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LYAPUNOV DENSITY CRITERIA FOR TIME-VARYING AND
PERIODICALLY TIME-VARYING NONLINEAR SYSTEMS WITH
CONVERSE RESULTS*
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Abstract. This paper presents criteria for the convergence of trajectories of time-varying nonlin-
ear systems in terms of Lyapunov densities. The results are provided without assuming local stability
and forward completeness of trajectories. As well as general time-varying nonlinear systems, period-
ically time-varying systems are also considered in this paper, where a weaker criterion is proposed
for periodically time-varying systems. Also the existence of Lyapunov densities is proved for general
and periodic time-varying nonlinear systems under the asymptotic stability of the equilibrium.
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1. Introduction. Stability analysis is one of the most fundamental and im-
portant issues in analysis of nonlinear systems. The most fruitful and widely used
approach to stability analysis of nonlinear systems is Lyapunov methods. Plenty of
useful results have been provided with various applications to control problems. (See,
e.g., [6].) On the other hand, a different methodology of Lyapunov densities has re-
ceived a considerable amount of attention in the last two decades. For time-invariant
nonlinear systems,

(1.1) &= f(x), r e R",

the method of Lyapunov densities [17] guarantees the almost attraction of an equi-
librium z = 0, namely the convergence of trajectories of time-invariant nonlinear
system (1.1) starting from almost all initial states to the origin. The convergence
of trajectories is deduced via a measure on the state space of system (1.1) defined
with a Lyapunov density, where the measure is monotonically increasing along the
trajectories of nonlinear system (1.1).

An advantage of Lyapunov densities is that a convex formulation of nonlinear state
feedback synthesis is available via Lyapunov densities via sum-of-squares programs
[13]. Various results based on Lyapunov densities have been presented for input-to-
output stability [1], positive invariance of trajectories [7], converse results [10, 7, 2],
the convergence to invariant sets [18, 11, 3, 5], finite-time stability [5, 4], and so
forth. Also a stability criterion of stochastic differential equations is provided in [20]
and analysis of coupled systems is shown in [15]. Results on Lyapunov densities for
discrete-time nonlinear systems can be found in [19], where continuous-time systems
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are considered via approximation. Nonlinear systems with a class of vector fields
that can have nondifferentiable points are considered in [9]. Abstract extensions with
Perron—Frobenius transfer operators [16, 14] and monotone measures for abstract
dynamical systems [3] have been studied based on Lyapunov densities. In [21], a
combined application of Lyapunov functions and Lyapunov densities is proposed for
stability analysis of a rotation motion.

In the original work of Rantzer [17], the almost attraction of nonlinear time-
invariant system (1.1) is considered, where a result is provided for instability of non-
linear time-varying systems. In [12], assuming the local stability of the equilibrium,
a condition for the almost attraction of nonlinear time-varying systems is proposed
in terms of Lyapunov densities that depend on both time and state. Systems with
external inputs are considered in [1], where the local stability is also assumed. The
existence of Lyapunov densities considered in [12] is investigated in [2].

In this paper, we focus on nonlinear time-varying systems,

(1.2) &= f(t,x), teR, zeR",

and provide criteria on Lyapunov densities under which almost all of the trajectories
of (1.2) converge to equilibrium =z = 0, without assuming the local stability. We
also do not assume the forward completeness of trajectories of (1.2) but the proposed
criterion guarantees the existence of almost all trajectories for all ¢ greater than the
initial time. The proposed condition is similar to that of [12] but the integrability
conditions of Lyapunov densities are different. More specifically, our results involve
the integrability of Lyapunov densities on the product space of the state space and the
time axis. Then we prove that, under the existence of a Lyapunov density satisfying
the proposed criterion, the set of initial data for which the corresponding trajectory
does not converge to the equilibrium has zero Lebesgue measure in R**1,

Moreover, we consider nonlinear systems (1.2) which are periodic in time, namely
f satisfies, for some constant 7" > 0,

fE+T,z) = f(t,x) Y(t,z) € R x R".

We show that a weaker criterion in terms of Lyapunov densities guarantees the almost
attraction to the origin, where the integrability condition is posed on integrals in R™.
In these results on time-varying and periodically time-varying nonlinear systems, the
proposed criteria on Lyapunov densities also guarantee the positive invariance of a
subset of the product space of the state space and the time axis. The criteria apply
to global almost attraction if the subset is chosen as the whole product space. Notice
that the conference version of this paper [8] only handles the global attraction of
nonlinear time-varying system (1.2), where periodically time-varying systems are not
considered.

We also prove the existence of Lyapunov densities that satisfy each of the criteria
proposed in this paper under the asymptotic stability of the equilibrium of the sys-
tem. Unlike previous converse results [10, 7, 2], exponential stability or exponential
dichotomy at the equilibrium is not required. The existence of a Lyapunov density is
proved for both general and periodically time-varying systems.

The rest of the paper is organized as follows. In section 2, we provide a criterion
for general time-varying system (1.2) in terms of Lyapunov densities, while section
3 shows a criterion for periodically time-varying systems. Section 4 is devoted for
the existence proof of Lyapunov densities, where we begin with the local existence of
Lyapunov densities and then extend the results to the existence proof for the region
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of attraction and general positively invariant sets. We conclude the paper in section
5.

Notation. Let R, Z, Ny, and N be the set of all real numbers, integers, non-
negative integers, and natural numbers, respectively, Denote by R"™ the set of n-
dimensional real vectors and by 0,, the zero-vector of R™. For set S, S¢, S°, S,
and 05 stand for the complement, the interior, the closure, and the boundary of S,
respectively. Let || - || and || - ||s denote the Euclidean norm of R™ and the spectral
norm of matrices, respectively. For a vector z, x; stands for the ith element. For
an n-dimensional real-vector-valued function h(z) = (hi(x), he(z), ..., hy(z)) of the
variable of n-dimensional real vector z = (z1,22,...,z,) € R", define [V - h)(z) =

Dy %ﬁ. If f is an (m + n)-dimensional real-vector-valued function of variable

T =(y,2) = (Y1, Y2, - - -, Y 21, 22, - - - , Zn) € R™T" we define [V, f](x) = Z:il 8’;7;?)
and [V, - f](z) = >, af"ai;(m) We mean by C¥(D,R™) the set of k-times continu-
ously differentiable functions from D to R™, where C(D,R™) is the set of continuous
functions. Notation of differentials as f, is used to represent %. For a square matrix
M, let | M| denote the determinant of M. We say that proposition P(z) with z € R”
is true for almost all z € D C R" if the Lebesgue measure of the subset of z € D for
which P(z) is false is zero. Let B™(r;x) be the open ball of R™ with center z € R"

and radius 7.

2. Lyapunov density criterion for general time-varying systems. Let
n € N and consider the following time-varying nonlinear system:

(2.1) &= f(t,x), teR, zeR",

where f € CY(R x (R"\ {0,}),R™). We assume that f(¢,0,) = 0,, and f is locally
Lipschitz continuous in x at (¢,0,) for all t € R, i.e., for each ¢ € R, there exists a > 0
and L > 0 such that || f(r,x1)— f (7, z2)|| < L||z1—22] holds for all T € (t—a,t+a) and
for all z1, 29 € B™(a;0). Denote by ¢(t; to, zo) the solution to system (2.1) satisfying
initial condition x(tg) = xz. For each (tp,xp), the maximal interval of ¢ in which
o(t; to, zp) exists is represented as (T— (to, o), Troo(to, o)), where T— o (to,zo) €
[—00,t) and Thoo(to, z0) € (to,0]. Let T=Ror T ={t € R:¢ > ¢,} for a given
to € R and consider family {S(t)}ier, S(t) C R™. A family {S(¢)}ier is said to be
positively invariant of system (2.1) if p(t;to, xo) € S(¢) for all t € [to, T'yoo(to; o)) for
all tog > 20 and xg € S(to).

Assumption 2.1. Family {S(t)}+er fulfills the following conditions: (i) There ex-
ists a continuous function b : [t;, 00) x R™ — R™ such that

(2.2) S(t) ={x e R": b(t,x) > 0} Vit € [ty,0)
with sup(, ,yepn+1 b(t, ) < oo. (ii) For each t € T, S(¢) is a connected open set of R"
and contains 0,,.

Define

(2.3) S={(t,z) eR" ' :teT, =St}

If {S(t)}ier is a positively invariant family, S is the set of positively invariant initial
data (t,). For convenience, define also 9,8 = {(t,z) € R"*! : ¢ > t,, = € dS(t)}.
Let B =Rx{0,} and M, = {(t,2) € RxR" : t > —1/r, ||z|| > r}, where r > 0. Note
that (J,~q M, = E°. Below we state a criterion of Lyapunov densities for general
time-varying systems.
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THEOREM 2.2. Let {S(t)}+er be a family of subsets S(t) C R™ satisfying Assump-
tion 2.1 and define S as in (2.3). Suppose that there exists a function p € C*(S\ E,R)
that satisfies the following conditions: (i) p(t,x) > 0 for all (t,z) € S°\ E. (ii) For
every (ty,zp) € 045, it holds that p(t,x) — 0 as (t,x) — (ty,zp) with (t,z) € S.
(iii) It holds that

[pe + V- (fp)l(t,z) >0

for almost all (t,z) € S\ E. Then, for all (to,z0) € S, @(t;to, x0) belongs to S(t) for
all t € [to, Tyoo(to, xo)). Next, in addition to (1)—(iil), suppose that (iv) the following
integral is finite for all r > 0:

& L+ [l f(t2)]]

Then, for almost all (to,z0) € S, solution o(t;to,xo) is defined and belongs to S(t)
for all t € [tg,00) and lim;_,o0 (1510, o) = O

Proof. (1) First, we prove the positive invariance of {S(t) }tet. Let (to,x0) € S\E.
From Assumption 2.1, there exists a t, > tg € T such that ¢(t;tg,xz¢) € S(¢) for all
t € [to,ta]. Let x4 = @(ta;to, xo) and assume that there exists a t; € (tq, Tho00 (to, o))
for which o(t;tg,z0) € S(t) for all t € [tq,tp) and z := ©(tp; to, x0) € S(tp). Define

A1) = plt. ol o, 2,)) 'W@atxm) .

Then conditions (i) and (ii) imply that p(¢t,) = p(ta, za) > 0 and lime—, o p(tp) = 0,
respectively. From condition (iii),
a5(t)

7 = [pt + V- (fp)](t,(p(t;ta,l'a)) ‘

a@(t; ta, xa)

> t e |ta,ts),
oz, >0 V E[ b)

i.e., p(t) is monotonically increasing for t € [t4,tp). Hence lim;_,1, ¢ p(t) can never be
zero, which is a contradiction. Therefore p(t;tg, zg) € S(t) for all ¢ € [to, T oo(to, Zo))-

(IT) To prove the convergence of trajectories, we utilize an augmented system
defined as follows. Let

Ll 4

9D = TG

which is strictly positive on R"™!, and consider the following system:

ds dy

(2.5) —=a(s,y), = =als,y)f(s,y), TER

dr dr
Let (s(0),y(0)) = (to, o) and let ¢t = s(7). This is bijective since % = dz(:) =
a(s(t),y(r)) > 0. Then, setting z(t) = y(r) with ¢t = s(7), we have dz(t)/dt =
ft,z(t)) and z(tg) = xo and hence x(t) = (t; to, zp). Define

§£=(s,9), F(&)=(a§), al§)f(&) = (als,y), als,y) f(5,9)), &0 = (to, 7o),
with which augmented system (2.5) is represented as

s _

(2.6) = =

FE),  £(0) =&,

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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where F € C1(R"1\ E,R"*1). Denote by ®(7;&y) the solution &(r) of (2.6) for
initial condition £(0) = &. We also write

O(7580) = (2°(7560), PY(75&0)), P°(7;80) ER,  DY(756) € R™.
It holds for all £ = (s,y) € R™*! that

IE@)) = als,y)V1+[[f(s: 91> < als,y) X+ [ (s, 9)I) =1+ [lyll;

which implies that solution ®(7; &) is defined for all 7 € R for all & € R™* L. In fact,
it holds from the Gronwall-Bellman inequality [6] that

{ lo(r5€) — €l < (1 +[IglD (e = 1),
12v(r3€) =yl < L+ lyID(e = 1)

for all £ = (s,y) € R"T. We also note that ®*(7;&) > s for all 7 > 0.

If ®¥(1;&) — 0, as 7 — oo for & = (to,y0), we have p(t;to,z0) — 0, as
t — T4 oo (to, o). Then the Lipschitz continuity of f(t,z) at (¢,0,), t € R, guarantees
the uniqueness of the solution corresponding to the initial condition z(¢9) = 0y, top € T.
Hence Ty oo (to, o) = 00 and limy_,o0 @(; tg, o) = O

Next, define a nonnegative function R € C*(S\ E,R) as

p(s, 1417 (s,
(s,y) _ 1T4]I/( y)llp(svy).
a(s, y) L [lyll
Then conditions (i)—(iv) are stated with R(§) as follows, respectively: (i') R(£) > 0 for
all £ € S°\ E. (il') For every &, € 845, it holds that R(§) — 0 as £ — & with £ € S.
(ili") [Ve- (FR)](E) > 0 for almost all { € S\ E. (iv’) Integral I(S,r) = f§m\7T R(&)d¢
is finite for all 7 > 0. We have seen the positive invariance of S for system (2.6) as
O(1;6) € Sforall £ € Sand 7> 0.

(III) To proceed to the proof of the convergence, we refer to the following lemma,
which is one of the key results in the original work of Rantzer [17].

2.7)

(2.8) R(§) = R(s,y) =

LEMMA 2.3 (Rantzer [17, Theorem 2]). Let (X, A, ) be a measure space and
consider a measurable set P C X and a mapping T : X — X. Let Z be the set of
x € P for which T*(x) € P for infinitely many natural numbers k. Suppose that
w(P) < oo and that u(T1U) < u(U) holds for all measurable sets U C X. Then
W(T-12) = u(2).

Consider a measure space (S, B(S), i) with

(29 u0) = [ B UeBd).

where B(S) stands for the Borel family of § € R**!. From (iv’), u(S N N M, ) is finite.
Let ¢ > 0 and define a mapping 7, : S — S as T5(§) = ®(0;&), £ € S, where the
positive invariance of S justifies this definition. For U € 8, T, U ={¢ € §: T,(¢) €

U} satisfies T, (7,71(U)) C U. Therefore, for U € B(S),
(2.10) p(U) = (T, HU) = w(To(T5HU))) = u(T,H(U)
~[ [ Ve R ©dedr

(375 (U))

- /0" /TUI(U)[V@(FR)](@(TW)) ‘(%én)‘d dr >0,

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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where the last inequality holds from ®(7; 7, 2(U)) C § and condition (iii’). Let Zr o

be the set of £ € §0M\T such that TF¢ € SN ]\//.TT for infinitely many natural numbers k.
Then w(7,1Z,») = w(Zy ) from Lemma 2.3. Therefore, from (2.10) with U = Z,.,,,
we see that 7,7 1(Z,,) is a Lebesgue zero set of R"*! for any r > 0 and o > 0 since

[Ve - (FR)|(§) > 0 for almost all £ € S\ E from condition (iii). Define

211)  Z=|( U Tp(Ziprsa) | VE

p,qEN

{§€§: dp,g e N <I>(1/q;§)€§ﬂ]\71/p and
{VkeN >k, <I)((l+1)/q;§)€§ﬂl/\4\1/p]}uﬁ,

which is also a Lebesgue zero set. Taking into account that ®°(7;¢) > s > —p for all
7> 0and £ € SN M/, we see from (2.11) that, for all { € S\ Z and for all p,q € N,

1 1
212) [#0/GOI< o [HNp,qu Vk > N, ||<I>y<k/q;§>||<p}

Now we are ready to complete the proof of the convergence. Let & = (s,y) € §\ Z
and € € (0,1) be arbitrary. Then y # 0 and there exist p, ¢ € N such that

L 7] 6} 1 , { [yl E}
2.13 —<min{—, -, e'/9—1 < min —_— -
2y <min{ g ] 2T+ o) 1
and p > —s. Then £ € A/J\l/p. First, from (2.7) and (2.13),

194(1/q; Ol = llyll = 19¥(1/4:€) — vl

>yl = (1 + Iyl e~ 1) > 5 > =,

p
which implies that the latter statement of (2.12) holds. Let k¥ > N,, and 7 €
[k/q, (k+1)/q). Then, from (2.7), (2.13), and € € (0, 1),

[@¥(m; I < 1Y (k/q; O + [|2Y(75 &) — ¥(k/q; )|
< (19 (k/g; )| + (1 + 9% (k/g; )l (e™ /7 = 1)
1 1 15 €\ €

St )Moy < £ (1 7)7 .

<p+(+p>(e )<4+ +4 1<¢
Since k > N, , and 7 € [k/q,(k + 1)/q) are arbitrary, we see that, for almost all
&€ S\ E and for any € € (0,1), ||®¥(7;&)|| < € holds for all T > 7. := N, ;/q. Hence
lim, oo ®Y(7; &) = 0, which is interpreted as lim;_, o ¢(t; to, 29) = 0, for almost all
(to,z0) € S\ E. This completes the proof. O
COROLLARY 2.4. Let S(t) = R™ for allt € T in Theorem 2.2. Then the same

results are drawn if p(t,x) > 0 for allt € T and x # 0 and conditions (iii) and (iv)
in Theorem 2.2 hold.

Proof. The positive invariance of {S(t)}ter is trivial. It is easy to see that the
convergence proof of Theorem 2.2 is valid even with nonstrict positivity of p(¢,z). 0O
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Example 2.5. Consider a system & = —(sint + 1)23, whose trajectories converge
to 0 as t — oo for all initial data (¢, zo). For this system,

1 1 \
p(t,z) = sl —t+cost

is a Lyapunov density satisfying Corollary 2.4 for any ¢, € R with S(¢) =R, ¢t € T,
where T = R. In fact, we can easily verify

s 2
P+ Ve (F))(t ) = LT Sm?él T37) exp (;2 i cost) ,

~ 1 1 1 1
I(S,r) < 2exp (72 + 1) (77”7 + 2r4> er <oo Vr>0.

Next, let S(t) = (—c¢,¢), ¢ > 0 for t € T = R, which is positively invariant of
the above system for all ¢. We have a Lyapunov density that guarantees the positive
invariance of S(t) = (—c¢,c¢) and the convergence of trajectories within this positively
invariant family as

plt,a) = S
for which

[pt + V- (fp)I(L, 2)

1+ sint){(c? — 22)(1 + 2?) + 2c%? 1
(1+sint){(c xxg( +a7) 2 }exp<2t+cost>

and (1)—(iv) of Theorem 2.2 are satisfied.

Example 2.6. Consider the following system with unknown function h €
C'(R,R):
1 | —2z1 +2? — 23
|: S.CQ :l - |: —2h(t)l’2 +2x1x2 :| )

This system has been investigated in [17] with h(t) fixed as a constant. Here the vector
field depends on time t. We can verify that Lyapunov density p(t, z) = e~ /(22 +23)?
satisfies the assumptions of Corollary 2.4 provided that h(t) € [k, h] for all ¢ € R,
where 1/3 < h < h < 3 and a > 0 is chosen to be small enough so that [p; + V. -

(fp)(t, ) shown below is positive for almost all (t,z) € R x R:

efoct _ —a SU2 o — o (L’Q
[oe + Vo - (fp)](t,2) = {6 = 2h(1) (m;;;é)(fh(t) 2= 2w}

Then Corollary 2.4 says that, for almost all initial data (tg, z9) € RxR?, the trajectory
o(t;to, o) exists and converges to the origin as t — oo, with arbitrary C! function
h(t) with h(t) € [h, h].

In [18], a condition of Lyapunov densities is proposed in Theorem 1 therein for
the convergence of trajectories of time-invariant systems to a given invariant set. If
we apply the conditions of Theorem 1 in [18] to the former instance in Example 2.5,
p(t,x) has to be integrable on A, = R x ((—oo,—r] U [r,00)) for all r > 0, while

—

Corollary 2.4 requires the integrability on M, = [—1/r,00) X ((—o0, —7] U [r, 00)) for
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all » > 0, which is a proper subset of /Alr. Theorem 2.2 also guarantees the positive
invariance when S(t) # R™ for some ¢ € T as the latter instance in Example 2.5. The
proof of the positive invariance and inequality (2.10) is a generalization of that of [8]
for time-varying systems.

In [12], a similar criterion is proposed for time-varying systems with an integra-
bility condition of p(t,z) in x for each ¢t. However, the integrability condition (iv) in
(t,z) of Theorem 2.2 is crucial, as is seen in the following example.

Ezample 2.7. Consider a system & = —e~'x [8]. Let p(t,z) = 1/2? and S(t) = R.
Then p(t,z) > 0 and [p; + V- (fp)](t,z) = e7t/2* > 0 for all x # 0. However, the
integrability condition (iv) does not hold, while p(t, z) is integrable on {x € R : |z| >
r} for each r > 0 and ¢. In fact, o(t;to, z0) = exp(e” — e ")z for this system and
hence the origin is stable but trajectories do not converge to 0 if z¢ # 0.

3. Lyapunov density criterion for periodically time-varying systems.
In this section, we consider periodically time-varying systems, namely systems (2.1)
whose vector field satisfies

(3.1) ft+T,z)= f(t,2) V(t,z) € R x R"
for some T' > 0. Then it holds that
o(r+Tit+T,z) = p(;t, ) Vr >t V(t,z) €e RxR™

Accordingly we consider positive invariant families {S(¢)}+cr periodic in t.

Assumption 3.1. Family {S(t)}+cr satisfies (2.2) in Assumption 2.1 for T = R
and it holds that S(t + T) = S(t) for all t € R.

Let ET =R x B"(r;0,). Below we provide a criterion of positive invariance and
convergence in terms of Lyapunov densities for periodically time-varying system (2.1).
Define the following sets:

(32) S={(t,x):tecRazeS®t)}, Sr={({tz):tel0,T),zeSt)}

THEOREM 3.2. Suppose that system (2.1) is periodically time-varying with period
T and family {S(t)}ier satisfies Assumption 3.1. Let function p € C1(S\ E,R) be
periodic as

p(t+T,2)=p(tx) V(t,a)eS\E

and satisfy the following conditions: (i) p(t,xz) > 0 for all (t,z) € St \ E. (i) For
every (ty,xp) € 0.5, it holds that p(t,x) = 0 as (t,x) — (tp,zp) with (t,x) € S.
(iii) [pr + Va - (fp)](t, ) > O for almost all (t,z) € Sy \ E. Then, for all (to,xo) € S,
©(t;to, x0) € S(t) for all t € [to, Thoo(to,x0)). Moreover, if (iv) for allt € [0,T) and
r >0, plt,2)(1+ ||f(t,z)]]) /(1 + ||z||) is integrable on {x € S(t) : ||z|| > r}, then,
for almost all (tg,x0) € §, solution ¢(t;tg,xo) is defined for t € [tog,00), satisfies
o(t;to, xg) € S(t) for all t € [tg,00), and lim;_,o ©(t;to, zo) = 0.

Proof. (I) Conditions (i)—(iii) of Theorem 3.2 imply conditions (i)—(iii) of Theorem
2.2, respectively, for arbitrary ¢, € R. Hence the positive invariance of {S(t)}ier is
obvious.

(IT) Consider augmented system (2.6). Apparently F(s + T,y) = F(s,y) holds
for all (s,y) € R x R™ and solutions ®(7;&y) of system (2.6) satisfy

(3.3) O(1;80 + (T,00)) = ®(7360) + (T,0,) VT eR V& € R™HL
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Set R € C1(S\ E) as in (2.8). Then R(¢ + (T,0,)) = R(¢) for all € € S\ E.
Conditions (i')—(iii’) in the proof of Theorem 2.2 are fulfilled for any t;, € R from
conditions (i)—(iii) of this theorem, respectively.

To prove the convergence, first, let X’T = [0,7) x R™ and o # 0 and define a
mapping 7, : )?T — )?T as

7o (&) =17 ® (03 ),
where II7 : R*! — X7 is given by
Or(s,y) = (s —kT,y), seclkT, (k+1)T), kelZ.
Let U C )A(T and define
Uw=A{(s,y) € ®(o;U) : s € [kT,(k+1)T)}, ke€Z.
Then ®(o;U) is decomposed as

oosU)= |J U,  UenU =0, k#L

k=—o0

where we notice that U, = () for all &k < 0 if & > 0 and that U = @ for all & > 0 if
o < 0. We have

(3.4) To(U) =Tp®(o;U) = | J Trl.

This is seen as

(s,y) e Ip®(o;U) <= s€[0,T), Ike€Z (s+kT,y) € ®(o;U)
<~ s€e[0,T), 3keZ (s+kT,y)c U
<~ FkeZ (s,y)€UrUy.

Moreover, it holds that
(3.5) Uy, N1 Uy, = 0, k1 # ka.
To see this, first notice that Uy can be represented as
Uk = {®(05¢) : ®(03¢) — k(T.0,) € Xr, (€U},

Let n € Uy. Then there exists a ¢ € U such that n = ®(0; () with n — k(T,0,) € Xr.
Hence IIrn = ®(0; (i) — k(T,0,) = ®(0;(x — k(T,0,)). Now assume that there exists
a & that belongs to Iy Uy, NIIpUg,. Then there exist ¢; = (u;,2;) € U C )/(:T, 1=1,2,
such that

€:¢(Ua Ci_ki(Taon))’ i = 1727
and hence (1 — (2 = (k1 — k2)(T,0,,), i.e.,

Uy — U2 :T(kl 7]{32), Z1 — %2 =0.
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This implies that u; = ug since uy,us € [0,T) from (1, € )A(T and k; and ko are
integers. Hence k; = ko, which contradicts the assumption k; # ko and thus (3.5) is
proved.

Consider measure space (R"™1, B(R"*1), 1), where p is an arbitrary measure that

is shift invariant as u(U) = p(U + (T,0,)) for U € B(R"*1). Suppose that U C Xr
is measurable and p(U) < co. Then

(3.6) u(<I>(U;U))=u< U Uk) = > wU) = > w(Us—k(T,00))

k=—o0 k=—o0 k=—o0

o0

= > urUy) =u< D HTUk> = p(Ur®(0;U)) = u(7-(V)).

k=—o0 k=—o0

(III) Now consider measure space (§T, lS’(§T)7 pr) with
pr(U) = [ B©de. U € BSn),
U

From condition (iv) and Fubini’s theorem, R(f) is integrable on Sy \ E, = ={(s,y) €

s lyll > r} for all » > 0 and hence uT(ST \ E,) < co. Let 0 > 0 and consider
T = IIr®(0;-) as a mapping from ST to ST, based on the posmve invariance of S
and the definition of IIy. Let ZT o C ST be the set of £ € ST \ E C ST such that
Tk(€) € 57\ E, for infinitely many natural numbers k. From Lemma 2.3, it holds
that yT(T;IZﬁ,U) = /QLT(EM,), where 7,71 is defined as 7,7 'U = {¢ € Sy : T,¢ € U}
for U C §T. Similarly to (2.10), we derive

(3.7) 0= MT(ZT,U> - MT(E_l(Z\T,U)) > MT(%(E_l(Z\T,U))) - MT(7:7_1<2T,0))-

Here we go back to measure space (R"™1, B(R"*1), 1) with

pU)= [ _R(€)ds, UeBR"™),
Uns
which is shift invariant as p(U) = u(U + (T,0,)) and it holds that p(U) = pur(U)
if U € Sp. From (3.6), (3.7), and the fact that 7,7 ( Tg) and T,(T,1(Z,,)) are

included in S,

o>uT< To(T5 M (Zr0))) = 11(T5  (Zro))

~

mm o)) = Ty Zr)
@01 (T (Zra))) — 0T (Zr)
98(r:n)
// 5, Fe (PRI |25 \dd >0,

where we also exploited that (o 7.7 1(Z, ) and Tg_l(ZU,T) are included in S. There-
fore condition (iii) implies that 7, (Z,,) is a Lebesgue zero set of R"*1. Observe
that

T (Zra) = {g €S T6) € Sr\ B and

[Vk eN 3AU>k THYUE € §T\ET} }

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 07/19/22 to 133.30.52.205 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

LYAPUNOV DENSITY CRITERIA FOR TIME-VARYING SYSTEMS 233

and T, (€) € Sy \ E, if and only if || ®Y(5;€)|| > r from the definitions of 57 \ E, and
T,. Hence

(3.8) 2= U TG |VE
p,qeN

={fe§T:anqu |®¥(1/g:6) > 1/p and

MEEN Sixk [0+ /5Ol 2 1/p] bUE

holds and Z is a Lebesgue zero set. From (3.8), we see (2.12) in the proof of Theorem
2.2 for all £ € §T \ Z and for all p,q € N. Therefore we can conclude the convergence
®(1;€) — 0, as 7 — oo similarly to the proof of Theorem 2.2 for £ = (s,y) € S with
y # 0. Then the convergence of ®(7;¢) for almost all £ € S \ Eis readily seen from
the periodicity of ® and the proof is completed. 0

Ezample 3.3. Consider the system in Example 2.5, & = —(1 +sint)2?, again but
here we exploit that this system is periodic with period T' = 2. Let S(t) = R and ¢, be
arbitrary. We have a Lyapunov density p(t,z) = 1/z*, for which [p;+ V.- (fp)](t, z) =
(1 +sint)/x? and p(t, ) is integrable on |x| > r for any r > 0 and ¢ € [0,27). Hence
conditions (i)-(iv) of Theorem 3.2 are satisfied. Thus, with the periodicity of the
system, we may have a much simpler Lyapunov density satisfying the conditions of
Theorem 3.2 than such p as in Example 2.5 that satisfies Theorem 2.2.

4. Converse results. In this section, we prove the existence of Lyapunov den-
sities for general time-varying systems and periodically time-varying systems under
the asymptotic stability of trajectories that we will state in subsection 4.1. For gen-
eral time-varying systems, we show first a local existence of Lyapunov density in
subsection 4.2, with guaranteeing the positive invariance of a certain region with the
convergence of trajectories. Then the region is extended in subsection 4.3 to the re-
gion of attraction in subsection 4.4. Last, subsection 4.5 provides a converse result
for any positively invariant family satisfying Assumption 2.1. Converse results for pe-
riodically time-varying systems are then obtained in subsection 4.6 similarly to those
for general time-varying nonlinear systems.

4.1. Assumption on the convergence. In this subsection, we state the stand-
ing assumption for this section with which we consider the existence of Lyapunov
densities.

DEFINITION 4.1. Let a € (0,00]. (i) 4 continuous function a : [0,a) — [0,00)
is said to be class K if « is strictly monotonically increasing and «(0) = 0. If in
addition a = oo and a(r) — oo as r — oo, then « is said to be class Koo. (ii) A
continuous function B : [0,a) x [0,00) — [0,00) is said to be class KL if the following
two conditions are satisfied: For each fixed s, mapping 5(r, s) is class K with respect to
r, and, for each fixed v, mapping B(r,s) is monotonically decreasing and S(r,s) — 0
as s — 0o.

Let t, € R and define X(t,c) = [t,00) x B"(c;0,) for t € R and ¢ > 0. Assume
the following for system (2.1).
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Assumption 4.2. (i) f € C?*(R™T1 R™). (ii) There exist class K functions oy, ag
such that ||f]] and || fz]|s are bounded as

@1 f o) <ap(ll),  Nfe(t2)lls < aalllel) — V(E,z) € R xR™

(iii) There exists a class L function S defined on [0,%p] x [0, 00) for some ¢y > 0 such
that trajectories ¢(t;tg, o) are defined for all ¢t > ¢y and satisfies

~

(4.2) le(t;to, zo)ll < B(llwoll, t —to) VE>to V(to,20) € X (ty, )"

if (to, z0) € X (ty, o).

Below let ¢ be a number such that 5(¢p,0) < ¢. In Theorem 4.16 of Khalil
[6], a local version of these conditions is assumed to provide a converse theorem
that guarantees the local existence of a Lyapunov function for time-varying nonlinear
systems. More specifically, condition (ii) is assumed only for & with ||z|| < ¢. Below
we refer to this theorem.

~

LEMMA 4.3. There ezists a continuously differentiable function v : X (ty,¢) —
R that satisfies aq(||z]]) < v(t,z) < as(||z]]), [vr + vaf](t,2) < —as(||z]), and
lve(t, 2)|| < aq(llz|]) for all (t,x) € )?@0,60) under Assumption 4.2, where o,
i=1,2,3,4 are class K functions defined on [0,¢)].

Proof. The proof can be seen in [6]. O

We utilize this theorem in order to guarantee the existence of a certain positively
invariant family for time-varying systems. Then we prove in the next subsection
the local existence of a Lyapunov density. This result is further extended to show
Lyapunov densities for general positively invariant sets.

4.2. Local existence of a Lyapunov density. Consider Lyapunov function v
in Lemma 4.3. Define a positively invariant family {S(t)}:>¢, as

(4.3) S(t)={z e R":v(t,2) < a1(T)},  tE [ty,00),

via Lyapunov function v(t,#) in Lemma 4.3. Let § = {(t,2) € RxR" : ¢ €
[tg, 20), v(t,z) < a1(T)}. It is easy to see that

(4.4) B"(c;0) C S(t) € B™(S0;0), t € [ty,00),

or equivalently X (£, c,) C S C X (ty, ), where ¢, = a; (a1 (c)).

LEMMA 4.4. Under Assumption 4.2, there exists a p € C*(S\ E,R) that satisfies
the conditions (1)-(iv) of Theorem 2.2 with family {S(t)}s>¢, defined in (4.3).

Proof. Let t; >ty and let v : R — R be a monotonically increasing C'* function
satisfying v(t) = 0, t <y, and v(t) = 1, t > t;. Define

(4.5) At z) = { éoa(éo) —o(t,z))*v(t)e™, gi’hﬁvii’.

It is easy to check that A € C1(R"*1 R), A(t,x) > 0 for (t,2) € S° and

(4.6) 0< At,z) <ae™"  VY(t,z) e R"M | @:=a;(c0)?
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Define p(t,z) for (t,z) € R"1\ E as

(4.7) p(t,x) = / AT, p(T5t,x)) ’W

T_ o (ta)

dr.

Since S is positively invariant and At,z) =0 for (t,z) & 5°, we have p(t,x) =0 if
(t,x) & S°. Let (t,x) € S°\ E. It is easy to see that there exist a neighborhood N of
(t,x) included in S° and a positive number Ty such that

(t',2') e N = o(t' — Ty;t',2) € (59°,
by which we have

~

.4/ !
Op(mit, 2| 4, V(t',2') € N.

t
o) = [ Mrptrst ot [ 2250

—Ty

This implies that p is continuously differentiable in N and hence also is in S \ E. We
can obtain

(ot + Vo (fp)l(t,2) = Mt,z)  V(t,z) e R™1\ E.

By what we have seen so far, conditions (i)—(iii) of Theorem 2.2 are confirmed. In
order to prove integrability condition (iv), we derive an upper bound of p(t, z). Let

C(u) = max{s > 0: B(co,s) > u}, wue€(0,c).

Since (¢, $) is continuous and monotonically decreasing in s > 0 and lims_, o 3(co, $)
=0, ¢(u) is well-defined and monotonically decreasing. Next, let (t,x) € S'\ E, and
define

(4.8) te =inf{r <t: (r,p(r;t,x)) € §}, ZTe = p(te; t, ).

Apparently t. > t,, z. € S and ||z.|| < ¢ from (4.4). Assumption 4.2 and the
continuity of 8 on [0,¢] X [0, 00) imply that ||z|| < B(||ze|,t — te). Moreover, (t,z) €
S\ E, means ||z|| > r and hence r < 5(¢p,t — t). Therefore

(4.9) t—te < ((r)

holds from the definition of (. R

Now consider p(t,z) in (4.7). Since S is positively invariant, the interval of
integration (T (t,),t] in (4.7) can be replaced with [t.,t] and the length of this
interval satisfies t — ¢, < ((r) < co. Moreover, from (ii) of Assumption 4.2, it holds
for 7 < t that

(4.10) '&p(gf’x) < ekolt=7) Lo := aq(%).
From (4.6) and (4.10),
¢ :
am e = [ At 2D
‘. ox
¢
< ae TelotTdr = poet V(t,z) € S\ Er,

t—=¢(r)
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where pg := @(e(TLo)<() — 1) /(1 + Ly). We also have

L+ [/t )]l

< Hy, Hy = 1—‘1-04]0(50),
1+ [|]

for (t,z) € S\ E. Using these inequalities, we obtain

- L )]
I(S,r :/ ————""(t, x)dxdt
5= s Tl P

o0
< / / Hopoe_tdxdt < V(Eo)Hopoe_éo =: qo,
ty Jr<lel|<eo

where V' (¢p) stands for the Lebesgue measure of balls in R” with radius ¢y. Thus all
the conditions of Theorem 2.2 are satisfied with family {S(t)}>¢, of (4.3). O

4.3. Lyapunov density defined on a sequence of positively invariant
families. In this subsection, we extend the positively invariant family considered in
the previous subsection along the trajectories to the negative direction of time, which
will lead to the result of the next section that proves the existence of a Lyapunov
density on the region of attraction. Define a sequence of sets Sy via the augmented
system of section 2 as

(4.12) Spy={¢=(t,x): ®(k;¢) € S} = ®(—k;5),  keN,.

Qlearl\y each §k is positively invariant and S = §0 C §1 C - C §k C ---. Since
S C X(ty,c0), it holds for k € Ny that

(4.13) [|®(—k;€) — € < L+ ElN(e" —1) < A +o)(eF —1) = hy, VEES
from (2.7). Hence
(4.14) Sy C X(t,,er),  keNo,

holds for ¢, :=t, — (1 +2)(e* — 1) and ¢ := ¢y + (1 +c)(ek — 1).
We extend Lemma 4.4 to sequence S, k € Np.

LEMMA 4.5. Under Assumption 4.2, there exists a pr € R\ E that satisfies
the conditions (i)—(iv) of Theorem 2.2 with Sy defined in (4.12) for each k € Ny.

Proof. Using A in (4.5), define A, k € Ny as
(4.15) Ae(t, z) = MP(k; (t,2))),
for which Ay € C*(R"*1,R), M\x(¢,z) > 0 in .§Z, and A(t,x) = 0 in S¢. From (4.6),
Me(t, ) = N@(k; (t,2))) < e R0 < ge~t
for ¢ = (t,xz) € R*!, where the latter inequality holds since ®°(k; &) > t. Now define

(4.16) pr(t, z) = / Ak(T, (758, 2)) ‘W

T (t,x)

dr, k€ Np.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 07/19/22 to 133.30.52.205 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

LYAPUNOV DENSITY CRITERIA FOR TIME-VARYING SYSTEMS 237

As in the proof of Lemma 4.4, we can show py € CH(R"™1\ E,R), pu(t,z) > 0 for
(t,x) € S\ E, pr(t,xz) =0 for (¢t,z) € S5 \ E, and the identity

[(Pk)t + Vg - (fpk)](ta x) = /\k(tvx)

for all (t,2) € R"™ \ E. Thus we have seen conditions (i)—(iii).

Let us derive an upper bound of p; on §k \ET for k € Ny and r > 0. First, let
(t,z) € (Sx\ E,)\ S. From the definition of Sy, we have ®(—Fk; (t,z)) € Si. Therefore
7 that satisfies 7 < ¢ and @(7;t,2) € Sy, \ E, belongs to interval [®%(—Fk; (¢,z)), t],
whose length is less than hy, from inequality (4.13). Next, suppose that (¢,z) € S\ E,
and define . and z, as in (4.8). Then the interval of T for which o(7;t,2) € Si \ By is
included in the union of [®°(—k; (te, xc)), te] and [t.,t]. The length of each interval is
bounded by hj and ((r), respectively, where the latter is obtained as in the previous
subsection.

From (4.14), it holds for k € Ny that || f.(7, o(7;¢t,2))||s < aq(cr) =: Li as far as
o(rit,x) € Sj. Therefore | (:t, )| < eL*(=7) if 7 < t and @(7;t,2) € S;. From
these observations, we obtain

' dp(r;t
am  wtos [ atnea| 25 g
T oo(t,m) Ox
t
S / ae_TeLk(t_T)dT — pke_t, k c N07
t—(hi+¢(r))

where py = a(e(MHEx)tC()) _ 1) /(1 + Ly).

Recall (ii) of Assumption 4.2, by which 1 + ||f(¢,2)|| < 1+ ay(¢x) =: Hj for
(t,x) € Sk \ E,. Using (4.17), we derive an upper bound of the integral of p (¢, z)(1+
(& @)D/ (1 + llz]]) on Sk \ By as

~ 1 t
I(Sk,r) = / Mpk(t,x)dxdt < / Hypre™ ‘dxdt
SAV-RE o e Si\E,
< V(Ek)Pkaeik =:qQk, ke No,
which completes the proof. O

4.4. Lyapunov density on the region of attraction. Denote by ]/%A the set
of initial data (¢, ) for which ¢(7;¢,x) is defined for all 7 > ¢ and ¢(7;t,2) — 0 as
T — 00, which set we call the region of attraction of system (2.1).

LEMMA 4.6. Under Assumption 4.2, there exists a p € R\ E that satisfies the
conditions (1)—(iv) of Theorem 2.2 for S = Ry.

Proof. We have seen in (4.4) that X(LO,QO) C S holds for some ¢y > 0. Therefore,
if (t,z) € EA, there exists a time ¢; > ¢, for which ¢(t1;t,z) € S. This means that
(t,z) € R belongs to Sy for some integer k. Thus {§k}, which is monotonically
increasing, satisfies ]/%A = Uiozl §k. Moreover, the sequence of compact sets

~

1
Ji = {(t,x>eRxR": by k<t<tytk 1<l Sk}, keN,
is monotonically increasing and satisfies (J- Jp = Rn+1 \ E. Therefore

ﬁA\E: U(gkﬁjk)
k=1
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Next, define for k € N the following numbers:

apk (tv l‘)
ot

Opx(t, )
i A RS
, djp = max B

di, = max_ pg(t,z), di = max %
(t,z)edk

~ i
(t,x)eJ) (t,x)eJy

where the functions that appear in the right-hand sides are continuous on compact
sets Ji. Let positive numbers C}, be

(4.18) Oy =2 *max{d}, d3, d3, di + dyos(k) + draa(k), a}] ™", k€N,
and define

(4.19) p(t,x) = Crp(t, x).

Below we verify the convergence of this series. Let K c Rn+! \E be an arbitrary
compact set. Then, there exists an integer m for which K C Jj holds for all £ > m+1.
Hence, if p > m,

p m p
chpk(t,fll Z kpk t .’E Z C’kpk(t,x)
k=1

k=m-+1

I A

m
ZCk max_pp(t,z)+2"™
b1 (t,x) EK

for (t,x) € K. Similarly,

P
Ipk(t, x) Opi(t,x)| -
Ck C) max +27™
2:21 k‘ ot kzl k(tz)eK ot
P
Opi(t,x) Opi(t,x) -
27,
Z Cy 97 Z Cy (tH;)agK - +

The right-hand sides of these inequalities are constants that depend only on set K.
Opr(t,x) and Opi(t,x) are
ot ox

Therefore series p(t, ) converges uniformly on K. Moreover,

also series that uniformly converge on K and hence p is continuously differentiable on
K. Consider the following series:

ZC <8pktx + [Va - (For)l( ) ch/\ktx

Since, for k > m + 1, the left-hand side is bounded as

6pk t,x
ot + [vz : (fpk‘)](ta x) ot
< di +dias(k) + dpoa(k)

<

‘If (L) + pult, 2) | ot )]

on K, we see that At,z) = > poy CkAg(t, ) uniformly converges on K and hence

A is continuous. The above convergence results are valid for any compact sets K C
R™*1\ E and therefore

Ip(t, x) [
ot

Vo (fp)l(t,z) = A(t,z) V(t,z) € R"\ E.
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Let (t,2) € R4\ E. Then there exists an integer m for which (t,z) € Sp, k> m+1.
Since py(t, ) and Ay (t, z) are strictly positive on S; \ E, it holds that p(t,z) > 0 and
A(t,z) > 0. Obviously p(t,z) = A(t,z) = 0 for (t,z) ¢ Rs. Thus conditions (i)
and (iii) are verified, while it is easy to see (ii). Condition (iv), the integrability on
R\ E,, is obtained from (4.18) as

1 t 1 t
Ra\B. Lz *Jong 1+l
< ZCka < 00,
k=1
which completes the proof. 0

4.5. Lyapunov density for general positively invariant family. Lemma
4.6 is easily generalized to guarantee the existence of Lyapunov densities for a general
positively invariant family satisfying Assumption 2.1. Let {U(t)};>¢, be a positively
invariant family that satisfies Assumption 2.1, given as U(t) = {x € R™ : u(¢,z) > 0}
for all ¢ € [t,, 00), where u is a continuous function on [t,,c0) x R™ for some ¢, € R
With @ := sup(; ,)epn+1 u(t, z) < 0o. Let U={(t,z) eR"™ :t >R, z € U(t)} C Ra.
The results of subsections 4.2, 4.3, and 4.4 are generalized as follows.

THEOREM 4.7. Consider time-varying system (2.1). Suppose that Assumption
4.2 is satisfied and a positively invariant family {U(t)}ier is given as above. Then
there exists a p € R™1 \E that satisfies the conditions (1)—(iv) of Theorem 2.2 for
S=U.

Proof. The proof follows from Lemmas 4.4, 4.5, and 4.6 with modifying A\ as

(4.20) A(t,z) = { M®(k; (t,2)))ult,x)? /a2, (tx) €U,

0 otherwise

n (4.15). 0

4.6. Converse result for periodically time-varying systems. Here we con-
sider family {S(¢)}ier, which is periodic and defined for all ¢ € R, and let S be as
in (3.2). In the proof of Theorem 4.16 of [6], which we refer to as Lemma 4.3 in this
paper, a Lyapunov function is defined as

o(t,z) = / gl t,2))dr

where g € C1([0,00),R) is a function constructed via Massera’s lemma. Since (7;¢+
T,z) = p(Tr — T;t,x) holds for periodically time-varying systems, it holds that v(t +
T,x) = v(t,z). Hence v is extended to a function defined for all ¢ € R periodic in ¢
with period T. Then define A(¢, ) as

(4.21) At z) = { (()O”(EO) ~ b o)’ Eig 2 §;

which satisfies 0 < A(t,z) < @ = o1(c)?. Next, if (t,z) € S\ E, there exists a
7 < t such that o(7;t,x) € S(7)'. To see this, assume that (t,z) € S\ E and
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o(t;t,z) € S(1) for all 7 < t. Then ||¢(7;t,2)| < T and hence
=]l < B(lle(r:t, z)|l,t = 7) < B(Eo,t —7) = 0 (7 = —00)

holds from the definition of class KL functions. Thus ||z|| = 0, which contradicts
(t,x) € S\ E. Therefore we can define t, € (T_oo(t,x),t) and z. as in (4.8).

Define \j, as in (4.15) with X in (4.21). Then )\, € C*(R"™ R) and A\x(¢,7) < @.
Setting pi by (4.16), we can easily derive conditions (i) and (ii) of Theorem 3.2 and
the periodicity of py. Instead of (4.17), we have

t .
pr(t, ) S/ A (T,0(T5t, ) ‘&p(g,t,x) dr
Tfoo(t,z) z
t
< / ael =T dr = py,
t—(hik+C(r))

with pp = @/Ly(e"++<(")) — 1), Note that an upper bound of the length of the
interval of the above integration is obtained as hy + {(r) similarly to that of (4.17).
Thus py, is defined on R"1\ E. We can also prove that p, € C*(R"1\ E,R) and
condition (iii) holds. Since pi(t,x) is bounded on {x € R™ : ||z|| > r} for each ¢ and
r > 0, integrability condition (iv) is obvious. Let

i op(T;t,x
gk ‘= Ssup / A(T7¢(T;t7$)) ‘@(a)
t€[0,7) Jzes(t), || >r .

Lyapunov densities for the region of attraction is derived via (4.19) with py (¢, z)
obtained above, where coefficients C}, are defined as in (4.18) with replacing g with
gr- We can also construct Lyapunov densities for a positive invariant family {U(¢) }+er
that is periodic in ¢ with period T, setting A\ as in (4.20). The proof is similar to
those of previous subsections. We summarize the results in the following theorem.

dr (< 0).

THEOREM 4.8. Consider time-varying system (2.1) that is periodic as in (3.1)
with period T'. Suppose that Assumption 4.2 is satisfied and a positively invariant fam-
ily {U(t) }rer is given as U(t) = {x € R™ : u(t,z) > 0} for allt € [ty,00), where u is a
continuous function on [ty,00) x R™ for some t, € R with U := sup; y)epn+1 u(t, ) <
00 and u(t) = u(t + T) for all t € R. Then there exists a p € R"1\ E that satisfies
the conditions (i)~(iv) of Theorem 3.2 for § = U.

5. Conclusion. In this paper, first we showed a convergence criterion in Theo-
rem 2.2 on trajectories of general time-varying nonlinear systems in terms of Lyapunov
densities. We do not need the assumptions of local stability and forward complete-
ness of trajectories. Then we showed a criterion in Theorem 3.2 for periodically
time-varying systems, where the integrability condition (iv) is weakened by exploit-
ing the periodicity of the vector field. We also proved the existence of Lyapunov
densities for general and periodically time-varying systems in Theorems 4.7 and 4.8,
respectively, under the asymptotic stability.

Future work can include applications of Lyapunov densities for time-varying and
periodically systems to state feedback synthesis. The inequalities proposed in this
paper can be applied to state feedback of control system @ = f(¢,z) + g(t, z)u with
input u = wu(t, ) similarly to the time-invariant case [13] through the linearization
technique. An important open issue is the proof of the existence of Lyapunov densities
without assuming even asymptotic stability.
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