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Abstract. We derive and analyze a boundary element formulation for boundary conditions
involving inequalities. In particular, we focus on Signorini contact conditions. The Calderén projector
is used for the system matrix, and boundary conditions are weakly imposed using a particular
variational boundary operator designed using techniques from augmented Lagrangian methods. We
present a complete numerical a priori error analysis and present some numerical examples to illustrate
the theory.
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1. Introduction. The application of Nitsche techniques to deal with variational
inequalities has received increasing interest recently, starting from a series of works
by Chouly, Hild, and Renard for elasticity problems with contact [7]. Their approach
goes back to an augmented Lagrangian formulation, that was first introduced by Alart
and Curnier [1].

In a previous paper [2], we have shown how Nitsche techniques can be used to
impose Dirichlet, Neumann, mixed Dirichlet—Neumann, or Robin conditions weakly
within boundary element methods. By using the Calderén projector, we were able to
derive a unified framework that can be used for different boundary conditions.

The purpose of this article is to extend these techniques to boundary conditions
involving inequalities, such as Signorini contact conditions. In particular, we consider
the Laplace equation with mixed Dirichlet and Signorini boundary conditions: Find
u such that

(1.1a) —Au=0 in €,
(1.1b) u=gp on I'p,
(1.1c) u<gec and g—z < Yc on I'c,

(1.1d) (25 - 1/Jc> (u - gc) =0 on Ic.

Here Q C R? denotes a polyhedral domain with outward pointing normal v and
boundary I' := I'p U T'c. We assume for simplicity that the boundary between I'p
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and I'c coincides with edges between the faces of I'. Whenever it is ambiguous, we
will write v, for the outward pointing normal at the point . We assume that

inT
9= {gD PP e LA(T) and yo € HY2(To).
gc inT'¢

Observe that when I'c = @, there exists a unique solution to (1.1) by the Lax—
Milgram lemma. In the case that meas(I'c) > 0, the theory of Lions and Stampacchia
[12] for variational inequalities yields existence and uniqueness of solutions. We as-
sume that v € H3/2+¢(Q) for some ¢ > 0.

Boundary element methods for Signorini problems were first studied by Han [11].
A variational formulation involving the Calderén projector was presented in [10]. An
alternative formulation is based on Steklov—Poincaré operators [20, 22]. The numerical
approaches to solve such formulations include a penalty formulation [15], operator
splitting techniques [17, 23], or semi-smooth Newton methods [20, 22]. Besides the
usual energy norm estimates, the latter reference includes an L?(I')-error estimate
based on a duality argument. Maischak and Stephan [13] presented a posteriori error
estimates and an hp-adaptive algorithm for the Signorini problem. A priori error
estimates for a penalty-based hp algorithm were shown by Chernov, Maischak, and
Stephan [6]. Recently, an augmented Lagrangian approach has been presented in
combination with a semi-smooth Newton method [22], and variational inequalities
have been successfully used for time-dependent contact problems [9].

We will consider an approach where the full Calderén projector is used and the
boundary conditions are included by properly adding scaled penalty terms to the two
equations. This results in formulations similar to the ones obtained for weak impo-
sition of boundary conditions using Nitsche’s method [14]. The proposed framework
is flexible and allows for the design of a range of different methods depending on the
choice of weights and residuals.

An outline of this paper is as follows. In section 2, we introduce the basic bound-
ary operators that will be needed and review some of their properties. Then, in
section 3, we introduce the variational framework and review the results from [2] for
the pure Dirichlet problem. In section 4, we show how the framework can be applied to
Signorini boundary conditions and the mixed problem (1.1). The method is analyzed
in section 5. We conclude by showing some numerical experiments in section 6.

2. Boundary operators. We define Green’s function for the Laplace operator
in R3 by

1

(2.1) Glay) =

In this paper, we focus on the problem in R?. Similar analysis can be used for problems
in R?, in which case this definition should be replaced by G(z,y) = —log |z — y| /2.

In the standard fashion (see, e.g., [19, Chapter 6]), we define the single layer
potential operator, V : H~1/2 (T) — HY(Q), and the double layer potential, K :
HY?(T) — HY(Q) for v e HY*(T), p € H-/2(T"), and = € Q\ T by

(2.2) (Vi) () = / G, y)uly) d,

T
(2.3) (Kv)(z) == /F ‘%a(fy’?”)v(y) dy.
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We define the space H'(A, Q) := {v € H'(Q) : Av € L?*(Q)}, and the Dirichlet and
Neumann traces, vp : H'(Q) — H/2(I') and vy : H'(A, Q) — H-Y/2(T'), by

(2.4) o f(x) = Qaiifier f(y),
(2.5) wf(x) = Qagfier Ve - VI(y).

We recall that if the Dirichlet and Neumann traces of a harmonic function are
known, then the potentials (2.2) and (2.3) may be used to reconstruct the function in
Q using the following relation:

(2.6) u=—K(ypu) + V(mwu).

It is also known [19, Lemma 6.6] that for all € H~/2(T), the function
(2.7) u}f =Vu

satisfies —Au}f =0 and

(2.8) lwy, s @) < ellpll g-1/2(ry-

Similarly, in [19, Lemma 6.10] the function

(2.9) ul = Ko

satisfies —Au/ = 0 for all v € HY/?(T) and

(210) sy < ellollsoroge)

We define {ypf} and {ynf} to be the averages of the interior and exterior
Dirichlet and Neumann traces of f. We define the single layer, double layer, ad-
joint double layer, and hypersingular boundary integral operators, V : H~!/ 2T) —
HY2(I'), K: HY*(T) — HY*(T), K’ : H-Y*(T') - H-Y*(T"), and W : H/?(T") —
H~Y2(T), by

(2.11a) (Kv)(x) = {ypKv}} (x), (V) (x) :== {1V} (x),
(2.11Db) (Wo)(z) := — {wKv}p (), (K'p)(x) == {mwVulr (®),

where & € T, v € H'/?(T), and u € H~'/2(T") [19, Chapter 6].
Next, we define the Calderén projector by

_(l-o)ld—K V
(2.12) = ( W old+K' )’
where o is defined for € T by [19, equation 6.11],
(2.13) (z) = lim ! / dy
. o(x) = — .
=0 dme? yeQ:|ly—x|=¢
Recall that if u is a solution of (1.1), then it satisfies
(2.14) C (7]3“) = (’VD"L) .
INU INU
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Taking the product of (2.14) with two test functions, and using the fact that
o= % almost everywhere, we arrive at the following equations:

(2.15) (pu, )y = ((31d — K)ypu, ) + (Vanu, i) Ve HV2(T),
(2.16) (ywu,v)p = ((31d + K’)VNu,v>F + (Wrpu, v);- Yo € HY2(T).

For a more compact notation, we introduce A\ = ynu, u = ypu, and the Calderén
form

(217) €l N, (0, )] 1= ((31d = Ky o)+ (VA 1),
+{(3ld + K'))\,v>F + (Wu, o).

We may then rewrite (2.15) and (2.16) as
(2'18) C[(uv )‘)v (vv :u)] = <’LL, /1'>1" + <)‘7 U>F :
We will also frequently use the multitrace form, defined by
(2'19) A[(uv )‘)7 (vv :u)] = <Ku7 :u>1‘ + <V>‘7 /~L>F + <K/>" U>I‘ + <Wu7 U>I‘ .
Using this, we may rewrite (2.18) as
(2'20) A[(u7 )‘)7 (U, :u)] = % <u7 /1“>F + % <)‘v U>F .
To quantify the two traces, we introduce the product space

V= HY2() x H~Y*(I)
and the associated norm

10, wllv = ol vz ey + el g-172 ()
The continuity and coercivity of A are immediate consequences of the properties
of the operators V, K, K, and W:
LEMMA 2.1 (continuity & coercivity). There exists C > 0 such that

|A[(w, n), (v, w)]| < C||(w,)[lvl|(v, p)llv Y(w,n), (v, u) € V.

There exists o > 0 such that
o (1021700 + 10322ty ) < AL, ), (0, )] V(v, 1) € V.

Proof. See [2] for the proof. 0

3. Discretization and weak imposition of Dirichlet boundary condi-
tions. In this section, we introduce the discrete spaces and review briefly how (non-
homogeneous) Dirichlet boundary conditions can be imposed weakly within the vari-
ational formulations introduced above. For a detailed derivation, and for different
boundary conditions, we refer to [2].

To reduce the number of constants that appear, we introduce the following nota-
tion:

e If 3C > 0 such that a < Cb, then we write a < b.
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Fic. 1. A grid (left), the barycentric refinement of the grid (center), and the dual grid (right).
In a typical example, the initial grid will not be flat, and so the elements of the dual grid will not
necessarily be flat.

e If a <band b < a, then we write a < b.

We assume that ) is a polygonal domain with faces denoted by {I;}M,. We
introduce a family of conforming, shape regular triangulations of T, {75, }1~0, indexed
by the largest element diameter of the mesh, h. We let T,...,T,, € T be the
triangles of a triangulation.

We consider the following finite element spaces:

Pi(T) := {vn € COT) : wp|z, € Py(T;) for every T; € T},
DPL (D) := {vy, € L*(I) : w1, € Py(T) for every T; € Tr},

1
DP,,(T) := {vs, € DPL(T) : vy|p, € CO(Ty) for i =1,..., M},

where Py (T;) denotes the space of polynomials of order less than or equal to k on the
triangle T;.

In addition, we consider the space DUALY (') of piecewise constant functions on
the barycentric dual grid, as shown in Figure 1. On nonsmooth domains, these spaces
have lower order approximation properties than the standard space DP?L(F)7 as given
in the following lemma.

LEMMA 3.1. Let p € H(I"). If T consists of a finite number of smooth faces
meeting at edges, then

inf — B < pE+L/2 7
nn €EDUALY(T) e =l =172y S Il ell e ()

where £ = min(%, s). If T is smooth, then the same result holds with £ = min(1, s).
Proof. See [16, Appendix 2] for the proof. 0

Ry
We observe that PF(I') ¢ H'Y/?(T), DP}(I') ¢ L*(), DP,(I') ¢ L*(I), and
DUALY(T) € L*(I"). We define the discrete product space

Vi, :=PR(T) x AL,

Ry
where Al can be any of the spaces DP} (T'), DP,,(T'), or DUALY(T).

3.1. Dirichlet boundary conditions. Let us, for the moment, assume that
I' = I'p. Then, the basic idea is to add the following suitably weighted boundary
residual to the weak formulation:

(3.1) Rry, (un, Ap) == 5113/2(9D — up).

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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This is defined such that Rprp (un, A\n) = 0 is equivalent to the boundary condition
(1.1b). We obtain an expression of the form

(3.2)  Cl(un, An)s (vn, tn)] = (un, pin)p + (A, va)p + (Rrp (Wn, An), Bron + Bapin)

or equivalently,

(33) A[(U}“ Ah)? (vha ﬂh)] = % <uh7 /’Lh>I‘+% <>\h7 vh>I‘+<RFD (Uh, )‘h)a /Blvh + BQ:M}JF )

where 1 and (5 are problem dependent scaling operators that can be chosen as a
function of the physical parameters in order to obtain robustness of the method.

For the Dirichlet problem, we choose 8; = ﬁ%)/ 2 By = ﬁgl/ % where different
choices for Bp in the range 0 < Bp < h~! are possible. Inserting this into (3.3), we
obtain the formulation
(3.4)  Al(u, A), (vn, tn)] = 5 My on)py, + 5 (uny )y, + (Botn, vi)rp,

= (9D, Bovh + pn)p,, -

By formally identifying A;, with d,u, and p, with 0,vp,, we obtain the classical (non-
symmetric) Nitsche’s method (up to the multiplicative factor %)

For a more compact notation, we introduce the boundary operator associated
with the nonhomogeneous Dirichlet condition

(3.5) Bo[(wn, M), (v, pn)] := =3 (A, vn)py, + 5 (Uns )y, + (Boun, o),
the operator corresponding to the left-hand side

(3.6) Ap[(tn, An), (vn, )] == Al(un, An), (vn, pn)] + Bol(un, An), (Un, pin)]
and the operator associated with the right-hand side

(3.7) Lp (vn, pin) = (9D, Bovn + pn)py, -

Using these and (3.4), we arrive at the following boundary element formulation:
Find (up, An) € Vj, such that

(3.8) Ap[(un, An); (v, pn)] = Lo (vn, pn) Y(vn, pn) € Vi.

We introduce the following Bp-norm:

1/2
1)l = (0, v + B [0l
and summarize the properties of the bilinear form Ap in the following lemma.

LEMMA 3.2 (properties of the bilinear form). Let W be a product Hilbert space for
the primal and flux variables, such that V C W. The bilinear form has the following
properties:

PROPERTY 1 (coercivity). If Bp = 0 or if there exists Bmin > 0 (independent of
h) such that Bp > Bmin, then there exists o > 0 such that V(v, pu) € W,

OZ”('U, /‘I’)HBD < AD[(”? u)a ('U, /u’)]
PROPERTY 2 (continuity). There exists M > 0 such that ¥(w,n), (v,u) € W,

[ Ap (v, ), (w, m)]| < Ml|(v, ) 8y || (w, )| By, -
Proof. See [2, section 4.1] for the proof. d
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4. Weak imposition of Signorini boundary conditions. Recently, Chouly,
Hild, and Renard [7, 8] showed how contact problems can be treated in the context
of Nitsche’s method. We will show here how we may use arguments similar to theirs
in the present framework to integrate unilateral contact seamlessly. The result is a
nonlinear system to which one may apply Newton’s method or a fixed-point iteration
in a straightforward manner. We prove existence and uniqueness of solutions to the
nonlinear system and optimal order error estimates.

For the derivation of the formulation on the contact boundary we will first omit
the Dirichlet part, letting I' = I'c. To impose the contact conditions, we recall the
following relations, introduced by Alart and Curnier [1], with [z], := 4 max(0, £x):

(4.1) (u—ygc)=[(u—gc) — 7' (A —vc)] _ on I'c,
(4.2) A=c) = —[r(u—gc) — (A —c)], onI'c

for all 7 > 0. It is straightforward [7] to show that each of these two conditions is
equivalent to the contact boundary conditions (1.1c) and (1.1d).
To simplify the notation, we introduce the operators

P (up, Ap) :=7(up — gc) — (A — ¥¢) and Py (un, Ap) := Tup — Ap.
Using (4.1), we arrive at the following boundary term for the contact conditions:
(4.3) Ri (un, M) = (9o — un) + 771 [P7 (up, A)] .

Alternatively, by using (4.2), we arrive at the following boundary term:
(4.4) RY(un, An) =77 (Ve = An) — [P7(uns An)]y ) -
By using the fact that x = [x]  + [z]_, it can be shown that (4.3) and (4.4) are equal.

Substituting (4.3) into (3.3) and using the weights 51 = 7 and f2 = 1, we obtain
(4.5)  Al(un, An), (vny )] + 5 (s wn)pg + (Tun = 3 A0 081

- <[PT(Uha An)|_ s on + Tﬁl#h>Fc = (g9, Tvn + pn)r, -
Using (4.4), we have

(4.6)  Al(uns A, (Wny in)] + 5 Ay o) pg + (77 A = uny bn )y
+ ([P (un, An)] o + Tﬁl#h>FC = (Yo, vp + Tﬁluh%c :

We see that (4.6) is similar to the nonsymmetric version of the method proposed in
[8] and (4.5) is similar to the nonsymmetric Nitsche formulation for contact discussed
in [5]. As pointed out in the latter reference, the two formulations are equivalent,
with the same solutions. In what follows, we focus exclusively on the variant (4.6).
Defining
Be[(uny An)s (0ny in)] 7= 5 s on)pg + (77 A — %Uh,uh>rc

+ ([P (un, Al on + 7 )

(4.8) Le(vny pn) = (Yoyvn + 77 pn)p s
(4.9) Acl(un, An)s (n, pn)] = Al(un, An)s (n, pn)] + Bel(un, An)s (Vn, )],

we arrive at the boundary element method formulation: Find (up, Ap) € Vj, such that

(4.10) Acl(un, An), (vn, pn)] = Lc(vn, pin) V (vn, pn) € V.

(4.7)

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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4.1. Mixed Dirichlet and contact boundary conditions. Combining the
formulations for the Dirichlet and contact conditions, we arrive at the following bound-
ary element method for the problem (1.1): Find (up, An) € V}, such that

(4.11)  Ap[(un, An), (vn, pn)] + Bel(un, An), (vns pin)] = Lo (vn, pin) + Lo (vn, pn)
V (vn, pn) € Y,

where Ap, Lp, Bc, and L¢ are defined in (3.6), (3.7), (4.7), and (4.8). For dis-
cretization, we use the assumptions and spaces introduced in section 3. Note that
the formulation (4.11) is consistent, i.e., the continuous solution (u, A) to (1.1) fulfills
(4.11) for all (vp, up) € Vp,.

5. Analysis. In this section, we prove the existence of unique solutions to the
nonlinear system of equations (4.11) as well as optimal error estimates.

We assume that the solution (u,\) of (1.1) lies in W := H'*¢(I") x H¢(T) for
some € € (0,1/2], where I' = UM T'; \ 9T, is the set of boundary points that lie in the
interior of the faces I';. As the normal vectors v, are discontinuous between faces, we
cannot expect a higher global regularity for .

We define the distance function d¢ and norm || - ||« for (v, ), (w,n) € W, by

dc ((v, 1), (w,m) == (v = w, 1t — )5y,
(5.1) T (=0 + [P (v, @), — [PT(w,m)]) lre,
(5.2) v, )1+ = Nl (v, )l 5o + 172 0l|re + 1772 .-

We note that due to the appearance of []Jr in its second term, d¢ is not a norm. dc
does provide a bound on the error; however, as for all (v, u) € W, d¢ ((v, 1), (0,0)) >
(v, )llBo = Nl(v, ) [lv-

When proving this section’s results, we will use properties of the [], function
that are given in the following lemma.

LEMMA 5.1. For all a,b € R,

2
(5.3) (la]y = ]4)" < (o] = []y) (@ =),
(5.4) [lal . =Bl [ <la—bl.

Proof. For a proof of these well-known properties, see, e.g., [7]. |

We now prove a result analogous to the coercivity assumption in [2].

LEMMA 5.2. If there is Bmin > 0, independent of h, such that Bp > Bumin, then
there is o > 0 such that for all (v, p), (w,n) € W,

a (do (v, ), (w,m)))* < (A+Bo)[(v = w, p = 1), (v—w, 1 —1)]

+BC[(’U7M)7(’U —wyﬂ—ﬁ)] _BC[(wvn)7(v _wvﬂ_n)]'

Proof. From the analysis of the Dirichlet problem (Lemma 3.2) we know that
when ED > Bmin > Oa

(5.5) oll(v = w, 1= )E, < (A+Bo)l(v—w,u—n), (v —w,u—mn)
Introducing the notation P := [P7 (v, )], — [P (w,n)] ., we have

(5.6) Bcl(v, p), (v —w, p—n)] = Bel(w,n), (v —w,u—n)
=7 g = nllfe +(6Pv —w+ 7 (= n))p . -

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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To estimate the expression on the right-hand side, we use

T Hu—n+oPlE. =7 (lu—nlE, + I6PI3, +2(u—n,6P)p.) -

Using (5.3), this implies the bound

7—_1”/1‘ -1 + 5P||%c
<7 (e =l + (6P, PF (v —w, pw—n))p, +2{(n—n,0P)).

Observing that PJ (v —w,pu—n) + 2(p —n) = 7(v — w) + p — 1, we infer that

(5.7) T Mw—n+ 0P|z, < Bcl(v, p), (v —w, u—n) — Bel(w,n), (v —w, p—n)].

We conclude the proof by noting that

(de (v, ), (w,m))* S Ml —w, =),
Tl =+ [P (v, ]y = [P (w,m)] e
and applying (5.5) and (5.7). d
Next, we prove a result analogous to the discrete coercivity assumption in [2].

LEMMA 5.3. If there is Bmin > 0, independent of h, such that Bp > Bmin, then
there is o > 0 such that for all (vp, pp) € Vi,

2
1 -
o (Il (ons ) 1+ 177 (an + [P (on, an)]) )
< (A + Bp + Bo)[(vh, pin), (vn, pn)] = ([P7 (0n, pa)] > 9c — 7_11/JC>FC ~
Proof. The proof is similar to that of Lemma 5.2, but with p;, and vy instead of
w—mn and v — w. The appearance of the data term in the right-hand side is due to
the relation
TP (o o)) e+ 277 Cny [P7 (ony )] )y, + 77 IR
=1 ([P (o, )]y s PT(ons pin) )y + 7 I
= ([P (vn, n) Iy un+77 ,Uh>Fc
— ([P (vh> )] 90 — 71¢C>Fc + 7 unlle
= Bel(vn, ), (0n, )] = ([P7 (vn, )] 5 9c — 771¢C>FC . U

Using Lemmas 5.2 and 5.3, we may now prove that (4.11) is well-posed.

THEOREM 5.4. The finite dimensional nonlinear system (4.11) admits a unique
solution.

Proof. To prove the existence of a solution, we show the continuity and the posi-
tivity of the nonlinear operator A+ Bp + Bge. This allows us to apply Brouwer’s fixed
point theorem; see, e.g., [21, Chapter 2, Lemma 1.4].

We define F : V), — V}, for (vp, upn) € Vg, by

(F(vn, pn)s (W, ) = (A =+ Bp + Be)[(vn, pn), (wh, mn)]
— Lp(wn,mn) — Lo(wh, mn)
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for all (wp,nn) € Vi. We may write the nonlinear system (4.11) as

(5.8) (F(vn, pn)s (wny ) = 0 Y (wp,nn) € V.

For fixed h, by the equivalence of norms on discrete spaces, there exist c1, co > 0 such
that for all (vp, pr) € Vp,

c1ll(vn, n)lle < Nl (vn, ) llBp < call(vns pn)|Ir-

To show positivity, we let (vp, pp) € V. Using Lemma 5.3, we see that

(F(vns n), (Vns 0))p = 0l (vns o) |3, + 07w + [P7 (vns )] 4 117
+ <[PT(Uh7 ,U/h)]+ ygc — 7'_1¢C>FC - ‘CD(’UfH/’['h) - £C<vh7/’[’h>-

Using the Cauchy—Schwarz inequality and an arithmetic-geometric inequality, we see
that there exists Cyy > 0 such that
([P (vh, pn)] 4, 9c — T_1¢C>FC — Lp(vh, pn) — Lc(vn, pn)
= ([P (v, )]s + kns g — 77 o) — (pn 9o — T M)
— (9D, BoVh + fn)p, — (e, vn + T_1Mh>rc
~Coove = 5 (In, i)z, + 77l + [P (o, )] NIEG) -

Using norm equivalence, we obtain

(F(vn, pn)s (Vns in))
> S ([Ion, )y + 7 i + [P (vns )]y 17e) = Coye
2 H ’Uh,,l,éh)”r gc’gl)c
for some C’ > 0. We conclude that for all (vp, up) € Vi with
2

CgC Yc + 1

I oms ) I > 552 41,

there holds (F(vp, pn), (vn, o)) > 0.
To show continuity, let (v}, u},), (v3, u2) € V. We have for all (wp,ns) € Vp,

<F(’U}L7H}L) - F(Il}}%a ,U,i), (whanh)>1"
= <[PT(U}1” Mlll)]+ — [PT(U’%’N}%)]J’_ , Wy, + T*1Uh>rc
b3k = i+ = 3 0k = ook — i)

+ (A+ Bp)[(vh — vh, itk — 17), (Wn, )]
< (llvy = villve + e, — willve) (lwnllve + 7 Hnalre)

where we have used (5.4). By norm equivalence, this means that

(F(vh, ) = F(0R, p17,), (wny 1) )
| (wr, mn) ||

< Cli(vy = v i, — i) lr

showing that F is continuous.
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It then follows by Brouwer’s fixed point theorem [21, Chapter 2, Lemma 1.4] that
there exists a solution to (5.8) and hence also to (4.11).

Uniqueness is an immediate consequence of Lemma 5.2. Assume that (u}, \})
and (u?, A7) are solutions to (4.11). We immediately see that

a (do ((uhy M), (., 23)))° = 0,
and we conclude that the solution is unique. 0
We now proceed to prove the following best approximation result.
LEMMA 5.5. Let (u, \) € W be the solution of (1.1) and (up, \p) € V}, the solution
of (4.11). Then there holds

de ((u, ), (un, An)) <€ inf l(w— o, A = pn) ||
(Vh,pn)EVh

Proof. Using Lemma 5.2 and Galerkin orthogonality, we see that for arbitrary
(Vn, pn) € Vh,
o (do ((u, N), (un, An)))
< (A+ Bp)[(w = un, A = An), (u = up, A — Ap)]
+ Be[(u, A), (w — up, A = Ap)] — Be[(un, An), (u— up, A — Ap)]
= (A4 Bp)[(u —up, A = An), (u— vp, A — pip)]
+ Be[(u, N), (w — vp, A — )] — Bo[(un, An), (w — vp, A — pp)].

Next, we use

Bo[(u, A), (w = vy A = pn)] = Be[(un, An), (u = vas A — )]
= A=+ [PT(u, )], — [P (uns M)y (w—vp) + 77 (A= 'uh)>rc
— 5 (uw—un, A= p)p, — 5 (A= Ap,u— v

to show that

(A+ Bp)[(u—up, A — Ap), (u— up, A — Ap))
+ Bel(u, A), (u = un, A = An)] = Bel(un, An), (w0 — un, A = Ap)]
= (A+ Bp)[(u —up, A= Ap), (u—vp, A — pp)]
(I
—%<U—Uh7>\—/$h>rc —%()\—)\h,u—vmpC
(1)
+ (A= A+ [PT(u, M = [P (un, M)l (w = on) + 77 A = ) )y -

(I11)

We estimate the three parts of the right-hand side separately. For the first term,
we use the continuity of A+ Bp (Lemma 3.2) to obtain

(D) < M|[(u = un, A = An)llsp | (v = vns A = pn) || -

For the second line, we use H'/2(T')~H~/2(T") duality and the Cauchy-Schwarz in-
equality to obtain

(D) < [[(w = wn, A = M)l | (w = wns A = )31, -
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For the last term, we use the Cauchy—Schwarz inequality to get
() < (|72 (A = A+ [PT(u, M)y = [P (un, M)y ) e
(72 = vn)lire + 117200 = pan) e ) -
Collecting these bounds, we see that

de ((u, ), (uns An))* S do ((u, ), (s M) (@ = vmy A = ) o
Dividing through by dc ((u, A), (un, Ar)) and taking the infimum yields the desired
result. |

We now prove the main result of this section, an a priori bound on the error of
the solution of (4.11).

THEOREM 5.6. Let (u,A\) € H*(T) x H"(T') for some s > 1,r > 0, and let
(un,A\n) € PR(T) x AL be the solutions of (1.1) and the discrete problem (4.11),
respectively. If there is Buin > 0 such that Buin < fp S k™' and 7 =~ h™1, then

[[(w—un, A = An)llv < dc ((u, A), (un, An))

S hE Pl ey + hf+1/2|)‘|H5(1~“)’

where ¢ = min(k + 1,8) and ¢ = min(l + 1,7) for A, € {DPIh(F),ﬁ)Ih(F)} and
¢ =min(2,s) and £ = min(3,7) for A, = DUAL}(T). Additionally,

i — ) S PSP ulgery + BN e iy

where @ and Uy, are the solutions in Q defined by (2.6).

Proof. First, we observe that for all (v, ) and (w,n) in W,
(v = w, = n)llv < de ((v, 1), (w,m)) -

Ry
Using standard approximation results for A} e {DP}(T),DP,(T)} (see, e.g., [19,
Chapter 10]) and Lemma 3.1 for A}, = DUAL) (T), we see that

inf U — Vp, A — = infllu —v + inf||A — -
(U}LM)EVJ( hy A = pn)|lv vhePfLUF) nllme(r) MGALUF) pnll =172 ()

N hc_1/2\U|H<(F) + h€+1/2|)\\Hs(f)v

inf U—v < hllu , inf ||\ — < h&|A -
vaPZ(F)H hHFN \ |H<(F) mleALH Mh”FN | |H€(I‘)

Applying these to the definition of || - ||, gives
inf w—vp, A — i) [le S hETY2u + RS2\ e i
it = A = ) e S E ey ety
1/2p¢ 1/2p,¢ =1/2p€| )\ .
+ By R ulgery + 7 [ul grery + 7 Al e ()
By means of Lemma 5.5 and the given choice of the parameters 7 and Bp, we prove

the first assertion. The estimate in the domain €2 follows by using the relations (2.8)
and (2.10). |

If A is smooth enough and k& = [, the bounds on 7 can be replaced with h < 7 <
h~! without reducing the order of convergence.
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6. Numerical results. We now demonstrate the theory with a series of nu-
merical examples. In this section, we consider the following test problem. Let
Q = [0,1] x [0,1] x [0,1] be the unit cube, I'c := {(z,y,2) € T : z = 1}, and
I'p:=T\T¢. Let

(6.1&) — 0
(6.1b) ) sin(rx) sin(7y) sinh(v27), = < %7
. N sin(m blnh (V2r), > %7
(6.1c) _ 27 sin(7x) sin(7y) cosh(\fﬂ) x> %7
. - 27 sin(my) cosh(v/27), r<l,

It can be shown that
u(z,y, z) = sin(rz) sin(7y) sinh(v/27z2)

is the solution to (1.1) with these boundary conditions.
To solve the nonlinear system (4.10), we will treat the nonlinear term explicitly.
Therefore, we define

(6.2) Bl ), (v )] = 5 (A 0) (77N = )

Note that B, differs from B¢ only by the missing nonlinear term.
We pick initial guesses (ug, Ag) € Vp, and define (uy11, Apy1) € Vi, for n € N, to
be the solution of

(6.3)  (A+Bp + Bo)[(Unt1, A1), (U, )]
= Lc(vh, i) = ([P7 (tns An)]y s on + T_1Mh>rc V (vn, pn) € V.

This leads us to Algorithm 6.1, an iterative method for solving the contact problem.

In all of the computations in this section, we preconditioned the GMRES solver
using a mass matrix preconditioner applied blockwise from the left, as described in
3.

Algorithm 6.1. Iterative algorithm for solving the contact problem.

Input (ug, Ag), TOL, MAXITER
for n < 0 to MAXITER do

(Un+1, Ant1) < solution of (6.3), calculated using GMRES

if || (Un+1, Ant1) — (Un, An)|lv < TOL then

return (Up41, Ant1)

end if

end for

Inspired by the parameter choices in [2], we fix Sp = 0.01 and look for suitable
values of the parameter 7. Figure 2 shows how the error, number of outer iterations,
and the average number of GMRES iterations inside each outer iteration change
as the parameter 7 is varied for both Vj, = P} (') x DUALY (") (left, blue) and
V), = P;,(T) x DPY(T") (right, orange). Here, we see that the error and number of
outer iterations are lowest when 7 is between around 1 and 10.
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F1G. 2. The dependence of the error, number of outer iterations, and the average number of
GMRES iterations on T for the problem (1.1) with boundary conditions (6.1) on the unit cube with
h =272 (triangles), h = 273% (diamonds), and h = 275 (pentagons). Here we take up = \g = 0,
Bp = 0.01, ToL = 0.05, and MAXITER = 50. On the left (blue), we take (un,An),(vp,pn) €
P} (T') x DUALY(T); on the right (orange), we take (un,An), (vn, pun) € PL(T) x DPY(T'). (Figure
in color online.)

Motivated by Figure 2 and the bounds in Theorem 5.6, we take 7 = 0.5/h, and
look at the convergence as h is decreased. Figure 3 shows how the error and iteration
counts vary as h is decreased when V;, = P} (T') x DUAL)(T) (left, blue circles) and
Vj, = P;(T") x DPY(T) (right, orange squares).

For V;, = P} (') x DUAL? ("), we observe slightly higher than the order 1 con-
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Fic. 3. The error, number of outer iterations and average number of inner GMRES iteration
for the problem (1.1) with boundary conditions (6.1) on the unit cube as h is reduced. Here we
take ugp = Ao = 0, Bp = 0.01, ToL = 0.05, MAXITER = 200, and 7 = 0.5/h. On the left (blue
circles), we take (un,An), (Vn, pn) € P,ll(F) X DUAL%(F); on the right (orange squares), we take
(tnsAn), (Un, ) € PL(T) x DPY(T). The dashed lines show order 1 convergence (left) and order
1.5 convergence (right). (Figure in color online.)

vergence predicted by Theorem 5.6. In this case, the mass matrix preconditioner is
effective, as the number of GMRES iterations required inside each outer iteration is
reasonably low, and only grows slowly as h is decreased. We believe that the effec-
tiveness of the preconditioner for this choice of spaces is due to the spaces Pj(T') and
DUALJ(I") forming an inf-sup stable pair [18, Lemma 3.1].
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When V;, = P;(T) x DPY(T"), Theorem 5.6 tells us to expect order 1.5 conver-
gence. However, we observe a slightly lower order. This appears to be due to the
ill-conditioning of this system, and the mass matrix preconditioner being ineffective,
leading to an inaccurate solution when using GMRES. In this case, the spaces P} (T')
and DPY(T) do not form an inf-sup stable pair, and so the mass-matrix between them
is not guaranteed to be invertible leading to a less effective preconditioner.

In order to obtain order 1.5 convergence with a well-conditioned system, we could
look for (up, A\) € P} (T') x DPY(T) and test with (v, ) € DUAL} (I') x DUALY (I,
where DUAL}, (T') is the space of piecewise linear functions on the dual grid that forms
an inf-sup stable pair with the space DPY(T), as defined in [4]. With this choice of
spaces, we obtain the higher order convergence as in Theorem 5.6, while having stable
dual pairings and hence more effective mass matrix preconditioning.

For the problems discussed in [2], we have run numerical experiments using this
space pairing and observe the full order % convergence in a low number of iterations.
A deeper investigation of this method using these dual spaces, and the adaption of
the theory to this case, warrants future work.

7. Conclusions. Based on our work in [2], we have analyzed and demonstrated
the effectiveness of Nitsche type coupling methods for boundary element formulations
of contact problems.

An open problem is preconditioning. While the iteration counts in the presented
examples were already practically useful, for large and complex structures precondi-
tioning is still essential. The hope is to use the properties of the Calderén projector
to build effective operator preconditioning techniques for the presented Nitsche type
frameworks.

Avenues of future research include looking at how this approach could be applied
to problems in linear elasticity, and an extension of this method to problems involving
friction.
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