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THE RANK OF TRIFOCAL GRASSMANN TENSORS
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ABSTRACT. Grassmann tensors arise from classical problems of
scene reconstruction in computer vision. Trifocal Grassmann ten-
sors, related to three projections from a projective space of dimen-
sion k onto view-spaces of varying dimensions are studied in this
work. A canonical form for the combined projection matrices is
obtained. When the centers of projections satisfy a natural gen-
erality assumption, such canonical form gives a closed formula for
the rank of trifocal Grassmann tensors. The same approach is also
applied to the case of two projections, confirming a previous re-
sult obtained with different methods in [6]. The rank of sequences
of tensors converging to tensors associated with degenerate con-
figurations of projection centers is also considered, giving concrete
examples of a wide spectrum of phenomena that can happen.
Keywords. Tensor Rank, Border Rank, Projective reconstruction
in Computer Vision, Multi-view Geometry.

1. INTRODUCTION

Tensors, as multidimensional arrays representing multilinear appli-
cations among vector spaces, have traditionally played a pivotal role in
many areas, from physics to computer science, to electrical engineer-
ing. As algebraic geometry is increasingly witnessing intense activity in
more applied directions, tensors have come to the fore of the discipline
as useful tools on one hand, and as beautifully intricate objects of study
on the other, with rich geometric interplay with other classical ideas.
In particular, the calculation of any of the various established notions
of rank of a tensor is an interesting and difficult problem. While many
authors have recently studied these issues, a standard reference is [14]
and a useful survey is [3].

The authors have been interested for a while in a class of tensors
that arise from classical problems of scene reconstruction in computer
vision. In the classical case of reconstruction of a three-dimensional
static scene from two, three, or four two-dimensional images, these
tensors are known as the fundamental matrix, the trifocal tensor, and
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the quadrifocal tensor, respectively, and have been studied extensively,
see for example [10], [1], [15], [2], [12]. In a more general setting, these
tensors are called Grassmann tensors and were introduced by Hartley
and Schaffalitzky, [I1], as a way to encode information on correspond-
ing subspaces in multiview geometry in higher dimensions. Three of
the authors have studied critical loci for projective reconstruction from
multiple views, [5], [§], and in this setting Grassmann tensors play a
fundamental role, [7], [4].

The authors’ long-term goal is to study properties such as rank,
decomposition, degenerations, and identifiability of Grassmann tensors
in higher dimensions, and, when feasible, the varieties parameterizing
such tensors.

The first step was taken in [6], where three of the authors studied the
case of two views in higher dimensions, introducing the concept of gen-
eralized fundamental matrices as 2-tensors. That first work contained
an explicit geometric interpretation of the rational map associated to
the generalized fundamental matrix, the computation of the rank of
the generalized fundamental matrix with an explicit, closed formula,
and the investigation of some properties of the variety of such objects.

The next natural step in the authors’ program is the study of trifocal
Grassmann tensors, i.e. Grassmann tensors arising from three projec-
tions from higher dimensional projective spaces onto view-spaces of
varying dimensions. A natural genericity assumption, see Assumption
6.1, allows for suitable changes of coordinates in the view spaces and in
the ambient space that give rise to a canonical form for the combined
projection matrices. Utilizing such canonical form, the rank of trifocal
Grassmann tensors is computed with a closed formula, see Theorem
6.1 When Assumption [5.1]is no longer satisfied, the situation becomes
quite intricate. A general canonical form for the combined projection
matrices can still be obtained, see Section [6l We conclude with a se-
ries of examples in which the rank is computed utilizing the canonical
form. These examples illustrate the wide spectrum of possible phe-
nomena that can happen with the specialization of the three centers of
projection. In particular, we provide examples of sequences of Grass-
mann tensors of given rank r, converging to limit tensors whose rank
can be either strictly larger than r, Example [6.2], and Example[6.3}a, or
strictly smaller than r, Example [6.3tb. The first two of these cases are
geometric examples of tensors with border rank strictly smaller than
their rank.

2. BACKGROUND MATERIAL
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2.1. Preliminaries on tensors. Notation and definitions of tensors
and their ranks (rank and border-rank) used in this work are relatively
standard in the literature. They are all contained in [14] and briefly
summarized below.

Given vector spaces V;,7 = 1,...t, the rank of a tensor T' € V1 @ V5 ®
... ® Vi, denoted by R(T), is the minimum number of decomposable
tensors needed to write 7' as a sum. Recall that R(7) is invariant
under changes of bases in the vector spaces V; (see for example [14],
Section 2.4 ).

Furthermore, a tensor T has border rank r if it is a limit of tensors
of rank r but is not a limit of tensors of rank s for any s < r. Let R(T)
denote the border rank of T'. Note that R(7) < R(T).

As in Section Ml we will focus on tri-linear tensors, we recall here
that given a tensor T' € Vi ® Vo ® V3, where dimV; = q;, its rank
R(T) can also be realized as the minimal number p of rank 1 a; X ag-
matrices Si,...,S, such that each slice T i for a fixed ];‘, is a linear
combination of such Sy, ..., S, (see for example [9], Theorem 2.1.2.).

2.2. Multiview Geometry. For the convenience of the reader, in this
Section we recall standard facts and notation for cameras, centers of
projection, and multiple views in the context of projective reconstruc-
tion in computer vision. A scene is a set of N points {X;} € P* i =
1,...,N. A camera P is a projection from P* onto P", (h < k), from
a linear center C'p. The target space P", is called view. Once homoge-
neous coordinates have been chosen in P* and P", P can be identified
with a (h + 1) x (k + 1)— matrix of maximal rank, defined up to a
constant, for which we use the same symbol P. With this notation, Cp
is the right annihilator of P, hence a (k — h — 1)-space. Accordingly, if
X is a point in P*, we denote its image in the projection equivalently
as P(X) or P-X.

The rows of P represent linear subspaces of P¥ = P(C**1) defining
the center of projection Cp and can be identified with points of the dual
space Pk = P(Ck“), within which they span a linear space of dimension
h, Ap =P(Lp), where Lp is a complex vector space of dimension h+ 1.

The right action of GL(k 4+ 1) on P corresponds to a change of
coordinates in ¥ while the left action of GL(h + 1) can be thought of
either as a change of coordinates in Lp or in the view.

In the context of multiple view geometry, one considers a set of
multiple images of the same scene, obtained from a set of cameras
P, :Pk\C’pj — Phi,

Two different images P(X) and P,,(X) of the same point X are
corresponding points and, more generally, 7 linear subspaces S; C P,



4 M.BERTOLINI, G.M.BESANA, G.BINI, AND C.TURRINI

J = 1,...,r are said to be corresponding if there exists at least one
point X € P* such that Pj(X) € S; for j=1,...,7.

2.3. Grassmann Tensors. In the context of multiview geometry, Hart-
ley and Schaffalitzky, [11], introduced Grassmann tensors, which en-
code the relations between sets of corresponding subspaces in the var-
ious views. We recall here the basic elements of their construction.

Consider a set of projections P; : P¥\Cp, — P, j=1,...,r, hj > 2
and a profile, i.e. a partition (aq, ag, ..., o) of k+1, where 1 < a; < h;
for all j, and Y a; =k + 1.

Let {S;},j=1,...,r, where §; C P", be a set of general s;-spaces,
with s; = h; — a;, and let S; be the maximal rank (h; + 1) x (s; +
1)—matrix whose columns are a basis for S;. By definition, if all the
S; are corresponding subspaces there exist a point X € P* such that
P;(X) € S; for j =1,...,r. In other words there exist r vectors vj €
Cs+l j=1,...,r such that:

P S 0 ... 0 3_( 0
P, 0 Sy ... 0 ! 0
(1) S V2| =
Poo ... 0 S | 0
Vr
The existence of a non trivial solution {X, vy, ..., v,} for system ()

implies that the system matrix has zero determinant. This determinant
can be thought of as an r-linear form, i.e. a tensor, in the Pliicker
coordinates of the spaces §;. This tensor is called the Grassmann tensor
T,and T € Vi®Vo®...QV, where V; is the (h}i;’il) vector space such
that G(s;, h;) C P(V;). More explicitly, the entries of the Grassmann
tensor are some of the Pliicker coordinates of the matrix:

(2) [ A" | BT |PT,

indeed they are, up to sign, the maximal minors of the matrix (2))
obtained selecting «; columns from P,7, for i =1,...,r.

It is useful to observe the effect on a Grassmann tensor and its rank
of the actions of GL(k + 1) on the ambient space and of GL(h; + 1) on
the views. A change of coordinates in the ambient space, realized by a
right action of GL(k+ 1) on (2)) does not alter the tensor, as all entries
are multiplied by the same non-zero constant. On the other hand, any
change of coordinates in a view through left action of GL(h; + 1) on
the corresponding P! does alter the entries of the tensor, but preserves
its rank. Indeed, the change of coordinates in one of the views induces
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a linear invertible transformation on Vj;, leaving the rank unchanged,
as noted in Section 2.1]

In the following Sections we deal with the cases of two and three
views, in which the Grassmann tensor turns out to be respectively a
matrix and a three dimensional tensor.

3. GENERALIZED FUNDAMENTAL MATRIX

We consider here the case of two views which gives rise to the notion of
generalized fundamental matriz, introduced and studied in [6]. Let us
consider two maximal rank projections A = [a;;] and B = [b; ;| from
P* to PM and to P2, respectively, where hy + hy > k + 1, and where A
and B are such that their projection centers C'4 and Cp are in general
position so that they do not intersect. This condition is equivalent
to the fact that the linear span < L4, L > is the whole C*1. The
images of the two centers of projection E3 = A(Cp) and E¥ = B(C},)
are subspaces of dimension k —h; — 1, ¢ = 1, 2, respectively, of the view
spaces, usually called epipoles.

Following [11], we choose a profile (a1, az), with oy +ag = k41, in or-
der to obtain the constraints necessary to determine the corresponding
tensor, which, in this case, is a matrix called generalized fundamental
matrix. In the following we make explicit how to place the minors of
() as entries of the generalized fundamental matrix.

In this case, (2]) becomes
(3) [ AT BT ]
and the generalized fundamental matrix § is the (hjilo—;l-i-l) (h2h—2021+1)
matrix, whose entries are some of the Pliicker coordinates of the k—space
Aap C PMtr2tl gpanned by the columns of the above matrix.

Let I = (’il,...,i81+1), J = (jl,...,j82+1), J = (h1+1+j1,...,h1+

14 jopr) with 1 <4y < o+ < iy < hp+land 1 < jj < - <
Jess1 < hy + 1. Denote by I',J’ the (ordered) sets of complementary
indices I' = {r € {1,...,hy + 1} such that » ¢ I} and J' = {s €
{hy +2,... by + hy + 2} such that s ¢ J}. Moreover denote by A;
and B; the matrices obtained from A7 and BT by deleting columns
01, ..., %s+1 and Ji,..., Js,+1, respectively.
Then the entries of § are: Fy; = €(I,J)det [A; By where ¢(1,J) is
+1 or —1 according to the parity of the permutation (7, J, I, j’), with
lexicographical order of the multi-indices {I} for the rows and {J} for
the columns.
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In other words, one has F; ; = qu(AAB), where gx(A) denotes the
dual-Pliicker coordinates (see, for example, [13], Vol.I, book II, pg. 292)
of the space A, with respect to the multi-index K.

In [6] the authors proved the following result:

Theorem 3.1. The generalized fundamental matriz § for two projec-
tions of mazximal rank and whose centers do not intersect each other,
with profile (aq, ), has rank:

h1—041+1)+(h2—042+1)
h1—041—|—1 ’

1k (3) = (<

The proof given in [6] is obtained associating to the matrix § a ra-
tional map ® : G(s1, h1) --» G(k — a1, he) whose image is the Schubert
variety Q(E%) of the k — ay spaces containing E%, and showing that
tk (§) = dim(< Q(EE) >) + 1, where < Q(E%) > is the projective
space spanned by Q(E%).

In view of desired generalizations, here we give a straightforward
proof of Theorem [B.1] based on a suitable choice of coordinates in the
projective spaces involved.

Let L, and Lg be the two vector spaces of dimension h; + 1 and
hy + 1,respectively, spanned by the columns of AT and B” and let
Ay = P(Ly) and Ag = P(Lp). We denote with ¢ the dimension of
Iyp = Ly N Lp which, from Grassmann’s formula, turns out to be
i = h1+hy—k+1. Notice that our assumptions on the profile (k+1 =
aj + az) imply that i > 0.

One can then choose bases

{Ulv ceey Uy Wi,y - - 7wh1+1} for LA7
/ /
{’Ul, o« o ,UZ,’UJH_I, .o ’wh2+1} fOI' LB’
such that {vy,...,v;} is a basis for I, .

Through the left action of GL(h; + 1) and GL(hy + 1) on A and B
respectively, one can then assume that the columns of A” and BT are
, respectively,

[Ul,...,Ui,wi+1,...,wh1+1]
and
/ /
(U1, .V Wiy, - Wy ]
. . . , ,
With this assumption, {vi,..., v, Wit1, .. Whyg1, Wiy o Wiy b

is a basis of CF*!, and, with the right action of GL(k + 1), we can
reduce it to the canonical one {ej,...,exr1}. With this choice, the
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matrix (3]) becomes the block matrix

L, 0 |, 0
O =10 Inp|0 0
0 0 |0 Inii

where I denotes the s x s identity matrix and O are zero matrices.
The columns of @} , are denoted by:

[21 @y by - §h1+1|§h1+2 cee Chy414d th1+2+i dh1+h2+2]

With this choice of basis, the entries of the fundamental matrix are
the maximal minors of ®; , obtained with a; columns chosen among
the a; and b; and ay columns chosen among the ¢; and d;. The only
non vanishing entries of the fundamental matrix are hence obtained
taking all the columns b; and d; and choosing a; — (h; +1—1i) columns
among the a; and the complementary ay — (hy + 1 — i) among the c;.
It follows that the non vanishing entries are as many as the possible
choices of oy — (hy 41— 1) columns among the first ¢ columns of @y , .
In other words the non zero entries of the fundamental matrix are:

) . (h1—041+1)+(h2—042+1)
hg—Oég—i—l N hl—Oél—l—l ‘

This number is precisely the rank of the fundamental matrix since
non vanishing entries appear in different rows and columns of the fun-
damental matrix.

To clarify the above procedure we consider the following example.

Example 3.1. Consider two projections from P* to P3? with profile
(3,2). In this case the matrix ([B]) has dimension 5 x 8. The subspace
Aapisin G(4,7) C P(g)_l, and the fundamental matrix § turns out to
be:
d156 4q157 158 d16,7 d16,8 41,78
3= 4256 4257 4258 4267 (26,8 (2,78
4356 4357 4358 43,67 (36,8 (378
da56 G457 4qa58 dqa6,7 G468 G478

and the matrix ®5 4 is:

1000[1000
0100[0100
®i, =001 0[0010
000 1/0000
0000[000O01
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so that the generalized fundamental matrix, in canonical form, is the
following, from which it is evident that rk (§F) = 3:

0 0 0 £1 0 0
0 #1 0 0 0 0
SQ_jzlooooo
0 0 0 0 00

4. TRIFOCAL GRASSMANN TENSORS

Let us now consider three projections Py, P, and P, from P* to P,
P2 and to P"s, respectively, where hy + hy + hs > k + 1, and where
Py, P>, and Pj, are maximal rank matrices.

Grassmann’s formula shows that for generic choices of P, P, and
Pj, their projection centers C7, Cs, and C'3 are mutually disjoint under
the assumptions: &k —h; +h; —1 <0, for 1 <4,5 <3,7 # J.

As in the case of the generalized fundamental matrix, let (o, as, a3),
be a profile with oy + as + a3 = k+ 1, in order to obtain the necessary
constraints to determine the corresponding tensor. The tensor thus
obtained is called the trifocal Grassman tensor and it is a generalization
of the classical trifocal tensor for three views in P3. Its entries can be
explicitly computed from (I), as shown below.

In this case, (2)) becomes

(4) [ AT | BT BT ]

and the entries of the trifocal tensor T are, up to sign, some of the
maximal minors of the matrix () obtained by choosing «; columns in
PlT, [6%) in PQT and (0% in P3T.

More explicitly, let I = (i1,...,i5,41)s J = (J1y--1Js001), K =
(b1, ooy ksgr1), J = (ha+14+71,...,h + 1+ jo1) and K = (hy +
h2—|—2+]€1,...,h1+h2+2+k53+1> with1 <4 <--- < 7:514_1 < h1—|—1,
1§j1 <"'<j52+1 <hy+land 1<k <"'<l{333+1 < hs+ 1.

Denote by I, J', K’ the (ordered) sets of complementary indices I’ =
{re{l,....,hy+1} such that r ¢ I} and J' = {s € {h1 +2,..., by +
hy + 2} such that s ¢ J} and K" = {t € {hy + hoa +3,...,hy + hy +
hs 4+ 3} such that t ¢ K}. Moreover denote by Pi;, Ps; and Psj
respectively, the matrices obtained from P;7, P,7 and P37 deleting
columns @1, ..., %41, Jis---Jsp+1 and kq,..., kg1, respectively. Let
€(i1,...,i,) be +1 or —1 according to the parity of the permutation
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(71,...,1,). The entries of T are given by:

Py
(5) Tiox =€, J,K,I',J ,K')det | Pay
Py

Denote by V; the vector space such that G(s;, h;) C P(?jﬂ)—l =
P(V;). The trifocal Grassmann tensor for three projections Py, Py, P3
from P* to PM1 | P2 and P", with profile (o, a, ar3), is, up to a multi-
plicative non zero constant, the (hlh_lozlJrl) (th_Q;lJrl) (h;f;;arl) tensor
T € Vi ® Vo ® Vs, whose entries are 77 jx with lexicographical order

of the families {1}, {J}, and {K} of multi-indices.

5. THE RANK OF TRIFOCAL GRASSMANN TENSORS

In the classical case of projections from P? to P2, the rank of the
trifocal tensor is known to be 4, (e.g. see [1], [12]), while the rank of
the quadrifocal tensor turns out to be 9, [I12]. Nothing further is known
in general about the ranks of Grassmann tensors. In this Section first
we provide a canonical form for the matrix (@), in analogy to what
was done for the two views case. Then, using this canonical form, we
compute R(7) in the general case, i.e. when the center of projections
are in general position (see Assumption [5.1]). The non general cases
are discussed in Section [6l

5.1. Canonical form. Let L;, L, and L3 be the vector spaces of di-
mension h; 4+ 1, ho + 1 and hz 4 1 respectively, spanned by the columns
of T, P," and P3" and let Ay = P(L;), Ay = P(Ly) and As = P(Ls).

We consider, for each triplet of distinct integers r,s,t = 1,2, 3, the
following integers:

(6) irs =hr +hs+1—k;
(7) i:h1+h2+h3+1—2]{7;
(8) .j?“,s:ir,s_i:k_ht.

Our generality assumption is the following:

Assumption 5.1. For any choice of 7, s, t with {r,s,t} = {1,2,3}, the
intersection A,; = L, N L, with L, span C*¥*!, or, equivalently, the span
of each pair of centers do not intersect the third one.

This assumption implies, in particular, that for any choice of a pair
r,s, the span of L, and L, is the whole C**!  or, in other words, that
the two centers C, and C, do not intersect.
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Under Assumption 5.1l applying Grassmann formula one sees that
the three numbers above have the following meaning: i, , = dim(L, N
L) > 0, for any choice of r,s , i = dim(L; N Ly N L3) > 0 and j, s is
the affine dimension of the center C; i.e. k—h; = j,5 for r,s,t = 1,2, 3.

Hence we can choose bases as follows:

LiNLyN Lg =< V1y...,0; >

LiNLy=< ULy oy Uy Wiy e vn, Wy >
LiNL;=< ULy ooy Uiy ULy ooy Ujy g >
LonN Ly =< ULy -5 Vi 8150005 Sy >
so that:
L=< ULy ooy Uiy Wy ov oy Wy 5, ULy - o v Ujy 5 2>,
Ly =< Uly oo oy Uy Wiy vooy Wy 9, 815+ -+ 5 Sjig g =
Ly =< vi,...,05Ut, .oy Ujy 5y 81,00y Sjpy > -

Through the left action of GL(h; +1) on P;, i = 1,2, 3, one can assume
that the columns of P;”, P, , and Ps” are, respectively:

(U1, - VW W, U - Uy ],
(U1, . Vi W, Wy 5 515+ - Sjg )
[’Ul, B N 7 P 7uj1,37517 .. '7Sj2,3]'

With this assumption,
(9) {Ul, e, U, W, . 7wj1,27 U, ... 7uj1,37 S1y. ey 8]2,3}

is a basis of CFt1,

With the right action of GL(k + 1) we can reduce (@) to the canonical
basis.

With this choice, the matrix (@) becomes the block matrix:

k ._ 0 [j12 0 0 [j1,2 0 0 0 0
(10)  ®imns = | o L0 0 0 10 [;, O
O O 0 0 O —[jzyg 0 0 ’[j2,3
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5.2. The rank. The canonical form ® , . of matrix () allows one
to successfully compute the rank of trifocal Grassmann tensors.

Theorem 5.1. Let P, : P¥ — P | = 1,2,3, be mazimal rank projec-
tions whose centers satisfy Assumption [5.1. The trifocal Grassmann
tensor T for projections { P}, with profile (a1, ag, ), has rank:

Jiz2  Ji3  Jj23 . . . . .
(1) DD DA 9 [0 (50 [ SRS A A

a3=0a3=0b3=0
where i = hy + hy + hs+1 =2k and j,s = k—hy for {r,s,t} = {1,2,3}.

Proof. Let ®f , . be the canonical form of matrix () associated to
the given projections P, : P* — PM | = 1,2,3, and let [(I)zl,h%hg]
denote the submatrix of ®} . . consisting of consecutive columns from
column r, included, to column s, included. To generate each entry of
the tensor 7 one must choose:

S
s

- ay columns from [®F , , 1,

- ay columns from [®f , . 1772,
k i+j12+713

- agz columns from [®5 , . [74° 01

with a1 + as + a3 = og.

Similarly one has to choose:

2i+j12+713

k
- by columns from [(I)hl,h2,h3]i+j12+j13+1’

k 2i+2j12+713
- by columns from [q)h1,h2,h3]2i+j12+j13+1’

k 2i+2j12+j13+7523
- by columns from [(I)h1,h2,h3]2i+2j12+j13+1 )
with bl + bg + b3 = (9.
Finally one has to choose:

3i+2j12+713+723

k
- 1 columns from [(I)hl,h27h3]2i+2j12+j13+j23+1’

3i+2j12+2513+7523

k
- ¢ columns from [(I)hl,h27h3]3i+2j12+j13+j23+1’

- cs columns from [®F ., [t 5 TalTl
with Cc1+c+c3 = .
Moreover to get non vanishing entries of T, the following equalities
must be satisfied:
® a1 + bl +c = )
® ay + by = Jio
® a3+ cy = Ji3
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® b3+ C3 = Jos.

From the above conditions, the number of non vanishing entries of
the tensor is given by:

S B & 2 i3y (d2s ( i—o1 +az+ag
(12) EZZZO a3Z:O b32:0 <a2 ) <a3 ) <b3 ) <a1 —ag — a3> <0c2 —ji12 + a2 — b3>'
Clearly (I2]) gives an upper bound for R(7). To prove that (I2) is equal
to R(T), we use the slices-based characterization of the rank recalled
at the end of Section 211
In our case the positions of the non zero entries of 7 are different for
different faces, i.e. if Tt ;g # 0, the T7 ;7 = 0 for all K # K. The
reason is that once the columns determined by the multi-indexes [
and .J are chosen there is at most one possible choice of the columns
determined by K which gives a non vanishing minor.
This completes the proof. O

The above result is further illustrated by the two following explicit
examples.

Example 5.1. In the case of the classical 3 x 3 x 3 trifocal tensor, i.e.
of three projections from P? to P? with profile (2,1,1), we get: i = 1
and i,; = 2 for each r, s. Hence, in this case, ({I0) is:

1 00/1 001 00
3 01 001 0|0 0O
22210 0 1/0 0 0|0 1 0
00000 110 01

The only non vanishing elements of the tensor are: Ti31, T113, 7221, T312,
hence R(T) = 4.

Example 5.2. In the case of three projections from P* to P3, P? and
P2, with profile (2,2,1), we get: i = 1,45 = 3, and i13 = io3 = 2.
Hence, in this case, (I0) becomes:

10001 000|100
01 00[/0100[0O00O0
P35,:={0 01 0/0 010000
000 1/0000O0[010
000O0/00O0T1[00O01

The trifocal tensor 7 is a 6 X 6 x 3 tensor and its non vanishing
elements are: Tias, Tie1, T213, Tos1, T3a1, Taz1, Tsz, Te12, hence R(T) = 8.
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Moreover, one sees that T is a linear combination of :
loa2oad oloa2oaed ol oa2oed ol oe2oad
ep¥e;e; e Wege;, e Re;®e; e;We;Re;,
loa2oad aloa2oaed ol oa2oed ol oo
e3eye;, e Weze;, e;Re; ey e5e;rey,
where €l is the s-element of the canonical base of the vector space
hr+1
‘/7‘ = C(hrf 7‘+1)

6. THE NON GENERAL CASE

In this Section we consider cases in which Assumption [5.I] is not
satisfied, and the rank depends on the degenerate geometric configu-
rations of the projections. This is evident also in the simplest case of
the classical trifocal tensor for which the rank is 4 for general projec-
tions (example [5.1]) and becomes 5 when the three centers are on a line
(example [6.2]).

If Assumption [5.1]is not satisfied one can no longer obtain canonical
form (I0) for the combined projection matrices, because the integers
defined in (@), (), and (&) lose their geometric meaning and, moreover,
(®) may no longer hold.

In this situation one can obtain a different canonical form, from
which the rank of the Grassmann tensor can be computed in concrete
cases.

We introduce the following notations:

® (g = dim (Ll N L2 N L3)7

e g, :=dim (L, N Ly);

L4 lrs = 0grs — 9;

e o, the non negative integer such that the span < L,, Ly > has
dimension k£ + 1 — a,.;

e (., the non negative integer such that the span < A, L; > has
dimension k£ + 1 — 5,,.

By Grassmann formula, these integers are linked to the ones in (@), (),
and (8) as follows: g =i+ a,.s + 5,5 and g,s = i,5 + a,.s for any r, s.

Arguing as in the previous Section, where g and [, now play the role
of i and j,, respectively, by choosing the first g + l15 + l13 + lo3 vectors
of the canonical base of C**! one gets the following canonical form for
the matrix (), which now depends also on «,.; and f,.

I, 0 o z{|I;, 0O o zj|1, O 0oz

. o n,, 0 Zz}|o I, O Z;|0 0 0 Z3
\Ilhl,h27h3 =] 0 o0 L, Z}|o o o z3|o I,, o0 Z3
0 o0 o Zz{|{o o0 I,, Z3|0 O I,, Zi

0 o 0 zy|0 o© 0 zZ3|0 o 0 Z3
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In the matrix Wy , , . the submatrices Z7, with t = 1,2,3 and p =
1,2,3,4 have (hy +1 — g — l,4 — l&) columns. Moreover, by an iterated
use of Grassmann formula, one sees that k +1 — g — l10 — l13 — log =
2(as + Brs) — (12 + a3 + aip3) so that the matrices Z) have 2(a,. +
Brs) — (12 + @13 + arp3) TOWS.

Suitable left actions of GL(h; + 1) on the views give the following form
for Wy . hs

Ig 0 o oI, o o oI, o© 0o o0

N o ,, o0 o0|0 I, O 0|0 O 0o Z2
\I/hl’h%h3 = o o I,;,, 0|0 O 0 Zz3|0 I,, O 0
0 o o z|o o0 I, 0jo0 0 I,, O

0 o o Zzy|o0o o 0o z5|0 o0 0o Zz3

The following examples illustrate how, depending on h;, the form of
WE hyns Can be further simplified by choosing additional vectors in the
canonical basis of C¥*!, as columns of the matrices Z7.

Moreover it is clear that the rank of the Grassmann tensor R(7)
depends on the entries of the matrices Z¥, hence an explicit formula
for R(T) is not provided. Nevertheless, as shown in the examples
below, in specific concrete cases the number of non vanishing elements
of the tensor can be computed, and thus an upper bound for R(7") can
be obtained.

Example 6.1. In the case of three projections from P° to P2, P? and
P2, with profile (2,2,2), we get: g = gps = l,s = 0, ays = 0 and 3, = 3,
for each r,s. In this case W3, , reduces to [Z7|Z3|Z3], where each Z}
is a (6 x 3) matrix. Up to now we have not yet fixed any vector of the
basis, so that, with a further choice of the reference frame, we get:

1 0 0]{0 O O 211 R12 <13 ]
01 010 00 291 k922 X923
\115 - 00 1({0 0 O 231 R32 X33
22,2 00 011 0O 241 R42 <43
00 010 10 Z51 X522 Z53

L 00 0|0 0 1 261 <62 <63

The trifocal tensor 7 is a 3 x 3 x 3 tensor and for generic choices
of z;;, all its elements are non vanishing and thus no significant upper
bound for the rank can be given.

The following example is a degenerate configuration of the classical
trifocal tensor.

Example 6.2. In the case of three projections from P? to P? with
profile (2,1, 1) and centers of projection on a line, one has: g = g,s = 2,
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l,s =0, a,s =0 and (,; = 1, for each r, s. In this case \1137272 reduces to

1 0 2111 0 221 0 23

A L Pl B
2,2,2 ° 0 0 250/0 0 2320|0 0 235
0 0 241]0 0 2420 0 243

Further changes of coordinates, both in the ambient space and in the
views, gives:

1 00(1 001 0O
N S 01 0/010(010
2,22 00 1/0 00|00 a]’

00 0(0O0 1|0 0D

with a and b # 0.
The only non vanishing elements of the tensor are:

T3, Tis1, Torz, Toon, o,
hence R(T) =5, while the rank of the classical general trifocal is 4.

6.1. Border ranks. Examples (5.)) and (6.2]) seen above, provide ev-
idence, already in the classical setting of projective reconstruction in
IP3, of the fact that the rank of tensors is not semicontinuous.

Indeed, it is very easy to construct a one dimensional family of
triplets of point (centers of projection) which do not lie on a line but
converge to a triplet of points on a line. In other words a family of
rank 4 tensors which converges to a rank 5 one.

The general situation is still more intricate: even in the first non clas-
sical cases of P* as ambient spaces, we provide some topical examples
which display the breadth of phenomena that can occur.

Example 6.3. In the case of three projections from P* to P2, P? and
P2, with profile (2,2,1), Assumption E.] doesn’t hold, and we get:
9g=0,9s =1l,s =1, aps =0 and 5,s = 1, for each r,s. In this case
W3 5.5 Teduces to

10 0|1 0 00 0 =23
01 0]0 0 202(1 0 O
U3po=10 0 2301 01]0 1 0
00 241 0 0 2492 0 0 243
00 251 0 0 2592 0 0 253

Again, a further change of coordinates in the ambient space, gives:
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4
1112,2,2 =

SO OO
S oo+ O
O = OO O
SO OO
OO = OO
_— o O OO
[l eNell =)
OO = OO
Q0O "o O R

with a, b, c # 0.

The trifocal tensor 7 is a 3 X 3 x 3 tensor and its non vanishing
elements are: Tii1, T122, T131, T213, T311, from which one easily deduce
that R(7T) = 4, because the tensor is a linear combination of:

(e;tez)®ef@e}, ej@e;@e; ej@ezRe], e;Qe]De;.
Starting from the above example, one can consider the following
degenerate configurations for lines Cy, Cg, Ce, which are centers of
projection. Notice that each of these configurations can easily obtained
as a limit of a sequence of non degenerate configurations of centers of
projection.
a) Ca,Cp,Cc lie in the same hyperplane and no two of them in-
tersect each other;
b) Cy4,Cp,Cc span P! but two of them have nonempty intersec-
tion;
c) Ca,Cp,Cc lie in the same hyperplane and two of them have
nonempty intersection.

With suitable choices of coordinates and similarly to the rank calcu-
lations performed above, one sees that, respectively:

a) 9 = Grs, lrs = 07
a,s = 0 and B, = 2, for each 7, s.
In this case U3, , reduces to

1 00[100l1 0 O
0100000211212
U3oo =100 1[0 0 0[0 221 2
00 0/0 1 0[0 23 23

0000010241242
The non vanishing elements of the tensor are:
ﬂ13> ﬂZl) ﬂ22> 7‘1319 7‘1329 75119 75129 75119 7512

and R(7) jumps to 5. With the same notation of example [5.2]
one sees that 7 is a combination of:

1 oa2oad ol oae2 3, .3 1 o a2 o o3
e;®e;®e; e Re;®(e]+ey) e Vez@ey,

e;el® (el +e3), ejwel ®(ef +ed).
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b) g=0,012=la=2, g13=go3 = lig = la3 = 0,
arg = 2,12 = 0,013 = a3 = 0, B13 = Paz = 2.
In this case W3, , reduces to

4 I
‘1’2,2,2 =

o O O
OO = O

00

The non vanishing elements of the tensor are:

and R(T) drops to 2;

O = OO

0

o O O

0

o O = O

0

ﬂ23> 7513

O = O OO

_— o O OO

211
221
<31
241

0

<12
222
<32
242

0

17

c)g=1lg12=g3 =1l =13=0,913=2,l13=1, a1y = =
0,B12 =Bz = 2,13 = 1,513 = 1.

Id]

OO O~ O

OO OO

0

o O

1
0

0

_— o O O

o O O

0

OO = O

0

0

> O

@)

The non vanishing elements of the tensor are:

7—1137 71217 71317 75127 7?5117

R(T) =4, and again T is a linear combination of

1o a2 o ad
e; ¥ ey ¥ e,

e; ® (€3 +e3) ®ef,

1 o a2 o a3
e; ® €] ® ey,

1 2 3
e; ¥e;®ey.

In this case V3, , reduces to

In case a) this shows that the border rank of the tensor is strictly less

than its rank, i.e. R(T) < R(T).
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