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Abstract

We study the Lanczos algorithm where the initial vector is sampled uniformly from $"~1.
Let A be an n X n Hermitian matrix. We show that when run for few iterations, the output of
Lanczos on A is almost deterministic. More precisely, we show that for any ¢ € (0, 1) there exists
¢ > 0 depending only on ¢ and a certain global property of the spectrum of A (in particular, not
depending on n) such that when Lanczos is run for at most clog  iterations, the output Jacobi
coefficients deviate from their medians by t with probability at most exp(—ngtz) for t < ||A]l.
We directly obtain a similar result for the Ritz values and vectors. Our techniques also yield
asymptotic results: Suppose one runs Lanczos on a sequence of Hermitian matrices A, € M, (C)
whose spectral distributions converge in Kolmogorov distance with rate O(n%) to a density u for
some ¢ > 0. Then we show that for large enough 7, and for k = O( 4/log n), the Jacobi coefficients
output after k iterations concentrate around those for 1. The asymptotic setting is relevant since
Lanczos is often used to approximate the spectral density of an infinite-dimensional operator by
way of the Jacobi coefficients; our result provides some theoretical justification for this approach.

In a different direction, we show that Lanczos fails with high probability to identify outliers
of the spectrum when run for at most ¢’ log n iterations, where again ¢’ depends only on the
same global property of the spectrum of A. Classical results imply that the bound ¢’ log n is tight
up to a constant factor.

1. Introduction

Eigenvalue problems are ubiquitous in science and engineering. However, most applications
require analyzing matrices whose large dimension makes it impractical to exactly compute any
important feature of their spectrum. It is for this reason that iterative randomized algorithms have
proliferated in numerical linear algebra [Saall, TBI97].

In this context, iterative randomized algorithms provide an approximation of the spectrum
of the matrix in question, where the accuracy of the approximation improves as the number of
iterations increases. For any such algorithm, it is natural to ask the following questions:

(Q1) How much does the random output vary?
(Q2) How many iterations are necessary and sufficient to obtain a satisfactory approximation?

The present work, theoretical in nature, addresses the above questions for one of the most
widely used algorithms for eigenvalue approximation, namely, the Lanczos algorithm. Throughout
the paper we assume exact arithmetic.



1.1. The Lanczos algorithm

Recall that when run for k iterations, the Lanczos algorithm outputs a k X k tridiagonal matrix called
the Jacobi matrix. The nontrivial entries of the the Jacobi matrix are the Jacobi coefficients, which we
denote by ay and B, and its eigenvalues are the Ritz values, which we denote by r,. Oftentimes, the
Jacobi coefficients and the Ritz values provide important information about the spectrum of the
matrix. In particular, when k = #, the Ritz values are exactly the eigenvalues of A, and hence the full
spectrum is recovered. However, in practice it is usually too expensive to perform ©(n) iterations.

Outlying eigenvalues and Ritz values. The success of the Lanczos algorithm resides to some
extent in its ability to find the outliers of the spectrum of the matrix A with very few iterations. By
outliers, we mean the eigenvalues distant from the region in which the majority of the spectrum
accumulates (the bulk). Hence, the algorithm is of particular interest in most applications in science
and engineering [Saall].

Bulk spectrum and Jacobi coefficients. Lanczos-type methods can also be used to approximate
the global spectral density of large matrices, also known as density of states; for a survey of
techniques see [LSY16]. In applied mathematics, large matrices can arise as discretizations of
infinite-dimensional operators such as the Laplacian or as finite-dimensional representations of
an infinite-dimensional Hamiltonian. Computing the eigenvalues and Jacobi coefficients of the
finite-dimensional operator then yields information about the infinite-dimensional operator and
the underlying continuous system. For an example, see [SAJL*18], or Section 7 of [VDHVDVO01] for
numerical experiments and bounds for the Lanczos algorithm applied to an explicit discretized
Laplace operator.

In the setting described above, the Jacobi coefficients contain all the information of the spectral
density of the infinite-dimensional operator in question and even the first few coefficients are of
use. To give an example, in [Hay80] the Haydock method (as it is termed today) was introduced.
This method exploits the fact the resolvent of an operator admits a continued fraction expansion
where the coefficients are precisely the Jacobi coefficients, and hence knowing these quantities is
fundamental to understanding the spectral density of the operator—see 3.2.2 [LSY16] for a summary
of the Haydock method.

Using a slightly different perspective, note that from the k X k Jacobi matrix of an operator one
can obtain the [k — 1, k] Padé approximation of its resolvent [VA(06]. In particular, knowing the
k x k Jacobi matrix is enough to compute the first 2k — 1 moments of the spectral density of the
infinite-dimensional operator.

In applications, sophisticated modifications of the Lanczos algorithm are used [GU77, CRS94,
LXV*16]. Since the goal of the present paper is to introduce proof techniques and theoretical tools
that have not been exploited previously, we only deal with the simplest version of the Lanczos
algorithm and do not strive to obtain optimal constants in our bounds and theorems when providing
answers for questions (1) and (2).

1.2. Question (1): Our contributions

As far as we are aware, there is no previous work addressing this question for the Lanczos algorithm.
In this paper we show that there is a ¢ > 0 such that for n large enough, the output of the Lanczos
procedure is almost deterministic when run for at most clog  iterations. More precisely, in Theorem

2



2.4 we show that for k < clog(n) and ¢ € (0,1/2), deviations of the order n™¢ of the Jacobi coefficients
ay and fx computed by Lanczos occur with exponentially small probability. For an illustration,
see Figure 1. The strength of our probability bound deteriorates as k grows. The constants in
the theorem depend only on an easily computed global property of the spectrum which we call
equidistribution.

From the point of view of random matrix theory, the problem treated in the present paper is
atypical. In random matrix theory, most of the studied models have a rich probabilistic structure
that can be exploited to obtain results about the eigenvalue distribution of the matrix. By contrast, in
our case, the Jacobi matrix output by the Lanczos algorithm is a random matrix obtained by running
a complicated deterministic dynamic over a minimal source of randomness—a single uniform
random unit vector. Hence, in order to obtain results similar to the ones presented in this article,
the structure of the algorithm needs to be exploited in an involved way. We use the ubiquitous
concentration of measure phenomenon for Lipschitz functions in high dimension, together with a
careful control of the variables appearing in the Lanczos algorithm and their Lipschitz constants
as functions of the random input. Roughly speaking, the Lipschitz constant is exponential in the
number of iterations, which yields concentration in the regime of at most clogn iterations for
sufficiently small c. Throughout the analysis we use elementary results in the theory of orthogonal
polynomials.

In view of the fact that the output of the Lanczos algorithm is sharply concentrated under few
iterations, one may ask which values the output is concentrated around. Toward the end of this
introduction we give an overview of our results in this direction.
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Figure 1: Here A is a fixed n X n matrix drawn from the Gaussian orthogonal ensemble (GOE)
with n = 5000. Since the empirical spectral distribution of A will be close to the semicircular law
it is expected that the Jacobi coefficients ; of A will be approximately 1. The above histograms
show the values By, f10, and B0 obtained by running the Lanczos algorithm 400 times on the input
A. Note that in each of these cases, ; appears to be concentrated.

1.3. Question (2): Previous work

Regarding the problem of detecting outliers of the spectrum via the Lanczos algorithm, theoretical
answers to the sufficiency part of Question (2) posed above appeared decades ago. Most of
them in essence give an upper bound on the number of iterations required to obtain an accurate
approximation when the input is an n-dimensional matrix A—see [Kan66, Pai71, Saa80]. Roughly
speaking, previous literature provides inequalities that state that k > C log n iterations suffice for the
Lanczos algorithm to approximate the true extreme eigenvalues of A very well, making the use of
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O(log n) iterations common in practice—see [KW94] or [VDHVDVO01] for examples of inequalities
that give this bound. The constant C in the results mentioned above is determined by features of the
spectrum of A; typically, these features are the diameter of the spectrum and the gaps between the
outliers and the bulk. In recent years, more refined arguments have yielded inequalities in which
other features of the spectrum are considered, see [YGL18] for an example or [BSS10] for a survey.

Regarding the necessity part of Question (2), to the best of our knowledge, the only existing
negative result regarding detection of outliers is the one given in the recent work [SEAR18]. There,
a query complexity bound was proven for any algorithm that is allowed to make queries of
matrix-vector products, which in particular applies to the Lanczos algorithm.

1.4. Question (2): Our contributions

In the present paper we study the Lanczos algorithm in the context of approximation of outliers
and answer the necessity part of Question (2). That is, we show that if run for at most k < clogn
iterations, the Lanczos algorithm fails to approximate outliers with overwhelming probability.
Thus, in essence we provide a lower bound on the number of iterations required for accuracy. As
in our contribution for Question (1), the constant ¢ depends only on the equidistribution of the
spectrum.

To give some rough context, the result in [SEAR18] discussed above shows that if the empirical
spectral distribution of a matrix is close to the semicircle distribution plus an outlying “spike,” any
algorithm in their class will fail to identify the spike with overwhelming probability, unless given at
least clog n queries. In contrast, our result applies exclusively to the Lanczos algorithm, but shows
that outliers are missed for a far more general class of measures than just the semicircle.

In order to analyze asymptotic behavior, we adopt a framework similar to that used in [Kui00]
and [Bec00], in which a sequence of Hermitian matrices A, with convergent spectra was considered.
These papers studied the behavior of the Lanczos algorithm in the regime of O(n) iterations.

To show that the Lanczos algorithm misses outliers when run for at most clog n iterations, we
use the elementary theory of orthogonal polynomials and standard techniques in high-dimensional
probability. Roughly speaking, using a variational principle, we show that for small enough k, the
roots of the kth orthogonal polynomial with respect to a certain random measure are contained in a
small blow-up of the convex hull of the bulk of the true spectrum. See Theorem 2.8 or Proposition
2.10 for a precise statement and Figure 2 for an illustration.



150 - T T T T T

100

50

200 — T | | | |

150 m 1

100

50

Sl L I Ll ol

0 0.2 0.4 0.6 0.8 1 1.2

Figure 2: A is a 2000 x 2000 diagonal matrix with entries {0,1/2000,2/2000,...,1999/2000, 1.1}.
This represents a discretization of Unif([0, 1]) plus an outlier at 1.1. Plotted is a histogram of the
Ritz values output by Lanczos after k = 5 iterations (above) and after k = 10 iterations (below).
To generate the histogram the procedure was run 200 times. Notice that to find the outlier with
a decent probability, 10 iterations suffice (but 5 do not). However, even in the regime of k = 5
iterations the output appears to be concentrated.

1.5. Our result on the locations of the output

One may ask if finer statements about the location of the Jacobi coefficients and Ritz values can be
made. Previously, tools from potential theory have been used to answer this question in the regime
of k = O(n) iterations [Bec00, Kui00, Kui06]. In the regime of k fixed as n — oo, a deterministic
convergence result for orthogonal polynomials [Gau68, Theorem 4] can be used to show that the
Ritz values converge almost surely to the roots of the kth orthogonal polynomial of the limiting
eigenvalue distribution; see Remark 2.14 for details.

In the present work we use determinantal formulas for orthogonal polynomials and concentration
of measure results to locate the Jacobi coefficients and Ritz values in the regime of k = O(+/logn)
iterations. In particular, we prove that the Ritz values concentrate around the roots of the kth
orthogonal polynomial for the limiting eigenvalue distribution. See Figure 3 for an illustration.
Moreover, also when k = O( 4/log 1), we show that the Jacobi matrix obtained after k iterations is
concentrated around the kth Jacobi matrix of the limiting measure.

These results may be of particular relevance in applications where an infinite-dimensional
operator is discretized with the goal of computing its density. In essence, Theorem 2.12 below states
that in this situation the first iterations of the Lanczos algorithm are an accurate approximation of
the true Jacobi coefficients of the spectral measure of the infinite-dimensional operator, and hence



the procedure is giving valuable information for recovering the limiting measure.
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Figure 3: A is a fixed n X n matrix drawn from the GOE with n = 2000. Plotted is the histogram of
the Ritz values after 200 repetitions of the Lanczos algorithm with k = 10 iterations. Also plotted
are the roots of the 10th orthogonal polynomial with respect to the (suitably rescaled) semicircle
law, which is the limit of the distribution of eigenvalues for GOE as n — co.

1.6. Organization of the paper

The article is organized as follows. In Section 2, we review the classical background of the Lanczos
procedure and orthogonal polynomials and formally state our main theorems. In Section 3, we
develop machinery that in Section 4 will be used to prove concentration for the output of the
Lanczos algorithm. In Section 5, we prove our complementary results about the location of the Ritz
values and Jacobi coefficients. Finally, in Section 6 we discuss further research directions that may
be of interest.

2. Preliminaries and statements of theorems

Throughout this paper only elementary facts about orthogonal polynomials are used. For the
reader’s convenience in Section 2.1 we include a concise survey of the results that will be used in
what follows. Chapter 2 in [Sze39] and Chapters 2 and 3 in [Dei99] are introductory references
containing these results.

In order to establish context and notation, in Section 2.2 we describe the Lanczos algorithm and
its interpretation in terms of orthogonal polynomials. Some standard references for this matter are
Chapter 6 in [TBI97] and Chapter 6 in [Saall].

In Section 2.3 we introduce the framework in which this paper is developed and formally state
the main contributions of our work.

In this paper we use the following notation. We use —p to denote convergence in probability.
For a sequence of events E,,, we say E,, occurs with overwhelming probability if P[E,] > 1 — Cexp{-n°‘}
for some ¢,C > 0. For an n X n matrix A with eigenvalues A;, we say that the empirical spectral
distribution of A is the atomic probability measure 2 Y ; 6,,, where 0, denotes the Dirac mass at
x. We also let ||A|| denote the spectral norm of A (i.e. the 2 — (2 operator norm). The notation
|| - [| applied to a vector will refer to the standard Euclidean norm. We will let $"1 denote the unit
sphere in R" and denote the uniform probability measure on $"~! by Unif(§"~!). Finally, we will let



Kol(:, -) denote the Kolmogorov distance between two measures, namely,

Kol(u,v) := sup Ju(=oo, 1) = (=0, 1)

2.1. Orthogonal polynomials

For now, let u be a finite Borel measure on R and assume that its support, which we denote as
supp(u), is compact and has infinitely many points. The set of square integrable functions L*(RR, dy)
becomes a Hilbert space when endowed with the inner product

%m=Lﬂwm@m.

The hypothesis that [supp(u)| = co implies that the monomials {1, x,x2, ...} are linearly independent
in LZ(IR, du). Hence, we can use the Gram-Schmidt procedure to obtain an infinite sequence of
polynomials pi(x) with deg(pk(x)) = k and
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The leading coefficient of py(x) is a quantity of interest in this paper and will be denoted by yy.
We will denote the monic orthogonal polynomials by mti(x). That is, 7tx(x) = y,;lpk(x) and clearly

Vk=( fR ni(ﬁf)du(x)) : 2.1)

Since 7x(x) is orthogonal to all polynomials with degree less than k, the polynomial x* — 7x(x) is
the orthogonal projection of x* onto the span of {1,...,x*"!}. Hence,

NI=

| o) = min [ Fduco,

where I'; denotes the space of monic polynomials of degree k.
Favard’s theorem ensures that there is a sequence of real numbers ay and a sequence of positive
real numbers B such that the following three-term recurrence holds:

xpi(x) = Br1Pr-1(X) + agpr(x) + Prprsr(x), k=1,
and xpo(x) = agpo(x) + pop1(x), k=0.

It is clear from the three-term recurrence that the following identity holds:

k=1 \!
Vi = (H ﬁi] : (2.2)
i=0

These so-called Jacobi coefficients ax and i encode all the information of the measure p. In fact, since
the Stieltjes transform of u has a continued fraction expansion in terms of its Jacobi coefficients,
knowing the few first elements in these sequences allows one to approximate the measure. See
Chapter 4.3 in [Dei99] for an example.



We denote by Ji the k X k Jacobi matrix of u; that is, Ji is the tridiagonal symmetric matrix with
(Joi = ai-1 and (J)iz1,; = (Jk)ii+1 = Pi-1. It is a standard fact that mx(x) = det(xI — Ji) and that in
particular, the roots of pi(x) are exactly the eigenvalues of i, which are real since J; is symmetric.

Another object of importance in this theory is the Hankel matrix of a measure. We will denote
M the (k + 1) x (k + 1) Hankel matrix of u; in other words, if m; denotes the ith moment of u, then
(Mg)ij = mjyj— for every 1 < i,j < k+ 1. From the elementary theory it is known (see [Dei99],
Section 3.1) that if we define D = det M, then

VDD Dy
ﬁk:% and v = DLkl, k>0, (2.3)

Dy = H 2. (2.4)

Moreover, if My(x) denotes the matrix obtained by replacing the last row of My by the row
(1xx% -+ x¥), we have the following useful identity:

prln) = S0, (2.5)

Note that in the case in which supp(u) has n points, for 1 a positive integer, the set of monomials
{1,x,x2,...}is not linearly independent in L*(IR, di). Moreover, the Gram-Schmidt procedure stops
after n iterations, and hence it only makes sense to talk about the orthogonal polynomials p(x) for
k < n —1. However, sometimes it is convenient to define the nth monic orthogonal polynomial as
the unique monic polynomial of degree n whose roots are the elements of supp(u). In this case, the
facts mentioned previously still hold for k < n.

2.2. The Lanczos algorithm

We understand the Lanczos algorithm as a randomized procedure that takes three inputs: an n X n
Hermitian matrix A, a random vector u distributed uniformly in "1 and an integer 1 <k < n.
Then, the procedure outputs a k X k symmetric tridiagonal matrix J; whose diagonal entries will be
denoted by a; fori = 0,...,k — 1 and whose subdiagonal and superdiagonal entries will be denoted
by Bi, fori=0,...,k—2. The eigenvalues of J; are called the Ritz values and we will usually denote
them as r{ > --- > 7. On the other hand, the eigenvectors of J; give rise (after an orthonormal
change of basis determined by the v; below) to the Ritz vectors, that is, the approximations for
the eigenvectors of A. Algorithm 2.1 below describes how the procedure generates the Jacobi
coefficients a; and ;.

This algorithm has a natural interpretation in terms of orthogonal polynomials. To every
u € $"! we can associate a measure supported on the spectrum of A as follows. Let A; > --- > A,
be the eigenvalues of A and u4, ..., u, be the coordinates of # when writen in the eigenbasis of A.
We define the probability measure

n

ut =Y oy, (2.6)

i=1



Algorithm 2.1: The Lanczos algorithm

input: A, k, u
initialize: vy = u
forj=0,...,k—1do
W; = span{oy, ..., vj}
aj= (AZ)]', Z)j)
B = ||Projw]+(AUj)||z
if B; = 0 then
stop

else .
ProjyL (Av))

Viy] = oLt
J+1 = TProj 1 (Av)lh
]
end if

end for
return J;

In the language of functional analysis, u* is the spectral measure of the operator A induced
by the vector state u; that is, (f(A)u, u) = f f(x)du*(x) for all (say) polynomials f. Note that the
expectation of the random measure p* is just the empirical spectral distribution of A, namely,

1 n
E;(SA,..

It is not hard to see that if p;(x) are the orthogonal polynomials with respect to u*, then
vj = pj(A)u. Hence, the coefficients a; and f; outputed by the Lanczos algorithm are the Jacobi
coefficients of the measure p*, and the Ritz values after k iterations are the roots of pi(x).

As a last remark, observe that the output of Algorithm 2.1 scales linearly with A. Hence, to
simplify notation, in some of the proofs below we will start by assuming that ||A]| = 1.

2.3. Statement of results

In the remainder of the paper the input matrix, which is assumed to be Hermitian, will be fixed and
denoted by A. We will use n to denote the dimension of A and usually the number of iterations of
the procedure will be denoted by k. Note that the Jacobi coefficients a; and f; are assigned during
the ith iteration of the algorithm and are unchanged during future iterations.

Since for our analysis it is necessary to compare outputs of the algorithm resulting from different
input vectors u € $"~!, we will stress this dependence by viewing the respective quantities as a
function of u and denoting them by a;(u), Bi(u), ri(u), yi(u), p;(x), vi(u), and Ji(u). Depending on the
context, these quantities will also be thought of as random variables, random polynomials, random
vectors, and random matrices, respectively.

Most of our results make a technical assumption, which we have named equidistribution, about
the geometry of the spectrum of A. We define and motivate this concept below.

Equidistribution. The behaviour of the Lanczos algorithm depends on the spectrum of the input
matrix A, and what might be true for typical matrices can fail for particular choices of A. It is hence



challenging, when trying to obtain general theoretical statements, to identify a quantifiable feature
of the spectrum that can serve as an assumption but is not too restrictive. This has been done in
different ways in previous work, most notably in the seminal work of Saad [Saa80]—see [Saall,
Section 6.6] for a succinct exposition. For example, many of the results in [Saa80] are stated in terms
of the quantities

7 = min max|p(A)),

pepk—l Jj#

where Ay > --- > A, are the eigenvalues of A and 7’](21 denotes the set of all polynomials of degree
not exceeding k — 1 and satisfying p(A;) = 1. In the present work we use a more geometric notion to
state our results.

Definition 2.1 (Equidistribution). Let A be any finite set of n real numbers. Let 6 and w be positive real
numbers and let j be a natural number. We say that A is (0, w, j)-equidistributed if for any finite set T of at
most | real numbers it holds that

1
{AeA:mZIOgI)\—tI Zloga)}

teT

> on.

Intuitively, the spectrum is equidistributed if it is not grouped in a small number of tight clusters
(see Examples 2.2 and 2.3 below). As we will show in Section 4, the family of well equidistributed
point sets includes, but is not limited to, those sets obtained by discretizing an absolutely continuous
distribution.

Example 2.2. Let A be the set of n equally spaced points from 1/n to 1, inclusive. This represents a
discretization of the uniform measure u = Unif([0, 1]). In Section 4.1 we will show that for j < {¢, the set A

is (6, w, j)-equidistributed for 6 = 1/4 and w = 4e™2.

Example 2.3. Now consider a set (or multiset) A of n > 0 points grouped in m equally spaced small clusters.
To make this precise, fix two parameters €,g > 0 and consider =1 =a1 <b; <ay <by <--- <, < by, =1
such that for every i =1,...,m we have b; — a; = € and a;1 — b; = g. We think of € as small with respect to
g and of m as small with respect to n. If A C JiZ;[a;, bi] with |A N [a;, b;]| > | 2] for everyi=1,...,m,
then A is (“, g, j)-equidistributed and g ~ 2/m.

Note that in this case we have good equidistribution parameters unless j ~ m. In Section 4 we give a
generalization of this assertion in Observation 4.10.

Concentration of the output. We state our main result about concentration of the first few Jacobi
coefficients in terms of the equidistribution parameters 6, w.

Theorem 2.4 (Concentration of Jacobi coefficients after i iterations). Suppose the spectrum of A is
(6, w, i)-equidistributed for some 6,w > 0 and i € IN. Let &; and f; denote the medians of the Jacobi
coefficients a;(u) and B;i(u), respectively. Then for all t > 0, the probabilities P[|a;(u) — d&;| > t||All]] and
P[|Bi(u) - ﬁil > t||All] are both bounded above by

min{6, 1/50}2 1( w |\
2exp {—%n} +2exp {_6_4 (m) 52t2”} . (2.7)

To clarify the advantages and limitations of the above result we include some remarks.
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Remark 2.5. The equidistribution parameters 6, w appearing in the above theorem are typically quite
moderate in magnitude and are easy to compute if one can obtain explicit bounds for certain integrals with
respect to the spectral distribution of A. Note that w < ||Al| (by taking T = {0} in Definition 2.1) and that w
scales linearly with A. As a result, w/||Al| is typically of constant size independent of n in applications. Since
w/l|All < 1, Theorem 2.4 yields concentration for i at most logarithmic in n. Besides Examples 2.2 and 2.3
above, in Section 4.1 we give more examples and a detailed discussion on how to compute these parameters.

Remark 2.6. Ultimately because the Jacobi coefficients a;(1), fi(u) turn out to be Lipschitz only on a proper
subset of the sphere, we only obtain concentration of the coefficients about their medians, not their means.

Remark 2.7. Using the same techniques one can prove a result analogous to Theorem 2.4 in the case where
A is not Hermitian, and even not normal. In the non-Hermitian case, the Lanczos algorithm is called the
Arnoldi algorithm and has similar applications to those of the Lanczos algorithm.

In Section 4 we show how Theorem 2.4 can be used to obtain concentration, in the same regime
of number of iterations, of the Ritz values and Ritz vectors. See Propositions 4.16 and 4.18 for
precise statements.

The rest of the paper focuses on studying the location of the outputs of the Lanczos algorithm.

Undetected outliers of the spectrum. In Section 5.1, we show that if k is a certain fraction of logn,
the Ritz values obtained after k iterations are contained in a small blow-up of the convex hull of
the bulk of the spectrum of A. This complements classical guarantees which show that for some
multiple of log 1, say, K, the Lanczos algorithm approximates with high accuracy the outliers of the
spectrum of A when K iterations are performed. Our results are quantitative and use our notion of
equidistribution.

Theorem 2.8. Suppose the spectrum of A is (6, w, j)-equidistributed for some 6,w > 0 and j € IN. Let
M be the diameter of the spectrum of A. Let R be a real number and let 0 < c < 1/2, and suppose there
are at most m < min{0.02n,2n*} “outliers,” eigenvalues of A lying above R, for some o < 1 —c. Let
g = maXi<j<piAi — R} and let k > 0. Then for up to

k=min<{j 1 (clo n+lo K—é)

@

iterations, the probability that the top Ritz value exceeds R + « is at most

: 2
2exp {_—m1n{6:;21/50} n} +2exp {—%nl_zc}

1
forn > eT=c=a.

The strength of the above result might be obscured by the appearance of several unintuitive
parameters. For the reader’s benefit we include an example below, and to provide a slightly
different perspective, we include an asymptotic version of the above result, namely, Proposition
2.10.

Example 2.9. Let n > 0 and let A be a matrix whose spectrum consists of n — 1 equally spaced points from
2/n to 1 inclusive, together with an outlier of value 1.1 (compare with Figure 2). In Section 4.1 we will show
that for j < n/16 the spectrum of A is (1/4,4e72, j)-equidistributed.
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In order to apply Theorem 2.8, we also note that in this case M = 1.08, m = 1, and g = 107!. Take
x = 107%. Then, for any 0 < ¢ < 1/2, the Ritz values of the Lanczos algorithm on A after | 25 logn — 7/2]
iterations will be contained in the interval [2/n,1 + 107*] with overwhelming probability.

Proposition 2.10. Let (A,)) | be a sequence of n X n Hermitian matrices with uniformly bounded norm.
Assume their empirical spectral distributions p, converge in distribution to a measure p with nontrivial
absolutely continuous part, and further assume Kol(u,, 1) = O(1/ logn). Suppose there exists m € IN such
that each A, has at most m eigenvalues (“outliers”) greater than R, where R denotes the right edge of the
support of .

Then there exists ¢ > 0 such that for every k > 0, the Ritz values of Lanczos applied to A, after clogn
iterations are bounded above by R + x with overwhelming probability for n sufficiently large (depending on
how small the gap « is chosen.)

Remark 2.11. Suppose all eigenvalues of A lie in [-1,1] except for one outlier Ay = 1 + &. Suppose we
wish for a Ritz vector p(A)u = Y.i_; p(Ai)u; to approximate uy, the top eigenvector. Then p(A1) must be
polynomially larger than p(Az), . .., p(An), since |u;| ~ 1/ \/n for all 1 < i < n with high probability. If one
further imposes that p(A1) exceeds p by a polynomial factor on the entire interval [—1, 1], then the degree of p
(and hence the number of iterations k) must be at least O(log n/ \¢), by the Markov brothers’ inequality and
properties of Chebyshev polynomials. However, if the A; are in j tight clusters for j small, one could certainly
have p(Az), ..., p(Ay) small and p(Ay) large for some p of degree j. Thus, an assumption like equidistribution
is natural for Theorem 2.8.

Location of Jacobi coefficients and Ritz values We will now work on the setting of Proposition
2.10, that is, we consider a probability measure u and a sequence of matrices A, whose empirical
spectral distributions 1, converge to p. We give a result about the locations of the Ritz values and
Jacobi coefficients when at most d /log 1 iterations are performed, with 4 depending only on 1 and
the speed of convergence of the sequence 11,,. Essentially, we show that in this regime the Jacobi
matrix after k iterations is sharply concentrated around the kth Jacobi matrix of the measure p.

Theorem 2.12 (Location of Jacobi coefficients). Let (An);; , be a sequence of nxn Hermitian matrices with
uniformly bounded operator norm. Assume their empirical spectral distributions u, converge in distribution
to a measure u with nontrivial absolutely continuous part, and further assume Kol(u,, u) = O(n™°) for some
c>0.

Then there is a constant d > 0 dependent on u and c, such that for any sequence of integers 1 < k, <

d +/log n we have
1k, (1) = Jio, I —p O,

where [, (1) denotes the Jacobi matrix output by the Lanczos algorithm applied to A, under the input
u ~ Unif(§"~1) after k, iterations, and where Jk, (1) is the ky-th Jacobi matrix of the measure p.

Note that Theorem 2.12 may be of particular relevance in applications where an infinite-
dimensional operator is discretized with the goal of computing its density. In essence, Theorem
2.12 states that, in this situation, the first iterations of the Lanczos algorithm are an accurate
approximation of the true Jacobi coefficients of the measure p, and hence the procedure gives
valuable information to recover the limiting measure.

From the above proposition, a standard application of the Weyl eigenvalue perturbation
inequality yields the following proposition.
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Proposition 2.13 (Location of the Ritz values). Using the same notation as in Theorem 2.12, let
7k, (W) = (r(w), ..., 1, (), where ri(u) > --- > ry (1) are the random Ritz values of the Lanczos algorithm
after k, iterations are performed. Then under the assumptions in Theorem 2.12, we have that

||77;<,, (u) = ﬁc,,(lvl)”Loo(mkn) —p 0,

where 7y, (1) is the vector whose entries are the roots of the k,-th orthogonal polynomial with respect to . in
decreasing order.

It remains an open question if similar results can be obtained when O(logn) iterations are
performed. See Section 6 for open questions and further research.

Remark 2.14. For fixed k, [Gau68, Theorem 4] states that in the deterministic setting of a weakly convergent
sequence of measures [, — U with each i, supported on n points, the Jacobi coefficients a;, B; of uy fori <k
converge to those for i (and therefore, the same holds for the ith orthogonal polynomial and its roots.) To apply
this to the Lanczos algorithm, one must use the fact that for independent initial vectors u, € 8", almost
surely the measures " (defined in 2.6) converge weakly to p. One therefore obtains the same convergence as
in the deterministic setting, almost surely, for the random «a;, B; output by Lanczos. To make the convergence
quantitative, one must assume something about the rate of convergence of the u, in the hypothesis; this is
what is done in Theorem 2.12. Our result holds in the wider range k = O(+/logn). We also trade almost-sure
convergence for a polynomial rate of convergence holding with overwhelming probability; this rate appears in
the proof.

3. Applying the local Lévy lemma

3.1. Strategy

The well known Lévy lemma states, in a quantitative way, that if f : $""! — R is a Lipschitz
function, then f(u) is a random variable concentrated around its median. See Chapter 5.1 in [Ver18]
for a detailed discussion. In this direction, the main obstacle for showing concentration of the
random variables a;(1) and B;(u) is that the functions a;, f; : $"~! — R are not Lipschitz on the entire
sphere. However, we will be able to show that these functions are Lipschitz in a large region of the
sphere, which is a common idea in geometric functional analysis. We will use a local version of
Lévy’s lemma, which is recorded as Corollary 5.35 in [AS17], and which we restate below with
explicit universal constants.

Lemma 3.1 (Local Lévy lemma). Let Q € $"~! be a subset of measure larger than 3/4. Let f : §"1 - R
be a function such that the restriction of f to Q is Lipschitz with constant L (with respect to the geodesic
metric on the sphere). Then, for every € > 0,

P[|f(u) — fl >¢e] <Plues '\ Q]+ 2exp{—4ne2/L2},
where f is the median of f(u) and where u ~ §"1,

As the function f is allowed to blow up on the small subset $"~! \ Q, one cannot expect a similar
result to hold for concentration around the mean.

In order to identify the correct region of the sphere in which the functions ; and g; are Lipschitz,
we need a local version of the notion of Lipschitz constant. In what might be a slight departure
from standard definitions, we will define local Lipschitz continuity as follows.
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Definition 3.2. Let (X1,d1) and (Xp,d2) be metric spaces. A function f : X1 — X is said to be locally
Lipschitz continuous with constant c at xo € X; if for every ¢’ > c there is a neighborhood U C X1 of xq such
that

dr(f(0, f(y)) < Cdr(x,y) Vxy € U

Remark 3.3. For f defined on an open subset of $"~', we have that f is locally Lipschitz continuous with
constant ¢ with respect to the geodesic metric if and only if it is locally Lipschitz continuous with the same
constant with respect to the Euclidean (“chordal”) metric.

It is obvious that if a function is locally Lipschitz with constant c on every point of a convex
set, then the function is globally Lipschitz on the set with the same constant c. However, if the
convexity assumption is dropped, a similar conclusion is not guaranteed in general and in order to
obtain a global Lipschitz constant the geometry of the set should be analyzed.

Definition 3.4. Let K > 0 and (X, d) be a metric space. We say that S; C X is K-connected in Sy with
51 C Sy € X if for every x, y € Sq there is a rectifiable Jordan arc a : [0,1] — Sy with a(0) = x and a(1) = y,
such that the length of the trace of a is less than or equal to Kd(x, y).

Now that we have introduced the notion of K-connected set we can generalize what we observed
for convex sets.

Lemma 3.5. Let (X1,d1) and (X2, dy) be metric spaces. Assume that S C X; is K-connected in Sp C X3
and let f : X1 — Xj satisfy that for every xo € Sy, f is locally Lipschitz at xo with constant c. Then f is
globally Lipschitz on S with constant cK.

Proof. Fix x,y € S; and ¢ > 0. We will show that da(f(x), f(y)) < (c + €)Kd1(x,y). Consider a
rectifiable Jordan arc « : [0, 1] — Xj, such that a(0) = x, a(1) = y, a([0, 1]) C S and the length of « is
at most Kdi (x, y).

Since the trace of a is contained in S, for every w € a([0,1]) we can take an open ball U,
containing w such that f is (c + ¢)-Lipschitz on U,. Moreover, observe that since « is continuous
and injective, for every w € a([0, 1]) we can take Uy small enough such that a~1(Uy) is connected
and hence an open interval in [0, 1].

By compactness of «([0, 1]) we may take wy, ..., w, € a([0,1]) such that {LIw,.};.":1 is a minimal
cover for a([0, 1]). Now, since each oz‘l(uw,.) is connected, and the cover is minimal, we have that
a N (Uy,) Na H(Uy,,) # 0 forevery 1...,n - 1.

Furthermore, we will now see that we can modify the sequence of w; such that w;,; € Uy, for
every i =1,...,n — 1. Assume that this does not hold and let i be the smallest index for which
wiy1 ¢ Uy,. Now take some t € a™'(Uy,) N @ }(Uy,,,) and define w’ = a(t). We construct a new
sequence @y, - .., Wy+1 € a([0, 1]) by taking @; = w; for j < i, ®; = w’, @j+1 = w; for j > i, and Uy, to
be equal to Uy,,,. Observe that for the new sequence of points (wi);?;f in a([0, 1]) and sequence of
open balls Uy, it holds that @1 € Uy, for all j <i. By iterating this process we will obtain a finite
sequence with the desired property. So, in what follows we can assume without loss of generality
that w;.1 € Uy, foreveryi=1,...,n— 1. We then will have

do(f(w;), f(wis1)) < (¢ + e)dy(wi, w; + 1).

Using the triangle inequality and the fact that }_; d;(w;, w;+1) is bounded by the length of the trace
of a the result follows. |

In the following section the local Lipschitz constants of the functions a;(1) and f;(u) are shown
to be related to the orthogonal polynomials of the measure u".
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3.2. Local Lipschitz constants for Jacobi coefficients

As can be seen from Algorithm 2.1, the dependence of the quantities a;(u), fi(u), and vj(u) on u
is highly nonlinear, which makes it complicated to show that such quantities are stable under
perturbations of the input vector u. Here we exploit the fact that during every iteration of the
Lanczos algorithm only locally Lipschitz operations are performed. The analysis of the compound
effect of iterating the procedure yields a bound on the local Lipschitz constant of the quantities
of interests. This bound is exponential in the number of iterations, which is enough to obtain
concentration results when O(log(n)) iterations are performed. In what follows, recall that y;(u)
denotes the leading coefficient of the ith orthonormal polynomial with respect to the measure p*
defined in (2.6).

Proposition 3.6. Fix i € $"~! and let vj(u) be as in Algorithm 2.1. Then, for any 0 < j < n—1, the
functions v;(u) are locally Lipschitz at @i with constant AlAllyy ().

Proof. We proceed by induction. For j = 0, recall vo(u) = u and yo(if) = 1; the statement
follows. Now assume the proposition is true for some j > 0. For every x € §"°! denote
Wy = span{og(x) = x,01(x),...,vj(x)} and for any subspace W < R" by Proj,, we mean the
orthogonal projection onto W.

Take x, y € §"~! in a neighborhood U of ii to be determined and note that

I[Projy: (A;(x)) = Projyy. (Ao ()
< IPr0jygs (A@;(®) = D)) + I(Projyys. — Projyy, YA
= IProjyy. (A(0j(x) — 0yl + I(Projyy, — Projyy, J(Ao,(y)l. (3.1)

From the induction hypothesis we have that, for any ¢ > 0, we can choose U small enough so
that

IProjyy. (A(vj(x) — v < llAlllloj(x) = v;(Wl < IAI(AIAN y (@) + &)llx -yl (3.2)
On the other hand, from Algorithm 2.1 it follows that ;(i1) < ||A|| for everyi=0,...,n—1,s0in
view of (2.2), the ||A||'y;(#) form an increasing sequence. It then follows that

: i J , . 4j+1 A] o
Y @iAlyyim < Y 4l1Aly ) < M

i=0 i=0

For any unit vector w, by the triangle inequality, we have that

]
[Projy, () = Projy, (@)l < Y [i(x), w)vi(x) - (wi(y), w)oi(y)l (3.3)

i=0
and we can bound each term on the right-hand side of (3.3) as follows:
[Kvi(x), w)vi(x) — (vi(y), wyoi)ll < Kvi(x) — vi(y), w)| + [lvi(x) — viY)IKvi(y), w)l

< J[vi(x) = vi)llllewll + llo:(x) — vl )lllloll
< 2(41AN yi(@)llx = yll.
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Hence, adding over i we obtain
. . 2 ]'+1 ] ~
[IProjyy, (w) — Projyy, (w)ll < 3 AWy @)llx = yll,

which implies that ||Pr0ij - Projwyll < % . 47+1||A||jyj(ﬁ)||x - y|l and hence

. . 2 - .
[I(Projy, — Projy, )Avj)ll < 3 - @A™ty j@lix = yll- (3.4)
Putting together inequalities (3.1), (3.2), and (3.4), we get for any x, y € U that
IProjyy. (Av;(x)) = Projyy. (Avj)II < (4IAIY* Ty j(@)llx = yil

With this we have established that the function u +— Proj Wi (Avj(u)) is locally Lipschitz at i with

constant (4||A||)f+17/]~(ﬁ). Now consider the function f : R” — R" defined by f(x) = x/[lx]|. It is
easy to show that for any xp # 0, f is locally Lipschitz at xy with constant 1/||xo||. Now recall
that by definition §;(if) = |[Projy. (Av;(i))]. Since the composition of locally Lipschitz functions is

locally Lipschitz with the constant being the product of the constants of each of the functions in the
composition, we have that the function

U+ 0jaa () = f(Projyy. (Avi(w))
@Ay (i

is locally Lipschitz at i with constant W) = (4||A||)f+1y j+1(#), where this equality follows
from (2.2). ]

Proposition 3.7. Forany 0 < j <n—1and any it € $"7', the function a;(u) is locally Lipschitz at ii with
constant 3 - (4l|All)*Yy (i1), while B;(u) is locally Lipschitz at il with constant (4||All)*1y ().

Proof. We will use the same notation as in Proposition 3.6. Recall from Algorithm 2.1 that
aj(u) = (Avj(u), vj(u)). Note that the local Lipschitz constant of the function u — Av;(u) is obtained
by multiplying the local Lipschitz constant of v;(u) by [|Al| . Then, for any ¢ we can pick U to be a
small enough neighborhood of i such that for any x, y € U we have

laj(x) — a;(y)| = KAvj(x), v;(x)) — (Av;(y), v;(Y))|
< KA@j(x) = vj(y), 0] + KAvj(y), vi(x) — vj(y))]
<2 @WIAIyi@) + e)llx - yll.

On the other hand, since (1) = ||Projwi (Avj(u)))|l and we established in the proof of Proposition
3.6 that this function is locally Lipschitz with constant @|lAl)*y j(i), the proof is concluded. O

Remark 3.8. The local Lipschitz constants presented in the above statements can be improved; the term
4 next to ||Al|y (i) was chosen for the sake of exposition. Nevertheless, it seems complicated to show that

the quantities v;(u) are locally Lipschitz at i with a constant of the form C jIIAIIj yj and C; subexponential.

In any case, the term ||A||jyj is typically exponential in j, so an improvement on C; would not yield an
asymptotic improvement to the final result if the same level of generality is considered. However, as we point
out in Section 6, sharpening our constants is of relevance for applications.
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3.3. Incompressibility

In Section 4, we will see that our upper bounds for the local Lipschitz constants of the Jacobi
coefficients go to infinity if u becomes too close to a sparse vector, roughly speaking. So we only
have a good local Lipschitz constant in a certain region of the unit sphere that avoids sparse vectors.
In order to upgrade our local Lipschitz constant to a global Lipschitz constant, we must prove

(1) that this region is large enough to apply the local Lévy lemma (Lemma 3.1) and

(2) that this region is K-connected for a small enough K.

First we give this region a name. Loosely inspired by the compressed sensing literature (see,
for example, [Ver09]), we say that a vector u in 5" 1is (5, ¢)-incompressible if each set of at least 6n
coordinates carries at least ¢ of its “¢? mass.” Otherwise, we say that u is (6, €)-compressible. We
denote the set of (8, €)-incompressible vectors in $"~! by (5, €) and record the formal definition
below.

Definition 3.9.

L5, €) = {u cgr1. Zuzz >eforall S C{1,2,...,n},|S| > 5n}.
i€S
For incompressible u we prove an adequate bound on the local Lipschitz constant in Proposition

4.2. Fortunately, a uniform random unit vector u is incompressible with high probability, as we will
now show.

Proposition 3.10. Let u € $" 1 bea uniform random unit vector, and let 0 < ¢ < 6. Then
2
Plu ¢ I,(5,¢)] < exp {26(1 +log1/0)n — (g - 1) n} + exp{—ezn/S}.

Corollary 3.11. Let u € $"~! be a uniform random unit vector, and let 0 < & < 1/50. Then
Plu ¢ 1,,(5,06/2)] < Zexp{—ézn/32}.

Proof. Set & = 6/2 in Proposition 3.10. Note that £2/8 = 6?/32 and 26(1 + log 1/6) — (1/2)* < —1/32
for 0 < 6 <1/50. O

The proof of the Proposition 3.10 consists of two parts. First, we prove a similar proposition
where instead of the u; we have independent Gaussian random variables with the same variance
1/n. We then use a coupling argument to conclude the desired bound for u drawn uniformly from
the unit sphere.

We will need upper and lower tail bounds on the x? distribution. One can get good enough
bounds using the Chernoff method, but rather than develop these from scratch we will cite the
following corollary of Lemma 1 from Section 4.1 of [LMO00].

Lemma 3.12. Let Y be distributed as x*(k) for a positive integer k. Then the following upper and lower tail
bounds hold for any t > 0O:

P[Ysk—zx/E]Se‘t,
P[Y2k+2\@+2t]§e‘t.
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Proof of Proposition 3.10. Let Xj, ..., X,, denote independent Gaussian random variables each with
variance 1/n, and let X = (X3, ..., X;,). If we set u = X/||X]|, then u is uniformly distributed on the
unit sphere; see e.g. [Mul59].

We seek to upper bound the probability of compressibility {u ¢ 1,,(6, €)}, which is the event that
Yics ul.z < ¢ for some subset S of coordinates with |S| > on. This event is contained in the union of
the following two events:

1. E, the event that } ;5 X12 < 2¢ for some |S| > 6n, and
2. F, the event that ) ;s XZ2 > e+ Yies uz.z for some [S| > 6n.

Indeed, if neither of these events hold, then for all |S| > 6n we have
2¢ <ZX12 <s+Zuf,
i€S i€s
so u is incompressible.
To upper bound the probability of E, we use the union bound over all sets of size k = [n6]:

k
Y X2 < 2e]
i=1

(k — 2ne)?
4k !

n
P[E] < (k)P

< (en/k) exp {—

where in the last step we apply the lower tail bound in Lemma 3.12 with ¢ being the solution to

k-2 Vkt = 2ne. To avoid the bookkeeping of ceiling and floor functions we use the extremely crude
inequality n6 < k < 2n6 (valid as long as 6n > 1), which will suffice for our purposes:

e 2
P[E] < exp {26(1 +log 6 Hyn — (5 - 1) n}.

We now upper bound the probability of F:

[ X?
P[F]=P Z [X.z : ] > ¢ for some |S| > (311]

i xR
27X

1
=P|((1- — X? > ¢ for some |S| > on
( ||X||2);

[ 1
<P|l1- — ||X||225]
( IIXIIZ)

=PMMF21+4.

Since Y = n||X|? is distributed as x?(n), we may apply the upper tail bound in Lemma 3.12 with
t = ne?/8 to obtain

P[F] < exp{—n£2/8}.

To conclude, we have P[u ¢ I,,(6, €)] < P[E] + P[F], and substituting the bounds we just derived, we
obtain the desired inequality. m]
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3.4. K-connectedness of the incompressible region

Having proven that the incompressible region I,,(6, ¢), where we have a good local Lipschitz
constant, is almost the entire sphere, we now turn to proving that the region is K-connected for a
small enough K.

One could try to show that any two points in I,,(6, ¢) can be connected by a short path contained
in I,,(5, €), but for our purposes it is okay to let the path venture out into the larger region I,(49, £/ V2).
When upgrading to a global Lipschitz constant, we will have to use the slightly worse upper bound
for the local Lipschitz constant in this larger region, but this will still be good enough.

Proposition 3.13. I,,(5, ) is \2/e-connected in I,(45, ¢/ V2).

Proof. Let x and y be any two endpoints in I,,(, €). The construction will proceed in two steps. First,
we will construct a path from x to y in R" consisting of [67!] pairwise orthogonal line segments.
Then we will project this path radially onto the unit sphere and show that the result indeed lies in
1,(45, €/2) and has length at most (2/ ve)||x — y||, which is at most (2/ V¢e)d(x, y), where d denotes the
geodesic distance on §" 1.

Roughly speaking, we will partition the coordinates of x into 1/6 blocks of 06n coordinates and
move the entries of each block linearly from x to y in parallel, one block at a time.

Because basic quantities such as 1/6 and 6n may not be integers, we will be content to split up
R" as the direct sum P, R", where 6n < n; < 26n for all i.! Note also that this implies m > 1.
Similarly, for any vector z € R", we will write z = EB:'; z0, where z() € R".

Now we may formally define the path P; to be the line segment

P =xV 6 &xiV e (0 + (1-Hyd) @y @... @y

and define P to be the concatenation of the segments Py, ..., P,,. The length of P is

m
3 -y < Vil = yll < VI73lx -
i=1

by the Cauchy-Schwarz inequality. Also, ||P(t)| > Ve/25, because

i-1 m
IPOIP 2 ) I PIP + ) Iy IR 2 (m = 1)e 2 o=,
j=1 j=i+1

where we use that x and y are (6, €)-incompressible.
Furthermore, note that P lies inside the closed ball of radius \/E, because for any i and ¢,

m m
IPOIF < Y maxilixPl, Iy P < Y (I + [y DIP) = 2.
i=1

=1 j

The path P currently does not lie in the unit sphere, so we project it onto the unit sphere along
radii to get our final path P’. We now show that P’ indeed lies in I,,(45, ¢/ V2).

IThis is possible as long as /2 > 6n > 1, which will be true in our regime.
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At this stage, we will dispense with the direct sum decomposition and use ordinary coordinates
z=(z1,...,2Zn)-

Consider any set S of at least 46n coordinates, and consider any point P;(f) in our path P (before
projection). The ith block of coordinates is in motion, and all of the other coordinates are either
frozen at their initial value (from x) or their final value (from y).

The ith block consists of at most 2671 coordinates. Besides these, there are at least 46n —26mn = 26n
remaining coordinates in our set S. At least 6n of them are from x or at least 6n of them are from y.
By incompressibility of x and y, the sum of the squares of these 6n coordinates is at least .

After projecting onto the unit sphere, the sum of the same coordinates is still at least ¢/ V2,
because as we saw, the original path had norm at most V2 at every point.

Finally, when projecting onto the unit sphere, the length of the path increases by at most a factor
of 1/ Ve/20, because as we saw earlier, originally each segment lay outside the smaller sphere of
radius Ve/26. The verification is an exercise in plane geometry (using the fact that tan 0 > 0 for

0 < 0 < 1/2) and also follows from the arc length formula ds = /12 + (dr/d6)?>dO > rd6.
Thus, finally, we have shown that the path P’ is contained in I,,(46, ¢/ V2) and has length at most

V1/8llx = yll(1/ Ve/20) = v2/ellx - yll.

4. Concentration of the output

We now analyze the local Lipschitz constant for the entries «; and f; of the Jacobi matrix. To simplify
notation, in what follows we assume that ||A|| = 1 by rescaling A. Recall that this will also rescale
the Ritz values and Jacobi coefficients by a factor 1/||Al|.

By Corollary 3.7, the function «;(u) has local Lipschitz constant 2 - 4iyi(u), and f;(u) has local
Lipschitz constant 47*1y.(u). Thus we are naturally led to the question of finding upper bounds for
yk(u). Recall that y,(u) is defined as the leading coefficient of the kth orthogonal polynomial with
respect to the measure " = Y7, ufé A and that 7! is the monic orthogonal polynomial with respect
to the same measure.

The Equations (2.1) and (2.6) imply

ye() = [Z u%nzw] :

i=1

NI=

We seek to upper bound y(u) in terms of u, so we need to lower bound the quantity

n n

K
Z wrT (A = Z u? H Ai = ri(@)l,
=1

i=1 i=1

where r1(u), ..., 7(u) are the roots of 7/(z), i.e. the Ritz values.

Now, if it happens to be the case that the n eigenvalues A; are all clustered very close to the k Ritz
values r;, then we won’t get a good lower bound. However, if k < 7 and if the A; are reasonably
spread out, we expect to get a good lower bound for most i. To make this precise, we are led to the
notion of equidistribution, which was stated in Section 2.3 and which we restate below.
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Definition 4.1. (Restatement of Definition 2.1). Let A be any finite set of n real numbers. Let 6 and w be
positive real numbers and let j be a natural number. We say that A is (6, w, j)-equidistributed if for any
finite set T of at most j real numbers,

1
D z —f>
{)\ €A ] log|A —t| > logw}

teT

> om.

We will show in Section 4.1 that a wide range of spectra are equidistributed.
Now we apply the definition. Returning to our effort to upper bound y;(u), we see that if we
assume the spectrum of A is (0, w, k)-equidistributed, then

n k

Y 2 [ -rjP 2 Y wke?,

=1 j=1 ieS

where S is some subset of {1, ...,n} of size at least 6n. However, for an arbitrary unit vector u and an
arbitrary subset S, we have no lower bound on the sum ;g ul.Z—it could even be zero. This leads
to our definition of incompressibility in Section 3, which is satisfied by u with high probability.
Indeed, if we assume that the unit vector u is (9, ¢)-incompressible, then the right hand
side expression above is greater than ew?. Putting together the last few equations, we have

yr(u) < (ew*)71/2. We summarize the result in the following proposition.

Proposition 4.2. Suppose the spectrum of A is (6, w, k)-equidistributed and suppose that u is (5, €)-
incompressible for some 6, w, e > 0 and k € IN. Then

1

yi(u) <

wk

=

4.1. Equidistribution

In this section we establish sufficient conditions for equidistribution that apply to a wide range
of spectra. First, we present an immediate generalization of the notion of equidistribution which
applies to measures  instead of finite sets A. The definitions coincide for finite sets if one identifies
A with the uniform probability distribution on A.

Definition 4.3 (Equidistribution for measures). Let u be a probability measure on R. Let 6,w > 0 and
j be a natural number. We say that u is (6, w, j)-equidistributed if for any finite set T of at most j real

numbers,
1
D— | > 0.
{x eR T Zloglx t| > loga)}] >0

teT

U

If a measure is (5, w, j)-equidistributed for every j € IN, we will just say that it is (6, w)-equidistributed.
For absolutely continuous measures, we have the following general equidistribution result.

Proposition 4.4 (Absolutely continuous measures are equidistributed). Let v be a compactly supported
probability measure on R with a nontrivial absolutely continuous part. Then there exist constants 6,w > 0
such that v is (6, w)-equidistributed.
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Proof. By the assumption, we may write v = v1 + v2, where v is absolutely continuous with respect
to Lebesgue measure. By cutting off the portion where the density of v is greater than some large
M > 0 and assigning that mass to v, instead, we may assume without loss of generality that the
density function of v; is bounded.

We now utilize a Markov inequality type argument. Let T be any set of j real numbers. Define
the logarithmic potential

V(x) = —1. Z log |x — ¢|.
J teT

Since v1 has a bounded density function, log |x — t| is integrable against v; for all t, so the integral

f_ 0; Vi(x) dvi(x) is finite for each t € T. Averaging over all t € T, we find that

1
v1(R)

f V(x)dvi(x) <a
for some constant g < co. Then

1 0 2av1(fx € R : V(x) > 2a})
w ) Ve "®)

Relating this back to the definition of equidistribution, we have

az=

121 [{x eR: |1?| Z log|x —t| > —2a}) =vi(fxeR: V(x) <2a}) > %m(lR).

teT

2a

Hence we may take 6 = %vl (R) and w = e™. ]

Given our framework, it will be useful to have a statement relating the equidistribution of an
absolutely continuous measure to a discretization of that measure. If the two measures are close in
Kolmogorov distance, then we can prove such a statement.

Proposition 4.5. Let u and v be probability measures. If 1 is (6, w, j)-equidistributed for some 6, w > 0 and
j €N, then vis (0 — ¢, w, j)-equidistributed, where ¢ = 4jKol(u, v).

Proof. Let T be any set of at most j real numbers. Since p(x) = [];er |x — t| is the absolute value of a
polynomial of degree j, each of its level sets is a union of at most 2] intervals. Hence,

lu(fx € R: p(x) = 0 ™)) —v({x € R : p(x) = /)| < 4jKol(y, v).
O

Thus, to prove equidistribution for an atomic measure, it suffices to prove equidistribution for a
nearby absolutely continuous measure.

The above propositions immediately yield a useful corollary for analyzing the Lanczos procedure
in the regime of O(log n) iterations.

Corollary 4.6. Let p be a compactly supported probability measure with nontrivial absolutely continuous

part. Let {1} be a sequence of probability measures such that Kol(uy,, u) < 1o§n for some C > 0. Then for all

n, for all j < 5= log n we have that y, is (5, w, j)-equidistributed for some 6, > 0.
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Remark 4.7. If u is (6, w, j)-equidistributed and v is the pushforward of 1 under the affine map x ~ ax + b,
then v is (6, aw, j)-equidistributed.

We now compute the equidistribution for a few example measures, following the proof of
Proposition 4.4.

Example 4.8. Let u denote the uniform measure on [0,1]. Then

f V(x) du(x) < f ~log

Thus, w is (1/2,4e~2)-equidistributed.

X - %’ du(x) = 1+log?2.

Example 4.9. Let v denote the semicircle law dv = % (4 — x2); dx. Then

fV(x) dv(x) < f—log |x] dv(x) = 1/2.

Thus, v is (1/2,e~1)-equidistributed.
With the above the claims made in the examples of Section 2.3 are now trivial.

Proof of Example 2.2 and Example 2.9. It is enough to put together Proposition 4.5 and Example
4.8. m|

Note that for a given set of points that does not resemble a discretization of an absolutely
continuous distribution, it will still be likely that the equidistribution parameters are well behaved
(relative to their scale) provided that the points are somewhat spread out. On the other hand, if the
points are clustered in a few small clusters the analysis becomes trivial.

Observation 4.10. Let A be a set (or multiset) of n points. Let a1 < by <ax <bp <--- < a, < by, be
such that A C Uﬁl[ai, bi]. Define n; = |A N [a;, b;]| and let g the minimal gap between clusters, namely,

g

. .k
g = minj<jcpy-1a;41 — bi. Then Ais (;jz 27

subsets of {1, ..., m} of size j.

J)-distributed, where kj = ming }_csc n; and S runs over all

Proof. The proof follows directly from the definition of equidistribution. m]

Remark 4.11. A particular case of Observation 4.10 is when n; > | ;- | and g = a;.1—b; foreveryi=1,...,m,
which yields Example 2.3 above. More generally, if each n; is roughly n/m, then k; will be roughly m — j, and
hence the 6 parameter for the equidistribution of A will only degrade when j ~ m. In other words, Theorem
2.4 is still strong for matrices whose spectrum consists of small clusters if the number of such clusters exceeds
the number of iterations of the Lanczos procedure. On the other hand, if the number of iterations exceeds
the number of clusters it is not hard to show that the Lanczos procedure will output (with overwhelming

probability) at least one Ritz value per cluster.
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4.2. Jacobi coefficients
We now have the necessary tools to prove concentration for the entries of the Jacobi matrix.

Proposition 4.12 (Jacobi coefficients are globally Lipschitz). Suppose the spectrum of A is (46, w, i)-
equidistributed for some 6, w > 0 and i € IN. Then for any 0 < ¢ < 6, functions a;(u) and B;(u) are globally
4{+2||A||i+1

wie

Lipschitz on I,(5, €) with constant L; o <

Proof. Proposition 3.7 says that a;(1) and (1) both have local Lipschitz constant at most 4 ALy i(u)
for all u € $""1. Proposition 4.2 says that because the spectrum of A is (46, w, i)-equidistributed,
vi(u) < \/1_\/_ for all u € I,(45, ¢/ V2). Combining these, we have that a;(1) and S;(u) are locally

w' Vel V2
Lipschitz with constant

4 A

wile/ V2

for all u € I,,(46,¢/ \/E). Proposition 3.13 says that I,(, ) is y2/e-connected in the larger set
1,(46, ¢/ V2), so Lemma 3.5 implies that a;(1) and f;(u) are globally Lipschitz on I,,(6, €) with constant

ﬁ 4i+1I|A”i+l . 4i+2”A”i+l

Ve wi+le/ V2 S

We now have the tools to prove our first main theorem, which quantifies the concentration of
the Jacobi coefficients around their medians.

Li,s =

O

Theorem 4.13 (Restatement of Theorem 2.4). Suppose the spectrum of A is (0, w, i)-equidistributed
for some 6,w > 0 and i € N. Let &; and p; denote the medians of the Jacobi coefficients a;(u) and B;(u),
respectively. Then for all t > O, the quantities P[|a;(u) — &;| > t||All] and P[|B;(u) — Eil > t||Al|]] are both

bounded above by
; 1 2 1 2i
2exp {_rrun{63,—2/50}n} +2exp {—6—4 (ﬁ) 62t2n} . (4.1)

Proof. The local Lévy lemma (Lemma 3.1) yields that P[|a;(u) — &;| > t||All] and P[|B;(1) — Eil > HIA|l]
are both at most
Plu ¢ 1,(6, )] + 2 exp{—4nt?|| AP /L7 ),

where L;, is the global Lipschitz constant on I,,(0, ¢) obtained in Proposition 4.12. Note that if
0 > 1/50, then A is still (1/50, w, i)-equidistributed, so we may set ¢ = 6/7 and apply Corollary 3.11
to bound P[u ¢ I,(5, €)]. We obtain the upper bound

min{5, 1/50}2 —4nt?|| AlPw®(6/2)?
2exp _Tn +2exp 42i+4|| A|[2i+2

min{s, 1/50}> 1 ( g )21' 22
§2exp{ 0 np+2exp o4 \qJA] o°tn

as desired. O
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Combining the previous theorem with Corollary 4.6 we get convergence in probability of the
Jacobi matrices in the regime k = O(log n).

Proposition 4.14. Let the spectra u, of A, converge to the spectrum u of A in Kolmogorov distance with
rate O(1/ logn). Suppose u has a nontrivial absolutely continuous part. Then there exists c; > 0 and a
sequence k, > cp log n such that the Jacobi matrices Ji, output by the Lanczos algorithm after k;, iterations
converge to entrywise in probability to deterministic constants.

Proof. By Corollary 4.6, we have that u;, is (6, w, k)-equidistributed for all k < c; log n. Picking c; < ¢1
and applying Theorem 2.4, for i < ¢; log n this yields the bound

Plla; — @ > t] < exp{—ézn/32} +2exp {_%(w/4)262 1Og”ntz}

= eXp{—62H/32} +2exp { 2c; 10g(w/4)+1t2}

so as long as 2c; log(w/4) + 1 > 0, we have convergence in probability of the Jacobi coefficients as
n — oo. But this is certainly true for small enough c;. The f; have the same bound as the «;, so we
are done. o

As mentioned in the introduction, convergence for fixed k to the infinite Jacobi matrix | of u
for deterministic u,, (with no hypothesis on the rate of convergence of (,,) is proven in [Gau68,
Theorem 4]. In Proposition 4.14 we leave it open to prove that the limit is actually | (see Section 6),
but if we reduce the number of iterations from k = O(log n) to k = O(y/logn), we can indeed prove
that the limit is J. This is the content of Theorem 2.12, proven in Section 5.

4.3. Ritz values

Theorem 2.4 yields concentration of the entries of the random matrix Ji(u). In general, controlling
the entries of a random matrix does not yield control over its random eigenvalues, but, since Ji(u)
is Hermitian we know that its spectrum is stable with respect to small perturbations of the entries.
More precisely, we will use the well known Weyl’s inequality—see [HJ12, Theorem 4.3.1] for a
reference.

Lemma 4.15 (Weyl). For every matrix X, let A(X) > --- > A,(X) denote the eigenvalues of X. If A and B
are n X n Hermitian matrices, then for all 1 < i < n we have

IAi(A + B) = Ai(A)l < 1Bl

Following the notation in Theorem 2.4, let fk be the k X k Jacobi matrix with entries &; and ﬁi,
and denote the eigenvalues of Jy by 7 > -+ > 7.

Proposition 4.16 (Concentration of the Ritz values). Assume that the spectrum of A is (6, w,k)-
equidistributed for some 6,w > 0 and k € IN. With the notation described above, let ¥ = (71,..., )
and let Au) = (r1(u), ..., re(u)) be the vector of Ritz values after k iterations. Then the probability
P[l[Au) — Al > tIIAl] is bounded above by

min{5, 1/50}2 1 o \* 2,2
4k{exp{ o n}+exp{ 192(4||A||) o tny|.
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Proof. Since Ji and J(u) are tridiagonal matrices, we may split J; — J; into the sum of three matrices
consisting of the diagonal, the subdiagonal, and the superdiagonal and then use the triangle
inequality to obtain

k() = Jell < max {lai(u) — &l} +2 max {|B;(u) - Bil}. (4.2)
0<i<k-1 0<i<k-2
Hence, we deduce that
P[|[Au) — Aleo = £] < PUIJi(u) — Jell > 1]

<P[0n§1%<>5 {lai(u) — @} + 2 max {1Bi(w) — Bil} >t]

where the first inequality follows from Lemma 4.15 and the second inequality from (4.2). Now
observe that the event {maxg<j<x—1{lai(1) — @l} + 2 maxo<j<k—2{|Bi(u) — 51’” > t} is contained in the
event

{ max {lai(u) — ail} > ;} { mex {lﬁ () = Bil} 2 é}

0<i<

which in turn is contained in the event

k
U {last - & = 2} {igse - i 2 5.
Using a union bound and applying Theorem 2.4, we obtain the desired result. ]

4.4. Ritz Vectors

Here we will use the same notation as in Section 4.3. Let @; be the eigenvector of J; corresponding
to 7; and let w;(u) be the eigenvector of [i(u) corresponding to r;(u). We will use the fact that
Ji(1) concentrates around Ji, together with the Davis-Kahan theorem [DK69] to establish the
concentration of the vectors w;(u).

Theorem 4.17 (Davis-Kahan). Here we use the notation of Lemma 4.15. Fix i € {1,...,n} and assume
that Ai(A) has multiplicity 1. Define

¢ = min|Ai(A) - A;(A)],
Jij#

and let O € [0, 1t/2] denote the angle between the i-th eigenvectors of A and A + B. Then

2||B
mQSM.

Under the assumption that 7;() is not close to the other Ritz values, we get the following result.

Proposition 4.18 (Concentration of the Ritz vectors). Assume that the spectrum of A is (6, w, k)-
equidistributed for some 6, > 0 and k € IN and fix some i € N with 1 < i < k. With the notation
described above, let O € [0, 11/2] be the angle between w;(u) and W; and let ¢ = minj.j4; |7; — 7;|. Then for
any 0 < ¢ < 1/2, the probability P [sin 0 > 2||A||/en®] is bounded above by

. 2k
4k[eXp{_mln{Zzl/50} }+ p{ 1;2(4&”) 62”1_26}]'
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Note. The same result holds for the Ritz vectors, since these are obtained by applying an isometry
to the w;(u).

Proof. From Theorem 4.17 we have that

sin 8 <

201Ji(u) = Je(w)ll

&

and hence

P[sin 6 > t] < P[|IJi(u) — Jell > ¢]

= (1) — & (1) — Bil} >
<P ma ) - &+ 2 ma 15,00 =l > o],
where the latter inequality was established in the proof of Proposition 4.16. Using the bound

obtained in the aforementioned proof and substituting t = - we obtain the desired result. m|

5. Proofs of Proposition 2.10 and Theorem 2.12

5.1. Proof of Proposition 2.10

We now prove our theorem about the Lanczos algorithm missing outliers in the spectrum.

Proof of Proposition 2.10. By Proposition 4.5, we have that p, is (6, w, j)-equidistributed for some
o,w > 0and all j < clogn. Suppose u € 1,,(6, ¢€), which happens with overwhelming probability by
Proposition 3.10. Then by Proposition 4.2, we have an upper bound on the leading coefficient of the

jth orthogonal polynomial: y;(u) < — jl 7 Equivalently, this is a lower bound on the L? norm of the

jth monic orthogonal polynomial: ||7T;l|| L2y 2 @/ y/e. As mentioned in the preliminaries in Section

2, it is a classical fact that the monic orthogonal polynomial of any given degree has minimal L?
norm over all monic polynomials of that degree. Thus, we in fact have

f G A (x) > ca? 65.1)

for all monic polynomials g of degree j, with equality when g(x) is the kth orthogonal polynomial
P ().

For all unit vectors u, let p(u) denote the top Ritz value, i.e. the maximum root of p{(x). We
wish to show that p(u) < R + « with high probability.

Take pi(x) and replace its top root by t to form the monic polynomial P;. By the first-order
condition for the variational characterization of pi‘ mentioned above, to show p(u) < R + « it suffices
to show that ||Py|| 12(uy 18 strictly increasing in t for t > R + k. We have

nu(x) 2 k k

2 _ k _ U( — 207 _ 2 RV
IIPtlle(Hu) = f(—x —— (x t)) du"(x) = Z; us(Aj —t) H(Az i),
= ]:

1

where we let 1, ..., ¢ denote the roots of p(x) besides the maximum root p(u), and we omit the
argument u for brevity. We calculate the derivative
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||Pt||L2(H 22 (A - t) H(A —r)? -2 Z w3, —t)H(A — )2,

i=m+1

We wish to show that this quantity is posmve whenever t > R + k. We have assumed that there
are only m outliers, so assume A; < R forall i > m. Thent — A; > « for every m <i < n.
Thus,

|Pt||L2W) > 22 2 —t)H(/\ — )P +2 Z 1 KH(A —7j)?
i=m+1
- —22 W2\ — 1) H(/\i — )2
i=1 =2
u 2 m k
P (x) ) ) )
+[2x du*(x) =2 ) u;x | |(Ai—r1j
R R (O
m k m k
> -2 Z u?(/\i —t) H(/\l- — rj)2 + 2keaw’®D -2 Z uZ.ZK H(/\i - rj)z,
i=1 j=2 i=1 j=2

where in the last step we used the inequality (5.1) on the degree k — 1 polynomial p}(x)/(x — p(u)).
Simplifying, we have

||Pt||L2(#u) > 2xce?*D 22 2()\ +K_t)H -—r])z

By uniform boundedness of the spectra, there exists M large such that Ai—ri<Mforalll <i<m.
Let g be the maximum of the outlier gaps A; — R over all 1 < i < m. Recall that f > R + «, so
Ai+xk—t < A;—R < gforall1 <i < m. Finally, we have with overwhelming probability )", uz.z <n¢
for any positive ¢ < 1/2; we will defer the proof to Lemma 5.3 below. Putting this all together, we
have

||Pt|| > 2xeaw® % — 2 M2y mg.

LZ(”u
This quantity is strictly pos1t1ve when
log ke + (2k — 2)log w > —clogn + (2k — 2)log M + log mg.

Rearranging, we get
(2k = 2)log(w/M) > —clogn + log mg — log ke

for n large. Note that w < M, because w is a lower bound on geometric means of distances that are

all less than M. In conclusion, with high probablhty, = ||IP|I? 12(u) > 0 forallt > R + x when
1 KE
2k-2 < clogn +log—]. 5.2
g [tz +1os 1) 62

For n large, we may absorb the constants m, g, x, ¢, o (which do not depend on 1) into a single
constant ¢’ > 0, and we get the desired k < ¢’ logn.
O
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Remark 5.1. We have focused on the right side of the spectrum for ease of exposition. Similar results hold
for outliers on both sides.

Remark 5.2. There are several parameters that can be tuned in the above proof. For example, one could
envision a situation in which k converges to zero as n — oo, at the expense of some other parameter.

Lemma5.3. Let 0 < ¢ < 1/2and suppose m < n®, where v < 1—c. Then Y1, u? < n™ with overwhelming
probability. To be precise,

m
1 C a 1
P [Z uj > C] < exp {——6 (411 — 4203755 4 2n1‘c)} +exp {—Enl ZC}.
i1

Proof. We proceed just as in the proof of Proposition 3.10. Define X; as in that proof. Then
m m m 1 m
P[Zu?>n'c ZX12> PZX?<—§n'C+Zuf].
i=1 i=1 i=1 i=1

1
—2+m+V2n2"2
-z

<P

Using Lemma 3.12, we solve for the parameter Vt = (which requires a < 1 —¢) and

then we get
m 1_¢ 2
1 —2\m + \/Eni‘i
2 ~,,—C _
P ;_1Xi>2n ]Sexp{ ( 1 )}

1 o
= exp {_1_6 (411”‘ — 4225 4 2n1‘c)} ,

which is an overwhelmingly small probability because 3 — 5 + % <1-cwhena <1-c.

Now following the same coupling argument in the proof of Proposition 3.10 and using Lemma
3.12 again, we get

m

Z X< - n_c + Z ulﬂ exp {—Enl 2“}.

O

Proof of Theorem 2.8. From the proof of Proposition 2.10, setting ¢ = 6/2 we have that the Ritz values
are contained in the desired interval for

(c logn +log —6)

" 2logM4 myg

aslongask < j, u € I,(6,6/2) and Y.}, uf > n~°. Applying Corollary 3.11, the probability that u
violates either condition is at most

Plu ¢ I,(5,6/2)] + P

m
Z ul.z >n‘

i=1
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< 2exp{ mm{631/50 }

Letrt

<2exp {—%n} +2exp {—11—6111 ZC} ,

where in the last step, we apply Lemma 5.3 and note that for n > et we have 4 V2n 2 < nl™,
O

5.2. Proof of Theorem 2.12

For C > 0 let P¢ denote the space of Borel probability measures supported on [-C, C]. In order to
prove Theorem 2.12 we will show that the Jacobi coefficients of a measure are locally Lipschitz
quantities on the space Pc equipped with the Kolmogorov metric. Note that in Section 3 similar
results were obtained in the case in which the space of measures in consideration is restricted
to atomic measures supported on 7 fixed points, namely, the eigenvalues of A,. Since ¢ is a
much larger and complicated space we are not able to obtain results as strong as in Proposition
3.7. It remains an open question if a better rate can be achieved at this level of generality; see the
concluding remarks for some natural directions to pursue.

We will use the following well known result which, for convenience of the reader, we restate as
it appears in Lemma 1.1 in [God17].

Lemma 5.4. Let A and B be two k X k matrices. Then det(A + B) is equal to the sum of the determinants
of the 2K matrices obtained by replacing each subset of the columns of A by the corresponding subset of the
columns of B.

Proof. The result follows directly from the fact that the determinant is multilinear in the columns of
the matrix. O

Lemma 5.5. Let A and B be two k X k matrices. For 1 < i <k, let AD and B be the ith columns of A and
B, respectively. Let C, ¢ > 0 and assume that

1A =Bl < e and  max{[|A?], IBY|l,} < C. (5.3)

Then
| det(A) — det(B)| < ek(C + ¢)*!

Proof. By the assumption in (5.3) we can write B = A + E, where E is a matrix with columns of
norm less than or equal to ¢. Then, using Lemma 5.4, the inequalities in (5.3), and the fact that the
determinant of a matrix is bounded by the product of the Euclidean norms of its columns, we obtain

|det(A + E) — det(A)| < Z (Z)C”‘k K= (C+e)f = CF < ek(C + o)F T,
k=1

where the last inequality follows from the mean value theorem. m|
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We now argue that the moments of a measure are Lipschitz quantities in ¢, where the constant
is exponential in the order of the moment. With this end fix a Borel measure u on R and denote

() = fR du(x),

A standard application of Fubini’s theorem yields that if u is a finite positive Borel measure
supported in [0, o), then

m(p) = kfoo L u(x, co)dx. (5.4)
This identity is enough to obtain the following; bound.
Lemma 5.6. Let u,v € Pc and k > 0, then |my (1) — my(v)| < 2C*Kol(u, v).
Proof. Start by decomposing p into p4 and - as follows:
He(A) = (AN [0, ), p—(A) = p(~AN (-o0,0)) VA € BR).

Hence u(A) = p+(A) + u_(=A). Define v, and v_ analogously. Note that these new measures are
supported on [0, o).

Observe that my(u) = mi(u+) + (—1)kmk(y_) and that the analogous formula holds for my(v).
Hence

Imy(p) — meW)| < mge(ps) — mg(va)l + I (p-) — mg(v-)l.

Now, for t > 0 define F,, (t) = u+(t, o) and F,, (t) = v4(t,o0). By definition of Kolmogorov

distance we have that
IFu(8) = Fy (O] < Kol(g, ).

On the other hand, by (5.4) we have that
(i) — (v < f PUF,, (x) — Fu, (1)l
0

C
< kKol(u,v) f Ly
0
= CkKol(y, V).
In the exact same way we can bound [ (u-) — mi(v-)| to conclude the proof. ]

Given u € Pc we denote the (k + 1) X (k + 1) Hankel matrix of u by My(u) and define
Dy (u) = det My(u). We will denote the Jacobi coefficients of u by af and ,Bf . For the proof of the
following results, many of the facts stated in Section 2.1 will be used.

Proposition 5.7. Let u,v € Pc and let s, > 0 be constants satisfying
min{D;(u), Dj(v)} > si

forj=1,...,k Then
exp{gk?}Kol(u, v)

2
k

B, =Byl <

S

for some g > 0 dependent of y and v but independent of k.
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Proof. To shorten notation let x; = D;(u) and y; = D;(v). Without loss of generality C > 1. A direct
application of Lemma 5.6 yields a rough bound between the distance in the Euclidean norm of
the corresponding columns of the matrices M;(u) and M;(v). Namely, the columns are at distance
less than +/j + 1C¥~"Kol(u, v). The same reasoning yields that the norm of any column in M;(u) or
M;(v) is bounded by +/j + 1C%-1. Hence, using Lemma 5.5 we get

I — yjl < (| + DPHCHD + )7 TKol(y, v) < explg*IKol(u, v)
for some g > 0 independent of k.
In what follows we will bound two other terms whose logarithm is also O(k?). The implied
constants depend only on i and v, so we can modify g to be big enough for the following inequalities
to hold as well. By the first expression in (2.3) we have that

VX—1Xk+1  VYk-1Yk+1
Xk Yk

B - Byl =
1 1

—— —. 55
— (5.5)

To bound the first term on the right-hand side of the above inequality we see that

1
< x_kl VX—1Xk1 = VYk=1Yk+1l + VVi—1Yi+1

[Xk—1Xk4+1 = Yi—1Yics1l
VX1 Xk+1 + VYk—1Yk+1
IXk—1Xk41 = Yi—1 V1] < X1 Xk41 = Vi | + Vi1 1X—1 — Vi1l

and

| VXk—1X41 — Vi1Vl =

< explak?}Kol(u, v),
which yields
1 exp{gk?}Kol(u, v)
— VX1 X1 = VYi=1Yis1l £ Py 5 H . (5.6)
Xk 2s;
On the other hand,
1 1 Ixe — vl explgk?}Kol(u,v)
VYk-1Yk+1 ———‘ = VYk-1Yk+1 Y < Py 5 en (5.7)
Xe o Yk XYk 2s;
The result then follows from combining the previous inequalities (5.5), (5.6), and (5.7). O

Remark 5.8. The constants sy have already been studied with sophisticated techniques for some families of
measures; see [Sze77] for an example. However, using results only from Section 4 it will be easy to show
that for measures with an absolutely continuous part we have |log(si)| = O(k?), where the implied constant
depends only on u, which is enough for the proof of Theorem 2.12.

In a similar fashion we can show that the coefficients of p]f () are locally Lipschitz.
Proposition 5.9. Fix a positive integer k. Let u, v and sy be as in Proposition 5.7. Denote the coefficients of

xtin plf (x) and p)(x) by aﬁl and a; respectively. Then

it a1 <[ 2 + 5| Kol vy explgi)
i l Sk S]%

for some g > 0 dependent on y and v but independent of k.
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Proof. For1<i<klet Ml({i)(‘u) be the matrix obtained by removing the kth row and ith column of
My (u) and let di() = det(M"(u1)). From identity (2.5) we have

U dl(f’l)

a. = .
VD1 (1) Di(1t)

Using the same notation as in the proof of Proposition 5.7 we have that

‘ - di(y) _ di(v)
|al(1u) al(v)| = \/xk—lxk \/yk—lyk
1 ! !

|di(u) — di(v)| + d;i(v)

Xk—1Xk

V1% \VYk|

As before \/ﬁ < i, while |d;(1) — di(v)| < 2Kol(u, v) exp{gk?} for some g > 0 dependent on p

and v only. To bound the second term on the right-hand side of the above inequality note that
di(v) < exp{gk®} and that

1 3 1
VX-1Xk  VYk-1Yk

= (xk—lxkyk—lyk)_%| VXk—1Xk = VY1Vl

1 2
< % expigk“}Kol(u,v),

where the last inequality is a consequence of (5.6). The result follows. m]

Corollary 5.10. Let y,v, sy be as in Proposition 5.7. Then

Kol(y, v) exp{gk®}

- )
Sy

lat — o] <

Proof. Recall that

af =[xt = Y a0

k
ij=1

As mentioned above, the quantities af ,a;, and m;(u), ni(v) are of size O(exp{gkz}). Putting this

together with Proposition 5.9 and Lemma 5.6 we get that

exp{gk?}
latatmiy i1 () — alami o (V)] < AR
i% j 52
By adding over i, j and modifying g the result follows. m]

In order to prove Theorem 2.12 and Proposition 2.13 we need one final lemma, which states that
with overwhelming probability, the random measure p; is close in Kolmogorov distance to p,.

Lemma 5.11. For n large enough we have that

P[Kol(u!, uy) > n‘}l] < eXp{—n%/8}-
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Proof. We must show that

NS,

<n

>t

i=1

for all 1 < k < n with probability at least 1 — exp{-n'/4/8}.
Fix 1 <k <n. As in Section 3.3 start by considering Xj, ..., Xj independent centered Gaussian
random variables of variance % and let Z; = Z?:l Xl2 Then by Lemma 3.12 we have that

k
P[Zk2—+1’l_‘ll
n

<e and P[Zk < % - n_‘lt] <e,

where f; and t, are the solutions to

1’1_‘11 _ 2‘Vnkf1 and 1’1_‘11 _ 2 thi+ 2t2, (5.8)

i

respectively. Since k < n it is clear from (5.8) that min{t;, t,} > “-. This implies that

|

Now, letting k run from 1 to 1, a union bound yields that

Zy — S' > n_%] < exp{—néli/4}.

P [max

1<k<n

Zy - S‘ > n_}*] < neXP{—n‘li/‘l} < %exp{—n%/S},

where the last equality holds for n large enough. Now, as in the proof of Proposition (3.10) we can
show by a standard coupling argument that if we take u; = X;/ \VZ,, we will have that

1 1
‘ ] < Eexp{—n4/8}

and the result follows. O

Proof of Theorem 2.12. From Lemma 5.11, for n large enough, we have that Kol(u", u,) < n~i with
overwhelming probability. By the assumption Kol(y,, 1) = n~ we then have that Kol(u*, u) < n™
also with overwhelming probability for ¢’ = min{1/4, c}. Hence, under the event {Kol(u", u) < n=<'}
we can apply Proposition 5.7 and Corollary 5.10 and use the fact that the Jacobi matrices are
tridiagonal to obtain that
6C exp{d’k?}
Wk, (@) = T, (Il £ ————=—~.
n mm{sk, sk}
Since p has an absolutely continuous part we know from Proposition 4.4 and Corollary 4.6 that
|log()/;{l)| = O(k). Hence, from (2.4) we get |logs| = O(k?), which makes it clear that there exists

d > 0 and a sequence k, < d +/logn satisfying the theorem statement. m]

Proof of Proposition 2.13. As mentioned in Section 2, this proposition is a direct consequence of
Theorem 2.12 and Lemma 4.15. m|
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Remark 5.12. Observe that the above proofs repeatedly use the fact that moments are Lipschitz quantities on
Pc and that the Jacobi coefficients are an explicit function of the moments. However, going from moments to
Jacobi coefficients is an expensive process that we pay for by getting a rate of O(+/log n) instead of ©(log n).
At first glance, it may seem that the results in Section 3.2 may be used in a similar fashion to obtain a better
rate; however, even if we have strong concentration results for the Jacobi coefficients of the random measures
Ly, it is a difficult task to control the location of the medians (or means) of a;(u) and f;(u) and hence it is
hard to show that these quantities converge at a good enough rate to the Jacobi coefficients of L.

6. Concluding remarks

Several directions can be pursued to expand the results presented throughout this paper. Currently,
we have only analyzed the Lanczos algorithm in its prototypical form, but have not analyzed the
more sophisticated variants that are used in practice. Obtaining similar concentration results and
negative results for these modifications, and more generally for Krylov subspace methods, would
be of great interest.

The Lanczos algorithm is used in practice for non-Hermitian matrices and even nonnormal
matrices, despite these cases being far less understood. In this incarnation, the algorithm is referred
to as the Arnoldi algorithm. Extending the results of this paper to the Arnoldi algorithm is a
natural direction to pursue. As mentioned in Remark 2.7, it is easy to extend Theorem 2.4 to the
non-Hermitian setting, but no longer so easy to prove concentration of the Ritz values or to say
anything about their location.

The concentration guarantees of the output of the Lanczos algorithm in the present work hold
only for up to Clog(n) iterations, where C is a function of the equidistribution parameters of the
spectrum of the input matrix. However, we do not know what is the optimal function of n for
which a result of this sort holds. Proving a general concentration statement that holds for Q(log(n))
iterations would be interesting and require essentially different ideas. A particular case, which
might have a simpler solution but is of great interest in applications, is to show concentration of the
eigenvectors that correspond to outlying eigenvalues. A possible approach to the latter problem
is to take classical guarantees for approximation of outlying eigenvectors, such as [Saa80], and
convert them into probabilistic statements like the one given in Theorem 2.4.

In the same direction, another interesting task is to extend Theorem 2.12 to hold in the regime
k = Q(logn) instead of the current setting of O(/logn). Some key difficulties are discussed in
Remark 5.12.

Another direction is to translate the concentration of the Jacobi coefficients (Theorem 2.4) into
some quantitative statement about the quality of the approximate spectral density obtained from
the first few Jacobi coefficients. This would require analyzing the conditioning of the Haydock
method or Padé approximation mentioned in the introduction. The Jacobi coefficients are also
used for estimating matrix functionals via quadrature; see [Gau04] for a comprehensive account. It
would be interesting to understand the implications of concentration in this setting as well.

Finally, we pose a question that is of independent mathematical interest, but which would also
allow us to remove the square root on the log 7 in the statement of Theorem 2.12 and Proposition
2.13.

Question 6.1. For C > 0 let Pc be the set of probability measures with support contained in the interval
[-C, Cl. Is there a natural metric on Pc inducing a topology for which the set of atomic measures is a dense
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subset of Pc, and the Jacobi coefficients
aj:Pc—R and Bj:Pc— R

have local Lipschitz constant at most exponential in j?
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