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ASYMPTOTICS FOR THE ELECTRIC FIELD CONCENTRATION
IN THE PERFECT CONDUCTIVITY PROBLEM

HAIGANG LI

ABSTRACT. In the perfect conductivity problem of composite material, the
electric field concentrates in a narrow region in between two inclusions and
always becomes arbitrarily large when the distance between inclusions tends
to zero. To characterize such singular behavior, we capture the leading term of
the gradient and reveal that the blow-up rates are determined by their relative
convexity of the two adjacent inclusions. On the other hand, a blow-up factor,
which is a linear functional of boundary data, is found to determine the blow-
up will occur or not.

1. INTRODUCTION

1.1. Background. In composite materials, the inclusion are frequently located
very closely and even touching. Especially, in high-contrast fiber-reinforced com-
posites, it is a common phenomenon that high concentration of extreme electric
field or stress field occurs in the narrow regions between two adjacent inclusions.
The purpose of this paper is to investigate the asymptotic behavior of the elec-
tric field in the perfect conductivity problem when the distance between inclusions
tends to zero. The conductivity problem can be modeled by the following boundary
problem of the scalar equation with piecewise constant coefficients

{m%%wvmym in D,

1.1
ug = @(x) on 0D, b

where D is a bounded open set in R”, n > 2, including two inclusions D and Ds
with e apart, ¢ € C?(dD) is given, and

“ (,’E)— ke [0,1)U(1,00] in Dy U Day,
T in Q= D\ D; UDs.

The gradient of the potential u represents the electric field, ay(z) is the conductiv-
ity, which is a constant on the fibers, and a different constant on the matrix. When
the conductivity of inclusions degenerate into infinity, we call it as the perfect con-
ductivity problem. It is important from a practical point of view to know whether
|Du| can be arbitrarily large as the inclusions get closer to each other. Motivated
by the celebrated work of Babuska, Andersson, Smith, and Levin [5] where they
numerically analyzed the initiation and growth of damage in composite materials,
in which the inclusions are frequently spaced very closely and even touching, there
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have been many important works on the gradient estimates for solutions of ellip-
tic and parabolic equations and systems arising from composite materials; see, for
instance, [12J[I5HI7,2T126H28][B32133] and the references therein.

When k is away from 0 and oo, the gradient of the solution of (LI), |Vuyl|, is
bounded independently of the distance . Bonnetier and Vogelius [12] first obtained
the W1 estimate of uy for two touching disks D; and D5 in dimension two, which
improved a classical regularity result due to De Giorgi and Nash [141[36], which
asserts that the H'! weak solution is in the Holder class for L coefficients. Of
course, the bound in [I2] depends on the value of k. Li and Vogelius [33] and Li and
Nirenberg [32] extended such boundedness result to general divergence form second
order elliptic equations and systems with piecewise Holder continuous coefficients,
and they proved that |Vuyg| remains bounded when ¢ tends to zero.

Actually, this is a bi-parameter problem, including two independent parameters:
the contrast & and the distance . In order to study the role of ¢ played in such
kind of concentration phenomenon, we consider another limit case with k = +oo,
the perfect conductivity problem:

Au=0 in Q,
:Cl Eia .:1727
e on i, (1.2)
oD; o = O 1 = 1,2,
u = p(x) on 0D,

where C} and Cy are some constants to be uniquely determined, ¢ € C?(9D), and
for x € 0D;

8—U_(:1:) = lim ulw) — ulz +tv) .

v t—0+ t
Here and throughout this paper v is the outward unit normal to the domain. It
has been proved that the generic blow-up rate of |[Vu| is £~1/2 in two dimensions
[1L03, 14 34, 37, 38], (e|loge|)~! in three dimensions [6,24,[34], and e~! in higher
dimensions [6]. Similar results for Lamé system with partially inifinite coefficients
were established in [7H9], for p-Laplace equation in dimension two in [I9]. More
earlier work for the blow-up rate of a special solution with two identical circular
inclusions was shown to be e ~1/2, see [I3,25135].

Bao, Li and Yin [6] introduced a linear functional Q.[p] and obtained the optimal

bounds

pn(€)|Qel]|
Ce

Cpn()|Q:[ol|

3

pn(E)—{\/g for n = 2; (13)

< |[Vul[pe o) < + Cllellc2ap)s

where

|loge|~t forn = 3.

If |Q:[p]| has a strictly positive lower bound independent of €, then these inequality
will show these blow-up rates are optimal. From the view of practical application in
engineering, it is desirous and more important to know how to capture the leading
term of such blow-up. Recently a better understanding of the stress concentration
has been obtained in [2L23] that an asymptotic behavior of Vu has been character-
ized by the singular function g. associated with Dy and D5 in dimension two, and
the asymptotic behavior of the stress concentration factor is also considered in [23].
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Ammari, Ciraolo, Kang, Lee, Yun [2] extend the result in [23] to the case that inclu-
sions Dy, Dy are strictly convex simply connected domain in R?. For two adjacent
spherical inclusions in R? was studied by Kang, Lim and Yun [24] and Li, Wang
and Xu [3T]. Bonnetier and Triki [I1] derived the asymptotics of the eigenvalues
of the Poincaré variational problem as the distance between the inclusions tends to
zero. Here it is also worth mentioning that Berlyand, Gorb and Novikov [10] used
a network approximation to estimate the global stress in a composite with densely
packed spherical inclusions.

In this paper, we give an essentially complete description of the gradient asymp-
totic expansion for arbitrary convex inclusions in all dimensions. The method is
quite different with that used in [2L23/24]. Motivated by the decomposition in [30]
for the boundary estimates, we here decompose the solution u of (.2 as follows

u(z) = (C1 — Co)vy (z) + vp(x), in Q, (1.4)
where v and v, are, respectively, the solutions of
Av; =0 in Q, Avy =0 in Q,
vy =1 on 0Dy, and vy = Co on 0Dy U dDso, (1.5)
vy =0 on 0Dy U 0D, vy = @(x) on dD.

It follows from (4] that
Vu = (C; — C3)Vuy + V. (1.6)

This decomposition comes with a significant advantage: Vv, is a singular part with
an intuitive singularity e~!, while Vv, is a bounded part. Thus, the main reason
to cause the difference of the rate of the blow-up lies in the term |Cy — Cs|. It turns
out that it depends on the dimension n and the geometry of the inclusions. On the
other hand, the bounded term Vv, is also important, because it is closely related
to the blow-up factor By[y], which decides whether the blow-up will occur or not.
For more details, see Proposition below.

1.2. Notations and Main Results. We now proceed to state the main results of
this paper. To do so we need to make our notation and assumptions more precise.
We use x = (2/,2,) to denote a point in R™, n > 2, 2/ = (21,22, - ,2,-1). We
assume that 9D is of C*% 0 < a < 1. Let DY and DY be a pair of (touching)
convex subdomains of D and far away from 9D, such that
DY c {(z',z,) € Rz, >0}, DY cC{(2,2,) €R"|z, <0},
with z,, = 0 as their common tangent plane, and
oD NoDy = {(0',0)},  dist(D} U D}, dD) > ko,

where kg > 1 is a constant. We further assume that the C*“ norms of D; (i = 1,2)
are bounded by some constants. By translating D} by a positive number ¢ along
rp-axis, while DY is fixed, we obtain DF, that is,

D5 := DY + (0',¢).
When there is no possibility of confusion, we drop the superscripts and denote
Dy :=D;, Dy:=DY and Q:=D\D;UDs.
We may assume that the points P; € 9D and Py € 0D4 satisfy
P =(0,e), P,=(0,0).
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Fix a small universal constant Ry < 1 such that the portions of dD; near P; can
be parameterized by (2/,e + hq(2")) and (', ho(a')), respectively, that is,
Tn =€+ hi(2'), and x, = ha(z'), fora’ € Byp := {x’ e R ’ |2’ < 2R0} .

Moreover, by the convexity assumptions on 0D;, we further assume that functions
h1 and ho satisfy

e+ hi(2') > hao(2"), for |2'| < 2Ry, (1.7)
hi(0") = h2(0') =0, Vuhi(0') =V ha(0') =0, (1.8)
and for some constant x; > 0, and for any £ € R*~1\ {0},
ETV2 (00 > kilél? >0,  €TV2ha(0)€ < —rylé)* < 0. (1.9)
and
1Palles By, ) + I1h2lles sy, ) < C. (1.10)
More generally, after a rotation of the coordinates if necessary, we assume that
n—1
(o)) = 30 D 4 O PP), || < 2Ro,  (L11)
j=1

where diag(\1, -+, An—1) = V2, (h1 — h2)(0"). For 0 < r < 2Ry, let
Q, = {(a',2,) €eR" ‘ ho(z') < an < e+ hi(2'), |a'| <r}.

We introduce an auxiliary function v, € C*%(R"), such that v; = 1 on 9Dy,
v1 =0 on 0Dy UOD,

_ Ty — ho(a') .
= Q 1.12
o) £+ (hy — ha)(2')’ 1 2¥2Ro (1.12)
and
[91]l020 @ \2ry) < C- (1.13)
In view of (LR)—(CI0), a direct calculation gives
Clo/|
‘3xj171(:17)|§ —, j=1,2,n—1,
et (h —ha)(a’) € Qop,. (1.14)
_ 1
Or, U1(x) =

e+ (h1 — ho)(2')’
Here and throughout this paper, unless otherwise stated, C' denotes a constant,
whose values may vary from line to line, depending only on n, kg, K1, |09 c2.e,
[0D1]|c2.« and ||0D2]|c2.«, but not on . Also, we call a constant having such
dependence a universal constant.

Consider the following limit problem

Aug =0 in Q% := D\ DU DS,

ug = Cy on DY U DY,

Lo om g [ o (1.15)
6DY dv— oDy ov—

ug = @(x) on dD.

It will be shown later that ug is the limit of u. We use ug to define a linear functional
of ¢, which determines whether Vu blows up or not,

L 8u0 - 6’11,0
Bol¢] := oy 0" Sy B (1.16)
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This factor was first introduced by Gorb and Novikov in [19] for p-Laplace equation,
denoted by Rqy . It turns out there that Ry is the key characteristic parameter of
the W1°° blow-up of u, see also [1§].

In the following, we use O(1) to denote some quantity satisfying |O(1)| < C, for
some constant C' independent of e. We have the asymptotic expression of Vu in
the narrow region between D; and D5 as follows:

Theorem 1.1. For n = 2,3, let D, Dy, Dy be defined as the above and satisfy
@CD)-@CID), ¢ € C*D). Assume that u € H*(D) N CY(Q) is the solution to
([T2). Then for ¢ such that Bolp] # 0, we have

(i) for n =2,
B
Vu = 0[:2]\/5%1 +OW)elezony:  in Dry; (1.17)
(i1) for n =3,
Bo[¢] T '
V= k3| loge| (1 +0(|loge| ))VUI +OM)|lellczapy,  in Qry, (1.18)
where Y
V2n =2,
Fon = {@ " (1.19)
A e

A1 (or A1 and A2) is the relatively principal curvature of 0Dy and ODs, defined in
CID.

Remark 1.2. We would like to point out that from (LI4) Vo, is explicit. So
the singularity of Vu in the narrow region Qg can be calculated provided By[y] is

known for a given . The computation of By[p] is an interesting numerical problem,
because there is no singularity in Vug. We leave it to the interested readers.

Remark 1.3. This blow-up factor By[p] is more natural than Q.[¢] defined in [6],
and it is much easier to check whether or not it equals zero, since Vuy is regular,
namely, always bounded. While in the definition of Q.[¢], the singular terms Vovq
and Vs are used. In fact, there may exist a boundary data ¢ such that By[p] = 0,
but it is easy to find another ¢ such that By[¢] # 0 by a perturbation argument.

Remark 1.4. We would like to point out that from (I4]) our asymptotic formula
([CI7) and [II8) are actually pointwise expressions near the origin. This is different
with the results in [I819], where the norm [|Vu|| e (q,) is considered.

From (LI9), one can see the constant x,, depends on the curvature of DY and
DY at the origin. For example, if the mean curvature A\; A2 — 0, then the quatity
%3 in (LIR) tends to zero as well. While, when DY and DY are relatively convex
of order m > 2, especially when there exist a constant A > 0 such that

(h1 — h2)(2") = N2'|™, m > 2, for [2'| < Ro, (1.20)

that is, their relative curvature vanishes. This will cause the blow-up rate to change.
In order to reveal the relation between the convexity and the blow-up rate for
particles with zero curvature at the point of the closest distance, we here restrict
our consideration only to this symmetric case (L20). For more generalized m-
convex inclusions cases, the same assertions should also be true. For simplicity, we
also assume that

|Vx/h1|, |Vx/h2| < O|:El|m_1, for |$/| < Ryp. (121)



6 H.G. LI

We define .
el form>n—-1,n>3
prt(e) =< |loge|™t form=n—-1,n>3
el=m form>2, n=2.

Theorem 1.5. Let D, Dy, Dy be of C*® and satisfy (L20) and (L2I) with m > 2
ifn=2,m>n—1ifn>3,pcC?*ID). Assume that u € H'(D)NC(Q) is the
solution to [L2)). Then for ¢ such that By[p] # 0, we have
(i) if m>2(n—1), n>2,
_ Bolelpp'(e) o : ,
Vu = ?Vvl + O(l)HQOHcﬂ(aD), m QRO, (122)
(i) ifn—1< m<2(n—1) and n > 3,

m(c '
Vu = Bolgl LA (14 0(2(0) ) Vou + OWellcsomy: i e (123)

where L is a constant depending only on m and n.

Remark 1.6. In some sense Theorem could be regard as an extension of an
2D asymptotic formula (21) in [22],

Vu = ayVg. + O(1), (1.24)

where ¢ is a singular function in dimension two, with Vg, ~ ﬁ The conclusions in
Theorem 5 hold in dimensions two and three. Moreover, they show that the blow-
up rate of |Vul at the origin is @, which depends on the space dimension and
the order of the convexity of the inclusions. Especially, in R™, when the convexity
of inclusions is different, the blow-up rate is different. In this sense, when we use a
ball (with 2-convexity) to approximate an arbitrary convex inclusion, the error in

general will be large, unless its convexity is also of order 2.

1.3. The outline of the proof of Theorems [I.1] and In this section we list
the strategy and main ingredients of the proof of Theorem [[T] and Without
loss of generality, we assume that |¢|/c29py = 1, by considering u/[|¢||c2op) if
||<P||CQ(8D) >0. If p ‘(’)D =0 then u = 0.

Using the trace embedding theorem and [|u[|f1 (o) < C (independent of ¢), we
have
In view of ([4]) and the third line of ([C2]), the constants C; — C5 is determined by
the following linear system

0 0
o [ 9w

C, - C — =0, i=1,2 1.26
( ! 2) aD; ov— aD; ov— ( )
If [,p, £ # 0, then from (L2G),
_ Oy,
CL—Cy = faf’i;’* (1.27)
fBDl ov—

In the following we estimate the two terms [ Dy % and [, Dy g;’ﬁ , respectively.

First, by the definition of v; and integration by parts, we have

6’1}1 / (9’()1 / 2
— = VM — = Vuil“.
oD, OV~ o Vo Q| 1
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Theorem A. ([29]) For n = 2,3, assume Dy, Dy are of C*', k > 3 and satisfy
(CII)). Then there exists a constant M, depending only on DY, DY and Q, such that

/Q Vo |2 — (p:&) +M) = O(Eaue)) (1.28)

g1 2k n=2
En(&—) = { k— ’

where

e |loge| n=3.

For m-convexity inclusions with zero-curvature, in order to extend Theorem A
to all dimensions, we need the following proposition, which shows that Vv, is the
main singular part of Vv in Qp,.

Proposition 1.7. For n > 2, assume D1, Dy are of C*% and satisfy
%mm < (h—ho)(@) < Cl'™, m>max{2n—1},  (1.29)
and [L2). Let v € HY(D) be the weak solution of ([LH). Then
[V(v1 = 01)]| Lo () < C. (1.30)

Theorem 1.8. For n > 2, assume D1, Do are of C*%, and satisfy (L29) and
@C20)-C2T). Then there exists a constant M, depending only on DY, DY and ,
such that

ﬁ/\n_*l
/|w1|2 - +M+0(E;n(5)), (1.31)
Q pr(e)
where L is a constant depending only on m and n, and
et ifm>2 n=2,
E(e) = max{gﬁ,aﬂlogd} ifm=n—1,n>3, (1.32)
e ifm>n—1, n2>3.

From ([3T)), one can see that the energy aggregation of v; depends on the local
geometry of the inclusions, such as A, and the order of convexity m. The proof of
Theorem will be given in Section

On the other hand, since Av, = 0 in D with v, = Cy on D1 U dDs, it follows
from the standard elliptic theory that

Theorem 1.9. Suppose that 0 < € < 1/2 sufficiently small. There are two positive
constants A, C, independent of €, such that

A
(<€+ |xl|m)1—l/m

Vo (2, 2,)| < Cexp (— ) lvsllL2), V(2 2n) € Qr,.

(1.33)
Theorem implies that
V|l oo (2r,) < C- (1.34)
So that, combining with the classical elliptic theory,
Vol Loy < C. (1.35)
Denote
Bloli=— [ 2 (1.36)

9D 81/7
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Substituting (L31) and (L30) into (LZT), we have
|Cl — Cg| S Cpnm(&') (137)
By using (L3T), we prove, see Lemma .2 below, that
‘Ci - Co’ < Cp™e), i=1,2. (1.38)

This shows that ug defined by ([LTH) is the limit of u defined by ([2)). Furthermore,
as for the convergent rate of B.[¢] to Bolp], we have the following estimate.

Proposition 1.10. Let B.[p] and Byly] be defined by (IL36) and ([LIG), respec-
tively. Then
(i) under the assumptions of Theorem [l we have

B.l¢] — Bolel = O(p2(e)), n=2.3; (1.39)
(ii) under the assumptions of Theorem [L3], we have
B-[¢] — Bolp] = O(p?(a)) m >max{2,n—1}, n>2. (1.40)

This convergence rate is optimal because of ([38). The proof of Proposition
[T.10 will be given in Section @l We are now in position to prove Theorems [[.T] and

Proof of Theorem [l By using (6), (I30) and (L34),
Vu = (Cl — CQ)V@l + 0(1), in QRO-
It follows from Proposition [[L.I0 that

v
C1—Cy= ~Jop, 5" = Bev] .
faDl 5)% Jo Vi ]?

Thus, using (L28) and (I40),
V’LL(.I) :(Cl — CQ)Vl_)l (I) + 0(1)
By [‘P] + O(pn (5))

T M OB @) o) (1.41)

Pn (5)
In view of the definition of p,(g), (3], Theorem [[] follows easily from the above.
O
Proof of Theorem [ Replacing (L28)) by (L31) in (L4I), we have
V’U,(CE) Z(Cl — Cg)V’Ul (JJ) + 0(1)
Bolyp] + O(py (e
_ 77,7?[90] (p ( )) V@l(ﬂj) + 0(1)
LA m
e T M+ O(En(2))
The proof is completed by a direct computation. (I

The rest of this paper is organized as follows. We establish the pointwise upper
and lower bound estimates of [Vuv1| in Section 2l The asymptotics of the energy of
vy for m-convex inclusions is proved in Section [l The proof of Theorem and
Proposition [L10is given in Section [l
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2. THE GRADIENT ESTIMATES OF v

This section is devoted to the estimates of |Vu1| for m-convexity inclusions with
zero-curvature.

Proof of Proposition [1.7 For simplicity, denote
w = v; — V1.

By the definition of v in (CH), and v; = 73 on 9Dy U dD2 U JD, we have

—Aw = Av; in Q, (2.1)
w =0 on 0f).
In view of (LI2) and (LI3),
[01llc2e@\0p, 2 < C- (2.2)

Using the standard elliptic theory, we have
lw| + |Vw| + [V?w| < C, in Q\ Qg . (2.3)
Thus, to show (L30), we only need to prove

||vw||L°°(QRU/2) < C
First, we claim that
/ |Vw|® < C. (2.4)
Q

Indeed, by the maximum principle, we have 0 < v; < 1. Becuase v; is also bounded,
lwl| ooy < C. (2.5)

A direct computation yields,

C

|[AD (z)] < 5’ where 0(z') = e+ hi(z') — hao(a'), x € Qp,- (2.6)

Now multiplying the equation in (21 by w, integrating by parts, and making use

of 22), Z3) and (Z4),

/ Vul? = / w (AB) < [l =y ( /
Q Q Qr

Thus, (24 is proved.

For 0 < t < s < Ry, let n be a smooth cutoff function satisfying n(z’) = 1 if
|/ = 2| <t,n(@') =0if |2’ —2'| > s, 0< (@) <1ift < |z’ —2| < s, and
[Ven(z)| < % Multiplying the equation in (ZI)) by wn? and integrating by
parts leads to the following Caccioppolli’s type inequality

/ |Vw|? < % / |w]? + C(s — t)z/ |ABy|?, (2.7)
Qe (2" (s =1)2 Ja.(=) Q. (2")

Q. (2) = {(2',2n) €R™ | ha(2) < @ <+ h1(2'), |2 = 2| <r}.

|Avq| + O) < C.

0

where

The rest of the proof is divided into two steps. By an iteration technique devel-
oped in [§], we first have
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STEP 1. Proof of
/ |Vw|?de < C6(2')", forn > 2, (2.8)
Qs(z)
where
§=0(z"):=e+hi1(2') — ha(z'), for (2/,2,) € Qr,.

We adapt the iteration technique developed in [§] and give a unified iteration
process. For 0 < s < |2'| < Rp/2, we note that by using Holder inequality,

Tn 2 2 /
/ lw|? = / (/ (%nw) SC(S(Z/)Q/ |Vwl|?, if 0<s< 27| |
Qs (2") Qs(2') NJha(z’) Q.(2") 3

Substituting it into (Z71) and denoting

Pl ;:/ IVl
0 (21

we have

F(t) < (

where C is a fixed positive universal constant.
1/m /
Let k = [%(‘)ﬂ and t; = 042C0i 6(2'), i = 0,1,2,--- , k. Taking s = ;11
and ¢t = t¢; in (29), and in view of ([2.4]),

C ot
|Ml|2§/ do' < —2L < C(i+1)" 1o ()2,
/Qt |2’ —2"|<ti}1 o(x") 6(2")
We obtain an iteration formula

(2.10)
F(t;) < iF(tiJrl) +C>i+ l)n_15(zl)n.

Cod(2")\?
%) F(s)+C(s—t)2/ IAG]*, VO<t<s<
Qs (2)

202!
“ )

s —

i1 (Zl)

After k iterations, using (2.4,

k
1 n 1 l 1n—1 nn
Fl(ty) < (4) F(ty) + Co(z ; "< os)m
This implies that (Z.8]).
STEP 2. Next, we use Sobolev embedding theorem and classical LP estimates for
elliptic equations to prove (L30).
By using the following scaling and translating of variables

A 5(21)2/7
Ty = 0(2" )Yn,
then 5., (z") becomes Q1, where for r <1,

1

1 ! !/ / € / ! / !
SO ) < o < 5+ O +z>,|y|<r},

and the top and bottom boundaries respectively become

Yn = iLl (y/) =

Qr—{yeRn

5<1z/> (e+mOE) Y +2), Iyl <1,
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and

e = haly) = ey + ), <L
Then

hi(0') = ha(0') == 5 (e +Ni(2)) = ha(2)) = 1,
and by (L8],

Vo b1 (0)] + [Varha(0)] < O™ V2 A (0)] + V2 Aa(07)] < CJ2'7 2

Since RO is small, ||}AL1||01,1((_1)1)7171) and ||62||Cl,1((_171)n71) are small and Ql is
essentially a unit square (or a unit cylinder for n = 3) as far as applications of the
Sobolev embedding theorem and classical LP estimates for elliptic equations are
concerned. Let

V1Y yn) = 01(Z'+0(" )y, 02 Yyn), WY yn) = w(Z'+0(" )y, 6(2)yn), v € QL
then by 21,
—~AW = AV, y € Qr,
where
‘Avly =0(2')? |Ay].
Since W = 0 on the top and bottom boundaries of ()1, using the Poincaré

inequality,
||W||H1(Q1) < C”VWHL?(Ql)'

By W?2P estimates for elliptic equations (see e.g. [20]), the Sobolev embedding
theorems, and using the bootstrap argument, with p > n,

VWL @0y < ClIWlwzo(Q,,) < € (||VW||L2(Q1) + HAVlHLle))'

It follows from VW = §Vw and [2.6]),([2.8)) that

”vw”L"o(QS(z/)p(z/))

<C (5(2/)_n/2 IVl L2, 2y + () ||A771||Loo(sz5(z,)(z/))) <C (211
Proposition [[.7] is established. O

Remark 2.1. We point out that the estimate involving Aw; is very crucial in the
_ 2 _
above proof, such as (Z10) and (ZTIT]), for thHl (1) |Avy|” and 6(2") ||A’Ul||L°°(Q§(z/)(ZI))'

An immediate consequence of Proposition [[7] is that

Corollary 2.2. Under the assumption as in Proposition[1.7,
1 C

< |V (2, 2,)| <

O+ Un () = Vo)l < o =y

and

, (@' 2n) € Qr,, (2.12)

[Vuillze@\apy) < C- (2.13)
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3. PROOF OF THEOREM
Define v9 to be the solution of the limiting problem
A = in Q°,
=1 onaD{\ {0}, (3.1)
vY=0 ondDyuUID.
Similarly as 97, we construct an auxiliary function 49, such that 40 = 1 on 9D\ {0},
20 =0on 9D UOD,
-0 Ty — ha (')

v = = ho) (@) in Q% = {(II,In)| ha(2') < x, < hy(2'), |2/] < Ro},

(3.2)
and [|7]|c2.a(go\qo, ) < C. Tt is easy to see that
Ro
-0 c -0 1 0
‘6:5’7)1 (,T)’ < M, Oy, 07 (x) = m, x € Qp \ {0} (3.3)
It follows from the proof of Proposition [[.7] that
||V(v(1) - 1_}?)||L00(Q0) < C. (3'4)

This shows that Vo{ is also the main term of VY.
Lemma 3.1. Let v1 and v{ be defined by (L) and B, respectively. Then

lon = o1l )SC&W, i=12  (35)

S (Q\ (DlUD2UD?UQ€1/(27n)

Proof. We will first consider the difference v; — v on the boundary of Q\ (D; U
Dy U DY UQ,1/zm ), then use the maximum principle to obtain (B.5).
STEP 1. Obviously,

vy —v) =0, ondDyUAID. (3.6)
In the following we only need to deal with the boundary 9(D; U D?). We divide it
into two parts: (a) 9DV \ Dy and (b) 9Dy \ DY.

(a) When x € DY \ Dy, we introduce a cylinder
C, = {x e R" | 2 ‘nll‘in ho(2') < xp < e+ 2|H}‘ax hi(2"), |2'| < r} , < Ry.
(al) For & € 9DY N (Cr, \ Co1/2m)), using v = 1 on DY and v; = 1 on Dy, by
mean value theorem and estimate (2.12), we have, for some 6. € (0,1)
o1(2) = 07(2)] = |vi(2) = 1] = |vi (2, ha(2')) = vi(a’, € + ha(2)))]
=0z, v1(2", 0 + ha(2'))] - &

< L < Cel/2,
e+ |/ |™

(a2) For z € DN (Q\Qpg,), there exists y. € dD1NQ\ Qg, /2 such that [z —y.| <

Ce (note that v1(y.) = 1). By (2I3) and mean value theorem again, for some

0. € (0,1)
— vy (

o1 (2) —vi ()] = |vi(2) = 1] = |vi(2) —vi (ye)| < [Vor((1=b2)z+0cye)|[z—ye| < Ce.
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(b) When z € D1\ DY, since 0 < v; < 1in Q and Av; = 0 in ©, it follows from
the boundary estimates of harmonic function that there exists y, € Q, |y, —z| < Ce
such that v1(y,) = v)(x). Using @I3) again,

o1 (2) = 00 ()] = [v1(2) = v1(Y2)] < Vil @\py) 2 — 2] < Ce.
Therefore,
|’Ul($) - U?($)| < 6'5‘1/27 for z € 8(D1 U D(l)) \Csl/(zm). (37)
STEP 2. We consider the lateral boundary of le J2m) s
S1/@m) = {(x’,xn) } ho(z') < zp < hy(2), |2'| = 61/(2m)},
By using (L30) and (v1 — 1) = 0 on 9Dy, we have, for € S} /2m),
(1 = o) @] < [V =00l (s, ) (2 = R2)@)] < O™ < G2 (3.8)

Similarly, since (v) —#9) = 0 on 9D, it follows from (3.4 and mean value theorem

that for = € Sl/(2m)7

@} = o)) (@) < [V} -3} |(hy = ho)(a")] < Cla’|™ < O/ (3.9)

)HLOO(Sl/m,B)

Since 1 = 0f = 0 on 9Dy, then for z € Sy /(2m),
(51— @) < 00, 51— D) s, s = ) )

< C max { L - ! }|:C/|m
= w=et/em) | (b — ho)(2') e+ (h1 — ho)(2))
- Ce
= 2™ (e + [ ™)
Thus, combining B.8), B3) with BI0), we have, for z € Sy /2m),
(01 = o)) (@)] < |(v1 = B0) ()] + | (B2 — B)) ()] + |(0) — D) (@) < CeY/2. (3.11)

Finally, by 8], (37) and (BI1]), and applying the maximum principle to (v; —
v)) on Q\ (D1 U Dy UDYUQ/zm ), we obtain (B3). O

lz'|™ < Cel/2. (3.10)

If D1 and dDy are assumed to be fo C*% and satisfy (L20) and (L21)), then
we have an improvement of Lemma [3.] by interpolation.

Lemma 3.2. Assume that vy and v are solution of (LX) and BJI), respectively.

If oDY and 8DY are of C** and satisfy (L20)~(L21)), then
[Vor(z)] < Cla’|™™, x € Qry \ Qa/em, (3.12)
Vol (@)] < Cla’|™™, 2 € Qf, \ Qa3 '

and

V(o — (@) < CeVHa|7™,im O, \ W (3.13)

Proof. For ¢'/(™) < |2/| < Ry, we make use of the change of variable

ZEI _ ZI — |Z/|m I7
In = |Zl|myna
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to rescale /|41 \ 2|2/ into an approximate unit-size cube (or cylinder) @y, and

0 0 0
Q4o pm \Q|Z,| into 7. Let

Vi(y) = vi(2" + [y, 2] "yn),  in Qn,

and
0 07 rnm,./ /m 3 0

Vi(y) =1 (' + 12" 12 yn),  in Q5.

Since 0 < V4, V! < 1, using the standard elliptic theory, we have
V2V < C, inQy, and|V*V| < C, inQY.
Interpolating it with [B.5]) yields
V(i = V0| < Ce2(72) < e/, in @Y.

Thus, rescaling it back to v; — v, we have (B.I3) holds.
By the way, we have

[V (2)] < C|Z/|7m, T € Q|Z/|+‘Z/‘m \Q‘z/‘,

and
|V'U?(ZE)| S C|Z/|_m, x € Q‘OZ/‘+|Z/|M \Q|Oz/|,

so (B12) follows.

Proof of Theorem [.8. To prove (L31]), we divid the integral into two parts:

/|Vv1|2:/ |vv1|2+/ |Voy|? = T+11,
Q O\ Qe Qo

where we take v = ﬁ, for convenience.

STEP 1. We first prove

= [ war= [ v o(Ere),
Q\ Qv Q0\QY,
where E"(¢) is defined in ([L32]). We divide term I further as follows:

1:/ |V |2 +/ |V |2 = 1) + Is.
ON\QR, QR \Qev

First, for term I;, we claim that
L =M +0 (51/4) . M= / V92,
Q0\QY,

Indeed, since
A(vy —0v9) =0, inQ\ (D;UD}UDyUQg, ),
and
0<w,v? <1, inQ\ (D1 UD?UDQUQRO/Q),
it follows that provided DY, 9DJ and 9Q are of C%2,
|V2(v1 —of)| < [V20r| + [V?0]| < €, in Q\ (D1 UD}UDyUQg,),
where C' is independent of €. By using an interpolation with (B3], we have

V(v — )| < Ce/2072) < CeV/4 in Q\ (D UD)UDyUQg,).

(3.14)

(3.15)

(3.16)
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In view of the boundedness of |[Vou1| in DY \ (D1 UQg,) and Dy \ DY, and |D{ \
(D1 UQg,)| and |D; \ DY are less than Ce,

I — M,y

-/ (Varl? = 1vetP) + [ Vol [ vl

o\ (D1UDYUD>UQR, ) DO\(D1UQR,) D1\D?
:2/ Vo0V (0 — o)) +/ V(01— o) + Ofc)

Q\ (DluDg’uDquRU) Q\ (DluDg’uDquRO

=0 (51/4) .
Thus, BI0) is proved.

For I, we will prove that

L =1+ E, (), 1= / Vo2, (3.17)
9\,

Indeed,

-1 = / Vo + / V(01 — )2
(g \957)\(9%0 \Q%) Q% \ 22y
+ 2/ Vol - V(v —Y). (3.18)
929,\22,

For the first term in the right hand side of ([BI8]), because the thickness of (2g, \
Q) \ (2%, \ QL) is €, using Lemma B2
dx’

/ |V |2 < CE/ —
(2R \ )\ (%, \22,) v <Ja’|<Ro 17|

< Cettn=2m=1)y < Cedt 5w < CEym(e).

For the second and third terms, for any 7 < |2/| < R, v = 1=, if 9D} and 9D$

dm?
are of C??, then by Lemma 3.2
/ |V (v; —o?)]? < 051/2/ |2’ | 2" de dx,,
Q% \ Q22 Q% \ 22~
!
<Cel/? / df”m < OV E, m(e),
ev< |z’ |<Ro ||
and
d /
2/ Vol - V(v — )| < 051/4/ /xm < CE, m(e).
09\, ev<|z’'|<Ro |2/

Thus, B.I7) holds, so does (B10) with (B.I6I).

STEP 2. Next, we use the explicit functions 9 and v; to approximate v{ and vy,
respectively.
Denote

My=2 [ Vit =)+ [ (V6 - + 0t

0o
R R
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which is a constant, depending on Ry but not on . Using (83)) and [B4]), a similar
argument as in Step 1 yields

0 — _ _ _
W[ w2 [ v Vet )+ [ 9l - a)P
Qo \ 224 N Uy \ 225

:/ 10,8012 + My + O(e 5 ).

an, \av,

For term 1T in (B.14),

II:/ |V’Ul|2 :/ |V1_)1|2—|—2/ Vl_)l -V(’Ul—l_)l)—F/ |V(’Ul—1_)1)|2.
Qe Qv Qv Qv

(3.19)
By Proposition [[L7, we have
2/ V171'V(01—171)—|-/ |V(vl—61)|220(5%) )
Qv Qv
Recalling the assumption (C20)-(CZI) and (TI2), we have
Clxllm_l 1
Op' 0 < ———— O, 0 = , Qer. 3.20
1001(2)] < o 1) = Ty C € (3.20)
Therefore
= 12 |"E/|2m*2 / rm—2 3. ./ ntm=3
|0, 017 < C ———di' <C || d:E:O(E am )
Qv |a/|<e7 € + |‘T | |z’ |<e

Since m > 2, then n+m —3 > n— 1. Hence, it follows from BI9]) and m > 2 that

11 :/ 100, 1|2 + O (51—“) .
Qv
Now combining Step 1 with the above, using v = 1/(4m), we obtain
/ |V |? :/ |0, 71 |2 +/ |0, 07 |2 + My + Mo + O(E,T(s)). (3.21)
Q Qur 09, \02,

STEP 3. Next, we will calculate the first two terms in the right hand side of

B20). Tt follows from B3] and (320) that
[ lombs [ oo
Qv 09, \22,

=

_/ da’ +/ da’
Ro>lat|>er (M —h2)(@')  Jjgrj<er €+ (h1 — h2)(2)

_/ da’ +/ da’
eY<|z’'|<Ro >‘|I/|m |z’ | <e €+ /\|$/|m

:/ dz’ +0(5%+Z;£), (3.22)

2'|<Ro €+ A|$/|m

we here used that

1 1 )
( /I|m - / m) d.’II
e7<|z’'|<Ro /\|‘T | €+ /\|‘T |

dxz’
<Ce —
$/|2m
ev<|z'|<Ro |

< Cettm=2m=1)7 < O3 tim



ASYMPTOTICS FOR THE PERFECT CONDUCTIVITY PROBLEM 17

Finally, we calculate the first term in the line of (322)).
(i) For n = 2, we have

Ro dxq Lo . N
2~/0 E"’AIT:E].—%)A%+M3()+O(E4m>7

where N
< 1 1 2m—1
Em)g I:/ 1+ mdy’ M3(): XW’ m22
0 Y 0
Therefore, from (321),
/|vm|2 7A+M+o(aﬁ), M = M + My + M.

(ii) For n > 3, m = n — 1, for the first term of 322,

\2/|<Ro e+ Mz/|™ A Jo 14 rm (3.23)

ﬁm n L
= 2 O m
Tose = M 2 4 0(em),
where
_ Wn-1 () ._
mmn — 5 = lo 1
Lo, - M, )\ ( gRo+ og \).

Therefore, from (321),
L 1
2 m,n ey n—1
/Q|w1| = s T M+ 0L )+0(Er @),

where
M = My + My + M.

(ili) Forn >3, m >n—1

da’ Wp—1 Ro(2)"™ yn=2 .
/z’<R0 e+ Az |™ At o L+rm
I _

= Tt + MY 0T,

where

OO pn=2 (3) Wh—1
Lo = Wn— — . My = Rt
; w 1/0 1+ rm 3 b\ 0
Therefore, from (321),
Em"l =
/ V|2 = 22" + M+ O(em),
Q

n—1 n—1
el

where
M = My + My + M.
It is not difficult to prove that these M are some constants independent of Ry.
If not, suppose that there exist M(Ry) and M(Ry), both independent of &, such
that (L31]) holds, then

M(Ry) — M(Ry) =0, ase— 0,
which implies that M(Ro) = M(Ry). 0
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4. THE PROOF OF THEOREM AND PROPOSITION [[LT0
4.1. Estimates for |Vuy|.

Proof of Theorem[1.d. First, by the trace theorem, we have |Co| < C. Recall that
vp satisfies that

Aoy — Ca) =0 in Q,
Vp — 02 =0 on 8D1 U 8D2, (41)
vy — Cy = p(x) — Cy on ID.
For any 0 < t < s < Ry, we introduce a cutoff function n € C*°(Qp,) satisfying
0<n<1,n=1in Q2), n=0in Qp, \ Q(2'), and |Vn| < 2. Multiplying

s—t
n?(vp — C3) on the both sides of the equation in () and applying the integration
by parts, we have

C
V(v — Cs)|?n?de < / vy — Cs|?dx.
Aw|< ) o )

Since v, — Cy = 0 on 9D+, by Holder inequality, we have

/ |'Ub - C’2|2 S 05(2’/)2/ |va|2d$.
Q4 (2") Qs(27)

2 (") ? 2
[Vup|“de < C |Vup|“dx (4.2)
Qu(2) s—t Q. (z")

For simplicity, denote

Thus, we have

F(t) := / |V | da,
Qi ()

then ([@2) can be written as

Fws@@ﬁfmw

s—t

here we fix the universal constant Cy. Let tg = 6, t;41 = t; + 2Cyd, then we have
the following iteration formula

After k = {g(cz;()sl(/z’,';} times, we have

I S
Rl < ()" vud < o lete]
Q‘z/‘(z/)

So that
1

2005(2,/)1—1/771)'

/ |Vp|?dz < Cexp(—
Qsry(27)

A similar procedure as Step 2 in the proof of Proposition [[7 yields (I.33). O
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4.2. Proof of Propostion We recall the decomposition as in [6]
u(z) = Crvr(z) + Cova(x) + vo(z), in £, (4.3)

where v1 is defined in ([IH]), vo and vy are, respectively, the solutions of

Avy =0 in Q, Avg=0 in Q,
vy =1 on 0Ds, and v =10 on 0D1 U JDs, (4.4)
vg =0 on 0D, UdD, vo = @(x) on ID.

Then (vy + v2) satisfies

A(vy +v2) =0, inQ,
V1 + V2 = 1, on 8D1 U 8D2, (45)
v +v2 = 0, on 0D.

We decompose ug into
ug = Couy +uf, in Q°,

where ud, u) € C*(Q) are, respectively, the solutions of

Aup =0, in QO Aud =0, in QO
uy =1, ondDYUIDY, and u) =0, ondDYUIDY, (4.6)
ud =0, on 0D, ud =¢, ondD.

To prove Proposition [[.T0] we need the following lemmas.

Lemma 4.1.

0 ou} ,
/ M_/ LE < 051 ) 7;:1725 (47)
op, OV opo OV
and
0 oul -
Zho [ Zlceet, =12 (4.8)
ap; OV aD? ov
where e* means € for any small positive constant 1.

Proof. We only prove (L7) with ¢ = 1 for instance, the others are the same. It
follows from Theorem [ with p(z) = Co =1 that

V(v +v2)] < C; in Q. (4.9)
Because of the same reason,
|Vug| < C, in Q. (4.10)
Letting
¢1 = (v1 + v2) —ug,

then A¢y = 0in V = D\ D;UDJU Dy, and ¢ = 0 on dD. It is obvious that
(v1 +v2) = u =1 on ODg, that is, ¢ = 0 on dD3. On 9DV \ Dy, by using mean



20 H.G. LI

value theorem and ([@3]), we have

1
1] 5D\ Dy [(v1 + va) — ug| 5%\ Dy |(v1 +v2) — 1] 6D\D:
_ / _ /
= |(v1 +v2) (2, 2q) — (v1 + v2) (2, 2q + E)”é)D?\Dl
< V(v +v2)(§)le < Ce,
for some ¢ € Q; similarly, using (Z10),
1 1
911] g = 01 F02) =] =]
100 100 1
= ’ - - ’ =V <C ’
ub(a 7 =€) bl ml| = Veb(©)le < O

for some another ¢ € Q°. Applying the maximum principle to ¢; on V, we have
1] < Ce, on V. (4.11)
Denote
Ot =V n{reQlzg >0}, (0D)" :={x € dD|zg > 0}, and v = {4 =0} N Q.

Since (v1 +v2) and ud are harmonic in Q7 \ Dy and QF \ DY, respectively, by using
integration by parts,

o:/ Mm+m:/ %2;@+/ mmwm+/mm+@,
QF\Dy dD, ov (9D)+ ov - ov

and
0:/ Aué:/ 8u§+/ 8ué+/8u6'
Q+\D? apo OV (opy+ Ov ), Ov

3_“(1)_/ I(v1 + v2) _/ k! . k!
oD, (®

(’)D? ov— ov— a D)+ E y E

First, using the standard boundary gradient estimates for ¢; and ([@IT), we have

o 2212

Divide v into three pieces: v = 1 U 72 U ~v3, where

A
mn=A{",0) || by =A{,0) | 3MToge] ~ |2'| < Ro},

Thus,

/| < =
2| loge]

3=\ (1 Un),
the constant A is determined in (C33]). Write

/%:/ +/ +/ LR
Y v 71 Y2 3 ov

For (y',0) € 71, by Theorem [[L9]
A

V(vi +v ,Vul < Cexp(———
V(v + wv2)l, [Vl p( =

), in QRO-

Hence
1] < Ce.
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For (y',0) € 2, there exists a r > £[y/|™ for some C > 1 such that B,(y’,0) C V.
It then follows from the standard gradient estimates for harmonic function and

@IT) that

Ce
|v¢1(y/70)| < m?
Y|
and
. glloge|™ "t form >n—1,n> 3,
1] < Ce ——dS < C { elog|loge] form=n—1,n>3,

A Cly|<Ro 1YI™

2[Tog ]

elloge|m~t form >2,n=2.

For (y',0) € s, there is a universal constant r > 0 such that B,(z) C V for all

Z € v3. So we have from ([LI9) that for any = € vs,
Ce

|v¢1| S - S 057
r

and
1T < C.
Thus, we have [@7) with ¢ = 1.

Lemma 4.2. Let C; and Cy be defined in (L2) and Cy be in (LIH). We have

Ci +C
’% ~Co| < C(e).
As a consequence, combining it with (L3T), we have
Ci+C Ci +C
Ci— Gyl < |0 = 2122 ‘ 22 gl < o), i=12
Proof. In view of the decomposition (3], the third line of ([[2]), we have
(9’()1 (%2 (%0 .
e 9 L0, % L 0 g, =12
oD, OV~ op; OV~ op; OV~
Let 5 5
aij = U b= ALy
oD; 81/ oD; aV
That is,
a11Ci + a12C = by,
a21C1 + ag2Cs = bs.
So that

(a11 + a21)C1 + (a12 + a22)Co = by + by.
Since a12 = asq, it follows that
(a11 + a21)(C1 + C2) + (aze — a11)Co = by + by.
Similarly,
(a12 + a22)(C1 4 Ca) — (aze — a11)Cy = by + ba.
Adding these two equations together and dividing by two yields

C + Oy (CQ - Cl)

5 + (@22 — ai1) 5

(@11 + a21 + a12 + ag2)

= b1 + ba.

(4.12)

(4.13)

(4.14)
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That is,

/ 8(1)1 + ’UQ) +/ 8(1}1 + 1)2) Cl + CQ
8D, ov— Do ov— 2

8’00 / 8’00 > (/ 2 / 2> (02 - 01)
= - - + Vo |? — Vo - -7, 4.15
< /aD1 v~ oD, OV~ Q Vol Q Vel 2 ( )

Recalling that 7o = 1 — 9y in Qpg, we have |Vu1| = |Voz|. By (L30) and 212),

/ |w1|2—/ Vo 2
QR QR

/ |V (vy —51)+V51|2 —/ |V (v —52)+V52|2
Qr

Qr
2
<
i=1

<C.

/ IV (v; — 0;)|* + 2V, V (v — 9;)
Qr

V |w2|2—/ Vo, 2
Q Q

By using Lemma [l and (L37), (£15) can be written as

1 1
( %_’_ %-FO(El)) Ci+C

Hence,

< C.

aD(l) 81/7 aD(z) 81/7 2
ouf / ouf 1-
= -0 _ — +0( )+ 0(p(e)). 4.16
I A CR RLCAC) (116)

On the other hand, from the third line of ([IH]), we have

oug oug oul oul
C o _|_/ Z0 )4 —0 +/ —L2 ] =0 4.17
’ < ap? OV~ apg OV~ ap9 OV~ apy OV~ (.17)

Comparing it with [@I6]), and in view of |C;| < C, we have

([ ke [, 58) (252 -c) ()

Using the integration by parts and recalling the definition of ud, we have

1 1
o< [ Zma [ oo [ vapsc
aDg’aV aDgaV Qo

The proof of [@I2) is finished. O

Proof of Proposition [LI0. Let
o(x) == Cy — Cp — (vp(x) — up(x)),

then A¢p =0in V = D\ D; UDYU D,. 1t is easy to see that ¢ = 0 on 9D, and
from Lemma [£.2]
9] on |C2 — Co| < Cpy'(e).
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On DY \ Dy, by mean value theorem, (L34 and ([I3), we have

=|Csy — ‘ =10, ' &n)|e < Ce, 4.18
(I)|‘8D?\D1 | 2 vb($)| 9D9\ Dy | nvb(x 3 )|5— € ( )
where &, € (0,¢). Similarly,
=|Co — ‘ =1V < Ck,
|¢|‘8D1\D? |Co — uo D1\ DY [Vuo(§)le < Ce

for some £ € Dy \ DY. We now apply the maximum principle to ¢ on V/,
6] < Cp(e), om V. (4.19)

Similarly as in the proof of Lemma[£]] since v, and uy are harmonic in Q1 \ Dy
and Q1 \ DY, respectively, by using integration by parts, we have

8vb / Bvb /
Blgl=— | %= D, 05,
o] op, OV o)+ o nUb
and
Balel = | —&‘Of/ Suo /au
o oy = Japyr O o
Thus,
8’[1,0 81)1; 8¢>
B - B. :/ — = :/ — + [ Ou, .
R R W = W =il B R KX

First, as before, using the standard boundary gradient estimates for ¢ and ([£.19),

we have
<C .
\/(WBV] o)

Next, similarly in the proof of Lemma Bl we divide v into three pieces: ~ =
Y1 U2 U7z, with a minor modification, where

n—1 n—1
y1 = {(2',0) | [2'] < emm=FD}, g = {(2/,0) | em=FD < |2'| < Ro},
Y3 =7\ (71 U2).

/am:/ +/ +/ Op, ¢ =1+ T+ 111
v 71 V2 3

As in the proof of Lemma (1] replacing [@IT]) by [@I3), it is easy to see that
I < Cpy'(e).
Now consider term II. On ﬁRg, since ¢ = 0 on 9Dy and ¢ = €0, vp(2’,&,) on
dDY \ Dy from ([@IJ), then we choose ¢ = 0y, vp(2',£,)0) to approximate ¢ in
Qpg, where 97 is defined in (3:2)). Thus, ¢ — ¢ = 0 on I \ Q. Let wy = ¢ — ¢.

Since ||vp]|cz < C by theoerem 1.1 in [2§], it follows from the proof of Proposition
L7 we have |[Vwy| < Ce. From the definition of o9, (32), and [3.3), we have, for

(y/v 0) € 72,

Write

C
=y ™

|6§En ’Dé (y/7 O)

and |0,,0(y,0)| < |C/—|in + Ce.
Yy

Hence
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Together with ‘fw (%nwd,‘ < Ce, yields
11 < Cpr(e).
For (y’,0) € ~1, by Theorem [L9]
A .
|va|7 |VUO| < CeXp(—W), in Q%

Hence
1] < Ce.
Thus, the proof of Propostion [[LTI0] is completed. O
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