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MULTI-LEVEL MONTE CARLO FINITE DIFFERENCE METHODS FOR
FRACTIONAL CONSERVATION LAWS WITH RANDOM DATA

UJJWAL KOLEY, DEEP RAY, AND TANMAY SARKAR

ABSTRACT. We establish a notion of random entropy solution for degenerate fractional conservation laws
incorporating randomness in the initial data, convective flux and diffusive flux. In order to quantify the
solution uncertainty, we design a multi-level Monte Carlo Finite Difference Method (MLMC-FDM)
to approximate the ensemble average of the random entropy solutions. Furthermore, we analyze the
convergence rates for MLMC-FDM and compare it with the convergence rates for the deterministic case.
Additionally, we formulate error vs. work estimates for the multi-level estimator. Finally, we present
several numerical experiments to demonstrate the efficiency of these schemes and validate the theoretical
estimates obtained in this work.

1. INTRODUCTION

The last decade has witnessed remarkable advances in the area of degenerate non-linear non-local
integral partial differential equations. In this paper, we consider the following Cauchy problem in multiple
space dimensions

atu(tvx) +V: f(u(t7x)) = _(_A))\/2[A(u(ta ))](x)7 (t’x) € Qr = (OvT) X Rda
u(O,x) = U,()(J,‘), T e Rd,

(1.1)

where T > 0 is fixed, v : Qr — R is the unknown function, ug is the initial condition, f = (f1, f2, ..., fa) :
R — R? is the flux function and A : R — R is the nonlinear diffusion term. We assume that f €
Whee(R,RY) and A € WH*°(R). Furthermore, we assume that A(-) is non-decreasing with A(0) = 0,
thus allowing to be degenerate. Additionally, we make the following assumption on the initial
condition

ug € L°(RY) N LY (RY) N BV (RY). (1.2)
The non-local operator —(—A)*? is the fractional Laplacian, defined for all ¢(t,-) € C°(R%) by

(=AYt )](2) = exP.V. /| » W(t’ﬁlz"i)l; UL (1.3)

for some constant ¢y > 0, A € (0,2). More precisely, the constant ¢y is given by [3] [I8] [19]
22N (2

_ ) (1.4)

m2(1 — 5)

where I' is the Gamma function defined as follows
INGJ) ::/ e Ppt~t dp, &> 0.
0

A large number of phenomena in physics and finance are modeled by equations of type 7 see [4]. In
particular, non-local operator appears in mathematical models for viscoelastic materials [22], fluid flows
and acoustic propagation in porous media [34] and pricing derivative securities in financial markets [9].
Observe that model described by encompasses scalar conservation laws (A = 0), linear fractional
conservation laws (A(u) = u), and fractional porous medium equations (f = 0, A(u) = ulu|™"1,m > 1).
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In fact, (L.1) is an extension to the fractional diffusion setting of the degenerate convection diffusion
equations

Ou(t,z) + V- f(u(t,x)) = AA(u(t, z)). (1.5)

The non-linearity of the flux function and possible degeneracy of the diffusion term in (1.1, can lead
to loss of regularity in the solution, even with smooth initial conditions. Thus, weak solutions to (|L.1))
must be sought. The notion of weak solution is defined as follows:

Definition 1.1. (Weak solution) A function u(t, z) € L= (Q7)NC([0,T]; L' (R?)) is called a weak solution
of the non-local initial value problem (L.1)) if

(D.1) u(t,z) satisfies the following integral formulation:

// (ut. )0hp(t.2) + (u(t.2) - Vip(t.2) — Alu(t,2) (~2)[p(t.)](@)) dadt =0, (L6)

for all test functions ¢ € C2°((0,T) x R?).
(D.2) For almost every @ € R?, u(0, ) = ug(z).

It is well-known that weak solutions to (|l.1) need not be unique [I0]. Consequently, an entropy
admissibility condition must be imposed to single out the physically relevant solution. To describe the
entropy framework for ([1.1)), we introduce Kruzkov’s convex entropy-entropy flux pair [28]:

me(u) = u =k, qe(w) = ni(u)(f(v) - f(K)),
where 7} (u) = sign(u — k), and k € R is a constant. For technical reasons (cf. [1, [16]), we decompose the
M2 into two parts. For each r > 0, we write g[¢] = g,[¢] + " [¢], where

@(t7$ + Z) — @(tvx)

non-local operator g := —(—A)

grlo(t,)](x) = ex P.V. - i i
g l(t, (@) = e /|| o TZTLZ LACLI

where c) is given by (1.4). We are now ready to define the notion of an entropy solution for (L.1J).

Definition 1.2. (Entropy solution) A function wu(¢,x) is said to be an entropy solution of the initial
value problem provided

(D.1) u € L>®(Qr)NC([0,T]; L*(RY)).

(D.2) For all k € R, all r > 0, and all test functions 0 < ¢ € C°([0,T) x R?),

] 0@+ ) T+ nago (A, el + i (AL dadt+ | niuo(a))o(0.2) da >0,

For scalar conservation laws, the entropy framework was introduced by Kruzkov [28] and Vol’pert [37],
while entropy solutions for the degenerate parabolic equations were first considered by Vol'pert
and Hudjaev [38]. Uniqueness of entropy solutions to was first proved by Carrillo [12]. Numerical
approximation of entropy solutions for both hyperbolic and degenerate hyperbolic equations are quite well
developed in literature. We mention a few references, which by no means is exhaustive. Finite difference
schemes, for hyperbolic problem, have been studied by Oleinik [33], Harten et al. [23], and several others.
Finite difference schemes for degenerate equations were analysed by Evje and Karlsen [21], and Karlsen
et al. [24]. Several efficient numerical schemes have been proposed and analyzed to solve the non-local
model . Finite difference/volume schemes have been developed in [16, 19 (see references therein),
with error estimates for such schemes obtained in [I7]. Discontinuous Galerkin methods for have
been proposed and analyzed by Cifani et al. [I4] [I5], and also by Xu and Hesthaven [41].

The classical paradigm for designing efficient numerical schemes assumes that data for , i.e., initial
data ug, convective flux and diffusive flux, are known exactly. In many situations of practical interest,
however, deterministic data is unavailable due to inherent uncertainty in modeling and measurements
of physical parameters, such as the coeflicients of specific heat in the equation of state for compressible
gases, or the relative permeabilities in models of multi-phase flow in porous media. Often, the initial data
is known only up to certain statistical quantities of interest like the mean, variance, higher moments, and
in some cases, the law of the stochastic initial data. Thus, a mathematical formulation is necessary for



MLMC-FDM FOR RANDOM FRACTIONAL CONSERVATION LAWS 3

which allows randomness in the initial data, as well as in the convective and diffusive fluxes. The
problem of random initial data was considered in [31], where the existence and uniqueness of a random
entropy solution was shown along with a convergence analysis for Multi-Level Monte-Carlo Finite Volume
(MLMCEFV) discretizations. In [30] a mathematical framework was developed for scalar conservation laws
with random flux functions. The Multi-Level Monte-Carlo (MLMC) discretization of random degenerate
parabolic equation (A = 2) was investigated in [25]. However, as per our knowledge, MLMC discretization
of for the values of A € (0,2) has not been addressed in the literature. In addition, due to the fact
that the equation changes its nature (from hyperbolic to parabolic) for the ascending values of
A € (0,2), the convergence rates of certain numerical schemes heavily depend on the values of A in the
deterministic setup. As a consequence, the convergence analysis in MLMC discretization for the random
case differs from the existing literature for values of A € (0, 2).
More precisely, the main contributions of this paper are listed below:

(1) We develop an appropriate mathematical framework of random entropy solution for the non-local
equation . By generalizing the classical well-posedness results for the fractional degenerate
convection-diffusion equation to the case of random initial data and random convective
and diffusive fluxes, we define random entropy solutions and develop well-posedness results. We
remark that our solution concept is different from the stochastic entropy solution for randomly
forced fractional conservation laws with multiplicative noise. Several results are available in that
direction. For well-posedness theory of stochastic conservation laws, we refer to [5], Bl 27]. For
the degenerate stochastic conservation laws, interested reader can consult [26] (see also references
therein), and finally for stochastic degenerate fractional conservation laws, consult [6] [7].

(2) We design and analyze robust algorithms for computing the random entropy solutions. We begin
with by describing the explicit and explicit-implicit schemes in deterministic case. Under A-
dependent CFL condition, we analyze the convergence rates and work estimates. We generalize
the error analysis to the case of random input data.

(3) To compute random entropy solutions, we rely on a method based on Monte Carlo (MC) sampling.
In a MC method, the probability space is sampled and the non-local PDE is solved for each sample.
However, the main drawback of MC method is that it converges as 1/ v'M where M is the number
of MC samples. Since this asymptotic rate can not be improved due to the central limit theorem,
we require a large number of samples in order to obtain low statistical errors. To overcome this
drawback of MC methods, we propose a multi-level Monte Carlo (MLMC) method based on the
explicit /explicit-implicit schemes for the deterministic non-local equations. We demonstrate that
the resulting schemes converge. In addition, we determine the optimal number of MC samples
needed at each mesh level to minimize the overall computational work.

The rest of the paper is organized as follows: in Section [2] we recapitulate the existence and stability
results for the deterministic degenerate fractional conservation laws , following which we generalize
the results for a random input data. We present finite difference schemes for the non-local equation in
Section [3] along with their associated work estimates. We describe the MC method in Section [ and
analyze the convergence rates which are inferior to the deterministic convergence rates. We also describe
MLMC method and obtain the corresponding convergence rate estimates. In addition, we determine
the optimal number of samples for a fixed error tolerance. Finally, Section [5|is devoted to numerical
experiments which confirm the theoretical estimates.

2. RANDOM DEGENERATE FRACTIONAL CONSERVATION LAWS

Our aim is to develop a framework for random entropy solutions of degenerate fractional convection-
diffusion equations, with a particular class of random initial data and random flux functions. We begin
by first stating the known results with deterministic data.

2.1. Entropy solution. Under the assumptions on f and A described in Section 1, the Cauchy problem
with deterministic data admits a unique entropy solution u(t,-) € L*(R%) N L>(RY) for every t > 0
corresponding to each ug € L'(RY) N L= (R?) N BV(RY) (for details, consult [16]). Let us define the
data-to-solution operator as

S (Uo,f,A)HU(t,‘) :S(t)(u07f,A), t>0. (21)
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We also introduce the following notation to describe the well-posedness results:

||U0||L1(Rd)

)}quouLl dy
RY)
|uol By (ra) ol gy ad)

E(uo) = [uo| pv (re) {1 + (ln (2.2)

where x denotes the characteristics function, with the convention that F(ug) = 0 whenever |ug|gy (rt) = 0.

Furthermore, we denote esssup |f'| by ||f'|| o (®a), where I(ug) = (essinfug, esssupug). The following
I(uo)
theorem summarizes some of the fundamental results from [2] regarding the entropy solution w of (L.1)).

Theorem 2.1. Let f and A be locally Lipschitz continuous functions. Then
(i) for every up € L*(R?) N L>(R?Y) N BV (RY), the initial value problem (L.1) admits a unique BV

entropy weak solution u € L>(Qr) N C([0,T]; L*(R?)) N L>=([0, T]; BV (R%)).
(ii) For every t > 0, the data-to-solution map S(t) given by (2.1) satisfies the following estimates

1S() (uo, f, Al oo may < [0l oo (ra), (2.3)
1S (t) (o, f, A)ll L1 ey < [Juoll L1 (ra), (2.4)
[15(t) (o, f, Al By (raey < [uol By we)- (2.5)

(iii) Modulus of continuity in time: for all t1,to > 0,
1S (1) (uo, £, A) — S(t2)(uo, f, A1 @ay < uolpy @y ||| Lo |t — ta| + CEY L2 (2.6)
with C = C(d, \), and E;Z&ZA is given by

A A .
ol gy ey | (A | ey 11 = 837, if Ae (1,2),
ch—t _ E(uo) | A" || Loe m)lt1 — t2| + [uol gy ey | A" || oo ) (1 + [ In A'|| Loo (r))[E1 — 22|
Ao, A +|UO|BV(R‘1)||AII|L°°(]R)|t1 Inty —to lntg‘, if A= 1,
||UOH};()\Rd)|u0|gV(]Rd)||A/||L°°(R)‘tl — tal, if A€ (0,1),

where E(ug) is defined in (2.2).

Proof. The existence and uniqueness results (i) follows from [[16], Theorem 5.3]. For the estimates pre-
sented in (ii), one can refer to [[2], Theorem 2.2]. Finally, the modulus of continuity result is demonstrated
in [[3], Corollary 3.6]. O

Remark 2.1. (L2-estimates)
It is not difficult to observe that under the assumptions of Theorem the following energy estimate
holds for every ug € L'(R?) N L*°(RY) N BV (RY),

lu(t, 72 ey < llwoll 72 ra- (2.7)

We also require continuous dependence results for the degenerate fractional convection-diffusion equa-
tions with respect to the initial data, convective flux and diffusive flux. For the detailed proof, we refer
to [[B], Theorem 3.1]. Let v be the entropy solution for the problem

{atv(tﬂx) +V- f(v(t,x)) = _(_A)A/2[B(U(tv ))](LL‘)7 (t,x) € QT = (OvT) X Rd’

v(0,z) = vo(x), r € R4, (28)

where vg, f and B undertake the same assumptions of ug, f and A respectively. For convenience, we will
use the following notations:

1" = f'll oo ey == esssup | £/ = f],
I(uo)

A" — B'||po(m) := esssup |[A" — B'|.
I )
Theorem 2.2 (see [3]). Assume that ug,vo € L'(RY) N L=(RY) N BV(RY); f(-), f(-) € Li}N)IOC(R;Rd),
and A(+), B(-) € Lip,.(R) with A', B" > 0. Let u(t,-) = S(t)(uo, f, 4) and v(t,-) = S(t)(vo, f, B) be the
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unique entropy solutions of (1.1) and (2.8)) respectively. Then the following a priori continuily estimate
holds

lu = vll oy nr @y < o — vollLiray + Tluol gy @ay | f' = F/ll Lo may + Cg?,}fm, (2.9)
where the constant C' depends only on d and X\, and Sﬁ;ﬁo is given by
T ol py ey [ (A = (B | 1 (), if Ae(1,2),
a-p _ ) TE(uo)[|[A" = B'|[pe@) + T(1+ |InT|)|uo|pv ra) A" — B'|| Lo ()
T:Auo ™ +T|uo| py rayl|A'In A" — B'In B'|| 1= m), ifA=1,
Tlhto 137 ey oy ey 14 = Bl e ), if X € (0,1).

2.2. Entropy solutions with random data. The existence and uniqueness of the entropy solution for
(1.1) in the absence of a diffusive flux and with random initial data, has been shown in [30]. For A = 2,
the well-posedness of with a random diffusive flux has been studied in [25]. In this work, we focus
on the random entropy solutions for the fractional degenerate convection-diffusion equation , where
the initial data ug, flux function f and diffusive flux A are all random, taking values in the Banach spaces
LYRY) N BV (RY) N L (RY), Whee(R; RY) and W1°°(R) respectively.
For a probability space (2, F,P), we consider the following strongly measurable maps defined on the

sample space 2

(a) random initial data ug : Q — LY(R?) N BV(RY) N L>=(RY).

(b) random convective flux f : Q — Lip(R;R?).

(c) random diffusive flux A : Q — Lip(R;R9).

We proceed with an approach similar to that described in [25].

Definition 2.1. Random data (ug, f, A) for the fractional degenerate convection-diffusion equation (1.1
is a random variable taking values from

Eg = (BV(RY) N LY(RY) N L®(RY)) x WH=(R; RY) x W2 (R; RY).
The set Er is a Banach space endowed with the norm
[ (uo, £, Al Er = lluollLr ey + TV (uo) + [[uoll oo ey + | Fllw.co mimey + | Allwr. oo ;e -
In particular, random data (ug, f, A) for is a strongly measurable function
(uo, f, A) = (2, F) = (ER, B(ER))-

We are interested in the random solutions of the following random degenerate fractional convection-
diffusion equation

duu(wit,2) + V- fwu(ust,2) = ~(CAP At @), >0 reRLweR, o0
u(w; 0,2) = up(w; x), reRLwe. )
We assume the following bounds to carry out the convergence analysis:
A.1 up(w;-) satisfies P-a.s.
[[uo(w; )| oo (ray < M, (2.11)
luo(w; )| v ey < Crv < 0. (2.12)
A.2 The flux functions f and A satisfy P-a.s.
I f (ws ')HWl‘f’o(I(uo);Rd) < Cy, (2.13)
1 A(w; M woe (1(uo)ire) < Ca (2.14)

with finite Cy,Cy4, and A’(w;-) > 0. Driven by the above bounds on the flux functions, we refer
to f and A as a bounded random flux and bounded random diffusion operator respectively.
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A.3 Furthermore, let us assume that

lwoll a2t Re)nL2(RAY) < 00, g =1,2. (2.15)
Hereby, we observe that for every w € 2, the map
w2 (o3l oy, TV (w5 ), o o5y 1 e ety Al e e )
is in L2(Q; R5).
Under the above assumptions, we define the notion of weak solution and entropy solution for (2.10)).
Definition 2.2. (Random weak solution) A random field v : Q 3> w — wu(w;t, z), i.e., a measurable
function from (2, F) to C([0, T]; L*(R%)), is called a random weak solution of (2.10)) with random initial

data wp, random flux function f, and random diffusive flux A satisfying (2.11)-(2.15)), provided the
following integral formulation holds P-a.s.:

/ / (u(wst, 2)0pp + flw, ulwit, @) - Vo + A(w; u(w; t, 7)) gly]) dwdt +/ uo(w; ¢)p(0, ) dz = 0,
0o Jre R
for all test functions ¢ € C§([0,00) x R?).

Definition 2.3. (Random entropy solution) A random field u : Q@ 3 w — u(w;t, z), i.e., a measurable
function from (€2, F) to C([0, T]; L* (R%)) is called a random entropy solution of with random initial
data, flux function and diffusive flux satisfying —, if for all £ € R, and any pair consisting
of a (deterministic) entropy 7 and (stochastic) entropy flux gx(w;-) such that nj is convex, ¢; ; (w;-) =
N fl(w,-), and u(w;t, z) satisfies P-a.s. the following inequality:

/Ooo /]Rd (nk(u(w; t,2))0pp + Va(w; u(ws t, ) - Voo + nage A(w; u(w; t, 2)) g [¢]

+%w¢mmwmnmumyMﬁ+AnWMwmwmmmza

d

for all » > 0 and all test functions 0 < ¢ € C3([0,00) x R?).

The following theorem generalizes the existence of random entropy solutions for random initial data
from [31], random convective flux function [30], and random diffusive flux [25] to the non-local case.

Theorem 2.3. Consider the fractional degenerate convection-diffusion equation (2.10) with random ini-
tial data ug, random flur function f, and random diffusion operator A satisfying (2.11)-(2.15). Then
there exists a unique random entropy solution u : Q > w — C([0,T]; L*(R%)) such that P-a.s.

Moreover, for everyt € [0,T], 0 < T < oo;

[l 2 (@i 0,1);22®ey)) < llwollL2(sr2e)), (2.16)
1S (t) (o, f, A) (W)l L1 ®aynLoe ey < [Juo(w; )l L1 (RayA L= (RYY- (2.17)
Furthermore P-a.s.
IS(t)(uo, f, A)(W)|pv®e)y < uo(w; )| pv@e (2.18)
such that P-a.s., we have
sup |lu(w;t, )|l o (ray < M, (2.19)
0<t<T

where M is defined by .

Proof. Motivated by the Theorem for w € O, we define P-a.s. a random function u(w;t, ) by
u(w;t, ) = S(t)(ug, f, A)(w). (2.20)

Note that the well-definedness of follows from the properties of (S(t));>o (refer to the Theorem

. As a consequence, P-a.s. u(w;-) is a weak entropy solution of .

All the estimates ([2.3)-(2.5) hold P-a.s. from the Theorem The measurability of the function for
0<t<T, Q3w u(wt, ) € L'(R?) is demonstrated from the fact that composition of a continuous
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function with strongly measurable function becomes strongly measurable function and the assumption
that Q 3 w +— (uo, f, A)(w) € ER is a random variable along with the continuity estimates (2.9)).
Assuming that ug € L2(2; L2(R9)), we have for t € [0, T

/ a5 £, 112 gy Pl) / 1S (E)uto (w3 )12y P()

/ o103 12 g P(dw) = 101215 gty

where we have used (2.7). The estimate additionally gives us

2
||“||2L2(Q;C(0,T;L2(Rd))) :/ (tg[léi’; ISt )Uo(w§')||L2(Rd)) P(dw)

/ o (w; )12 Rd>P<dw> — JuollZ .2 -

Hence the estimate (2.16) follows from the assumptlon

We obtain the estimates (2.17)) and P-a.s. from the cstlmatcs 2.3)-([2-5). Moreover, the bound-
edness of u(w;t,-) follows from the assumptlon . O

Remark 2.2. (Stability estimates)
The continuous dependence results of random degenerate fractional convection-diffusion equation ([2.10))
follow in an analogous way from the deterministic case (described in Theorem [2.2)).

3. NUMERICAL APPROXIMATIONS OF DEGENERATE FRACTIONAL CONSERVATION LAWS

In this section we derive efficient numerical schemes for the fractional degenerate convection diffusion
equation . The following analysis can be generalized for higher space dimensions since the conver-
gence rates remain same for all spatial dimensions (refer to [I7]). However, for simplicity, we carry out
our analysis for the following one-dimensional model

Opu(t, ) 4+ 0y f(u(t, ) = —(=A)M?[A(u(t, ))](z), t>0, xR, a1
u(0,x) =up(x), zeR. (3.1)

We consider a uniform discretization of the space and time domains. Let A¢ > 0 be the time-step
and Az > 0 be the spatial mesh size. The spatial grid consists of the points z; = iAx for i € Z, while
the temporal grid is given by the points t" = nAt for n = 0,1,2,.... N = %. Furthermore, we use
the notation =z, +1 to represent the interface (i + %)Ax in the space domain. We consider the following
explicit numerical scheme

1 (%)
vl = / 2 o(x) da, (3.2)
UMt = U = AtDTF(UP, UL + At Y G5 (AUY]) — AU), (3.3)
J#0

where U!" is the approximate solution of equation (3.1 in the cell [t™,#"*1) x (i1, 2501), U™ =

[..., U, U U, ...]T is the solution vector in the time slab [t",¢"*!) and D~ is the spatial difference
operator given by D~ (:); := ((-); — (-)i—1)/Az. The numerical solution ua (t,z) is a piecewise constant

function given by
ua(t,x) =U", forall (t,2) € [tn, tnt1) X [T;_1,2;41). (3.4)
The convective numerical flux F : R?> — R is chosen to be (i) Lipschitz continuous with Lipschitz
constant Lp, (ii) consistent with the flux f, i.e., F(u,u) = f(u), and (iii) monotone i.e.,
0 0
%F(u, v) >0, %F(u,v) <0.

For instance, the Lax-Friedrichs flux given by

FUF,U) = 3 (U2 + F(U)) — o (Ul = UF)
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satisfies these conditions. Finally, using the integral formulation (1.3]) of the diffusion term and noting
that the numerical solution is a piecewise constant function, the approximate diffusion operator is given

in (3.3), where

zH_%

Gi= e / |deﬂ, icz\ {0}, (3.5)

T, 1
-3

Further details about the discretization of diffusion term are given in Section [5.1] It is easy to observe
that G; is positive and finite for ¢ # 0. The numerical scheme (3.3)) is monotone under the following CFL

condition [16]
At dz At
2Lp— 2L — | =<1 3.6
FASU + <CA A/|z|>1 |Z|1+A) AZL’A = 4 ( )

where Lr and L4 are the Lipschitz constants of F' and A respectively.
We also consider the following explicit-implicit scheme:

UM = UP = AtDTF(UP, U + At Y Gy (AUPEY — AUPH)) (3.7)
J#0
For the scheme (3.7), we need the CFL condition [I7]
At

Theorem 3.1. (Convergence to the entropy solution and a priori estimates)

Assume that ug € L®(R) N LY(R) N BV (R). Let ua be a sequence of solutions either of the explicit
scheme or explicit-implicit scheme (3.7). Furthermore, assume that the CFL conditions and
hold for the schemes and (3.7)) respectively. Then the approximations ua converge up to a
subsequence to u in C([0,T); LY(R)) as Az — 0 with,

u € L%(Qr) N C([0,T]; L' (R)) N L*([0,T]; BV(R)).
Moreover, u is the unique entropy solution of (3.1)) and the following estimates hold:

(i) NJua(t,)llrem) < lluollze ),
(i) flua(t, )||L1(R) < lluollLrw)
(ili) [lua(t )lsvE) < lluwollpve)-
Additionally, the followmg time-regularity estimate holds for the schemes (3.3) and (3.7)
lua(s,) —ualt, M) < olls —t[+ At), Vst >0, (3.9)

where the function o is given by

C|r, A€ (0,1),
o(r)=4qClrinr|, A=1,
Clr', Xe(1,2),

for some constant C > 0.

Proof. The convergence of the approximate solution to the entropy solution of (3.1]) is proved in [[16],
Theorem 4.4 and Lemma 4.6]. For the estimates on approximate solution, one can refer to [[I7], Lemma
5.1] and the time regularity estimates can be found in [[I6], Lemma 4.5] or [[I7], Lemma 5.3]. O

For the convenience of further analysis, we replace the CFL conditions (3.6)) and (3.8) with the following
simplified condition

At
OW < 1, for \ € (0, 2), (310)

where the constant C' may depend on A, and V is defined by a V b = max{a, b}.

Theorem 3.2. (Convergence rate for approzimate solution)
Let ug € L*=(R) N LY(R) N BV(R) and ua be the approximate solution obtained either by the explicit

scheme (3.3)) or by the explicit-implicit scheme (3.7) under the CFL condition (3.10]).
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(a) The following estimate holds with the scheme (3.3) for all X € (0,2),

[w(T, ) = ua(T, )|y < Cro™ (Ax) (3.11)
for some constant Cr independent of Az, where the function o£% is given by
1
77 . )\ 6 O, 2 )
Xy =", Y (2 i (3.12)
7N ifAe(5,1)N(1,2)
For A\ =1, under the stronger CFL condition
At
C <1 1,2
Age L ae(l2),

the following estimate holds:
[u(T,-) = ua(T, )| 1) < Crog™ (Az).
(b) With the explicit-implicit scheme (3.7) for A € (0,2), we have

[u(T, ) = ua (T, )l @) < Croy! (Az), (3.13)
where the function o¥! is given by
ifA€(01),
oPl(r) = { r2|logr], ifA=1, (3.14)
P if e (1,2).
Proof. For a detailed proof we refer to [[17], Theorem 6.3], and [[I7], Corollary 6.4] for A = 1. O

The CFL condition is instrumental to get the convergence rates. In order to simplify the
discussion of the main ideas used in this paper, we ignore the critical case A = 1 for the remainder of
this paper. However, our ideas can be applied to the case A = 1 at the expense of presumably long
computations. Furthermore, we consider the non-local problem in a bounded domain I C R and
take into account I-periodic solution in u. It is straightforward to observe that all the above presented
estimates in Theorem and Theorem also hold for z € I.

Remark 3.1. As a consequence of the Theorem we have the following estimate:
[u(t™,) —ua(t”, )Ly w) < lua(0,-) = uollpr @) + Croa(Az), (3.15)
where o (r) is defined by

) {fo (r), for explicit scheme ([3.3)
o)) =

3.16
oPI(r),  for explicit-implicit scheme (B.7). (8.16)

Moreover, we have the following result with a simple application of Holder’s inequality:

Corollary 3.3. (L2-estimates)
Let the assumptions of Theorem hold. Then we have the following estimate for the rate of convergence

of the schemes (3.3)) and (3.7) in L*(I):
n n 1/2 1/2
lu(t, ) = ua(t®, |2y < C(Ilual0,) — uollt,, + O3 (ox(A2))'72), (3.17)
where the constant C' does not depend on Azx.

In order to analyze the efficiency of the MC and MLMC methods, we need to estimate the computa-
tional work performed to compute the approximate solution with the FD-schemes in the deterministic
case. In addition, we need to analyze how the computational work scales with respect to mesh refinement.

3.1. Work bounds. The computational work/cost can be obtained by evaluating the number of floating
point operations performed during the execution of the algorithm. We compute the work estimate for
the explicit scheme (3.3)) as well as for the explicit-implicit scheme . Since the actual numerical
simulations are performed on bounded domains, the number of grid cells in one dimension scales as
1/Ax.
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3.1.1. Work estimate for explicit scheme (3.3]). It can be easily observed that due to the non-local term,
the number of operations per time-step scales quadratically with the number of cells in spatial domain
for the explicit scheme. Since the scale for the spatial domain is 1/Az, the work for the explicit scheme

(3.3) can be estimated by
WEX < oAt A2

Incorporating the CFL condition (3.10)), we obtain the following work bound:

O(Az~3) if A e (0,1)
WEX _ ’ il 3.18
A {O(Ax—H), if A e (1,2). (3.18)

3.1.2. Work estimate for explicit-implicit scheme (3.7). The scheme (3.7) requires a non-linear solver
for U™*! in each time-step, which can be computationally expensive if solved exactly. Thus, we ap-
proximately solve the equation using a suitable iterative method. In particular, we consider the Newton
iteration method. We continue to do the iteration until the residual is O(AtAx) since the mapping
U™ — U = ¥(U™) (¥ can be easily obtained from (3.7)) is a contraction thanks to sufficiently small
At and CFL constant .

It is possible to show that the additional error introduced due to the finite termination of the iterative
solver does not contribute to an increment in the overall error. To see this, let 7™° denote the approximate
solution at time ¢ = t" obtained by solving exactly in each time-step and u™" represents the
approximation of by Newton iteration in the first m time-steps and afterwards exactly. Hence we
have 4" = una (t",-) and by triangle inequality and L!-contraction of the numerical scheme

n—1
lua(t™,-) = wt™, Mz = | Yo @ =a»™) +@"0 —alt™, )| g
m=0

1
< Z grmtl ﬁn’mHLl(I) + ||ﬂn’0 —u(t", )

n
f
m=0

=

n— n—1
< Z ||,Z'Zn,m+1 _ am+1,m+lHLl(1) + Z Hﬂerl,erl _ aerl,mHLl(I)
m=0 m=0

n—1
+ ||an,m 7am+1,mHLl(1) +CTO'§I(A$)
m=0

—

n
§ Z Ham+1,m+1 o ﬂerl,mHLl(I) + CTO'EI(ACﬂ)
m=0

< nAtAzx + Crofl(Az) < t, Az + Crof!(Az) < Cofl(Ax),

where we have used the estimates . Now we focus on the work estimation of .

It is well-known that the Newton method converges (locally) quadratically provided the initial approx-
imation is in the small neighbourhood of the fixpoint. It is sufficient to perform O(log(log(At~1Az~1))
iterations to achieve the error bound CAtAx in one time-step. Incorporating the CFL condition ,
we need to perform the following number of iterations (N):

N {O(log(log(sz)), if A e (0,1),
B O(log(log(Az=*~1)), it Ae(1,2).

The presence of the non-local diffusion term leads to the inversion of a full-matrix in each Newton
iteration, which corresponds to O(Ax~3) floating point operations. Thus, the work estimate for one full
Newton solve is given by

O(Az 3 log(log(Az™1)), if Ae (0,1)U(1,2)
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since O(log(log(Az~2))) = O(log(log(Az~1))) = O(log(log(Az=*~1)). Finally, since there are TAt~!
time-steps, we obtain the following work estimate for the explicit-implicit scheme ({3.7))
WL~ {O(Aw4 log(log(Az~1)), it Ae(0,1),

(3.19)
O(Az—3 M log(log(Ax~1)), if A e (1,2).

3.2. Application to random data. We are interested in the following scalar random degenerate con-
vection diffusion equation:

Opu(w;t, x) + 0p f(wu(w; t, ) = —(=A)M2[A(w; u(w; t, -)](z), t>0, zeRweQ, (3.20)
u(w; 0, 2) = uo(w; x), zeR,we. )

In order to develop MC-FDMs, we need to combine MC sampling to the FDMs and with random
input data. FDMs incorporating random input data will be instrumental to perform the convergence
analysis of the MC-FDM/MLMC-FDM algorithms.

Given a draw (ug(w;-), f(w;+), A(w;-)) of (ug, f, A), let ua(w;t, z) define a family of grid function
corresponding to the schemes or for . The following result consists of stability estimates

and rate of convergence of approximate solutions in a random setup.

Proposition 3.4. Let us assume that (ug, f, A) € L*>(Q; EL), where E} is given by
Ef = (BV(R) N LY(R) N L (R)) x WH®(R;R) x W (R;R).
Consider the finite difference schemes (3.3) and (3.7)) for the approzimations of the entropy solution of
(13.20) corresponding to the random data (ug, f, A)(w).
Then, the random grid functions Q > w +— ua(w;t,x) defined by (3.4) satisfy the following stability
bounds for every 0 <t < oo and 0 < Ax < 1:
Jua (3t ) pz@sz=(r) < luoll L2z (1))
||UA('§?7 Mrz:rr 1)) < lluollLz:crry)-
Furthermore, we have the consistency bound: there exist a positive constant Ct such that
u(58,-) = ua (58 )z2enr ) < llwo = wal0,) | 2(@inr (1)) + Croa(Az), (3.21)
where ox(Ax) is defined by (3.16]).

Following the similar arguments in [30], we can obtain the estimates in Proposition One can also
refer to [311 [32] [42] for further details.

Remark 3.2. (L?-estimates)
Under the assumptions of Proposition and using Holder’s inequality, we have the following rate of
convergence in L?(1),

(%) = ua (s E ) za@sza) < M2 lug — ua (50, )| fatgupa 1)) + CMY2(Crox(Az))'/2, (3.22)
where M is defined by and o (Az) is defined by (3.16)).

Remark 3.3. In a similar way to Proposition [3.4] we can also obtain the following estimate:
a2, ) = uaCs )L @izzcy) < CMY2lug — ua (-0, -)||1L/12(Q;L1(I)) + CMY2(Crox(Az)'/?, (3.23)
since the assumption (2.15]) holds.

4. MULTILEVEL MONTE CARLO FINITE DIFFERENCE METHOD

Our aim is to compute certain properties such as expectation, variance and higher moments of solution
of . In order to do this, we have to discretize the stochastic domain w € €2 as well as physical
domain (t,z) € Q. There are several approaches that one can follow. A popular approach is the use of
Stochastic Galerkin methods with generalized polynomial chaos (see [13]29] [39] [TT] [35] B6] and references
therein). However, these methods are highly intrusive, requiring the restructuring of existing deterministic
numerical codes. Stochastic collocation methods [40] provide an alternative class of methods which are
non-intrusive. Both stochastic Galerkin and stochastic collocation methods can suffer from deterioration
in performance due to loss of regularity of the solution with respect to the stochastic variable. We focus
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on yet another class of methods based on statistical sampling methods, to quantify the uncertainty in
numerical solutions. In particular, we consider Monte Carlo (MC) sampling and multi-level Monte Carlo
(MLMC). These methods are non-intrusive and easy to parallelize.

4.1. Monte Carlo Method. Let us assume that for P-a.s. w the data (ug(w;-), f(w;-), A(w; ")) € EL,
and the assumptions (2.11)-(2.15) hold. We wish to statistically estimate E[u], which is the expectation
(or first moment) of u. The MC approximation of E[u] is defined as follows:

Definition 4.1. Given M independent, identically distributed (i.i.d.) bampleb (@, fi, 21),1 =1,2,.... M,
of initial data, flux function and diffusion operator, the MC estimate E[u(-;t,-)] at time ¢ is given by

Exfu(t, )] = 7 ) (4.1)
i=1
where %' (t, -) corresponds to the unique entropy solution for the i-th data sample.
Lemma 4.1. If the samples {(a}, fi A i=1,2, . M} are i.i.d., then B[||Ens[u(t, )]l 2] is finite.
Proof. Since we observe that
a'(t,) = S(t)(@, ', A),
for every M and for every 0 < t < oo,

M
1
| Bacfuteost Mlzee = || 37 20 S@@ 7L A,
i=1

M M
1 o
< S ISO@ LAY e < §j||uo ez,
i=1 =1

where we have taken into account the estimate (| ﬁ As a consequence, we have

E[1Bulu(wi 1, M) <E[ - Znuo ez | = Elllwol z2gwy] = luollzs oz < oo

O

Theorem 4.2. Let us consider the equation in which the random variable (ug, f, A)(w) satisfies
the assumption (2.11)-(2.15). Moreover, assume that ug € L*(Q; L*(R)). Then the MC approzimations
Enrlu(t, )] deﬁned in Econverges in L?(Q; L*(R)) as M — oo, to Elu(t,-)]. In addition, for any
M e N, 0 <t < oo, there holds the error bound

[Efu(t, )] = Exlult, )lz2@irz@y) < CM ™2 ||uoll L2 (a:2 my)- (42)

Proof. Consider the M iid. samples {(a}, fi, A"),i = 1,2,...,M} and @ (t,") = S(t)(@, f*, A?), for
i=1,2,..., M. We have the following equality using the linearity of expectation

IELut, )] = Barlult, N3 @une ) = EIELu(t, )] = Earlut, )] 32|

- 5[5 3 (et - )

2
LQ(R)]

For convenience, denote E[u(t,-)] — @'(t,) as Y;. Observe that Y; are i.i.d. random variables with zero
mean. Hence we have

e[| f (Elu(t, )] - @'(t.))|

2 2
L%RJ {H M 4 ‘ LQ(R)]

A crucial estimate for L? spaces [[25], Corollary 2.5] gives us

| < OMTE|IBfutt, ) = ult, Ve < CMTE[Jutt e m)-

2|57
M P L2(R)
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With the help of estimate (2.7) we obtain the required error bound
CM™'E|ut, ')H%Z(JR)] < OM?IE[HUOH%%R)] = CM?IHUOH%%Q;L?(JR))'
O

4.2. MC-FDM. We combine the MC tools with the finite difference methods (referred to as MC-FDM)
to approximate statistical quantities associated with the solution of the non-local equation . The
main idea of MC-FDM is to generate independent samples of initial data, flux function and diffusion
operator and then, for each sample to perform an FD simulation. For the remainder of this work, we
restrict the discussions to the bounded interval I instead of an unbounded domain.

Definition 4.2. (Statistical estimates for random entropy solutions)

Consider the initial value problem with random data (ug, f, A) satisfying —. Given M €
N, generate M i.i.d. samples {(a@}, f', A"),i = 1,2,..., M}. Let {ﬂl( ;)M denote the unique entropy
solution of - 3.20) corresponding to the data sample (@, fl Al) Then the MC-FDM approximation
of Efu(t,.)] is defined as the statistical estimate of the ensemble {uA( )}M . obtained from the FD

approximation either by (3.3) or by (3.7) with data samples {(@}, fZ A’) i=1,2,...,M}. More precisely,
the first moment of the random solutlon u(w;t,-) at time ¢t > 0, is estimated as

Elu(t,.)] = En[ual(t, Z (4.3)

4.2.1. Convergence analysis of MC-FDM. We analyze the convergence of Ejs[ua(t,-)] to the mean
E[u(t,-)]. In order to do this, we have the following result concerning the error bound. It is important to
note that the error with the MC-FDM approach is due to statistical/sampling error and discretization
€erTor.

Theorem 4.3. (MC-FDM Error bound) Let us assume that I is a bounded interval and the assumptions
(2.11)-(2.15)) hold. Furthermore, assume that

ug € L*(; LY (1) N BV (I) N L* (1))

and the deterministic FD schemes (3.3)-(3.7) converge at rate ox(Ax) in L>(0,T; L (1)) for every 0 <
T < oo, where ox(Ax) is defined in (3.16). Then, for every M, the MC estimate Epnflua(t,-)] defined in
(4.3) satisfies the following error bound:

IE[u(t, )] = Enmlua(w;t, )22y < C{M1/2HU0 —ua(50, ) 221 (1)

(4.4)
+ M2 gl 22y + Ml/QUA(AJU)l/Q},
where M is defined in (2.11]) and the non-negative constant C is independent of M and Azx.
Proof. For arbitrary ¢ > 0, using the triangle inequality we obtain
[Blu(t, )] = Enlua(wst, )]llz2srz2) <IE[u(w;t, )] = Exlu(wst, )]l L2z
+ 1 Enmfu(w;t, )] = Enlua(wst, )lllzz@z2 )
= T1 -+ TQ.
Using the Theorem we have the following estimate for 7}
Ty < CM ™2 |fuol| L2 (2 (1) - (4.5)

Thus, we focus on the term T. Noting the linearity of the estimator Fj/[], we obtain

Tr = |[Emlu(wsit, )] = Enlua(w;t, )]l 22
M

1 X 1
[ e S

i=1

L2(@L2(D))

< fluw;t, ) —ualwit, )22y
1/2

< u(w;t, ) = walwit, ) gy s t,) = ua (st ) g,y
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using Proposition and (2.11). With the help of the error estimate (3.21)), we obtain

Ty < CMY2(|lug — ua (50, )| 150,111y + Croa(Az)'?), (4.6)
Combining the estimates (4.5)) and (4.6]), we have the required result. O

4.2.2. Work estimates. Our next aim is to obtain the work estimates for MC-FDM with the explicit
scheme (3.3)) as well as for the explicit-implicit scheme (3.7). We have observed that as Az, At — 0, the
computational work estimate for the explicit scheme (3.3)) is asymptotically bounded as

WEX _ O(Az™3), if X e (0,1),
A O(Az=>-2),  if A e (1,2).
Hence the work for the computation of the MC estimate Ens[ua(t,-)] is of order

B {C’MAx3, if A € (0,1),

47
AM =N oMAz=2,  ifAe (1,2). (47)

We compute the convergence order in terms of work from the estimate (4.4]). To this end we equilibrate
in (4.4)) the two bounds by choosing

M=% (Az)/4, ie. M = CAz™1/2, A€ (0,2/3], (48)
M~12 & (Az)205% | e, M = CAz~ 3%, A e (2/3,1)U(1,2). '
Inserting M in (4.7) yields WAE)]\(/I < O¥X(Az), where the function ©FX (Az) is given by
CAz=373, A e (0,2/3],
OX¥(Ax) = { CAc* 5, Xe(2/3.), (4.9)

2=

CAz™ 72723 A€ (1,2).

It is straightforward to observe that |[ug — ua(;0,-)||z2(:z1 (1)) is of O(Ax), and as a consequence, the
error estimate (4.4)) becomes

|E[u(t, )] — Exlualw;t, )22y < Cox ™ (Ax)'/2,
where the constant C is independent of M and Ax. Hence we obtain
C(WEX) ™™, A€ (0,2/3],
IEfut, )] — Earlus@it, lz@uany < § COVEX) T5ams, ye (2/3,1), (4.10)

2-))

C(W£7i\(4)7m’ A E (1a2)

Next we carry out the similar analysis for the explicit-implicit scheme (3.7]). Taking into account the
work estimate (3.19)), we obtain the computational work for the MC estimate Ens[ua(t, )]

WE < {C’MA:c4log(log(A:z:1)), if A€ (0,1), @1)
’ CMAx=3 Mog(log(Az~1)),  if A€ (1,2).
In order to equilibrate the terms in the estimate , we choose
M=Y2 o (Az)i, ie. M =CAz~ 3, e (0,1),
{MW ~ (Az)* T, ie. M =CAz~—"2", Xe(1,2).
which in turn gives W%, < ©F(Az), where
CAz=42 log(log(Az™1)), A€ (0,1),

g s_2a . (4.12)
CAz—3 z log(log(Az™1)), A€ (1,2).

OF1 (Ax) - {

Hence we have

IE[u(t, )] — Earlua(wst, )lllz2 (2 < Cox! (Az)'/2.
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After incorporating (3.14) in (4.12) we get

o (WEh tog(WEL) ) T Ae (0,1),

IE[u(t, )] — Emlua(wit, )llczz2ay) < (4.13)

_ (2—=X)
C(WEL togWEL) ™) T v 1,2),
where we have used the estimate log(log(Az~1!)) < log(Ax~!) assuming that the space discretization
Az < 1. The constant C' may depend on ug or p but is independent of M and Azx.

Remark 4.1. In the deterministic setup, the convergence rate for the explicit scheme (3.3]) and explicit-
implicit scheme (3.7)) with respect to work read

CWEX)~1, A e (0,2/3],
Ju(t, ") —ua(t, ')HL2(1) < C(fo)iaéjg) , AE(2/3,1), (4.14)
_ (2—X)
C(WEX)zem0?, X e (1,2).

and

1
6

C(WE 1ogWE)™) ", A1),
Ju(t, ) —ualt, ez < (4.15)

(2=
C(WE 1ogWE)1) T, ae(1,2).

respectively. It is straightforward to observe that the asymptotic efficiency (in terms of overall error vs
work) of MC-FDM (with the explicit scheme (3.3) as well as the explicit-implicit scheme (3.7))) is, in
general, inferior to the deterministic scheme (3.3)).

4.3. Multilevel MC-FDM. In order to achieve an accuracy versus time bound for the stochastic FDM
which lies closer to the bound and corresponding to the deterministic problem, we turn
towards analyzing the multilevel Monte Carlo finite difference method (MLMC-FDM). The main idea
behind the MLMC scheme is the simultaneous MC sampling on different levels of mesh resolution of the
FDM, with M; denoting the number of samples on level [. We also determine the number of samples
required in each level.

Definition 4.3. (MLMC-FDM) The MLMC-FDM is defined as a multilevel discretization in « and ¢
with level dependent numbers of samples, denoted by M;. Due to the presence of non-local operator
(representation involves principle value function), we consider a family of nested grids with cell sizes

Az =3"'Azg, 1€Nyg={0}UN, (4.16)

for some Azy > 0. This ensures that each mesh contains a cell centered at x = 0. Similarly, we denote
the time-step size At; for the explicit and explicit-implicit schemes corresponding to grid size Ax; at level
l. The time-step is determined by the CFL condition

Atl = CA.Z‘ZIV)\.

The approximate solution of (3.1) computed by the scheme (3.3)) or (3.7) on the grid with cell and
time-step size A; := (At;, Ax;) is denoted by w;.

4.3.1. Derivation of MLMC-FDM. Our aim is to estimate the ensemble average i.e., E[u(t, )], 0 < t < 00
of the random entropy solution of with the random samples (uo, f, A)(w),w € €, satisfying (2.11)-
(2.15). As was done for MC-FDM, the expectation E[u(t, -)] in MLMC will be estimated by approximating
u(t, ) with the help of the FDMs.

Let {w(t,-)};2, denote the sequence of approximations of solutions of on the nested meshes
with cell sizes Az;, time-steps of sizes At;. Then, for a prescribed target level L € N of spatial resolution,
we have

L
Elu(t, )] =E | > (w(t, ) —w_1(t,") ], (4.17)
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where we have set u_1(¢,-) = 0 and used the linearity of the expectation operator. Furthermore, we
estimate each term in (4.17)) statistically by a MC method with level dependent number of samples M.
This leads to the MLMC-FDM estimator

L
E"u(t,)] =Y Eamfw(t,) —w-a(t,-)], (4.18)
=0

where Ejyrlua(t,-)] is evaluated by (4.3)).
4.3.2. Convergence analysis. We wish to analyze the MLMC-FDM mean field error given by
IE[u(t, )] — B*[u(t, )|l r2(@.r21y), 0<t<oo, LEN. (4.19)

Our aim is to choose the appropriate sample sizes {M;}{°, such that for every L € N, the MLMC error
is minimized. The principal issue in the design of MLMC-FDM is the optimal choice of {M;}2,
such that for each L, an error is achieved with minimal total work which is given as follows:

for the explicit scheme ((3.3)),

L
. O (Z Mle,—?’) . A€(0,1),
=0

Wi N me =C Y MWEY = B (4.20)
1=0 o (Z Mle;A”) . Ae(1,2),
1=0
for the explicit-implicit scheme (3.7)),
L
L o (Z M Az | log(log(Axl_l))O , A€ (0,1),
W iime =C Y MWE! = 20 (4.21)
1=0

L
@] (Z MlAasl_?’_)‘] log(log(Aa:l_l))|> , Ae(1,2)

=0

which are based on (4.7) and (4.11)) respectively.
We now establish the following result on MLMC error bounds (4.19):

Theorem 4.4. Consider the multilevel discretization (4.16)) along with the assumptions (2.11)-(2.15]).
Furthermore, consider any sequence of sample sizes {M;}7°, at mesh level |. Then, we have the following
error bounds for the MLMC-FDM estimate in (4.19)): for the explicit scheme (3.3)),

[E[u(t, )] = E*[ut, )72 (0.z2(ry) <
5 1/2
CMy ol L gy acry + CM{MLIIIUOIBV<I>IIZL2(Q) + Az }

L
+OM{DT M7 AL (1 ol sy L)) xe (0,2/3],
=1

2-2
CMy o3 aqyp2ay) + CM{ A ol sy 13y + Az }

(4.22)

L 2-2
+CM{ Y M7 AT 1+ ol sy liao). Ne (2/3,1)U(1,2),
=1

and for the explicit-implicit scheme (3.7)),
[Efu(t, )] = BX[ult, N2z <
_ 1/2
CMy o3 qp200)) + CM{ A ol sy 130y + Ary/*}

L
+CM{ ZMz_lAl’ll/Q}(l + ol Bv(n) l22(9)) A€ (0,1),
=1

22
CM H|uoll 2 (quza(ry) + CM{AlelluOIBvu)lliz(m + Az, }

(4.23)

L 22
+CM{ > M A }(1 + [lluolBvnllr2)), X e (1,2),
=1
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where the constant C' > 0 is independent of the parameters I, {M;};°,, and Az; but may depend on t,
ug, f, A, and size of the domain I.
Proof. Using the linearity of mathematical expectation E[-] and applying the triangle inequality, we obtain
IEfut, )] = E*[ult, M2 2 ()
<C|Elu(t, )] = Elur(t, M 72.z20ry) + CIBlur(t, )] = EXfut, N7z .02

2

L
—ClEfu(t, )] — Elus (t, M2z + C|| 3 Bl = wo] = Baglun = wa]|
=0

L2(Q;L2(1))

=C|[E[u(t, )] = Elur(t,)]|72(0;z2(r)) + CIE[u=0] = Ensy[wi=o]l| 720121y

L 2
+ CH ZE[W —w—1]) — EwJug — Ul—l]‘
=1

L2(Q;L2(1))
=T+ T +1T5,

where we have used the definition of MLMC estimator (4.17) and u_; = 0. To estimate (4.19), we
consider the terms T3, T» and T3 separately. With the help of linearity of expectation, term 7; can be
estimated as

= C|[E[u(t, )] = Elur(t, |72 0.02(1))
= C|[E[u(t, ) — ur(t, 72002
= Cllult,) = ur(t, )7 @.r2(r)»

which is bounded by (3.23). The bound for term 75 is given by . Finally, we focus on the term T3;.
Taking into account the definition (4.3)), we obtain

L M ) . 2
Ty < CHZZ Bl =] = (@ _a;‘l))‘ L(L2 (1)
=1 1i=1 7

_CHZZ

L2(Q;L2(1))
where Z;; is given by
1 PO )
Ziy = M(E[ul —wq] — (@ —1j_,)), i=1,2,3,...,M;, 1=1,23,....L
l

Observe that Z;; are independent, mean zero random variables. For each fixed level [, the random
variables Z;;, i = 1, ..., M; have an identical distribution. In other words, we have

2 (Q;LZ(I))ﬁ i:17...7Ml.

||Zi,l ||2L2(Q;L2

Furthermore, since the space L? is a Banach space of type 2 (see [25]) , we get the following estimate

L M,
H ZZ LA@LAD) <CY D N Zili@rzay = CZMlHZI Ze0iz2(n)
=1 1=1 =1 i=1 =1

2

L
= CZMzHMil(E[Uz — 1] — (U] — 771171))‘
=1

L2(L2(D))

L

=C> M MEw — w] = (@ — ) 720201y
=1
L

< CZMl‘lllw —w a2y
=1

Now we estimate

lur —wi—1l|z2(;r2(ry) < u(t, ) —w(t, )22y + l|wlts ) —wi—1(t, )220y
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Both terms on the right hand side can be estimated by (3.22]). Hence we end up with

1/2
lwr — w1l L2201y SCM1/2(||UO — (-0, ')||L/Q(Q;L1(I))

+ [luo — wi—1 (-0, .)||1L/22(Q;L1(1))) +OM Y20y (Ax) V2,
where M is defined by (2.11). We can approximate the first two terms on the right hand side as follows:
g
u(50,-) —w(-50,) L2 in () < Azill|uol v (n llL2(0)-
Thus, we have
1/2 1/2 1/2

u(50,-) —w(0, ')||L/2(Q;L1(])) < Axl/ |||U0|BV(I)||L/2(Q)~

Subsequently, we obtain
s — w1l 2 (@izacry) < CMY2(Az)?[[Juol gy ()l 1ay) + CM2ar(Az)2.

More precisely, for the explicit scheme (3.3)), we have

1 1
CMY2(1+ Axflluo| v 50y At X e (0,2/3],
lur — w1l L2 (;n2(n)) < N L N
COM1/2 (1 + Axlux |||UO|BV(1)HLz(Q))Al‘f(HM . Ae(2/3,1)U(1,2),

and similarly, for the numerical scheme ([3.7)),

1 1
CM1/2(1 + Az |Hu0‘BV(I)||}J/22(Q))A=Tl47 A e (0,1),
lwe — wi—1llL2(:r2(n)) < o N L N
oM / (1 + A.’Eﬁ |||UO|BV(I)||L2(Q))A1'I T AE (1,2)

Taking into account Az; < O(1) we have for the scheme (3.3)),

11
CM1/2(1 + |||UO|BV(I)HL2(Q)) 2 A.’ﬂf, A€ (0, 2/3],
lur — wi1llz2(Q;L2(n) < s N (4.24)
CM1/2(1 + |||UO|BV(I)HL2(Q)) 2A$l2(2+/\) s A€ (2/3, ].) U (17 2),
and for the scheme (3.7,
11
CMYV2(1+ |lluolpvpllrz) Az, A€ (0,1),
lur = wima [l L2 (sz2(ry) < (4.25)

1 2-a
CMY2(1 4 |[luolpvnllz)* Az, *, A€ (1,2).

By substituting (4.24) in the estimates of term T3 and summing it over [ = 1,2,3,..., L, we end up with

L
CM{ Z Ml_lell/z} (1 + |H“0|BV(I)||L2(Q))7 A€ (0,2/3],
Ty < I=1

L 2-2
CM{ ST M AT (1 ol pvin lee), A€ (2/3,1)U(1,2).
=1

Finally using Az; < Azg < O(1) and adding the contribution with the estimates emerging from the terms
Ty and T5, we obtain the prescribed error bound (4.22) for the explicit scheme (3.3). We can perform a
similar analysis for the explicit-implicit scheme (3.7) to obtain the MLMC error bound (4.23). O

4.4. Optimizing the number of samples on each level. Our analysis to determine Monte Carlo
samples sizes {M;}7°, will be based on the error bound —. By optimizing number of samples,
we mean to determine the number of samples needed to minimize the computational work with the
constraints that the error tolerance is ... By adapting the approach in [25], our argument will make use
of Lagrange multipliers. Theorem will be instrumental to obtain the following lemma.
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Lemma 4.5. Let the multilevel discretization be given by Ax; = 37! Axq for some Axg > 0. Consider

the work estimates given by [{.20) and (@.21)) for the schemes (3.3)) and (3.7) respectively. Let © be the
order of convergence of the schemes @ and (3.7). Based on Corollary O is precisely given by

1, 2e(0,2/3],
for explicit scheme; Opx = o
o= sery A€ (2/3, 1)U (1,2);
I AE(0,1),
for explicit-implicit scheme; O g =
A Xe(1,2).

Assume that L and Axq are chosen such that Ami@”’ > Axy" for somer > 3. Given an error tolerance

Eer > 0, the MLMC-FDM error in a compact form scales as

L
2 _ _
Errory, = ||Efu(t, )] — B [u(t, M 12 qurey) = € <M0 A2+ M, 1Aa:l2®> , (4.26)
1=1
where the constant C > 0 is independent of Ax;, but depends on ug, f, A, M and size of the domain
1. Furthermore, the optimal sample numbers with respect to the work estimate (4.20) and with respect to

the error bound (4.26)), are given by

EX
—z<®+“—)
MEPX ~ MEX Az§3 :

. 1=1,2,3,...,L (4.27)
for the explicit scheme (3.3)), where MEX is given by
L rEX
1 (e
EX _. €] 2
R ~ A2 1+ Az >3 ( ) 7 (4.28)
er j=1
and for the scheme (3.7)),
,’,EI
log(Azs )4 Az©3~1(0+5)
MEPT « 0g(Azg )2 Arg3 —MF 1=1,2,3,...,L, (4.29)
(z log 3 + 1og(Ax51)) :
where ME! is given by
BI _, 1
© 7 log(Axgh)?

(4.30)

ETI
SN

—1y 1 d J( *9> ) —
log(Azgt)z + Azd Z 3\ 7 (] log 3 + log(Az, 1))
j=1

1
2

1
EI 263-26L
el — AxgP3

Here « indicates that this is the number of samples up to a constant which may depend on the data

(ug, f, A) and the domain, but not on the sample sizes on the various levels. Finally, er and rfl are
given by
EX 37 )\ ) )7
T‘)\ —_—
A+2, A ,2),
g1 4 A€ (0,1),
TA -
3+, Ae(l2)

for the schemes (3.3) - (3.7) respectively.

As L — oo, the error of the MLMC-FDM algorithm with respect to work is given by
1
C (WLI,E,‘J)\(/ILMC) ¢ ’ A€ (0’2/3]7
2.
IEfut, )] = B [u(t, T2y < § C (WENpae) =0, A€ (2/3,1), (4.31)

(2=x

_ )
C (WLEj\(/[LMC) @7 N e (1,2)
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for the explicit scheme (3.3), and

1
8

—1\ —
. ) ¢ (WLEj\/[LMC(lOg (WikiLyce) ) > ’ A€ (0,1),
[ELu(t.) = B fult, ) onny < L open
¢ (WEhinae (105 Vb)) ) o Ae (2
(4.32)

for the explicit-implicit scheme (3.7)).

Proof. With the mesh discretization given by Az; = 37'Axg, the MLMC-FDM work estimates (4.20)
and (4.21]) become

L L

_EX _.EX EX

WEN e =C Y MAz ™ =CAzg™ Y M3t
=0 =0

L L
WL are = C> MiAz, ™ log(log(Az ) < CAzg ™ 3 Mi3%"!(110g3 + log(Axy 1) ).
=0 =0

Incorporating (4.16)), the bound for the multi-level errors (4.22)) and (4.23]) at level L becomes

L
Errorp, =C (Mol + Az2° 4 ZMllelQe>
=1

L
=C (Mo—l + AzgO3720 4 Axge > Ml_13_2@l> :
1=1
Using a Lagrange multiplier 3, we consider the following Lagrangian by incorporating error tolerance &g,
L:=Wr mryme — B(eer — Errory).

Consequently, the first order optimality condition provides

oL
— =0 1=0,1,2,..., L.
8Ml b) b b b) )
This implies, for the explicit scheme (3.3,
Azy™™ = BEX(MEX)-2, =0,
Azy™™ 385 = BEX 20 (0FX)23-201 =123 . . L

and for the explicit-implicit scheme ({3.7]),

Azy™ log(Azgt) = BEI(MEX)~2, =0,
Azy '~ 3kl (z log 3 + 1og(Aas51)) — BETAZ2O(MFX)~23-201 | =123, ... L,

where the multiplier SZX for the explicit scheme and B! for the explicit-implicit scheme are independent
of the level I. This leads us to the sample numbers with the scheme ({3.3)),
rBX
MEX — (BEX\% Az, 7,
0 (B%7)2 Az px (4.33)
MPX = (BPX) (A3 ™))" 77 1=1,2,3,...,I;

and similarly with the scheme (3.7)),

1

EI 2 B
MET = (ﬁ ) Az,
log

(Awg ") (4.34)

EI 2 rEI
MFT = ( b - > (A3 )T, 1=1,2,3,.. L
llog 3 + log(Az, )
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Using the constraint Errory = eEX for explicit scheme and Errory = eZ! for , we deduce the
following

Azy T L z<ﬂ—e)
eEX » Az 203-20L L —70 [ 4 Agcg) 23 2 ,
1=1

“ (BEX)z

ol
N———

_IN L ~ET

~ Ap203-20L Az, * 141 e l(*é —9> —1

el Az293 +7(ﬂE1)1 log(Azy )2 + Az E 3 llog3 +log(Azg ™)
: =1

which in turn provides the following expressions for the Lagrange multipliers

L EX 2
1 1 (T)\ _ )
BEX _ — 1+ Aﬂ?o 2 ,
A X B = AagP3 et -

1 1 1 = l("EI @) % ?
T | BT Augeger (log(Amal)2+Ax(?Z3 N (11og3+1og(Axgl)) )] :
0 er =1

Using these expression of the multipliers in (4.33) and (4.34) leads to the optimal number of samples

(27 - ([C30).

As a consequence, the work estimates become

BE'I _

WESue = | gy (108 £r U )2 (12 (),

EX _ A,203-20L
elX — AxgP3

oy

L
1 1 Jj
EI 1 o
Wi MLyme = SET — Ny303- 201 log(Axo )2 + Az 23 <
er J

1
2

) (j log 3 + log(Azo_l))

1
Azo_rfl <1og(A:v0_1)§ + Az @ ( ®> (l log 3 + log(Azy ))é> .

Let us observe that for the explicit scheme 1 ,

§, A€ (0,2/3];
EX 14+
r/\T o é2—&-4_5//\\)—1- 2 ey
OISV A€ (1,2);
and subsequently,
? -0 >0, forall XA € (0,2).

SEX
Thus, WF{ 1 e will be dominated by the terms 3L(A77@). Let us choose the error tolerance for the

explicit scheme ((3.3)) as

EX _ 20q-20L _ 20
e =2025°3 =2Ax7°.

Then the work estimate for explicit MLMC becomes of the order

EX 2
WiArae = Axg 0 Aay ™ <1 * Axg)?’L( E ))

EX SEX

2
r TEX
-~ AzZQe (AJ:OAQ +AI?7AT3L( R )>

EX EX
- —20 —T 20—ry
© Az (Awo + Az} .
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20— r)\

_EX
Assuming that Azg and L can be chosen such that Az}, > Az, , the work estimate simplifies

to
EX
WEX o = Arp2P A2 = Az (4.35)

Inserting (4.35) into the asymptotic error bound we obtain

20
EX 20 _, EX —EX
Eer = Az (WL,MLMC) A
Incorporating the values of © and r¥% for the explicit scheme (3.3)), we have the following error estimate
in terms of work

1

6

C(ij\(/[LMC>7 , A €(0,2/3],

_ '(2—)\)
||IE[u(t, )= EL [’u,(t7 )} H%Q(Q;LQ([)) < C<W55\(/[LMC) EICESY) . e (2/37 1)7 (436)
(2=0)
C(WESime) ©7 Ae1.2).
Next, let us consider the explicit-implicit scheme (3.7)) and observe that
7

@ B _ %7 3)\ )‘ € (071)7
2 T e
4
SEX

and hence WLEﬁ/[L me will be dominated by the terms SL(XT_Q). By choosing the error tolerance

eEl = 2A229 | we obtain the work estimates of the order

1 ~ET 2
WikiLme =0 Azy” & (1Og<A )2 4+ Az (L—Hog(ALEo )) 3L(§—®)>

SET

BT 1 BT 2
oAz 2© <log(Aac0 ) Az, 3 +Ax0 A (L—i—log(AxOl))zSL(Az@))

Az 2© (log(Amgl)Axa o log(Ax, )szg w ) .
If we choose Axg and L such that
log(Azy M)Az, " s log(A:ch)A:c29 e ,
then the work is asymptotically dominated by
WL MLMC = IOg(AxL )AJJL : (4.37)

Consequently, by inserting (4.37)) into the asymptotic error bound, we get

—1\ " Er
55] = AIZ@ (WL MLMC(lOg (WL MLMC)) > b

Finally, incorporating the values of © and r¥ EI for the explicit-implicit scheme , we have the following
error estimate in terms of the work

1
¢ <WI€§\4LMC(10g (Whiome) ) ) ; A€ (0,1),
IEfut, ) — B fults Ms @z < /g
c(wer log (WEL )Y e
LMLMC og( L,MLMC) ) € (1,2),
(4.38)

and the result follows. O



MLMC-FDM FOR RANDOM FRACTIONAL CONSERVATION LAWS 23

Remark 4.2. (Comparison of rates)

In the case of A = 0 (hyperbolic conservation laws), it is observed in [30] that the convergence rates,
in terms of accuracy vs. work, are considerably reduced for MC-FDM in comparison to the determin-
istic case. However, the convergence rates significantly improve with multilevel Monte Carlo approach.
Similarly, for the case of degenerate convection-diffusion equation (A = 2) in [25], it is demonstrated
that the obtained convergence rates of MLMC-FDM is better than single level Monte Carlo, even though
these rates are worse when compared with the deterministic schemes. We list some of these theoretical
estimates in Table [l

Scaling for Scaling for

Model Base scheme MC-FDM | MLMC-FDM

hyperbolic conservation laws [30]

A=0 Explicit scheme of order s Wz W™

Explicit scheme with
monotone flux
Implicit scheme with w \~

monotone flux <1°g(W)>

W18 W%
w O\ 7
<log(W))

TABLE 1. Existing error vs. work scaling for MC-FDM and MLMC-FDM schemes in
some limiting cases. Here W denotes the work estimate for the underlying method used.

degenerate convection-diffusion [25]
A=2

~iH

In the current paper, error vs. work bounds rates are obtained for various values of A € (0,2). For
the explicit scheme, the convergence rates of MC-FDM are worse than the deterministic scheme (refer to
(4.10))), which is expected. However, the rates improved significantly with MLMC-FDM, c.f. . The
same behaviour is observed for the explicit-implicit scheme, c.f. and .

5. NUMERICAL RESULTS

We now numerically test the performance of the MLMC-FDMs proposed in this work. We set the
underlying target model to be the one-dimensional Buckley-Leverett equation describing a two-phase flow
through porous media. Let u(z,t) € [0, 1] represent the water saturation in an oil-water mixture. Then
u(zx,t) can be modeled by the convection-diffusion equation , with the numerical flux

Pw (u)
flu) = 5o,
P(u) + pPo(u)
where P", P are the relative permeability of the water and oil phase, respectively, while p > 0 is the
ratio of phase viscosities. In our experiments, we set

PY(u) = u?, PO(u) = (1 —u)?
Note that the non-local diffusion in (5.1)) does not necessarily approximate the physical diffusion term
for two-phase flows. However, our objective is to demonstrate the performance of the proposed methods
and validate the expected convergence rates. Thus, we adhere to the choice of A(u) given in (5.1)).

Before presenting the numerical results, we briefly discuss a few additional approximations that need
to be made for a practical implementation of the various algorithms discussed so far.

A(u) = max(u — «,0) , a>0, (5.1)

5.1. Finite computational domain and boundary extensions. Since it is not feasible to work with
an infinite number of nodes, we focus on a finite domain with a suitable extension of the solution. In
particular, we consider the computational domain to be a symmetric interval I = [—K, K|, which is
uniformly discretized using N* cells with a mesh size Az = 2K/N*. Based on the definition of the
grid points/cell-centers in Section [3] the mesh contains a cell centered at zo = 0. Thus, we need an
odd number of cells in the mesh, i.e., N¥* = 2P + 1, which leads to the following cell-centers and the
cell-interfaces on the finite domain
Ax Azx
—K+7:.’E,p<$,p+1 <.zo=0<..<zxp_1 <l’p=K—7,
—K = x_P_% < l'_P_;'_% <... < xp_% < ij_i_% = K
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To approximate the the non-local term (|1.3)), we need to suitably extend the solution beyond the domain
[ K, K]. For the purpose of this work, we assume that the solution can be extended in a constant manner
beyond the original domain, such that

Uj=Up V j<—P and U;j=Up ¥ j>P (5.2)

While one can argue about the validity of such an extension, especially due to the influence of the non-
local term, we adhere to in order to reduce the computational cost associated with the repeated
evaluations of the deterministic samples in the MLMC algorithm. Similar boundary conditions were also
considered in [19].
If |i| < P, we have —P—i < 0 and P—14 > 0. Thus, under the assumption and using the notation
A; = AU; ) the non-local term in the scheme (3.3) (or (3.7)) can be written as
j=P—i
DG (A —A) = Y GiAuy —A) + Y GiAiy —A) + Y GilAiy — A)
j#0 j<—P—i j=—P—i j>P—i
J#0
j=P—i
=(A_p—A) Y Gi+ Y Gi(A—A)+Ap—4A) Y Gy
j<—P—i j=—P—i j>P—i
70
C) (A P A ) C) (Ap A ) i
= NAP (Pt Ir T AB ity > Gi(Aiy, — A).

The above formulation requires values G; for |j| < 2P, which can be pre-computed and stored for a given
mesh.

5.2. Variance and MLMC error estimation. In the experiments, we wish to compute the variance
of the computed estimated mean. This is achieved by using the following stable algorithm, which was
also used in [25]

L
Vi :ZAVZJFVOa

=1
AV, = Epy [(w — wi—1 — Eag [ur — wi—1])?]

Vo = B, [(uo — Eng [uo))?] -
The number of samples used in each level are chosen according to the formulas (4.27] - ), by setting
= 2. If the resulting number is not an integer, it is rounded off to the smallest 1nteger greater than this
number.
In order to estimate the error ||E[u(t,-) — EL u(t, )] | L2 (0;22(1)), We use the root mean square estimate

Q
RMS = Z RMS)? (5.3)
k:

where
||Zref( ) Zk(Tv')”LQ(I)

| Zeet (T, )|l 21y
Here, Z;, refers to the computed estimated mean for the index k, while Z,of denotes to the reference
mean. The index k refers to independent runs of the MLMC-FDM algorithm, needed to obtain different
realizations of the probability space. The sensitivity of the error with respect to the parameter ) has been
investigated in [31L B2]. It was noted that @ = 30 is sufficient for most problems, to remove statistical
fluctuations. The reference solution Z,..¢ is obtained by:

RMS), =

(1) Uniformly discretizing the sample space 2 (which is assumed to be a closed box), with the
discretized points denoted by {ws}s.

(2) Computing the numerical approximation ua (ws; T, .) for each ws on a fine mesh.

(3) Applying a trapezoidal quadrature rule to approximate the integral |2|~! fQ u(w;T,.) dw, using
the points {ws}s.
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Remark 5.1. The method described above to generate the reference solution makes sense only if the
various random parameters are sampled from a uniform distribution, which is the choice we adhere to in
this work (see Section [5.4]).

Remark 5.2. Note that the error approximated by (5.3|) corresponds to +/Errory, where Errory is
estimated in (4.26]).

5.3. Deterministic simulations. We consider the parametrised initial condition

0.85 if —0.5 0
wo(c; ) = 1 '+c<:c< , (5.4)
0.1 otherwise .
The local Lax Friedrich flux
F(Ui ) i+1) = i(f(Ui )+ f( i+1)) - 5max(|f’(Ui )‘7 ‘f/( z+1)|)( i+1 U; ),
is used, with the time-step evaluated using the CFL condition
At

We choose C'F'L = 0.2 for all experiments presented in this paper.

We begin by comparing the simulations at time 7' = 1 with the schemes and , by setting
¢=0.0, p =05, a«=0.2 (see (5.1))) and K = 5 (the domain [—5,5]). The numerical results on a mesh
with NV = 501 nodes are shown in Figure[l] The solutions obtained with the explicit and explicit-implicit
FDMs are almost indistinguishable. We make two observations from the average run-times listed in
Table 2] Firstly, the run-time increases if the exponent A is increased beyond unity. This can be easily
understood by looking at the CFL condition used to determine At. Secondly, the computational
cost is significantly higher with the explicit-implicit scheme, as we need to solve a non-linear system at
each time-step. The solution profiles at various instances of time are shown in Figure

-©-Explicit - Explicit
—&- Explicit-Implicit —E- Explicit-Implicit

0.3 0.3

0.25r

0.15r

0.1 ==

FIGURE 1. Buckley-Leverett problem evaluated at 7' = 1 with schemes ({3.3]) and (3.7).
The solution is obtained on a mesh with 501 cells, and parameters ¢ = 0.0, 4 = 0.5 and
a=0.2.

Scheme A | Run time(s)
0.5 1.17x 1071
1.5 1.09 x 10°
0.5 3.78 x 10T
1.5 2.72 x 107

Explicit

Explicit-implicit

TABLE 2. Average run times for deterministic simulations on a mesh with N = 501 cells
and parameters ¢ = 0.0, u = 0.5, « = 0.2

Next, we analyse the effect of the fractional exponent on the solution. We take ¢ = 0.0, p = 0.5,
a = 0.2, N = 501 and simulate the solution using the scheme (3.3)) for varying values of A. As can be
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1 T 1

- = Initial Condition - = Initial Condition
-©-T=0.50 -©-T=0.50
-8-T=1.00 —8-T=1.00

08 T=1.50 08 T=1.50
—A-T=2.00 -A-T=2.00
—7-T=2.50 —7-T=2.50

FIGURE 2. Buckley-Leverett problem evaluated at T = 0.5,1,1.5,2 and 2.5 with the
scheme ([3.3). The solution is obtained on a mesh with 501 cells, and parameters ¢ = 0.0,
pw=05and a=0.2

seen in Figure [3] the solution has sharp features resembling a shock for smaller values of A. The diffusion
term becomes stronger as A is increased from 0 to 2. To represent all exponent partitions considered in
and , we choose A = 0.5,0.75 and 1.5 for the Monte-Carlo simulations in the next section.
In Figure [d] we plot the solution for these three exponents on each of the mesh levels to be considered in
the MLMC algorithm, and on the mesh used to generate the reference solution.

Remark 5.3. In the limit A | 0 or A 1 2, the non-local diffusion term in the model converges to a
source term or a Laplacian diffusion term respectively. The schemes considered in the present work are
not expected to preserve these asymptotic properties. While asymptotic preserving schemes are available
(see [20]), it is not possible to obtain rigorous theoretical convergence and work estimates for such schemes
at present.

5.4. MLMC simulations. We now demonstrate the performance of the MLMC-FDM algorithms. We
introduce uncertainty in the initial condition, the flux, and the dissipation term by choosing ¢ ~ 2/(0,0.1),
w~ U(0.3,0.7) and a ~ U(0,0.4), respectively. Note that, a similar argument as stated in the proof
of Theorem reveals that the random numerical solution is measurable since the solution map is a
composition of a measurable and a continuous map. The number of samples for each mesh level is chosen
using — for the explicit scheme and — for the explicit-implicit scheme, with the
error tolerance set to ., = 2Aa:%@. Figure [5| shows the statistical quantities evaluated with the explicit
MLMC-FDM algoruthm for A = 0.5, 0.75 and 1.5, with 41 cells in the coarsest mesh and L = 4. The
solid line represents the estimated mean, while the dashed lines represent the estimated mean + the
standard deviation. The shaded region between the two dashed lines is referred to as the deviation band.
As was seen in the deterministic experiments, the solution tends to be more diffused as the exponent A
is increased. This explains why the deviation band in Figure |5| broadens with increasing .

Tables show the estimated RMS errors evaluated using with the explicit scheme, as a function
of the number of MLMC level L, with the coarsest mesh having N§ = 41 cells and the finest mesh having
N7 cells. We compute the RMS decay rate r; > 0 with respect to the finest mesh size Azy. In view
of Remark and the prescription of the error tolerance e., = 2Am2L@ to determine the samples in each
level, the theoretical estimate of this rate is 11 = ©. Based on the estimate , we also compute
and compare the RMS decay rate ro > 0 with respect to the work done, i.e., RMS ~ (work) 2. The
work done is estimated in term of the total CPU run time (in seconds) for the @ = 30 revaluations. We
observe that the rates are better than those predicted by theory, for all three values of A considered in
the experiments. Tables show the estimated RMS errors with the explicit-implicit scheme. We have
limited the MLMC experiments with the explicit-implicit scheme to L = 3, as the cost of generating
each deterministic sample is very high. Based on , ro is computed under the assumption that
RMS ~ (work/ log(work))~"2. As was observed with the explicit scheme, the rates are much better than
the theoretical ones. Furthermore, we note that the number of samples required and the run times are
significantly larger for a given L > 1, as compared to the MLMC simulations using the explicit scheme.
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lution is evaluated on a mesh with 501 cells, and parameters ¢ = 0.0, © = 0.5 and

a=0.2.
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FIGURE 4. Buckley-Leverett problem evaluated at T'= 1 with scheme ({3.3))

(E) A =0.75 (zoomed)

tion is evaluated with parameters ¢ = 0.0, p = 0.5 and o = 0.2.

(F) A = 1.5 (zoomed)

. The solu-
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FIGURE 5. Buckley-Leverett problem evaluated at T = 1 with explicit MLMC-FDM.
The mean estimator E*[u(T,.)] evaluated with L = 4 levels, with the dashed lines rep-
resenting E*[u(T),.)] + standard deviation.

L 1 2 3 4 r expected r
My = 4169
Number My =90 My =611 My, = 429
My =14 M; =63

of M, =2 M; =10 My = 10 Ms =63

Samples My =2 Mo — 2 M3 =10

3 My =2
Nf 123 369 1107 3321 0.484 | 0.25
RMS 8.948 x 1072 [ 4.967 x 1072 | 2.976 x 10~ 2 | 1.806 x 102
Run time(s) | 2.524 x 107! | 3.550 x 10° | 6.051 x 10* 1.298 x 10° | 0.186 | 0.083

TABLE 3. RMS vs. L for A = 0.5, with the explicit scheme. The coarsest mesh has
N§ = 41 cells, while the finest mesh has N} cells for MLMC algorithm with L levels.

L

3 4 r expected r
M, = 3623
Number My = 82 Mo = 544 M, = 395
My =13 M, =60
of M, —2 M, =9 My —9 M, = 60
Samples Mo Mo — 2 M3 =9
3 My =2
N¥ 123 369 1107 3321 0.267 | 0.227
RMS 1.022 x 1071 [ 6.925 x 1072 | 4.846 x 102 | 4.327 x 102
Run time(s) | 2.459 x 1071 [ 3.322 x 10° [ 5.842 x 101 | 1.262 x 10 | 0.102 | 0.076

TABLE 4. RMS vs. L for A = 0.75, with the explicit scheme. The coarsest mesh has
N§ = 41 cells, while the finest mesh has N} cells for MLMC algorithm with L levels.

L

1

2

3 4 r expected r
M, = 3933
Number My =72 Mo = 532 M, = 481
My =10 M, =65
of M, — 2 M, =9 My—9 M, =65
Samples My =2 Mo — 2 Ms;=9
3 My=2
N¥ 123 369 1107 3321 0.534 | 0.071
RMS 8.996 x 1072 | 5.430 x 1072 | 2.990 x 102 | 1.574 x 1072
Run time(s) | 5.895 x 10~ [ 1.508 x 10T | 4.901 x 10> | 1.955 x 10* [ 0.169 | 0.020

TABLE 5. RMS vs. L for A = 1.5, with the explicit scheme. The coarsest mesh has
N§ = 41 cells, while the finest mesh has N} cells for MLMC algorithm with L levels.
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L 1 2 3 r expected r
Number My = 365 Mo = 4950
My = 26 M, =221
of My, =17
Samples My =2 My =2 M, =16
P 2T My =2
Nf 123 369 1107 0.606 | 0.25
RMS 8.958 x 1072 | 4.443 x 1072 | 2.364 x 1072
Run time(s) | 1.939 x 10! 9.401 x 102 7.382 x 10% 0.161 | 0.063

TABLE 6. RMS vs. L for A = 0.5, with the explicit-implicit scheme. The coarsest mesh
has N§ = 41 cells, while the finest mesh has N} cells for MLMC algorithm with L levels.

L 1 2 3 r expected r
Number My = 365 Mo = 4950
My = 26 M, =221
of M1 =17
Samples My =2 My =2 M, =16
p 2 = ]\43 — 2
N¥ 123 369 1107 0.343 [ 0.25
RMS 9.559 x 1072 | 6.037 x 10~2 | 4.496 x 102
Run time(s) | 2.121 x 107 [ 1.117 x 10> | 7.591 x 10* | 0.092 | 0.063

TABLE 7. RMS vs. L for A\ = 0.75, with the explicit-implicit scheme. The coarsest
mesh has N§ = 41 cells, while the finest mesh has Ny cells for MLMC algorithm with L

levels.
L 1 2 3 r expected r
Number M, = 384 Mo = 5971
My =24 M, =277
of M1 =18
Sampl M; =2 Mo — 2 My =17
amples 5 = My =2
N¥ 123 369 1107 0.538 | 0.125
RMS 7.994 x 1072 | 4.599 x 1072 | 2.452 x 102
Run time(s) | 7.059 x 107 | 5.612 x 105 | 4.890 x 10° | 0.133 | 0.028

TABLE 8. RMS vs. L for A = 1.5, with the explicit-implicit scheme. The coarsest mesh
has N§ = 41 cells, while the finest mesh has Ny cells for MLMC algorithm with L levels.

Finally, we numerically demonstrate that the MLMC-FDM algorithm is superior to the MC-FDM
algorithm. In order to do this, we compute the RMS error with the explicit MLMC scheme for L = 3,
A= 0.5 and N € {31,41,51,61,71,81}. For each N§, we compute the statistics using the explicit MC
scheme on the finest level with N7 = 3% N§ cells. We choose the number of samples using (4.§)). In order
to have a reasonable number of samples, we take C' = 2 in . The RMS error for the MC-FDM
algorithm is also computed using with Q@ = 30, where Zj is the computed estimated mean .
We plot the variation in RMS error as a function of the mesh size Nf in Figure [6(A). While both
algorithms show a similar decay, the MLMC algorithm leads to smaller errors on a given mesh. However,
the work done by the MC algorithm to achieve the same level of RMS error as the MLMC algorithm is
significantly higher (almost 100 times), as shown in Figure @(B)

6. CONCLUSION

The proper notion of random entropy solution for degenerate non-linear non-local conservation laws
in several space dimension with uncertain initial data and random fluxes is formulated and its well-
posedness is demonstrated. We propose a new class of MLMC methods and prove them to be convergent.
MLMC-FDMs are designed in such a way that it maintains the same accuracy vs. work bounds as of
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The problem is solved using the explicit scheme for A = 0.5. The plots are shown in the
log-log scale.

deterministic FDM. We have observed that the obtained rates in MLMC are much improved than the
single level MC. Hence, MLMC-FDMs are faster than MC-FDMs at comparable accuracy. We have
presented several numerical experiments with Buckley-Leverett in one space dimension that reinforce
the theory. The MLMC-FDM algorithms are implemented for various values of A and RMS error is
calculated. It is observed that the numerical convergence rates are better than the theoretical rates for
both explicit and explicit-implicit schemes.
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