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Abstract. In this paper, we are concerned with the system of Euler equations with time-
dependent damping like fﬁu for physical parameters A > 0 and p > 0. It is well known that,
when 0 < X\ < 1, the time-asymptotic-degenerate damping plays the key role which makes the damped
Euler system behave like time-degenerate diffusion equations, while, when A > 1, the damping effect
becomes really weak and can be neglected, which makes the dynamic system essentially behave like
a hyperbolic system, and the singularity of solutions like shock waves will form. However, in the
critical case A = 1, when 0 < p < 2, the solutions of the system will blow up, but when p > 2, the
system is expected to possess global solutions. Here, we are particularly interested in the asymptotic
behavior of the solutions in the critical case. By a heuristical analysis (variable scaling technique),
we realize that, in this critical case, the hyperbolicity and the damping effect both play crucial roles
and cannot be neglected. We first artfully construct the asymptotic profile, a special linear wave
equation with time-dependent damping, which is totally different from the case of 0 < A < 1,u > 0,
whose profile is a self-similar solution to the corresponding parabolic equation. Then we rigorously
prove that the solutions time-asymptotically converge to the solutions of linear wave equations with
critical time-dependent damping. The convergence rates shown are optimal, by comparing with the
linearized equations. The proof is based on the technical time-weighted energy method, where the
time-weight is dependent on the parameter pu.
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1. Introduction. The one-dimensional compressible Euler equations with time-
dependent damping can be written, in Lagrangian coordinates, as follows:

vy — Uy =0,

(1.1) o
uy + p(v)e = *mua
with the initial data
(1.2) (v,u)(z,0) = (vo,up)(x) = (v4,utr) as x — Foo.
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Here v > 0 is the specific volume, u is the velocity, and the pressure p = p(v)
is a smooth function of v with p(v) > 0,p'(v) < 0. One of the typical examples
is p(v) = v~7 for the polytropic gas satisfying the so-called v-law with v > 1. The
external term —ﬁu with physical parameters p > 0 and A > 0 is a time-gradually-
degenerate damping. In this paper, we are mainly interested in the critical case of
A =1. vg(x) > 0 and ug(x) are the given initial data, and their asymptotic states are
the state-constants v4 > 0 and u4 as x — Fo00, respectively.

For = 0, the system (1.1) reduces to the standard compressible Euler equations.
This has been well studied [1, 2, 3, 5, 7, 18, 34|, and it is well known that smooth
solutions of (1.1) will in general blow up in finite time due to the formation of shocks.

For 1 > 0,\ = 0, the system (1.1) becomes the compressible system of Euler
equations with damping which models the compressible flow through porous media.
There is also a huge literature on the investigations of global existence and large
time behaviors of smooth solutions to compressible Euler equations with damping.
Among them, Hsiao and Liu [12] first showed that the solution of (1.1) tends time-
asymptotically to the nonlinear diffusion waves in the form of ||(v — 0, u— @) (t)|| L~ =
O(t=12,t=/2), where (v,)(x,t) = (T,%)(x/V/t) are the self-similar solutions to the
corresponding porous media equations. See also the weak sense convergence first
investigated by Marcati and Milani [23]. Then, by taking much finer energy estimates,
Nishihara [28] succeeded in improving the convergence rates to ||(v—0,u—u)(t)|| L~ =
0(75_3/47 t_5/4), when the initial perturbation belongs to H3 x H2. Furthermore, when
the initial perturbation is in (H? N L') x (H? N L'), by constructing an approximate
Green function and using energy methods, Nishihara, Wang, and Yang [29] obtained
the convergence rates in the form of |[(v — o,u — @)(t)||p~ = O(t~1,t73/2). On
the other hand, Mei [26] observed that the best asymptotic profile is the solution
for the corresponding nonlinear diffusion equation with some particularly selected
initial data and improved the convergence rates to the best asymptotic profile as
O(t=3/21Int,t=21nt) by the technique of double antiderivatives. See also [9] for the
isentropic case. When vy = v_, the global existence in the three-dimensional case
was also significantly obtained by Sideris, Thomases, and Wang in [33]. When the
derivatives of initial data are big, blow-up of the solutions usually occurs in finite time
[37, 21, 20]. For other interesting contributions, we refer to [8, 10, 11, 13, 14, 15, 16,
17, 22, 25, 30, 41, 42] and the references therein.

For g > 0 and A > 0, the system (1.1) reduces to compressible Euler equations
with time-dependent damping. When the constant states at far fields are equal, i.e.,
vy =v_ > 0and uy = u_ =0, Pan [32, 31] (see also [35, 36]) proved that A = 1, u = 2
is the critical threshold of (1.1) in Euler coordinates to separate the global existence
and finite-time blow-up of solutions. More precisely, when A = 1 with ¢ > 2 or
0 < X< 1with g >0, (1.1) possesses global smooth solutions, while, when A = 1
with 0 < g <2 or A > 1 with g > 0, then C!-solutions of (1.1) will blow up in finite
time. Remarkably, by introducing a new energy functional to build up the maximum
principle for the system (1.1) in the coordinates of Riemann invariants, Chen et al.
[4] obtained the global existence with large initial data (but the derivatives of initial
data still need to be small; otherwise, the singularity like shock waves will occur) for
0 < XA < 1 and proved the blow-up of the solutions for any initial data once A > 1,
namely, such a blow-up phenomenon is determined by the mechanism of the system
due to A > 1.

For 0 < A < 1, > 0, when the constant states at far fields are different, i.e.,
vy # v— > 0 and uy # u_, the asymptotic profiles of the solutions are no long
expected to be the constant states, because of the formation of a “boundary layer.”

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 11/15/22 to 158.132.161.240 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

EULER EQUATIONS WITH TIME-DEPENDENT DAMPING 1465

The expected profiles should be some nontrivial functions. In this case, Cui et al. [6]
(see also Li et al. [19]) further showed the asymptotic behavior of the global solutions,
where the asymptotic profiles for the global solutions are the so-called diffusion waves
in the form of (v,u)(z,t) = (v,u)(z/+/(1+ t)1**) satisfying the following nonlinear
diffusion equations:

1.3 vt =0 ivalently, - 0
. _ _ equivalen —7 0)ge = 0.
(1.3) p(B)y = *ﬁ% q Y, a0 ¢+ p(0)za

In this paper, the main purpose is to look for the asymptotic profile for the global
solutions in the critical case A = 1 with pu > 2 with the so-called boundary layers
(while the solutions blow up for A =1 and 0 < p < 2), and further to investigate the
long-time behavior of the global solutions for the system (1.1).

Asymptotic profiles. From the previous studies [6, 19], when 0 < X\ < 1,
time-asymptotic-degenerate damping plays a key role which makes the damped Euler
system behave like a diffusion equation with time-asymptotic-degenerate damping,
while, from [4, 31, 36], when A > 1, the damping effect becomes really weak and can
be neglected, which makes the dynamic system essentially behave like a hyperbolic
system, and the singularity like shock waves will always form. However, in the critical
case A = 1, once p > 2 the global solutions are expected, and when 0 < p < 2 the
solutions usually blow up at finite time. So, the interesting questions are what will
be the asymptotic profiles of the global solutions in this critical case, and how the
original solutions converge to the expected profiles.

Heuristically, we look for the asymptotic-state equations for (1.1) by taking the
variables scalings. For an arbitrarily small € > 0, let

t—= (1+2)/e%, z—-z/%, v—o5, u—e®a,

where 01,605,605 > 0 are constants and will be determined later. We first have from
(1.1), that

gy — P20, = 0.
In order to balance it, let
(1.4) 0, = 03 + 03,

then

On the other hand, it follows from (1.1), that

M691>\+93a

1405~ o 0 oy _
(1.5) ey + €7 p(v)z = COESEELY

When 0 < X < 1, we reduce (1.5) to

Mgal A—05+03 m

691*92+93 .
(e +141¢)>

ug + p(0)z
Let 601,602,605 > 0. By setting
O N—0;+03=0"for 0 <\ <1,
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which, combining with (1.4), gives that

1+ A 1-A

0.

So, it holds that

oo

UM, +p(0)z = — 1+ t,))\u

Thus, one can derive the state equation by neglecting the small term with e,

_ 1% _
p(0)z = —mu.

Therefore, the expected asymptotic profile for (1.1) in the case 0 < A < 1 is

1_1,5—11@:0,

(1.6) no_ e,

oo
p(0)z = *m“» 1+t)*

So, the asymptotic profiles of (v, u) for (1.1) are expected to be the diffusion equations
with time-degenerate-damping, the so-called diffusion waves

(@,3)(z,t) = (7, 0) (W) .

This completely matches the asymptotic profiles specified in [6, 19] for the case 0 <
A <L
When A > 1, (1.4) and (1.5) give us

,u5(92 +03)A+0s 7

e = Ty

Taking 05 = 0, we have

usez)\ﬂ

0a ~ 0. /=
€ 2uf+52p(v)i:7(501+1+{),\7

which implies
(1.7) ug +p(v)z = —
Neglecting the small term with €, we get the asymptotic-state equations for the case

A > 1 as follows:
’Df - ﬂj; == O7
i+ p(v)z = 0.

This is the standard Euler system, and the smooth solutions will, in general, blow up
at finite time due to the singularity formed by shock waves. The analysis presented
here also matches the existing studies [4, 31, 35] for the blow-up phenomenon of the
solutions to (1.1) once A > 1.
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Now we consider the critical case A = 1 and see what will be a possible state-
equation for the original system (1.1). In (1.7), since A = 1, we get the state-

equations as
v —uz =0,
uf+p(v)z = — P g
1+¢
This means, in the critical case A = 1, the hyperbolicity and the damping effect
(degenerate parabolicity) both cannot be neglected, and the asymptotic profiles should
possess both hyperbolicity and degenerate parabolicity.
Now we are going to artfully construct the possible asymptotic profile. We restrict
ourselves to v4 = v_ := v, but uy and u_ may not be equal.
Let us consider the following linear system of equations:

Ty — iy =0,
(1.8) u +p' (), = _1L+tﬂ’
(To,Uo)(x,0) = (Do, Up)(z) = (v,ux) as z — foo.
This will be the expected asymptotic profile with particularly selected initial data
(To, @) (x) in two different cases.
Case 1: The general case on vo(x) and uy, where ux may or may not be equal,

and vo(z) — v is Riemann integrable over R. Technically, in this case the initial data
Ug(x) is chosen as

(1.9) Uo(x) = v+ Ko(x),

where ¢g(x) is a given smooth function such that

do(r) € LY(R)  and +m%@Mx#Q

and k is a constant such that
+oo +oo
| o)~ e x| onfarto =0,
namely,
+o0 +o0
(1.10) K= (/ [vo(x) — U]dm) // ¢o(z)dx,
—o0 —o0

which is nonzero or zero when fjoooo [vo(x) — v]dx # 0 or = 0.
The problem (1.8) can be reduced to

_ _ 22—
Tpr + P’ (V) Vg + —— ¢ = 0,
(1.11) {tt P) 1+t

(0, 0) (2, 0) = (v0, up) (2)-

This wave equation with time-degenerate damping is well studied by Wirth in [38, 39,
40]. Once the solution ¥(z,t) is obtained from (1.11), then u(x,t) can be solved from
the second equation of (1.8) as follows:

(1.12) (e, ) = (14 )" a(z) — (1 + t)_“/o (14 ) (0) s (z, 5)ds.

Thus, we derive the expected asymptotic profile (7, @)(x,t) for Case 1.
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Case 2: The special case with uy = u_ and [~ [vo(z) — v]dz = 0. In order
to look for a better convergence to a certain asymptotic profile, let us consider this
special case with ux and vo(x) satisfying the abovementioned conditions. We expect

(1.13) o(x,t) = v.
Then, from (1.8), we have
Y e
Uy = Oa Uy = 14+t )
which immediately implies
(1.14) a(z,t) =u(l +t)7*.

So the expected asymptotic profile in this special case is
(’Dﬂ])(l‘,t) = (y>g(1 + t)_u) ’

and we will show a better convergence of solution for the original IVP to this asymp-
totic profile later.

Notation. Before stating our main results, let us introduce some notation.
Throughout this paper the symbol C' will be used to represent a generic constant
which is independent of  and ¢ and may vary from line to line. ||-||z» and || - ||; stand
for the LP(R)-norm (1 < p < oo) and H'(R)-norm, respectively. The L?-norm on R
is simply denoted by || - ||. Moreover, we also use [ f(x)dx := [; f(x)dx, the domain
R will often be abbreviated without confusions.

Property of asymptotic profiles. Now we are going to state the property of
the asymptotic profiles in the critical case of A = 1 with g > 2. The main point here
is to derive the optimal decay rates for Case 1, because the decay rates for Case 2 are
obvious. Note that by using Fourier analysis, Wirth [38] obtained the optimal decay
rates only for the gradients of the solutions of (1.11) in the form

(@, ) ($)[ 22 = O(1) (1 + 1)~
See also the decay rates for higher order derivatives obtained in [32],
10;050(8)]l2 = OM)(A + )71 fori+j>1,

but these rates in the higher order case are not sufficient. Here we are going to
give the optimal L2-convergence rates for all cases, where the rates are related to
the physical quantity p as follows. The proof of the following theorem, based on the
time-weighted L?-energy estimates with trickily selected time-weights related to the
physical parameter p, will be done in the appendix later.

THEOREM 1.1 (property of asymptotic profiles for Case 1). Suppose (¢, up) €
H3(R) x H?(R). Then, the Cauchy problem (1.11) admits a unique global smooth
solution v(x,t), which satisfies, for 2 < u < 4,

Y PN (0 = o) (O + (L4 )" [ (Bnas Bat) ()17

0<itj<1
(1.15) < C (llgoll3 + llupl3) = Co,
and for pu > 4,
(1.16) Yo AP 050 (0 = ) O + (L + )| (Baw, 0er) @)} < Co
0<i+j<1
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Using the Sobolev inequality
1 1
1= < V21 £12 11 fall2,

one can further derive the following estimates.

COROLLARY 1.2. Under the assumptions of Theorem 1.1, one has, for2 < p < 4,
(@ —2)(#)]l2 = O(),

17— ) (B2~ = OQ)A +1)2,
(1.17) 102, 02) (1) 22 = O(L) (1 + )7,
(@2, 5) ()| e = O()(1 + )=+,
(0 Dat) (1) | L2 = O(1)(1+1) 72,
and for p > 4,
(@ = 2) ()]l = O(1),
10— v)(#)]| > = O()(1 +1)72,
(1.18) (2, B) (8) | L2 = O(1) (1 + )7,
(@2, ) ()| e = O()(1 +1)72,
1Tz Dot) (B) || 2aoe = O(1) (1 + 1)~

Remark 1.3. The rates of ||(0z,9¢)(t)||z2 = O(1)t~! shown in (1.17), (1.18) are
the same as that obtained by Wirth in [38]; therefore these rates are optimal in
the sense of L2-integrable initial data. However, based on the technical time-weighted
energy method, we further obtained the decays for ||(Tyz, Uxt)(¢)|| and || (0, 0¢) (t) || oo
Remarkably, these decay rates are, for 2 < u < 4, dependent of physical parameter u,
and for p > 4, independent of p.

Convergence to asymptotic profiles. We are going to state the convergence
results in Case 1 and Case 2, respectively.

Case 1: The general case on u+ and vo(x). Let (v,@)(x,t) be the asymptotic
profiles (v, @)(z,t) constructed in (1.11) and (1.12). Subtracting the system (1.8)
from the original system (1.1) for the critical case A = 1, we see that

{v(e,t) —o(z, )} — {u(z,t) —a(z,t)}x = 0.

Then the integration of the above equation in x over (—o0,400) yields

[ emaent = [ - dde—x [ sntwaz =0

Thus, it is reasonable to introduce the following perturbations as our new variables:

(1.19) V(z,1) :/_Oo(v(y,t)—ﬁ(y,t))dy,

z(x,t) = u(x, t) — a(z,t).

Clearly, we see

(1.20)

(v—70)— (u—1); =0,
(u =) +p(v)s — P (©)0, + ——(u— 1) = 0,
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From (1.20), we have the reformulated problem

1.21 Vime=0,
( ’ ) Zt +p(Vx +’E)z _p/(y)@z + %Z = Ou

with initial data

(1.22) (V,2)(z,0) = (Vo, z0) (),
where

€ f - @(ya 0)>dy7
(12%) {zo@c) R

Substituting (1.21); to (1.21)s gives

= M _
(1.24) {‘/tt"'(p (U)Vx)x+1+t‘/t—F1x+F2a
(V,Vi)(x,0) = (Vo, 20) (),
where
By = —(p(Vy +0) = p(v) — p'(0)Va),
(1:29) {F — (/) - P )

The following are the first main results of the paper.

THEOREM 1.4 (convergence to asymptotic profiles for Case 1). Let (7,u)(x,t)
be the derived asymptotic profile in (1.11) and (1.12), and the initial perturbations
(Vo,20) € H3(R) x H2(R). Then, there is a number &y > 0 such that if ||Volls +
llz0ll2 + Co < 6o, where Cy is defined in (1.15), then the Cauchy problem of (1.1) and
(1.2) in the critical case A = 1 with p > 2 admits a unique global smooth solution
(v,u)(z,t) such that v — v and u — @ both are in C(0,00; H*(R)) and satisfy, for
2<p<y,

2
L+l =)D + L+ )" Y195 — ) (@)]?

k=1
+ (1 +t)[(w—a) @) + 1+t”12||3k 0
(1.26) < O (IVoll3 + llz0ll3 + Co) ,
and for p >4
A+ )@ —-o)O))* + 1 +1) ZH@’“ Glls
+ @+ )u—a) @ + 1 +1) leak Glls
(1.27) < C(IIVoll5 + [l20l3 + Co)-

Using the Sobolev inequality, one can further derive the following estimates.
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COROLLARY 1.5. Under the assumptions of Theorem 1.4, one has, for2 < u <4,

(v =5, u = @) (B~ = O (1 +1)7 %,

(1.28) i
| (Ve — Vs Uy — Ug) ()| e = O(L)(L+2)” 2,

and for > 4,

(1.29) (v = 5,0 = @)(1)]| 1 = O(V)(A +)7",

(Vg — Vg g — ) (£)] e = O(1)(1+¢)73.

Remark 1.6. From the linear equation (A.1), it can be seen that the convergence
rates shown in Theorem 1.1 are optimal in the sense of L2-integrable initial data.
Therefore, the convergences obtained in Theorem 1.4 as well as in Corollary 1.5 are
also optimal in the L2-sense and the L>-sense, respectively.

Remark 1.7. Theorem 1.4 shows that the convergent profile is the solution of
the linear equations (1.11) for the case of vy = v_. For the case of vy # v_, the
construction of the asymptotic profiles is more complicated and totally different from
the case of vy = v_. We will leave this case for upcoming work.

Case 2: The special case with uy = u_ and [ _[vo(x) — v]dz = 0. In this case,
the expected asymptotic profile is given in (1.13) and (1.14), which also satisfies (1.8).
From (1.1) and (1.8), we have

(1.30) (v—2v)— (u—1u), =0.

Consider the second equation of (1.1) for the critical case A = 1 at far fields = +o0,
we formally have

d
au(io(% t) = —%H’U,(:too, t), U(:l:OO7 O) =u,

which implies
u(too,t) = u(l +t)7*.

On the other hand, it is clear that
a(too,t) = u(l +t)~7*.
Thus, after integrating (1.30) with respect to z over (—oo, 00), we have
d o0

1.31 —
(1.31) i)

[v(z,t) —v]de = [u — u]|>,, = 0.

Since

then (1.31) implies

/OO [v(z,t) — v]dr = /OO [vo(x) — v]dx = 0.

— 0o — 00

Thus, we reasonably set

(1.32) oo

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 11/15/22 to 158.132.161.240 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

1472 SHIFENG GENG, YANPING LIN, AND MING MEI

to obtain the reformulated problem

1.33 Vim2 =0,

1+t

with initial data

L31)  (V.2)(.0) = < [ teots) ~ sl o) - a<x,o>) = (Vo,20)(@),

(1.35) {th +p (v ( )er + — 1 —i—t = fu,
(‘/7 V;)(.’E,O) = (V07ZO)( )7

where

(1.36) f==mV:+2v) —p) —p'(©)Vs).

The following are the second results of the paper.

THEOREM 1.8 (convergence to asymptotic profile for Case 2). Let (v, a(x,t))
be the expected asymptotic profile specified in (1.13) and (1.14), and the initial per-
turbations (Vo,z0) € H3(R) x H?(R). Then, there is a number 5o > 0 such that if
IVolls + llzo0ll2 < &0, then the Cauchy problem of (1.1) and (1.2) in the critical case
A =1 with p > 2 admits a unique global smooth solution (v,u)(x,t) satisfying v — v,
u—1 € C(0,00; H?(R)), and, for 2 < p < 4,

2

L+ 62l = )OI + L+ )" Y [|95 (0 = v)(O)|

2

k=1
1+ 82w — @) (B + (1 + 1) ZH@M—u B
(1.37) < C (Il + l12012)
and for p >4,
1+ 02w —0) B2+ 1 +1) ZHBkv—v 1)
1+ 0] — w) (1)) + ZH@’“ )|’

(1.38) < C(IVoll3 + 1z0l13) -

Remark 1.9. It is clear that the convergence rates obtained in the special Case 2
are better than for Case 1. In fact, in Case 2, we don’t have a term like F5 in Case 1
for the perturbation equation, because the term F5 usually causes the decay estimates
a bit slow.

We can further derive the following estimates.

COROLLARY 1.10. Under the assumptions of Theorem 1.8, one has, for 2 <
p<4,
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[(v—2,u—u)(t)|[re = OQ)(1+1)7274,

Wl
NI

(1.39) M
(e ) (O] = OM)(1+ 1),

and for pn > 4,

(1.40) [(v—v,u—u)(t)|[re =O1)(1+1) 2,

| (Ve ue) ()| Lo = O(1)(1 + t)—2_

Remark 1.11. The rates shown in (1.39) and (1.40) are much better than the
previous studies [4, 32, 35, 38] for the decay rates around the constant states.

The rest of this paper is organized as follows. In section 2, we will prove the
convergence of the solution (v,u) for the Cauchy problem (1.1), (1.2) in the critical
case of A = 1 with p > 2 to the solution of the problem (1.8). The convergence rates
(1.15), (1.16) of the problem (1.8) will be established in the appendix.

2. Proof of Theorem 1.4. In this section, we will prove the global existence
of smooth solutions to Cauchy problems (1.21) and (1.33). As in [24, 27], the local
existence of solutions can be obtained by the iteration method; thus, we only need to
establish the a priori estimates under the following a priori assumption.

Let T € (0, 00]; we define the solution space for

X(1) = {V(@.0)|0}V € C (0, T; H*I(R)) ,j = 0,1, 0<t<T}

with the norm for 2 < pu < 4,

(2.1)

N(T)? = sup & 3 (12RO + (14 (Vaw, Ve B ¢
0=t=<T | o<hri<1

and for u > 4,

(2.2)

_ 2
N(T)* = sup S @+ PETH RV )]+ (L 4+ 03 (Vaw, Var) ()13
0=t=T | o<kyi<i

LEMMA 2.1. Under the assumptions of Theorem 1.4, it holds that

HV(t)IIZ’+(1+t)2\|(Vm7Vt)<t)II2+/0 (1+7)[|(Va, Vo) () |IPdr
(2.3) <C(Vollf + IVall* + Co) (1 +1) == C1(1 + ),

provided that N(T) < 1.
Proof. Multiplying (1.24) by (1 +#)2V; and integrating it over R and using inte-
gration by parts give

(2.4)
1d
S

1 2, 1 (=\= 2 2
=5 [0 @uvide e [+ 0Py + FaVids,

(14t (V2 —p @)V))de+ (n—1) /(1 + ) Vidx + /(1 +t)p/ (0)Vda
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Also multiplying (1.24) by (14 ¢)V and integrating it over R, we then have
1d

(2.5) ST R(L+HVV, + (p—1)V?] dx — /(1 +t)p/ (0)V2dx — /(1 + t)Vidx

- [a+ 0. + RV

Adding (2.5) and 7-(2.4) with 7 to be determined later, and integrating the resultant

equation over [0,t], we then get

(2.6)

% / 1+ (V2 —p' 0)V2) +21+ t)VV + (p— 1)V?] da

(n(u —1—1//1+TdedT—1— //1+T 0)V2dzdr
O (IVoll + Vi1 = 37 / [0 @2z
0

t t
+77/ /(1+T)2(F1E+F2)thmd7+/ /(1+7)(F1m + Fy)Vdxdr.
0 0

Using the Cauchy—Schwarz inequality, we have

4(,“_1)/ 2 P2 / 21,2
2.7 2 1 (1+t)VVide > ——— | Vide — — [ (1 +t)*V/ dx.
en 2 fasoviides - [y IS fs e
From (2.6) and (2.7) by choosing 1 = (# 35Ty We get
(2.8)

p—2 K 2,7 2 24

= _1)/(1+t)V e _1)/(1+t) (0)V2d + - Dl =2) /v

// —&—Tthach— _1//1+T v)V2dxdr
¢ (IVoll2 + Vi) //1+T2~ oV dudr

H ! 2
+ g 1)/0 /(1 +7)2(Fre + Fy)Vidadr

+ /Ot /(1 + 7)(F1z + F2)Vdadr.
So we have
(2.9) /V2dx + /(1 +t)? (V7 + V72 da + /Ot /(1 +7) (V2 + V) dadr
< C(IVoll} + Ival?) + €1,
where C' depends on p and

t
/ /(1 +7)2p" (0)0, V2 dwdr| +
0
t
+ / /(1 + 1) FyVidadr| +
0

I= (14 7)FyVdadr

(1+7)F1,Vdxdr
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t
+//(1+7)2F1x%d:cd7‘
0

5

(2.10) = > I

From (1.17) and (1.18), we get

t
(2.11) I < C/ /(1 + 7)2|0¢|V2dwdT
0

t
< C’o/ /(1 + 1)V 2dxdr,
0

1
7:{2+Z for 2 <p<A4,

where

for p > 4.

[\SI[9N)

1475

Noting > 2, we have v > 1. By using Theorem 1.1 and a priori assumptions (2.1)

and (2.2), one gets
(2.12) I, = / / (14 7)( P’ (v))v,Vdzdr

SC/O (L4 7)o =2l e~ | [ V[|dr

S 00(1 + t)7

(2.13) I3 = / /(1 +7)2 (' (0) — p' (v)) v, Vidadr

< \ Ja+ 07 0@) - Faynvie + o

+2 (1+7) @ @) —p ) v, Vdrdr

(1+7 )00, + (p' (D) — p'(v)) Uye) Vdwdr

< 00+ 0210 — el o — 2lIV] + Co
e / (1415 — o e [ [V [1dr
t
e / / (U472 (el + 117 — wlll[acl]) [V | e dr
< Cy(1 +t

Iy = (1+7)(p(Vy +9) — p(v) — p'(v)Vy) Vpdadr

(2.14) < CN(T) / / (1 + 7)V2dzxdr,
0

{ [+ 72 (0) - ' (0)8:V] — 201+ 7) (0(0) — p'() B,V
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and

fs = /o /(1 +7)? (p(Va +0) — p(v) — p' (0)Va) Vardadr

[

Va+v
—2(1+7) (/ p(s)ds — p(v)V — ;p’(v)Vf>

Va+v
(1+7)? ( [ pes - plov. - ;p'<@>V5>

— 51+ 7)? (p<vw + ) = p(8) — P (0)Vs - ép"w)vﬁ) }dxdr

/ </Uvm+” p(s)ds — p(v)V, — ;p/(v)vmz> do

<(1+1¢)?

+ [ t Ja+n ( / T p(e)ds — pl@)Vi - ;p%v)Vf) dudr
+ /Ot /(1 +7)? (p(Vw +0) = p(v) = p(0)Vy — ;p”(v)Vf> vydwdr

t
< CA+ Vel Vall? + ClIValIT + C/O L+ Vel Vel *dr

t
+ C/O (14 7)2[10el| oo Ve || oo Ve | dr
t

(215) < CA+)’N(D)IVa ] + ClIVollF + CN(T)/ (1 +7)[Val*dr.
0
Inserting (2.10)—(2.15) into (2.9), using the smallness of N(T'), we have
t
V@O + @+ 02 (IVal* + IVal?) + /O (14 7) (IVal® + IVell*) dr

t
< Co/ /(1 +7)* V2 dzdr + C (|VollF + [VAll® + Co) (1 + 1),
0

and the Gronwall’s inequality implies (2.3), since v > 1. This completes the proof of

Lemma 2.1.

LEMMA 2.2. Assume that N(T) < 1; then for 2 < p <4

t
L+ (Vaw, Var) )3 + 60/ L+ 1) (Vao, Var) (1) 1T
0
< C(IVoll3 + VAl + Co) (1 + 1)1,

and for p > 4,

t
L+ )" (Vo Var) (D17 + €0 /0 1+ 7)) (Vaa, Var ) (7)|I7dT

< C(IVoll3 + IV} + Co) (1 + 1)1 .
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Proof. For 0 < ¢y < min {1,z — 2}, multiplying 9,(1.24) by (1 + ¢)*~ <V, and
integrating it over R, one then has

1d

1
(216) 5= [+ (V2= p@VE) do+ 51+ o) /<1+t>“—1—60v;dx

=) [y @)V de
= — /(1 + t)pmeo (p//(@)@me)x Verdz — %/(1 4 t)H—co //( )UtV da
+ /(1 +OHTO(Fip + Fy), Virde.

Also multiplying 9,(1.24) by (1 +t)*~1=¢€V, and integrating it over R yields

(2.17)
1d

2dt [2(1 + POV, Vsde 4 (14 €0) (1 + t)”_2_€°V$2} dr

_/(1”)’“176“‘@%“—/(1+t)“ eop! (0) Vodir

_ %(1 +eo)(n—2- eo)/(1 +t)#*3*eov:c2d$+/(1+t)u oy (5)6, Vi Viad
- /<1 PO (Fyg o+ Fa)Vade.

Adding (2.17) and n; - (2.16) with n; to be determined later, and integrating the
resultant equation over [0,¢], it then follows that

1
3 / (L 0 eom (V2 = p (0)VE) + 201+ 040V Vs
+ (1 +€)(1+ t)“‘z‘eovﬂ dz

1 t
+ [in(u +e0) — 1} / /(1 + T)“*I*EOVftdxdT

[1_771 —eo}//urﬂ 1oy (0)V2, dadr

C(IVOlE + IVAIZ) + 21+ co) (- 2 — o) //1+7u 3—eo 2 dudr

2
K 1
_ 7]1/ /(]_ + 7-),11«*60 {(p//(@)@IVI)IVH + 2]9 ( )vtV :| dxdr
0
t
+m / /(1 + 7T (Fip + Fy) o Virdadr
0
t
(2.18) + / /(1 + )P [ (0)0, Ve — (Fip + Fo)] Vigdadr.
Letting 11 = =, using the Cauchy—Schwarz inequality, we have for 2 < pu <4
1
2/(1 F IOV, Vypde > —— /(1 + OV 2 dg — u/(l )20V 2y
I

1
(2.19) > - /(1 + ) OV2Ede — Cy (1 4-t) <0
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and
1 t
5(1 +eo)(u—2-— 60)/ /(1 + )3TV 2 dydr
0
¢
< C’/ (14 7)r=4=0dr
0
(2.20) < Ci(14t) .

From (2.18), (2.19), and (2.20), we have

(2.21)
(1t (V2 =2/ (0)V2) + p(1 + o) (1 + t)*27V2] dx

//1—|—T“160V2da:d7'——// (14 7)==y ()V2da:d7'

1
<Ml + IR = 2 [ [ rp [0/ @V + gl @] dodr
0

2u

+ % /Ot /(1 + 7Y (Fyy + Fy) o Vigdadr + Cy (1 + t)1 ¢
+ /Ot /(1 + ) [ (0) 0,V — (Fip + Fy)] Vigdzdr.
So we have
(2.22) / (L4t (V2 + V3) do + / (1+ )27V 2dy

+60// (1471 (V2 4V dadr
< C (IVoll3 + IVall3+Co) (L + )~ + CJ,

where C depends on p and

‘ 1
= / /(1 + ) {(p”(ﬁ)@x‘/x)xvxt + 2p”(5)17th2x] dxdr
0

¢
+ / /(1 + ) [ (0)0, Vi — Fip — Fy) Vigdadr
0

(1 + T),u—eu (Flgm + F2$>thdl‘d7'

(2.23) =T +JID)+ (s + I35+ J3) + (J5+ J3) .

Similar to (2.11), we have

(2.24) (1 + 1) p" (0)v, V2, dadr

< C’o/ /(1 + T)FTYTOV2 dadr.
0
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For 2 < p < 4, we estimate the other terms of the right-hand sides of (2.23) as follows:

(1+ 7)< (p" (0) 0, Vi) Ve ddT

t
= C/o A+ )17 Zoe + 12zl IVl + 10z 2 [V ][ Vae | dr

t
(2.25) < C/ (L + )7 (Vi |* + [Vae*)dr + Co(1 + 1)1 7,
0

(1 4 7)==y ()0, Vy Vypdxdr

(L4 )Pt [p" (0)02 + p" (0)Vs0 | Vidudr

t
< C/O L+ [[1TalTe + 1T0allz] 1ValPdr

(2.26) < Co(L+1)' 7,

L+ )70 (p(Ve + ) = p(0) = P (0)Va)o Vo dawdr

L+ 7)1 (Vi + 0) — 1 (0)) Vi dadr

—|—/0 /(1 + )05, (p (Vy +0) — 9/ (0) — p"(0) V) Viwdadr

t
S/O L+ )7 (IVallzs Veal® + 152 11 VallZoe [ Vae ) dr

(2.27) <c/ (14 7)==V, ||dr + Co,

(1+ 7)1 (0) — p (v)) Uy Vepdadr

< / / (14 75— o o [ Vi |
(2.28) < Co(1+t) e,

(14 7)" (p(Ve +0) — p(v) — p'(0)Vy),, Vawedzdr

I /\

(L4~ (0 (Vo +0) =/ (9)) Vipdar| + CIValI3

u—eo

/ /(1 + )P (! (V, + 0) — p/ (0)) V2, dodr

(L+ 1) op )thV dxdr

(L+ 1) (p (Ve +0) = () 0,V dadr

L+ (Ve + ) = p'(0) = p" (0)Va)Ua), Vardadr
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< CA+ )| Vallzee [Vael® + ClIVoll3
t
+C [ Ve g Vi P
0

t
+C/O L+ 1) (Vael oo + Vel [1Tell ) [Vaol*dr

t
i C/o (477 ([[oze [ oo [V ll + [0zl oo [ Ve |

HTa e 1Vall) 1Vallzo | Varlldr
< CN(T)(L+ )"~ [Vao|* + ClIVa I3

t
(2.29) n o/ (147270 (|Vao |2 + [ Vi |?) dr + Co,
0
and

Ji =

t
/ /(1 + 7)HTO By VirdzdT
0

t
< ‘/(1 + t)u_eonv‘dem + (M - 60) / /(1 + T)M—1—€0F2szdxd7_
0

+ ‘/(1 + t)uieoFZtszdx + C”V()H% + CO

< O+ 270 = wll o el Vel + VoI + C
t
+€ [ @y o - il o Vecldr
0
t
+C [ 0yl = sl ol + ol 5]

+ 119 o< 0z [0 ]1] Ve || dr

1
(2.30) < (4D Vau® + +CIVO3 + Co(1+ 1),

Inserting (2.23)—(2.30) into (2.22), using the smallness of N(T'), we have
t
(L + )"0 (Vi Var) (1T + 60/ (L + )"0 (Vi Vo) (1) | 2
0

t
<c / (L4 71| (Vg Vi) ()| Pl
0
(2.31) +C (IIVoll3 + VAl + Co) (1 + ) <.

Noting v > 1, using the Gronwall’s inequality, we have
t
L+ (Vaa, Var) DI + 60/ (L + 1) (Vo Vi) (7) [P
0
(2.32) < C(IVoll3 + Vil + Co) (1 + 1)1

If u > 4, similar to the proof of (2.32), multiplying 9,(1.24) by [+(1 + t)1=V,, +
(1 +t)37<V,] and integrating it, we can obtain
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t
L+ )"V, Var) (D17 + €0 /0 1+ 7)) (Vaa, Var ) (7)|[7dT

(2.33) < C (IIVoll3 + VAl + Co) (1 + 1)1 7.

A similar calculation to (2.31) and (2.33) then yields the higher order estimate for

[V ()] and ||Vige()]]. This completes the proof of Lemma 2.2. O
From Lemmas 2.1 and 2.2, we have for 2 < p < 4,

(2.34) 1+ )" (Vaw, Va) (0] < CUIVOII3 + 1V2lIE + Co),

and for p > 4,

(2.35) L+ 81 (Vaw: V) (B)IIF < CIVOII + V2113 + Co).-

Thus, by using the continuity technique, we can verify that the a priori assumptions
(2.1) and (2.2) are true, provided with ||[Vo||% + ||V1||3 + Co sufficiently small. Hence,
we have obtained the global existence to the problem (1.24). The proof of Theorem
1.4 is completed.

Proof of Theorem 1.8. Letting T € (0, o0], we define the solution space for

X,(T) = {V(m,t)

with the norm for 2 < p < 4,

oIV € C(0,T; H3I(R)),j = 0,1, ogth}

(2.36)
Ny(T)* = sup Y @GV O + (146 (Vew, Vi) (I ¢
0=t<T | o<pyi<1
and for p > 4,
(2.37)

N(T)* = sup Yo CHtPEIORAV @I + (14 1) (Viw, Vi) (D3

0=t=T | o<hri<1

Similar to the proof of (2.8), multiplying (1.35) by [57 = 1) (1+t)*V, + (1 +¢)V] and
integrating it over R x [0, ¢] and using integration by parts give

(2.38)
5%/(1“) Ve ﬁ/(lﬂ)z '(v )V2dx+W/V2dx
+7//1+7'th:cd7'— 1) // +7)p (v)V2dwdr
C ([IVollF + IVAl1?) //1+T fotdxdT+/ / 1+ 7)f,Vdadr.

Using (2 36) and (2.37), we get

(2.39) (14 7)f.Vdxdr| = 1+7)(p(Ve +v) — pv) — p'(v) V) Vedadr

< C’Nl(T)/O /(1 + 7)V2dxdr
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and

(1+ 7)%f.Vidxdr

(1+7)%(p(V + v) — p(v) — ' (v) Vi) Vardadr

Vz+v
{ (1+7) </ p(s)ds — p(v)Ve — ;P’(U)V5>

=TV
—2(1+7) </ p(s)ds — p(v)Vy — ;P/(U)Vx?)

Vetv 1
( / p(s)ds — p(v)Ve — 2p’(v)Vf> dx
Vetv
(1+47) (/ p(s)ds — p(v)Vy — ;ﬂ@)Vf) dxdr

t
< CA+ 82| Vallze [Vall* + ClIVo I + C/O (L + )Vl oo Ve *dr

<(1+1t)? +C|Vol3

t
(2.40) < CA+ ) N(D)|[Val* + CIVol + CNl(T)/ (1 +7)[|Va|*dr.
0
Inserting (2.39) and (2.40) into (2.38), using the smallness of N1(T'), we have
(2.41)
t
IVOI? + @+ 6V, Vi) ()] +/ (L + )V, V)(D)lIPdr < C(I1Vo1T + [VA1?)-

For 0 < ¢ < min{1, x — 2} and 2 < p < 4, multiplying 9,(1.35) by [ (I4t)r—coV +
(14 ¢)*~1=%V,] and integrating it over R x [0,], one then has

242 §>/Ta+¢WE%v 2 WVA) 1+ o) (1 + V2] da

//14—7'“ 1= EOVdedT——//l—FT“ 1=co ()VdedT

< C (IOl + Vi) //E+T“mhzﬂmm

¢
+ //(1 + T)“_l_eofzvmdxdr
0

From (2.36), (2.37), and (2.41), we have
(2. 43

(L4 7)1 fy Vigdardr | = (L4 7)1 (Ve + 2) =/ () Vi dadr

= / (1 + T)M_l_ﬁo HV$||L°° ||me||2dT
0
t

<C | (L4717 Vo || 2dr
0
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and

(2.44)
/0 t / (14 1)~ f,Vyydadr

/0 /(1 + T)H7€O (p/(vz + Q) - p/(Q»VszzmtdxdT

3|0 W Ve ) -y )VEde

IN

+CVoll3

H— €o
+ 2

/0 / (14 7)o (V, + 1) — (@) V2 dadr

¢
/ /(1 + T (V4 0) Vi V2 dadr
0

1
2

< O+ )PVl oo [ Vaa |* + O Vo3 + C’/Ot(l + 1) Ve || oo [ Vaa [IPdr
< ON1(T)(1+ )7 Vi||* + C/Ot(l + )TV, [P + O Vol f3-
Inserting (2.43) and (2.44) into (2.42), using the smallness of N1 (T'), we have
(L4 0 (Vs Vi) ()17 + €0 /Ot(l T (Vo Vi) (7) |2
@15 <CUWIB+ VI ++0 [ (1 rp= 2= Vo
Noting v > 1, the Gronwall’s inequality implies

(1 + )7 Vi, Vi) (B)IF + €0 /Ot(l T (Vi Ve (1) Pdr
(2.46) < C(IIVoll3 + IVAlID)-
If pu > 4, similar to the proof of (2.46), multiplying 9, (1.35) by [ (1+¢)*" V4 (1+
)37V, ] and integrating it, we can obtain
L+ )7 (Vs Var) (D)1} + €0 /Ot(l +7)° 7N (Vs Vi) (7) |1 1d7
(2.47) < C(IVoll3 + IVAllR).

From (2.46) and (2.47), we have, letting g — 0, for 2 < p < 4,

(2.48) L+ M) (Vaw, Var)OIIF < C (IV0l3 + 1V2117)
and for p > 4,
(2.49) L+ ) (Vaw, V) OIIF < CUVOIIE + VA1)

A similar calculation to (2.48) and (2.49) then yields the higher order estimate for
(Vi ()] and ||Vige(t)]]. Thus, we have for 2 < p < 4

(2.50) A+ )| (Vaw, V) ON1F < C (1VI3 + 1WAIIF)
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and for p > 4,
(2.51) (1 + ) (Vaw, Va) (B)IIF < C (IIVolI3 + V2 ll) -

From (2.50) and (2.51), by using the continuity technique, we can obtain the
global existence to the problem (1.35) for Case 2. The proof of Theorem 1.8 is
completed. ]

Appendix A. The proof of Theorem 1.1. The existence of the global solution
for problem (1.8) has been shown by Wirth in [38]. Set W = ¢ — v; from (1.11) then
W satisfies

(A 1) th +p/(g)W$$ + #‘HWt = 07
(VV’ Wt)(Z,O) = (WOa Wl)(x),
where

(Wo, Wh)(z) = (ko (x), tip(x))-

What we will do is obtain the convergence rates (1.15), (1.16). First, let us multiply
(A.1) by (1 + t)2Wy; then by integrating it over R, it follows that

pai [ (OO~ @Whde + (u - 1) [+ OWEds
(A.2) + /(1 +t)p' (v)W2dz = 0.

Also multiplying (A.1) by (1 + ¢)W and integrating it over R give

1d

S / 201+ )W W, + (u — 1)W?] dz — /(1 + ) (v)W2dx

(A.3) - /(1 +t)Widz = 0.

Similar to the proof of (2.8), adding (A.3) and ﬁ - (A.2), and integrating the

resultant equation over [0, t] yield

p—2 21172 _ K 20 (VW 2 de (p—1)(p—-2) 20
T R el (Rl e e

p—2 [ 2 p—2 ! 2
FH2 1+7Wd:vd7—7//1+7p’szdxdT
| fasnwiasir— i [ faenpe
< O (IWoll + IWAlP)

where we have used

4(p—1) 2 [+ 2 / 20172
2 1 > - - — 1 .
/( + t)WWidx > 2 /W dx 0 =1) (1 +t)*Wida

So we have
t
WO + (1 +6) ([Wall? + [[Wel|?) + /0 (1 +7) (IWal® + W2 ?) dr

(Ad) < CIWollf + 1WA ]?).
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For 0 < ¢g < min {1, u — 2}, multiplying 9, (A.1) by (14 ¢)*~ W, and integrat-
ing it over R give
1d
2dt
1
(A5 gl [0y @Whde =0,

1
/(1 + t)“—eo(Wgt _ p/(y)Wiz)dx + g(u + o) /(1 + t)u—l—eoWa%tdx

Also, multiplying 9, (A.1) by (1+t)*~1=<W¥, and integrating it over R, we then have

1d
ST /[2(1 + ) TITOW Wy 4 (14 €0) (1 + )20 W2]da
- Jas o ewae - [ et W
1
(A.6) = 5(1 +eo)(p—2—¢€) /(1 + )3T 2 d,

Similar to the proof of (2.21), adding (A.6) and % - (A.5), integrating the resultant
equation over [0, t] yields

2 | OO =20 @WE) + a1+ o)1+ 02 W] da

. ¢
+ %0 / /(1 + ) OW2, dadr — %0/ /(1 + 7)oy (0)W2 dadT
o 0

(A7) < C (W3 + [WlfF),
where we have used for 2 < u <4,
2/(1 + ) OW, W da
1
> oo wae - [t oW
I

1
>—= /(1 F ) OWRdr — C (|[Wo|2 + |WA?)

I
and
1 t
5(1 +e)(p—2— 60)/ /(1 + )3 OW dydr
0
t
< C’/ /(1 + 7)W2drdr
0
< C ([[Wollf + [WAl?) -
So we have

t
/ (14 )P0 (W2, + W2)dr + o / / (L4 7)1 (W2, + W2,)dudr
0

(A.8) < C (IWoll3 + W1]13) -
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For 4 > 4, Multiplying (A.1), by [1(1 + )4 W, + (1 + ¢)3~°W,] and integrating
it, we can obtain

(A.9)

(L + ) 7 [ (W, Wae) (1) + 60/0 (L +7)* = | (Waa, War) (1) *dr

< C (|[Woll3 + [[Wall3) -

From (A.8) and (A.9), we have, letting ¢g — 0, for 2 < u < 4,

(A.10) / (14 0P (W2, + W2)de < C (IWll2 + WA ]12),
and for u > 4,
(A11) / (1408 (W2, + W2) dz < C (|Wol2+ W4 2)

By a similar calculation to (A.10) and (A.11), we can get the high order estimate for
([Waaz ()| and ||[Wepe(t)||. This completes the proof of Theorem 1.1.
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