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BRANCHING RANDOM WALK SOLUTIONS TO THE WIGNER
EQUATION

SIHONG SHAOT AND YUNFENG XIONGT

Abstract. The stochastic solutions to the Wigner equation, which explain the nonlocal oscilla-
tory integral operator ©y with an anti-symmetric kernel as the generator of two branches of jump
processes, are analyzed. All existing branching random walk solutions are formulated based on the
Hahn-Jordan decomposition Oy = @t — Oy, ie., treating Oy as the difference of two positive

operators G‘jﬁ, each of which characterizes the transition of states for one branch of particles. De-
spite the fact that the first moments of such models solve the Wigner equation, we prove that the
bounds of corresponding variances grow exponentially in time with the rate depending on the upper
bound of 9‘:&, instead of ©y. In other words, the decay of high-frequency components is totally
ignored, resulting in a severe numerical sign problem. To fully utilize such decay property, we have
recourse to the stationary phase approximation for Oy, which captures essential contributions from
the stationary phase points as well as the near-cancelation of positive and negative weights. The
resulting branching random walk solutions are then proved to asymptotically solve the Wigner equa-
tion, but gain a substantial reduction in variances, thereby ameliorating the sign problem. Numerical
experiments in 4-D phase space validate our theoretical findings.
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1. Introduction. We are intended to discuss the probabilistic interpretation of
the backward Wigner equation,' ® arising from the recently developed particle-based
simulation of the Wigner quantum dynamics.?> % The backward Wigner equation is a
partial integro-differential equation defined in phase space (x,k) € R™ x R™ with an
“initial” condition pr € L*(R"™ x R™).

hk

(11) (@, k) + - Vopla. kb, 0) = Ovlgl@,k,t), 0T,

9
ot
(12) @(wava) = QPT(wak)v

Here o(x, k,t) is the dual Wigner function, m is the mass, i represents the reduced
Planck constant and the pseudo-differential operator (PDO) ©y reads

1 K3 !’
(13) GV[QO](QI, kvt) = T3 o \n / en(kik )yDv(.’I},y7t)g0($, k/at)dydk/a
R™ xR™

1h(2m)"
with Dy (z,y,t) = V(e — y/2,t) — V(x + y/2,t) (i.e., the central difference of the
external potential V(x,t)). Obviously, Dy (x,y,t) is anti-symmetric in y-variable,

(14) DV(mayvt) = 7DV(m77y7t)'

It is well known that Oy, a nonlocal operator with an anti-symmetric symbol, actually
characterizes a deformation of the classical Poisson bracket” and exactly reflects the
nonlocal nature of quantum mechanics.!!

The subsequent analysis will be based on two equivalent representations of the
PDO. The first form is the kernel representation:

(1.5) ov 4l (@, k. 1) :/ Viv (@, — k', ), k' £)dk,
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with the real-valued kernel function Viy (termed the Wigner kernel)

1 ik-

(1.6) R 1
~ ihan 1hmm
_ 2”1/)(2’43, t)e2ik-z(w) 7 2”1/}(72]6, t)®72i1k-z(cc).

FmakV(Qkat)@mk'm - -Fm—ﬂcv(*Qk,t)(Biﬁk'm

Here FpiV (k,t) = [z V(x,t)e**®dx denotes the Fourier transform of the poten-
tial function V' («,t) in ax-variable, and
1

— ik-(x—z(x)) Vik.t).
ih(2m)n FaoreV (k)

(1.7) Y(k,t)

It is realized that the kernel is anti-symmetric in k-variable
(1.8) Viw(z, k— K t) = —Viy(z, kK — k,t).

due to the anti-symmetry of Dy (see Eq. (1.4)).
The second form is the oscillatory integral representation:
. , k/ k/
(19)  Ovlgl(@kit) = [ &N G el k- 1)~ ol kot )R,
which facilitates the derivation of its asymptotic expansion (see Theorem 2).
In order to extend ©y to a bounded operator from L?(R?") to itself, say, there
exists a uniform upper bound Ky such that

(1.10) 1Ov[p](t)]l2 < Kvlle@)l2,

we make the following assumptions for a finite time interval [0, T.
(A1): p € C([0,T], L?>(R™ x R™)) and is localized in (x, k)-space for any t € [0, 7],
with the minimal compact support denoted by X x I C R™ x R™.
(A2): Suppose either of the following conditions holds:
(1) % € C([0,T],C>=(R") N L (R"):
(2) ¥ € C([0.T],C=(R"\ {0}) N L, (R™),
and there exist a radial function U(|k|) € L, .(R™), such that [y (k,t)| <
U(lk|) in R™\ {0} and U(|k|) < Cy.o|k| ™1 holds for sufficiently large |k|
and given constants C, o and o € (0,n);
Here |-, is short for LE x Ly, norm, say, [|9(t)[|zzx 22 = (fgn pn [9(2 K, t)|Pdzdk)'/P.
The prototypes for the latter condition in (A2) arise from quantum molecular
systems and fractional diffusion problems.'? '3 When the potential is of the Coulomb
type V(z) = |z — x|}, it is easy to verify that (k) oc |[k|7""! and z(z) =z — x4,
so that the symbol functions may have singularities at k = 0 and k = co. Therefore,
we need to focus on the weakly singular convolution'?, instead of solely treating it in
the classical symbol class C ([0, T], S°(R™ x R™)).
Now we turn to the probabilistic perspective. The starting point of the stochastic
solution is to cast Eq. (1.1) into its equivalent integral formulation by adding a term
—70 - p(x, k,t) on both sides of Eq. (1.1),?

T
(@ k1) =(1 — G(T — 1)) (a(T — 1), k) + / ag(t' — 1)
(1.11) ¢

) / (vw<w<t'7—0t>vk’»t’> + (k) p(@(t — ),k — K t')dk,



the derivation of which will be put in Section 2. The constant parameter vy turns out
to be the intensity of an exponential distribution as follows,

(1.12) G —t)=1—e 0D dG(t —t) =ype W=D ' > ¢

The main problem is how to resolve the negative values of kernel Vy,. In constrast
to nonlocal operators with nonnegative and symmetric kernels,'? '3 1% the existing
stochastic approach is based on the unique Hahn-Jordan decomposition (HJD):!°

(1.13) Ovle)(z, k,t) = OF [¢](z, k,t) — Oy [¢](x, k. 1),
(1.14) of[¢l(x, k,t) :/ Vi (z,k — K t)o(x, k', t)dK,
(1.15) Vi (z, k, t) = max{+Viy (z, k, t),0},

so that Vi € C([0,T), L}, ,(R™xR™)) become positive semi-definite kernels. Moreover,

loc
we assume that there exists a uniform normalizing bound ¢ for (z, k) € X x 2K,

(1.16) Yo > E= OréltaéXTglea%/n V;(a:,k,t)]l{kem}dk.

It follows that the probabilistic interpretation is to seek a branching random
walk model (BRW) such that its first moment satisfies the renewal-type Wigner (W)
equation (1.11),%%'7 dubbed WBRW-HJD hereafter. Such model describes a mass
distribution of a random cloud starting at @ = (x,k) and frozen at random states
and exhibiting both random motion and random growth. The random variable is a
family history €2, a denumerable random sequence corresponding to a unique family
tree,'® and Bgq is the Borel extension of cylinder sets on . The particles in the family
history 2 move according to the following five rules.

(1) (Markov property) The motion of each particle is described by a right con-

tinuous Markov process.

(2) (Memoryless life-length) The particle at (x, k, t) dies in the age time interval
(t,t + 7) with probability 1 —e~77.

(3) (Frozen state) The particle at (z, k, t) is frozen at the state (x(T—1t), k) when
its life-length 7 > T — t.

(4) (Branching property) The particles at (x, k, t), carrying a weight w, dies at
age t + 7 at state (x(7),k) when 7 < T — ¢, and produces at most five
new offsprings at states (z(1), k), (Z(2), k2)) - (%(5), k(5)), endowed with
updated weights w1y, w(g), - , W), respectively.

(5) (Independence) The only interaction between the particles is that the birth
time and state of offsprings coincide with the death time and state of their
parent.

We are able to define a probability measure on the measurable space (€2, Bg)
and thus the stochastic process based on a specific setting of the transition kernels
and particle weights in the fourth rule (vide post). Roughly speaking, WBRW-HJD
can be categorized into the weighted-particle (wp)® and signed-particle (sp)®'719
implementations, denoted by X" and Xj associated with the probability laws IIf, and
117, respectively. It has been shown in® that (taking X}" as an example),

(1.17) oXi = o(x, k, t)

holds on some kind of probability space (2, Bo, I1f}), where IIf)X}" means the expec-
tation of X}’ with respect to the probability measure II7;. However, to the best of our
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knowledge, the related variance estimation has not been established. To this end, our
first contribution is to estimate the variance of WBRW-HJD, as stated in Theorem 1.

THEOREM 1 (Variance of WBRW-HID). Suppose (A1) and (A2) are satisfied
and let v1 = 2Ky + 252. Then the variances of X{ and X§ satisfy

W w st max ,ﬁ —

(1.18) IS (XY — @(6)?]h < (1 + %@_tw V3T or |2 — o3,
s (s gal (T

(1:19) (X3 = ¢’ < (14 (T - )e2 T o2 — le(t)]2.

Two key observations are readily seen from Theorem 1. One is the exponential
rate for spWBRW-HJD is 25 , that depends on the volume of the support I and thus
cannot be improved. This poses a huge challenge for high dimensional problems since
§u usually depends on n exponentially. By contrast, the rate for wpWBRW-HJD can
be reduced by increasing 7y, and the optimal exponential rate is 2Ky. Definitely,
Ky is usually far less than &, implied by Egs. (1.10) and (1.16). In this sense, the
latter outperforms the former. The other is the large exponential rates 252 /70 and
25, introduced by HID (1.13), lead to a rapid growth of variance. Such phenomenon
is called “numerical sign problem”?" as the Hahn-Jordan decomposition of a signed
measure totally ignores the near-cancellation of positive and negative weights.

Our second contribution is to formulate a new class of BRW solutions, dubbed
WBRW-SPA, to diminish the variance growth. The motivation comes from the sta-
tionary phase method, a useful technique in microlocal analysis,?! which makes full
use of the essential contribution from the localized parts (see Theorem 2). As a con-
sequence, the upper bounds in Egs. (1.18) and (1.19) can be significantly reduced
especially in the region where the module |z(x)| is sufficiently large (see Theorem 3).

THEOREM 2 (Stationary phase approximation).  Suppose |z(x)| # 0 and the
amplitude function ¢ € C([0,T],Cs*(R™ \ {0}) N L}, .(R™)). Then for a sufficiently
large Ao, we have a stationary phase approximation @{\,0 [¢] to PDO

(120)  Ov[gl(x, k,t) = 0 [p](x, k,t) + O(A,"?),
(121) O [al(z ko t) = A0 (@, K, t) + ATV (o] (2, K, t) + A7) (2, K, 1),

A ] (@, ke, t) = / =@ (K ) A o] (@, K, 1)K,
B(zten

Ao )
n—1

oo ir|z(x 27 2 n—
Ai/\O[W](m»kvt) = /AU etirlz@) <inrz(a:)|> r 11/1(7’Ui,t)Ami (o) (x, k, t)dr,
T=(@)]

in the sense that there exists a positive constant C', which depends on v and its first
derivate but is independent on g, such that

(1.22) lOvIel(t) — 8 [l < CAG ™[l ()l 2 ;-

Here the norm is [[@(t)[| Lz <y = [o(t)]l2 + [[Vep(t)ll2 and B(r) is a closed ball with
radius r centered at the origin, oy (short for oy(x)) represent two critical points on
the (n — 1)-dimensional unit spherical surface with normal vectors pointing in (or

opposite to) the direction of z(x) = (21,22, ..., 2n), which can be parameterized by
o+ = (cos 95, sin ¥ cos 95, ..., sindF - -sin¥E , cos¥E | sindF - -sindE ),
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with

¥F = arccot(£z;/ 2+ +22)el0n], i=12,...,n-2,

7

9E | = 2arccot(d(zn_1 + /22, + 22)/2,) € [0,27),

and Ay is the central difference operator

(1.23)

/ !/

(1.24) Awlel(a, kot) = oo,k — o) — ol + 1),

Intuitively speaking, the parameter \y serves as a filter to decompose PDO into a
low-frequency component A<* and a high-frequency one, the leading terms of which
are Aiko, and use the resulting nonlocal operator @i‘/‘) to directly formulate WBRW-
SPA, instead of ©y as adopted in WBRW-HJD. Specifically, we still use HJD to deal
with A<*0 and tackle Ai)“) + AZ* by another two branches of particles, yielding
two stochastic processes: the “wp” implementation Y}" and the “sp” implementation
Y}, associated with the probability measures [17; and [13,, respectively. In order to
estimate the effect of low-frequency parts, we further need the following assumptions.

(A3): ¢ € C([0,T], L2(R™) x H*(R™)) and is localized in (x, k)-space for any ¢ €
[0, T] with the minimal compact support denoted by X x K C R™ x R™;

(A4): For the positive constant € in Eq. (1.16) there exist positive constants A\g > 1
and o, < 1 such that

(1.25) = o?%XT?ea%/n Vi (@, k1) L{jak) <2 /|2(2) )} K-

The assumption (A4) indicates that the normalizing bound for Vmi, can be dimin-
ished when k is restricted in a smaller domain, which holds if mingex |2(x)| is large
enough. For instance, V() = |[x—x4| 7}, it requires the displacement minge v | —x 4|
is sufficiently large. Accordingly, we are able to show that the first moment of WBRW-
SPA turns out to be an asymptotic approximation to the solution of Eq. (1.1). We
also study its deviation from the dual Wigner function ¢ by estimating the second
moment (also termed “variance” hereafter) and find that, in contrast to Eqgs. (1.18)
and (1.19), the exponential growth rate in the upper bound is suppressed, so that a
moderate increase of variance can be achieved.

THEOREM 3 (WBRW-SPA). Suppose (A2)-(A4) are satisfied and let v, = &2,
Then for a sufficient large g, there exist a weighted-particle branching random walk
model Y} and a signed-particle one Y; on the probability spaces (Q,Bg,ﬂg) and
(2, Bq, NY), respectively, such that

(1.26) BYY =T5YS = o(z, k,t) + O\, "),

and their variances satisfy

w W 47 max ,a*gz —
(1.27) [N&(Y; —w(t))2||15(1+702(T—t))®2 ST o 12 = [le®)]12,

(128) (7 = ()1 5 (1+ 20Ky + Z)(7 = )28 or |~ o(0) 3

The rest is organized as follows. Section 2 briefly reviews the basic of the Wigner
equation. Section 3 derives the L2?-boundedness and the stationary phase approxi-
mation to PDO. WBRW-HJD and WBRW-SPA are analyzed in Sections 4 and 5,
respectively. In Section 6, a typical numerical experiment is performed to verify our
theoretical analysis. This paper is concluded in Section 7.
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2. The Wigner equation. The Wigner equation, introduced by Wigner in
his pioneering work,! provides a fundamental phase space description of quantum
mechanics, and quantum behavior is completely characterized by the nonlocal pseudo-
differential operator Oy [f] defined in Eq. (1.3). Mathematically speaking, it is a
partial integro-differential equation defined in phase space (x,k) € R” x R"

0 k ik v k,t)=06 k 0<t<T
(2.1) Ef(wv 7t)+%' a:f(wa 7t)_ V[ﬁ(wv 7t)7 <t< )
f(:B7 k, 0) = f0($7 k),

with an initial value fo € L?*(R™ x R™). The weak formulation of the Wigner
equation is of great importance since any quantum observable (A)(t) can be ex-
pressed by its Weyl symbol Ay (z,k) averaged by the Wigner function,® namely,

(A)(t) = (Aw, f(t)) with

(22) Uare) = [ fak0ple ki)ded

R™ xR™
Thus it motivates to study the dual system? and derive the adjoint equation of
Eq. (2.1) under a non-degenerate inner product:

T
23) (o= [ o= [ (@ k. t)p(, k. )dadh,

0 R xR"x[0,T]
where T is a fixed time instant and ¢ € C([0, T], L?>(R"™ x R™)) is a test function with
a compact support in R” x R™. Using the anti-symmetry (1.8) of the Wigner kernel,
we have

(2.4) ©v[fl.e) =—=({f.0v[e])
and integration by parts directly leads to
0 hk 0 hk
(2 ot Ol e = (b + (20 - Taf o)y — (OVIf] o)
= (fr,pr) — (fo, po) — (£, %f + % Vap —Ov(p)r,

where fr and ¢p are short for f(x,k,T) and p(x,k,T), respectively. Therefore
the adjoint correspondence, i.e., the backward Wigner equation (1.1), is immediately
derived by setting

(2.5) (o1, fr) = (¢0, fo)-

Formally, Eq. (2.5) allows us to evaluate the quantum mechanical observable (o7, fr)
only by the “initial” data.’

The backward Wigner equation (1.1) can be cast into a renewal-type equation by
adding a term —~q - p(x, k,t) on both sides,

0 hk
(2'6) a@(-’ﬂ» k, t) + m ’ vw(p(wv k, t) —7o0- (p(iE, k, t) = 9‘/[90](53’ k, t) — Y- ‘P(mv k, t)v

with 79 being a prescribed constant (see Eq. (1.16)), and the mild solution reads

T
SD($; k, t) = e(Tit)A<pT($a k) - / e(tlit)A(@V[so](m? ka tl) — 7" Sﬁ(ﬂ% ka tl))dtla
t
6



by the variation-of-constant formula.?? Here @*** is short for the semigroup generated

by A = hk/m - V4 — v, and its action on a given function can be now readily
performed. For instance, we have

(2.7) e Ag(x b, t)) = e 0 gt — 1),k 1), ¢ >t

where x(At) = x + hkAt/m gives the forward-in-time trajectory of (x,k) with a
positive time increment At. That is, the backward renewal-type equation Eq. (1.11)
is thus verified.

3. L’-boundedness and stationary phase approximation. Before proceed-
ing to the probabilistic aspect, we first need to establish the L2-boundedness of Oy
under the assumptions (A1) and (A2). For ¢ € C([0,T], L*(R"™)), Eq. (1.10) is read-
ily verified by Young’s convolution inequality, whereas the L?-boundedness for weakly
singular kernels is obtained by the Hardy-Littlewood-Sobolev theorem.?® After that,
we present the stationary phase approximation and detail its remainder estimate.

Suppose (A1) and the second condition of (A2) hold, then LP(R?*") C L?(R?")
for 1 < p < 2 due to the Holder’s inequality:

(3.1) le@llp = o) - La - Ticllp < 1Lx - Licll 22 [le(@)]2 < o0

as X x K has a finite measure. Next we introduce a smooth cut-off function x. g(r) €
C>([0,400)):

)1 re [e,2R],
(32) Xer(r) = {0, r€[0,6/2) U (3R, +00),

and let 1. = 1 - xc r(|K]), Yoo = ¥ - (1 — xc,rR(|K])) - 1{jk|>2r)- Here ¢ is introduced
to remove the singularity at k = 0 and R is chosen sufficient large to ensure ¥U(|k|) <
Ch.alk|"T, as stated in assumption (A2). Then it is readily verified that the
truncated operator ©%, ] has the following estimate

(3.3)
105 [Pl 2 < 2mHH| | e®EFI =@ (4 4y )2k — k), (@, K 1)K | 2

Rn
<2 [ g2k — K, 1) (e E@p(a, k1)) AR
Rﬂ,
+ 2| o Yoo (2(k — k'), ) (@ P (2, k' 1))dK/| 2.
The first term is bounded from L?(R2") to itself as ¥ is locally integrable, say,

3.4) | A Ve (2(k — k), ) (@ =@ (@, K 1) dk |z <1V xerlley o)z,

and the bound is independent of e. The second term is also bounded from L?(R?")
to LP(R?*"), with 1/p = 1/2 + a/n, owing to the Hardy-Littlewood-Sobelev theorem,

|| too2(k— k), ) (e 2K =@ (2, K/ 1)K/ 2

35) UK
B9 1 Xenaa IR~ K1) - [o(@, K1)
- H R 2n—(y‘k _ k/|n—a

dk'l| 2 < Cplle@®lly < Colle(®)l Lz
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Now let ¢ — 0 in Eq. (3.3). By combining Eq. (3.1), we obtain that there exists a
uniform Ky, such that

(3.6) 1Ov[e]()ll2 < Kv o)l

A remarkable feature of the oscillatory integral operator is the decay property
as the integrand becomes more and more oscillating. As stated by Hoérmander’s
theorem,?!>2* when 1) is sufficiently smooth and compactly supported, it has a sharp
estimate for a sufficiently large |z(x)|

(3.7) 1©v{el(@, k. )z < Clz(@)| 7 lle(t)] 2

The physical meaning of Eq. (3.7) is also clear. When we consider the two-body
interacting potential like V(z) = V(| — x4]), z(x) = & — T4 turns out to be the
spatial displacement between two bodies, so that the estimate (3.7) characterizes the
decay rate of quantum interaction as the distance |z(x)| increases. A similar result
like Eq. (3.7) can also be found in our framework, and the decay property will be
fully utilized by the stationary phase method as presented in Theorem 2, which is
definitely ignored by HJD (1.13).

Proof of Theorem 2. 1t starts by splitting the wavevector k into its modulus and
orientation parts k' = ro with the modulus r = |k’| > 0 and the orientation o =
(01,09,...,0,) € S*1 where S*~! denotes the (n— 1)-dimensional spherical surface,
and focusing on the high-frequency component

“+o0
(38) Ovlel -4l = [ |

d/ do " F@ 1= y(ra, 1) A, o) (2, k, 1),
=@ et

where 0 = (01, -+ ,0,) represents the orientation of z(x), 2’ = z/|z| and do denotes
the induced Lebesgue measure on S !. After choosing the equatorial plane normal
to 2/, the unit sphere S®~! can be decomposed into an upper hemisphere Si_l and
a lower one S™™! satisfying +2’ € ST '. Accordingly, the inner surface integral of
the first kind over S*~! in Eq. (3.8) equals to the sum of those over S"/~! and S"~'.
Without loss of generality, it suffices to assume that 2z’ = (0,...,0,1), which be
realized by a rotation otherwise. Let us start from the graph

39) Si'={oceR"|o,=+¢(01,...,00-1),0: € [-1,1],i=1,...,n—1},

with

(3.10) (;5(01,...,0”,1):\/1—0%—~~—0371

and take the surface integral of the first kind over the upper hemisphere as an example.
Now the phase function of the integrand becomes

(3.11) S(x,r,01,...,0n-1) =7|z(x)|2" -0 =r|z(z)|d(01,...,00-1).

For such phase function, it can be easily verified that there is only one critical point
oy = (0,...,0,1) satisfying (V,5)(c+) = 0, and the determinant of its Hessian
matrix at o4 turns out to be

(3.12) det(Hess(S)(o4)) = 1§j7(11€egtn_1 (%(,ik(a_,_)) = (—r|z(z))" "t

8



In consequence, applying the stationary phase method?* leads directly to

/ @"‘S(zv’”"’)¢(7‘a, t)AT‘U [(P] (SC, ka t)dO’
syt

_ i5@mo) (27r1'1)n—1
det(Hess(S) (o))

n—1

. 2w
_ pirlz@)] [ 21
& (]17"|Z(w)|> ,(/J(ro-+?t)ATo'+[g0](w’k7t) +RO'+(w)k7r7t)7

) ’ PY(rog, t)Ave [@)(x, k. t) + Ry, (2, K, 7, 1)

the first term of which exactly recovers the integrand of A_?‘" in Eq. (1.21). That is,
the asymptotic of the oscillatory integral over the upper hemisphere is governed by
the contribution from the critical point o .

It remains to estimate the integral of remainders f;}ﬁz(m)‘ Ry, (x, k,r, t)yrnLdr.
Since ¢(k,t) € C([0,T],Cg°(R™)) with its support contained in a compact ball B(2R),
we can replace ¢ by 9 - xc g, with € < X\g/|z(x)|. Now we rewrite R, (x, k,7,t) as

(3.13) R, (x, k,rt)=as(®,mt)xer(r)Avor[p](x, k,t) + bi(x, k, v t) X R(T),

where

ay(xz,rt) = /
SHa.

bi(z ke, 7 t) = / & @710, 1) (Ar ] = Arers [¢])do

n—1
Si

n—1
; ! i 2m 2

ir|z(x)|z"-o Hdo — +ir|z(x)] ¢
e Y(ro,t)do — e (j:ﬁr|z(a:)|) Y(rog,t),

According to Theorem 7.7.14 in,?® it has an estimate for a4 that

n+1

(3.14) lax (@, 1) < C(r|z(z))| "2 <CAy 2 .
Thus for the first term in Eq. (3.13), it yields that

—+oo
| n—1

" ag (@, )X r (1) Aro [ (@, k. )dr| 72
No/l2()|

+o0 +oo
B15) < [t 0P dr [ A e k) dr
1> 1>

2C?R?"
n2

< o " lle®)]13

For the second term in Eq. (3.13), it suffices to consider a sufficiently smooth ¢,
so that the localization property of oscillatory integrals allows us to only estimate the
integral in the neighborhood U® of the stationary phase points o+ = (0, ...,0). Due
to the Morse lemma,?° there exists a diffeomorphism from U™ to a small neighborhood
of y+ = (0,...,0). Indeed, since ¢(0,...,0) =1 and V¢(0,...,0) =0, we have that
(3.16)

1 2
d
¢(013 ce 7Un—1) —1= /0 (1 — t)dit;b(t()'l, R ,tO’n_l)dt = Z O'iO'jhij(O'l, cee ,O'n_l)7
,J
where
1
(317) hij(o—la e ,O'n_l) = \/0 (1 — t)@fﬂ)(tol, e ,tJn_l)dt.
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It notes that H = (h;;) is a symmetric matrix and nonsingular at (0,...,0), and so is

in U™ by continuity, then there exists a nonsingular n x n matrix B(oy,...,0,_1) =
(bij(o1,...,0n—1)) such that H = B™ B. Therefore, we can introduce the y-coordinate
(318) Yy = (yla e 7yn—1)T - B(O'la o 7Un—1)(al7 e aU7L—1)T

so that the phase function turns out to be a quadratic form

(3.19) S, r,0) = S(@,r,y) = rlz(x)|(1 -y — - —yn_y).

By the implicit function theorem, the inverse conversion o; = k;(y1,...,Yn—1) €
C>°(R"1) also exists, which satisfies #;(0,...,0) = 0. Therefore, it further has that

1
dk;
(3.20) mzm(yl,---,ynfl)z/ i S (tyrs o typo)dt = Zym] Yis-- s Yn—1)
0

with a suitable C'° function «,; that satisfies x;;(0,...,0) = 37’“;}(0, ...,0).

Now we use Taylor’s expansion,

ro4+
2

n—1
8<p ¢ Op ro4 9
(321) ~ 2 Z ( aazak)( kim0 +00)

ap(:mk:j:%,) olx b+ 7F 1)

n—1ln—1
Op 7"0'+ 2
. ;;ryﬁ” yl,...,yn_1)<ak k)( E+— 1)+ 0(y"),
o 7 8¢
with ¢;(y1,. ., Yn—1) = S (01,---,0n-1), and
—iS(a,r n _n—1_ Il
(322) [ e Sy, | < Ol T
]Rn—l

for a sufficiently large r|z(x)| and 9 (ry,t) = (ro t) (here we adopt the convection

that y! = yb yil":f for Iy + -+ + 1 ),>* one can conclude that L?norm (in

l
1
k-variable) of the oscillatory integral by (x, k, 7, t) is majorized by

(3.23) |lbs (@, k.7, 0) 3 < COrl2(@)) 8 [ Vap(t)l g - xen(r) + O (r]2(@)) =)

Combining Egs. (3.15) and (3.23), we arrive at

+o0 n +oo
||/A Rg+(w,k,r,t)r”’1dr||Li <CX? H‘P(t)”Hé//\ e r(r)dr
(3.24) g =@

S Ao Zlle@llmy
which implies Eq. (1.22). O

4. Variance estimation of WBRW-HJD. From this section we initialize our
discussion on the probabilistic aspect. The probabilistic interpretation of Eq. (1.1)
borrows several ideas from the renewal theory, as the exponential distribution G(t' —¢)
characterizes the arrival time of the random jump and the Wigner kernel Vy; the tran-
sition of states. The main difficulty lies in the possible negative values of the Wigner

10



kernel Vyyr because it cannot be regarded as a transition kernel directly. Nonetheless,
when the HJD is adopted and the split Wigner kernels Vwi, can be normalized, the
existing BRW models are naturally introduced and the corresponding first moments
solve the Wigner equation (1.1). Furthermore, the probabilistic interpretation of the
inner product (2.5) is also readily established through a straightforward extension of
the probability space.

Under Assumption (A1), it suffices to replace the Wigner kernels by the truncated
ones ij[E/, R

(41) VV[i/'7R(m’kat) = VM:&(m7k7t)XO,R(|k|)

with B(2R) the minimal ball that satisfies K C B(2R). Now the truncated Wigner
kernels are integrable in R",

(4.2) E(x,t) :/ V‘;’R(&k,t)dk :/ V‘;,)R(w,ki)dk < 00,
R™ R

and the anti-symmetry relation (1.8) is applied in the second equality. Indeed, ijﬁ R
play a role of transition kernels for two branches since

£(z,t)
Yo

Vit r(x, K, 1) B Viv.r(®, K 1)
(z, ) (z, ) ’

(43) VW(makat)XO,qu') =70

where the auxiliary constant 7y, i.e., the intensity of the exponential distribution (see
Eq. (1.12)), is chosen such that

(4.4) Yo > tg%&g}] mjxf(a;t),
which has already been stated in Eq. (1.16). It deserves to mention that the normal-
izing function &(x,t) is monotonically non-decreasing as R increases.

Based on different interpretations of the multiplicative functional &(x,t)/vo, we
propose two kinds of stochastic branching walk models, termed the weighted-particle
model® and the signed-particle model,'” respectively. The former is to interpret
&(x,t)/vo as the weight function, while the latter is to treat it as the probability
to generate offsprings. The main result has been illustrated in Theorem 1 and re-
vealed the discrepancy in variances. In fact, choosing a larger o leads to a variance
reduction in the weighted-particle model, but does not influence that of the signed-
particle counterpart. It should be noted that the content until Definition 7 below has
been well delineated in® and we just brief it here for the sake of descriptive integrality.

In order to identify the objects in a family history, we need a sequence. Beginning
with an ancestor, denoted by (0), and we can denote its i-th children by (i). Similarly,
we can denote the j-th child of i-the child by (ij), and thus (i1is - - i,) means i,-th
child of 4,,—1-th child of - - - of the iy-child of the i1-th child, with 4,, € {1,2,3}. The
ancestor (0) is omitted here and hereafter for brevity.

The branching particle system considered involves four basic elements: the life-
length 7, the position x, the wavevector k and the particle weight w.

DEFINITION 4. A family history w stands for a random sequence

(4.5)  w = {(70,Qo,wo); (11, Q1,w1); (T2, Q2, w2); (73, @3, w3); (111, Qu1, w11); - },

where Q; stands for (x;, k;) and the tuple (15, Qi w;) = (74, @i, ki, w;) appears in a
definite order of enumeration. T;, x;, k;, w; denote the life-length, starting position,
11



wavevector and particle weight of the i-th particle, respectively. The exact order of
(14, Qi w;) is immaterial but is supposed to be fized. The collection of all family
histories is denoted by 2.

DEFINITION 5. For w = {(7'0, Qo, w()); (7'1, Ql; wl); (TQ, QQ, ’wg); (7’37 Q37 ’LU3); s },
the subfamily w; is the family history of (i) and its descendants, as defined by w; =
{(7i, Qi wi); (Tin, Qin, win); (Tig, Qizs wia), (Tiz, Qiz, wiz); -+ }. The collection of w; is
denoted by ;.

The particles are frozen when hitting the first exit time 7.

DEFINITION 6. Suppose the family history w starts at time t and define the stop-
ping time, termed the arrival time t; of a branching-and-jump event, recursively as

(4.6) to=1, tiy =1+ 70, Biyioein = tiyigin_y + Tigig-vin_1-
Then a particle (iyis---in) is said to be frozen at T if the following conditions hold
(47) Livig- iy < T and Civig iy T Tigigein = T.

In particular, when t + 179 > T, the ancestor particle (0) is frozen. The collection of
frozen particles starting at t is denoted by E(w).

Hereafter we assume that all particles in the branching particle system will move
until reaching the frozen states, and still use 2 to denote the collection of the family
history of all frozen particles. Next we will illustrate the probability laws IIf) and II;,
of a random cloud initially concentrated at Q@ = (x, k). In general, the position and
wavevector of the ancestor particle (0) are set to be Qo = Q.

Now consider the probability of event E (starting at time ¢ at state Q)

(48) E= {7'0 c 76, (Tilakil) S 7-1 X Kl, s 7(Ti1"'in7ki1“'in) c 7:1 X ]Cn}
for any Borel set 7; on [0, +00) and IC; on R™, then the probability laws are given by
(4.9)

Pi(E) = / a6 (o) / b, K (ke k) / ag(r;,) / by, K200 ()
To K1 Ta Ko

tigorig s®iq-eip
X oo X / dkiy--inKill...inl Lo (kir"in;kil“'in—l)/ dg(nl...in),
’Cn

n

’

where @;, ..., = @, ...i,,_, (T3, i, _, ) With the transition kernels Kf;wlm (k; k') given by
Viv.p(@', (1) (k — k'), ')
t .z’ . _ )
(4.10) Kzlwzn (K k/) = E(x!, )
Sk — K, im = 3.

The difference lies in the setting of particle weight w;;,...;,, .
(1) For the weighted particle model,

€(xi1"'i7n’til”'7:7n>
(4.11) Wiy = -
17 Zm — 3’

A (Riyin )y im=1,2

(2) For the signed particle model, for 4,, = 1 and 2,

i1 i bigood
17 With Pr _ £(w 1 m 1 ’VYL)
(4.12)  wjy = Yo

im

e (Kiyin),
0, otherwise,

and wj,...;,, = 1 for i, = 3.
12



The setting of initial particle weight wo depends on the situation. At this stage,
it suffices to take wy = 1. However, later we will show that the initial particle weights
may take values in {—1,1}, resulting from the importance sampling according to
the initial Wigner function f;. Now we illustrate the construction of the stochastic
processes X}" and X3.

DEFINITION 7. Suppose (x;,k;) is the starting state of a frozen particle i in a
given family history w, and let 04 ) be the Dirac measure concentrated at state (x, k).
Then the weighted-particle WBRW is given by

(4.13) X (w) = (er, Z Wi Oy (T—t:) ki) = Z W; - or(a (T — ), k;),
i€ (w) 1€& (w)

the cumulative weight w; € [—1,1] for i = (i1iz---i,) is defined by the product of the
particle weights w;, .

2
(414) uAjl = H (_1)im+1wi1wim7 wi1~~im| < 17

where w;,...;,, are given by (4.11).
Similarly, the signed-particle WBRW is given by

(4.15) Xjw) =(er, Y. 80—ty = P i er(@i(T —t) ki),
1€€ (w) 1€€ (w)

where cumulative weight §; € {—1,0,1} for i = (iyia---i,) is defined by
(4.16) si= [0 wiyi wiyei, € {~1,0,1},
m=1

where w;,...;, are given by (4.12).
According to Eq. (4.9), it’s easy to verify the Markov property of ITYY, which also
holds for IIg,.

XX, = X (I, X))
-/ (Xmu) | X, <dwh>> T3 ().
i1

DEFINITION 8. The first moments of X}’ and X7 are denoted by

(4.17)

(4.18) oW (m, k. t) = TIEXY, ¢ (x, k,t) = II5)XG,
and the second moments are
(4.19) o (x, ke t) =TH(XY)?, 0P (z, k,t) = TI5(X5)%,

In addition, the variances are defined as

(4.20) A (z, ke t) = I (XY — ol (x, K, 1))2,
(4.21) ApD (z, ke, t) = II5 (X5 — oM (2, K, 1))2.

Before proceeding to the proof of Theorem 1, we require the following two lemmas.
13



LEMMA 9 (Backward Gronwall’s inequality). Suppose 8 > 0 and w satisfies the
integral inequality

CAN :
(4.22) u(t) < alt)+ (1 + %)/t dg(t" — t)u(t’),
then

T ’
(4.23) w(®) < a(t) + (0 + B) / P D (t')a
Proof. Let
(4.24) a(t) = e hu(t), at) =e a(t),
it yields
T

(4.25) a(t) < a(t)+ (vo+B) /1t a(t')dt'.

By the Gronwall’s inequality, we have

T
(4.26) a(t) < at) + (0 + B) / e =D+ =D 5\t

t

Substituting Eq. (4.24) into Eq. (4.26) yields Eq. (4.23). d

LEMMA 10 (Prior L2-estimate). Suppose o1 € L?*(R™ x R™) and the pseudo-
differential operator ©y is bounded from L*(R™ x R™) to itself, say, ||Ov[e](t)|2 <
Ky |lp()|l2, then for a given T < oo,

(4.27) le®ll2 < ™ T lpr|z, ¢ e[0,T].

Proof. The operator semigroup T'(t) = @A) is an isometry from L2 (R™) to
itself. Thus by the triangular inequality and the extended Minkowski’s inequality, it
has that

T /
lo(®)ll2 < e T prlls + | / ag(t' - t){—@V[;‘j(” o)}
T ’
(4.28) < e 0Tl pr ], + / ag(t — t){] - Wf“” T ot}

K T
<e T lprllz + (1 + TOV)/ dG(t" =) lle(')ll2-
t

Thus by the Lemma 9, we arrive at

T
(429) ”?D(t)HHQ < (B—'yO(T—t) + (’VO +KV)/ (BKV(t/_t)—'yO(T—t/)dt/ _ (BKV(T—t). ]
PTil2 t

Proof of the first part of Theorem 1. We first consider the weighted-particle part.
To estimate Aqﬁg)(m, k,t), it starts from the fact that

(4.30) I35 (X3)? = I (g, (X7)?) + T35 (1 (X))
14



where the events are E; = {rg: t + 70 > T} NQ and Ef = {7 : t + 70 < T} N Q. The
second term is expanded as

g (Leg (X Z / . ( / (X3 ) (wi) I3, (dwi)> 115 (dw)

+Z/c ( Z+szw]/ Xt""TO Wy HQ dwa / Xt+T0 (U])ng (dw])> Hg(dw)
i#j t

Thus the second moment II7) (X3)? satisfies the following renewal-type equation.

(4.31)

T—t
I (X))? =e™ T % (2 (T—t),k)+/0 dG(70) Bu [ (x(r0), k. t + 70)
+/0 B dg(To)C(IlI(To),k7t+T0),

where the operator By, (the diagonal component) is given by

2
0 Y0

Bw[(bg)](m’kat) = ®$[¢5\/2)]("B’kat)+¢§)(kaat)a

and the correlated term C(x, k,t) reads
2 2
0

By the triangular inequality and Young’s inequality, it’s readily to verify that By,
is bounded operator from L!(R") x L§(R™) to itself,

v

IBw (621011 < 2H@[ D@6l + 2H@+[ 1Ol + 168 ()1
(4.32)

IN

(1+73)H¢53)(t)||1~

Also, by Cauchy-Schwarz inequality, it yields

IC@)] < 3||®v[<ﬂ](t)llz @)z + jgl@(/[w](t)llz 167 [el(®)ll2

(4.33) oK 252
%
< —lle®Iz + = lle@®)3.
Yo Yo

Next we turn to analyze the L'-boundness of A(ﬁg ) (z,k,t), which satisfies the
following renewal-type equation according to Eq. (4.31),

NG (@, 1) = TG (T~ 1), k) — (w.k.)

T—t
(434) s [ a4 1)+ Cla(r) et 4 1)

T—t
+ / AG(7)By[AdP | (x(7), k,t + 7).
0

15



By integrating Eq. (4.34) in R™ x R™ and using the triangular inequality, the
extended Minkowski’s inequality and Eq. (4.32), it has

T
126P ()11 < e T or]l3 — H@(t)||§+/ dg(#" = )C ()]
t

T
+/ dG (" — t)(IIBw[@®) ()l + | Bw[261(#)1)
(4.35) k .
< e T Dlpr|l; - H@(t)IISJr/t dg(" =t IC(t)

LA+ 2;‘ ) / g (t = 1)([|A62) ()11 + [l (t')]]2).

In addition, according to Egs. (4.32) and (4.33) and Lemma 10, it yields

T £2 T

2K 2 / /

/ dg(t/ _ t)”C(t/)Hl < v + 5 / (BQKV(T—t )(B—’YO(t _t)dt/ . ||§0T||%
¢ o t

(4.36) F2\ ( 2Ky (T—t) —y0(T—t)
= (2KV'70 + 25 )((B v —e " )” H2
(2Kv +70)70 ol
Let
A (t 1132 2K 2¢2
) u(ty — 120D+l 2o +2€
lerll3 7 (2Kv +70)70’
then Eq. (4.35) is cast into
£2
(4.38)  u(t) < ape®HVITD 4 (1 — ag)e™ T 4 (1 4 i)/ dG(t' — t)u(t').
’Yo t
By using Lemma 9, it yields
(4.39) u(t) < SRATR IR S O
Ky — &2 Ky — €2
Here we use the following relations
o T o
(y0 + 252)/ e2Kv (Tt )ezfo (t'=1) ¢/ — 12 +2¢2 _(2Kv(T—t) _ (B?jo (T— t))7
Y0 " Je 2Ky — 262

) T g
(y0 + &)/ @0 (T— t’ e (t *t)d / e%(T*t) _ e (T-1)
Yo Jt

Consequently, the L'-boundedness of ||A¢gv2)(t)||1 for t € [0,T] is obtained.

Kyyo + &2 . 262
186 0] < | RSt T0 - K BT ) o} — (0,
Ky —¢§ Ky — €

Finally, when Ky > 52, it has

) y
||A¢$V)(t)||1 < 2Kv(T—t) _ o ()1I5 n 26? e2Kv(T=) (1

72<KVf%><Tft>)
ezl — lerld Ky — €2

— e

< 2Kv(T—t) _ le®)3 + 463(T - t) 2KV (T—1),

lerl3 0
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2Ky (T*t) .

so that the variance is governed by the leading term e In contrast, when

Ky < €2,
2 . .
1AWl _ 220 _ Ie@B €2+Kv% B0 () o2 G- KT
lerl3 = lerl3 & Ky
o _le®I3 <§2 + Kvi0)(T =) 22 0oy
B lorl? %

so that the variance is governed by the leading term e 5o 5 (-0 instead. In this way,

we have completed the proof for the weighted-particle model. ]
The proof for the signed-particle situation is quite similar and we only need to
outline the differences.
Proof of the second part of Theorem 1. The first step is to derive the renewal-
type equation for the second moment. Since

113 L (X Z . (1 61018 () )

+Z/ ( 1+Jw wj/ﬂ Xf—&-m(wi)HSQi(dwi)/Q Xf+T0(wj)Hst(dwj)> Hz?(dW)

i#] : I
it’s readily obtained that

T—t
I (X5)? =e~ T 7 (a(T — 1), k) + / dG (7o) Bs[¢P] (2(70), k. t + 70)
(4.40) 0

T—t
+ [ dgmC(a(n) kb4 m),
0
Accordingly, the operator B, is given by
(4.41)  BoP)(z, k,t) = - Lo, 6P (x, k B+ @+[¢<2]( K t) + 0P (K, t),

which is also a bounded operator from L!(R™ x ]R”) to itself,

of
(4.42) IBs[P)(®)]1h < (1+ %)H(/ﬁf)(t)llr
Second, the renewal-type equation for the variance AngQ)(w, k,t)
A (@, k, 1) = e T i (a(T — 1), k) — ¢ (2, k, 1)

T—t
(4.43) + /O dG(7)(Bs[@®|(x(7), k.t + 7) + C(x(7), k, t + 7))

T—t
[ GBI e (r) Rt + 7).
0

then by the extended Minkowski’s inequality and Eq. (4.41), it yields.

T
1A )1 < e T Dler|l - lle(0)]3 +/ dg(t" = )ICE)
(4.44) t

4 T
Ly % / 4G (1" — ) (|1 A6P ()1 + o ()2).
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By the Lemma 9 and Egs. (4.33) and (4.42), we obtain

(2) 3 2 . 2
1262 W1, Ne®I3 o €00 +€ gy €+ EKvro axvern

|2 lerlls ~ &v0 — Kvo Ev0 — Kvyo
. £2 . .
< 2Tt | &+ Kvo o2(T—0)(] _ =26~ Kv)(T-1)
v — Kvyo

. )

< (14 2(Ky + )T — 1)o7,
Yo

which completes the proof. 0

We are interested in the asymptotic behavior of the variances when ~y — co. For
the weighted-particle model, we have

(4.45) I3 (X — ()% S e T lor|3 — le®]3,

so that the variance is uniformly bounded as 7 increases. Whereas for the signed-
particle counterpart,

(4.46) I8 (X3 = @()?[h S (1 + 2Ky (T = )e* T lor|l3 — )13

The leading term is @*(T—%) | regardless of the choice of 7.

REMARK 1. It notes that Eq. (1.16) holds directly when Vij;(z, k,t) is integrable
with respect to k for any x € R™ and t € [0,T], owing to Young’s inequality. In this
situation, we only require ¢ € C([0,T], L*(R™) x L?*(R™)).

So far we have given the probabilistic interpretation of the mild solution of
the backward Wigner equation by introducing the stochastic process (X}, Hg) and
(X3, 1I5) on Bg for a given initial state (x, k). The probabilistic interpretation of the
weak solution of the Wigner equation (2.1) can be constructed by an extension of the
probability spaces (€2, B, I1§) and (2, Bq, I17)),

(447) Q=R"xR"xQ, Bo=R"@R"®Bq, II" =X}, II*=X I
where R” @ R™ ® Bg is the product Borel extension of Q) and the probability measure
Ao is given by

(4.48) dXo = fr(m, k)dzdk, f1=fol/lfoll1,

and

(4.49) XY =\ @ I (X)) = /
R™ xR"™

fitek) ([ X ) dedk.

(4.50) X} =\ ® [T (X]) = /
]Rn XR’!‘L

fr(z, k) (/ Xf(w)HsQ(dw)) dadk.
Q

Thus the inner product (¢, fr) = (vo, fo) can be represented by

(4.51) (or, fr) =11"(s - X§') = IP(s - X7),

where s is short for the particle sign function

(4.52) s(x, k) = folx, k) fi(x, k).

According to Theorem 1, it’s readily to obtain the variance estimation for the
inner product problem.
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DEFINITION 11. The variances of IT¥ (s - X) and II3(s - X) are defined by that

(4.53) Var (ITY (s - X})) = Ao @ I (s - X — Ao @ I (s - X}'))?
and

(4.54) Var (IF(s - X3)) = Ao @ I (s - X5 — Ao @ Iy (s - X3))?,
respectively.

Now we prove the bounds of the variance for both the weighted-particle model
and the signed-particle model.

THEOREM 12 (Variance estimation for the inner product problem).  Suppose
[frlloe < 00 and there exists a positive constant My > 0 such that s < M holds
almost surely in R?®™, then for the weighted-particle model,

9

2
(4.55) Var (IT%(s - X}')) < 2M§||f1||oo(1+(Kv+%0)(T*t)) 2max(Kv §5)(T=0)1 12

and for the signed-particle model, it has that

52

(4.56) Var(Hs(8~X¥V))<2M2Hf1||oo(1+(Kv+ 2T — £))e® T or 3.

Proof. 1t starts by a direct calculation

Var (IT (s - X})) = Ao @ I (s - (XI')?) — (Ao @ ITF (s - X}))2.
The first term reads

Ao ® Hg(s2 . (X‘t’")Q) = - ‘;(; z : (/Q Hw(dw) 2(m,k,t)> dzdk
( €, ) 2
+ o Fr(, )cp (z,k,t)dxdk,

and the second term is

Mo ® IT(s - XY') :/ folm, k)o@, k, t)dadk.
R" xR

Due to Holder’s inequality, it has that

fo(z K -
/R . f(;((m k;wQ(%k,t)dwdkSMfllleloollso(t)llgSM?IfIoo(®2KV(T Nerl3),
e f1(T,

so that

Var (IT(s - X)) < M2 f1lloo (1263 ()1 + @5 T [lor13).

Thus according to Theorem 12, it yields Eq. (4.55).

The proof of Eq. (4.56) is similar and omitted for brevity. |

Theorem 12 points out the “numerical sign problem” in the stochastic Wigner
simulation,®% 719 namely, the negative weights induced by Vi = V;f — V;; results
in the exponential growth of the statistical errors, as well as the simulation cost along
with the growth of particle number. However, the weighted-particle implementation
allows the reduction of variance by increasing the parameter vg, thereby ameliorating
the “sign problem”. By contrast, the signed-particle implementation, although with
lower computational costs, actually sacrifices the accuracy to some extent.
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5. The WBRW-SPA model. Until now we have analyzed a class of branching
random walk models based on HJD (1.13). The potential weakness of HJD lies in the
fact that the near-cancelation of positive and negative parts of the oscillatory integral
is totally neglected, leading to a rapid growth of variance in the related stochastic
models. In this section, we try to formulate a new class of branching random walk
models based on @{\,0, instead of Oy . Intuitively speaking, we would like to capture
the major contribution from the leading term of the asymptotic expansion and throw
away the high-order terms that may contribute less to the oscillatory integrals. The
main result of this section is presented in Theorem 3. It is presented that the resulting
stochastic processes gain a substantial reduction in variance, at the cost of introducing
some biases.

According to Egs. (1.23), it is readily to verify that oy (x) = —o_(x). Therefore,
as Y(k,t) = p*(—k,t), it has that ¢ (roy,t) = ¥*(ro_,t) and then the imaginary
part of the stationary phase approximation vanishes, say,

AT [Pl (@, k, 1) + AZ (0] (2, K, 1)

+oo
= 2/ Im
(5.1) Mo/ |2 ()]

+oo
N 2/ I [¢(r, @, )] - 7" 0 (r)xo,r(r) - Aro, [¢](w, K, t)dr,
Ao/|z(2)]|

n—1

. 2 R
enr|z(w)| (117“|z7(rac)|> rnlw(r0_+’t)‘| Ara+ [Sﬁ](kaat)dr

where Im[z] denotes the imaginary part of z and ((r, x,t) is given by that

2 > Y(roy,t)

(5.2) (., 1) = 1) (ﬁrz(:c) ¥(r)

Under the assumption (A3), we have that

“+o00
(5.3) i = / I (1) o, () dr < 00,
0

The corresponding probability laws %) and [1¢, are characterized in a similar pat-

tern as in Eq. (4.9), with an alternative setting of the transition density K (k; k')

and the particle weight wj,...;,,. The definition of Kf;“’;m(k, k') is given by that
(5.4)
Vivr(@', (1) (k — k'), ')

m = 1727
(@, 1) ’ '
K™ (kiK) =4 1w
“mlm( ) r (:;])X()’R(T) . 5(0' — CT+($/)) k*k/+(71)im’ ) Im = 3,45
= —g—ro
Sk —K'), i = 5,
in the sense that for i,, = 3 or 4,
’Cz TR

Pr(kil“'im - kil'”i'mfl € T) = / dkil'”im Ktil.‘.sn,mir“im (kil"'im; kil"'i'mfl)

K:’inz

n—1

Ty ‘I’(Ti mz‘m)Xo,R(Ti zm)

= L Lt ! f] ! . (5(0'7;1...2'7" — U+(wil...im))dril...imdail...im,

where Ej;  is the conversion of K;, under the spherical coordinate.
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For brevity, we adopt the following notations: r;,..;,, = 2 |ki1~~im -k
Cl'lﬁ.im = C(ril'“im,7mil“‘im’til"‘i'm,) and Zig i — z(wil...im). Let Oy ety be

i1 —1 |

§(®iy iy s iy i)

o . ]]'{Tilmimﬁ \zi2./\,2_- e im=1,2,
(55) T4ty — 217 Lo
% . }Im [Clllm] | - ]l{r’il"'im> \zilf\?iwﬂ}’ Zm - 3’4.
Then the particle weight w;,...;,, reads that
(1) For the weighted particle model,
Oy eevign * ]]-lc(ki1~~im)v Z’m = 1327
(56) Wiy iy, = \ Tigeeiy, ~ S8 (ImKth]) ' ]]-/C(kir"im)? i = 3,4,
1, Iy =
(2) For the signed particle model,
(5.7)
1, with Pr = Tiq ety * ]lK:(k:i]wim)a ’Lm = 1,2,
Wiy i, = < sgn (Im[G,.0,]), with Pr=oy,..i, - Ic(Kiy i), im = 3,4,
0, otherwise,

and wj,...;,, =1 for 4,, = 5.
Here sgn(x) =1 for > 0, sgn(z) = —1 for z < 0 and sgn(z) = 0 for x = 0.
DEFINITION 13. Suppose (x;, k;) is the starting state of a frozen particle i in a
given family history w, and let §(4 k) be the Dirac measure concentrated at state (x, k).
Then the weighted-particle WBRW-SPA is given by that

(58) YW =(pr, Y. Wi btk = D, Wier(@i(T —t) ki),
€& (w) i€E (w)

the cumulative weight w; € [—1,1] for i = (i1iz---i,) is defined by the product of the
particle weights w;, ...,

(5.9) W; = H(_l)imﬂwilmiw Wi | <1,

m=1

where w;,...;, are defined in Eq. (5.6).
Similarly, the signed-particle WBRW-SPA is given by that

(5.10)  Yi(w)={er, Y 8 Omir—tyk) = D Fi-er(@i(T—t) k),
€€ (w) €€ (w)

where cumulative weight §; € {—1,0,1} for i = (iyig---i,) is defined by the product
of the particle weight w;,...;,,,

(5.11) §; = H (—1)im+1wi1...im, Wiy iy, = {—1,0, 1},

where w;,...;,, are defined in Fq. (5.7).

m
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DEFINITION 14. The first moments of Y} and Y; are denoted by

(5.12) oW (z, k,t) =NYYY, &M (x, k,t) =N5Y3,
and the second moments are

(5.13) P (z, k,t) = MH(YY)?, @ (x, k,t) = N5(Y;)?,
In addition, the variances are defined as

(5.14) A (z,k,t) = MY — 2P (=, k,1))?,
(5.15) AR (z, k,t) = G (Y; — @Y (z, k, 1))

Now we sketch the proof of Theorem 3. The first step is to prove that both
<I>$V1) (z,k,t) and <I>£1) (z, k,t) are solutions of the modified backward Wigner equation,

9 hk
(5.16) P (@ K t) + - Voo, (@, K, 1) = 01 [oxo) (m, k1), t<T,

PXo (:B, k, T) = @T(m7 k)

The second step is to estimate the variances of the resulting stochastic models. Finally,
by comparing ¢ and ¢,,, we arrive at the final result.

THEOREM 15 (The first moments of WBRW-SPA). Suppose the assumptions
(A3) are satisfied. Then for a fized \o, there ezists @y, € C([0,T], L*(R™) x LZ(R"))
such that

(5.17) W (x, k,t) = 0P (x, k, t) = oy, (x, k, 1),

and @y, satisfies the following estimate:

(5.18) lo(t) = @xo (B)ll2 < CAG™? max o(t)]] 2 sz -
t€[0,T]

Proof. Consider the events E; = {10 :t+ 79 > T} and Ef = {r: t + 79 < T}.

(5.19) N3 (L, (w) = e T Yo (@(T — 1), k),
Suppose the event E¢ occurs, then for the family history w = (Qo; w1, - ,ws), it has
that
4 .
(5.20) Yy (@) =) (1)1 Yy (wi) + Y (ws).
i=1

Now we calculate HYQVYX’ for the first family w;. Owing to the fact that r; are inde-
pendent, for the Hahn-Jordan decomposition A< = Ai)“’ — A= it has that

—t A<Xo[gD)
(5.21) /OT AS [y | ( (), Ryt + 1)

- 49(r) = [ (16 VP (e )

i
since

x(r),t+7 w w s
M (/ ]1{7"1<)\0/|2z1|} 'Yt (Wl)nQ1 (dwl)) nQ(dw) =
E¢ Yo (951

o . §@(r), t +7) Vi (2(7), k1, +7) gy ooy g .
/0 ag( )/B(lm)dkl - et () k k).

2z |
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where z; is short for z(x;) = z(x(7)). For the third family ws, it yields that

—t A>No[pL)
(5.22) /OT A [<I>w](:;:(fr),k,t+7)

4G(r) = [ (-1 VP (n) T ()

t

since

[0 vy eng(a)

t

2"7 W w w
:/E — (/Q Im[os] - Lirgsng/jzsl) - Yo (w3)”Q3(dw3)> ng(dw)
3

¢ 0

T—t fo%e) o nT—l
- [ aww [ 4 [|< 2n ) blrsos(@(r)),t +7)
0 A

of/lzsl 0 ir3| 23| U(rs)

W BL{G) PO AE P LARCIG) R
7 2

The other terms are tackled in a similar pattern. Summing over five terms recovers
—@?}0 [©] + 70 - . The proof for the signed-particle model is similar and thus omitted
for brevity.

For the second part, let e(x, k,t) = v, (z, k, t)—p(x, k,t). According to Eqgs.(1.1)
and (5.16), it is observed that e(x, k, t) satisfies the following equation

hk

(5.23) %e(x, ki) + - Vae(@, k,t) = OV [e](x, k,t) + (Ov — O1°)[¢](x, k, t).

with e(x, k,T) = 0. It’s easy to verify by Eq. (4.28) that
le(®)]l2 < / ag(t’ — Dl|evigl) — O [l o + (1 + K—) / ag(t’ — Hlle(t')2

< (e 00) a3 o0l g + 0+ 50 [ ag el

Ao ? (0 + Ky )eKv (-0
< i max, ol 2 x

The second inequality uses the remainder estimate (1.22) in Theorem 2 and the third
equality is derived by Lemma 9. 0

The next step is to estimate the upper bounds for the variances, as illustrated by
the following theorem. When the assumption (A4) holds, by Young’s inequality, the
HJD of the operator A<*0, denoted by A$*°, is bounded from LP(R") x LH(R™) to
itself,

(5.24) AR Ol < aélle®llp =12

THEOREM 16 (Variances of WBRW-SPA). Suppose the assumptions (A2)-(A4)
are satisfied for a sufficiently large Ao and o = a.£2. Then we have that

WNW 472 max(Ky, WT—
(5.25) [IME(YY —r, ()l < (14 w B g))e? i Nerl3—ller 013

and

(5.26) MG (Y7 — o, (0)?1 S (L +2(Ky + O)(T—t))e%‘*é(T’t)HsOTH%—IIwo(t)llﬁ-
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Proof. According to Egs. (5.6) and (5.20), the renewal-type equation for the sec-
ond moment of Y}" reads that

(5.27) NHYY)? =Ny (T, (Y1)?) + NG (Le (Y1)?)
where the second term on the right hand side reads
M (1gs (Y Z/C (/ 2 (Y2 (w0)?0, (dwi)> MY (duw)

Y / ( D [ w2, e e | ijmTO(wj)nzj(dwj)) ().

1] 2 I

Now we define an operator B)° and verify its L!-boundedness,
(528  BYO@](a(r) kst +70) Z / V)2, ().

Since [Im[C(rs, z(7),t +7)]|2 < (2m/Xo)" ", it has that

(5.29)
II/. </Q w§~(Y;V+TO(w3))2ng3(dW3)> M (dw)| 11
+oo
4” 27r " 1“/ U(rs)xo.r(rs) - ®F (@(7), k — Tgmr(gﬂvwrﬂdmhi
417 2T 1 2)
< | D Jkyit+ 1)
v ()\ )R (2 (7) My

Combining Egs. (5.24) and (5.29), we obtain that

204*5 2T 1 9
.8 ( 2P O)]1-
=+ DI

(5.30) 1B [@P](0)]h < (1 +
Thus for a sufficiently large Ay (such as 772(%)"_1 < £2), it further yields that

SR (1)l + O "),

(5.31) BB < (1+ Q‘i‘;f

For the non-diagonal terms, we define correlated terms CZ-)‘]-“ (z,k,t) as
(5.32)

O (2 (ro), eyt + 70) = (1) /Q WYY ()N, (dwr) /Q WYY (@), (dwy),

in which each term can be calculated in the similar way as in Eqgs. (5.21) and (5.22).
In fact, by using Young’s inequality and Cauchy-Schwarz inequality, C*(x, k,t) =
24



Do C’)‘0 (z,k,t) can be estimated by

(5.33)
(o ey <JAF Lol @l IA [oxo]Dll2 | AL [osol ()l IAZ[or,)(0)
Y0 g0
L IAE lonl (1) = AS oo ()2 - IAZ* [pro) (1) 2
%
L IAE*[or)() = AS [ ()l - AT [, (82
%
L IAZ*[er () = A7 [ | (B)l - o ()13
70
+ IAS™ [o20] () = AS 02, (1) 2 - llro ()2
7o
252 ( 2T n-1 4Kv77 4’[7) 2i n=l ﬁ 9
§<7§+ ST ) ) '+%>””””2
« 52 KV _n-1

S +7)H90Ao()\|§+0(% °)

0

In addition, since

(5.34) 1€ foxs](B)ll2 < v ox, ()12 + CAg T oy 02

according to Lemma 10, it yields that

_n—1
(5.35) loaa @z S eV T orlz + O ).
Combining Egs. (5.31), (5.33) and (5.35), we have the following result
(5.36)
T
1ASZ) ()]l S e T o3 — llen, (D13 +2/t dg(t' — )| ()]s

Oy 2 / ! -5
v+ 2 /’dg 0 {122 @) + llpx, ()]l } + 00 ).

Notice that by replacing € in Eqs. (4.35) and (4.39) by /@€, we can further
obtain the following estimate for Eq. (5.36),

Ky + a.é 20‘*g2 200 €2 (p_
|mWWms<2“T” — = e 0 T ) |2

(5.37) Kyro — a.&? Kyro — a.&?

—loa I3+ 00, 7).

Therefore, for the weighted particle model, it has that
(5.38)

AR ()] S (1+

_n—1
T or 3~ ler O3 +00g 7).

axé?

4 *v2 max
Ozf (T—t))®2 a; (Kv, e
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Similarly, we can obtain the estimate of the variance for the signed-particle model,
(5.39)

04*52 a &(T— _n-1
AP (1)1 S (1+ (2Kv + o )T = 1)@ T lor |3 — or, (D5 + O, = ).
n—1
When )\ is sufficiently large, we can throw way the remainder term O()\, ? ) and
arrive at Egs. (5.25) and (5.26). |

As the last step, we complete the proof of Theorem 3.
Proof of Theorem 3. Since

HE(Y:V - <p(:1:, k7 t))Q :ng(Y;V — ¥PXo (wa k7 t) + ©Xo ($, k7 t) - ¢($7 ka t)>2
:nVQV(Y;SN — Pxo (:1:, k, t))z + (@Ao (:B, k, t) - 90(:1’7 k, t))2
+ 205 (Y — oao(®, k1)) - (0 (@, ks 1) — (@, K, 1))

By the extended Minkowski’s inequality and the Cauchy-Schwarz inequality, it has
that

NGOV — (e, k1))l <IMG Y = o (@, K, 1)1+ [loag (1) — 0 (113
+2MG(YF = @xo (0)ll2 - [loa (8) — @(B)) ]2

The first term is bounded by Eq. (5.38). The estimate ||z, (t) — ©(¢)]|3 in the
second term is given by Eq. (5.18). And the third term is zero due to Theorem 15.
Thus it finalizes the proof of Eq. (1.27). The proof of Eq. (1.28) is similar and omitted
here for brevity. O

Theorem 3 implies that the variance of the inner product problem can be reduced
by chopping the x-support and adopting the WBRW-SPA for the region in which the
distance |z(x)| between two interacting bodies is sufficiently large (as stated in the
assumption (A4)). The price to pay is to introduce some asymptotic biases, which
may be negligible when «, is sufficiently small. In Section 6, we will show that all the
results in our theoretical analysis can be verified in numerical experiments.

6. Numerical validation. This section is devoted to the numerical validation
of our theoretical results. The prototype model is the quantum system under the two-
body interaction. Here we take the two-dimensional Morse potential as an example.

(6.1) V(z) = —2e~rlz==al=ro) 4 g=2n(lz=@al=ro)

In this case, z(x) = (21,22) = * — x4 and (k) reads that

(6.2) P(k) =

1 2ke" 0 ¢y n 2K@2FT0 ¢y
ik (|k|? + 2)3/2 (|k\2+4m2)3/2

Thus the pseudo-differential operator is given by that

@V[(p](w7k7t) -

Ke0cy [T +°° rsin(2z( ) - K Arolo)(x, K\ t)
o - 2 / a9 /

+ (k/2)2 124 (K/2)?
2’”002 /2”d19/+°° rsin TQ( x) k) Ao lp)(x, k, t)

V2 + k2 72 + K2
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where k' = ro = (rcosd,rsind) and ¢y = T'(3/2)7~3/2 ~ 0.1592. The stationary
phase approximation to PDO reads

(6.4)
A i K / K’ K’ /
OFlm k0= [ e ol k50~ otk 50k
=T
+2/+°° I | eirl=@) ( 2m )é D(ro 1) Ao, [0](, k. t)d
m TN r ro roq |[PIL, R, T,
o ir|z(z)] v

where 97 = atan2(zy/21).

The variances can be monitored within the implementation of the Monte Carlo
algorithm in.> Here we adopt the Gaussian wavepacket of the form (6.5) as the initial
condition:

(65) fo (x17 x2, k17 k2) = %(B_O‘s(xl_8)2_0'5(x2_12)2_2(k1_0‘5)2_2(k2+0'5)2 .
™

Other parameters are set as: 4 = (10,10),70 = 0.5,k = 0.5, Ai=m =1, T = 2.
We simulate the 10° independent family trees and measure the L?-error,'® which is
proportional to the variance. The numerical solutions obtained by the highly accurate
deterministic scheme are adopted as the reference.?”

Fig. 1(a) makes a comparison between the weighted-particle WBRW-HJD (wp-
HJD) and the signed-particle one (sp-HJD). The variance of the weighted-particle
model can be reduced by choosing a larger 7o, while this does not hold for the signed-
particle counterpart. Fig. 1(b) compares the WBRW-HJD and WBRW-SPA when
Ao = 8. It’s readily seen that the variances of both weighted-particle WBRW-SPA
(wp-SPA) and the signed-particle counterpart (sp-SPA) are diminished when the sta-
tionary phase method is adopted, while the variance of the signed-particle model is
still independent of the choice of . Finally, Fig. 1(c) compares sp-SPA under differ-
ent settings of Ag. It is found that the reduction of variance might not be significant
for too large Ay as a, may be very close to 1, while the errors in the asymptotic
expansion become dominated for too small Ag. A reasonable choice of Ay (such as
Ao = 2) can strike a balance between the bias and variance. All of these observations
perfectly coincide with our main theoretical results.

7. Conclusion and discussion. In this paper, we have analyzed two classes
of branching random walk (BRW) solutions to the Wigner (W) equation, including
WBRW-HJD based on the Hahn-Jordan decomposition (HJD): Oy = 67, — 05, and
WBRW-SPA based on the stationary phase approximation (SPA). The main idea is
to split the nonlocal operator with anti-symmetric kernels into two parts and explain
each of them as the generator of jump process of one branch of weighted particles.
We have shown that although the first moment of WRBW-HJD recovers the solution
of the Wigner equation, the L'-bounds for the variances grows exponentially in time
with the rate depending on the norm of @‘i,, which is inconsistent with the decay
rate of the pseudo-differential operator. By contrast, the WBRW-SPA is able to
capture the essential contributions from the localized parts and the variance of the
resulting stochastic model can be diminished, at the cost of introducing a little bias.
These results are of great importance in applications, such as tackling a general form
of nonlocal problems. In particular, it ameliorates the numerical sign problem in
high dimensional situation, which may involves multiple pairs of potentials and high
dimensional oscillatory integrals. Our ongoing work is to apply the WBRW-SPA to
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study the quantum dynamics under the Coulomb interaction, such as the Hydrogen
atom.
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(c) Variance of sp-SPA under different Ag.

Fic. 1. The variances are monitored in the Monte Carlo simulations. The exponential
growth of variances is observed. The choice of o has a great influence on the variance of
both the weighted-particle WBRW-HJD (wp-HJD) and WBRW-SPA (wp-SPA), while it has
little influence on that of the signed-particle counterparts (sp-HJD, sp-SPA). The variances
are clearly reduced when the stationary phase approximation is adopted, but the results are
not very satisfactory when Ao is either too large or too small.
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