J) + C(M%(—W,m(l,j)) —4a1(Viz1 (1, 7))
Vil 5)I1* — 2a2(detVi(l, 5) — 1)(5‘/)@12(5 7)) +2(Z5E2 (1, 5)
. NV ¥
*W,21(17]))+73(W¢,11(l,J)*%)
Vi 22(1L,5)Vi12(Lg) i,12(1,5) i12(L9)?
(Tavamz ).~ 7?(";/1 2(l,7) + de&fm))((dc&: (131»2)
i,21 (6,7 Vi12(L,5) Vi 21 (Lg
*73(Wi,21(lyj)+deﬂ2/1(kg N gewray + ez )
i,11(53) \ Vi1 (63) (Via2 (L))
+73(Wi2a(l,5) — detixl ) 12detV(l,Jl)2)2 )>7
- if temps(1,§) < —a,
Viar(l,§) = q temps(l,j) if [temps(l,j)| < o,
a if temps(l,j) >
2.5. . . .
tempa(l, j) = Vi2(l,J) + C<W% u(lj) = 4ai(Viza(l, 7))
HV'(laj)H2 — 2az(detVi(l, j) — 1)Viaa(l, ) -
92552 0,) = Viaa(1, 1)) = 35 (Wina(1.5) = ey
1 Vi,22(1,3) Vi 11 (L,5) .
( ‘}jetvl(l )]) + (%;je;g a, ](1)[1)2) ) + 73(Wi,12(l .7) )
+d;t§/<2 (zi})))( 1( tcli)ct\J/ (1111)2)2 - )+73(Wi»21(l23)>+ d;ﬁ/l (z’j))
i 1,7))Vi l,j . Vi11(Lj
(W) v3(Wi22(l,5) — g&veyy)
(( i1 (15))? )
(detV 1,5))2
-« if tempa(1,§) < —a,
Viza(l,j) =« tempa(l,j) if [tempa(l, )| < a,
a if tempa(l,j) >
end for 2.5.
2.6. For each i = 1,--- , M, for each pixel (I, ), update W; with this closed form:
e Vi22(Lg)
—p f qavan <8
N Vi, 22(L,5) 5 :‘gz(éljj)
Win(l,j) =4 savay if ‘detV(l(l,g)‘ <pB
B iR >
—Vii12(L4)
W, 1.7) = —Vi12(L,9) if d tz/l(zld)J) <
i12(l,7) = detV; (1,7) = detvéf J_g | <8
if —Cni2il) s
’ AT P end for 26.
-8 if deéél(l JJ) -
W 1.7) = —Vi,21(L,4) if | = ri,lmél’j)
i21(1,7) = detV; (1,7) | detvél Jg | <
B if detl\?l(l,]) >ﬁ
-8 i g < B
) Via1(Lj i1,
Wia(l,j) = det%/li((l,Jj)) if ‘deti/l((l J]))‘ =
3 VZ ( 3
g £yl s i
2.7. Solve for alli = 1,--- , M, the Euler-Lagrange equation in U; using an implicit

finite difference scheme: 0 = ’ylVOTi o0@;i(0r, 0p;i —Or — eﬁ) +Ar (T3 095

diVVi’l
wi+72 (divVi,Q
2.7.
28. k:=k+1

end while

—0r)VT;o0

), where V; ; stands for the 5 row of V;, and ¢; = Id+ U;. end for
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are physically/mechanically-oriented and can be viewed as non-straightforward
adaptations of [56]. While in [56] the shapes are modelled through their bound-
aries and subject to boundary stresses, our framework involves the whole image
as the object to be deformed. Note that with the prescribed boundary condi-
tions Vi € {1,--- , M}, ¢p; = Id on 92, no boundary stress is applied, and
subsequently, inner volumetric stresses are considered. This constitutes a ma-
jor difference with the work of [56] and as demonstrated in Section 3 of the
supplementary material, it entails substantial adaptations in the mathematical
developments. The first two methods rely on fundamental notions of elastic be-
haviour and the following observation made in [56] : ”the classical covariance
tensor can be identified with the covariance tensor of the displacements obtained
by adding a small fraction of the i-th spring force under the Hooke’s law”. Whilst
the first method is based on the linearisation of the stored energy function around
the identity, which might result in the loss of the initial nonlinear nature of the
deformations but has the advantage of being fast, the second approach is more
intricate. It retrieves the whole nature of the deformations by performing the
PCA on the Cauchy stress tensors, relying on the locally underlying one-to-one
relation between this tensor and the deformation, but requires the resolution of
a highly nonlinear and non convex problem similar to the one studied previously
to come back to the deformation space.

Our goal was to design an alternative method that would be a good compro-
mise between rendering the nonlinear nature of the deformation and in terms of
numerical complexity. The first objective is achieved by handling both the defor-
mation field and the deformation tensors that encode the local deformation state
resulting from stresses. This constitutes another novelty of the proposed work.
We have moved toward a completely different point of view since the problem is
no longer explored as a physical one but is now identified as an approximation
one in the D™-spline setting ([2]). The first two methods thus serve as bench-
mark to assess the interest of this new vision.

Due to page number limitation and as the third method proves to be a proper
trade-off between ability to reproduce the nonlinear nature of the deformations
and intermediate computation time, the mathematical details of the first two
methods are postponed in the document supplementary material Section 3 and
we only focus on the third one.

4.1 Third Approach: Approximation Modelling

This section is devoted to the analysis of a novel method in which the linear
representation problem is seen as an approximation one in the D™-spline set-
ting. Since the deformation tensor suitably characterises the local deformation
(amplitude, direction, etc.), we aim at finding an appropriate approximation of
our deformations in a linear space H3(f2,R?) that also approximates well the de-
formation tensors. For the sake of clarity, we omit the indices i in the following.
Henceforth, u denotes the displacement field related to ¢!, inverse deformation
field obtained at the outcome of the first algorithmic stage. We consider the fol-
lowing problem in the two-dimensional case —case of interest in the numerical
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part, but straightforwardly extendable to 3D —:

min _€|v[3 ;e + %(p(Vu + Vol — vuT — vul — VUTVU»?\/IQ(R),N

vEH3(2,R?)
+ <<(U - u)>2R2,N7 (1)
3 2 21\ N
where |.[g,0 g is the semi-norm on H?(2,R?), ¢ ;| /(%) = C(v) = ( <(R> ! ()"’
v v) = (v(a1),--- ,v(an
[ (2, Mz(R)) — (Ma (R))™ |
v — p(v) = (v(ar), - ,v(an))’ " Also, a1, ,an denote the im-

age pixel coordinates with N the total number of pixels, and V¢ € (Mz(R))Y,

N
vn € (MQ(R>)N, <§777>M2(R),N = Zgl My while V§ € (RQ)Na V77 € (RQ)Na
i=1
N

& Mr2N = Z QT 7;. However, stated as it is, the problem is not well defined
i=1

since u € W, >°(£2,R?) and does not belong to C'(£2,R?) preventing us from

extracting isolated values of Vu. Therefore, for the theoretical analysis of the

model, we introduce (fx) € C§°(£2,R?) N W1>°(£2,R?), the sequence from the

density result such that,

fr — wu in Wh(02,R?).
k—+o0

In practice however, we solve problem [I] and we give details on the implementa-
tion in Sub-section

Remark 7. An alternative approach would consist in using Lebesgue-Besicovitch
differentiation theorem that states that for almost every point, the value of an
integrable function is the limit of infinitesimal averages taken about the point.

Let Ag = {ai}i=1,... N, and Ay = {b;}i=1,... N, be two sets of Ny and N; points
of {2 respectively, containing both a P!-unisolvent subset. Let us denote by pg
the operator defined by

Po

i

H?(£2,R?) — (R%)No
v = po(v) = (v(ag))Zi . N,

and by p; the operator defined by

H?(2, Mz(R)) — (Ma(R))™

50 o) = O,

We introduce the functionals

H3(02,R?) - R
Fer: 4 v {po(v = fi)ge n, + 301 (Vo + VoI =V =V =VIV i iLrN
+e|v|§7Q7R2
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and consider the problem

Search for u, € H3(£2,R?) such that: @)
Vo € H3(2,R?), Fer(ue) < Ferplv)

We omit the explicit dependency of u. on k. In the sequel, we theoretically study
the model [2] and start by proving its equivalence with a variational formulation.

Theorem 3 (Equivalence of problems). The pmblem@ 18 equivalent to the
following variational problem:

Search for u. € H3(£2,R?) such that Vv € H3(£2,R?),

(po(ue), po(v))r2, Ny + 2 (p1(Vue + Vul), p1 (Vo + Vo)) s ry v, + €(ue, v)3,0 R

= (po(v), po(fr))r2, Ny + % {p1 (Vv + Vo), p1(Vfie + VIE + VIV fi)) v (R), Ny -
3)

Proof. The detailed proof is available in Section 5 of the supplementary material.

We now define a new norm equivalent to the classical norm on H3(£2,R?), which
will be useful in the following. We make the dependency on the set Ay explicit,
while the set A7 is supposed to be fixed once and for all.

Lemma 1 (Equivalence of norms). The mapping defined by

o . {H3(Q,R2)—>R
Na03.285 59 £ s fllags.ome = (ol DZe n + (01(TF + VN2 s + 1R )

is a Hilbert norm equivalent to the norm ||.||3.0.r2 in H*(£2,R?).
Proof. The detailed proof is given in Section 6 of the supplementary material.

We are now able to prove the existence and uniqueness of the minimizer.

Theorem 4 (Existence and uniqueness of a minimizer). The variational
problem [3 admits a unique solution.

Proof. The detailed proof is given in Section 7 of the supplementary material.

We now focus on a convergence result. Let D be a subset of ]0, +oo[ for which
0 is an accumulation point. For any d € D, let A? be a set of N = N(d)
distinct points from {2 that contains a Pl!-unisolvent subset. We assume that

sup §(x, A%) = d, where ¢ is the Euclidean distance in R2. Thus d is the radius

€N

of the biggest sphere included in {2 that contains no point from A?. Also d is

bounded and Cllin% sup 6(z, A%) = 0. For any d € D, let us denote by p? the
—Uzen

mapping defined by

T >

. {HS(Q, R?) = (RN
P o e p4(0) = ((0(a))acaa)
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and by ||.|[a¢ 3. r2, the norm defined by

1Flacs.280 = Lo (DX + (o1(VF + VI nryn, + | Flaere]?.

As shown in the previous lemma, ||.[| 44 3 g2 is equivalent to the norm ||.||3 o r2
in H3(£2,R?) —but not uniformly in d—.

Lemma 2. Let By = {bo1,-- ,bon'} be a fired P'-unisolvent subset of 2. By

hypothesis, 0 € D, and hII(l] sup 5(x A?) =0 holds, so
zes?

Vi=1,--- N, El(agj)dep, (vd € D,agj € A% and by; = lim agj.
’ ’ d—0

For any d € D, let AJ be the set {ag,,--- ,al } and let I-lag,3,0,r2 be the norm
defined by Vf € H3(£2,R?),

£l a2 5,002 = [ Z R2+Z||v,f )+ V0TI + |13, 0.re)%-

Jj=1

Then there exists 1 > 0 such that for any d < 1, || a2,3,0r> is @ norm on
H3(£2,R?) uniformly equivalent on DN)0,n] to the norm ||.||3 o re.

Proof. The detailed proof is available Section 8 of the supplementary material.

Equipped with this result, we are able to prove a convergence result on the
following problem:

Search for u? € H3(.Q R?) such that Vv € H3(£2,R?),
<Pd(u - fk)>R2 N +t3 <p1(Vu + (Vu V' =V - kaT - vfkvak»?\/[z(R),Nl
+elul |3,Q,R2 < < HCE fk)>R2 NT32 3{p1 (Vv + (Vo)! =V i, — kaT
_vfgvfk)>?\42(R),N1 + 6|v|3,(Z,R2’

(4)

Theorem 5 (Convergence). For any d € D, we denote by ul the unique
solution to problem[] for € fized. Then under the above assumptions, there exists
a subsequence (ud) with l lim d; =0 such that

—+o0

ugl — k
l—+o0

in H3(2,R?), and lim lim |u® — ulj1,00 = 0.

k—+oo l—+o0

Proof. The detailed proof is available in Section 9 of the supplementary material.

An alternative convergence study is given in Section 10 of the supplementary
material.
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4.2 Numerical Resolution of the Third Approach

We now turn to the discretisation of the variational problem associated with [4]in
which u is a substitute for fr. To do so, we use standard notations of the finite
element theory similar to those in [2/20]. Let H be an open bounded subset of
10, +00[ admitting 0 as accumulation point. Let us recall that the elements of
class C*" can be used for the computation of discrete D™-splines (in our case,
m = 3) with m <k’ + 1. As a consequence, (k’,m) = (2,3) is a suitable combi-
nation. For all n € N and for all subsets E of R%, Q;(F) denotes the space of the
restrictions of E of the polynomial functions over R? of degree < [ with respect to
each variable. Vh € H, let (V},)? be the subspace of H3(2,R?) of finite dimension
with (V3,)2<—=C*(£2,R?). The reference finite element is the Bogner-Fox-Schmit
C? rectangle denoted by (K, P, Yk ).

Let (v?)4=1,2 be the components of v € H3(£2,R?) and w; = ( wi_’u wiﬂ) :

W;,21 = W;,12 W;,22

Vu(a;) + Vu(a;)T + Vu(a;)"Vu(a;), Vi € {1,--- , N}. Let also (z¥)4=1,2 be the
components of u(a;), Vi € {1,---,N}. Now let M, be the dimension of V}

and {Pjh}jzl,m,Mh be basis functions. If we denote by u” the solution of the

variational problem associated with |4] and approximated in (Vh)Q, we can thus
decompose u (uh’q) , Into:

[ €

q=1,

My,
Yg=1,2, 3 (oﬂ)j:L € R, u? = Za? P]h.

J o M €
j=1
_ opPh oprh )
Denoting by A" = [ —(a;) ,B" = ! (a;) € (Myxm, (R)7,
Ox 1<i<N ay 1<i<N
150y, 1<5 Sy,
h _ (phy,. ho_ h ph
C" = (P(0) sy € Mvean (R) and R* = (PP o), oo, o0

lt)lh

O)’ l=1,---, M, and

taking successively in the variational problem v = (

then v = <]_9h), l=1,---, My, the problem amounts to solving the following

1
linear system
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Remark 8. A classical PCA is then performed on the obtained displacement

fields using the L? scalar product for the covariance operator, i.e. (C; ;) =1, . =
=1, ,M
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fQ V1,501,; + V2,2 dx, where (vq; ’Ug)i)T for i =1,---, M are the displacement
fields obtained in a linear space for each image, and the resulting displacement
fields are denoted by (v1 pea,j V2,pea, j)T, where j stands for the mode indexation.

5 Numerical Simulations

5.1 General framework

This section is devoted to the analysis of numerical experiments. First, on a
set of 19 binary images ‘device8-1' from the MPEGT7 shape database (http:
//www.dabi.temple.edu/~shape/MPEG7/dataset.html) and then on medical
images: cardiac MRI made of 8 frames per slice of size 150x150, the first image
of the sequence reflecting the case where the heart is most dilated (end diastole
- ED), while the last one illustrating the case where the heart is most contracted
(end systole - ES), and liver dynamic MRI made of 14 frames per slice of size
195x166.

The computations have been made on an Intel Core i7 computer with 2.60 GHz
and 8 GB memory, using MUMPS packages, in a C implementation.

The question of assessing the proposed model encompasses several angles of
inquiry:

(i) the qualitative evaluation of the obtained atlas in comparison to a se-

quential treatment of the segmentation and registration tasks (note that
the model requires the segmentation step be processed first since it in-
volves the penalisation [|07 — 01, o ¢; + GRH%Z(Q)).
We do not question here the relevancy of the regularisation on the ;’s
since in practice, the @;’s need to be invertible (as in the expression
01, o i, O, is also an unknown), which is guaranteed with the pro-
posed regulariser. As the average shape is an unknown of the problem
and ground truth is not provided, the evaluation of the method itself
primarily relies on visual inspection and empirical arguments consistent
with the biological phenomena involved;

(ii) the evaluation of the PCA in capturing strongly nonlinear geometric
variations.

These two main levels of discussion dictate the structure of the section. Each
subsection focuses on a specific dataset and provides both the atlas generated
by our joint model, together with the first principal modes of variation. The
gain of the combined approach in terms of sharp edges and in removing ghost-
ing artefacts (blurring / splitting into two effects) is emphasised compared to a
sequential treatment, as well as the accuracy of our proposed model in reflecting
the high nonlinear geometric variations in comparison to the two more physi-
cally /mechanically oriented methods. This stage is delicate since as stated below,
it requires comparing the three methodologies in the most efficient and impar-
tial manner, and subsequently, setting the involved tuning parameters (e.g., the
weight balancing the loading forces for the Cauchy stress tensor based PCA)


http://www.dabi.temple.edu/~shape/MPEG7/dataset.html
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adequately. That said, results demonstrate nevertheless and as expected, that
linearised elasticity produces very small displacements, which tends to favor com-
parisons with the Cauchy stress tensor based PCA.

For the sake of reproducibility, we provide in Table [I] the values of the tuning
parameters. The coefficients a1, as and ag involved in the Ogden stored en-
ergy function affect respectively the averaged local change of length, and the
averaged local change of area, impacting subsequently on the rigidity of the
deformation. The higher the a;’s are, the more rigid the deformation is. The
ranges of these parameters are rather stable for the medical experiments. Pa-
rameters v and v weighting the L® norm control thus the balance between the
L%-component and the L2-penalisation together with Az and Ap. High values
of yr/vr favor few large partitions, while small values yield an approximation
exhibiting more jumps. Agr, 77, and 71 weight the fidelity term in the registra-
tion task, and thus the higher they are, the closer the deformed templates and
deformed segmentations are to the mean segmentation. The visualisation of the
main modes of variation is done as follows. We denote by (v1,pca, i vg’pcahi)T the
ith resulting displacement field (related to the i*" mode of variation) from the
first method based on the linearisation of the stored energy function around the
identity, providing in practice and as expected extremely small displacements.
Opcas,i Tepresents the i*? resulting Cauchy tensor from the second method and

(V1 peas,i,s vg,pcaw,(;)T the associated displacement field obtained with weighting
parameter § balancing the inner forces chosen equal to 1,2,0.3 for the T-shape,
the liver and the heart respectively, that prove to be suitable parameters for an
unbiased analysis. At last, (V1 peqs,i vg7pca37,;)T stands for the i*" resulting dis-
placement field from the third method based on approximation theory. We pro-
pose visualising the i*" mode of variation by showing §zo(Id+5¢.10° <U1’pc‘“’i> ),

U2,pca1,i
Or o (Id + 5e <”LPC“2*Z”5> ), and O o (Id + 50c (“LPCW) ), for each method re-
V2, pcas,i,d 2,pcas,i
spectively, with ¢ varying from —5 to 5. The parameters are chosen in order to
make the comparison as fair as possible. The computation times for each method
and each example are provided in Table 2]

l H“l‘ ag ‘ ag ‘“/1‘ V2 ‘73‘ o ‘ B "‘/R"YT ‘AT‘*R‘ dt ‘"b“er
l T-shape H 1|5 103‘0.01‘ 1 18.1041 1 l 10‘100[ 3 lo.s 1 l 1 10.0011 100 ‘
Heart ED(108)-ES(101)|| 5 |1 1031 4 ‘ 1 ‘8,1041 1 [100‘100[0,0210.0311.5[1.5[ 0.011 500 ‘
l Liver - slice 12 H 5 ‘1,103‘ 4 ‘1.5‘8.104‘ 1 ‘ 10 ‘100‘0.05‘0,05‘1,5‘1.5‘ 0.01 ‘ 100 ‘

Table 1. Parameters.
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Execution time

[[Atlas generation|PCA 1°° method[PCA 274 method[PCA 3" method

T-shape 7 min 2 sec 4 min 44 sec
Heart ED(108)-ES(101) 49 min 3 sec 10 min 3 min 27 sec
Liver slice 12 26 min 6 sec 7 min 28 sec 13 min

Table 2. Execution times

5.2 T-shape example: 19 images

The proposed method is first evaluated on a synthetic example (Figure [3]) to
emphasise the ability of the model to generate large deformations and to pro-
duce a physically sound average shape. As depicted in Figure [d] contrary to a
sequential treatment of the tasks, the joint model creates a mean object with
sharp edges perfectly matched by the deformed templates, see particularly the
bottom of the T shape. The joint approach also tends to better preserve the
original contrast of the images than the sequential approach. The principal com-
ponent analysis (Figure [5) shows that the first two modes of variation have an
effect on the undulation of both the vertical and horizontal bars (the first mode
tends to represent the undulation in the direction bottom-left corner-top-right
corner whereas the second one tends to capture the undulation in the direction
top-left corner-bottom-right corner), while the third mode affects the thickness
of the vertical bar particularly at the junction. The fourth mode, for its part,
acts more locally on the curvature of the envelope of the shape, especially on the
lower part of the horizontal bar that exhibits cavities. A first observation is that
the proposed model allows uncorrelating the main tendencies, which is what is
expected from such an analysis. It seems (Figure @ that this decoupling prop-
erty is not as well exemplified when applying the linearisation around identity
which is not able to recover the nonlinear variations coming from the undulation
or the Cauchy stress tensor based PCA mixing the first, the third and the fourth
modes of variation from our third approach based on approximation modelling.

5.3 Liver example: Slice 12 [66]

The second example is dedicated to right lobe liver dynamic MRI http://wuw.
vision.ee.ethz.ch/~organmot/chapter_download.shtml, the shape of this
organ being influenced by the surrounding structures such as the diaphragm
([63]). It exemplifies the ability of the method to alleviate ghosting artefacts, in
particular splitting into two effects, through parameter yr that influences the
number of phases (Figure @ The obtained atlas exhibits sharp edges with fewer
artefacts (Figure than with a sequential approach. The statistical analysis
is then performed (Figure E[) The first mode of variation encodes the motion
in superior /inferior direction of the liver, which is consistent with the physics
([63]): respiration is largely governed by the diaphragm, and the liver, located
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g E Template 7

Template 3 Template 4 Template 5 Template 6

Template 8

Template 1 Template 2
Template 9 Template 10 Template 11
Template 12 Template 13 Template 14 Template 15 Template 16 Template 17 Template 18 Template 19

Fig. 3. Input images.

-

Segmented Atlas via a Sum of all the difference maps

Sum of all the difference maps Segmented Atlas via
between the deformed templates our joint approach sequential approach ~ between the deformed templates
and the generated atlas with and the generated atlas with

a sequential approach

our joint approach
Fig. 4. Comparison of the atlases generated by our joint model, and by a sequential ap-

proach with our discrepancy measure. Visual assessment in terms of blurring artefacts,

and contrast are pointed out with yellow arrows.

First Mode of Variation Second Mode of Variation Third Mode of Variation Fourth Mode of Variation
eigenvalue : 24 270 eigenvalue : 10 561 eigenvalue : 4 879.7 eigenvalue : 2 870.8
Fig. 5. First four modes of variation obtained with our method based on approximation

modelling via contour representations.

First Mode of Variation

Contour representation Contour representation Contour representation

First method : Linearisation around the identity Second method : PCA on the Cauchy tensor Third method : Approximation modelling
Fig. 6. Comparison of the first mode of variation from three different methods using

contour representations.
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beneath the diaphragm, is thus strongly influenced by breathing (pushed down-
wards when the diaphragm is contracted and upwards when expanded). The
same applies to the kidney located in the right lower part. As for the second
mode of variation, it reflects the transversal motion, particularly visible on the
right excrescences exhibited by the liver and the left wall. A comparison of the
first mode of variation obtained with both the linearisation around the identity
and the Cauchy stress tensor based PCA shows that our method reflects the ge-
ometric variability slightly better in the superior/inferior direction (Figure
particularly in the right lower part of the kidney.

d g
Template 1 Template 14

Segmentation 1

. H 0
50 100 150

(a) Segmented atlas

Segmentation 6 Segmentation 14

(b)
Sum of all the difference maps between : (a) the initial segmentations and the segmented atlas;
(b) the deformed segmentations and the segmented atlas.
Fig. 7. Some of the initial slices (1,6,11,14) with the associated segmentations given

by our joint algorithm underneath. The last row displays the sum of difference maps
between the initial segmentation and the segmented atlas, the deformed/registered
segmentations and the segmented atlas, and the segmented atlas generated by our
joint model.
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Segmented Atlas via Segmented Atlas via a
our joint approach sequential approach

Fig. 8. Comparison of the atlases generated by our joint model, and by a sequential
approach with our discrepancy measure. Visual assessment in terms of blurring and
ghosting artefacts are indicated by yellow arrows.

First Mode of Variation, eigenvalue : 81071

1d-5(v1,v2) 1d-3(v1,v2)

IdrS(vl,\./Z) 1d-3(v1,v2) . . 7. Id . 1d+3(v1,v2) Id+5(V.1.V2) .
Fig. 9. First two modes of variation obtained with our method based on approximation

modelling. The horizontal lines help visualise the vertical movement of the liver and
the kidney.
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First Mode of Variation

1d-5(v1,v2)

Id 1d+3(v1,v2)
First method : Linearisation around the identity

1d-5(v1,v2) 1d-3(v1,v2)

1d+3(v1,v2) 1d+5(v1,v2)

1d-5(v1,v2) 1d-3(v1,v2)
Second method : PCA on the Cauchy tensor
Fig. 10. Comparison of the first mode of variation for 3 different methods.
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5.4 Heart example: frames ED(108)-ES(101)

Lastly, the joint algorithm is applied to the set of MRI representing a cardiac
cycle. The obtained segmentations (Figure are piecewise constant approxima-
tions of the initial images and reflect well the geometrical shapes of the template
images. The deformed segmentations (involving large deformations) are close to
each other and well aligned to the mean reference. The obtained atlas exhibits
sharp edges, contrary to the result produced by a sequential treatment (Figure
Figure that shows blurry artefacts. It is also anatomically consistent: the
mean reference corresponds to a compromise between the full expansion and the
full contraction, which is reasonable from a biological standpoint. The second
step of the algorithm is then applied. The obtained first modes of variation are
again consistent with the anatomical dynamic of the heart (Figure |[13]): while
the first mode encodes the dilation/contraction of the right ventricular chamber
in the transverse direction, the second mode of variation conveys the vertical
stretching of the left ventricular chamber. Our approximation-based PCA thus
allows to disconnect these two movements, this property being less visible in the
case of the Cauchy stress tensor based PCA (Figure for which the first mode
of variation encodes both tendencies.

6 Conclusion

This paper addressed the twofold question of finding an average representative
of a dataset of different subjects and deriving then some statistics by identi-
fying the main modes of variation. To achieve this goal, the problem is envi-
sioned as a joint registration/segmentation one, based on nonlinear elasticity
concepts. Once a linearisation is performed in order for the displacement fields
to live in a vector space, a PCA is investigated to capture the meaningful ge-
ometric variations. The computational feasibility is exemplified through several
applications, demonstrating that the generated atlas encodes the fine geomet-
rical structures and exhibits sharp edges with fewer ghosting artefacts, while
the proposed approximation based PCA uncorrelates properly the more signifi-
cant tendencies. This work paves the way to several applications among which:
(i) motion-correction problem from a set of multiple acquisitions corrupted by
motion in this joint reconstruction and registration framework or (ii) multi-
scale segmentation/registration problem to extract the deformation pairing the
structures (i.e. viewed as global deformations) and an additional deformation
reflecting the more local variability.
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Gl

Template 1 Template 3 Template 6 Template 8
Segmentation 1 Segmentation 3 Segmentation 6 Segmentation 8

100 120 140
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by our joint algorithm underneath. The last line displays the sum of difference maps
between the initial segmentation and the segmented atlas, the deformed/registered
segmentations and the segmented atlas, and the segmented atlas generated by our
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Segmented Atlas via Segmented Atlas via a
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Fig. 12. Comparison of the atlases generated by our joint model, and by a sequen-
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First Mode of Variation, eigenvalue : 85 422
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Second Mode of Variation, eigenvalue : 7 918.7

L0000
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Fig. 13. First three modes of variation obtalned with our method based on approxima-

tion modelling. The red circles shows the moving part: dilation/contraction of the right
ventricular chamber for the first mode, and vertical stretching of the left ventricular
chamber for the second mode.
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Fig. 14. Comparison of the first mode of variation for 2 different methods.



A Variational Multitasking Framework for Shape Analysis 33

National Physics Laboratory, the Leverhulme Trust project Breaking the non-
convexity barrier, the EPSRC grant EP/M00483X/1, the EPSRC Centre Nr.
EP/N014588/1, the RISE projects ChiPS and NoMADS, the Cantab Capital
Institute for the Mathematics of Information, and the Alan Turing Institute.

References

1.

10.

11.

12.

13.

14.

J.-H. AN, Y. CHEN, F. HuanG, D. WILSON, AND E. GEISER, Medical Image
Computing and Computer-Assisted Intervention — MICCAI 2005: 8th International
Conference, Palm Springs, CA, USA, October 26-29, 2005, Proceedings, Part I,
Springer Berlin Heidelberg, 2005, ch. A Variational PDE Based Level Set Method
for a Simultaneous Segmentation and Non-Rigid Registration, pp. 286-293.

. R. ARCANGELI, M. LOPEZ DE SILANES, AND J. TORRENS, Multidimensional mini-

mizing splines. Theory and applications, Grenoble Sciences, Kluwer Academic Pub-
lishers, Boston, MA, 2004.

. V. ArsiGNy, O. CoMMOWICK, X. PENNEC, AND N. AYACHE, A log-Euclidean

framework for statistics on diffeomorphisms, in MICCAI, Springer, 2006, pp. 924—
931.

. J. ASHBURNER AND K. J. FRISTON, Nonlinear spatial normalization using basis

functions, Hum. Brain Mapp., 7 (1999), pp. 254-266.

. G. AUBERT AND P. KORNPROBST, Mathematical Problems in Image Processing:

Partial Differential Equations and the Calculus of Variations, Springer-Verlag,
2001.

. A. 1. AViLES-RIVERO, G. WILLIAMS, M. J. GRAVES, AND C.-B. SCHONLIEB, Com-

pressed sensing plus motion (cs+m): A new perspective for improving undersampled
mr image reconstruction, 2018, https://arxiv.org/abs/1810.10828.

. J. M. BALL, Global invertibility of Sobolev functions and the interpenetration of

matter, P. Roy. Soc. Edin. A, 88 (1981), p. 315328.

. M. BEG, M. MILLER, A. TROUVE, AND L. YOUNES, Computing large deformation

metric mappings via geodesic flows of diffeomorphisms, Int. J. Comput. Vis., 61
(2005), pp. 139-157.

. M. BLUME, A. MARTINEZ-MOLLER, A. KEIL, N. NAVAB, AND M. RAFECAS, Joint

Reconstruction of Image and Motion in Gated Positron Emission Tomography,
IEEE Transactions on Medical Imaging, 29 (2010), pp. 1892-1906.

Y. BoOINK, Combined modelling of optimal transport and segmentation revealing
vascular properties, 2016.

C. Broir, Optimal Registration of Deformed Images, PhD thesis, Computer and
Information Science, University of Pennsylvania, 1981.

C. BRUNE, H. MAURER, AND M. WAGNER, Detection of intensity and motion
edges within optical flow via multidimensional control, SIAM Journal on Imaging
Sciences, 2 (2009), pp. 1190-1210.

M. BURGER, H. DirkS, L. FRERKING, A. HAUPTMANN, T. HELIN, AND S. SILTA-
NEN, A wvariational reconstruction method for undersampled dynamic x-ray tomog-
raphy based on physical motion models, Inverse Problems, 33 (2017), p. 124008,
https://doi.org/10.1088/1361-6420/aa99cf.

M. BURGER, H. DIRkS, AND C. SCHONLIEB, A wariational model for joint mo-
tion estimation and image reconstruction, STAM Journal on Imaging Sciences, 11
(2018), pp. 94-128.


https://arxiv.org/abs/1810.10828
https://doi.org/10.1088/1361-6420/aa99cf

34

15.

16.

17.

18.

19.

20.
21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

Authors Suppressed Due to Excessive Length

M. BURGER, J. MODERSITZKI, AND L. RUTHOTTO, A hyperelastic reqularization
energy for image registration, STAM J. Sci. Comput., 35 (2013), pp. B132-B148.
E. CazeLLES, V. SEGUY, J. Bicor, M. CUTURI, AND N. PAPADAKIS, Geodesic
PCA versus log-PCA of histograms in the Wasserstein space, STAM J. Sci. Com-
put., 40 (2018), pp. B429-B456.

A. CHAMBOLLE, D. CREMERS, AND T. POCK, A convexr approach to minimal
partitions, STAM Journal on Imaging Sciences, 5 (2012), pp. 1113-1158.

G. E. CHRISTENSEN, Deformable Shape Models for Anatomy, PhD thesis, Wash-
ington University, Sever Institute of technology, USA, 1994.

S. Y. CHUN AND J. A FESSLER, Joint Image Reconstruction and Nonrigid Motion
Estimation with a Simple Penalty that Encourages Local Invertibility, vol. 7258, 02
20009.

P. CIARLET, Flasticité Tridimensionnelle, Masson, 1985.

O. CLATZ, M. SERMESANT, P.-Y. BONDIAU, H. DELINGETTE, S. K. WARFIELD,
G. MALANDAIN, AND N. AYACHE, Realistic simulation of the 3-D growth of brain
tumors in MR images coupling diffusion with biomechanical deformation, IEEE
Trans. Med. Imaging, 24 (2005), pp. 1334-1346.

V. CORONA, A. AVILES-RIVERO, N. DEBROUX, M. GRAVES, C. LE GUYADER, AND
G. W. C.-B. SCHONLIEB AND, Multi-tasking to Correct: Motion-Compensated MRI
via Joint Reconstruction and Registration, in Scale Space and Variational Methods
in Computer Vision, 2019.

C. DAVATZIKOS, Spatial transformation and registration of brain images using elas-
tically deformable models, Comput. Vis. Image Underst., 66 (1997), pp. 207-222.
M. H. Davis, A. KHOTANZAD, D. P. FLAMIG, AND S. E. HARMS, A physics-based
coordinate transformation for 3-D image matching, IEEE Trans. Med. Imaging, 16
(1997), pp. 317-328.

N. DEBROUX AND C. LE GUYADER, A joint segmentation/registration model based
on a nonlocal characterization of weighted total variation and nonlocal shape de-
scriptors, SIAM Journal on Imaging Sciences, 11 (2018), pp. 957-990.

N. DEBROUX, S. OzERE, AND C. LE GUYADER, A non-local topology-preserving
segmentation guided registration model, J. Math. Imaging Vision, (2017), pp. 1-24.
F. DEMENGEL, G. DEMENGEL, AND R. ERNE, Functional Spaces for the Theory
of Elliptic Partial Differential Equations, Universitext, Springer London, 2012.

R. DERFOUL AND C. LE GUYADER, A relaxed problem of registration based on
the Saint Venant-Kirchhoff material stored energy for the mapping of mouse brain
gene expression data to a neuroanatomical mouse atlas, STAM J. Imaging Sci., 7
(2014), pp. 2175-2195.

M. DRrROSKE AND M. RUMPF, A wariational approach to non-rigid morphological
registration, STAM J. Appl. Math., 64 (2004), pp. 668—687.

M. DROSKE AND M. RUMPF, Multiscale joint segmentation and registration of
image morphology, IEEE Trans. Pattern Anal. Mach. Intell., 29 (2007), pp. 2181—
2194.

L. EvaNs AND R. GARIEPY, Measure Theory and Fine Properties of Functions,
CRC Press, 1992.

B. FISCHER AND J. MODERSITZKI, Curvature based image registration, J. Math.
Imaging Vis., 18 (2003), pp. 81-85.

A. Goovya, K. Pour, M. BiLeLLo, L. CiriLLO, G. Biros, E. MELHEM, AND
C. DAvATZIKOS, GLISTR: Glioma Image Segmentation and Registration, IEEE
Trans. Med. Imaging, 31 (2012), pp. 1941-1954.



34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.
45.

46.

47.

48.

49.

50.

51.

A Variational Multitasking Framework for Shape Analysis 35

J. Han, B. BERKELS, M. DROSKE, J. HORNEGGER, M. RuMPF, C. SCHALLER,
J. ScorziN, AND H. URBACH, Mumford-Shah Model for One-to-One Edge Match-
ing, IEEE Transactions on Image Processing, 16 (2007), pp. 2720-2732.

B.-W. Hong, S. SOATTO, AND L. A. VESE, Enforcing local context into shape
statistics, Advances in Computational Mathematics, 31 (2009), pp. 185-213.

S. JosHi, B. Davis, M. JOMIER, AND G. GERIG, Unbiased diffeomorphic atlas
construction for computational anatomy, Neurolmage, 23 (2004), pp. S151 — S160.
M. Kass, A. WITKIN, AND D. TERZOPOULOS, Snakes: Active contour models,
International journal of computer vision, 1 (1988), pp. 321-331.

P. L. LioNs AND B. MERCIER, Mercier, b.: Splitting algorithms for the sum of
two nonlinear operators. siam j. numer. anal. 16(6), 964-979, Siam Journal on
Numerical Analysis - SIAM J NUMER ANAL, 16 (1979), pp. 964-979, https:
//doi.org/10.1137/0716071.

H. Laca, I. H. JERMYN, S. KURTEK, AND A. SRIVASTAVA, FElastic 8D shape
analysis using square-root normal field representation, in CDC, 2017 IEEE 56th
Annual Conference, 2017, pp. 2711-2717.

H. LE DRET, Notes de Cours de DEA. Méthodes mathématiques en élasticité,
2003-2004.

C. LE GUYADER, D. APPRATO, AND C. GouT, Spline approximation of gradi-
ent fields: Applications to wind velocity fields, Math. Comput. Simul., 97 (2014),
pp. 260-279.

C. LE GUYADER AND L. VESE, Self-Repelling Snakes for Topology-Preserving Seg-
mentation Models, Image Processing, IEEE Transactions on, 17 (2008), pp. 767—
779.

C. LE GUYADER AND L. VESE, A combined segmentation and registration frame-
work with a nonlinear elasticity smoother, Comput. Vis. Image Underst., 115
(2011), pp. 1689-1709.

J. L1aNG AND C.-B. SCHNLIEB, Improving fista: Faster, smarter and greedier, 2018.
N. Lorp, J. Ho, B. VEMURI, AND S. EISENSCHENK, Simultaneous registration
and parcellation of bilateral hippocampal surface pairs for local asymmetry quan-
tification, IEEE Trans. Med. Imaging, 26 (2007), pp. 471-478.

F. Lucka, N. HuyNH, M. BETCKE, E. ZHANG, P. BEARD, B. COX, AND S. AR-
RIDGE, Enhancing compressed sensing 4d photoacoustic tomography by simultane-
ous motion estimation, STAM Journal on Imaging Sciences, 11 (2018), pp. 2224—
2253, https://doi.org/10.1137/18M1170066.

J. MODERSITZKI, Numerical Methods for Image Registration, Oxford University
Press, 2004.

J. MODERSITZKI, FAIR: Flexible Algorithms for Image Registration, Society for
Industrial and Applied Mathematics (STAM), 2009.

D. MUMFORD AND J. SHAH, Optimal approrimations by piecewise smooth func-
tions and associated variational problems, Commun. Pure Appl. Anal., 42 (1989),
pp- 577-685.

P. NEGRON MARRERO, A numerical method for detecting singular minimizers
of multidimensional problems in nonlinear elasticity, Numer. Math., 58 (1990),
pp- 135-144.

F. ODpILLE, A. MENINI, J. ESCANYE, P. Vuissoz, P. MARIE, M. BEAUMONT,
AND J. FELBLINGER, Joint Reconstruction of Multiple Images and Motion in MRI:
Application to Free-Breathing MyocardialT2 Quantification, IEEE Transactions on
Medical Imaging, 35 (2016), pp. 197-207.


https://doi.org/10.1137/0716071
https://doi.org/10.1137/0716071
https://doi.org/10.1137/18M1170066

36

52

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

Authors Suppressed Due to Excessive Length

S. OzeRE, C. GouT, AND C. LE GUYADER, Joint segmentation/registration model
by shape alignment via weighted total variation minimization and nonlinear elas-
ticity, SIAM J. Imaging Sci., 8 (2015), pp. 1981-2020.

N. Paprapakis AND J. RABIN, Convex histogram-based joint image segmentation
with regularized optimal transport cost, Journal of Mathematical Imaging and Vi-
sion, 59 (2017), pp. 161-186.

R. B. PotTs, Some generalized order-disorder transformations, Mathematical Pro-
ceedings of the Cambridge Philosophical Society, 48 (1952), p. 1061009.

M. RuMPF AND B. WIRTH, A nonlinear elastic shape averaging approach, SIAM
J. Imaging Sci., 2 (2009), pp. 800-833.

M. RuMPF AND B. WIRTH, An elasticity-based covariance analysis of shapes, IJCV,
92 (2011), pp. 281-295.

H. SCHUMACHER, J. MODERSITZKI, AND B. FISCHER, Combined Reconstruction
and Motion Correction in SPECT Imaging, IEEE Transactions on Nuclear Science,
56 (2009), pp. 73-80.

T. SEDERBERG AND S. PARRY, Free-form deformation of solid geometric models,
SIGGRAPH Comput. Graph., 20 (1986), pp. 151-160.

A. SoTirRAS, C. DAVATZIKOS, AND N. PARAGIOS, Deformable medical image reg-
istration: A survey, IEEE Trans. Med. Imaging, 32 (2013), pp. 1153-1190.

M. STORATH AND A. WEINMANN, Fast partitioning of vector-valued images, STAM
J. Imaging Sci., 7 (2014), pp. 1826-1852.

P. SWIERCZYNSKI, B. W. PAPIEZ, J. A. SCHNABEL, AND C. MACDONALD, A level-
set approach to joint image segmentation and registration with application to CT
lung imaging, Comput. Med. Imaging Graph., (2017).

C. Tomast AND T. KANADE, Shape and motion from image streams under orthog-
raphy: a factorization method, International Journal of Computer Vision, 9 (1992),
pp. 137-154.

B. VEMURI, J. YE, Y. CHEN, AND C. LEONARD, Image registration via level-
set motion: applications to atlas-based segmentation, Med. Image Anal., 7 (2003),
pp. 1-20.

L. VESE AND C. LE GUYADER, Variational Methods in Image Processing, Taylor
& Francis, 2015.

M. VON SIEBENTHAL, Analysis and Modelling of Respiratory Liver Motion using
4DMRI,; PhD thesis, ETH Zurich, 2008.

M. VON SIEBENTHAL, G. SzZEKELY, U. GAMPER, P. BOESIGER, A. LOMAX, AND
P. CATTIN, 4D MR imaging of respiratory organ motion and its variability, Physics
in Medicine and Biology, 52 (2007), pp. 1547-1564.

B. WIRTH, On the Gamma-limit of joint image segmentation and registration func-
tionals based on phase fields, Interfaces Free Bound., 18 (2016), pp. 441-477.

P. P. WyarT AND J. NOBLE, MAP MRF joint segmentation and registration of
medical images, Medical Image Analysis, 7 (2003), pp. 539 — 552.

L. ZAGORCHEV AND A. GOSHTASBY, A comparative study of transformation func-
tions for nonrigid image registration, IEEE Trans. Image Process., 15 (2006),
pp. 529-538.

Z. ZuANG, Q. XIE, AND A. SRIVASTAVA, Flastic registration and shape analysis of
functional objects, John Wiley & Sons, Ltd, 2015, ch. 11, pp. 218-238.

H. Zuu, F. MENG, J. CAIL, AND S. LU, Beyond pizels: A comprehensive survey
from bottom-up to semantic image segmentation and cosegmentation, Journal of
Visual Communication and Image Representation, 34 (2016), pp. 12-27.



Supplementary material : A Variational Model
Dedicated to Joint Segmentation, Registration
and Atlas Generation for Shape Analysis

Noémie Debroux, John Aston, Fabien Bonardi, Alistair Forbes, Carole Le
Guyader, Marina Romanchikova and Carola Schonlieb

Department of Applied Mathematics and Theoretical Physics (DAMPT), Centre for Mathematical
Sciences, University of Cambridge, Wilberforce Road, Cambridge CB3 OWA, UK
{nd448, cbs31}@cam.ac.uk
Statslab, Department of Pure Mathematics and Mathematical Statistics, Centre for Mathematical
Sciences, University of Cambridge, Wilberforce Road, Cambridge CB3 OWA, UK
j.aston@statslab.cam.ac.uk
IBISC, Université d’Evry, 36, Rue du Pelvoux, CE1455 Courcouronnes, 91020 Evry Cédex, France
fabien.bonardi@univ-evry.fr
National Physical Laboratory, Hampton Road, Teddington, Middlesex, TW11 OLW UK
{alistair.forbes,marina.romanchikova}@npl.co.uk
Normandie Univ, Institut National des Sciences Appliquées de Rouen, Laboratory of Mathematics,
76000 Rouen, France
carole.le-guyader@insa-rouen.fr

1 Detailed proof of Theorem 1

Proof. The proof follows the calculus of variations arguments. We first have that

M _
F1 is bounded below by 0 and that Fy (0r, {0r,, ¢ iﬂi )=+ Z(||Ti—Ti||2LQ(Q)+

_ 1=1
||1117T||%2(_Q))<+OOf0r0R:(170 O) equ( ) ) Viil,"',M,
;i =Id,Vi=1,--- M and with T; = r{fé:;(?f nd T = ﬁ ; fé:;’(?;;. Therefore,

the inﬁmum exists and is finite.

Let (0%, {0%, o} ), € U x UM x WM such that 0%, lOgol 9%1 € BV(12)
for all l € {1 ,N}, and for all i € {1,---, M} be a minimizing sequence
such that kgrfooflwﬁ, {05 oYM ) = inf Fy(0r, {(01,, p:}12,) < +oo. Hence

there exists K € N such that Vk € N, k > K = Fi(05,{0F,oF}L)) <
inf 71 (Or, {01,, pi }L,) + 1 < +oo. From now on, we consider k > K.
One thus has

M N N

1 T TR

MZ<QZTV(9%,1) + 7ZTV(9%,1) +a1]|VillLa (o, amry) — da1meas(£2)
i= =1 =1

a
+ a2||C0fV<pi||i4(Q)M3(R)) — 9asmeas(£2) + 53||detV90i||2L2(Q) — (a3 + aq)meas(§2)
AL oo 015y <0} (Vi) + ]1{|.|Loom,MS(R»w}((V%)_l)>
< ]:1(0]}%7 {0%’ ‘Pic}f\il) < inffl(eRv {eTuspi}ﬁl) +1 < +oo0.

We deduce from this inequality that Vi =1,--- , M,
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— (¢F) is uniformly bounded according to k in W14(£2) by using the gen-
eralized Poincaré’s inequality and the fact that ¥ = Id on 9£2.

— (V¢F) is uniformly bounded according to k in L>=(£2, M3(R)).

— ((VeF)~1) is uniformly bounded according to k in L°°(£2, M3(R)).

— (CofVpF) is uniformly bounded according to k in L*(£2, M3(R)).

— (detVF) is uniformly bounded according to k in L?({2).

-Vi=1,---,N, (9:]}71) is uniformly bounded according to k in BV (£2)
since (T'V (05, ;)) is uniformly bounded according to k and [|65, ;|| L1 (o) <
meas(§2) for all k € N. '

-vi=1,---,N, (0’}%)1) is uniformly bounded according to k in BV (£2)
since (TV(G?M)) is uniformly bounded according to k and ||9§,l i) <
meas((2) for all k£ € N.

Since we have assumed enough regularity on the boundary of {2, we can apply
[7, Theorem 136] and extract subsequences still denoted (9%7[) and (Hﬁm) such
that

0%~ Ora € BV(2) in LY(92),

0%, el Or, € BV(2) in L' (2).

As the convergence is strong in L'(£2), then we can extract subsequences of
(0% )k and (0% ;) still denoted (6% ;)i and (0% ,)x such that 6% | k—+> 07, 1
i , iy . il e ot mo

almost everywhere in (2 and 9%1 k—+> éRJ almost everywhere in {2 and thus
’ — 400

_ _ N
01,1 € BV (£2,{0,1}) and 0r,; € BV (£2,{0,1}). Besides, 29%11(53) =1 —
=1

k— 400

N _ N N _

>0z, ,(x) = 1 almost everywhere in 2 and > 0% ,(z) =1 — > 0p(z) =1
=1 B B =1 k—doo =7

so that 07, € U and 0 € U.

There also exist subsequences still denoted (%), such that

k =3 1,4 3
©; ©; 1N W+ Q,R .
i 1 ( )

By continuity of the trace operator, we deduce that @; € Id + VVOIA(Q7 R3). We
can also extract subsequences still denoted (Cof Vp¥); and (detVF); such that

CofVpk — X, in L*(2, M3(R)),
k— 400

detVel — §; in L*(0),
k— 400

and by [4, Theorem VI1.3.3], we deduce that X; = CofV®; and §; = detV ;.
There exist subsequences still denoted (V¥) and ((V¥)~1) such that
(Vei)™t = i in L=(2,M3(R)),
k—+o00

Vel S Vg in I¥(2L(R),

k—+oo
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by uniqueness of the weak limit in L*(£2, M3(R)) and the continuous embedding
of L>®(82, M3(R)) into L*(£2, M3(R)), and thus @; € Id + W, (2, R%).

Let us now prove that u; = (V@;)~! for each 4. For all p € L'(£2, M3(R)), we
have that

/Q (Vo) 'Vi — 1) : pda = /ﬂ (Vo) 'Ver — 0V + u Ve — u Vo
+u; Vel — (Vb)) 'Vek) : pda,

- / (Vo)™ —u)Vig) < i + / (ui(Vs — Vb)) : pda
2 2

+ /Q (s — (Vb)) Vih) : pe,

- / (Veh)™ — ) : p(Ve)T da + / (Voi — Vib)  ulpda
(9] 0

+ / (i — (Vb)) - p(Veh)T da
0N

Since V@; € L>(£2, M3(R)), u; € L>(£2, M3(R)) and for all k € N, |Vl Lo (0,015R)) <
o, then we have that p(V@;)T € L'(£2, M3(R)) so [,((VeF) ™ —u;) : p(VE)T da T

—+o0
0, usz € LY (02, M3(R)) so fQ(V@i — Vgpf) : uZTpdx kjm 0, and \fQ(ul _
(Vi) ™) = p(Vei) T dal < af [o(ui = (Vf)™") : pida| | — 0 with p' €
—+00
LY(2, M3(R)). Therefore, we get (VoF) ™1V, . Lw I3 in L>®(£2, M3(R)). But

-+

we know that (VoF)=t 5wy in L®(02, M3(R)), so that (V) ~1ve, =
k——+oo k—4o00
'LLZV@Z =1I3in LOO(Q,Mg(R)) and u; = (V@)*l

Since 9% ;  — 07, almost everywhere in {2, then Tlﬂ’% ;L — TiéTi,l almost
D k=400 D k=400

everywhere in (2. Furthermore, |9%7l| <1 € LY(#2) almost everywhere in (2 as
2 is bounded, and |Ti9%7l\ < || Tillpeo () € L*(£2) almost everywhere in 2. We
can thus apply the dominated convergence theorem and get

/9%’1(1% — /éTi’ld{,C7

/ H%’lTi der —> éTi,lTi dl‘7
k

— C7. -
T R CTy 1
AsT; € W1’°°((2), we denote k; the Lipschitz constant related to T;. Then the
chain rule applies and we have that T} o ¥ € W1°(02), T; 0 ¢; € WH*°(£2) and
|T; 0 oF — T 0 Gilleo(o) < killoF — @illcozy — 0 using the Sobolev compact
k——+o0
embedding W1>°(£2) < C%(£2). Therefore, up to a subsequence, 6% , T;00* k—+>
c ’ —+o00
0 r,11; 0 @; almost everywhere in (2, 9% . k—) 0 r,i almost everywhere in 2 with
7 k—+o00
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0%, T; 0 ©f| < ||Tillp~(0) € L*(£2) and |05, ] <1 € L'(£2) almost everywhere in
0. Thus the domlnated convergence theorem applies and we get

M
1 = _
72/ GRlT OQD,L dx k~>—+>oo M;LQR,ZTiowid:pa

2

k——+oc0 7

k =
C — CR.-
R, k )

We also know that Wg,, is continuous and convex. If ¢, nSTo ¥ in WH4(0Q,R3),
then Vi, e Vi in L*(£2, M3(R)) and one can extract a subsequence still de-
noted (V) such that Vi, n?m V1 almost everywhere in 2. If «, n:)m «a
in L4(2, M3(R)), then one can extract a subsequence still denoted (o) such

that o, — « almost everywhere in £2. If §,, — & in L?(£2) then one can
n—-+o0o n—-+o0o

extract a subsequence still denoted (d,,) such that §, oy 0 almost everywhere
n——+00o

in £2. Then by continuity of Wo,,, we get that Wo,(Vin(2), an(z), 6 (z)) —

n—-+oo

Wop(Vip(x), a(zx),d(x)) almost everywhere in 2. We then apply Fatou’s lemma
and get liI_I}Jirnf Jo Wop(Vion(2), an (), 0n(x)) dz > [, Wo,(Vi(z), a(z),d(x)) dx.

As Wo,, is convex, so is [, Wop(&(x), a(x), 6(x)) dz and we can apply [2, Corol-
laire II1.8]. Therefore [, Wop(&(x), a(z),d(x)) dx is also weakly lower semicon-
tinuous in L*(£2, M3(R)) x L*(£2, M3(R)) xL?(£2). We then deduce that

+o00 > hmmf/ Wop( Vik, Cof Vil detVel) do >/ Wop(V@i, CotVg;, detVg;) dz.

k—+o00
Letq—qq+s 44111}8 >3. We then compute
7 Cof V! ||
Vo) M hdetVgidr = [ |[So Pt | detVi, da,
I e

_ / |Cof V]| % (det V) =7 da,

< ”COfv@z” Q)ll(detvSOz) 1HLHJ(Q) < 400,
from Holder’s inequality and the finiteness of [, Wop,(V@;, CofV@;, detV ;) d.
Thus Ball’s conditions are satisfied [1, Theorems 1 and 2] and @; are bi-Holder

homeomorphisms.
By the weak-+ lower semicontinuity of ||.|| o (2, a4 (R)), We have that | V@[ Lo (0,05 (R)) <

.. k N . ky—

lim inf [|VoF | Loe 0,005 )y < vand (Vo) ™l (o,msm)) < B inf [1(Veed) ™ e 2,015 0m)) <
B so that Ly | e o arymy<a}(VPi) = 0 < lggli{jfﬂ{\I‘ILocm,Mg(R))Sa}(V‘Pf) and
]l{H.HLOO(Q,MS(pg))Sﬁ} ((V(ﬁz)_l) =0< lkigj_glg]1{\|»|L°°(Q,MS(R>)§5}((V(p?)_l)' The
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same reasoning applies for each i =1,--- , M.
We also have

IV(@; Dl (2. m) = 1(VE:) ™ (@B Dl (2,mawr) = 1(VE:) ™ L (2,15 R)) < B < 00,

since @; is an homeomorphism from (2 to Id(£2) = 2, according to Ball’s results,
meaning that @, 1'is a one to one mapping from 2 to £2. So, using Poincaré-
Wirtinger inequality, we deduce that @, is a bi-Lipschitz homeomorphism. The
same reasoning applies for the sequence (¢¥)y.
We now have that Vi € {1,--- , M}, VI € {1,--- ,N},

-6k, s O, in L*(2) with 67, € BV (£2,{0,1}).
©" k—+4o0
— ok i @; in WH4(02,R3) with (¢¥) bi-Lipschitz homeomorphisms

-+
(pF € CO*(02,R3), (¢F)~' € ¢ (2,R3)), @; bi-Lipschitz homeomor-
phisms (@; € C®*(2,R%), (¢;)~" € C%'(£2,R%)) and ©f LT, Piin
— 400
COY(2,R3), a < i and o/ < 1— % using the Sobolev embeddings prop-
erties.

We then can prove that oF o @; ! M Id in C%*" (£2,R3) with o/ = aa’ for all
—+o00

i€{l,---,M}andalll € {1,---,N}. Indeed one has

oo g (2) — ¥ o @7 (y) — @i 0 B (2) + @i 0 B (v)]

k ——1 = —-—1
su Y0 Q. xr) — ©; O W, x)| 4+ su 7
mEI()Z'(FZ 7 ( ) T 7 ( )| w;ﬁlz |x7y|a

ko @ (z) — ¢ o M (y) — @io@; ' (z) + @i 0 5; ' ()]

< sup |} (z) — @i(z)| + sup - -
gy 2ty 1p; (2) — @7 H(y)|*

[e3%

1o W) — o (@)

| o7 as @;1 is a one to one mapping from {2 to {2,
r—y

0¥ () = ob(y) — @i@) + @ily)| 1@ ' (y) — &7 ()]

< sup | () — @i(@)] + sup Sup 7
TEN ! ’ T#y |$ - y|a TH£yY |$ - y‘a

< (1 + ||¢;1||30,a’((3’R3))||90§ - @iHCOv‘*(Q,RS) kjoo 0.

Let us now prove that 6% , o ¥ I Or, 10 @; in L' (£2) based on the proof of
v —+o0

[8, Lemma 5.1].

Since ¥ o @ o Id in €% (£2) and so uniformly, we can write
— 400

Ve >0,3K €N, VEEN, k> K = sgg\¢§o¢;1(x) —z| <e.
T
Also, given n > 0, by Egorov’s theorem, there exists a set S, with Lebesgue
measure meas(S,) < 7 such that 9%_’1 k_>—+>oo Or,; uniformly in 2\ S,,.
Now, we choose K large enough such that Vk € N, £ > K then
|7 0 @i(x) —a| <min L2,
107, 4(2) = Or,0(2)| < 7 in 21\ S,

b
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We also denote O = {z € 2|07, ;(z) = 1}, (O\S,), = {z € O\ S, | dist(z,d(O\
S,)) > n}, O" = {z € 2]dist(x,00) < n}. Then Vx € (O\ S,)n, ¢F o @; H(x) €
O\ S, and Yz € (2\ (S, U0)),, ¥ o @; H(x) € 2\ (S, U O). We then have

- _ |05, 1 0 oF 0 @7 (z) — Or, ()]
/ |0§1i7lo<pf_0Ti,lO(pi|d$:/ Lol dZ [ —) dz,
2 2 etVoi(p; (7))

Ok opFopl(z)—1 0k ok op(z
S/ |07, %_ %2—1( ) |d:r+/ | Tl ‘_Pz _ipf (z)| de
©\8y),  detVei(p; (z)) (2\(0US,)), detVoi(p; (7))

0% o ot —0Op,
+/ 0,100t 0 7' (@) = @)
S,USHLOTUR detVei(p; ()
1
< 77/ fdl"*'??/ — 7 . dz
(©\8), AotV (@, ' (2)) (2\(0Us,), detVi(@; " (2))

1
L9 / ]
s,ustuonunn detVe; (@

nmeas(Q)ll + nmeas({2)

<
/ (detV;(z))~1° das)ﬁ,
<

— dx,
i (@)

)
I 4 2(meas(S,) 4 meas(S,!) + meas(O") + meas(()”))%)

10

4 10 10
(2nmeas(2)11 + 2(§n3(meas(85n) + meas(00) + meas(912)) + n)11)|detVg;(x) ! 123025

with ||detV@;(x)~ 1||L10(Q) < +00. By letting 7 tend to 0, we obtain that 65, ; o
©F W O, 10 @; in L'(2), for alli € {1,--- ,M} and for all { € {1,--- ,N}.
—+o00

Since 0%’[ k—>—+>oo éTi,l in LI(Q) and 9’12“ k—>—+>oo éR,l in Ll(Q) and G%,Z o (pf —

0%, — Or,0p;—0p,foralll € {1,--- ,N}and forallie {1,---, M}, we de-
> k—+oo

M N _
duce by the lower semicontinuity of the total variation that % YTV (07, )+
i=1i=1

_ _ _ N
BTV (Or))+5TV (Or,100:—0r,) < 11m+1nf L Z SETV (0%, )+BTV (0% )+
o0 i=1i=1 ' '

3TV (0, 0 0f = Oh ). .

Since from what precedes 0% ,(c% , — T;)? o Or, (e, — Ti)? almost ev-

3 INCT, o ,
erywhere in 2 and 6} ,(ck,, — Ti o ¢f)? R Ori(ery — T; o ;)% almost
—+0o0

everywhere in 2 with 0%, ,(cf, , — T2)?| < 4|7~ and |0F,(ck, — Tio
©F)?| < 42 ||Ti||%oo(m, we can apply the dominated convergence theorem and
i=1

get fn 9%,1(0%,1 —T;)* du k_>—+>oo fQ éTi;l(EThl — T;)? dz and fg R, CRl T o

k 5 (= ~\2
or)dx k_>—+>oo [0 Ori(Cry — Ti 0 ¢;)? da.
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By combining all the results, we get that

]:1 (éR’ {éTm()Bz}'f\il) S lklg_golffl (011?(’,7 {9”%,2’) Wf}'f\il) < +00.

By finiteness of the functional, we deduce that 0 € U, O, € U for all i €
{1,---,M} and @; € W for all i € {1,---, M} with 61, ;0 @ — O, € BV(R2)
foralll € {1,--- ,N} and for all s € {1,--- , M} and there exists a minimizer to
our problem.

2 Detailed proof of Theorem 2

Proof. Let (;);>0 be an increasing sequence of positive real numbers such that
lim v; = 400. Let ({90@1@]-,911,@,W,kj7Wi,kj}iAi1, (eﬂ,l,k_,»)ﬁj{'_i’}f’HR”%'> be a

j—+oo
minimizing sequence of this problem F; , for v = «;. By definition, there ex-

ists ((OR.n, {07;.m, Pim M) €U x UM x WM such that 07, 1.n © i —ORin €
BV(2,{-1,0,1}) forany l € {1,--- ,N}and alli =1,--- | M, and

Fi (QR,n, {QDi,na gTz‘,n}i]\il)

= F1;,({#iin: 07,0, Vi, (Vi) T HE L (0700 © Pim = ORm) i1 s, O )

i)

. 1
< inf Fy(0r, {01, i }ity) + o < oo
Then by definition of a minimizing sequence we get that

Ve >0, 3N(e,7;) € N, Vk € N, k > N(e,7;) = Fi, ({@ik» 071 1,5 Vieys Wik, YL,
(OF, 1,8, ) =t ar, O k) < nfFr s, ({4, Oy Vi, Wiy, (07, 1) =1 a0, Or) + &,

< F1(0rn, {01 n, i }it1) + €,

= T (§@irns 07,0, Voiin, (Vi) T 1Ly (01,0m © P — Or i) izt Orn) + €,

1
< inffl(ng {QTm@Z}z]\il) + E + & < +00.

Let us set in particular € = %, then there exists N; € N such that for all & € N,
J
k> Nj =

. 1 1
]:177]'({@7;,161‘79Ti1’¢j7‘/;’kj7 Wi,kj ij\ih (eﬁ,l,kj);lill“” % ’ 93”%‘) < lnf]:l(aRv {GTH ®i zj\il) + E + ,7
1 ;

1 1

<inf F1(Or, {0, pi}i11) + = + —
n 7

< +00.
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So according to the previous inequality and by setting, for the sake of simplicity,
foralli=1,--- , M,

Pij = Pi,Nj,j>
Vijg = ViN,.js
01, ; = 01, N, 4
Or; = OrN;.js
07,15 = OF, 1N, .50
Wi =WinN,i

we get that

— (i) is uniformly bounded according to j in W14(£2) by using the
generalized Poincaré’s inequality since (V; ;) is uniformly bounded ac-
cording to j in L*(£2, M3(R)), for all i = 1,--- , M.

— (Vi) is uniformly bounded according to j in L*(£2, M3(R)) and in
L>(2,M3(R)), foralli =1,--- , M.

— (01,,1,5) is uniformly bounded according to j in BV ({2) since [|07, 1|11 (02) <
meas({2) < +oo and (T'V(0r,,,;)) is uniformly bounded according to j
foralll e {1,--- ,N},and foralli=1,--- , M.

— (0Rr,1,5) is uniformly bounded according to j in BV (£2) since ||0r,1,5 11 (2) <
meas({2) < oo and (T'V(0g,, ;)) is uniformly bounded according to j
foralll € {1,--- ,N}.

— (07, ;) is uniformly bounded according to j in BV({2) since VI €
{1,---,N}tandalli=1,--- , M, |0z, ;|1 () < meas(£2) and (T'V (07, , ;)
is uniformly bounded according to j.

— (CofV; ;) is uniformly bounded according to j in L*(£2, M5(R)) for all
i=1,---, M.

— (detV; ;) is uniformly bounded according to j in L2(£2) for all i =
1, , M.

— (W;,;) is uniformly bounded according to j in L*°({2, M3(R)) and in
L?(£2, M3(R)) since (V; ;) is uniformly bounded according to j in L*(£2, M3(R))
and thus in L?(£2, M3(R)), for all i = 1,--- , M.
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So, up to subsequences, we get that
¢ij — @ in WH(QR?), foralli=1,---, M,
Jj——+o0
Vi; — Viin L*(2,M3(R)), and V;; = V;in L>®(2, M3(R)), for alli=1,---, M,
J—-+oo Jj—+oo
by uniqueness of the weak limit in L*(£2, M3(R)) and by the continuous embedding of
Loo(gv M3(R)) c L4(QJ MS(R))7
CofVij — X; in L*(0, M3(R)), foralli=1,---, M,
j—+o0

—+0o0

detV; ; P §;in L*(2), for all i =1,---, M,

Wi e W; in L*(£2, M3(R)), and W; ; jiw W in L>=(2, M3(R)), foralli=1,---,
by uniqueness of the weak limit in L?(£2, M3(R)) and by the continuous embedding of
L*(£2, M3(R)) C L*(£2, M5(R)),

Ori0s ~7 Or,, in L'(£2), with 6, € BV(£2),Vl € {1,--- ,N}, Vie {1,--- , M},

QRJJ T) Q_va in LI(Q), with éR,l c BV(Q), Vi e {1,~ .. ,N},
j—+oo

07,15 — e’m in L*(£2), with 0z L EBV(2),Vle{l,--- N}, Vie{l,---,M}.

»d 400

Since the convergence is strong in Li(Q) then it is also almost everywhere up
to subsequences and we deduce that 07, ; € BV(Q, {0,1}), Or, € BV (£2,{0,1})
and 07, , € BV(£2,{-1,0,1}) for all | € {1 ,N}andallie {1,---,M} and

M _
> 0k (z) = 1 almost everywhere in 2, ZHT 1(z) = 1 almost everywhere in 2
=1 I=

fgrallifl, M, sothat@RGL{andHT €U foreachi=1,--- /M.
Let us set z; j; = 9T, L — O 0 95 —Oru ) —+> 0 in Ll(()) for all [ €
by ’ J—t+0o0

{17 e ,N} and all 7 € {1; e ,M}, wi,j = V;‘,j —V(pi’j —+) 0 in L4(Q,M3(R))
J—+oo
for all i = 1,---, M, and y;; = Wi; — V;;' — 0in L?(£2, M3(R)), for all

J—r+o0
i1=1,---,M.
Since strong convergence implies weak convergence, we have that

Vizl,"',M, V@eL%(Q,Mg(R)),/(%7j—V<pi7j):43dx — 0.
0

Jj—4o00

But we also know that [, V; ; : & dx Jo Vi : @dx, and we get Vi, ; ; —

j—>+00 —400
V; in L*(82, M3(R)), for all i = 1,-- -, M. By uniqueness of the weak hmit in
L4(02, M3(R)), we have that V@, = V; € L>(£2, M3(R)) for each i =1,--- , M.
We also have that

Vie{l,---, M}, Vo € L*(02, M3(R /W,] Vili®de — 0.

Jj—+oo
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But we know that [, W; ; : @ dx e JoWi:®dx, and we get V, ;' — W,

j——+oo
in L2(£2, M3(R)). Let us now show that W, =V, ' =veg; ! foralli=1,---, M.
We have that V& € L?(£2, M3(R)):

/ ‘/1’_]1‘71 —1:®Pdx = / ‘/151‘71 — WZ‘Z + WLV; — WiViJ' + WiViJ — V;»’_jl‘/;"j : @dl‘,
2 9]
= / (Vz?]l - Wl)f/z :ddx —|—/ Wl(f/z — ViJ‘) :ddr +/ (Wz — %31)%71' : ddx,

9] 2 [0}

:/Q(mjjlsz')1¢‘71Td$+/9(‘7i*vi,j)¢W2'T¢di”+/Q(Wi*Vi;1)14’V£d%

with V"' € L2(£2, M3(R)) since V; € L>(£2, M3(R)) so that [, (V' — W) :
VT de —s 0,WI'd e L2(02, M3(R)) C L3 (2, Ms(R)) since W; € L>(£2, Ms(R))

Jj—+o0

so that [,(Vi; — Vi) : Wlddx = 0, and [,(W; — V;') : @Vf;dx <
Jj—+oo ’

i
a[o(W; = V') + @ de with & € L*(R2) since Vj € N, Vi € {1,---, M},
IVijllLe(o,msr)) < « so that fQ (W; — Vi b @VT dx —+> 0. We there-
fore obtain that V. 1V — I3 in L*(%, M3( )) and since V LW

j—+oo Jj—+oo
in L%(£2, M3(R)), we deduce that W;V; = I3 and consequently W; = V,”! =
(V@i)~t € L>=(02, M3(R)), for all i =1,---, M.
Now, we consider V; ; = w; ; + Vi, ; and CofV; ;= Cof(w; ; + Vi ;).
For the purpose of illustration since the same reasoning applies to other indices,
we focus on the component of the first row, first column :

3%‘,2 3%‘,3 3%’,2 3%’,3
(Cof Vi j)11 = <wi,22 + D2y ) <wi,33 + 02y ) Wi 23 + 24 Wi 32 + 02y )

— Ws oW 27 — W, oW 29 - 5%‘,3 3%‘,2 _ 3%,3 3901',2 T w, 3901',3 +w; 3801',2
1,22 Wq,33 1,23 W4,32 8x3 61'2 (9.’)3‘2 6$3 1,22 61‘3 1,33 61[12
Cw 03 s 0pi 2
1,23 ax2 %,32 81'3 )
i3 i 2 i3 i 2
= (Cofw; ;)11 + (CoftV; i)11 + w; = 4w = —w; = —w; =,
( Z,j)ll ( Qoz,])ll 1,22 6:63 1,33 8932 1,23 81’2 1,32 61'3
Op Op Api Opi
Let us set di,j = (COf’LUZ‘,j) 11 + W;,22 3~ dac + W;,33 5. d:c wiggﬁ — 11)7;732%;}2 S

L?(02) by generalized Holder’s inequality. Then using Holder’s inequality, one
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can prove that

||6g013 ||89012

dijll2(02) < llwizellLao 1) + llwizsllLae 1)

+ || w;, 23||L4(Q)H ||L4(n) + ||w;, 32HL4(Q)H ||L 4(02)

+ Hwi,22||L4(Q)Hwi,33HL4(Q) + ||wi,23HL4(Q)||wi,32HL4(Q)7

1
< (lwioallza(e) + llwizsllzacoy + lwizsllTae) + lwisallze)?

<||89”” e N e Y LA VL
Dzs 1LH2) Dy 1LHD) Dy 'LHD)

oo

||L4(.(2

1
+ (lwi22ll a0y + llwissllzagay + llwizsllTaa) + llwisallTem)

4 4 4 4 3
(||wi,22||z4(_o) + Hwi,33||z4(n) + ||wi,23Hz4(Q) + ||wiy32||z4((z))4’

< a5 llwi |l L@.am @) Vi sl i@ ®) + cacllwi e o amwmy)-

Indeed, thanks to the property of equivalence of norms in finite dimension, there

exist (c1,c2, c3,cq) € R* such that Vo € R cifz)2 < [Jzlla < c2flz|2 and

csllzlla < [lzfla < callzlls < cacollz]]2.

As (4 ) is uniformly bounded according to j in W14(£2,R3) and as w; ; = 0
j—+oo

strongly in L*(2), then

llds.;

b
L2(0) j — 0
and

/(CofVi,j)H@d:n :/ d@j@dlﬂ—/ (COfV@z’,j)llq)dl' — (COfV(ﬁi)n@dZZ?, Vo ¢ LZ(Q),
i) 1) 1) J=to Jo

Vi e {1,---,M}.Indeed, from [3, Theorem 8.20], as ¢; ; = @; in Whi(02 R3),
j—+oo
then CofVy;; — CofVeg; in L*(2, M3(R)). Thus CofV;; — CofVg;
J—+oo J—+oo

in L?(2) and by uniqueness of the weak limit in L?(£2), X; = CofVg; and
CofVi; o CofVg; in L*(92).
Jj—+oo

We then have from the generalized Holder’s inequality :

detV; ; = Vi 11(CofV; )11 + Vi 21(CofV; j)21 + V; 31 (CofV; 5)a1 € L%(Q)v

&Pm

= (wi11 + T)((Congom»)u +d; ;) + similar components .
T1

Then V@ € L*(£2), and for all i = 1,--- , M

)

/detViJ I@d.%‘:/ wi711(COfV(pi7j)11@d$+/
2 2

84)01 1
i,11d;,;P b
Qw711d,] d$+/ 83: d,] dx

0

0p;
+ / (;p 1 (CofV; j)11P dx + similar components.
19,

1
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But we have for alli =1,---, M,

< wi il s |Cof Vi il L2 (o) | Pl L2 (2,

/ wi,ll(COfV(Pi,j)llé dx
(%

‘/ wi,udi’j@ dx
2

/ 8%’1di,j¢dae‘ <
o 01

< lwiatllpacolldijll 2 2) 19 Loy

asﬁm
8951

ey dill2 (o) 19l La ),

with Hwi,11||L4(Q) j—>—+><x> 0, ||di7j||L2(Q) j—>—+>oo 0 and HCOfV(pZ‘JHL’z(Q) uniformly
bounded since CofV; ; ” CofVg; in L*(§2, M3(R)) and thus in L?(£2, M3(R)),
j—4oo

”0;;; | L4(02) uniformly bounded since ; ; jﬁjoo @i in WhH(12) and ||®|| (o)

uniformly bounded.
4
Since ¢;; — @; in WH4(2,R3), then detVp,; ; — detVeg; in L3(£2) and
j—+oo J—+oo

D, 0P, — .
o aicil (CotV; ;) 1P dx jjoo Jo g;zil (CofV@;)11®Pdx, for all i =1,--- , M.
Finally, [, detV; ;& dx j:)oo [, detV @@ dx, VP € L*(£2) and so detV; ; jﬁjoo

detVg; in L3 (£2) and by uniqueness of the weak limit, 6; = detV; and detV;; j
j—+oo
detVp; in L?(£2), for alli =1,--- , M.

We know that W, is convex and continuous. If 1, = ¥ in L*(82, M3(R))
n—

o0

and we can extract a subsequence still denoted (v,,) such that Vi, —+> Vv
n—-+0oo
almost everywhere on (2. If «, - a in L*(2, M3(R)), then we can extract
n——+0o0o

a subsequence still denoted (a,) such that a, = @ almost everywhere on
n—r+00

0.1t 4§, = § in L2(£2), then we can extract a subsequence still denoted
n—-+0oo

(0,) such that 4, = 5 almost everywhere on 2. Then by continuity of
n—-+0oo

Wop, we get that Wo, (¥, o, 0y, —+> Wop(1, &, §) almost everywhere on 2.
Jj—+oo
Then by applying Fatou’s lemma, we have that lim Jirnf Jo Wop(¥n, an, 6,) da >
n——+00

Jo Wop(¥, @, 6) dz. Since Wo,, is convex, so is [, Wo, (&, a,§) dz and [2, Corol-

laire II1.8 p.38] applies. Therefore [, Wo, (&, v, 0) dx is also weakly lower semi-
continuous in L*(§2, M3(R)) x L*(§2, M3(R)) x L?(£2) and we deduce that +o00 >

l_imjnf Jo Wop(Vij, CotVi;,detV; ;) dax > [, Wop(V@;, CofV;, detVe;) d.

j—+oo

Using the same arguments as in the previous proof, we get more regularity of

@;, that is to say, @; is a bi-Lipschitz homeomorphism for each i = 1,--- , M.

By the weak-# lower semicontinuity of ||| e (2, a5, (R)), We have that ||V @[ e (0,15 (R)) <
gigljfg||vi,j||L°°(Q,M3(R)) < a, [(V@:) iz (2,msR)) < lj,igl_&g‘|wi,j||L°°(Q,M3(R)) <

Band L oo o, ary oy <} (Vi) < B 1o 0 ) <t (Vi) Ll o0 0y 81 (V1) T <
Lim inf ) o (g, 01y <83 (W)

Jj—+oo
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We also know that ¢; ; — @; in CO*(2), g; ! € CO () and @; jop;t —
Jj—+oo Jj—+oo
Id in CO*" () with o = /o, @ < jand o/ <1-— %, using the same arguments

as in the previous proof. Let us prove that 07, ; j 0 ¢; ; R 01,10 @; in L1(2)
Jj——+oo
for all 7 = 1,~~ , M.

Since ¢; j o @i T Id in C%' (Q), then it converges uniformly and so
(o]

Ve>0,3keN,VjEN, j>k=suplp;;jop; (v) —z|<e.
e

Also given n > 0, by Egorov’s theorem, there exists a set S, with Lebesgue
measure meas(S,) < n such that 07, ; ; 2 07, ; uniformly on 2\ S,.
j——+oo

Now we choose K € N large enough such that Vj € N, if j > K, then
lpigo @it (@) — x| <m, on £2,
107,15 (x) — O, 1 (x)] < n, on 2\ 5.

Then by denoting O; = {z € 2 : Or, ;(z) = 1},

107,15 0 %35 = Or.0 Bill L1 () = / _rg0wi(x) = Or, 10 i) da
i (O:)

+ / 02,15 0 01.4(z) — B,y 0 @i(a)] do,
;M (2\0;)

:/ 107,15 © $is Ofil(w) -1 der/ 102,05 © iﬂz‘,jj;ﬁfl(w)l iz,
o, etV (@; () o0,  detVe(g; ()

< / 07,15 © Pig Ofil(l") —U, +/ 107,15 © S_Oi,j_fiffl(xﬂ i
(O\(S))n detVe;(p; " (7)) (OIS, detVEi(g;  (2))

+/ |07,1,5 © i j O_ﬁj_(f) —Or(2)] +/ 107,15 © i j 0_@?_1_(?3) — 07, ()| iz,
s, detVi(@; L (z)) oruSIUON detVei(g; ()

with (0;\Sy), = {z € O;\S, |dISt(£L' A(0:\Sy)) > n}, S} = {z € 2|dist(x,05,) <

n}. So Vﬂc € (O \ (Sy))n> @ij o @; (x) € O\ Sy, and VY € ((2\ O;) \ Sy,

ijo @ (x) € (2\0)\ S, Then
0 _ n
||9Ti,l,'°90i,'_9Ti,l090i|| 1 §/ ——dz
s PO J oy, detVei(@; (x))
+/ —77 dx
(2\0; >\s,, , etV (g7 (x))
+ d
/sn etV --1< N
1
—|—/ dx,
nuSIURn detVe;(@; 1(z))
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taking into account that fr, ; ; € BV (£2,{0,1}) and 07, ; € BV (£2,{0,1}). Using
Holder’s inequality, we get

_ s+1 1 s+1
Or, 1.0 @i — 01 1 0@ < d d
107,15 © @ii — 000 BillLie) <0 (/Q fﬂ) </Q AtV (@, L(2) 1 “7>
J 4T 1 p EED Y
+ x x
(=) (/s )
N ——
X X
s 2 detVi(p; ' (2))*+!

2 1

s+1 1 ST
+ / dx </ — dz> ,
(sgw;wm ) 4tV (77 ()

1

_ B 1 ST
107,15 © @i — 01,00 @il () < 1 (meas(§2)) =+ (/Q AotV (1) dm)

(@) (/Q m dx) -

1

+ (meas(S,)) T (/Q m dx) E s

s 1 s+1
n 17 n s+1 B — .
+ (meaS(Sn) + meas(O}') + meas({? )) </Q detVg;(z)* dm)

n

)

-

With s = 10 and the finiteness of fQ Wop(V@;, CofVg;, detV ;) dz, there exists
C € R such that

s

107,05 © %15 = 07, 0 @ill L2 < 1 (meas($2))) 7T CFT 41 (meas(£2)) T CT + (meas(S),))

s

SF1
C + / / dydx+/ / dydx—i—/ / dy dx
9SSy J B(x,n) 00; J B(z,n) 0 J B(x,n)

Cs+1 ,

s 1

107,15 © @i — 0110 Pill L1 () <

s
s+1 1

+ (Zl;n?’(meas(asn) + meas(00;) + meas(@()))) O+,

By letting n tend to 0 and so j to infinity, we finally get for alli =1, --- | M

107,15 © pij — 9Tt,l0%||L1<n) .0

“+o00
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This is true for all I € {1,--- , N}.

Finally, forall¢=1,--- ,M and alll=1,--- | N:

107, — 0.0 0 Pi + Orall i) < 05,1, — 0105 © ij + Or5ll L1 (2)
107, = 07, 11212 + 10100 @i = 07,15 © @i 5l L1 (2)
+10r1 = Or i1l (),

— 0,
Jj—+o0

from what precedes. We deduce that éﬁ-,l = é;p“l °o@; — éR’l in L'(£2) and
so almost everywhere in {2 and 0 L —+> 5Ti,l °o@; — éR,l in L1(£2) for all
b i 5o

t=1,---,Mand all l = 1,--- , N. By the semicontinuity of the total variation
we get that

N | >
>~

N N
~ . ) < 29 . 5 .
;TV(HTHZ ° ¢i = Ory) < 5 liminf ;TV(%J,;)

Furthermore, we have that 0r, ; ; T) Or,; in L' (£2) and so almost everywhere
]‘) o0 B
in {2 up to a subsequence. Then 07, ; ;T; —+> Or,:T; almost everywhere in {2
]4) oo

with [07,,1;Ti| < | T3l () € L' (§2) since £2 is bounded, and by the dominated
convergence theorem one gets [, 07, ;7T; dx o Jo 01,.T; dz. Using the same
j—+oo

reasoning, we get [, 0z, ; dx = I Or,1dx. As T; € WH(£2), we denote
j—+o0

ki the Lipschitz constant related to T;. Then the chain rule applies and we have
that T; o of € WH(02), T 0 ¢; € WHH(2) and [|T; 0 ¢ij — T; 0 @illeo() <
Killgi; — Pilleo) —+> 0 using the Sobolev compact embedding W14(£2) —

j—+oo c

C(£2). Therefore, up to a subsequence 0g; ;T; o @; j —+> H_RJTZ» o @; almost
J—+0o0
everywhere in {2, 0 ; —+> Or, almost everywhere in 2 with |0r; ;T;0p; ;| <
j*} oo

| Till oo (2) € L*(£2) and |05, ;| < 1 € L'(£2) almost everywhere in §2. Thus the
dominated convergence theorem applies and we get

1Y 1
— Ori:T;00;:idr — — 7 T; o @; dx,
M;/Q R,,j Pi,j i teo M;/Q R,1; 0@

/HRJ,de‘ — /éRJdJ?,

CR,,j kj CR,l-
o0

Then Vi€ {1,--- ,N}and foralli=1,--- , M,
Or,15(cr 15— T0)° — Or,.(er —Th)?
Jj—+oo

Orij(cri; —R)? — Ori(éri— R)?
J—r+oo
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almost everywhere on 2 with [07,,1,;(ct; 15 — T3)*| < 4T[0y € L'(£2) and
10r,.j(cri; — R)?| < 4||Ti||%oo(9) € L'(£2). By applying the dominated conver-
gence theorem, we have for all { € {1,--- ,N}:

2 n - 2
107, 1,5 (cri 15 — Ti)* | L1 (2) o 07, 1(er, 1 — Ti) "l (2
10,1, (cr1; — R)*||Lr (o) S 10r,1(Cri — R)?|| L1 (0)-

By combining all the results, we finally get

Z’YTZTV 9T l / ZGT“Z CT 4 ) dx
z 1
ZTV HRZ /ZGRlchf dx

A _ _
+ §ZTV(9TM o@; —Or;) + / Wop(V@;, CotVg;, detV@;) dx
=1 2

- ~\—1
+ ]l{”~”L°°(QJvI3(R))§a} (VQD’) + 1{”-”L°°(Q,JVI3(R§18}((vwi) )

o M
< lminf 735, ({93, 07,5, Vigs Wi iz (07,15) iz 0, Org),

< limsupFi, ({945, 07,,55 Vigs Wi Yita, (07, ) =1 a0, OR ),

j—+o0o
2
< hmsuplnffl(eRa {HT 7901}1 1) + — inffi(eRa {QTUSDZ}fVil)
j—rtoo Vi

By finiteness of f o Wop(Voi, CofVcﬁl, detV@;) dz and by continuity of the trace

operator, we have that @; € W. By strong convergence in L'(£2) and so al-
most everywhere, we get that 0T € U and O € U with GT 10 @ — 9Rl S
BV (£2,{-1,0,1}) for all I € {1,--- ,N}and all i € {1,- N} Therefore our
decoupled problem (DP) converges to the initial problem (P) as v tends to in-
finity.

3 Detailed presentation of the first two methods to
perform PCA

3.1 First Approach : Linearisation around the Identity

Let us recall the definition of the Cauchy-stress tensors and the Cauchy axiom
relating, in a hyperelastic framework, the deformations and the forces applied
on the material.

Definition 1 (Cauchy-stress tensor). In a hyperelastic framework, the Cauchy
stress tensor in the reference configuration, is defined by

oS () = DV (2, ),
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where W is the stored energy function of the material. In a deformed configura-
tion (characterised by the transformation ), the first Piola-Kirchhoff tensor is
defined by o(z) = 0" (o~ (x))Cof Voo~ (z).

Theorem 1 (Cauchy axiom). In an equilibrium position the following rela-
tions hold

vy € It C 00, t(y,n) = 0" (y)n,
Yy € 2, f(y) = —div aref(y)7

where t(y,n) is the pressure applied to the material at the boundary point y in
the normal direction n, f(y) is the inner volumetric force applied at y € 2.

Remark 1. In our model, we aim at having 1, o ¢; close to 6r, and therefore ;
is the deformation from g to 6r,. The deformation from 67, to fg is ¢; * and
thanks to Ball’s results [1], we have that

Wop(V;) dx = W(Vgoi, CoftVy;,detV;) dx,
0 0

/ i GtV (e D)™ Vie ()" 1
o detV(g; )(pi) detV(e; M) (i) detV(p; ) (¢:)
CofV(p; HT V(e HT 1

detV(gofl) ’ detV(gpfl)’ detV(cpfl)

) d,

- / detV (o7 )T ( ) d,
2

— [ Woul9 (e dz,
N

(0 o) — a1 asllol +as(3 — 12 + & — 30y — 3ay —ay it 5> 0
with W (i, ¢,9) = {+oo otherwise |

Therefore, the Cauchy-stress tensor applied to the reference configuration 6, as-
sociated to the deformation ;! to transform 7, into O is O'Zef (x) = % (Vi (2)).
The corresponding first Piola-Kirchhoff tensor applied to the deformed configu-
ration 0 is given by o; = agllff” (Vi (i) Cof Vip;. The inner volumetric forces
applied to Or that are necessary to deform 67, into 6r are given by —divoy;.

Equipped with this material and the previous observation, we consider our mean
configuration 0 as a free material (not pre-stressed) and look for the displace-
ments v; induced by a small increase of the impact of 67, parameterised by &
and minimising the following energy for each i =1,--- , M:

v; €V

inf {]:f(vi) :/ Wo,((14 6Vv;)) dx —52/ divo; : v; dx,
2 2

:/ Wop((l—i-éVvi))dx—l—éz/ ai:Vvidx—(Sz/ ovNyn ds,
Q Q an

:/ Wop((1+6vui))dx+52/ cn:Vvidz},
0] (0]
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with V := {¢ € W' (22,R3) | Cof (I 4 6Vy) € L2, M3(R)), det(I + 6Vy) €
L%(92), m € LY(92), det(I + §v) > 0 a.e. on 2}. The first term cor-
responds to the stored energy of the chosen Ogden material, while the second
component represents the work of the applied forces with the following boundary
conditions: v; = 0 on 9f2. However, the solution of this problem still lives in a
nonlinear space and we thus propose to linearise the stored energy function Wop
around the identity. Before linearising the functional using a Taylor development,
we introduce the deformation Cauchy-Green tensor b; = (I + dv;)T (I + dv;) =
I+ 8(Vul + V) + 8°Vol' Vo, = 1+ 20e(v;) + 62°Vol Vu; ~ 1+ 25¢(v;). We
first linearise the deformation tensor then the stored energy function and will
see that we come back to the linearised elasticity problem.

ff(vi) :/ Wop(l—i—(SVvi)dx—FéQ/ Vv, : 0; dx,
Q Q

= [ Wop(b;) + 6% | Vu;:o0;dx,
Q Q

:/ Wop(l—i-%e(vi))—!—é?/ Vv, : 0; dz,
o) 2

MWop v . o [ 0*Wo,
W ey dr 2 | o

_ /Q Wop(1) de + 25 (1) : e(vy) : e(vs) da

+52/ V’UZ' : O'id(E,
2

— 2 2

with Wo,(b) = a Jﬁ;}bﬁ} + ay ﬂ’;ilbs +ay /T, + e — a3 + ag/TTT; —
(9a1 + 9as + aq)/ITTy, I, = Tr(b) = |[T+ bv;||%, I, = O oot +
dv;)||% and I1I, = detb = det(I + dv;)%. The detailed computations of the
derivatives are given in 4. For our configuration to be in equilibrium, we need
8%/%“&,11&,11%):(3,3,1) = 0, implying a4 = % We also set p = 12a; +
12a; > 0 and X\ = 4(32a; + 74az + %) > 0. Since IQ I : €(v) : e(v) = Tr(e)?,
I:e(w):e(v) =1:¢(v):e(v) =Tr(e?) by symmetry of e(v), we finally obtain a
linearised elasticity functional with v; € H}(£2,R3):

Fo(v) = / Wop (I + duv;) dx + 62/ Vo, : 0, dx,
2 Q

92Wo,
T

= / Wo, (1) dz + 2(5/ %(I) s e(v) da + 263 (D) : e(v;) : €(v;) dx
+(52/ Vv, : o; dzx,
Q

= 252/ uTr(e(vi)?) + %T?‘(e(vi))2 dz + 62/ o; : Vu;dx.
0 7
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We now consider the following linearised elasticity problem LEP

. A
u,-el-}(?(frz,Rf') {F? (v;) = 262 /Q/LTT(G(UZ')2) + ETT(e(vi))Z da + 62 /901; : Vo, dx}.
(LEP)
By using the Lax-Milgram theorem, one can prove the following theorem.

Theorem 2 (Existence and uniqueness of a solution to problem LEP).
There exists a unique solution of LEP in the linear space Hj(£2,R?).

Proof. In order to prove the existence and uniqueness of a minimizer in Hg (£2),
we recall the Lax-Milgram theorem :

Theorem 3 (Lax-Milgram). Let H be a Hilbert space. Let a(.,.) be a contin-
uous bilinear form on H x H and coercive on H. Let L(.) be a linear continuous
form on H. Then there exists a unique element of H, u, such that for allv € H,
a(u,v) = L(v).

Furthermore, if a(.,.) is symmetric, then u minimizes J(v) = La(v,v) — L(v),
that is to say there exists a unique u € H such that J(u) = Um617r{1 J(v).

We now set H = Hg (2,R%), a(u,v) = [, 46%(pe(u) : e(v)+3Tr(e(u)Tr(e(v))) da
for all (u,v) € Hj(£2,R?) x Hi(£2,R?), and L(v) = =02 [, 04 : Vu;da for all
v € HY(2,R3). L is linear on HJ(£2,R?) by linearity of the gradient operator
and the scalar product in M3(R). It is also continuous on H{ (£2, M3(R)) by using
Cauchy-Schwartz inequality and Poincaré’s inequality, Vo € H}(§2,R3):

L(v) :/ oi » Vodr < ol p2,m @) IVl 22,05 R)) < 0ill 222,000 V] 1 (2,R3),
Q

with ||os || 2 (2,05 (R)) < 00 since we have proved earlier that o; € L?(02, M3(R)).
a(.,.) is bilinear on H{(2,R3) x H(£2,R3) by linearity of ¢ coming from the
linearity of the gradient operator and the linearity of the scalar product in M3(R)
and the trace operator. a(.,. is also symmetric by symmetry of e(u) and e(v).
a(.,.) is also continuous on HE(£2,R?) x H}(§2,R?) since we have :

V(u,v) € H&(Q, R3) X H&(Q, R3), a(u,v) = /9452(/16(10 ce(v) + %Tr(e(u))Tr(e(v))) dx,

< 467 ple(u) || L2 (2,015 R 1€ | L2 (2,015 (R)) + 267 AT (e(w)|| 22 | T (€(v)) | L2(02)
< 402 pllVull 22,0, R 1 V0l 222,015 (Ry) + 20° MVl L2 2,015 R V0| 202 015 R
< (4824 26°N) ||ul| g1 () V] 11 (12), Poincaré’s inequality.

We now need to prove that af(.,.) is coercive. Let v € H}(§2,R?), then we have

A

a(v,0) = [ 462 (ue(w) : 0) + STr(e() do = 45 e(0) [ 00,0

Since 4621 > 0, we just need to prove the coercivity of ||€(v)|| 202, m,(r))- To do
so, we use a reductio ad absurdum reasoning as in [4] and assume there exists
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a sequence (v,) € Hg (92, M3(R)) such that |le(vn)|lr2(0,Mm,(R)) DT 0 and

[vnll 2 (2,rs) = 1. As (vy) is uniformly bounded according to n in H'(02,R3), we
can extract a subsequence still denoted (v,,) such that v, o v*in HY(£2,R?)
n—-+0o0o

and by continuity of the trace operator, we get that v* € H{(£2). We also
have that e(vy,) = €(v*) in L?($2, M3(R)). However, we have assumed that
n—-+0o0

€e(vy) Nl 0 in L%(£2, M3(R)) and so by uniqueness of the weak limit, we get

that e(v*) = 0. Then by [4, Lemma IV.3.3], it comes that v* is an infinitesimal
rigid displacement. But a rigid displacement can only be null on a straight line
if a # 0, nowhere if a # 0,b # 0 or everywhere if a = b = 0. Since v* is
null on 012 with meas(92) > 0, then we are necessary in the last case and so
v* = 0. Then Rellich theorem allows us to deduce that v, — 0 in L*(£2,R3).
Then by using Korn’s inequality ([4, Theorem IV.3.2]), we get that Vv, — 0

n—-+o0o

in L2(£2, M3(R)) so that v, =7 0 in H'(£2,R3) which contradicts our second
n—-+0o0o

hypothesis. Therefore, af(.,.) is coercive on Hg(£2,R?). Lax Milgram’s theorem
applies and there exists a unique solution to our linearised elasticity problem
LEP in H}(92).

This problem can be solved in the finite element approximation framework which
results in the resolution of a sparse high-dimensional linear system. A classical
PCA is then performed on the obtained displacement fields using the L2?(§2, R?)
scalar product for the covariance operator. We now address the second method
based on the Cauchy-stress tensors.

3.2 Second Approach : PCA on the Cauchy-stress Tensors

This approach relies on the following lemma.

Lemma 1. The Cauchy-stress tensors airef and o; are i L>*(£2, M3(R)) C
L2(02, M5(R)).

Proof. Let us compute Jiref and o; and make sure they belong to L ({2, M3(R)).

T 4 4
We first recall that o/ = %(V(w;l)) = 2 (detF(ay ”igi?!F + as gﬂﬁ; +

asdet F* — ag( 25 — 1)2 —9a1 — 9az — as)(V(p; ')). We compute the following
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terms :
Fyy Fip Fig
F = | Fyy Iy Fo3 |,
F3y F39 F33
FooF33 — F30F3 F31F93 — Fo1F33 Fy1F3p — F31F)
CofF' = | F3oF13 — FiaF33 Fi1F33 — Fi3F31 F31F19 — Fi1F3s |,
FioFo3 — Foo k3 Fo1Fi3 — Fi1Fo3 FiiFoy — Fo1Fia
detF = Fi(FaaF3z — FaaFa3) + Fio(F31Fa3 — Fa1F33) 4+ Fi3(Fa1 Fo — F31F»),
= [ (FaoFi3 — FioFs3) + Foo(Fi1F33 — Fi3Fs1) + Fas(F51 Fia — F11F39),
= Fy1(FioFbs — FaoFi3) + Fao(Fo1 Fig — Fi1Fas) + Fas(Fi1Fae — Fo1Fig),
I|IF||I%
=2F
oF ’
8||CofF||2 F33COfF22 — F32COfF23 — F23COfF32 + FQQCOfF33
(TF)P{ = —Fgchngl + FglcOngg + F23COfF31 - FglcOngg s
F32COfF21 — F31COfF22 - FQQCOfFSl + F21CofF32
aHCOfFHQF —F31Cof Fy9 + F35Cof Fy3 + Fi3Cof F39 — F19Cof F33

( OF )g =2 F33Cof F11—F31Cof F13 — F13CofF31 + F11Cof F33 ,
7F3200fF11 + FglcOfFlz + FlZCOngl - FHCongg
a”COfFHQ F23COfF12 - FQQCOfFlg - F13COfF22 + F12COfF23
(TF)g =2 | —Fp3Cof Fy1 + Fy1Cof Fi3 + Fi13Cof Fyy — Fy1Cof Fos | ,
FQQCOfFll — F21CofF12 — FlZCOngl + FllCOfFQQ
OdetF’
oF
o' = 2q, ai
' oF det 3 detF'*  OF
ONIF|I% 1715 OdetF' IF ][ OdetF
2 = —9 -3
TR deFs ™ ToF ™ UetFi OF
ag OdetF OdetF 10 0detF’ OdetF’
— 1lagdet F —
detF? oF | @ Tgp M TE T TgE

= CofF,

9||Cof F||% || Cof F||% |Cof F'||%. Odet F OdetF
-3 — 9@1 oF

|Cof || ]| Cof I3 |Cof |4,
det F3 OF 3ay JotFt Cof F' — 9a,Cof F

+ 4as HF”% F —9a5,Cof F — 3as HFH% Cof F
detF3 det 4

- Cof F + a3Cof F + 11a,det F1°Cof F — a4Cof F.
detF2

= 2&1

Since, foralli € {1,--- , M}, [Vl oo (2,0,(R)) < cvand [[(Vi) | oo (0,015 (R)) <
B, we deduce that

IV (2 Dz (2. = (V) i Dl 2 ®m) = (V) ™ e (@ammy) < 8
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and

IV@ill L (@,m®) = (Vo )™ @)z @,m5R)) = (Vi ) ™l pee (2,005 (R))

COfV((pi)—l
_ | =" - <
H detv(wi),l ||L (2,M3(R)) = %

so that HCOfv(gOi)_lHLOO(Q’M?’(R)) < 1882, HdetV(@i)_lHLw(Q) < 663 and |Cof Vi || o< (2,05 (R))
) = ||detv(¢1i—1)(w)||L°°(Q) = lz=s ,-)—1||L°°(9) < 6a’.

< 1802, |det Vi || o< (0 (1sz>
From these observations, we deduce that o7 € L°°(£2, M3(R)) C L?(£2, M3(R))
and therefore o; € L (2, M3(R)) C L?(£2, M3(R)).

We thus propose to perform a Principal Component Analysis on the tensors o;
directly since they belong to L?(£2, M3(R))and following [5]. To do so, let V =
L2(2, M3(R)) and let V be a random variable with values in V. The associated
covariance operator is thus defined by

Cy(0) =E[(o,V —EV)y(V —EV)], Vo € V.

Then, the corresponding empirical estimation of this operator is given by

N 1 M 1 M
C(U):ME <Ua0'i_5'>V(Ui_’D),O'€V,5'=ME ;.
i=1 i=1

We are now looking for the eigenvalues (A;) and eigenvectors (¢;) associated to
this operator, and then sort them in a decreasing order, i.e. Ay > Ay > ---, so that
() is the j-th principal component function. Since the number of observations
is small with respect to the size of the space, an appropriate choice for the base
of V is given by the collection of observations o;.

We then aim to solve

1 M B M M
MZ(% =)D bjilloi = 7). (05— a))v = N\ Y _bji(oi — o),
i=1 j=1 i=1
1
< MWZ)J = /\jbj,

where W = (Wi;)i; = ({05 — 7,05 —8))v)i; € Mu(R). It results in finding
the eigenvalues and eigenvectors of the matrix W. Then the j-th PC function is

M
given by ¢; = > bj;(0; — 7).
i=1

In order to come back to the deformation space and to properly model the
loaded configuration, we compose the sought deformation with the previous de-
formations. We then solve the following minimization problem with the last term
ensuring that the sought displacements v; are Lipschitz continuous so that the
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chain rule applies:
1L
inf {f(vj) = MZ/ Wop(V((Id — 6v;) "t o i) da — 52/ W Vojde
k=17 0
F L ooy <0y (T = 0V05),
LM )
= MZ/Q WOp(V(QO]Zl) — 6Vvi(ap,;1)V<p,;1) dx
k=1
- /Q ¥y Vo de + Ly oo 0y <a} (L= 0V05),
M
1 ~ 1 5 .
=70 . det Vo Wop(V(e), ) (o) — VvV (k) dy
k=1
-9 /Q ¥y 2 Vo dz + 1) oo gy <ar (L= 0V5),

M
1 -
- ME / detVorWo,((Vr) ™! — 6Vui(Vr) 1) dy
k=179

_52/9%-:Vujd:r+]l{|_||Lm(m§a}(l—5ij)}. (P].)

Wop is continuous since B} lgimOJrWOp(f) = 4o00. Let us set Wy = {y € WOLOO(Q, R3), det(I—
et{—

° —1_ —1y14
V) > 0 ae. on 2, [1=0Ve|| e (o) < a, VE € {1, M}, 190UTer) —awu(Ten e ¢

1-6VY) (Ver) % _ _
LN9), oo seitent—ys € L1(92), det((Vipr) ' =0Vib(pr) 1) € L1 (2)}

The minimizer is searched for v; € W.

Theorem 4 (Existence of minimizers). One can prove that this problem P1
admits at least one solution.

Proof. We follow the classical steps of the direct method of the calculus of vari-
ations.

1. Coercivity inequality :
Let us first derive a coercivity inequality :

M
1 1 Cof(Ver) ™t — 6Vu(Ver) |4
]:(U) > 72/ 73(a1 || o (( (,Ok)71 U( gpk)il)!F
M= Jqo 66 det((Vr)~t = 6Vou(Ver)™1)
[(Veor) "t = 0Vu(Ver) I
det((Vpr)~! — 0Vu(Ver)™1)
— (91 + 9az + a4)360° + L | oo .11y @y <0y L = VD),

+ as

=+ asdet(Vpy ' — 6V, (V) ~H)H

since (2 is bounded, det((Vipy) "1 —0Vo(Ver) ™) = det((I-6V)(Vr) 1) =
det(I—-0Vv)det((Vipy)™h) < 3608, and [|det V|| (o) < 603, ”WHL*@ <
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683 so that for all z € £2, ﬁ < detVpy(z) < 6a®. Furthermore, by

taking v = 0, then F(v) = 3; [, Wop(Ver ') de < +oo from what pre-
cedes. Thus the functional is proper and coercive so that the infimum
exists and is finite.

. Convergence of a minimizing sequence :

Let (v™) be a minimizing sequence so that lilf F(v™) = inf F(v) <
n—r+00

+o0o from what precedes. So there exists M € N such that Vn € N,
n> M = F(v") <inf F(v) + 1 < +oco. From now on, we will consider
n>M.

From the previous coercivity inequality, one has:

— (I = 6Vo™)(Vpr)™t) is uniformly bounded according to n in
L2, Ms(R)) for all k € {1,---, M.

— (I —6Vo™) and so (Vo™) is uniformly bounded according to n
in (2, Ms(R)).

— (Cof (I — 6v™)(Vepr)™1)) = (Cof (I — 6Vo™)Cof (V) ™t) =
(Cof (I — 6Vo™) (CofVy)™1) is uniformly bounded according
to n in L*(§2, M3(R)) for all k € {1,--- , M}.

— (det((I-0Vv™)(Vr) 1)) = (%) is uniformly bounded
according to n in L11(£2).

There exists a subsequence still denoted ((I—3Vv™)(Vg)~1) such that

([=0Vu") (Vo)™ | = ax in L2, M3(R)), Yk € {1, M},
I—56Vo" = apVey in L*(2, M3(R)), Vk € {1,--- , M},

1
O V =~(I—apVer), Vk € {1,---, M}, in L*(2, M3(R)).

—\
n—-4oo (5

We thus deduce that (Vv™) is uniformly bounded according to n in
L*(2, M3(R)) and by Poincaré’s inequality, we deduce that (v") is uni-
formly bounded according to n in W14(£2,R3). We can thus extract a
subsequence still denoted (v™) such that

o™ —  ©in WH(0,R?).

n—-+oo

Furthermore, we can extract a subsequence still denoted (Vo™) such
that :

Vo 5 Vo in L®(0, M3(R)),

n—-+o0o

by uniqueness of the weak limit in L*(§2, M3(R)) and the continuous em-
bedding of L*°(£2, M3(R)) into L*(§2, M3(R)). Besides, using Poincaré-
Wirtinger’s inequality, there exists a constant C' depending only on {2
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such that
) v dx n " dx n
I~y gy < 19"~ S limta < IV i < O
[ v da [v"]| 21 (02,8 [0" || L2 (2,R%)
o <C 227 "7 o e O] —
||U ||L (2,R3) = o+ meas(g) - @ meas(Q) - @ mea’s(‘Q) ’

!

c n
<Ca+ m”vv HL4(Q,M3(R))’

with C” a constant depending only on {2 coming from Poincaré’s inequal-
ity. Since, (Vv™) is uniformly bounded in L*(£2, M3(R)), we deduce that
(v™) is uniformly bounded according to n in W (£2,R?) and there ex-
ists a subsequence still denoted (v™) such that

o™ S 5 in WH(02,R3),
n—-+4oo

by uniqueness of the weak limit in W14(£2,R3) and the continuous em-
bedding of W1°°(£2,R?) into W4(2,R?). By continuity of the trace
operator, we get v € W, (£2,R?).

We can also extract subsequences of (Cof(I — §Vv™)(CofVpr)~1) and
(SUE2Y)) still denoted (Cof (I-0Vv™) (Cof Vipy) ~1) and (S4E-2Y )
for all k € {1,--- , M}, such that

Cof (I — 6Vu™)(Cof Vipr) ™! — Hein L*(2, M3(R)),
n—-+0oo
Cof (I — §Vu™) = HiCof Vo, i L*(92,R)),
n—-+0oo

det(I — 0Vo™) Y
= 77 L (02

detV<pk 400 5k m ( )7
det(I—dVo™) = SkdetVeoy, in LM (£2).

By uniqueness of the weak limit, we have that H = HCofVp, and
0 = dpdetVyy for all & € {1,---,M}. By [4, Theorem VI.3.3] and
Id—v® — Id—dvin Wh4(§2,R3), we have that H = Cof(1— V)

n—-+o0o
and ¢ = det(I — §V). .
. Lower semi-continuity : Wy, is convex and continuous. Indeed, let

F(z,y) = Zs for all (z,y)

e (
1 -z
( - w%’) and is positive semi-definite : V(a,b) €
Ty YR
R2, (a,b)H(z,y)(a,b)T = %—fg(bx —ay)? > 0, for all (z,y) € (RT)%
Besides, ||.||# is also convex and we have V(A4, B) € M3(R)?, ¥(c,d) €

AA+(1-M\)B||4 Al A - 4
(RF)2, VA € (0,1), UHGRaIE < CIALEG=SIRIE: — r(v|Allp +

(L=NIBll s A+ (1=N)d) < AF([|All i, €)+(A=N) F([| Bl e, d) = MLz 4

R*)2. Then the Hessian matrix of f is given

2
by H(z,y) = 4%
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(1= NI 1t g, —»_ ¥ in WH(Q,RY) then Vo, —» Vi in
n——+0oo n

—+o0
L2, M5(R)) and we can extract a subsequence still denoted (Vi)

such that Vi, — Ve almost everywhere in 2. If o,, — @ in
n—-+oo n—-+oo

L*(£2, M3(R)) then we can extract a subsequence still denoted (c, ) such

that o, — @ almost everywhere in 2. If §, — ¢ in L'(§2), then
n——+00 n—-+oo

there exists a subsequence still denoted (,,) such that ¢, —+> § almost

n—-+oo

everywhere in §2. Then by continuity of Wop, we get

Wop(Vibn, an,6,) — Wo,(Vib,@,d) almost everywhere in £2.

n——+oo

Then, by applying Fatou’s lemma, we have that

lim +inf det Vo Wop (Y, o, 6,) da > / detVrWo, (V) @, 6) dz.
Since Wop is convex, so is fQ detVapkWOp(f,a,é) dx, and we can ap-

ply [2, Corollaire IIL8] to get that [, detVWo, (€, a, ) dz is lower
semicontinuous in L*(£2, M3(R)) x L*(£2, M3(R)) x L*(£2). We deduce
that

400 > lim inf / det Ve Wo, (I — 6Vo™) (V) 7L, Cof (I — §Vo™)(Cof Vi) ™1),
2

n—+oo
det(I — 6Vo™)
detV oy

> / detVr (2)Wo, (1 — 6V7)(Ver) ™1, Cof (I — 6V7)(Cof Vi) 7L,
2

) dx

det(I — 0VD)

detVy ) do

By the weak-* lower semi-continuity of the |[|.|[ s (2,a1,(R)), We get that

[T =0V L (@m5R)) < Ligl}rlg\\l — Vv L (2,Mm5(R)) < @,

so that

]l{H-HLOO(Q,Mg(R))Sa} (I — V’lj) =0<liminf1 I— (SV’U”)

Hm inf L)1 oo 0,01y <0} (

Since ¢; € L?(£2, M3(R)) and Vo™ o Vo in L4(£2, M3(R)) and so

n—

in L*(£2, M3(R)), we have that —02 [, 1, : Vode = ngl}rloo — 0% [y :

Vot dz.
By combining all the results, we get that

liminf F(v™) > F(0).

n—-+oo
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= 1, |Cof(1=6VD) (Ver) " DI 1A=8VD) (Veor) " II7
Also @ € Wy ™ (02,R%), det((176V{1)(Vg:)—1)3F € LY(92), det((IféYﬁ)(?:ok)—f% €

L'(£2) by finiteness of F(v) inducing the finiteness of [, det Ve, Wo, ((I-
oV0)(Ver) ™t Cof (I—0V0)(Ver) ™), det((I — Vo) (Vey) ™)) da for

allk € {1,---, M}. Since Wo,(I-6V0) (V) ™, Cof (I-6Vv) (Vipr) 1), det((I—
V) (Vipr) 1)) = +o00 when det((I - 6VD)(Vepy,) 1) = 44V <

0 < det(I — 6Vv) < 0 since detVpg(x) > 0 on {2, the set on which it

happens must be of null measure otherwise we would have F(7) = +o0.

So det(I-dVv) > 0 almost everywhere in {2 and there exists a minimizer

to our initial problem v € Wi.

This problem is hard to solve in practice and we follow the same strategy as
previously by adding additional variables and using an alternative optimisation
scheme.

4 Computation of the derivatives

8Wop 2a2Ib 6a |
= = baz|(1,,11,,111,)=(3,3,1)>
oI, m3 Iy, I 1y, T 11y )=( )
3Wop 2a1[b
oL, I = 6ax|(r,,11,,111,)=(3,3,1)
Wo,  —3a11I}  3agl? 11 9 as as
= - + “ay/IIT, — +
oIl 9 /]_Ub5 2 /]I]b5 2 2[1L,\/I111, 9, /[][b3

9a1 4+ 9a2 + a
- 12?‘;41 = —18ay — 18ag + 5a4|(1,,11,,111,)=(3,3,1)
b
82W0p - 2(12

o JITI,’

= 2a2(1,,11,,111,)=(3,3,1)>

*Wo, 0
orn,on,
O*W, —3as],
o _ _ 5 20— =9as|(1,,11,,111,)=(3,3,1)
oII1,01I, 11111,
P*Wop 0
oL,oInL,
O*W, 2a
2]0 = ! 5 = 2a1|(1,,11,,111,)=(3,3,1)>
oIy \/ITT,
W, —3a1l]
O _ _ 5 Lt =9a1|(1,,11,,111,)=(3,3,1)
oII1I,0I11, IIIb\/IIIb
62W0p 73&21})
= = —9 _ y
dL,AIIL, — III3/ITI, ael(nrro.111)=(33.1)
*Woy, —3a111,

= = 9 —
AILOIIL, — III2\ITI, a1ttt 1)~
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= +
OILL  4yTTI, 4TI, 4

n 3asg B as n 9a1 + 9as + a4
AVITI,>  AILITI, AVITT,”

as
= 36a; + 36a+? +25a4|(1,,11,,111,)=(3,3,1)

0*Wop,  15a1l17  15a2lf  99a4 m?

ol
I _ g
ob ’
oIl
(’“)7bb = Iyl —b=2I|(1,,11,,111,)=(3,3.1)5
0I11, _
o N I|(1,.,11,,111,)=(3,3,1)5
ol
- = O
ob ’
b
% = I, Identity tensor of order 4 such that I: A: A = Tr(AT A),
ot I4+1 L
5 = 2 (o110 111,)=(3,3,1), With T: A: A =Tr(A?),
MWop Wopdl, Wo,dIT,  Wo, OITI,
= —_— = (—12a; — I _
ab al, 9 T orn, ab T oarr, ap e e s lun . in=e.s.;
82Wop _ 3W0pg 82W0p% 82Wop oIl n 32W0p (9][];,)

o2 o, o L2 ar T aman, o T arihol, b
OWop O(I,I — b) *Wo, 0L,  0*Wo, 01,  0*Wo, OIII,

o, oo 0 G e Y e oy T ariherl, ob )
OWop O(ITT,b~Y) L PWo, 0L,  *Wo, OIL, 0*Wo, OIII,
o, ov Y ) S Gratin oy arnont, o ootz b )

—I® (83};0?1 + gjzfgz (I,] —b) + mnm—l)

+ agfbp IRI-T)+ (LI —-b)e (gjbvglo;’b I+ 8;?;?” (I, — b) + (%H[bbl)
‘;Z‘;: bV @ [Ty~ + T, ag;l )

FITLb @ ( aajjg;(;f}b I 8?;;6_[9/]0;11, (I,] —b) + %QIV;V%’J I,

_ 352? Tol-T) + Z?gz’][]b(bl @b+ 82;1)

+I® (GZZO’)I + gjz/aoi(lbl —b)+ %I!Ibb‘l

+ (I,T —b) & ( g;bvgf;b I+ a;zbip (I,I — b) + mfmb—l)

B 7

+2 82W0p + 48217[/01, +4 82WOP 82WOP)‘(Ib,llb,lll;,):(&?),l)a

01,0111, oI1? oIILOIL,  OIII?

) 5ay . =
= (15&1 + 9ag — 5&4)1 + (9(11 + 9as — %)I +I® 1(74(11 + 20as + 30a4 + %)
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5 Proof of Theorem 3

Proof. Let us denote by a the mapping defined by :
H3(2,R?) x H3(02,R?) R
a: | (u,v) = (po(u), po(v))rz, Ny + F{p1(Vu + Vul), p1 (Vo + Vol ) sy n,
+e(u,v)3,0,R

with (.,.)3,0.r2 denoting the semi-norm in H3(£2,R?), and by L the mapping
defined by :

| H3(2,R?) 5 R
o= (po(fr)s po())re, Ny + 201 (Ve + VI + VIV ), 01 (Vo + VoI ) myv,
Let us notice that Vv € H3(£2,R?),
Fer(®) = {po(v) = po(fi) e w, + 5
+ 5|”|§,Q,R2a
= (po(v))R2 v, + (P0(f1))R2 N, — 2(00(V), po(fi))R2,No +
+ 2P (V4 VI + VIV ).
=1 (Vo + Vol ), p1(Vfi + VI + VIV ) saryvy + €V]3 o res
= a(v,0) = 2L(0) + {po(fi)) e, + 3 (1(V i+ VI + VIV im0
Also problem (2) is equivalent to :

Search for u. € H3(£2,R?) such that:
Vo € H3(2,R?), YV € R, Fe k(e ) < Fep(te s + pv)

Using the bilinearity and symmetry of the mapping a, and the linearity of the
mapping L, one has :

Fe (e + pv) = a(te g, Ue k) + 2pa(Ue k, v) + M2@(Uav) — 2L(ue k) — 2pL(v) + <pO(fk>>2R2,N0
o1V + VI + VIV ) i wn
= Fer(ter) + 2paluc, v) — L(v)] + pa(v, ),
which means, using the previous reformulation that :
2ufa(uek,v) — L(v)] + pPa(v,v) > 0.

Assuming now that g > 0, and dividing the previous inequality by pu, and finally
letting @ tend to 0, we get :

p1(Vo+VuT) = p1 (Vi + VI + VAV i) in® .

il

9 (p1 (Vo + VUT)>?\/[2(R)7N1

a(tue g, v) — L(v) > 0.
Assuming that p < 0, dividing the inequality by p and letting p tend to 0, we
finally obtain :

a(uek,v) — L(v) <O0.

We then deduce that a(ucx,v) = L(v), for all v € H?(£2,R?). The inverse is
readily obtained thanks to the previous relations.
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6 Proof of Lemma 1

Proof. Let us take f € H?(£2,R?) such that ||f|l4,3.0r = 0. It implies that
|fl5,2,r2 = 0 and taking into account the connectedness of 2, it yields f €
P2(£2,R?). We also have that p;(Vf + VfT) = 0 meaning that %(bi) = 0,
82 (b;) = 0, %(bi) + 92(b;) =0, for i = 1,---,Ny. Since f € P?(£2,R?), it
means that %1 € P(£2), and %—f; € PY(£2). Since A; contains a P!(£2,R?)-

unisolvent subset, it results that % =0 and %—’;2 = 0. We therefore have that

fl(wvy) = gl(y)a
fo(z,y) = g1(2).

Since, %—); + 982 ¢ pPl(©2) and A; contains a P'(£2,R?) unisolvent subset, we
deduce that

Oh (Of2 _o 00 _ iy O
dy T =0e Jy =aly) = or 9(2), ¥(,y) € 2.

It thus means that fi(x,y) = ay + b, fa(x,y) = —ax + ¢ and are in P(£2)
with fi(a;) = fa(a;) = 0 for all i = 1,---, Np. Since Ay contains a P1(£2,R?)-
unisolvent subset, we deduce that f; = fo = 0. It is now clear that ||.|| 4, 3 0.r2
is a norm on H?3(f2,R?) associated with a scalar product. We now prove the
equivalence of the norm ||.|| 4, 0,3 r2 With the norm ||.||5 o ge.

First, we have Vf € H3(2,R?), Va; € Ag, i = 1, ,Np, Vb; € Ay, j =

]‘7 ... )Nl :

(f(ai))re < || fllcoca,re) < cllfll3,0,r> thanks to Sobolev’s embedding,

(V) + V0N D nr) < 20 fllerare) < 2¢| fll3,0r: thanks to Sobolev’s embedding,
50, [ flasere < (L+EN +42N) 2| ]

3,02,R2-

Furthermore, let us take k¥ = 3 = m, p = 2 in Necas theorem [6, Chapter 2,
section 7.1], and let us take po(f) and pi(Vf + V1) as functionals f; (using
the same reasoning as previously to show the property (7.1 bis) Vo € P?(£2,R?),

!
S |fi(v)]? = 0 & v = 0). Then there exists a positive constant ¢; > 0 such that
i=1

NO Nl
allfls.ore < 1B are + D (F@i))ie + D (VFb;) + VBN )ir)?
i=1 =1

which concludes the proof.
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7 Proof of Theorem 4
Proof. The mapping L is a linear and continuous form on H3({2,R?). Indeed,
No
V) =D (frla:), v(ai))re +Z (Vb)) + V()T + V£.0)TV fr(b;), Vo(b,)
i=1
+ Vo)) an®l:
No
< frlas), v(a)re | + Z| Vi (by) + V(b)) + V £ (05) "V i (b)), Vo(by)
i=1
+ Vo) ) an®)ls
No
<D (fr(@))rel[(v(ai))re| + Z| Vi) + Vi) + V(0) TV fi (b)) arn ) |
i=1
\(Vv(b')JrW(b‘) )M (R) |

<Z| fe(ai))rz|[[vllco(n,re) +VZ| Vfr(b;) + Vb)) 4+ Vi)V fe(0))) arr) |

=1 Jj=1
[vllci(a.r2),
< (CNonk||c0(Q,R2)JrC/NWZ,:IlH_%XN (Vfu(bs) + V(b)) + V(b)Y fr(b:)) ao(r))

Moreover, the mapping a is a symmetric, bilinear form, continuous on H?3(§2,R?)x
H?3(£2,R?). While symmetry and bilinearity are obvious, the continuity of a can
be obtained by using the equivalence of norms established in the previous lemma
: V(u,v) € H3(02,R?) x H3(£2,R?),

Ny
a(u,v)| = |Z )Rz + 2;(Vu(bj) + Vu(b)", Vo(b;) + Vo(bj)) sy r) + €(u,v)3,0 r2,

"Y No Nl

< max(1, €, 5)[Z|<U(ai)’ v(ag))re| + D _|(Vu(by) + Vu(b)™, Vo(by) + Vu(b) ) an )|
i=1 =1
+ |(’U/,U)3’_Q’R2|],
Y

S 4max(1,e, 5)[;( ( ) az R2 =+ Z Vu 1\/[2 R)(V’U( )>M2(R) + |u|3$Q,R2|v|3’Q’R2.

This last inequality proves that a is continuous on H?(§2,R?) x H3(£2,R?).
To finish with, we prove that a is H3(£2,R3)-elliptic. Let v € H3(£2,R?),

7
a(v,v) = (po(u)) No §<p1(vv+va)>?Mg(R),N1 +€‘”|§,Q,R2v

> min(1,e, §)|\U||?4,3,9,R2'
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Using again the equivalence of norms established above, we deduce that a is
H3($2,R?)-elliptic. The Lax-Milgram theorem enables us to conclude that the
variational problem (3) has a unique solution denoted by wu. .

8 Proof of Lemma 2

Proof. The Sobolev’s embedding gives that
3C, > 0,Vd € D, Vf € H*(2,R?), [1fllag,3,0r < Cillflls,0Re,

by using the same arguments as previously, with C; independent of d and de-
pending only on N. Let us now find a constant Co independent of d such that
1f]l g,3,0,r> holds. For f € H?(£2,R?), we have

N

fZ (b)) = 5 (boy) — Flaty) + Fai )

=1

;Z F(bog) = flag;))ke + (f(ag))ge + 2(f(bo;) — f(afy), f(af;))re,

Mz

f(boj) — a0])>?z2 + <f(agj)>?%2'
i=1

The open subset 2 having a Lipschitz continuous boundary, the space H3(§2, R?)
verifies the Sobolev’s Holder embedding theorem namely 3\ €]0, 1], H3(02,R?) —
CO*N(2,R?). Thus f € C®*2,R?),and 3C >0,Vj=1,--- ,N,Vd € D,

(f(bog) — f(ag;))re < If11Z0r (2 m2) (boj — aj)Re,
< O2||fH%{3(.O,R2)<bOj - ag;)e
Besides, from the hypotheses, it comes that Vj =1,--- | N
VB; >0, 3Ing, > 0,Vd € D, (d <ng, = (af; — boj)r2 < Bn,)-
Then Vj =1,--- , N,
¥B; > 0, 3ng,, ¥d € D, (d <ng, = (f(bo;) — f(ag))re < C*| S s (a,2)-

Let f > O and let us take §; = fforallj =1,--- ,N,andn = min{ng,, -+ ,1g. }
then

N

Z (bog) = f(a)e < C*BP N F I3 r2)-
This implies that V3 > 0, In > 0, Vd € D, Vf € H3(2,R?),

d<n;»z (boj) = flag;)ie < C2 BN Il o pe)-
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This implies that V3 >0, 3n > 0, Vd € D, Vf € H3(£2,R?),

N
d<n= Z (bo;) R2+|f|3nR2*CzﬂzAN”fHHS(QRz)_Z a0g Yaz + |15 0 re

1
52 (bo;)) R2+Z V) + VIO w1508 = C2BP NI f s 002
j=1 i=1

N
Z (ag;)ke + Z Vi) + Vi) ) inw + 15 0Re
i=1 =1

N N1
As previously shown, the mapping f € H3(£2,R?) — (3 Z (f (boj)>§2+z (VFb)+
Jj= 1=1

Vi)t >M2(R) + \f|3 o. Rz)z is a norm on H?(§2,R?) equlvalent to the norm
I-l3.0r2, 80 VB >0, 39 >0,VYd € D, Vf € H*(2,R?),

d<n=(C" = CBPN)Ifisarey < 113,080

By choosing S adequately, the norm equivalence is obtained.

9 Proof of Theorem 5

Proof. The proof is divided into 3 steps that we detail hereafter :

— First step : We start by proving that the sequence (ug)demm] is
bounded in H3(§2,R?) for fixed N1, and €. In the minimisation problem
(4), let us take v = fi. Then we have

(" = fi)Ve iy + 3 (1(Vud + (V)T =V fi = VT = VIV ey + el e

Ny
< elfild.are + 3D (VAB)TVAG) 0w
i=1

Ny
<elfil3ore + 2’YZ<ka(bi)>?\/12(R)7

i=1
< e‘fk@,Q,R? + 27N1||fk||(2;1(_(’27|q2)7
from which we deduce that

[ul|3 o e < 1fkl3 0 pe + 27\|fk||gl(fz,R2)N1,

<Pd(ue - fk)>R2,N <elfil 30R2 T 27N1||fk”gl(rz,R2)’

(o1 (Vud + (Vud)" = Vi, - Vf/? - Vfgvfk)>?\42(R),N1 =7 |fk|3 oRr: T 4N1||fk||cl(Q,R2)'

As A c A? with AZ containing N elements forming a Pl-unisolvent
set. So one has

Y (@) = frl@)ge < D (ud(a) = fila)ie < elfiliare + 29Nl fillEr ore)-

acAd acAd
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Moreover
> wla)Ee = > (wla) = fr(a) + fu(a)ke,
acAd acAg
<2y (uf (@))Re + (fr(@))Res
aEAd

< 26|fk‘§,Q,R2 + 4N1’Y||fk|‘(2:1(Q,R2) + QN”kagO(Q,Rzy

Y (Vud(a) + (Vud (@) e = Y (Vud(a) + Vud(a)” =V fila) -

a€A, a€A,

— Vfi(a)"Vfr(a) + Vfr(a) + V(@) + Vie(a)"V (@) r):

Vfe(a)”

<2 Z (Vud(a) + Vul(a)" =V fr(a) = V()" = V(@) V() inr

a€A,

+ (Vfi(a) + V()" + V fila)"V fr(a) 3wy
2e
< ?|fk‘§,(z,R2 + 8N fellZs o rey + 32Nl fillZr o m2y -

Finally, using the equivalence of norm from the previous lemmas, and
the previous inequalities, we obtain that

v >0,¥de D, d<n=|ul|fsgre) < v

The sequence (uf)qepnjo,, is bounded in H?(£2,R?) independently of
d so one can extract a subsequence (udt);en with l ligl d; = 0 (since 0
—+00

is an accumulation point of D) that weakly converges to an element of
H3(£2,R?) denoted by f; : ul Lo fiin H3(2,R?).

—+0o0
Second step : In the second step, we prove that f; = fi. Let us assume
that f; # fi that is, there exists a non-empty open set w included in {2
and a positive real a such that

Vo € w, (fr(x) — fi(x))re > a.

E‘fk'g,nyRZ—"_Qﬂle”fk”(2:1(07R2)
P

Let usnowset £ = 1+ F , where F[.] denotes

the integer part of the argument. Let By = {po1,po2,-- ,Poc} be a
subset of ¢ distinct points from w. One has :

Vi=1,---,& 3(pd)acp, Vd € D, pd; € A® and pd; = Cllin%pgi.
—

For any d € D, let B be the set {p;, - ,pf}. As previously proved
and taking into account that B¢ C A%, we have

Zudl po; — fe(p0l))Re < €|fk|§,Q,R2 + 2’YN1||fk||(2:1((z,R2)-
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Besides, Vi =1,--- ¢,
(ud (pgt) — fr(poi))re = (& (p) — u (poi) +ul (pos) — fi (poi))res
< (ud (pgt) — ud' (poi))re + (' (poi) — fi (poi))r2
Since u® € H?3(§2,R?) — C%*(£2,R?), there exists C3 > 0 such that
<U?l (pgi) - gl (Poi))re < 03<p3§ _p0i>’R\z~

But lim d; =0, and pg; = lim pg§7 we thus deduce that
l—+o0 l—+o0

lim (uf(p3t) — uf (poi))rz = 0.
l—)linoo<u6 (p01) Ue (pO )>R2

The Rellisch-Kondrachov compact embedding theorem gives that H3(£2, R?)

— COA(£2,R?). Thus, (ud'),;en uniformly converges to f; and then

lm (uf (poi) — fi (poi))rz = 0.

l—+o0

Therefore, we can conclude that

lim (uf" (p) — S (poi))re = 0. that is lim uf(pfh) = £ (poy)

l— 400

Letting [ tend to infinity in the first inequality, we get

3
> (i oi) — fr(poi))ae < €l filiore + 2y N || fellzs .oy
=1

and so

Ea® < el filfore + 27N1||fk||g1(f27R2)’

which is in contradiction with the choice of £&. Then f; = f.

Third step : In the last step, we come back to the initial displacements
in W1 (0, R?). We have

. di < : . dp _
Tl < T (il e ),

<0

)

since || fx —ull1..0 — O by construction and for all k € N, lim |[ud —
T k— 400 l—+o00

kaLOO as H3(Qv R2) ? Wl’oo(‘Qﬂ R2>
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10 Alternative convergence analysis for the third method

Let us now consider the following problem :

Search for u? € HO(Q) such that V¢ € H?’(Q7 R?),
<P0( fk>R2 No T < (Vu + (Vu)T =V fi, =Vl - kaTka»Mz )N'*‘d“ |3!2R2~
<pO(U_fk)>R2 N T < (VU+VU ka—ka Vfgvfk>M2 N+6‘v|3QR2
(1)

In this case, the norm ||| 44 3 g2 is defined by

£l ad3,0,r> = [<P0(fk)>ge2,N0 + (p(Vf+ VfT»?Wg(R),N + |f|§,Q,R2]%'

As shown in the previous lemma, this norm ||| 4a 5, o g2 is equivalent to the norm
[|1l3.2,r2 on H3(£2,R?). We first derive the following lemma.

Lemma 2. Let By = {bo1, - ,box’} be a fived P*-unisolvent subset of 2. By
hypothesis, 0 € D and lim sup 5(3: A?) =0 holds so

d—=04c0
Vji=1,--- N, 3(af;)aep, Vd € D, af; € A* and by; = lim afj;.
d—0
For any d € D, let AJ be the set {af;, - ,aly} and let [-[[ad.3,0r> e the sum

defined by Vf € H3(£2,R?),

[V

No N
||f||Ag,3,Q,R2 = Z(f(aj)>%2 + Z<Vf(agj) + Vf(agj)T>?\/12(R)
j=1 j=1

Then, there exists 11 > 0 such that for any d < n, the norm ||.[[ 445 0r> is
uniformly equivalent over D)0, 7] to the norm ||.||3 o re in H*(£2,R?).

Proof. The Sobolev’s embedding gives that
de1 > 0,Vd € D, Vf € H*(2,R%), || fllaz 5,0 < Cillflls.2r2,

by using similar arguments as previously. The constant C; is independent of d
and only depends on Ny and .
Let us now find a constant C5 independent of d such that the inequality

[flls.2r2 < Collfllag s,0.r::

holds. For f € H3(£2,R?),

l\JM—\

72 V f(boj) + Vf(bo;) g =

j=1
+ Vf(agj) + Vf(%j) >1v12(R)a

N
> (V£(boj) + V£ (boy)" = Vf(af,;) — Vf(ag,)"
j=1

Mz

(Vf(boj) + V£ (boj)" = Vf(ag;) = VF(ag)")inr + (VF(ah;) + VF(ag))in -

J:1
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The open subset (2 having a Lipschitz-continuous boundary and the space H? ({2, R?)
verifies the Sobolev’s Holder embedding theorem, namely

3N €]0, 1], H3(2,R?) — C1 (2,R?).
Thus f € CYM2,R?) and 3C > 0,Vj =1,--- \N,Vd € D,
<Vf(b0j) + Vf(boj>T - Vf@%j) - Vf(agﬂTﬁuz(R) < 2Hf||%1 A8, R2)<b0j - agj>2R>2\7
< 2C2||f”3 02,R? (boj — a()g)%é

Besides, we also have from the assumptions that for all j =1,--- | N,

VB3; >0, 3ng, > 0,Vd € D, (d < ng, = (af; — boj)r2 < B;).
Then Vj=1,--- , N
VB >0, 3ng, > 0,Vd € D, (d < ng, =(Vf(boj) + Vf(bo;)" = V[(ag;) = VI(ag;)") i)

< 2C°| f113 e B3

Let 6 > 0 and let us take 8; = 3, Vj=1--- , N, n =min{ng,, -+ .1, }, then

N
Vde D, (d<n="Y (Vf(boyy)+ VI(boy)" = VI(ag;) = V) Vnm S NCB 150k
j=1
Finally,
VB >0,3In>0,Vd e D, Vf € H3(2,R?),
N
d<n= Z(Vf(boj) + Vf(boj)" = Vf(al;) — Vf(agj)Tﬁvfz(R) < 0252AN||fH§,9,R2~
j=1

This implies that
VB >0,3In>0,V¥de D, Vfec H*(2,R?),d<n

Ny
1
:»52 Vf(bos) + VIO ) + D (F@i)ge + 1115 0 pe = CPBPNISIE ope < 11 5,00
Jj=1 j=1

No N
As previously shown, the mapping f € H3(2,R?) [Z (flai))a+3 3 (V f(boj)+
j=1

2

Vf(boj)Tﬁwg(R) +|f|§79_’R2] is a norm on H3(2,R?) equivalent to the norm
Ill3,0,2 so

VB >0,3n>0,Vd e D, Vf € H3(2,R?),

d<n=(C”- CzﬁzAN)Hng,Q,W < ||f||§,Q,R2-

By choosing S adequately, the norm equivalence is obtained.
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Before considering a convergence result, let us first introduce the following prob-
lem

inf 2
ueHli’»r(lQ,R2) [uls..p2, @)

st. Vu+ Vul = Vi + VI + VAV fi. everywhere on £2,
po(u) = po(fi)s
and prove the existence of minimisers.

Theorem 5 (Existence of minimisers). Let us assume that there exists ug €
H3($2,R?) such that

Ouon  Ofkn | Ofkivo , Ofk2.o
8x_8x+(8x)+(8x)’
Ouop  Ofka | Ofk2\o | Ofkiio

Ouo,1 n Oup,2 _ Ofr,1 . Ofve  Ofk1O0fk1 | Ofk20fkz2
Oy Ox Oy Ox ox Oy ox Oy’
everywhere on 2 and for all i = 1,--- | Ny, ug(a;) = fx(a;). (This shouldn’t be
too restrictive if No is small enough). Then there s at least one minimiser of the
problem 2.

Proof. Let (u;) be a minimising sequence of the problem such that Vj € N,
u; € H*(02,R?),
Vu; + Vu;f =V + VI +VFIVfi, everywhere on £2,
p(ug) = p(fi)-

For j large enough, we have the following coercivity inequality

|u]'|3,_Q7R2 S |UQ|37_Q7R2, and so
(p(Vu; + VUJT»?MQ(R) + (p(u))ge + ‘uj|§,Q,R2 < {p(Vuo + vug)ﬁ\/&(R) + (p(u0))Fe + |u0‘§7Q,R2'

Thanks to the previous lemma that gives an equivalence of norms, we get that
(u;) is uniformly bounded according to j in H3({2,R?). We thus can extract a
sub-sequence still denoted by (u;) such that

w; — @in H*(0,R?),
Jj—+oo

with 4 € H3(£2,R?). Since H3(£2,R?) — C'(£2,R?), we deduce that uy — @ in
C(2,R?), and therefore
u; — u everywhere in {2,
J—r+oo

Vu; — Vi everywhere in (2,
j—+oo

VujT — Va! everywhere in 2.
Jj—+o0
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Hence we have that

p(a) = lim p(u;) = lim p(fr) = p(fr),
J—+oo Jj—+oo
Va(z) + Va' (@) = lim Vu(z) + Vui(2)" = lim V(@) + Vfi (@) + Vi (2)V ()
J o) ] [e%e]
= Vfe(z) + VI (x) + VIE(2)Vfir(x), for every z € 0.
Finally, by the semi-continuity of |.|3 o g2, we get that

|t]3,0,r2 < liminf |uls o Re,
J—+oo

and @ is a minimiser of the problem 2.

We now establish the following convergence result

Theorem 6 (Convergence). Let fk be a minimiser of problem 2. For any
d € D, and € €]0, €], we denote by ufyk the unique solution of problem 1. Then

under the above assumptions, there exists a subsequence (ufll p) with lim dp =
’ l—+o0

lim ¢ = 0, such that
l—+oco

dl r
> Jk
ek =400

. . . . d d
in H3($2,R?) with kll)gx_lool_lg_rgloo IVug! | +(Vug! )T =Vu=Vu =Vu Vul Lo o, r) =
0.

Proof. The proof is divided into four steps that we detail hereafter.

— First step : We start by proving that the sequence (Ug,k)deDm]o,n],ee]o,eo]
is bounded in H?3(£2,R?). In the minimisation problem 1, let us take
v = fr. Then we have

Y
<P(U?,k - fk)>?e2,zv0 + §<Pd(vuik + (Vug,k)T — V=V - vfgvfk>?\42(R) + 6|ug,k|§,!2,R
< dfk%Jle
from which we deduce that

ud J5.0r2 < [ fils.0Re: )
Ho (Vuly + (Vul )T = Vi = VI = VIV )3 < elfili o e
<P0(Ug,k - fk)>2R2 < €|fk|§,Q,R < 60\fk|§,Q,R-

As Ad C A% one has

> (Vul (@) + Vui ()" =V fila) = V(@) )i w) < ol fil3ore

acAd
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Moreover
Z (Vg p(a) + vug,k(a)Tﬁ\b(R) <2 Z (Vu p(a) + Vul ()" - V fr(a) - vfk(a)T>?\/12(R)
acAd acAd

+2> (Vila) + V(@) )3 w):

aEAg
< 2¢0| frl3 o re + AN frllZ1 (2 r2)-

Finally, using the equivalence of norm previously established, and the
inequalities above, we obtain that

v >0,Vd € D, Ve €]0,¢], d < n = ||ullz.0r: <v.

The sequence (Ug,k)deDﬁ]O,n],ee]O,eo] is bounded in H3(£2,R?) so one can

extract a subsequence (ufl‘ ) with l lim d; = lim ¢ = 0 that weakly
’ — o0

l—+00
converges to f; in H3(£2,R?).
Second step: We now prove that f; = fk. Let us assume that V f +
(VT +# Ve + Vf,?, that is, there exists a non-empty open set w
included in §2 and a positive real a such that

Vo € w, (Vfii(z) + (Vf)  (2) = Vi(2) = VI (@)inr) >

£o2
€lfrkls o r2
062

Let us set £ = F } , where E[.] denotes te integer part of the

argument. Let By = {po1,- - ,poe} be a subset of £ distinct points from

w. One has

Vi = 17 e 557 El(pgi)dGD? (Vd S Da Poi S A) and Poi = ili}%)pgl

For any d € D, let B be the set {pd,, - - ,pgg}. As previously proved
and taking into account that B¢ C A%, we have

3

D AVl 6)) + Vil (060" = Ve w6)) — Ve)Vinw) < elfiliore-
i=1

Besides, for all i =1,--- &,

(Vult  (p6) + Vult  (00) = V £ (poi) = V i (000) ) asary

= (Vull L (pG) + Vull  (06}) = Vull 1 (pos) — Vull ()" + Vull  (pos) + Vil (poi)"
— Vfi(poi) = VI (po) ") aary»

< <Vuj;7k(p§;) + V“i",k(pgi) - V“gf,k(POi) - Vug,l,k(pOi)T>M2(R) + <Vug;,k(P0i)
+Vult (po)” = V£ (poi) — Vi (000) ) ana(ry-
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But u‘:ll’k € H3(0,R?) — CYA(02,R?) for A € [0,1] and so there exists
C3 > 0 such that )

<V“?,L k(pgz) + V“e, k(pOz) VU?; k(Poi) — Vu‘é’ k(POi)T>Mg(R) <203 (pgé - p0i>§\2

But lim d; = 0 and pg; = hm p0 , and we deduce that

l—+o0

l_légloo<vu€ll,k(p01) + vuel k(pOZ) vue;,k(po’i) - vue;,k(pOi)T>M2(R) =0.

The Rellisch-Kondrachov compact embedding theorem gives that H3(£2, R?)
— C*(£2,R?), and thus

lim (Vul', (poi) + Vul  (poi) "V £ (i) — V £ (poi) ") ara(ry = 0.

=400

Therefore, we can conclude that

lim <Vuel k(pOz) + V“el k(pOZ) V fi(poi) = V fi: (pOi)T>M2(R) =0,

=+

and so lim Vu , (6) + V! () = Vi (po) + V. (po) T Letting
[ tend to mﬁmty, it comes

3
> (Vi poi) + Vi (poi) = V fr(por) = Vfi(poi) " Vinry < €lfel3 o,

i=1
and so a?¢ < €| fy|2 , g2 Which is in contradiction with the definition of

€. Consequently, Vfi + (Vi) =V i+ Vil = Vi+VIT+ VIV
everywhere on 2. Also, since H3(£2,R?) — C°(2,R?), we have that

hm <p0( ok — fr))3s Ny = (ol fi — fk)>2R21NO, and by letting ! tend to
1nﬁn1ty in the last inequality we get that

(po(fr — fk)>2R2,N0 < . lim €l|fk|§,Q,R2 =0.
—+o0

Finally, by weak lower semicontinuity of the seminorm in H?(§2,R?), we
get that

|frls.2R2 < gignjgﬂ“?f,k\s,mz < | frls, e

Thus f}; is a minimiser of problem 2. Without loss of generality, we say

fr= fn-
Third step: We then have

IVult, + (Vult )" = Vu— V" = Vu" Va0, 1m m)

< Vg o+ (Vug )T = Vi = VI e @anr) + IV i+ VI = Vu— VT
—vul Vul| Lo (2,M5(R)) s

< [Vl 4+ (Vult )7 = Vi = Vo @anw) + IV I+ VI + VIV i = Va
= Vu' = Vu' V| 10,0, (R))
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with T lim [Vl (Vg )7 =V e =V @ m) = 0 from
what precedes and the Sobolev embedding H?3(£2,R?) — W1 (2 R?),
and lim h—ri-noo ||ka+Vfg+Vngfk—VU—VUT—VUTVUHLao(Q)MZ(R)) =

k——+ocol—

0, by construction of the sequence f;. We thus have lim lim ||Vugll et

k—+oo l—+oco
(vugik)T —Vu— V’LLT — VUTVU||L90(_Q7N]2(R)) = 0.
— Fourth step : We aim at proving that the sequence (u‘jl’k) strongly
converges to fi in H>(§2,R?). The Rellisch-Kondrachov compact em-
bedding theorem gives that

Vr,r' €R, 7> 1, H'(2,R?) < H" (2,R).

In our case, it means that the sequence (ufl’ ) that weakly converges to

fr in H3(§2,R?), strongly converges to fr in H?(£2,R?). We thus just
need to prove that

. d’ ~ _
lll+moo|”el,k — frls,0r2 = 0.

One has

|Uff,k — frls,ore = |Uff,k|3,(z,R2 + | fuls,. o2 — Q(Uff’k,fk)&nﬁ%

<2 fils.ore — 2(ul ., fr)s0Res

so lim [u®', — fil30re = 0, and finally lim [ul, — fills.0re = 0
l—+o0 ? l—+o0 ?

which concludes the proof.
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