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ABSTRACT. We consider elliptic equations of Schrédinger type with a right-hand side fixed
and with the linear part of order zero given by a potential V. The main goal is to study
the optimization problem for an integral cost depending on the solution uy, when V' varies
in a suitable class of admissible potentials. These problems can be seen as the natural
extension of shape optimization problems to the framework of potentials. The main result
is an existence theorem for optimal potentials, and the main difficulty is to work in the
whole Euclidean space R%, which implies a lack of compactness in several crucial points. In
the last section we present some numerical simulations.
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1. INTRODUCTION

In the present paper we consider the optimization problem

min{/j(m,uV,VuV)daz Ve v}. (1.1)

The problem above can be seen as an optimal control problem where:

e the control variable V is a nonnegative potential;
e uy denotes the unique solution of the state equation, which is a PDE of Schrédinger
type, formally written as

— Au+V(z)u= f in R?, u e H'(R?) (1.2)

with the right-hand side f fixed;
e the cost function j(z, s, z) satisfies suitable mild conditions;
e the class V of admissible controls is of the form

V={U(V)<1}

with U(V') an integral functional satisfying suitable conditions.

The precise assumptions on j, f, 4 will be given in Section Here we want to stress that
the ambient space is the whole R%; working on the whole space R represents indeed the
main difficulty, because several compactness theorems fail and parts of minimizing sequences
(un, V) may “escape to infinity”. We recall that similar problems on a bounded ambient
space have been considered in [4], [8], [10].

For simplicity, along all the paper, the notation of function spaces L?, H' and similar,
without the indication of the domain of definition, is used when the domain is the whole R?.
Similarly, the absence of the domain of integration in an integral means that the integral is
made on the whole RY.
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Optimization problems of the form (1.1)) are the natural extension to the class of potentials
of shape optimization problems, that are written as

min{/j(w,UQ,VUQ)d:ﬂ Q] < 1},
where uq denotes the unique solution of the Dirichlet problem
—Au=finQ, uecH}Q). (1.3)

In fact, a domain €2 can be represented by the potential formally written as

0 if x € Q

V(z) = L

+oo ifx ¢ Q.

in the sense that the PDE (1.2) becomes the PDE (1.3). To be rigorous, when p is a

capacitary measure (see Section [2| for the rigorous definition) the PDE formally written as
—Au+ pu = f, we H'

has to be intended in the weak form as u € H! N Li and

/Vu-Vvdx—I—/uvd,u:/fvd:U VvGHlﬂLi.
Similarly, a capacitary measure p can be decomposed as
po=pt+p 4 p™
where u® and u® are respectively the absolutely continuous and the singular parts of u with
respect to the Lebesgue measure, and p®° is the infinite part, of the form

J(B) = {0 if cap(ENK) =0

+oo if cap(ENK) >0
for some quasi-closed set K. Then, the class V of admissible potentials has to be intended
in the sense of integral functionals over measures as

W() = [ 900 di + Cupe (B +(00) cap(K)
where 1 is a given nonnegative convex function and

P(oo) = lim (t), Cy = lim @

t——+o00 t—+oo t

The main result of the paper is an existence theorem (Theorem for minimizers of
problem . The detailed presentation of the optimization problem is given in Section
2} Section [3] contains the proofs of the results, while in Sections [] and [5] we collected some
necessary conditions of optimality for the solutions of problem . Finally, in Section |§|
we present some numerical simulations.

2. PRELIMINARIES AND STATEMENT OF THE MAIN RESULTS

2.1. Preliminaries about capacity. In the paper we use the key notion of capacity; for
the sake of completeness we recall here its definition together with the terminology we adopt;
the reader interested in this topic can find details and proofs on the facts below on [3].

For a subset £ C R? its capacity is defined by

cap(E) = inf {/ |Vul|? dx + /u2 dr : uw € H', u>1 in a neighborhood of E} .

If a property P(x) holds for all # € R? except for the elements of a set E of capacity
zero, we say that P(x) holds quasi-everywhere (shortly g.e.), whereas the expression almost
everywhere (shortly a.e.) refers, as usual, to the Lebesgue measure, which we often denote

by |- .
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Definition 2.1. A set Q C R? is called quasi-open (respectively quasi-closed) if there exists
a sequence (Ay) of open (respectively closed) sets such that cap(2aAy,) tends to zero, where
A denotes the symmetric difference of sets.

Remark 2.2. It can be seen that a set € is quasi-open set if and only if Q@ = {u > 0} for a
suitable function v € H} , and similarly that K is quasi-closed if and only if K = {u > 0}
for a suitable function u € H}. .

Definition 2.3. A nonnegative Borel measure p on RY (possibly taking the value +00) is
called a capacitary measure if for every Borel set E C R® we have

cap(E) =0 = p(E) =0;
pu(E) = inf {N(Q) : QD E, Q quasi—open}.

We denote by Mqp the class of all capacitary measures on Re, while M stands for the class
of all nonnegative Radon measures on R?,

Remark 2.4. Since Sobolev functions u € HlloC are defined up to a capacity null set, the
quantity [ u? dp is well defined for every u € H lloc and for every capacitary measure p.

Remark 2.5. Every measure p which is absolutely continuous with respect to the Lebesgue
measure, is a capacitary measure. Indeed, if cap(F) = 0, then |E| = 0 and so u(E) = 0.
In particular, if a(z) is a nonnegative function in L}, the measure a(z)dz is of capacitary
type. Analogously, if S is a d — 1 regular manifold and a(z) is a nonnegative function in
L} (S) the measure a(z)dH 1S is of a capacitary type, where H?! denotes the d — 1
Hausdorff measure. Finally, for every quasi-closed set K C R% the measure

cox(B) = {0 if cap(ENK) =0

| 1)
+oo if cap(ENK) >0

is a capacitary measure.
2.2. The ~-convergence. We recall the definition of I'-convergence.
Definition 2.6. Given a metric space X, we say that a sequence of functionals Fy, : X —
(—o00, 00] T'-converges to a functional F : X — (—o0,00] if
Vue X, Vu, > uin X F(u) <liminf F, (uy,);
n—oo

Vue X, Juy, — u such that F(u) = lm F,(up).
n—o0
A sequence u,, satisfying the equality above is said to be a recovery sequence for u.

Remark 2.7. We recall that the main interest of the I'-convergence is the study of the as-
ymptotic behavior of the minimum points and values of the functionals F;,. Namely, it is
well known that if (u,) is a compact sequence in X such that F),(u,)—infx F), tends to zero,
then F' admits a minimum and every cluster point u of (u,) in X satisfies F'(u) = miny F.

Remark 2.8. In the case where X is a vector space and the functionals F;, in Definition
are quadratic, i.e. Fy,(u) = ap(u,u) with a,, bilinear, it is known that u,, is a recovery
sequence for u if and only if u,, converges to u in X and satisfies

lim ay,(un,v,) =0
n—oo

for every v, — 0 in X with limsup,, F;,(v,) < oo.

In our case we are interested in the sequence of functionals

u—>/|Vu]2dm+/u2d,un

where p, is a sequence in M. qy,. In the case where we deal with functions defined in a
bounded open set of R? it has been proved in [I3] that the class of these functionals is closed
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for the I'-convergence. In our case we deal with functions which are defined in the whole of
R?. The first difficulty is to choose the good spaces of functions where these functionals are
well defined, and the usual Sobolev space H' is not a good choice since Poincaré’s inequality
does not hold for functions in H*.

Definition 2.9. Denoting by W : R* = R the function

1
W)= —— ifd#2, W)= fd=2,
W= 15 T = T entosz+ 1o 7
we define L as the space
L:{u:Rd—HR: WueLQ}, (2.2)

endowed with the norm
[ull = [uW ||z,
and H as
H={ueLNnH,. : Vue (L*7}.
Proposition 2.10. The space C° is dense in H. The usual norm in H, given by
lull® = llull + IVulZ: ,
18 equivalent to
lullg = [[Vullz ifd =3, (2.3)
lully = lulZa oy + VUl if d =1,2. (2.4)
Remark 2.11. From the Sobolev embedding theorem, we also have, if d > 3,
H={ue L**2 . vye (L)}

Definition 2.12. We say that a sequence (i) in Mcqp y-converges to a measure p € Meqp
if the sequence of functionals F,, : H — [0, 00] defined by

Fn(u):/\VuIQdm+/u2 djin

2
loc’

F(u) :/|Vu\2daz+/u2du.

When (p1,,) are defined in a bounded open set 2 of R? (in the sense that u, = +oc outside
2), it has been proved in [I3] (see also [6], [7], [I2]) that every sequence of measures in
M qp contains a subsequence which y-converges. The following theorem extends this result
to measures defined in the whole of R

I'-converges in H, endowed with the topology of Li ., to the functional F given by

Theorem 2.13. For every sequence fi, € Mcqp there exists a subsequence (still denoted by
tn) and pp € Meqp such that py, y-converges to fu.

Using Theorem [2.13] we can prove the following proposition which is useful to study the
asymptotic behavior of the solutions of the elliptic problems
— AUy + Upptn, = f in R?
when d =1, 2.
Proposition 2.14. Assume d = 1,2 and let U C M qp be a subset which is closed for the

~v-convergence and which does not contain the null measure. Then, there exists C' > 0 such
that

HUHLSC(HVUHH‘FHUHLg)a Yuel, VueHﬂLi.
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Remark 2.15. Proposition in the case d = 1,2 and (2.3)) if d > 3 combined with the Lax-
Milgram theorem allows to prove the existence and uniqueness of solutions for the problem

— Au+pu=f inRY, uEHﬂLi, (2.5)

where f belongs to H' and p to Meep, with g not the null measure if d = 1,2. We recall
that since u is not in general a Radon measure, equation ([2.5)) has not to be intended in the
distributional sense. Namely, problem ([2.5)) has to be understood in the variational sense

uEHﬁLi
/Vu-Vvd:E—{—/uvdu:(f,v) VUGHOLZ.

Taking for instance p as the measure cog given by , we get that equation (2.5)) can be
read as

—Au:fian\K, u=0 on K.
Since the functions with compact support are dense in H OLZ, the condition u € H ﬁLz can
be interpreted as “u = 0 at infinity”. Observe however that for d = 1, 2 there exist elements
in H which tend to infinity at infinity. We also recall that in the distributional sense every
f € H' can be written as

[=fi—divfa

with fiW =1 € L? and f, € (L)%

Using the 7-convergence we can now prove the following result about the asymptotic
behavior of the solution of (2.5)) when p varies.

Proposition 2.16. Let i, € Mcqp be a sequence which ~y-converges to j, where for d = 1,2
the measures ju, and the measure p are not the null measure. Then, for every f € H', the
solutions u, of
— Aty + pipun = f in R? u, € HN Li, (2.6)
satisfy
up —u in H, Up — U N V[/ﬁ)f for every p < 2, (2.7)
where u is the solution of .

2.3. The optimization problem. The optimization problems we aim to consider are writ-
ten in the form

min{/j(z,u,Vu) dr @ —Au+pu=f, ¥(u) <1, pu> 1/}, (2.8)

where f € H', v € Mcqp, the function j(z,s,§) verifies some suitable conditions, and the
functional W is suitably defined. The meaning of the PDE —Awu + pu = f which is posed in
the whole space R? has been explained in Remark

In several cases (always if d > 3) the measure v can be chosen as the null measure and then
condition y > v is not a restriction. Concerning the function j : R x R x RY — R U {+o0}
we assume (see for instance [5]) that j(x,s,§) is measurable in z, lower semicontinuous in
(s,€) and verifies the inequality

— g1(@)[s| = ga(@)|s[* = hu(@)[€] = ha(2)[€]" < j(,5,€) (2.9)
for a.e. € R? and for all (s,€) € R x R?, where 1 < q < 2, g1, 2, h1,hs > 0 a.e. in R?,
GWreL? goe L®, hy € L?, hy € L?/(2=9 and
ess lim go(2)|z|> = 0 if d # 2,
o 2. 2 , (2.10)
ess lim go(z)|x|*log® |z| =0 if d = 2.
T—00
The functional ¥ acts on capacitary measures; every p € Mg, can be uniquely written in
the form

po=p+p® 4 (2.11)
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where ;> is of the form oog for some quasi-closed set K, u® is absolutely continuous with
respect to the Lebesgue measure, u® € M., is singular with respect to the Lebesgue measure,
p(K) = p*(K) =0, and u®+ p® is o-finite.

We consider ¥ of the form

W() = [ 0+ %)+ (o) cap(K) (212)
where 1) : RT — [0, +00] is a convex and lower semicontinuous function and
Y(o0) = lim (1),

The integral above is intended in the sense of convex integral on measures, more precisely as
[t ) = [ty do - Con (@,

where

lim 20 (2.13)
t—+oo ¢

Remark 2.17. It is known that Cy defined by (2.13) always exists and satisfies
Cy =sup {T € 0Y(s) : s€ (0,00)},

where 01(s) denotes the subdifferential of the convex function ¢ at s. If Cy = 0, we have
that 1 is a decreasing function and therefore there exists a finite limit at infinity of ¢. This

proves that
lim ¥(s)
s—+oo 8§
If ¢ > 0 then ¢ (s) > ¢ for every s € R and so ¥ is the trivial functional defined by
U(p) = o0 V€ Megp.
So, in the case Cy, = 0, we assume that

P(oo) = lim (s) =0, (2.14)

s—400

Cy =

=0 = ngmw(s):€<+m.

so that the functional ¥ reduces to
U(p) = /T/J(Ma) dx Vi e Mcap-

If Cy > 0, the function 7 attains a minimum. As above, in order to have ¥ not trivial, we
assume

i =0.
nin P(s)

In addition, Cy > 0 implies
P(oo) = lim 1)(s) = +oo,

s—400
so that the functional ¥ reduces to

() = {f¢(u“)dw+0¢u5(Rd) if 1> =0,

400 otherwise,
which in the case Cy = +o0 just gives
Y(p)dz it p® = p> =0,
V() = {f v .
400 otherwise.

Proposition 2.18. The functional ¥ is lower semicontinuous on M. qp with respect to the
~v-convergence.

As a consequence of the above result we can now prove the following theorem.
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Theorem 2.19. Assume j : RIxRxR? — RU{+o00} measurable in x, lower semicontinuous
in (s,€) and satisfying 2-9) for some q € (1,2), g1,92,h1,ha > 0 a.e. in R, ggW—1 € L?,
g2 € L™ satisfying (2.10), hy € L?, hy € L/ 2=9) We consider a function ¢ : Rt — [0, oo]
convex and lower semicontinuous and a measure v € Mqy, such that there exists i € Mgy
satisfying
= v, U(a) <1,

with ¥ defined by (2.12). Moreover, if d = 1,2 we assume that:

either 1(0) > 0 or v is not the null measure. (2.15)

Then, for every f € H', problem (2.8) has at least one solution.

3. PROOFS OF THE RESULTS OF SECTION [2]

Proof of Proposition 2.10} Let us prove the density of C2° in H. Taking into account the
density of C2°(€2) in H(€2), for every bounded open set Q C R?, it is enough to show that
for every u € H, there exists a sequence u, € H! with compact support, which converges to
u in H.

We first consider the case d # 2. Then, we take w,, = up, with ¢, defined by

on(z) = ((2 T) /\1>+, Vo eRY.

It is clear that u,, converges to u in L. For the gradients, we have

2
/yv w)|?da < 2 (/ |“|2 dx +/ |Vu|2dx>
{n<lal<2n} " {n<lal}

2
< 8/ <|“|2 +|Vu |2>
{n<aly \ 7]
which tends to zero as n — oo.

Let us now consider the case d = 2. As above, we take u, = wp, where ¢, is now defined

by
+
log (2
on(z) = (()g(n/|:z:]) A 1) 7 Ve e RY.
logn

Then wup, converges to u in L as above and we have

2 1 2 )
/|V(un—u)|2dx§2/ [ul 5— + o8 (2/‘$|)\Vu|2 dﬂc~|—/ \Vu|? da
{2<lz|<2n} \ |7[*log"n log®n {2n<]a]}

loe? 2
< 2/ o8 2’3;‘ < [ 5 + \Vu|2> dx—i—/ |Vul|? de,
(2<jz|<2n) log®n \ |z|?log” || {2n<|z|}

which tends to zero as n — oo.
In order to show the equivalence of norms, we recall the following Hardy inequalities

e If d =1, we have

e If d = 2 then, settlng 0y, = dist (0, sptu),

Vu(z)]*d Yu € C*° with §, > 0. 3.2
/Wlog Gy S @, e e (3:2)

o If d > 2 then

u(z)]? 4 ~
e S g [ Ve, ey (33
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The equivalence with the norm defined by (2.3) for d > 3 immediately follows from (3.3]).
In the cases d = 1,2 we take ¢ € O such that ¢ = 1 in B(0,1/2), ¢ = 0 in R?\ B(0,1).
Then, for u € H, we have

[uW |2 < lupW L2 + [Ju(l — @)W 2.

Since upW vanishes outside B(0,1), we can apply Poincaré’s inequality in H{(B(0,1)) to
deduce

lupWllze < ClIV (W)l L2 < C(llull 2oy + IVullz2)4),
with C independent of u. On the other hand, (3.1)) or (3.2)) show the inequality
lu(l = @)Wz < C(llullz2 oy + [IVullz2)a)-
We have thus proved the existence of C' > 0 such that
lullr = [uWllze < C(llullzzo,0) + 1Vullz2)4),

from which we easily deduce the equivalence of norms. O

Proof of Theorem 2.13. For every Q C R? bounded open, it is known the existence of a
subsequence of iy, still denoted by p,, and pg € Meqp, (in the classical result pq is only
defined in Q, but identifying a measure p in  with [ we can assume (g in Meqp) such
that the sequence of functionals F), o : H}(Q) — R defined as

Foalu) = / |Vu|? da +/ wrdp,  Yu € H(Q)
Q Q
[-converges in L?(2) to F : H}(2) — R defined as

FQ(u)—/Q]Vu\Qd:c+/Qu2d,u,, Yu € HY(Q).

Applying this result to B(0,k) for £ € N and using a diagonal procedure we can take a
subsequence of n such that F,, g I'-converges for every k > 0. Since HE(B(0,k)) C
H}(B(0,m)) for k < m, we have

/ \Vu]2d:r+/ u? dppor) = / |Vu)? d:L‘+/ u? diB(0,m)
B(0.k) B(0.k) B(0,m) B(0,m)

for every u € H}(B(0,k)) and therefore
1Bk (E) = ptpom (E), YECB(0,k) Borel, Vk<m. (3.4)
We define pn € My by
p(E) = lim jipo ) (E),

where the limit exists because the sequence upgq ) (E) is increasing by (3.4)).
Let us prove that u, y-converges to . We consider v € H and a sequence u,, € H which
converges in Ll200 to u. Let us prove

/]Vu|2dx+/|u|2du < hH_l)in (/]VunIde—i—/u%dun). (3.5)

Clearly, we can assume
lim inf (/ V| do + /ui dun> < 00,
n—oo
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Then, extracting a subsequence if necessary, we have that u, converges weakly to v in H lloc.
For ¢ € Cg°, we have

[t de+ [ g < imint ([ 19 0nplPao+ [ g dn)

= lim inf </|Vun|2g02da:—|—2/Vun-Vgodx—}—/Vg0|2d:c+/|ung0|2dun)

n—o0

gliniinf </|Vun|2d:v+/|un\2 d,un> +2/Vu-V<pdx+/|V<p\2da:,

which developing the left-hand side shows

/]Vu\QLpzda:+/|ucp|2 duglinniio%f </|Vun|2al:c—i-/|un|2 d,un>.

and then (3.5)) since ¢ is arbitrary.
It remains to prove that for every u € H, there exists a sequence u,, € H such that

lim </|Vun|2d:1:+/|un|2d,un> :/|Vu2d:v+/|u|2du.

If u has compact support the result is immediate from the ~-convergence of the functionals
F, B(o,k) for every k. Therefore it is enough to show that for every u € H there exists

a sequence ug with compact support which converges to u in LZZOc N Li and is such that

Vuy, — Vu in (L?)?%. This is a consequence of the density of C2° in H proved in Proposition
and a truncation argument. O

Proof of Proposition 2.14] From (2.4), it is enough to show the existence of C' > 0 such that
”UH%2(B(0,1)) < C(H“H%ﬁ + ”VUH%Lz)d)a Vuel, Vvue HN Li-

We argue by contradiction. If this inequality does not hold then for every n € N, there exist
ftn € U and u, € HN L% such that

1 2 2
||UnHL2(B(0,1)) =1, n > ||un||L§m + HVUnH(L2)d-
In particular, u, is bounded in H and Vu,, converges strongly to zero in (L?)?. Therefore,
up to a subsequence, there exists u € H, constant, such that
Up, — uw in H.

Using Theorem and that U is closed for the y-convergence, we can also assume the
existence of p € U such that u, y-converges to p. Thus,

u2/du = /u2du < lim inf </\Vun\2 dw—i—/ui dun> = 0.

Since the null measure does not belong to U, this shows «w = 0. But this is in contradiction
with Rellich-Kondrachov’s compactness theorem which implies

lull 201y = . [unlz2s0,1)) = 1-
O
Proof of Proposition [2.16] Thanks to Proposition if d > 3 and Proposition if d=

1,2, the norm of u, in H N Lin is bounded. Thus, for a subsequence of n, w, converges

weakly in H to a function u. In particular u,, converges weakly in H, lloc and then the classical
convergence results for the y-convergence show (see e.g. [13], [12]) that u satisfies

/Vu -Vodr + /uv dp = (f,v), Yo e H N Li with compact support. (3.6)
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On the other hand we observe that the inequality

/|Vu|2dw—|—/|u|2du§linrr_1>ioréf </|Vun|2dx+/\un]2d,un>,

shows that u belongs to H N LZ and then the density of the functions in H' N Li with

compact support in H N Lﬁ shows that holds for every v € HN Li. Thus, u is the

solution of and then by uniqueness it is not necessary to extract any subsequence.
The convergence of u, in V[/l})cq for ¢ < 2 is a consequence for example of Proposition

5.4 in [I1] where the result is proved for nonlinear systems, the proof is based on the ideas
introduced in [2] and [14]. O

Proof of Proposition 2.18] We consider a sequence (fi,) in Mgy, which v-converges to a
measure [ € M,,. We have to prove that

U(p) < Timinf W(py,). (3.7)
Clearly, we can assume that there exists
71113010 U () < 400. (3.8)
We divide the proof in several steps, according to the value of Cy, defined in .

Case Cy = 0. By Remark we can assume that (2.14)) holds. So, for € > 0 we can take
k > 0 such that
P(s) <e Vs> k. (3.9)

For a fixed M > 0, we define fi,, € M4, by setting for every Borel set £ C R4

/ ps Akdxif cap (E'\ B(0,M)) =0,
E

400 otherwise.

/]n(E) =

Possibly extracting a subsequence, we can assume that there exists hy € L* such that
po Ak — hy weakly™ in L] (3.10)
and therefore fi® y-converges to fi defined, for every Borel set E C R?, as
N /hkdzn if cap (E\ B(0,M)) =0
E)=<Jg

fi(
+00 otherwise.

Arguing by convexity thanks to (3.10) and using that (3.9) implies
V(g AN k) < P(up) + ¢,

we have
/ Y (hy) dz < liminf U(ps A k) da
B(0,M) o0 JB(0,M)
< lim inf (V(p) +¢) da

< lirginf\lf(,un) +¢|B(0, M)]|.

On the other hand, taking into account that put Ak < p, in B(0, M), we have that hy < p
in B(0, M), which, using that hy € L*, implies hy < u® in B(0, M). Since 1 is decreasing

this proves that
[ wtydes [ vy
B(0,M) B(0,M)

/ P(p®) de < liminf U(u,) + €| B(0, M),
B(O,M) n—o00

Hence,
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for every e, M > 0. Thus
/w(ua) dr < liminf ¥(u,),
n—oo

and then (3.7)).

Case 0 < Cy < 400. From the definition ([2.12) of ¥ and (3.8)), we have that the measures
() do + Cy iy, have uniformly bounded total variation and therefore, for a subsequence,

there exists v € M such that
Y(py) dx + Cyppy, — v weakly™ in M. (3.11)

Now, we take two bounded open sets Uy D U; in R? and ¢ € C2°(Us) such that xy, < ¢ <
XU, Then, we take a sequence ¢, € Hj(Us) N L2 (Us) such that

0<¢,<1inlUs, ¢, — ¢in Hy(Us),

|¢n\2dun)= VP do + / 6P du.
U2 U2

n—o0

lim ( |V n|? da +
U2 U2
By Remark this is equivalent to

Vén -Vopdr+ | opvndun — | Vo -Vude+ | ovdp, (3.12)
Us Us Us Us
for every v € H}(Uz) N Li(UQ) and every sequence v, € Hg(Uz) N L2 (Us) which converges
weakly to v in H}(Us) and satisfies

lim sup < |V, |? dzx +/ v2 dun> < 0.
Ua

n—o00 Us

Now, for a nonnegative ¢ € CL(U1), ¢ # 0 we apply (3.17) below to deduce

/¢(u§1)s0dw+0w/s0dui > /¢(u$)¢nwdx+0w/¢ns0dui
2/¢n¢dw¢<m>~

J onpda

(3.13)

By (3.12)) we have
/V¢n-V¢d$+/¢n<ﬁdun—>/V¢-V<Pdw+/¢><ﬂdu,

which combined with ¢, converging weakly to ¢ in H&(Uz) and ¢ = 1 in the support of ¢

shows
/dmsodun - /wdu-
Thanks to (3.11]) this allows to pass to the limit in n in (3.13)) to deduce

rogze(15m)

for every nonnegative ¢ € C}(Uy), ¢ # 0. Taking into account that U; was arbitrary and
the derivation measures theorem, we then conclude

Ve > 1p(u®) in RY (3.14)
On the other hand, for € > 0, Definition of Cy proves the existence of k > 0 such that
(Cyp —€)s < Y(s) Vs > k. (3.15)

Extracting a subsequence we can assume the existence of h € L such that
e Nk — h weakly* in L™. (3.16)

By (3.15]), we have
(Cy = )X qpe>ky < V()
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which, by (3.11]) and (3.16), proves
(Cp—e)p—(Cy—e)h<v  inR?
As a consequence, we obtain that
(Cyp —e)p® < VP in RY
and then, by the arbitrariness of ¢, that Cyu® < v®. This, combined with , shows that
Y(p®) + Cyp® <wv in R?.
In particular, for every ¢ € C9, with 0 < ¢ < 1, we have

lim inf U (u,) = lirginf </¢(u$) dx + CwuZ(]Rd)>

n—oo
> lim ( [otyedzrc, [ soduz)

= /sodv > /w(u“)sodeer/sodum
which, letting ¢ converge to 1, gives
lirginf\lf(un) > U(p).

Case Cy = +oo. In this case (2.12) and (3.8) imply that u, is bounded in L' and equi-

integrable in every bounded open set U of R? and then the y-limit of 1,, agrees with its weak
limit in L'(U) (see for instance Proposition 2.5 of [§]). The result is then a consequence of
the convexity of . O

Lemma 3.1. We consider ¢ : RY — [0,+00] convez and lower semicontinuous and a
measure u € M. Then, for every ¢ € CO, ¢ >0 and ¢ % 0, we have

/w(u“)cpd:z+0¢/@d/ﬁs zwqij’;) /cpdx, (3.17)

where p® and p® denote the regular and singular part of p and Cy is defined in (2.11)).
Moreover, if in addition p € Mcqp, then the inequality above also holds for ¢ € H', with
compact support, nonnegative, and with ¢ Z 0.

Proof. Since p?® is singular with respect to the Lebesgue measure, there exists a sequence Cy,
of measurable sets in R% and a sequence of nonnegative measurable functions h,, in R% such
that denoting
in = essinf h,,,
we have
lim 4, = oo, hnxc, — p° weakly® in M. (3.18)

n—oo
Now, we consider ¢ in the conditions of the lemma. If ¢(1%)¢ is not integrable or Cyp is
not u° integrable, then there is nothing to prove. So, we assume 9 (u®)p € L, Cypp € L}Ls.
Let us show that for every € > 0 we have

<w(u“) + (Cy + €)hnxc,, — V(p* + hnxon)>_<p —~0 in L. (3.19)

For this purpose we observe that

(¥ + (Cy + Dhmxe, = ¥ + huxe,) ) = (V1) + (Co + D — V(1" + ) ) oxC
where p® + hy, > iy in Gy, with i,, converging to infinity and Definition [2.13| of C, imply

(91 + (C + 2V — 0 + ) ),

< (¢(u“) —(Cy + s)u“) ©xc, for n large enough.
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Using also that |C,, N spt(¢)| tends to zero, which is a consequence of (3.18)), and that pu®
and Y (u®) € Llloc we deduce that the right-hand side of the previous inequality tends to zero

in L' and then (3.19).
From (3.19) and Jensen inequality we then have

/w(;ﬂ)«p dz + (Cy +¢) /wdﬂs = 7}3{;/ (V(u*) + (Cp + €)xC ) da

> liminf [ ¥(u® + hnxe, )y de

n—oo

> Tim (f(ﬂa +ff:§zl<§n)¢dx> /(pd$

n—oo

-v(rii) [oe

By the arbitrariness of ¢, this proves (3.17). If we now assume that p vanishes on the sets
of capacity zero then, using the density of C°(U) in H}(U) for every bounded open set
U C R%, we get that ¢ can be chosen in H' with compact support. O

Proof of Teorem [2.19, Taking into account Proposition and that the ~-limit p of a
sequence of measures pu, satisfying u, > v also satisfies this restriction, we get that the set
& of measures satisfying the restrictions

U(p) <1, p>v

is closed for the y-convergence. Therefore, if p, is a minimizing sequence for problem ,
we get by Theorem [2.13] that at least for a subsequence, there exists p € £ such that s,
~-converges to p. Observing that if d = 1, 2, condition shows that £ does not contain
the null measure, we can now apply Proposition to deduce that the solution w,, of
satisfies with u the solution of . Now, we use

/j(w,un, Vuy,)dx :/ (j(q:,un, Vuy) + g1|un| + gg]un|2 + h1|Vu,| + hg]Vun]q> dx
— / (gl\unl + gg|un\2 + hi|Vuy,| + h2|Vun\q) dx.

The first term on the right-hand side of this equality is nonnegative thanks to (2.9). Since
(2.7) implies the convergence in measure of (u,, Vu,), we can then apply Fatou’s Lemma to
deduce

lim inf (j(:c,un, Vuy) + g1|un| + gg]un]2 + h1|Vu,| + hg]Vun]q> dx

n—oo

> / (j(w,u, Vu) + g1|ul + 92|U|2 + h1|Vu| + h2|Vu|q) dz.

Taking into account the convergence in measure of u, and Vu, and that |u,| is bounded
in L and |Vu,| in L%, we get that |u,| converges weakly in H to |u| and |Vu,| converges
weakly in L? to |Vu|. Thus, we have

nh_}rrgo/ <gl|un| + h1|Vun|) dx = / (gl|u| + h1|Vu]> dx.

On the other hand, the strong convergences of u,, in LZQOC and Vu, in (L?O c)d imply

lim galun|? + ha|Vu,|?) de = / 92lu 24 hy Vul|?) dz,
n—oo B(O,R) ( ‘ ‘ ‘ ‘ ) B(O,R) ( ’ ’ )
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for every R > 0, while estimate

2 g2 )
)0 5] e
/Rd\B(o,R) (92\11 |° + ha|Vu,| ) N L (B BOLR) lunll7,

+ 12l 2rc-0 (may (o r) [V tinll {24
combined with assumption ([2.10)), u,, bounded in L and |Vu,| bounded in L? show

lim limsup/ (gg|un|2 + hg]Vun]q> dx =0,
RI\B(0,R)

R—0c0 p—oo

and therefore
lim / (golua? + ol Vi) i = / (aaful? + Do V) .
n—o0
We have then proved
lim inf/j(m, Up, Vi) de > /j(a:,u, Vu)dx
n— o0
and thus that p is a solution of ([2.8)). O

4. SOME NECESSARY CONDITIONS OF OPTIMALITY

In the previous sections, using the y-convergence theory we have studied the existence of
solution for problem . Here let us show how assuming some derivability conditions for
the functions j and 1 defining the cost function and the volume restriction respectively, we
can obtain some optimality conditions for . Namely, for j = j(z,s,§) let us assume the
existence of 0,5 (x, 5, &), 0cj(x, s,£) where these functions are continuous in (s, ), measurable
in x and satisfy the growth condition

|05 (x, 5,€)]
W

with k € L%, M > 0.

For the function 1 we assume that it is finite in (0, 00) and continuous and derivable in
[0,00). Here, if 1)(0) = oo, we define 1)'(0) = —oo. Indeed, we observe that in this case the
continuity of ¢ in 0 and its convexity imply

lim ) = 400, lim ¢/(s) = —o0.
s—l>0+ ¥ > s—l>0+ ¥ ( ) >

With these conditions, the following result holds.

+10ej(2,5,6)| <k + M(Wls|+1£]) V(s,§) eRxRY ae xR (4.1)

Theorem 4.1. In the assumptions of Theorem [2.19], we assume that j and i in problem
(2.8)) satisfy the conditions stated above and that there exists a measure fi € Meqp such that

i>v,  U(p) <1, (4.2)

Then, if 1 € Meap is a solution of problem (2.8]), u is the corresponding state function and
p, the adjoint state, is defined as the solution of

— Ap+pp = 0sj(x,u, Vu) — div ogj(x, u, Vu) in RY peHN Li, (4.3)
we have the existence of A > 0 such that
AM¥(p) —1) =0, (4.4)
M () > up a.e. in RY, (4.5)
M (u) =up a.e in {p* > v} (4.6)
Moreover, if Cy, defined by is finite, we have:
ACy > up ge. inR% (1® = v°)({ACy > up}) = 0. (4.7)

Remark 4.2. Observe that p is well defined thanks to v € H and (4.1]) which imply that the
right-hand side in (4.4)) is in H'.
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Remark 4.3. Assume that in Theorem the constant A is positive and ¢ is strictly in-
creasing, then conditions (4.5)), (4.6 provide

Ve if M (v®) > up

@)7H(5) i) < up.

As a consequence of Theorem [4.T|we can now obtain the following result providing sufficient
conditions to have a solution p of (2.8) such that (x—v)* =0 or p = v+ cox with K quasi-
closed.

a

I’L:

Theorem 4.4. In the assumptions of Theorem and assuming Cy = 0 and j = j(z,s,§)
concave in (s,€) € RxR, there exists a solution fi of such that (i—v)* = 0. Moreover,
if there exists a solution p of such that the constant X in Theorem vanishes, then
we can take fi as fi = v + oo with K a quasi-closed set of R,

Remark 4.5. The concavity condition for j is not very usual in optimization where it is most
frequent to deal with j convexe in s and £ but then it is simple to check that the above
result does not hold. Just consider f € L with f > 0 in R?, ug € M qp such that g > v,
U(up) <1 and ug the solution of

—Aug+ poup = f inRY  wpe HN Lio.

Then, similarly to Lemma 3.3 in [I2] it is possible to check that pg is univocally determined
by ug. That is, if p € M,qp is such that ug satisfies

—Aug+ pug = f in Rd, ug € HHLZ,

then p = p. Therefore, if we consider problem (2.8]) with j = j(x, s) the convex function in
s defined by

j(z,8) = |s — ug(2)|*W(x)? Vs € R, a.e. in RY
we get that pg is the unique solution of (2.8]). Thus, we cannot ask pg to satisfy any additional
assumption to those given by the restrictions in (2.8)).

Remark 4.6. An interesting application of Theorem corresponds to j linear in (s,£). In
particular, we can take f = g — divG with W—lg € L?, G € (L?)? and

j(x,5,8) = g(x)s + G(x) - & or j(z,s,8) =—g(x)s — G(z) -,
which respectively correspond to the minimization and the maximization of the energy, i.e.
to problems

min{/|Vu2d$+/]u|2d,u = Autpu=f, U(p) <1, ,uzy}
and

max{/|Vu|2dx—|—/|u]2d,u D —Autpu=f, U(p) <1, p> 1/}.
Remark 4.7. The assumption A = 0 in Theorem always holds in the case ¥ = 0, i.e.
where there is not a “volume” restriction.
We finish this section with the following result relative to the case f > 0.

Proposition 4.8. If 1 € M,y is a Radon measure and f > 0 with f # 0, then the solution
u of the PDE
—Au+pu=f inRY, uEHﬂLi. (4.8)

satisfies u > 0 g.e. in R%. In addition, when Cy>0,f>0, f£0, the set
U={ueH : Ipe My withuELi, —Au+pu=f inRY p>v, W) <1},

1S a conver set.
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Remark 4.9. The assumption that p is a Radon measure is essential in Proposition 4.8
indeed, take in R? the measure
1
w(E) = —dw
BnB |21

where B is the unit ball of R? centered at the origin. The measure u belongs to Meqp but it is
not a Radon measure; in addition, every u € HNL2 must vanish on the set {z € B : 21 = 0}
which is not of capacity zero.

Remark 4.10. Writing (2.8) as

[ J
ggg}/](w,u, Vu) dz,

and assuming j strictly convex in (s,&), we deduce from Theorem the existence and
uniqueness of an optimal state function 4 and then of an optimal measure

ﬂz%U+A@.

5. PROOFS OF THE RESULTS OF SECTION [
Proof of Theorem [£.1] We define
e = {ﬁGMcap 9 >v, dry € L™, rg GLZO Withz9:r1W2+r2,u}.

For ¥ € ©, such that ¥(¢) <1 and € € [0,1) we take p. = (1 —e)p + € € Meqp and ue as
the solution of the corresponding state problem

—Aue + pette = f in R, us € HN Lig.

By definition of ©, we know that there exist r; € L™, ro € Lff such that ¥ = W2 + T2
Then, it is simple to check that H N Lia =HnN Li and therefore the equation for u. can be
written as

—Aue + pue + (9 — p)us = f in R, us € HN Li.
This allows us to prove that the function € € [0,1) — u. € H N Lz is derivable on the right
at cero. Namely, we have

lim =% =/ in HNIL2, (5.1)
e—0t g s
with ' the solution of
—Au A+ + (0 - pu=0 n R, W' e HNL. (5.2)

Now, we use that by convexity p. also satisfies the restrictions ¥(u®) <1, pue > v and thus
/j(x,uE,Vue)dx > /j(:r,u, Vu)dz, Veel0,1).
Deriving on the right on € = 0 thanks to assumptions and , we deduce
/ (8sj(x, u, Vu)u' + 0¢j(z,u, Vu) - Vu') dx > 0,

which using u’ as test function in and then p as test function in can be written as
/ (05 (x, u, Vu)u' + O¢j(z,u, Vu) - V') do
:/Vp-Vu’—i—/pu'du:/up(du—di?).

We have thus proved

/updz? < /updu, Vi € © with U(9) < 1.
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Since © is a convex set and the function ¥ — [wupdd is linear (and then convex) we can
apply Kuhn-Tucker’s theorem to deduce the existence of Ag, A > 0 not simultaneously zero
such that (4.4)) is satisfied and

— )\o/upd19+ AU(9) > —)\o/upd,u—i- AU(u), VIeo. (5.3)

Let us prove that Ay cannot be zero. We reason by contradiction, if A\g = 0 then A # 0 and
then

V(W) >1=V(u) VIeoO.
Assume ¥ € Mg, such that 9% > v%, 9° 49 = 1 4 v>° and define

V()
_ d . _ 9a a s 0o
Ly = {xGR W ()2 gn}, Up =0z, + W Xpa\z, +V° + V7.
Then, ¥,, is in © and therefore
LU0 = [ e e+ [ 0+ Cort )
Zn R\ Z,,

Using that Z,, increases to R? and that 1(u®) is in L' we can use the monotone convergence
theorem in the first integral and the Legesgue dominated convergence theorem in the second
one to pass to the limit in n, obtaining

1< /w(ﬁa) + Cyr*(RY), VO € Mgy with 99 > 1% 95 +9° = 1 + >,
but this is a contradiction with (4.2), which taking ¥ = i* + v* 4+ v>° provides

1> W) = [0+ Coi = [0 + Cort = w(0) 2 1.

This contradiction shows that Ag is not zero. Dividing by A9, we can then assume A\g = 1

in (5.3). Taking into account the definition (2.12) of ¥ and the convexity and derivability
assumptions on ¥ we get that (5.3)) is equivalent to

—/updﬂ+A/¢’(m)dz9a + ACy 9% (RY) > —/upd,u—i—)\/ﬂ/(u“)dua + ACy i (R,

for every ¢ € ©. An approximation argument similar to the one used above to prove Ag # 0
allows us to take ¢ such that 9% > v%, 9¥° absolutely continuous with respect to u*, ¥° > v
and 9°° = p®°. Then (5.3)) provides

J 0w — ) die = [ t) — p) e, 0z 0,

/ (AC’¢ — up)dz?s > / (AC'd, — up)d,us, 9 > 08

with 9% absolutely continuous with respect to the Lebesgue measure and 9° absolutely con-
tinuous with respect to u. These two conditions are equivalent to (4.5)), (4.6) and (4.7). O

Proof of Theorem [£.4. Let i be a solution of problem (2.8) and u be the corresponding state
function. We observe that defining u as u = i + 00y,—0}, we get that u is also a solution of

—Au+pu=f in R% ueHﬂLi.

Moreover, i > fi > v in R? and since by Remark Cy = 0 implies v decreasing, we also
have W(u) < U(r) < 1. Therefore, u is a solution of (2.8) with the same state function w,
which is strictly positive (u® + p®)-a.e. in RY.

Now, we take p as the solution of and we observe that , Cy =0and u # 0
p-a.e. in RY imply

up <0 qe. in RY p=0 (u°—r)-ae. inR% (5.4)
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Moreover, if A = 0, then condition (4.5 also gives
p=0 (u*—v?-ae. in R% (5.5)
We define [ as
o= 4 00 p=0}-
Then, by (5.4) and (5.5) we have that i is such that (4 —v)® = 0 and for A = 0, o1 =
U + 00p—0}, Where the set {p = 0} is quasi-closed.
Let us prove that [ is also a solution of (2.8]). First we use that v decreasing and i >

proves U(i) < ¥(p) < 1.
Now, we define 4 as the solution of

—Aa+pia=f inRY aeHNLE (5.6)
Since j(z, s, &) is concave in (s,£) we have
3 (2, u, V) > j(x, a, Vi) + dsj(x, u, Vu)(u — @) + dej(x, u, Vu) - V(u — ) ae. in R,
and then

/j(:n,u,Vu)dmZ/j(:n,ﬂ,Vﬂ)d:L‘

(5.7)
—|—/ (85j(a:,u, Vu)(u — @) + 0gj(x,u, Vu) - V(u — d)) dzx.

In the last integral we observe that it > p and @ € L%} imply 4 € Li. Then, we can take
u — 1 as test function in (4.3) to get

/<8sj(aj, w, Vu)(u — i) + 0¢j(x,u, Vu) - V(u — ﬂ)) dx

= /Vp-V(u—ﬁ)dx—l—/(u—a)pdu,
but taking p as test function in the equation for u we have
/Vp - Vudz + /pudu =(f,p)n u.
The definition of i shows that p belongs to L;21’ thus we can also take p as test function in

(5.6) to get
/Vp Vide + /pa div = (. p) s,

/pﬁdﬂ: /pﬂdoo{pzo} —i—/pﬁd,u:/pﬂdu.

/((%j(x,u, Vu)(u — 1) + 0¢j(x,u, Vu) - V(u — ﬂ)) dx =0,
which substituted in (5.7) and using that w is the state function associated to p solution of
(2.8) shows that [ is also a solution of ([2.8)). O

Proof of Proposition 4.8 In order to prove that u > 0 q.e. in R?, we first use u~ as test
function in (4.8)) which provides u > 0 q.e. in R%. Then, for ¢ € C and € > 0, we take
(e — u)Tp? as test function in (4.8)). Denoting

AE:{xeRd: 0<u<e},

where

This proves

we get

—/ ]Vu\2<p2dac+2/ Vu-Vgp(a—u)cpdm—i—/ u(e — u)@® dp > 0,
Ae Ae

€
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which using Young’s inequality provides
1

2/A |Vu|2<p2dm§252/ |V<p|2 dﬂ:+62/ <p2du.

Passing to the limit as ¢ — 0, thanks to the fact that y 4. tends to zero q.e. in R?, we then
deduce

e—0

lim |Vu|>¢? dz = 0. (5.8)
Ae

Now, we introduce

Ze = (g/\1>g0€H,
and we observe that

Ze = PX{u>0y 0L,

while by (5.8))
1 U . 2\d
Vze = gVu XA, + (E A 1) Vo = Voxpusoy in (L7)%

So,
PX{u>0} € H, V(QOX{U>0}) = VSOX{U,>O} in Rd? \V/SD € C((:)Oa w2 0,

but on the other hand, since ¢ is smooth we have

V(4)0X{u>0}) = vSOX{u>0} + ()OVX{u>O}a
and thus
OVxpusoy =0, Ve,

This proves that x>0y is a constant function in R?, which can only take the values one or
zero. If it is zero then u is the null function but then (4.8) implies f = 0 in R? contrary
to the assumptions of the Proposition. So x>0y is the constant function equals to one in

RY. This proves that the set {u = 0} has null measure. Let us now see that in fact it has
zero capacity. For this purpose we take a compact set K C {u = 0} and ¢ € C2°, such that
@ > xk- Then defining for € > 0 the function Z; as

Jr
@:Q—3)¢EHE
€
we have that z. > yx q.e. in R and then

cap(K) S/’V25’2d$+/’25’2dx
2

< 2/ |Vu]2902dx+2/ |V|? dx—i—/ lp|? da.
e JA. {0<u<e} {0<u<e}

Letting € tend to zero and using and that }{u = 0}‘ = 0 we deduce that the right-hand
side tends to zero. This proves that cap(K) = 0 for every compact set K C {u = 0} and
then that cap({u = 0}) = 0.

For the convexity of the set I/ observe that if u1, us belong to U with respectively associated
measures fi1, (2, then for every A € (0, 1), the function uy = Aug + (1 — \)ug satisfies

—Auy + pyu = f in RY, u,\GHﬂLiA,

with
u u
g = A—py + (1= X)—pp.
uy u)

Moreover py also satisfies the restrictions puy > v and W(uy) < 1. O
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6. SOME NUMERICAL SIMULATIONS

In this section, we present some numerical experiments that illustrate some of the qualita-
tive properties of the optimal solutions and the fact that the problem is posed in the whole
space R%. Our numerical simulations are made in the case d = 2.

For our experiments, having in mind the assumptions on j(z, s, §) in the existence Theorem
and Theorem of optimality conditions, we consider the linear case j(x,s,§) = gu
with W—1g € L?. With respect to the volume constraint, we consider two different functions:

¥(s) =1(s) = e for some a,m >0
P(s) = ha(s) = s

For the first choice of 4 one has Cy, = 1(c0) = 0, while for the second one Cy, = 1(c0) = +00.
In the first case the volume constraint W(u) < 1 reduces to

/ e” WM dy < 1,
m
while in the second one it gives

pe=p>® =0, /I/ﬂIZdﬂ«" <1

Then our goal si to solve numerically problems in the form:

min{/gudaﬁ : /¢(m)d;§ <1, p> y}. (6.1)

for u the solution of the state equation
— Au+pu=f inRY ueHﬁLi. (6.2)

For the first case, since ¥1(0) > 0, we can assume v = 0, dropping the constraint u > v.
For the case of 19, since we are in the case d = 2, we have to impose the constraint yu > v
with v different to the null measure. Taking into account Theorem in the first case, we
can just look for an optimal control u of the form u = p®* + p°. In fact, numerically let us
search for u: R? — [0, +00] a Lebesgue measurable function.

For the implementation of our algorithm the main required data are the initialization uyg,
the associated routines to the cost and volume function and the associated routines to the
gradient of the cost and volume function using the adjoint state. The admissible measures,
or equivalently potentials V', take values in [0, +0c]. From the numerical point of view it
is advisable to constrain u to take values on a bounded interval [0, tmaz], With pimes large
enough. Analogously, in order to solve numerically the extremal problem we replace
R2 by D = (—M, M) x (=M, M) for different values of the constant M. This will allow us
to study the behavior of the solution of the optimization problem as M goes to 4oc0.

In order to solve numerically the problem , we will use a gradient descent algorithm.
Then it is easy to check that the derivative of the cost functional at y in the direction p; is
given by:

1) = [ s(@)u(e)p(a) do.
where p is the unique solution of the adjoint system ({4.3]).

6.1. Numerical examples. For our numerical experiments we decided to use the free soft-
ware FreeFEM++ v 3.56 (see http://www.freefem.org/, see [15]), complemented with the
library NLopt (see http://ab-initio.mit.edu/wiki/index.php/NLopt) using the Method
of Moving Asymptotes as the optimizing routing (see [16]). This technique is a gradient
method based on a spatial type of convex approximation where in each iteration a strictly
convex approximation subproblem is generated and solved. We use this algorithm after to
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Ficure 1. Right-hand side function f; in D = (=5,5) x (—=5,5) (right).

get satisfactory results for a similar problem in the case for bounded domains. This algo-
rithm was previously used in [9] and in [I] in the case when the state equation is posed in a
bounded domain.

The minimization problem is posed for capacitary measures defined on the whole
R2. Having in mind the definition of the space L in , and the fact that W—1g € L? we
take for our experiments the approximations of the constant function g = 1 given by:

1
g(ﬁ,y) - 1 +€(£B2 +y2)37
with € > 0 a small parameter, for instance, we have considered ¢ = 10710,

We use a P»-Lagrange finite element approximations for u and p, solutions of the state and
co-state equations and , respectively, and Py Lagrange finite element approximation
for the capacitary measure p with p,q, = 15000. We consider a regular mesh where the
number of elements increases with M. For instance, in the case of M = 5 we take a mesh
with 2000 elements while for M = 20 we consider a mesh with 8000 elements. We present
different results concerning the two examples of functions ¢ given above, and different choices
of the right-hand side f in the state equation.

Case 1: ¢(s) = Le . We remind a result in [8], where the choice of ¢(s) = e™®* is
proposed to approximate shape optimization problems with Dirichlet condition on the free
boundary. As a — 0, the problem approximates the shape optimization problem

min{/gudw  —Au=finQ, u€ H, u=0qe. in R\ Q, ]Q|§m}
Q

We fix, in our simulation, the value of the parameter a as o = 3 - 1074
For the first numerical experiment we consider the right-hand side function (see Figure

22+ -1 if 22 +y% < 11,
fl (‘Ta y) = 10
1 +e(2? +9y2)3
When ¢ and « are close to zero, the problem is then an approximation of the shape
optimization problem

if 22 + 92 > 11.

min{/udx c—Au= (22 + - 1)A10in Q, ue H, u=0 qe. in R\ Q, ]Q|§m}.
Q

The solution of this last problem can be explicitly obtained and it is given by Q = B(0, R)
where R is the biggest positive number satisfying [©2| < m and such that the solution u of
the state equation is nonpositive, i.e.

R=+\/m/m AV2.
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FIGURE 2. The optimal potential jio,¢ for volume constraint m = 2 = mgp
(left) and m = 20 > 6.367 = mp(right).

In particular, we remark that the volume restriction is not saturated for m > 2w. We see
that the numerical solution for the functions g and f; given above is close to this one.

In Figure 2| we show the optimal control provided by the numerical approximation for
different constraints with respect to different amounts of available material. The black
color represents the value 0 for the optimal potential and the white color the value +oc0
(numerically fimq2). We emphasize that in the obtaining this result we have not used the
fact that the solution is known to be radial. As expected, in the left picture, corresponding
to m = 2, we can observe that the whole of the available material is placed in the part of
the domain where the function f is negative. Moreover, the volume constraint is saturated.
In the right picture the amount of available material m = 20 is bigger than the measure of
the set where f is negative. In this case, we can observe that optimal layout fulfills the set
where f is negative and also occupies a certain area where f is positive. Now, the volume
constraint is not saturated. In fact the amount of the material corresponding to optimal
layout we find is 6.367, which is close to the optimal value 27 ~ 6.283 for the limit problem.
We observe numerically that the optimum is independent of the choice of M, which suggests
that effectively u® = 0 and pu® are compactly supported.

For the next example, we consider the right-hand side function:
-10 if (z—-2)%+(y+1)? <1,
falz,y) =< 10  if (z+2)2+(y—05)2<1 (6.3)
0 otherwise.

plotted in Figure 3| Now, the solution cannot be radial and the optimal solution (even when
e and ¢ tend to zero) is not known. In Figure 4, we have represented the optimal potential
Hopt corresponding to the domain D = (—5,5) x (—5,5) with different amounts of material.
In the picture on the left, we consider the case where there is little material available, that
is m = 0.2. Then the numerical solution places the material where f> is negative and the
volume constraint is saturated. In the right, we have consider a greater amount of material,
that is m = 10. In this case the optimal solution is a circular shape concentric with the disc
where f is negative and containing it. The volume constraint is saturated again.

In Figure [5] we represent the evolution of the optimal solution where the amount of
material increases. On the left we consider m = 110 and D = (—12.5,12.5) x (—12.5,12.5).
In this situation we observe that the optimal solution is again a characteristic function, but
now it is not circular, because it tries to avoid the set where fs is positive. In the picture on
the right we take m = 400 and a bigger domain D = (—20, 20) x (—20,20). Now we can see
that the optimal shape is a quasi-circular region with a hole inside, corresponding with the
area where fs is positive.
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FIGURE 4. The optimal potential jiop; in case 1 and fo, D = (—5,5) x (=5, 5),
volume constraint m = 0.2 (left) and m = 10 (right).
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FIGURE 5. The optimal potential fioy in case 1 and fp. D = (—12.5,12.5) x

(—12.5,12.5) and volume constraint m = 110 (left). D = (—20,20) x (—20, 20)

and m = 400 (right).

23



24 G. BUTTAZZO, J. CASADO DIAZ, AND F. MAESTRE

—0.24

— 075

—0.22 07
—02 — 0.65

- 0.18 — 06
‘ L 055

0.16 05
0.14 0.45

0.12 0.4
0.35

0.1 0
0.08 0.25

0.06 0.2
0.15

0.04 01
0.02 0.05

0 0

FIGURE 6. The optimal potential V,, in case 2, D = (-5, 5) x (=5, 5), volume
constraint m = 0.2 (left) and m = 2 (right).
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FIGURE 7. The optimal potential V,; in case 2, D = (—20,20) x (—20,20),
volume constraint m = 0.2 (left) and m = 2 (right).

Case 2: 1(s) = s2. For our simulations, we consider the right-hand side function fo
defined in . We observe that the volume restriction W(u) < 1 is very different to the
previous one. In the first case, to take u = oo does not require any expenses, while here it
has an infinity cost and it is u = 0 which is free.

Figures [6] and [7] show that the optimal potential ji,p is finite in D. In Figure [6] we have
solved the minimization problem in the domain D = (—5,5) x (—5,5) with two different
values of available amount of material corresponding to 0.2 on the left picture and 2 on the
right picture. In both cases the volume constraint is saturated, popt is zero in most of D and
it is strict positive on the set where fs is positive. In Figure [7] we solve the problem in the
domain D = (—20,20) x (—20,20). We observe that the corresponding solution in Figure
is just the extension by 0 of the solution in Figure [6] which suggests that u® is a bounded
function with compact support.
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