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MEAN-FIELD ANALYSIS OF MULTI-POPULATION DYNAMICS
WITH LABEL SWITCHING

MARCO MORANDOTTI AND FRANCESCO SOLOMBRINO

ABSTRACT. The mean-field analysis of a multi-population agent-based model is performed.
The model couples a particle dynamics driven by a nonlocal velocity with a Markow-type jump
process on the probability that each agent has of belonging to a given population. A general
functional analytic framework for the well-posedness of the problem is established, and some
concrete applications are presented, both in the case of discrete and continuous set of labels.
In the particular case of a leader-follower dynamics, the existence and approximation results
recently obtained in [2] are recovered and generalized as a byproduct of the abstract approach
proposed.
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1. INTRODUCTION

The concept of mean-field interaction, originally used in statistical physics with Kac [30]
and then McKean [33] to describe the collisions between particles in a gas, has later proved
to be a powerful tool to analyze the asymptotic behavior of systems of interacting agents.
Recent applications range from biological, social and economical phenomena [1, 11, 18]
to automatic learning [13, 29] and optimization heuristics [24, 31]. The underlying idea
is that the collective behavior of large systems of particles (agent-based models, usually
consisting of a set of ODE’s) can be efficiently treated by replacing the influence of all the
other individuals in the dynamics on a given agent by a single averaged effect. From a
mathematical point of view, this amounts to passing from a particle description to a kinetic
description, consisting of a limit PDE whose unknown is the particle density distribution
in the state space. The well-posedness of such models has therefore to be proven in spaces
of measures (see, for instance, the results in [17]).

In some of the applications, the interacting agents are assumed to belong to a number
of different species, or populations [3, 4, 20, 22, 26]. This is a useful modeling assumption,
e.g., in the theory of mean-field games, or in control theory, where it can been used to
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distinguish informed agents steering pedestrians to leave unknown environments, or to
highlight the influence of few key investors in the stock market (see the discussion in [12,
Introduction]). In a multi-population setting, source (or sink) terms can be added to the
model, to account for the ”birth” and "death” rate of a single population (see for instance
[38, Sections 4-5]). Furthermore, even in the case where the number of agents remains
constant along the evolution, the possibility of having some individuals switching from one
population to another has been considered [39].

As a matter of fact, exchange rates among populations are a common feature in several
applications. For instance, in models of chemical reaction networks a particle may change
its type as a result of the interaction with the others, at a stochastic rate which may also
depend on its position [32, 34, 36]. Another relevant example comes from social dynamics,
where transition rates appear in some kinetic models of opinion formation in the presence
of strong leaders, as the one proposed in [25], inspired by the earlier contribution [40]. In
this model, the opinion of the agents, described by their position in the state space, evolves
because of the exchange of opinion with the others. This is encoded by a nonlocal transport
term taking into account the presence, among the overall population, of a restricted number
of “leaders” promoting their opinion with a strong influence on the “followers”. It is natural
to postulate, as the authors do (see [25, Section 3.b] for a detailed discussion), that opinion
leadership is not constant over time: someone who is an opinion leader today may lose this
role tomorrow, or a follower may become a leader in the future.

Summarizing, the multi-population dynamics we are interested in attaches to an agent
sitting at a position x a probability measure A € P(U), where U is a compact space of labels
accounting for the population to which the agent belongs. In fact, we find it natural not to
assume any deterministic knowledge of the label of a single agent, since transitions are
usually modeled as the outcome of a stochastic process. Hence, \ expresses the probability
that the agent has, at a certain moment in time, of belonging to a subset of U, and may
itself evolve as a consequence of the interaction among the agents. The minimal model for
evolution that we propose! consists of the coupling of a non-local transport dynamics with
a Markov-type jump process. We namely assume that

e a particle at position z; with probability distribution of labels A\; experiences a
velocity field i; = vy~ (2;, \;) influenced by the global state of the system ¥V, the
empirical measure & " 5., 1)

e the probability distribution of labels \; evolves according to \; = T* (2, TN\,
where the operator 7*, accounting for the transitions among the labels, is the
adjoint of an operator 7 (z, ¥) defined on Lipschitz functions on U and may depend
on the position of the particle and on the state of the system.

In the case of two populations U = {F, L} = {followers, leaders}, a model of this type has
been recently analyzed in [2], as a (partial) discrete counterpart of the PDE model in [25].
Some simplifying assumptions had however to be added in order to perform a mean-field
analysis. In particular, the velocity field

van (@) = %21«% — e\ ({FD + %2!«( —epndLY)  (Lla)

did not depend on the probability on the labels \; and the transition operators

(TN {FD) = —ar(TY)N{F}) +ar (T (1 - N ({F})),
(T (TMN)(LY) = ap(PY)N{FY) — ar(¥Y)(1 = \({F}))

did not depend on the position z;. The goal of the present paper is to get rid of these sim-
plifying assumptions, providing an appropriate functional setting as well as a general set
of assumptions on the velocity field vy and on the operator 7* (see Section 3) which allow
one to perform a rigorous mean-field analysis of agent-based models of the kind discussed
above.

(1.1b)

IWe neglect in the present contribution the possible presence of diffusion terms.
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In order to develop our analysis, we will borrow some functional-analytic and some
measure-theoretic tools that have been recently specified for the different, although re-
lated, context of spatially inhomogeneous evolutionary games in [5]. The analogue of (1.1)
is described in [5, Section 3.2], where the dynamics considered is

& = a(x,00) = /Ue(xi,u)dai(u),
G = <%i(/UJ(xZ-,~,:1:j,u’)daj(u’)/[.]/[.]J(zi,w,xj,u’)doj(u’)doi(w)))ai, o2

j=1

for » € R? tracking the position of a player and o € P(U) denoting their mixed strategy. In
(1.2), the velocity #; is determined by the x-dependent vector field e(z, u) through an aver-
aging process with respect to the strategies available to the player z;; the evolution of the
mixed strategy o; is dictated by the replicator equation (see [28]): the term in the parenthe-
sis in the right-hand side of the second equation above determines the performance of the
strategy played by player z; with respect to all of the available strategies, averaging out
all of the possible distributions of the opponents z; with their mixed strategies ¢;. In par-
ticular, J(z;,u,z;,u’) is the payoff of the game between player x; with strategy v against
player z; with strategy «’. For the heuristic interpretation and the modeling issues related
to (1.2) we refer the interested reader to [14, 16].

The paper [5] introduced suitable notions (namely, Lagrangian and Eulerian) of solu-
tions to the mean-field limit of (1.2) showing convergence of the particle model to the limit
description by means of stability estimates in the Wasserstein metric arising from the well-
posedness theory of ODE’s in Banach spaces [15, 19, 21].

While sharing some common features, the dynamics described by (1.1) and (1.2) show a
relevant difference in the structures of the velocity fields in the right-hand sides. Indeed, in
our setting, it is natural to postulate that the velocity of the agents is also depending on the
behavior of the ones around them, at least in a small neighborhood. Such a feature is not
present in the first equation in (1.2), whereas it is encoded in our model by considering a
velocity field vy depending on the global state of the system. Beside this main distinction,
also the right-hand sides of the equations for o; and \; present some differences; we refer
the reader to Remark 5.9 for a more detailed comparison of the two models.

The novel contribution of this work is in specifying the tools from [5] to the case of our
particle system (1.1). In doing this, we will pursue a more abstract point of view than
the one considered in [5], by focusing on the structural assumptions on the velocity field
vy and on the operator 7 that guarantee the well-posedness of the mean-field analysis.
However, we will show in Sections 4 and 5 that velocities and transition rates modeled by
interaction kernels as those considered in (1.1) and (1.2) (in this last case, with the due
difference that we pointed out before) also fit in the setting that we propose in Section 3.
Thus, we can retrieve an even more general version of the results of [2] as a by-product of
our analysis (see Theorem 4.8, where also an explicit dependence on the space variable x
of the transition rates is allowed).

The general assumptions on vy and 7 are presented at the beginning of Section 3, see
(v1)-(v3) and (T0)-(T3) below. The dependence of vy on the global status of the system call
for a locally Lipschitz dependence both on the status variable (z, \) (in a suitable topology)
and on ¥ with respect to the Wasserstein distance between probability measures, which is
customary for the mean-field analysis of transport equation with non-local vector fields, see
e.g. [6, 37, 23, 27, 41]. Furthermore, the sublinearity condition (v3) guarantees long-time
existence of the solution. Concerning the operator 7, it must comply with analogous local
Lipschitz continuity conditions and sublinearity conditions, see (T1)-(T2); in addition, we
require that

e constants belong to the kernel of 7 (x, ¥), namely 7 (x, ¥)1 = 0;
e there exists ¢ > 0 such that 7 (x,¥)+ 061 > 0.

The two conditions above (see (T0) and (T3) below for a precise statement) ensure that the
velocities \;’s lie on the tangent plane to the probabilities on {F, L} and that the positivity
of the measures are preserved, respectively. Altogether, conditions (v1)-(v3) and (T0)-(T3)
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allow us to show that the particle model, which we can rewrite in the form

. T o VyN (mia)‘i) _. )

is well-posed (see Proposition 3.3).
We subsequently show that in the limit as N — oo the empirical measures ¥ converge
to a continuous path of probability measures ¥, that solves the continuity-type equation

8t\Ilt + le(bqjt\Ijt> = 0 (14)

in the space of probability measures on the product space Y = R? x P(U).

A key point of the proof is that the solutions to (1.4), which are defined via duality with
test functions (Eulerian solutions, see Definition 3.8), can be equivalently characterized as
Lagrangian solution satisfying the fixed-point equation

U, =Yy(t,0, )40 for every t > 0, (1.5)

where Y(¢,0,-) is the transition map (see Definition 3.7) associated with the ODE (1.3)
(with ¥ in place of ¥V), ¥ is a given initial distribution of agents and probability on the
labels, and the symbol # denotes the push-forward measure (see Definition 2.1).

In Section 4 we also retrieve and extend the main result of [2] as a special case of our
analysis. We associate with a solution to (1.4) the followers and leaders distributions

uE(B) = / M{FYAV(z, ), ph(B) = / A{LY) AW (z, ), (1.6)
BxP({F,L}) BxP{F,L})

for each Borel set B C R¢. If the vector field vy has the special structure (1.1a) and under
suitable structural assumptions on the transition rates ar and oy, (see (4.13) below), using
the definition of Eulerian solution, we are able to show that uJ, and p% are indeed the
unique solutions to the system

{&tuf = —div((K" % pf + K" % pf)uf) — ar(e,nf ,p0)pwt + ac(e, uf puf )ngds
Ot = —div(K" 5 pf + K" % pp)pr) + ap(@, uf , pi )ui — o (@, pmf uf )iy

considered in [2]. Notice that, as discussed in Remark 4.6, rewriting (3.27) as a system of
equation in u/ and u” is not possible for a velocity field explicitly depending on \ such as

1.7)

vgn (25, Ai) =Ai({F7}) ZKFF i — )\ ({F) + ZKLF i =) ALY |+

Ai({L}) ZKFL i — ) A ({F}) + ZK“ i — )\ ({L})

considered for instance in [22]. In the presence of exchange rates, the correct mean-field de-
scription of the above particle system is given by (3.27) in the product space R?x P, ({F, L}).

The paper is organized as follows. In Section 2, we recall the basic notions of measure
theory that will be needed in the sequel, and prove a corollary of a theorem by Brezis [15,
Sect. 1.3, Thm. 1.4, Cor. 1.1] on the well-posedness of ODE’s in Banach spaces. In Section 3
we introduce our abstract model and we prove our main result, Theorem 3.5, on the mean-
field limit of the dynamics. Section 4 is devoted to the special case of U = {F, L}, modeling
the leader-follower dynamics. We apply the abstract results to this case and recover the re-
sults of [2], extending them to the case of x-dependent transition rates. Finally, Section 5.1
we extend the results of Section 4 to any finite numbers of labels, whereas in Section 5.2 we
discuss some explicit examples of velocity fields vy and transition operators 7 (z, ¥) which
are encompassed by our setting in the case of a continuum of labels, and we compare them
with those considered in [5].

2. PRELIMINARIES

2.1. Basic notation. If (X,dx) is a metric space, we denote by M (X) the space of signed
Borel measures in X with finite total variation, by M, (X) and P(X) the convex subsets
of nonnegative measures and probability measures, respectively. The notation P.(X) will
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be used for measures having compact support in X. For u € M(X), |u| denotes the total
variation of p. If we denote by Cy(X) the space of continuous functions vanishing at the
boundary of X, and by C,(X) the space of bounded continuous functions, the weak* and
narrow convergence in M(X) are defined by the convergence of the duality products

/¢duh+/¢du, h s o0
X X

for each ¢ € Cy(X) and ¢ € C(X), respectively.

Whenever X = R%, d > 1, it remains understood that it is endowed with the Euclidean
norm (and induced distance), which shall be simply denoted by | - |.

For a Lipschitz function f: X — R we denote by

Lip(f) = sup M

N dx(z,
my;fyx X(x y)

the Lipschitz constant. The notations Lip(X) and Lip,(X) will be used for the spaces of
Lipschitz and bounded Lipschitz functions on X, respectively. Both are normed spaces
with the norm || f|| == || f]lec + Lip(f).

In a complete and separable metric space (X,dx), we shall use the Kantorovich-Rubinstein
distance W in the class P(X), defined as

Wi(p,v) = sup{/ sodu—/ ¢dv : ¢ € Lip,(X), Lip(¢) <1}
X X

or equivalently (thanks to the Kantorovich duality) as
Wi (4, v) = inf {/ dx(z,y)dll(z,y) : TI(A x X) = u(A), I(X x B) = I/(B)},
XxX

involving couplings II of © and »v. Notice that Wi (u,v) is finite if 4 and v belong to the
space

P(X) = {ueP(X):/XdX(:v,x)du(:c)<+oo forsomexeX}

and that (P1(X),W;) is complete if (X,dx) is complete. For a positive measure u €
M, (E), for E being a Banach space, we define the first moment m4 (1) as

mi) = [ llele dp.

Notice that, for a probability measure ., finiteness of the integral above is equivalent to
u € P1(F), whenever E is endowed with the distance induced by the norm ||-||.
We now recall the definition of push-forward measure.

Definition 2.1. Let € M (X) and f: X — Z a p-measurable function be given. The
push-forward measure fyu € M (Z) is defined by f4p(B) = p(f~'(B)) for any Borel set
B C Z. The push-forward measures has the same total mass as p, namely u(X) = fuau(Z2).
It also holds the change of variables formula

/ngf#u=/XgOfdu

whenever either one of the integrals makes sense.

For E being a Banach space, the notation C}(E) will be used to denote the subspace
of Cy(E) of functions having bounded continuous Fréchet differential at each point. The
notation D¢(-) will be used to denote the Fréchet differential. In the case of a function
¢:[0,T] x E — R, the simbol 9, will be used to denote partial differentiation with respect
to ¢, while D will only stand for differentiation with respect to the variables in E.
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2.2. Functional setting. The space of labels U will be assumed to be a compact metric
space. The state of the system is described by y := (z,\) € R? x P(U) = Y. The component
r € R? describes the location of an agent in space, whereas the component \ € P(U) de-
scribes the distribution of labels of the agent. A probability distribution ¥ € P(Y') denotes
a distribution of agents with labels.

To define the functional setting for the dynamics, we need to consider the free space

F(U) = span(P(0)) ™ < (Lip(U)), @.1)

which is also called in the literature Arens-Eells space, see [8, 10] and [42, Chapter 3]. The
closure in (2.1) is taken with respect to the bounded Lipschitz norm ||-||pr., which is defined,
for € (Lip(U))’, by

lullBr. = sup { (1, ¢) : ¢ € Lip(U), |¢llLip < 1}
With the free space F(U) at hand, we define Y := R? x F(U) and the norm |-|3 by
1ylly = 1z, My = |2 + [[Allsr; (2.2)

and we pose |ylly = [yl

For a given R > 0, we denote by Bp the closed ball of radius R in R? and by B} the
ball of radius R in Y, namely B}, = {y € Y : ||y|ly < R}, and observe that it is a compact
set, since Y is locally compact by our assumptions on U. The Banach space structure of
Y DY allows us to define the first moment m,(¥) for a probability measure ¥ € P(Y) as

() = [ lylav
Y
so that the space P;(Y") can be equivalently characterized as
P(Y)={U eP(Y):m(¥) < +oo}.

We will sometimes use the notation P(K) to denote probability measures with support
contained on a given compact subset K C Y. Notice that trivially we have P(K) C P1(Y).

2.3. Well-posedness of ODE’s in Banach spaces. We recall here a theorem by Brezis
[15, Sect. 1.3, Thm. 1.4, Cor. 1.1] on the well-posedness of ODE’s in Banach spaces.

Theorem 2.2. Let (E,| - ||g) be a Banach space, C a closed convex subset of E, and let
A(t,): C — E, t € ]0,T], be a family of operators satisfying the following properties:
(1) there exists a constant L > 0 such that for every c1, co € C and t € [0,T)
[A(t, c1) = A(t, e2)lle < Lljer — e2| s (2.3)

(i1) for every ¢ € C the map t — A(t,c) is continuous in [0,T];
(iii) for every R > 0 there exists 6 > 0 such that

ceC llclg <R = c+0A(tc)eC. (2.4)

Then for every ¢ € C there exists a unique curve c: [0,T] — C of class C! satisfying c¢; € C
forall t € [0,T] and

d .
&Ct = A(ta Ct) mn [05 T]v Co =
Moreover, if ¢, ¢? are the solutions starting from the initial data ¢', ¢® € C respectively, we

have

(2.5)

Ql

et — 2| g < elt||ct — &g, for every t € [0,T]. (2.6)
For our purposes, we need the following generalization.
Corollary 2.3. Let hypotheses (ii) and (iii) of Theorem 2.2 hold for a family of operators
A(t,-): C — E, t € 0,T]. Assume, in addition that
(i) for every R > 0 there exists a constant Lr > 0 such that for every ci, co € C' N By
and t € (0,7

[A(t,c1) — A(t, e2)l| 5 < Liller — 2| g 2.7

(i”) there exists M > 0 such that for every c € C, there holds

[A(t, o)lle < M(1+lc]p). (2.8)
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Then for every ¢ € C there exists a unique curve c: [0,T] — C of class C' satisfying c; € C
forall t € [0,T] and

d .
¢t = A(t,cr) in[0,T], cp = C. (2.9)
Moreover, if c*, ¢? are the solutions starting from the initial data ¢*, ¢> € CNBg respectively,

there exists a constant L = L(M, R, T) > 0 such that
let — e <et|et — &g, for every t € [0,T]. (2.10)

Proof. Let us fix the initial datum ¢ € C, and let us choose R := (||¢||g +MT)eM” . Consider
a smooth function with compact support x: Rt — [0, 1] such that x(r) = 1 for every » < R
and set B(t,c) == x(||c||g)A(t,c). Then one can see that B satisfies hypotheses (i) and (ii)
of Theorem 2.2. To see that hypothesis (iii) is also satisfied, it suffices to notice that, by
convexity and since 0 < x < 1, ¢+ 0x(||c||g)A(t,c) € C whenever c+0A(t,c) € C. Therefore
there exists a unique solution ¢ — ¢(t) of class C! of

%Ct ~B(tc) in[0,T], co== @2.11)

Using again that 0 < xy < 1 and (2.8), one can see that
T
lleel e < ||E|\E+MT+M/ lles|| 2 ds, (2.12)
0

hence Gronwall’s Lemma implies that |c;||z < R for every ¢t € [0,7]. With this, ¢; solves
(2.9). A similar argument shows that any other solution ¢ — ¢ to (2.9) must satisfy ||¢:|| g <
R for every t € [0,T]. Thus, uniqueness of solutions for (2.9) follows from the uniqueness
of solutions to (2.11). A similar argument also yields (2.10). O

3. THE ABSTRACT MODEL

The state of our system is described pairs y := (2, ). The element € R? denotes the
position of the agents, whereas the element A € P(U) denotes a (probability) distribution
over the space U, which we assume to be a compact metric space, which can be interpreted
as a space of strategies (as in [5], in which case an element of P(U) is a mixed strategy)
or as a space of labels (as in [2], where the case U = {leader, follower} was considered). A
distribution of states will be described by an element A € P(Y), where Y := R? x P(U).
We will be concerned with the evolution of A, given an initial A°, determined by the laws
of evolution of z and X\, which are going to be discussed below.

For y = (z,\) € Y and ¥ € P, (Y), we define a vector field by: Y — Y through

buly) = < Tj’(“;(?g)A ) (3.1)

The first component of by is a velocity field in R? determined by the global state of the
system U; the second component is expressed in terms of the adjoint 7*(x, ) of an opera-
tor 7 (x, ¥) which sees the location of the agents and the global state of the system around
them. In order to state the regularity assumptions that we make on by, we will discuss
separately the assumptions on vy and on 7.
We assume that the velocity field vy : Y — R? satisfies the following conditions:
(v1) for every R > 0, for every ¥ € P(B}), vy € Lip(B);R?) uniformly with respect to
¥, namely there exists a constant L, r > 0 such that

lvw (y') — ve(y®)| < Lorlly" — v°lly (3.2)

(v2) for every R > 0, for every ¥ € P(B},), there exists a constant L, p > 0 such that
for every y € B}, , and for every ¥', ¥ € P(B))

lvar (y) — ve2 (y)| < Lo W1 (T, ¥2); (3.3)
(v3) there exists M, > 0 such that for every y € Y and for every ¥ € P;(Y") there holds
[va (W) < My (14 [lylly + ma(9)). (3.4)

We now describe the assumptions on 7. For (z, ¥) € R? x P;(Y), let T(z,¥): Lip(U) —
Lip(U) be an operator such that
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(TO) for every (z,¥) € R? x P;(Y), constants are in the kernel of 7 (x, ¥), that is
T (x, )1 = 0; (3.5)
(T1) for every (z,¥) € R? x Py(Y), there exists a constant My > 0 such that the
operator norm satisfies
1T (2, )| £uipysLipy) < M7 (1 + || +ma(P)); (3.6)
(T2) for every R > 0 there exists L7 > 0 such that, for every (z!,¥!) (22,¥2?) €
BR X P(B§> 5
|‘T(zla \Ill) - T(IE2, \P2)||L(Lip(U);Lip(U)) < LT-,R(|‘T1 - :E2| + Wl(\plv \112>)a 3.7
(T3) for every R > 0 there exists g > 0 such that for every (z,¥) € Br x P1(Y) we
have
T(z,¥) +drl = 0. (3.8)
The following lemma is easily proved.
Lemma 3.1. Let T (x,¥): Lip(U) — Lip(U) satisfy (T0)-(T3) above and let T*(x,V): F(U) —
F(U) be its adjoint. Then
(T*1) for every (z,V¥) € R? x Py(Y), there exists My > 0 such that the operator norm

satisfies
17 (@, )l ccryry) < M1+ |z + mi(V)); (3.9)
(T*2) for every R > 0 there exists L1 r > 0 such that, for every (z',¥'), (2% ¥?) € Bg x
P(BR),
[T (2!, W) — T, 92| e royrw)) < Lror(le! — 2|+ Wi(¥!, 02)), (3.10)
(T*3) for every R > 0 there exists 0r > 0 such that
T*(2, ) + 6l > 0, (3.11)

Proof. To see that (T*2) holds, we apply the definition of operator norm
1T (2, O)|| 2 ruyrwy) = sup {1 T*(x, ¥)pllsL - p € F(U), ||plsr < 1}. (3.12)
For (21, W), (22, ¥?) € Br x P(BY), we have,
[T (2t W) = T (@, 92) | crwysrw))

=sup {|(T* (", ¥1) = T, ¥*))ulpr : p € FU), [lpllpr < 1}

= sup {sup {{(T* (&, ) = T (2, W), ) ¢ pluip < 1} 1 € FO), e < 1}

=sup { sup { (1, (T(a', ") = T(@%, ¥2)¢) : lluip < 1} : € FO), ullon, <1

<sup { sup {1l (7@ #) = T 9l ¢ pllip < 1} : 0 € F), lon < 1}

Ssup {I[(T (2", ) = T(2?, ¥)plLip « lplluip < 1}

< T (' W) — T (@2, 92| cip)Lip)) < Lrg(lz' — 2% + Wi (U, 0?)),

and (T*2) follows from (T2). A similar argument using (3.12) also gives (T*1). To prove
(T*3), ler R > 0 be fixed and let 6z > 0 be such that (3.8) holds. Then

since the adjoint operator preserves positivity. O

Proposition 3.2. For y € Y and ¥ € P,(Y), define by (y) asin (3.1). Assume that vgy: Y —
R? satisfies (vI)-(v3) and T (z,¥): Lip(U) — Lip(U) satisfies (T0)-(T3). Then

(i) forevery R > 0, for every ¥ € P(BY,), and for every y',y* € B}, there exists Lr > 0
such that
1w (y") = bo (v)lly < Lrlly' —* |y (3.13)
(ii) for every R > 0, for every ¥',W? € P(BY), and for every y € BY,, there exists
Lr > 0 such that

1bwr () = buz ()l < LW (T, T2); (3.14)
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(iii) for every R > 0, there exists 0 > 0 such that for every y € B}, and for every

U € P(BY)
y+0by(y) €Y; (3.15)
(iv) there exists M > 0 such that for every y € Y and for every U € P1(Y) there holds
16w (W)l < M (1 + llylly + ma()) - (3.16)

Proof. Property (i) is a consequence of (3.2) and (3.10); property (ii) follows from (3.3) and
(3.10). Observing that for all y = (z,\) € Y we have that |A|p. < 1, we obtain (3.16)
from (3.4) and (3.9). Finally, to prove (iii), since R? is convex, we simply have to show that
for every R > 0, there exists > 0 such that for every y = (z,\) € B} and for every
¥ € P(B))

A+ 0T (x, V)X € P(U). (3.17)
From (3.11), we have that, for 6 = 1/6r, A + 0T7*(z, ¥)\ is a positive measure. Since by
3.5) (T*(z, )\, 1) = (A, T (2, ¥)1) = 0, we get (3.17) and we conclude the proof. O

3.1. The discrete problem and statement of the main result. We consider a particle
system of N agents evolving according to

i Y
& = vap (i, ;>’ , fori=1,...,N,te0,T], (3.18)
)‘ft :T*(‘TLAt ))‘%7

where 2' € R?, AP € P(U) foreach i € {1,...,N}, and

N
1
AY =D 0w (3.19)
=1
is the empirical measure associated with the system. Recalling the definition of b in (3.1),
the evolution (3.18) can be written in compact form as
yi =bar(yp),  fori=1,...,N,te[0,T). (3.20)
We first discuss the well posedness of system (3.18) for every choice of an initial datum
gt = (2, \V), fori=1,...,N.

Proposition 3.3. Assume that for every y € Y and ¥ € P (Y) the velocity vy: Y — R?
satisfies (v1)-(v3) and the operator T (x,V): Lip(U) — Lip(U) satisfies (T0)-(T3). Then, for
every choiceof ' €Y, i =1,...,N, the system (3.20) has a unique solution.

Proof. We introduce the vector-valued variable y = (y',...,y"V) € YV C v", which we
endow with the norm

N
1 i
Iyl =~ Sl (3.21)
=1

and the associated empirical measure AN := L 5™ 5., which belongs to P(B},) when-
ever y € (B},)"V. Consider the map b": YV — 7" whose components are defined through

b (y) = ban (y")- (3.22)
Then the Cauchy problem associated with (3.20) can be written as
N
Yy = lz (Ye), (3.23)
Yo =Y.

In order to apply Corollary 2.3 to the system above, we first notice that assumption (ii) is
automatically satisfied since the system is autonomous. To check the other assumptions,
we fix a ball BY," and notice that BY," c (B})V.

Applying (3.15) with ¥ = A" to each component 3’ of y, we get that assumption (iii) of
Corollary 2.3 is satisfied.

We now show that assumption (") holds. Fix y,,y, € B c (B%)V, and let AN, AY be
the associated empirical measures. Notice that

N
1 . .
Wi(AY, AY) < N Z”yi — sl = llyr — ’!J2||7N- (3.24)

i=1
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With this, by the triangle inequality, (3.13), and (3.14), we estimate
N

1 i i
HbN(yl) - bN(yz)”?N N E ||bA{V (y1) — bAgV (y2)lly
i=1

(3.25)
<LRW1(AiVaAN ZH?A yz”y 2LR|ly, — ’!/2||7N

which yields (2.7). To see that also (2.8), and therefore assumption (i”), holds, we apply
(3.16) and obtain, upon noticing that mi(A") = |y[ls~,

N

M i
6% () I~ = ZHbAN 7 < 5 2 (L Iyl + mi(AN) = M(1+2]yllpw), (3.:26)
i=1
Therefore we can apply Corollary 2.3, which proves the statement. O

We are now in a position to state the main result of our paper, concerning the mean-
field limit as N — oo of the solutions (y,...,y/) to (3.20), or equivalently the limiting
behavior of the associated empirical measures A} . In order to do so, we first need to recall
the concept of Eulerian solution to the continuity equation.

Definition 3.4 (Eulerian solution). Let A € C°([0,T]; (P1(Y),W1)) and let A € P.(Y) be a
given initial datum. We say that A is a Eulerian solution to the initial value problem for
the equation

8,5/\,5 + diV(bAtAt) =0 (327)
starting from A if and only if Ag = A and, for every ¢ € C}([0,T] x Y),

/ o(t,y) dA(y / ?(0,y) dAo(y / / 8tgz5 (s,y) + Do(s,y) - ba.(y )) dAg(y)ds, (3.28)
where D(s,y) is the Fréchet differential of ¢ in the y variable.

The main result of our paper is the following theorem, stating the existence of a unique
Eulerian solution to (3.27) and its characterization as the mean-field limit of solutions to
the discrete problem (3.20).

Theorem 3.5. Let r > 0 and A € P(BY) be a given initial datum. Then
(i) there exists a unique Eulerian solution t — A, to (3.27) starting from A;
Gi) if AN = £ SN 5~ is a sequence of atomic measures in P(BY) such that

lim Wi (AN, A) =0
N —o00

and, for fixed N, AN are the empirical measures associated with the unique solu-
tion to (3.20) with initial datum §V°', we have

A}im Wi(AN,Ay) =0 uniformly with respect to t € [0, 7).
—00

The proof of Theorem 3.5 will be based on a fixed point argument and on the notion of
Lagrangian solution, which are going to be introduced in the next subsection.

3.2. Lagrangian solutions. We start by proving an auxiliary well posedness result for
and ODE in Y of the form

Ut = bw, (Y1), Yo =19, (3.29)
where [0,7] 3t — ¥, € P1(Y) is a given continuous curve and 5 € Y.

Proposition 3.6. Assume that for every y € Y and ¥ € P1(Y) the velocity vy: Y —
R? satisfies (v1)-(v3) and the operator T (z,¥): Lip(U) — Lip(U) satisfies (T0)-(T3). Let
U e C%0,T); (P1(Y),W1)) and assume that there exists R > 0 such that, in addition,
WU, € P(BY) forall t € [0,T]. Then, for every choice of § € Y, the ODE (3.29) has a unique
solution.

Proof. We set b(t,y) = by, (y) according to (3.1). Since ¢ — U, is continuous, using (3.14)
we get that, for any fixed y € Y, b(+, y) is continuous, which is condition (ii) in Corollary 2.3.
Condition (iii) of Corollary 2.3 is a direct consequence of (3.15). Furthermore, (3.13) and
(3.16) yield (2.7) and (2.8), respectively. The proof is concluded by Corollary 2.3. O



MEAN-FIELD ANALYSIS OF MULTI-POPULATION DYNAMICS WITH LABEL SWITCHING 11

In view of the previous result, the following definition is justified.

Definition 3.7 (Transition map). The transition map Y (t,s,y) associated with the ODE
(3.29), replacing the initial condition by y, = y, is defined through

Y\Il(t7 S, g) = Ut,
where t — y; is the unique solution to (3.29) .
We can now proceed to defining the notion of Lagrangian solution to (3.27).

Definition 3.8 (Lagrangian solutions). Let A € C°([0,T]; (P1(Y),W,)) and let A € P.(Y)
be a given initial datum. We say that A is a Lagrangian solution to the initial value problem
for the equation (3.27) starting from A if and only if it satisfies the fixed point condition

A =Y(t,0,) 4N forevery 0<t<T, (3.30)
where Y (t, s,y) are the transition maps associated with the ODE (3.29).

Remark 3.9. It follows from Definition 2.1 that Lagrangian solutions are also Eulerian
solutions.

Remark 3.10. For a fixed N € N, let AN be the empirical measures associated with

the unique solution to (3.20) with initial datum ¥', i = 1,...,N. If we now set AN =
L SN 85, by Definition 3.7 there holds
AN =Y~ (t,0,)2AY  forevery 0<t<T. (3.31)

Hence, AV is a Lagrangian and Eulerian solution to (3.27) starting from A" .

We now want to show that an infinite-dimensional converse of Proposition 3.6 holds,
proving that indeed, in our case, every Eulerian solution is also a Lagrangian solution.
This stems out of a general abstract principle known as the superposition principle, in
the version introduced in [5] (see also [7, Theorem 8.2.1] and [9, Theorem 7.1]). In the
statement below, the evaluation map ev; is defined, at a given ¢ € [0, T], by

eve(y) =~(t) forally e C([0,T]: E).

Theorem 3.11 (superposition principle). Let (E,|| - ||r) be a separable Banach space, let
b: (0,T) x E — E be a Borel vector field and let ji, € P(E), t € [0,T], be a continuous curve
with
T
/ / bl dpedt < +o0. (3.32)
o JE
If
d .
R + div(byjue) = 0
in duality with cylindrical functions ¢ € C}(E), precisely of the form (here (-,-) denotes the
duality map between E and E')
R0y, 24), 9 28), - (9 2)
with ¢ € CLRY) and 2,...,2)y € E', then there exists n € P(C([0,T]; E)) concentrated
on absolutely continuous solutions to the ODE y = bi(y) and with (evi)yn = u; for all
tel0,7].
Proof. See [5, Theorem 5.2]. O
Combining the abstract result Theorem 3.11 with the uniqueness granted by Proposi-
tion 3.6, we can prove the announced equivalence result. Notice that the proof has an inter-
mediate step, since in order to apply Proposition 3.6 we must first ensure that a Eulerian

solution A; has (equi)compact support for all t. We are able to deduce this from Theo-
rem 3.11 and the assumption that the initial datum A € P.(Y).

Theorem 3.12. Let A € C°([0,T]; (P1(Y),W1)) and let A € P.(Y) be a given initial datum.
Assume that A is a Eulerian solution to the initial value problem for 0;A; + div(ba,As) = 0
(see (3.27)) starting from A, in the sense of (3.28), then there exists R > 0 such that A; €
P(BY) forall t €[0,T) and

A =Y(t,0,) 4N forevery 0<t<T,

where Y (t, s,y) are the transition maps associated with the ODE (3.29).
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Proof. Since A € C°([0,T]; (P1(Y),W,)), the map
e mi(a) = [ Iyl da) (3.33)
Y

is continuous, and hence bounded, in [0, 77. Set b:(y) = ba,(y), for y € Y, and extend it to
zeroon Y \ Y. Using (3.16), we have

/ / 1Belly Ay (y)dt = / / el dAu(y

< / / M (1+ [lylly 4+ m1(A¢)) dAs(y)dt < TM(l + 2 max ml(At)) < +o0.
o Jy t€[0,7]

(3.34)

Hence, we can apply Theorem 3.11 with £ = Y and p; = A, obtaining that A; = (evy)4n
for a suitable n € P(C([0,T];Y)) concentrated on absolutely continuous solutions to ODE

y=0ba(y) in[0,T]. (3.35)

Now, using (3.16) again, we have
o, )l < 3 (14 e (A0 + Dol ) < Ma (14 ol (3.36)

where we set My = M (1+ maxycpo,7;m1(A¢)). The equality A = Ag = (evo)xn, which

reads
/ B ¢(7(0))dn(7)=/ o(y) dA(y)
P(C([0,T)T)) y

for each ¢ € C,(Y'), implies that 7 is concentrated on the set of solutions to (3.35) satisfying
y(0) € BY, where r is such that suppA C BY. With (3.13) and the Gronwall inequality,
each of these solutions must satisfy y(t) € B),, where R is explictly given by

R = RT.,IW.,A,T = (T 4+ MAT)GMAT .

From the equality A; = (ev;)xn we then deduce that A, € P;(B};) for all ¢ € [0,7]. We can
therefore apply Proposition 3.6 and exploit the uniqueness of the solution to the Cauchy
problem (3.29) to deduce the representation

’Y(t) = YA(ta 07 7(0))

with v(0) € BY, for each continuous path ~ € suppn. With the equality A; = (ev:)xn, this
gives

/ o(y) dAs(y) = /  B(YA(,0,7(0))) dn() = / B(Ya(£.0,1)) dA(y)
Y P(C([0,T];Y)) Y

for each ¢ € Cp(Y'), which implies the conclusion. O

3.3. Proof of Theorem 3.5. As a preliminary step towards the proof, we need the follow-
ing lemma, assuring that the size of the support of a Lagrangian solution in the sense of
(3.30) can be a priori estimated from the data of the problem.

Lemma 3.13. Assume that for every y € Y and ¥ € Py(Y) the velocity vy: Y — R¢
satisfies (v1)-(v3) and the operator T (x,V): Lip(U) — Lip(U) satisfies (T0)-(T3). Let A €
CO([0,TT; (P.(Y), Wl)) and let A € P.(Y) be a given initial datum. Fix r > 0 such that
A has support in BY, and let M be the constant given by (3.16). Assume that A is a
Lagrangian solution to the initial value problem for the equation (3.27) starting from A in
the sense of (3.30). Then, for R = (r + MT)e*T we have

Ay € Pi(BY) forallte0,T].
Proof. For r, R as in the statement, it suffices to show that we have

max [|[Y: (t,0,y)|ly <R (3.37)
yEBY

for all ¢+ € [0,7]. Indeed, if this holds the statement immediately follows by (3.30) and
elementary properties of the push-forward measure, taking into account that A has support
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in BY . To prove the above claim, we first observe, that by definition of Lagrangian solutions
and the fact that A € P(B)) we immediately have

mi(A¢) < max [Ya(2,0,y)]v (3.38)
yeBY

for all ¢ € [0,7]. We now set f(s) = max,epy [|[Ya(s,0,9)|y . Then, one has by definition of
the transition map, (3.16), and (3.38) that for every choice of y € BY

t t
IYA(0,9)ly <7+ M / (14 [Ya(5,0,9)ll5 +ma(Ay))ds < r+ M / (1+2f(s)) ds

which implies by the Gronwall inequality f(t) < (r + Mt)e*M! for all ¢, confirming (3.37).
O

Proof of Theorem 3.5. The proof goes through a finite dimensional approximation and in-
volves three steps.

Step 1: stability of Lagrangian solutions. We fix r > 0, two initial data A', A2 € P(BY)
and assume that two Lagrangian solutions A}, A?, starting from A', and A2, respectively,
exist. We fix R = (r + MT)e?MT and the corresponding contant Lz provided by (3.13)-
(3.14). We claim that

Wi (AL, A2) < ebrtte"® =1y (A1 A2) forallt € [0,T]. (3.39)
To prove this claim, we fix y; and y» € BY and observe that
[Yi(t,0,5:)lly < R (3.40)

forall ¢ € [0,7) and ¢ = 1,2. This can be proved along similar lines as in the proof of (3.38).
With (3.40) and (3.13)-(3.14), the solutions y!(t) and y?(t) to the ODE’s ' = b,:(y*) with
initial data y! and y? respectively, satisfy
d
' = w7l < [oar (" (1)) = bar (WD) + [1bar (47 (1) — baz (> ()]
< Lelly' = v2(1(t) + LrWi(Ag, A7) -

This gives, by means of a comparison argument, that
I9'0) ~ )] < ' )+ L [ P OIW AL, A2 o
0
equivalently,
t
HYA1 (t7 0; yl) - YA2 (ta 07 y2)H < eLRtHyl - yQH + LR/ eLR(tiT)Wl (A71'7 A?—) dr (341)
0

for alle t € [0,7] and y; and y, € BY . ) )

Now, let II be an optimal coupling between A' and A%. Then clearly, by the definition
of Lagrangian solutions, (Y1 (t,0,y"), Ya2(,0,y%)) ,Misa coupling between A} and A?.
Therefore

MALAD < [ [Yan(0.5) — Yoo (6. 0.97) G, o)

Y XY
= [ Y0 - Yas(e, 0.5 Al 2).
BY xBY
where we also used that A, A% € P(B)). Hence, using (3.41) we get

t
Wi(A}, A2) < ebrt / ly' — )l dIi(y",y?) + L / LTIy (AL A2) dr
BY xBY 0

t
_ eLRtwl(]\l,]\Q)+LR/ eLR(th)Wl(A}”A?_) dr.
0

With this and the Gronwall inequality, we get (3.39).
Step 2: existence and approximation of Lagrangian solutions. We start by fixing a se-
quence of atomic measures A € P(B)) such that

lim W;(Ay,A) =0. (3.42)
N —o0
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Such a sequence can be for instance constructed as follows: choose 7;(w) € Y indepen-
dent and identically distributed, with law A, so that the random measures AN (w) =
+ vaz 105:(w) almost surely converge in P;(Y) to A, and choose w such that this hap-
pens. Now, let AY be the empirical measures associated with the unique solution to (3.20)
with initial datum ¢, i = 1,..., N. As noticed in (3.31), AY are Lagrangian solutions to
(3.27) starting from A" . Hence, (3.39) provides a constant C := C(M,r,T) such that

Wi (AN, AM) < oWy (AN, AM)

for all ¢ € [0,7] and N, M € N. It follows that A)Y € C([0,T]; (P1(B}),W:)) is a Cauchy
sequence. Let then A, € C([0,T]; (P1(B}), W:)) be the limit of the sequence AL .

For a given j € BY, consider now the solutions 3" (t) and y(¢) to the ODE’s jV =
ban (yN), and § = by (y), respectively, with initial datum 7. Let R’ > R be an upper bound?
for max;co,7/|y(t)|ly, which can be taken independent of j € BY. With (3.13)-(3.14) we

obtain
d
EIIyN —yll() < [1ban (™) = ba(@™)II + 104 "Y) = baW)l < Lelly™ — yll + LeWi (A, Ay) .

Again by comparison, we deduce that
t
HYAN (t7 Oa g) - YA(ﬁa 07 g)” < LR/ eLR/(tiT)Wl (A7Jy7 AT) dr
0

which entails the uniform convergence of Y~ (-,0,-) to Y(-,0,-) in [0,7] x BY . For each
t € [0,7] this implies, together with (3.42) and the fact that Y, (¢,0,) is a Lipschitz map
on BY, that

AI{V =Y~ (t, 0, ~)#]\N — YA(t, 0, )#]\
in P1(Y), which gives (3.30).

Step 3: uniqueness and conclusion. Uniqueness of Lagrangian solutions, given the initial
datum, follows now from (3.39). Existence and uniqueness of Eulerian solutions is now a
consequence of Remark 3.9, and Theorem 3.12, respectively. The same argument used in
the second step of this proof gives also part (ii) of the statement. O

4. A LEADER-FOLLOWER DYNAMICS

We want to discuss the application of our results to the relevant scenario of two in-
teracting populations, one consisting of “leaders” and the other one of “followers”, with a
switching rate between the two. In this setting, the set U consists of two elements, that is
U :={F,L} and is endowed with a two-valued distance

0 = dist(F, F) = dist(L, L), 1= dist(F,L) = dist(L, F).

The space Lip({F, L}) is a two-dimensional linear space spanned by the two indicator func-
tions 1 and 1, ; accordingly, the space F({F,L}) is the two-dimensional space of signed
Borel measures on the discrete set {F, L}, whose generic element ¢ is completely described
by the two values {p = £({F}) and &1, .= {({L}). A simple characterization of the operators
T (and 7*) complying with our set of assumptions (T0)-(T3) is then given in the following
proposition.

Proposition 4.1. Let U := {F,L}. Then T: R% x P, (Y) — Lip({F, L}) satisfies (T0)-(T3) if
and only if there exist two functions ar, ar: R x P1(Y) — [0, +00) such that

(a0) forevery (z,¥) € RY x P1(Y) and \ € P1({F, L}) it holds

(T (2, V)N p = —ap(z, V)Ar + ar(z,V)(1 — Ap),
(T*(x, V)N = ap(z, V) Ap — ap(z, ¥)(1 — Ap);
(al) forevery (x,¥) € R? x Py(Y), there exists My > 0 such that the
0 < (2, ¥) < My (1+ |z| +my (1)), for e =F L;

2observe that at this point of the proof we cannot a priori exclude that R’ > R, since we still do not know that
A¢ is a Lagrangian solution, hence we cannot apply (3.40) (which holds instead for A™V)
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(a2) for every R > 0 there exists L1 r > 0 such that, for every (z',¥'), (2% ¥?) € Bg x
P(BL),
|a'(zla \Ill) - a'($27 \P2)| < LT.,R(|$1 - $2| + Wl(\lllv \IJQ))a for = Fv L.
Proof. Since Lip({F, L}) is a two-dimensional linear space, we can identify 7 (z, ¥) with its
matrix representation with respect to the canonical basis {17, 1} and endow the space
L(Lip({F, L}),Lip({F,L}) with the Frobenius norm of such a matrix representation. Ac-
cordingly, the transpose matrix will be the representation of 7*(z, ¥) with respect to the

canonical basis of F({F, L}) consisting of the two Dirac masses ¢ and dy,.
Now, condition (TO0) is equivalent to the fact that

[ —ar(x,¥) ap(r,¥)
Tla,¥) = ( ap(z,¥)  —ap(z,P) ) .1

with ap, ar: R? x P1(Y) — [0,4+00). In turn, this is equivalent to (a0) by a direct compu-
tation. Again by a direct computation, (T2) is equivalent to («2), while (T1) is equivalent
to the inequalities

love (z, )| < My (1 + |z| +my(¥)),  for e=F,L.

In particular, ar and «;, are uniformly bounded for (z, V) € Br x P;(B}), hence (T3) holds
if and only if the nondiagonal elements ap(z, ¥) and «y (x, ) of the matrix representation
(4.1) are nonnegative. This implies that (T1) and (T3) together are equivalent to (1),
which concludes the proof. O

To each element ¥ of P;(R? x Py ({F,L})) we can associate a followers’ and a leaders’
distribution in a natural way, as we are going to discuss in the next definition.

Definition 4.2. Let ¥ € P;(R? x P1({F,L})) The followers distribution 1}, associated to ¥
is the positive Borel measure on R defined by

pui(B) = / Apd¥(z, \) (4.2a)
BxPi1({F,L})

for each Borel set B C R®. Similarly, the leaders distribution pL associated to ¥ is the
positive Borel measure on R defined by

i (B) = / (1—Ap)d¥(z, ). (4.2b)
BxP1({F,L})

Both the measures defined above have a simple interpretation. For instance, uf (B) is
the expected value of the number of leaders in a region B for a probability distribution
U on RY x Py({F,L}). We also observe that the sum of the two measures pJ, and ul is
exactly the z-marginal of U(z, \). From a practical point of view, the integrals appearing in
(4.2) can be computed identifying the metric space (P1({F, L}), W;) with the 1-dimensional
symplex [0, 1] endowed with the Euclidean distance (this is indeed an isometry). We also
point out the following inequalities, whose proof'is straightforward

ml(ug) + ml(ué,) <my(¥), forall¥ e Pl(Rd x P1({F,L}));
|y, — g, |Br < 2Wi (U, Us)  for all Uy, ¥y € Py(RY x Py({F,L})) (4.3)
|, — wh, lpr < 2Wi(Uq, Us)  for all Uy, ¥y € P(RY x Py({F,L})).

Using the previous definition, we can also provide some relevant examples of velocity
fields vy complying with assumptions (v1)-(v3).

Proposition 4.3. Let U = {F,L}. For ¥ € P;(R¢ x P1({F,L})), consider the velocity field
vg(z,A) = Ap (K xpl + KM wp) + (1= Ap) (K %l + K5 5 pl) (4.4)
where pf and pL are defined in (4.2) and the interaction kernels K : R? — R? satisfy
|K¥(z)] < M(1+ |z|), forall zeRY;
|KY (21) — KY(x5)| < Lr|z1 — 22|, forall zy,20 € Bg.
Then, vy (x, \) satisfies (v1)-(v3).
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Proof. The result follows by a direct computation. O

Remark 4.4. The velocity field (4.4) corresponds to a particle model where each follower
experiences a velocity K" xul+ K 'xuk , which combines the action of the overall followers
and leaders distribution. Similarly, each leader is under the action of the velocity field
KFL syl + KMV s uk . Hence, (4.4) is an average velocity of the system, weigthed by the
probability \ that a particle at x has of being a leader or a follower.

In a similar spirit to the previous proposition, also transition rates ar and o depending
on uk and p% can be considered in our setting. This is for instance the point of view taken
in [2, Assumption (H4) and Appendix A], where also some explicit examples were provided.
Our assumptions are actually more general than those considered there: in particular, we
can allow for an explicit dependence on the space variable .

Proposition 4.5. Let U = {F, L}. Consider two functions ar, ar: RIx M (RY)x M, (RY) —
[0, +00) satisfying the following assumptions:
e there exists a constant M such that, for ¢ = F, L,
0 < aem,p,v) < M (1+ ||+ mi(u) +mi(v)) (4.5)
forall x € R? and (u,v) € M4 (R?) x Mo (RY);
e forall R > 0, there exist a constant Lg such that, for e = F, L,
|cve (21, pi1, 1) — e (2, pi2, v2)| < Lp (|21 — 22| + |1 — p2llBL + |1 — v2l|BL) (4.6)
for all xr1, To € BR and (,Ltl,l/l), (‘LLQ,VQ) € M+(BR) X M+(BR)
For VU € P1(RY x P1({F,L})), define uf, and pk asin (4.2). Then, the functions

ap(z, V) = ap(e,py,py) and  ar(e,¥) = ay(e, py, pg) (4.7)
satisfy Assumptions (a0)-(a2) in Proposition 4.1.
Proof. The result follows from (4.5)-(4.6) by means of the inequalities in (4.3). O

The main result of this Section is an existence and uniqueness result for the system of
equations considered in [2], which we are going to deduce from Theorem 3.5. By doing this,
we will extend the result in [2, Proposition 3.2] to the case were the transition rates ar,
ay, are allowed to explicitly depend on z, which was not considered there. The equations
we consider are namely

Qi = —div((K" > pi + K" pi )l ) — ap(a, il uf )t + (e, uf s pg)pg “s)
Oppt = —div((K" % pf + K" % uf)uf) + ar(e, uf  nd )t — anle, pf, pf )uf
to be solved by two positive Borel measures ;" and p* attaining, for ¢t = 0, an initial datum
i, and fi”, respectively, which we assume to have compact support in R?. As customary
in this kind of models, we will assume that the initial total population is normalized to 1,
i.e.
" (RY + gt (RY) = 1.

Remark 4.6. The velocity field in (4.8) corresponds to the choice K" = K¥l = K¥ and
KPP = KM = KL jn (4.4). The key observation is that, in this case, the field vy (x, \) shows
no explicit dependence on \ and is simply given by

vy(x) = K % ply + KF 5 k. 4.9)

This will eventually allow us to decouple equation (3.27) into the simpler system (4.8). Such
an analysis is not possible if more than two different kernels are considered in (4.4). In that
general case, the mean-field limit of the associated particle system must be formulated in
terms of a solution A to (3.27), defined in the product space R? x P;({F, L}).

To proceed to the announced result, we need to recall te definition of a solution to (4.8)
which has been considered in [2]. Below, the shortcut M.(R?) is used to denote a positive
Borel measure having compact support in R?.

Definition 4.7 (Solution of system (4.8)). Let (7", 7i%) € M.(R?) x M.(R?) be given, as
well as p¥' u* 2 [0,7] — M.(RY). We say that the couple (ul', uF) is a solution of system
(4.8) with initial datum (a*,7") when
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W ps =p" and pf =p";
(ii) for each i € {F,L}, the function t — yu! is continuous with respect to the topology of
weak convergence of measures;
(iii) there exists Ry > 0 such that o supp(ut) C Br, forevery i € {F,L};

(iv) for every ¢ € CL(R?) and i € {F, L} it holds

d i
& e = [ V@ | ¥ @ o) diite

JE{F,.L}

- [ oo asteul b)duio) + [ ole)anstond s nb)di @)
R R

for almost every t € [0, T, with

(L ifi=F
ya—
F ifi=1

We can now state the existence and uniqueness result for system (4.8).

Theorem 4.8. Let U = {F, L}. Consider two functions ar, ar: R x M, (R?) x M4 (R?) —
[0, +00) satisfying (4.5)-(4.6) and two kernels K¥', K*: RY — R? with

\KF(2)| + | K (2)| < M(1+ |z|) forall 2 € R%

|KE (21) — K (22)] + | K" (21) — K¥(22)| < Lp |1 — 22| forall x1,z5 € Bg. @10
For U € P1(R? x Py({F, L})), define uf, and p% asin (4.2). For x € R? and ¥ € P;(R? x
P1({F,L})), let vy(x) and T (x,V) be given by (4.9) and (4.1) respectively, and consider the
corresponding velocity field by as in (3.1).
Then, if A € C([0,T]; P1(R?x Py ({F, L}), W) is the unique solution to (3.27) starting from
A € P.(RY x P1({F,L}), the measures uf := p}, and pf := p%, are the unique solutions to
(4.8) with initial data " = pf and p* = pk.

Proof. We start by observing that, under our assumptions on ar, oy, K and K%, the
previous results of this section assure that the field by complies with the requirements of
Theorem 3.5, hence existence and uniqueness of the solution A to (3.27) starting from A is
guaranteed. We split the proof into two parts, proving first existence and then uniqueness
of the solutions.

Existence. For A as above, define xf := ) and pf := pf, . By definition and Lemma
3.13, conditions (i) and (iii) in Definition 4.7 are satisfied. The continuity property (ii) is
instead a direct consequence of (4.3) and the continuity of A as a function of the time. We
therefore only have to check (iv) in Definition 4.7. We perform the required computation
only for u!", since the one for pu!” follows along similar lines. We take ¢ € C!(R%) and we
define, for all (z,)\) € R? x F({F, L}) the test function

¢($, )‘) = )‘F‘p(‘r) :

We notice that the (R?)*-component of the Fréchet differential of ¢ at (x,)\) is given by
ArDp(x), while the action of the other component is independent of A by linearity and is
given by

& o(x)ér

We apply the definition (3.28) of Eulerian solution to the above test function ¢, which does
not depend on ¢, and we get

d
% Arp(z) dA¢(z, \) = / ArVo(x) - vp, (z) dA¢(z, N)
U JraxP ({F,L}) Rix Py ({F,L})

(4.11)
+/ (P(.I') (T*(,T,At))\)F dAt(ZC,)\),
RexP1({F,L})
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for all ¢ € [0, T]. We observe now that (4.2a)-(4.2b) are equivalent to the duality relation-
ships

$(@) dukl (z) = / Ar ((2) dW(z, ),

RexP1({F,L})

C(w) duy () = / (1— Ar)C() d(x, )
Rd Rex Py ({F,L})

R (4.12)

for all ¢ € Cy(RY). Applying the first one to the functions ¢(z) and Vo (z) - va, (z) € Cp(R?)
.
gives

/ Ar(x) dAy (2, A) = / (@) duf (z)
Rex Py ({F,L}) Rd

(4.13)
/ )\FV(P(-Z’) tUA, (.Z‘) dAt (SE, )‘) = V(,D(ZC) " UA, (:E) duf(l‘) :
RixPq({F,L})

Rd

With Proposition 4.1, (4.13), and applying (4.12) to the functions —¢(z)ar(z, uf , ut), and
(p(l’)OéL (:Ea :U/th MtL) ’ respectively, we get

/ (@) (T (2, Ap)N) o dAg(z,N) =
Rex Py ({F,L})

- / (@) o (o, 1 )t () + / (@) ap (o i )l ()
R Rd

Hence, also using (4.13) and the explicit expression (4.9) of the field vy, (), (4.11) is equiv-
alent to equality (iv) in Definition 4.7 for ¢ = F', as required. This proves existence of a
solution to (4.8) .

Uniqueness. The proofis divided into two steps.

Uniqueness- Step 1: continuous dependence for an auxiliary equation. For a given Z > 0
we fix the class of Carathédory vector fields

Vz = {v € L>([0,T], Lip(R*)) : [[v]| o= (fo,7 Lip(rety) < Z}

and we denote as usual by Y, (¢, s,-) the associated transition maps, which satisfy the
equalities

%Yv(t,s,:r) = (Y (t,s,2)) (4.14)

for every 0 < s < t < T and = € R?. From these, we can deduce the Gronwall-type
estimates

Y’U(S’ S’ 1") = 'CL"

|Y’U(ta S, IL'1> - ( )| Z(t_s)|$1 — IL'2|
Yo (t,s,2) — u,(ﬁ 5,0)] < (¢ — $)e709 sup [Jws — vy @) (4.15)
s€[0,t]

forevery 0 < s <t<T, x, z1, 2 € R? and v,w € V. For v € V,; and a given narrowly
continuous family & of signed measures satisfying |&;| < R for all ¢ € [0,T], we consider
the inhomogeneous equation

(')t,ut + diV(Utut) = €t . (416)

We claim that, for a given initial datum 7 € M(R?), the unique solution of (4.16) starting
from i is given by the variation of constants formula

t
1t :YU(t,O,-)#/Z—i—/ Y, (t, s, )x&s ds. 4.17)
0

A direct computation using (4.14) proves indeed that the above formula provides a solution
to (4.16), while uniqueness follows by taking the difference of two solutions and using that
the comparison principle [7, Proposition 8.1.7] for the continuity equation.

Shere it is crucial that the velocity field v, (x) only depends on .
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Now, if o; is another narrowly continous family of signed measures, using (4.15) for all
test functions ¢ with |p| < 1 and Lip(p) < 1 we have

o(t,5,2))d(Es — 05) ds| <

]Rd
( / eZ<t-s>ds) sup & — axllpz < ¢ Crz sup 1€ — sl
0 s€[0,t] s€[0,1]
With this, (4.15), and (4.17), we also deduce that, if v solves (4.16) for another velocity field

w € V., another narrowly continuous family o; with |0;| < R, and the same initial datum
i, the following estimate holds true:

e —villBr <t Curr,z ( sup [lws — vslc, (ray + sup I\Ss UsllBL> : (4.18)
s€(0,t] s€(o,

where the constant Cj; 7 r z is given by
Cﬂ,T.,R.,Z = |ﬂ|eZT + (1 + RT)CTyz .

Uniqueness- Step 2: conclusion. Consider two solutions (uf, ul) and (vf',vl) of (4.8)
starting from the same initial datum (%', i*). Observe that the equation preserves the
total mass, that is

p (R + pf (RY) = v (RY) + 1 (RY) =
for all ¢ € [0,T]. This can be rewritten as
|Ht |+|Mt|*|’/t |+|Vt |=1, (4.19)

since all the above measures are positive. Now, on the one hand ;!" solves (4.16) with v; =
KFxpl' + Klspl and & = fap(~,uf,uf)uf+aL(~,uf,uf)uf. On the other hand, v/ solves
(4.16) with v, replacedby wy = K% +KL*1/ and oy = —ap(, vl vE)vf +an (vl vk
in place of & .Since uf, pl, v}, and v} have compact support contained in a fixed ball Bg,
by Definition 4.7, we can assume (up to multiplying v; and w; by a suitable cut-off function
not affecting equation (4.16)) that v belongs to V; for a constant Z only depending on 7',

Rt and the constant M in (5.15). Using (4.5), (4.6), and (4.19), we also get the estimates
|§¢] <2M(1+42Rr), o] <2M(1+2Rr),
loe = &llpr < (M(1+2Rr) + 2Lpy) (i — v |sr + g — v lsL) -
In a similar way, using (5.15) we obtain
[vr = well oy may < (M(142Rr) + Lory) ([l — v s + luy —villse) -

Combining the previous inequalities with (4.18) and (4.19), we get that there exists a con-
stant C, only depending on 7', R+ and M, such that

lpr —villpr <7C ( sup [|pr — vy ||+ sup [lur — VTL|BL> :
s€[0,7] s€[0,7]

forall 0 <7 <t <T. A similar estimate also holds for ||u£ —vL| . Taking the supremum
in the left-hand sides and summing up the resulting inequalities we obtain

sup Hut vl s+ sup ||:ut —vflpr <2tC < sup |puf —vf |lgL + sup |ur —VtL|BL> :
s€lo, s€[0,t s€[0,t] s€0,t]

for all 0 <t < T. This 1mphes that uf = v}, as well as pf = v} forall 0 <t < 5. As
C only depends on 7', Rr and M, iterating the argument a ﬁmte number of times yields
uniqueness on all [0,7]. O

Remark 4.9. For all choices of the inital data " and " whose sum is a probability
measure [i with compact support, we can construct A € P.(Y) so that pf = ' and pk =
i*. This can be done, for instance, as follows: if g% (z) is the Radon-Nikodym derivative
of ¥ with respect to [i, we can define, for fi-a.e. © € R?, the measure X\, € P,({F,L}) via
Ao := g (2)8p + (1 — gF'(2))6L.. Then, the measure A, defined by duality through

[ stwai= [ o) dite)
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forall ¢ € C,(Y), satisfies the claim. Hence, Theorem 4.8 is a full existence result for system
(4.8).

To conclude the Section, we observe that combining the above Remark with Theorems
3.5 and 4.8 we obtain a mean-field derivation of system (4.8) which extends the results of
[2, Section 4].

5. FURTHER APPLICATIONS

In this section we present two situations which fit in the theory presented in Section 3
and are suitable to describe possible applications. In Section 5.1 we present the gener-
alization of the results in Section 4 to the case of a discrete and finite label space U; in
Section 5.2 we focus on a continuum of labels and compare it with the results of [5].

5.1. Discrete and finite spaces of labels U. In this case, we will identify the discrete
space of labels U = {ug,...,uny} with the set of the indices of the labels, so that our model
will be U = {1,...,H}. We will endow U with the Euclidean distance (restricted to U),
namely,
dist(h, k) = |h— k|,  for h,k € U. (5.1)
Then the space Lip(U) is an H -dimensional space spanned by the indicator functions 1,
for h € {1,..., N}. Consequently, the free space F(U) is the space of signed Borel measures
on U whose generic element ¢ is characterized by the values &, = {({h}).
Analogously to Proposition 4.1, we have the following characterization of the operators
T (and 7*) satisfying assumptions (T0)-(T3).
Proposition 5.1. Let U = {1,...,H}. Then T: R¢ x P1(U) — Lip(U) satisfies (TO)-(T3) if
and only if there exist H? functions apy: R? x Py(U) — [0, 4+00) such that
(a0) for every (z,¥) € R x P1(Y) and \ € P,(U) it holds
(T (2, ©)\)n = —onn(z, ©)An + > on(z,9)A,  forallh €U
k#h
with
ann(@, %) =Y on(z, V),  forall heU; (5.2)
k#h
(al) forevery (x,¥) € R? x Py (Y), there exists My > 0 such that
0 < i, U) < My (1 + |z + my (), forall h,k e U;
(a2) for every R > 0 there exists L1 r > 0 such that, for every (z', V1), (22, ¥?) € Br x

P(BR),
|Ozhk(:L'1, \Ill) — Ozhk(:L'Q, \112)| < LT,R(|$1 — $2| + W1(\I/1, \112)), for h,k e U.
Proof. The proofis analogous to that of Proposition 4.1. O
We notice that a matrix representation of the operator 7 analogous to that in (4.1) holds
—a11(z, V) age(x,¥) - a1 (z, V)
0521(,%,‘1’) —0422(.7},\1/) R QQH(,T,‘I’)
T(‘r’ \I]) = . . . . 9 (5-3)
ag1(x, V) apg(z,¥) -+ —agp(z,V)

where, as sa consequence of (5.2), the sum of the elements on each row must give zero.
In this discrete setting, the operator 7*(z,v) has a matrix representation given by the
inverse matrix of that representing 7 (z, ¥), so that

—ar1(z, V) a9 (z,¥) - apr(x, V)
T | MY el B ) (5.4)
OélH(J},\I/) OéQH(J},\I/) —OéHH(,T,‘If)

and condition (5.2) implies that the sum of the elements on each column must vanish.
Definition 4.2 is adapted to the following



MEAN-FIELD ANALYSIS OF MULTI-POPULATION DYNAMICS WITH LABEL SWITCHING 21

Definition 5.2. Let U € P;(R? x P,(U)) The distribution ;i", of the agents with label h € U
associated to VU is the positive Borel measure on R defined by

ph (B) = / Ap AW (z, \) (5.5)
BXPl(U)

for each Borel set B C R%.

Also in this case, upon choosing suitable interaction kernels, the measures pf defined
in (5.5) can be used to construct velocity fields (of the type in (4.4)) vy satisfying (v1)-(v3).

Proposition 5.3. Let U = {1,...,H}. For ¥ € P;(R¢ x P;(U)), consider the velocity field
ve(z,A) = > e (K™« ) (5.6)
h,keU

where b, for h € U, are defined in (5.5) and the interaction kernels K"*: R? — R?, for
h,k € U, satisfy

|K"E ()| < M1+ |z|), forall z € RY
|th($1) — th($2)| < Lgp |$1 — $2|, fOT‘ all r1,2r2 € Bi.
Then, vy (x, \) satisfies (v1)-(v3).

Proof. The result follows by a direct computation. O

Remark 4.4 applies in this case as well, so that the velocity field vy defined in (5.3)
can be interpreted as an average velocity of the system, weighted by the probability that a
particle at = has of having label &.

Proposition 4.5 concerning transition rates a;’s depending on the ! ’s and explicitly on
the space variable x is generalized to the following.

Proposition 5.4. Let U = {1,..., H}. Consider functions ay,: R%x (M+(Rd))H — [0, 4+00),
for h,k € U, satisfying the following assumptions:
e there exists a constant M such that, for all h,k € U,
Ogahk(x,ﬂl,...,MH)§M<1+|:E|+Zm1(ul)) 5.7
leU
forall x € R and (ut,...,puH) € (M+(Rd))H;
e forall R > 0, there exist a constant Lg such that, for all h,k € U,

(o, ) = om0 < Do =22l + Sk~ o) 59
leu
for all 1, w5 € Br and (u},...,pH), (b, ..., ptl) € (Mo (Br))™.
For U € Pi(RY x P, (U)), define % asin (5.5), for h € U. Then, the functions
ok (2,0) = apg(x, ply, ... 5, forhkeU (5.9)
satisfy Assumptions (a0)-(a2) in Proposition 5.1.
Proof. The result follows from (5.7) and (5.8) by means of the following inequalities

> ma(py) <mi(¥), forall ¥ e Py(R x Py(U)),
leU (5.10)
s, — 1, lBL < 2W1(Wy, ¥y)  for all ¥y, Uy € Pi(RY x P1(U)), h €U,

which are a straightforward generalization of those in (4.3). O

Theorem 4.8 can be generalized to the case of a finite discrete space of labels U =
{1,...,H}. To obtain system (4.8) in the current context, we have to assume that the
interaction kernels K*: R? — R?, for h, k € U introduced in Proposition 5.3 are such that

KMk = Kh forall he U, (5.11)
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for H kernels K": R? — R?. In this case, analogously to the case with two labels, the
velocity field vy defined in (5.6) does not depend on A anymore and has the form

=Y K", (5.12)
heU

where the ! ’s are defined in (5.5). Then, system (4.8) becomes a set of H equations

Ot = —div <<ZK’“*M’?>M?> R A TN TS 1T N CN TR T GA &)

keU kith
to be solved for Borel measures p;, such that, at the initial time ¢ = 0, p? = ", for h € U,
where fi',..., i are given Borel measures satisfying
> EMRY) = 1. (5.14)
heU
We give the following

Definition 5.5 (Solution to system (5.13)). Let (i',...,a") € (M(;(Rd))H be given such
that (5.14) is satisfied, as well as p',. .., u: [0, T] — M. (R?). We say that (u},...,ul") isa
solution to system (5.13) with initial datum (', ..., ji'') when

(i) ph = pg" foreach h € U;
(ii) for each h € U, the function t — ul is continuous with respect to the topology of
weak convergence of measures;
(iii) there exists Ry > 0 such that U,c( 1 supp(ul) € Bg, forevery h € U;

(iv) for every ¢ € CL(R?) and h € U it holds

i @ = [ Vot (it )antw

keU

—Adw(w)ahh(x7ui,---7ut)dut / 2) Y ann (@, g, ) dpf (@),
k#h

for almost every t € [0,T].

We are now in a position to prove the most important result of this section, namely how
a solution to (5.13) follows from Theorem 3.5.

Theorem 5.6. Let U = {1,...,H}. Consider functions apj: R? x (M+(Rd))H — [0, 4+00)
satisfying (5.7) and (5.8) and H kernels K": R? — R¢ with
> OIKMa)| < M1+ |al), forall x € R%
heU
> IK"(@1) = K"(w2)| < Lr |y — 72|, for all 21,75 € Bg.
heU
For U € P1(R% x P1(U)), define the 1l ’s as in (5.5). For x € RY and ¥ € P1(R? x P1(U)), let
vy (z) and T (x, V) be given by (5.12), and (5.3), respectively, and consider the corresponding
velocity field by asin (3.1).
_ Then, if A € C([0,T];P1 (R% x P1(U), W1) is the unique solution to (3.27) starting from
A € P(R? x P (U), the measures pl' := pl , for h € U, are the unique solutions to (5.13)
with initial data " =y, for he U.

(5.15)

Proof. The proofis analogous to that of Theorem 4.8 O

It is useful to recall the notion of ()-matrix from the literature of Markov chains (see,
e.g., [35, Chapter 2]). Let Q be a H x H matrix; the element ¢, represents the transition
rate from state h to k. Such a matrix is called Q) -matrix satisfies the following conditions

Q1) gpr =0, forall h,k € U, h # k;

Q2) > ey qne =0, forall heU.

It is customary, in the literature on Markov chains, to complement these conditions by

(Q0) 0 < —qpp < +oo, forall he U,
even though condition (Q0) is a consequence of (Q1) and (Q2).
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Remark 5.7. It is easy to see that the matrix in (5.3), representing the operator T (x, V) for
all (x,¥) € R x P1(Y) is a Q-matrix: indeed, condition (5.2) is equivalent to (Q2) and (& 1)
is equivalent to (Q1).

For (z,¥) € R? x P;(RY x P1(U)), and for fixed initial conditions (z°,\°) € Y, the
dynamics described by the vector field by defined in (3.1) is

T\ B vy (2) x B 20
(Jomn i), (o) o

Concerning the second equation, A\ = T *(x,¥)A, this is a linear equation in the space of
measures, which can be easily integrated to give

AMt) =N\ = Sz, ®)N°,  with S;(z,¥) == ! @YW, (5.17)

A classical result in the theory of Markov chains, [35, Theorem 2.1.2] grants that the fact
that 7 (x,¥) satisfies (Q1)-(Q2) is equivalent to the matrix S;(z, ¥) being a stochastic ma-
trix for all times ¢ > 0, namely a matrix S € R”*H that satisfies

(S1) 0< Sy < +oo forall bk eU,

(82) > ey Sen=1forall ke U.
We remark that the explicit solution given by (5.17) is available only for fixed (z, ¥), so that
the matrix (5.3) is constant and its exponential can be computed. This would restrict the
dynamics to constant solutions z(t) = z° for all ¢ and to a constant distribution ¥ € P(Y).

5.2. A continuum of labels. We now turn to the case in which U is a compact metric
space, as in the general theory developed in Section 3, and that it is a continuum. We will
shortly present some possible expressions of the velocity field by defined in (3.1) in which
both components feature a two-player game that determines the evolution.

Let y € Y and let K: Y x Y — R? x F(U) be an interaction kernel such that, for
vePY),

baly) = /Y Ky, ') AU (). (5.18)

Our aim is to study system (3.29) where the evolution is driven by the field by defined in
(5.18). Recalling (3.1),let K,: Y x Y — R? and K5: Y x Y — F(U) be the components of
K. Then (5.18) gives

y) = /Y Kolyy)dU(),  and  T*(z, ¥)\ = /Y () AT ). 510

We furthermore assume that each of IC; and Kj accounts for an averaging over all the
strategies in U. To this aim, let V: (R? x U)? — Rd be such that

(YY) //V:Eux u') dN (u')dA(u) (5.20)

The interpretation of the field V' is the following: the quantity
V(z,u, 2’ u') € R

gives the direction that the payer at = should follow if it has label/strategy « when playing
a game against a player at z’ with label/strategy u’. Keeping the structure (3.29), (5.19),
and (5.20) in mind, the full law of motion for the variable x is given by

i:vqj(y):/U/Y/UV(z,u,x’,u/)d)\/(u/)dlll(x’,)\/)d)\(u), (5.21)

which can be interpreted in the following way: the player at = with label/strategy u plays
a game with all the other players at ' with their labels/strategies v’ and the velocity z;
is determined by averaging over all the possible strategies of the opponent (the integral
with respect to d\'(u')), over all the possible distributions of opponents with their distribu-
tions of strategies (the integral with respect to dA(2’,\)), and finally over all the possible
strategies that = have at their disposal (the integral with respect to dA(u)).

For (z,¥) € R? x P;(U) define the operator 7 (z,¥): Lip(U) — Lip(U) by

(T (x / / xyu, ' ') f(u) dN (u")d (2, X)) — g(z, ©)(u) f(u), (5.22)
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where J: (R? x U)? — R, and the function g(z, ¥) € C(U) can be interpreted as a global
departure rate from u.

Proposition 5.8. Let U € P;(Y), let V: (RE x U)2 = RY, J: (R4 x U)?2 = R, and g(-,¥) €
C(U) be such that

(V1) V islocally Lipschitz with respect to all of its variables;
(V2) V is sublinear in the spatial variables, namely there exists Cy > 0 such that

|V (z,u, 2" u')| < Cv (1 + |z| + |2']), for all (x,u),(z'u') € (RY x U)?;

(J1) J is locally Lipschitz with respect to all of its variables;
(J2) J is sublinear in the spatial variables, namely there exists C; > 0 such that

|J (2, u, 2’ u")] < Cy(1+ |x] + |2']), for all (z,u), (z'u’) € (R? x U)2.
Then, the field vy: Y — R¢ given by(5.19) via (5.20) satisfies (v1)-(v3) and the operator
T(xz,¥): Lip(U) — Lip(U) given by (5.22) satisfies (T1)-(T3). If, moreover,
(g) for (x,¥) € R x Pi(Y),

_ / / T, w2, ') AN (u)dW (2!, V), (5.23)
Y JU

then (T0) is also satisfied. In this case, the adjoint operator T*(x,V): F(U) — F(U) is
represented as in (5.19), by means of K}: Y xY — F(U) such that, for f € Lip(U),

(KX (y,y) / / (,u, 2", u")[f(u') — f(u)] dN (u")dA(u). (5.24)

Proof. Let R > 0 be fixed and let Ly r be the Lipschitz constant of V' on (Bg x U)?.
Properties (v1)-(v2) are obtained from (V1) by standard estimates keeping the definition
of BL norm and the structure (5.19)-(5.20) into account; the constant L, r of (v1)-(v2) is
determined by Ly r and diam U. Property (v3) follows from (V1) and (V2) and the constant
M, of (v3) is determined by C .

Analogously, let L; i be the Lipschitz constant of J on (Br x U)?. Property (T2) is ob-
tained from (J1) by standard estimates keeping the definition of BL norm and the structure
(5.22) into account; the constant L r of (T2) is determined by L; r and diam U. Property
(T1) is obtained also using (J2) and the constant M+ of (T1) is determined by C;. Property
(T3) follows from the boundedness of J(-,-,z’, ') and g(-,¥) on By xU and U, respectively.

Finally, a simple computation shows that (g) and (T0) are equivalent, so that, using
(5.23), we obtain the following expression for (5.22)

(T (x,0)f)(u) :/Y/UJ(z,u,x/,u/)[f(u/) — f(w)]dN (u)d¥ (', \), for f e Lip(U). (5.25)

Recalling, from (3.1) and (3.29), that A = 7* (z, V), for f € Lip(U) we have, using (5.19),
A ) =T (@, 0N, f) = (A T (=, W) f)

< // v, d)[f (u') = f(u)]d)\’(u’)dq;(z/,)\/)>

:/ / / J(zyu, o u") [ f(u') — f(u)]dN (u")dP (2", N)dA (u)
vty Ju

:/Y [/U/Uj(x,u,:r’,u’)[f(u’)f(u)]d)\’(u’)d)\(u)}d‘lf(!r/,)\/),

which is (5.24). The proof is complete. O

Remark 5.9. Let us assume that the hypotheses of Proposition 5.8 hold; the ODE in (3.29),
written component-wise, reads

T\ vy (y)
()-(,)

for y=(z,\) €Y =R xPU) and ¥ € P,(Y).
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A comparison with [5] is in order. In [5, equations (1.3), (1.4), and (1.8)] the ODE studied

is (keeping the notations of [5])
o Az,yo’ ’ '

where y = (z,0) € C =R x P(U) and ¥ € P,(C). The right-hand sides are
aly) = [ elou)dotu),

U
Azya:(/ / J(z,u, 2’ u")do’ (u")dX (2, o) (5.28)
cJU

—/U/C/UJ(ac,w,ar:',u')da'(u’)dE(JL’/,(Tl)d‘f(w))‘f7

where e: R x U — R? and J: (R? x U)? — R. The equation for o in (5.27) is known in the
literature of evolutionary games as replicator equation (see, e.g., [28]).

In comparison with (5.28), we notice that the theory developed in Section 3 allows us
to deal with a broader class of velocity fields, that include agent interaction. Indeed, the
velocity field a: C — R? in (5.28) is linear in the mixed strategy o and depends only on
the position = of the agent; it does not depend neither on the global distribution X of the
system nor on any interaction between the agents. The velocity field vy : Y — R? in (5.21),
instead, additionally takes into account the global distribution U of the system as well as
the interaction between players through the kernel V.

The equations for the second component of y, namely A\ and o in (5.26) and (5.27), re-
spectively, share even fewer features. If, on the one hand, they both depend on the global
distribution of the system W or X, on the other hand the second equation in (5.26) is lin-
ear in \ (see (5.24)), whereas the replicator equation is quadratic in o, through the triple
integral in (5.28).
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