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THE WAITING TIME PHENOMENON IN SPATTALLY DISCRETIZED
POROUS MEDIUM AND THIN FILM EQUATIONS

JULIAN FISCHER AND DANIEL MATTHES

ABSTRACT. Various degenerate diffusion equations exhibit a waiting time phenomenon: De-
pendening on the “flatness” of the compactly supported initial datum at the boundary of the
support, the support of the solution may not expand for a certain amount of time. We show
that this phenomenon is captured by particular Lagrangian discretizations of the porous medium
and the thin-film equations, and we obtain suffcient criteria for the occurrence of waiting times
that are consistent with the known ones for the original PDEs. Our proof is based on estimates
on the fluid velocity in Lagrangian coordinates. Combining weighted entropy estimates with
an iteration technique a la Stampacchia leads to upper bounds on free boundary propagation.
Numerical simulations show that the phenomenon is already clearly visible for relatively coarse
discretizations.

1. INTRODUCTION

1.1. The evolution equations and waiting times. In this paper, we prove the occurrence of
the waiting time phenomenon in appropriate spatial discretizations of two degenerate parabolic
evolution equations in one space dimension: The second order porous medium (or slow diffusion)
equation with given exponent m > 1,

Oyu = a;cac(um)a (1)

and the fourth order thin film (or lubrication) equation with linear mobility,
1
Oyu = —iﬁz(u Oraztl). (2)

Both equations are known to admit non-negative global weak solutions for the initial value problem
with

u(0; ) = u(x), 3)

for any initial datum @ that is continuous, non-negative, and of compact support [4, 29 B34]. The
integral of u is preserved under the evolution; by homogeneity, it is no loss of generality to restrict
attention to solutions of unit mass.

In the qualitative analysis of and , one of the key objects of interest is the growth of the
support of the solution u in time. For the second order porous medium equation , it is easily seen
from comparison principles that an initially compactly supported solution is compactly supported
at any later time as well, and that the support cannot shrink, see e.g. [34] for an overview on these
and related results. This comparison also provides rough lower and upper bounds on the speed
at which the diameter of the support grows. A complementary approach via entropy methods
provides estimates on the asymptotic proximity of general solutions to the compactly supported
self-similar Barenblatt solutions [8, [13}[33], and thus gives a quantitative indication for the expected
growth of the support at large times.

A little less is known about solutions to the fourth order equation ({2)), for which no comparison
principle is available. To prevent ill-posedness of the thin film equation, an additional boundary
condition must be specified on the boundary of the support 9 supp u(-,t); the typical choice (that
we shall make here as well) is to restrict to solutions with zero contact angle, which can be formally
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expressed as the condition d,u(Z) = 0 at any & at the edge of support. In the existence theory
of weak solutions, this condition is enforced via certain entropy or energy dissipation estimates
[4, 2 10, 5, 28] (for a stronger solution theory, we refer to [20, 19, 17, 22, 23] 24]). For the
thin-film equation with zero contact angle, it has been shown that the support grows with finite
speed [3], and that solutions are asymptotically close to the compactly supported self-similar one
[7, 29]. We remark that more refined information is available for thin film equations with higher
degeneracy, see e. g. [4] for a result on the non-shrinkage of the support or [12, 14} [I5] for a complete
characterization of the waiting time and support propagation behavior in certain regimes.

Here we focus on the occurrence of waiting times, which is a subtle phenomenon showing that
despite the aforementioned results on the eventual uniform growth of the solution’s support, one
cannot expect expansion to happen immediately after initialization. Instead, the edge of support
only moves when the solution has gained a certain steepness there; if the initial profile is very flat
near the boundary, then it takes a certain “waiting time” until mass has been re-distributed on the
support before the necessary degree of steepness has been reached. Criteria on the initial condition
for the occurrence of the waiting time phenomenon have been established by various authors since
the 1980’s, see [I8] for a brief historical review on waiting times for degenerate parabolic equations,
and particularly [IT] for the first significant result on thin film equations. A sufficient criterion
for the phenomenon, applied to and 7 is this: let a be the left edge of 4’s support, then a
waiting time occurs there if

1

Y
lim sup [(ﬁ - a)_df:bn¥1 / a(z)™ da:] < 00, (4)

lla

¢
lim sup [(6 — q)~(F4a) / a(z)tte dm] < oo for some a > 0, (5)
lla a

respectively. Criterion (4 is essentially sharp for (1)); sharpness of for has been partially
shown just recently by the first author [16].

1.2. Lagrangian picture. The spatial discretizations of and considered in the following
are based on the Lagrangian description of the evolution. Despite the fact that the motion of the
edge of the solution’s support — the object of central interest when studying waiting times — is
very conveniently described in Lagrangian coordinates, the Lagrangian approach has apparently
not been used so far in the literature. For passage to the Lagrangian picture, we consider both
and as non-linear transport equations,

O+ 0, (uV(u)) =0, (6)
with respect to a velocity V (u) that depends on u,

m N 1 .
V(u) = —718x(u ), and V(u)= iamu, respectively.
m —

The evolution equation is now written in terms of the Lagrangian map X : [0,7] x [0,1] — R that
traces the characteristics of @, ie.,

8tX = V(’LL) oX.

Intuitively, t — X (¢; ) is the trajectory of a particle. We normalize X to “mass coordinates”, i.e.,
for each £ € [0,1], the amount of mass to the left of X (¢;£) equals {. Consequently, t — X (¢;0)
and ¢t — X (¢;1) trace, respectively, the left and right edges of u’s support. One can easily express
u in terms of X via the identity u(t; X (¢;€))0: X (¢t;€) = 1, and then rewrite and in terms
of X and Z(¢;€) := m = u(t; X (t;€)) alone:

0. = —0g(2), M

1 1
XX = 0 (223 OceZ + Z22 (852)2) . (8)



WAITING TIME PHENOMENA IN DISCRETIZATIONS 3

In order to translate the full initial value problems & and & into reasonable initial-
boundary-value problems in Lagrangian coordinates, we actually consider @ and as equations
in terms of Z alone, bearing in mind that 9,2 = —Z20:0;X. Thus and are actually a
second and a fourth order parabolic PDE for Z, respectively. The natural boundary conditions are
Z(0) = u(t; X(¢;0)) = 0 and Z(1) = u(t; X(¢;1)) = 0 for both equations, expressing that X (¢, 0)
and X (t,1) mark the left and the right edge of the support. The other two boundary conditions
for the thin-film equation are more difficult to formulate in Lagrangian terms: the assumption
of zero contact angle formally manifests itself as [9¢(Z?)](0) = [0¢(Z?)](1) = 0, which expresses a
subtle regularity property of Z. In the discretization below, we interprete this boundary condition
as homogeneous Neumann.

1.3. Discretization. For discretization of and , we use finite differences with respect to the
mass coordinate ¢ € [0, 1], i.e., we subdivide [0, 1] into K sub-intervals [£x_1,&x]; the & are fixed
in time. The Lagrangian map X is discretized by a time-dependent sequence x = (zg,x1,...,2ZK)
of positions xj(t) € R, where x(f) serves as approximation of X (¢;&x). Thinking of X as the
piecewise linear interpolation of the xx’s with respect to the &’s, the associated density function
on R is piecewise constant on each of the intervals ($k+1/2, xk,l/z), with respective density values

f;ﬁ,l/g_fk,l/g

2 = ; here k € {3,3,...,K — 1} is a half-integer index. Then, with the usual

Tpqlyo =T _1/9
notations D and A for first and second order difference quotients — see Section [2] for details —
our discretizations are given by

d

—r=—D(z™

d 1 1

—ax=D|-2"Az + ~22A(2? 1
e 5% z—|—4z ()], (10)

respectively. Both are augmented with homogeneous Dirichlet boundary conditions,
Z_1/y = 2K 41/ = 0, (11)
and for , we additionally ask for homogeneous Neumann boundary conditions in the form
Z_sjs = Zi 43/ = 0. (12)

The discretizations @ and have appeared at various places in the literature, see e.g. [6],125] @].
A thorough analysis has been performed in [30}32], where — among other properties — convergence
of the approximate solutions in the continuous limit is shown.

We remark that the original motivation for choosing @ and in this particular way lies
beyond the formal similarity to (7)) and (8). Namely, the latter two are gradient flows for the
functionals

1 m—1
Z
H(X) =

1
d¢ and E(X) = / (0eVZ)* de,
o m—1 0
with respect to the L2-Hilbert structure on the space of Lagrangian maps X : [0,1] — R. This is
not a coincidence, but reflects the fact that the original evolution equations and are metric
gradient flows with respect to the L2-Wasserstein distance, for the Renyi entropy and the Dirichlet
energy, respectively, see [Tl 33} 2I]. The ordinary differential equations @[) and inherit that
gradient flow structure in the sense that they constitute gradient flows on RE+1! for potentials that
are approximations of the Renyi entropy and the Dirichlet energy for spatially discrete densities.
That additional gradient flow structure has been the key ingredient for the convergence proofs in
[30, B2]. There are further structural elements preserved, like convexity properties of H and E; on
basis of that, it has been proven in [3I] that the discrete solutions to replicate the self-similar
long-time asymptotics of solutions to very precisely.

For the analysis at hand, the gradient flow structure as such is of minor importance. What
is significant is a side effect: the discrete evolution equations @ and admit a variant of the
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following dissipation estimates for and . ), respectively:

/ p— / df, (13)

Z o 1+ a—2a?

L s m IR A ORI Pt
These are easily obtained — at least formally — using integration by parts. There exist weighted
variants of these estimates, which have a smooth weight function ¢ > 0 under the integral. These
weighted estimates are the key element for our analysis of the waiting time phenomenon. The
spatially discrete versions of those are given in Lemma [5] and Lemma [6] respectively. We remark
that a discrete analogue of the entropy dissipation estimate has also been of central importance
for numerical schemes for the thin film equation in Eulerian coordinates, see [26], 27].

1.4. Results. The two main results of our paper are rigorous proofs for the occurrence of the
waiting time phenomenon for spatially discrete solutions to (9) and (L0]), respectively. The setup
is that an initial datum u for is given, which is continuous, non-negative, and positive in the
iterior of its compact support [a,b]. For a given discretization of mass space by grid points &, to
¢k, the discrete equations @ and are then solved with initial data g to Tx for x that are
consistent with the grid, namely such that

Tk
/ a(z)de=¢, fork=0,1,..., K. (15)
Zo
In both cases, the result is that if a certain quantity b — a quotient of integrals that measures the
steepness of @ near © = a — is finite, then the left edge of the support zo(t) barely moves over a
time horizon that is the larger the smaller b is; that time is independent of the mesh. Here “barely
moves” means that xo(t) deviates from its initial value Zy = a at most by a positive power of the
left-most mass cell size d1/,.

Theorem 1. There is a constant C' that only depends on m and the non-uniformity of the used
reference mesh (Ex)5_, in mass space (i. e. A in ([20))) such that the following is true for all spatially
discrete approximations of solutions to via (9) that are consistently initialized in the sense ,
Provided that

_ f,z w(z)™ dx

Zo

b= eszlpb) , =T < 00, (16)
S a, _ m+1
(fi,o u(x) dx)

then a waiting time occurs at the left edge of support:

m—1 m+1

\$0()—$0|<25"‘“\/a for all t < Ch

It is readily checked that some u satisfying

C Yz —a)? <a(r) < C(x—a)P (17)
with some C' > 0 for all z sufficiently close to a meets if and only if p > % The same
power p is critical in the criterion .

Theorem 2. Assume that the mass mesh is equi-distant, £ = k/K. For each positive o < 32,
there are constants C and M such that the following is true for all spatially discrete approximations
of solutions to via that are consistently initialized in the sense . Provided that

_ f; a(z)ttede
b:= sup 0

2€(a,b) (fg—fn a(x) dx)

then a waiting time occurs at the left edge of support:

1. <% (18)

o (t) — To| < Mo (BH1+9) 5 forall t< b7, (19)
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Similarly as above, for initial data @ of the form , condition defines the same critical
power p =4 as .

To the best of our knowledge, our results are the first analytically rigorous ones on the preser-
vation of the waiting time phenomenon under spatial discretization. We further emphasize that
our calculations are apparently the first ones on the topic of waiting times that have been carried
out consistently in the Lagrangian picture, which seems very natural. Although the estimates are
formulated for the spatially discretized equations, it is easily deduced how they carry over to

and (8]), respectively.

2. PRELIMINARIES ON THE DISCRETIZATION

2.1. Indices. Let a natural number K > 2 of discretization intervals be fixed. Define the index
sets

keJg:=1{0,1,2,...,K}, K € J;(2 = {1/2,3/2,5/2,..., K — 1/2}

for integer and for non-integer half-values, respectively. J} and J%Q are used to label points and
intervals in between points, respectively.

2.2. Mass space discretization. Next, let a mesh (fk)k,eJ}( in “mass space” is given, i.e.,
0=8 <& <<€ =1
Intuitively, the interval lengths
1/3
O 1= Epyrys — &g for k€ Jy7,

are (time-independent) “mass lumps”; our convention is that 6_i/, = dx 41/, := 0. For notational
convenience, we further introduce

o 5k+1/2 + 5k—1/2

Ok 5

for k € Jj,

so in particular dy = &§1/2. As usual, the mesh ratio A > 1 for ({x)rc 1 is defined as

d Op—
A = max max ktl/e ,  max L B (20)
k=1,...,K—-1 6k—1/2 k=1,...,K—-1 5k,+1/2

For the dual meshes, this implies that

1+A
5 < % min (8 s 0p_1) k=1, K — 1. (21)

Further, we introduce the finite sequence (k})!_; of indices k! as follows:
o kI =1.
e Given k; ; for some i > 1: if 2§+ > 1, then set [ := i and k7 := K. Otherwise, define
ki as the smallest index k such that & > 2: .

There is an accompanying increasing sequence (p;)._; of masses p; = §kr € (0,1] for @ < I, and
pr = 1. By construction and by , we have that

2pi71 < pi < (2+A)p2*1 i:273a"'71_ L. (22)
As usual, an equidistant mesh is one in which all cells have the same size §, = § := 1/K, i.e.,

& = k/K. In that case, A = 1, and one has kf = 20! for i = 1,...,I — 1, and accordingly
pPi = 2i_1/K.
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2.3. Grid functions and difference operators. By a grid function, we mean a map f : J%Q —
R. Tts canonical interpretation is that of a function on [0,1] that is piecewise constant on the
intervals (§,_1/2,&c41/,) With respective values f,. We define a difference operator D for grid
functions f such that Dy f is defined for £ =1,2,...,I — 1 in the canonical way:

fk+1/2 - fk71/2

Dif = 5

We shall often assume additional values f_i/, and fg1/,, such that Do f and D f are defined as
well. The difference operator is accompanied by a discete Laplacian A, which maps a grid function
[ (augmented with boundary values f_i/, and fx 1/, = 0) to a grid function Af as follows:

Dr@+1/2f - Dm—l/zf

Agf = .
f 5
This is in accordance with the standard rule for summation-by-parts,
— > felegds =Y DifDirgdy. (23)
weJ keJk

Note that on an equi-distant grid, where all cells have the same length J, the definition of the
Laplacian coincides with the well-known finite-difference quotient,

2fr€ + fﬁ—l
52 ’

Lemma 3. For two grid functions f and g, the following product rule holds:

A=

1 1
Di(fg) = 5(fk+1/2 + fr—172)(Drg) + i(Dkf)(ngrl/z + Gr—1/)- (24)
Moreover, if the grid is equi-distant, then

Ax(fg9) = fu(Arg) + (Axf)gs + (Dn-i-l/zf)(Dm-i-l/zg) + (Dn—l/zf)(Dn—l/zg)- (25)

A formula similar to holds for non equi-distant meshes as well, with non-trivial coefficients
in front of the product of first derivatives.

Proof. Both rules follow by straight-forward calculation. On the one hand,

_ fk+1/zgk+1/2 - fk—1/2gk—1/2
O
(fra1sa + Jrm1/2) Gtz — Gr—1yz) + (Frogrys — Fr—1/2)(Gutrs2 + Gr—1/2)
205,

1 1
= 5(fk+1/z + fr—1/2)Drg + i(Dkf)(ngrl/z + Gr—1/)-

Di(fg)

And on the other hand,

—2 _1Gp—
Am(fg) _ fn+1gn+1 fﬁgn + fﬁ 19k—1

52
_ f Ik+1 — 2gn + k-1 + (fn+1 - fﬁ)gn+1 + (fnfl - fn)gmfl
o 02 02
— fo(Ang) + Jrt1 — 25];,{ + fnflgn " (fir1 = fr)(Grt1 — gn) ;; (foe1 = fu)(9r—1 — 9x)

= fu(Akg) + (Axf)g + Dn+1/2fDn+1/2g =+ Dn—l/QfDn—l/zg-
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2.4. Lagrangian map. For solutions to @ and , the mass discretization (&)pe TL is fixed in
time, while the corresponding discretization in physical space,

—00 < zo(t) < x1(t) < -+ < xk(t) < 400,

evolves. The vector (z(t))re 1 is the discretized analogue of the time-dependent Lagrangian map
X(t) : [0,1] — R, which satisfies or , respectively. It is associated to a density function on
R of compact support, which attains the constant value

Z,.@(t — §m+1/2 - fn—l/z (26)

a?,i+1/2(t) — !L‘,{,1/2(t)
in between the two consecutive points x,_1/,(t) and x,1/,(t). In accordance with the bolundary
conditions (11 and , we shall use z,(t) = 0 for all half-integer indices x outside of J [éz. For

the conversion of the prescribed initial value @ in to initial values Z; for the zp, we use the
consistency relation .

2.5. A discrete GNS inequality. The following interpolation inequality plays an important role
in the dissipation estimates that follow. We defer its elementary proof to the appendix.

Lemma 4. For a grid function f > 0 with f_.;, = 0 and any v € (0,1), s € (0, %), we have at
each k* € {1,2,..., K} that

1—r 2

k*—1/2 E*—1 T+ [k*—1/2 T+
> f25. < Asy (Z (Dkf)25k> > fee , (27)
k=1/2 k=0 K=1/2
k*—1/2 k*—1 ﬁ k*—1/2 14335
> fie < Aus (Z (Df)i5k> > e : (28)
K=1/2 k=0 Kk=1/2

with the respective constants

T

A2,r = [21—27‘(1 -‘1-7’)2(]_ —I—A)] }17:7 A4,s — [21—125(1 + 38)4(1 +A)3]ﬁ

3. THE DISCRETE POROUS MEDIUM EQUATION

In this section, we prove Theorem We assume that some discretization in mass space via
(€k)resy is fixed. And we consider the solution z(t) = (z(t))res2 with associated densities
z(t) = (Zn(t))neJl/z to the discretized porous medium equation (9], subject to the homogeneous

K

Dirichlet conditions , and for initial data Z; that are obtained from @ via the consistency
relation . Using that

d O Ok ) ) o
= W\ —wnn) I — Ty = —z.D.1,
’ dt (x“+1/2 - mfil/z) ($m+1/2 - $571/2)2 (Frgrfe =& 1/2) z T

we obtain the following equation for the densities z,:

2o = 220, (2™). (29)

3.1. The dissipation estimate. For notational simplicity, introduce the abbreviations

K2 Er—1 , Er—1/2
Hz(z) = =Zl/2 ﬁ(sm DZ(Z) = ];) [Dk(zm)] 51% Gi(’z) = =Zl/2 Z?@mél—c'

The main goal of this subsection is to prove the following dissipation estimate.
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Lemma 5. For eachi=1,2,...,1 —1 and each T > 0,

1 (7
sup Hi(z(t))—&—f/ D, (=(t)) dt < 8p; / G (=(0)) dt + Hip (). (30)
0<t<T 4 /o
The corresponding estimate in the case i = I 1is
T
sup Hj(z(t)) +/ Dy (z(t)) dt < Hy(2). (31)
0<t<T 0

Notice that is our discretized version of the formal a priori estimate ([13)).

Proof. The inequality is easily derived:

7i Z n 2ZK K — ZZ,TAR(Zm)(;K == Z [Dk(zm)]Qék = DI(Z),

k

where we have used the summation by parts rule . Integrate this relation in time from ¢ = 0

to t =T to obtain .
Now let ¢ € {1,...,1 — 1} be given. Define a monotonically non-increasing grid function ¢ with

0 < ¢ <1 as follows:

(1) ¢ =1 for each k <k} —1/2,

(2) 1y = %;7?5’“ for k =k +1,...,k; — 1 — this case does not occur if kj,; = k] + 1,

(3) ¢x =0 for each k >k} | — 1/2.
Notice that ¢ > 0 is guaranteed since § < 2p; for all k < kj,; by definition of k}, ;. Further, one
has

2
0<-Dip<—. (32)
i
This is obvious for k < ki — 1 or k > ki, where D3¢ = 0, while

1)
0< D¢_§k+1 &k _ k+1/2<z

Pl Pil pi

for kf <k <kj,,; —1, and finally,

since fk;Jrl_l < 2p; < gk:}l = fk;k+1_1 + 5k;‘+171/2 by definition of k;‘+1.
After these preparations, we turn to estimate the dissipation of a weighted variant of H. Using
the evolution equation ,

— ,i ZlT?l 25 — _ m—2: 25
Jp(t) : i E e g 20T 2y 0k
== 22l [A(z™)])0x = Y _[Di(¢”2™)][Dr ("),

k

where the last line follows from the summation-by-parts rule (23)). With the product rule
applied twice, and with the aid of the Cauchy-Schwarz inequality, it follows that

1
Jo(t) = = Z D (™) (6% 410 + Bk 1)k + 5 D k(2™ (Drsvsa + Srrya) (2o + 5 0) DiiO
k

1 1
3 Z[Dk(zm)}z [(¢i+1/2 + Ghrgs) — 1Okt + (bkfl/z)ﬂ Ok = 5 D (2R + 2 1y0)? [Drd) S
k

| \/

\ \/

- Z Di (2" )2 (Bsryn + Sroro)Ok = Y (2700 + 27 ) [Dr ]S

k
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So far, the calculation is valid for an arbitrary grid function ¢. Now we use ¢’s defining properties,
and :

ki—1 ki1 =12

SR 807 Y 226 = IDia() ~ 8 G (). (33)
k=0 K=1/2

Jo(t) =

] =

On the other hand, we have for each t* € [0, 7] that:
t* zm—1 ) Zﬁ(t*)mfl )
/0 Jo(t) dt = z,; ﬁd)mém - 2}{: 1 P
ki —Y2 _ 1 ki —1/2 —1
zm Zk t*)m _ *
< Y Ea Y MO ) - e,

1
k=1/2 k=1/2

Integration of with respect to time and taking the supremum over t* € [0, T] yields . O

3.2. The Stampacchia iteration. For 7" > 0 to be determined below, introduce

__5m+1 T
a; :==p; " / G;(z(t)dt fori=1,2,...,1, (34)
0
_3m—1
b= max (pi o HZ(Z)) . (35)

Below, for T' as chosen in we derive the inequalities
ar < cb't?, a; < clag1 + 0" foreachi=1,2,...,1 -1, (36)

with 6 > 0, and with ¢ > 0 so small that

(2b)%c < % (37)
It then follows by an easy induction argument that a; < b for all i =1,2,...,1. Indeed,
ar < (eb”)b < 270+FDp < p,
and if a;41 < b, then also
a; < (claiyr + b)) [aip1 + 0] < ((Zb)ec) (2b) <b.
In particular,
_smt1 T
ay=p, " /0 21/, ()61, dt < b, (38)

which is the key estimate to conclude the proof of Theorem [I| in the next section.
The rest of this section is devoted to the derivation of with . Applying inequality
with f:= z(t)™, with 7 := =L, and with k* := k] yields

2
_4m m+
kr—1/2 kr—1/2 Sm—1 (1 3m—1
ST a6 < Agy [ DD ze(t)™ 6, S [Dr(=(t)™)]
k=1/2 K=1/2 k=0
that is,
m—+41
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with B := 4%m-1 (m — 1)3::7:1 As... Now we integrate in time, use Holder’s inequality, and then
invoke the dissipation estimate , obtaining

T ot
am 1 sm—1
/ G;(z(t))dt < B sup H;(z ())3m—1/ [D(z(t))} dt
0<t<T o L4
i
<BT23(:: v [ sup H;(z(t } [ / D(z ]
0<t<T

< BTQS(J:::}) [sz / G1+1 dt + Hz+1( )‘|

In terms of a; and b introduced in and , we obtain, recalling , fori=0,1,...,1 -1
that

5m—+41
3m—1

2(m—1) __5m+1

a; < BT 5m—1 p, ™ [8/}1 / Giy1(2(t))dt + Hi41(2)

5m—+41

3m—1 3m—1
2(m—1) . m+l S5m+1 m+1 _3m-—1
— BT sm1 [8 (p;“) Pipi / Gi1(2(t))dt + (Psz) Pt Hi+1(2)‘|
K3 1

1) 2(m+1)

<CT3m T [a+1_|_b] S
with € :=512(2+ A)®B. For i = I, and with (31)) instead of (30]), we obtain

1 2 +1
a; <CT ;:: 1)b1+7§3—1).

The choice

m+1

T:= 2 XD 2 b we, (39)

produces the family of inequalities in , with 6 = 2(m+1) > 0, and with

2(m—1)  2(m+1)

c=CT3m—1 p3m-1 ,
which satisfies (37), thanks to the choice of T" in (39).

3.3. End of the proof of Theorem According to @ and the Dirichlet boundary condition
(11), the position zo(t) of the left edge of the support of z satisfies
m 21772 -0 —1_m
o — _D[)(Z ) = — 5 = —251 Z1/2.
0

Recall the choice of T in . From , it follows that

T 4m
/ 2 (6)7™dE < &7
0

Combining this with the evolution equation for zo, we obtain at time t* € [0, T7:

t* 2 T T m—1
lzo(t*) —al* < (/O |9'c0(t)|dt> gt*/o j:o(t)th§4£f2t*/o 21/2(t)2mdt§4§fmbt*.

We have thus verified the claim of Theorem provided we can also show that b in ([35)) is estimated
by b in . This is a consequence of the initially consistent discretization, see (15]). Indeed, by
Jensen’s inequality,

m Pervz g(z)da ) Z1
m €R+1/2 - 5&—1/2 . Tp_1/o < 1 k+1/2
= e I e . S
T

Tht1/z = Th—1/2 Tht1/z = Th—1/2 T T4y — Tg—1/n

u(x)™ de,

Th_1/2
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and therefore,
kf—1/2 ) ki—1/2 1k+1/2 Tpr
—m— —my = — — — m
Z Z0 0, = Z Z0 (Zpqrfe — Th—ryz) < Z / dz :/ a(x)™ dx.
Kk=1/2 Kk=1/2 k=1/2 " Tr=1/2 a

Combining this with the fact that
Tpx
pi= [ al)da,

yields b < b.
4. THE THIN-FILM EQUATION

This section is devoted to the proof of Theorem Hence, we asssume an equi-distant mesh
with & = k/K and identical cell lengths § = 1/K; it follows in particular that p; = 2¢/K. We
consider the solution z(t) with corresponding densities z(t) to (10}, subject to the homogeneous
Dirichlet and Neumann boundary conditions, and for initial data that are obtained from

@ by means of the consistency relation . For k € J]lf, the equation entails:
e = —22A, [ BAz 4z A[ZQ}]. (40)

4.1. The dissipation estimate. For the dissipation estimate, we assume that some sufficiently
small a > 0 is fixed. The roles of H, D and G are now played by:
k;—1/2
H;(z) = Z e,
K=1/2
ki—1/2
Di(z)= > [ (8e2) + 52 (Ducyodl + Drgz]®) | 8
K=1/2
ki—1/2
Gi(z) = Z Zotes,

k=1/2

Lemma 6. Fiz some « € (0, é) There are constants ¢ > 0 and B,C > 1 such that for each
€ (0,1), the following is true: for each index i =2,3,...,I —1 and each time T > 0,

T
sup H;(z2(t)) —&—c/0 D; (z2(t)) dt

te[0,T)

- - (41)
S BO'_4,0;31 / Gi—i—l (Z(t)) dt+00'/ Di—i—l (Z(t)) dt+Hi+1(5).
0 0
For i =1, one has instead:
T
sup Hy(2(t)) + c/ Dy (z(t)) dt < Hy(2). (42)
te[0,T) 0

4.1.1. Proof of — preparation. Throughout the proof, let some ® € C?*(R>() be fixed with
the properties that <I>(§) =1 for & < 2, and (&) = 0 for £ > %. The constants ¢, B and C
appearing in and are expressible in terms of norms of ® alone. Given an index i with
2 <i< 1, we define a grid function ¢ by

¢ - <£n+1/2> )
" Pi+1

The properties of ® entail that ¢, = 1 for k < kf —1/2, and ¢, = 0 for k > k},; — /2. Moreover,
Drp =0 forall k> ki, — Agp =0 forall k> ki, —1/2, (43)
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and
max [Dy¢| < [|®flcrpity,  max|Ag] < [[@llcepis- (44)
Next, define the grid function F' by
F,. = %ZKANZ + iAH(zQ) 2Nz + i[(DH+1/22)2 + (D,,i,l/zz)Q]7
so that can be written as
e = —22 A [22F). (45)
For later reference, note that
F2 < 9228020 4 2 (Do) + (D)) (46)
4.1.2. Proof of — calculating the dissipation. Equation and a summation by parts yield
J = —% Zﬁ: %@.;5 = zﬁ:zfjﬂ(b,@A[zQF}mé = ZK: 22 F. A [z )6, (47)

where we have used the Dirichlet boundary conditions . By the product rule , we obtain

Am(2a+1¢) = (b/iAn(Za—H) + (Am¢)zg+1 + (Dn+1/2¢)Dn+1/2(Za+1) + (Dn71/2¢)Dn71/2(Za+1)7
(48)

and we write accordingly

D B2 FAL (2T )5 = 81+ Sp + S,

with
S1i= Y onln(2' )220,

Sy 1= Z(Am¢)zz+3Fn57

K

S3:= > [(Dieyr2®) (Dieyrya(z°H1)) + (D 1/20) (D1 (227 ] 22 Fic6.

K

We estimate each of the sums S; to S5 from below. Concerning S, we observe that in view of the
elementary estimate from the appendix — applied with f =z and p=a —

A (22T = (1 4+ )22Axz + Ry,
with a remainder term R, that can be estimated as follows:
[Ry| < az T [(Dgrp2)? + (Dyrp2)?],
and therefore,

S1>(14+0)> ¢uzt T (An2)Fud — > ¢zt | Rel|Fald

> (1 —+ Ol) ZQZ)K (Z;‘iﬂLa(Aﬁz)Q + iZera(AKZ) [(Dm+l/22)2 + (DR_1/22)2]>5

-« Z ¢RZ;+OL|FK‘ [(Dm+1/2z)2 + (Dﬁfl/zz)ﬂa

> (1+0a)) o (zgm(Anz)z _ %Z};a [(Dys1p2)? + (Dy_sjo2)?]
_ 1+ 4«

A A [(Drg22)? + (Diya2)?] ).



WAITING TIME PHENOMENA IN DISCRETIZATIONS 13

To estimate S,, we use Young’s inequality, and recall , , and , to obtain

o k:+1—1/2 1 k:+1—1/2
|Sa] < — Z P e %sup|A,§qf>|2 Z 200§
K=1/2 K K=1/2

<D+ e g o),

Finally, to estimate S3, we first observe that the elementary estimate from the appendix
implies that |Dy(z179)| < (z?+1/2 + 22_1/2)|Dkz\, and then apply Young’s inequality to the triple
products, with exponents 4, 4 and 2, respectively:

|S3] < Z IDysrya@l (221 + 22) Dicryjazl + Drpdl (221 + 28) [ Dicmyaz]] 22 Fiod

ki+171/2 kipi—1/2
g
<o Z Z0TLE25 4 1 Z 22T [(Dygyn2) + (Dyo1yp2)*]0
K=1/2 K=1/2
kf+1_1/2
+ 1 ax |Dyo* Z 2220 ) + (22 + 26
40_4 A / K k+1 K Kk—1 K
k=1/2
12| @[, _
< 20Diga(2) + — 5 —— 0 1Gin(2),

where we have used , that Zhr, —1/2 = 0, and that

5

[+ 20+ Gy + 2] <8237 2R + 22 + 5% ] < B[ 4T + 210,

Summarizing our results so far, we have shown that

(03 « (0% 2
T2 (140) Y o (51 (Ae2)? = T2h [(Dryra2)? + (Dy-y2)?]

1+ 4« o
- IARzI[(DW/Qz)?+(DN,1/22)2])5

—C'oDjy1(2) — BIO'_4p;f1Gi+1(Z)a

(49)

with positive constants B’ and C’ that are expressible in terms of the norms of ® alone.

4.1.3. Proof of — summation by parts. In this section, we derive the essential summation by
parts rule for further estimation of the dissipation. It is a spatially discrete variant of the following
identity for smooth functions Z,¢ : [0,1] — Rx¢, subject to homogeneous Dirichlet boundary
conditions:

1
_ / Oe [022+(9:2)%] de
01 1 1
= / Qe pZ?T(0: Z)2 A€+ (2 + @) / ©ZM (0 Z) dE+ 3 / ©Z*T 0 Z(0: Z)* dE.
0 0 0

This formula plays the key role in the derivation of (14). Our translation to the grid functions z
and ¢ is this:

:$1+‘§’27

2+a 24+« 2+a 2+0¢
K412, + ™ k—1% + K7
0=Z[“> I OB (D) - I OE T

2 2

K
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where
S11 = Z ¢Kzz+a [(D&+1/2Z)3 - (Dr@—l/ZZ)S]’

A 1 ¢m+1zzi? - ¢mzz+a 3 ¢sz+a ¢K 1Z2+a
Sy 1= 3 Z 5 (Dygp22)” + 5

(Dn—l/zz)g

K

The first sum is simple to estimate from below:

51 = bzt A pz[(Dyeg1/22)? + (Dig1/a2) (Dym1/22) + (Dyem1y22)?]0

3 24+a 2 2
> —5 z’{:@gzn ‘Aﬂz‘ [(DK+1/2z) + (Dy—1/22) }(5.
The second sum gives the significant contribution, which is extracted by means of :

N 1 N
S>3 D [ Brr12ts + 6rzh ™) (Dsre2)* + (Sr2h ™ + duo12077) (Drmja2)*] 6 — Ss
= Z gbKZ,l,iJra [(DN+1/2Z)4 + (DK,1/22)4]5 - 33,

where S; is used to collect the reminder terms from . More specifically, one has, using Young’s
inequality with exponents 4 and %,

1 « (a3 1 «@ «
D) Z |Dm+1/2¢|(ziil =+ ZE,JF )|Dn+1/2z|35 =+ ) Z |Dn—1/2¢|( ;2g+1 + 22+ )|Dr€ 1/2Z| d

= Z Zera [|Dm+1/2¢||Dm+1/2Z|3 + |Dm—1/2¢||Dn—1/2Z|3]6

3 k:+1 /2 1 k3+1*1/2

[

<7 Z/ 20 [(Dt22)* + (Dy-1ya2)*]6 + 5 3 max|Dye|* Z/ Ztes
r=1/2 K=1/2

IN

30 [®lle
5 Dini(2) + S pif1Gisr.

Summarizing, we obtain that
023 6u2" [(Dapa?) ' + (Daoso?)] = 3 Zm 21802 (D 122)? + (D)) 6

— C"oDiy1(z) — B0 p 1 Gita(2)
with positive constants B” and C” that are again expressible in terms of the norms of ® alone.

4.1.4. Proof of — conclusion. We return to (49)), and add (1 + «)/3 times the expression on
the right-hand side of . Since

1
27N )2 + <3 — Z) 21T [(DK+1/22)4 + (DK_I/QZ)ZL}

3+4a N

(50)

nz|[( K41/27 ) +(DK—1/2 )2}
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we obtain eventually

J > cDi(z) — CoDyy1(z) — Bo~*p !, Git1(2),
with
_ 1+«
20 3
To conclude from here, it suffices to integrate the estimate above in time fromt =0tot =T,
using that

c: 2, B:=DB+ B", C:=C+ c”.

14+«
3

T sa Py «
JRRLEDIETEEDS 25 < L (2) — B (2(0).

The respective estimate (42)) for ¢ = I is obtained in an analogous manner, but is easier since one
has ¢ = 1, so that there are no contributions related to ¢ and its derivatives.

4.2. The Stampacchia iteration. Introduce

In analogy to and , we consider
T T
= p /0 Baf4pi_4/ Gi(z(1)) —|—C’a/ D;(2(t)) dt|,
0 0

a; == p;
b:= max (p;l/eHi(Z)) .

i=2,...,I

We are going to derive an iteration that is similar to (but more complicated than) the one in .
In terms of a; and b, the dissipation relation yields

T
sup H;(2(t)) + c/ D;(z(t)) dt < p;/_al (@it1 + D). (51)
t€[0,7] 0

5+a

Thanks to the GNS inequality with s = /(54 ), k* = kf and f, = 2.,

k;—1/2 hia ko—1 0 k’f—l/z 1+36
Gi(z) = Y (=" )"0 < Aus (Z ka(§’¢“)|‘*5> D)
k=1/2 k=1 K=1/2

By the elementary estimate from the appendix, and recalling that (z + y)? < 2P + yP any
p € (0,1), and for all positive real numbers x, y,

5+a\q4 « @
[Dk(z77)]" < Calzls, + 2455,) Dr2l,
where C, > 0 depends only on a. And so,
Gi(z) < Ay 0" ™0(2C,)"D;(2) H;(2) 37,

Integration in time, an application of Holder’s inequality, and substitution of yield

[%
/T Gi(z(t))dt < Ay a3 <20a>9 sup H; (z(t))1+36 <C/T D;(z(t)) dt) -9
0 0

c te[0,7]
2C,\°
< A4’Sa1+39 <> T1—9p;1:11/9(ai+1 + b)1+49.
c
On the other hand, it is a trivial consequence of that

T
1
/ D;(2(t)) dt < gpiﬁ(aiﬂ +b).
0



16 JULIAN FISCHER AND DANIEL MATTHES

A combination of these two estimates — recalling that p; = 2p; 1 for the equi-distant mesh, and
using that 1 — 6 = %aﬁ — as well as for i = I yields the recursion relation

ar < ¢1b + cpb' ™, a; < ci(aiy1 +b) + ca(aipr + o) fori=2,3,...,1-1,

21/0¢C
o C

with ¢; : o

6
L cg = Ag 20010 <20a> Bo T30,
’ c

One readily checks that the choices

5

1 21/60 -1 20, 0 T Zad
77 < c ) o Ti= [ Ay 20180101436 (C ) Bo~* b a (52)
imply that
1 1
= — = 2(2b —49.
€1 47 C2 4( )
An induction argument now shows that a; < b for all i =2,3,...,I. Indeed,

1 1
< Zh+ 27 <
ar < 4b—|—42 b <b,
and if a;41 < b, then also
1 1
a; < 1(2b) + 1(21))““’(21))1*49 =b.

So, in particular, for the choice of T as in we get

T
B074p;(5+%a)/ (zita + Z?A‘a) dtd <b. (53)
0

4.3. End of the proof of Theorem From and the boundary conditions & we

obtain the following evolution equation for the position z((t) of the left edge of support:

2
21/2

do = @(zﬁ/z + 221,207 — 621),),
and consequently,
|x0‘ S 86_3 (Z;,l/2 + Zil/z)

For any t* € [0, 77, it follows thanks to that

54+ a
t* 4
2o (t*) — al 5 s(/ |5co<t>|dt)
0

5+a t
< (85*3)% ( /O (28, + 21,) dt)

T
< Cpd ™ 1H) () 5 / (22" + =05°) dt
0
= =

< Ca(s—%(5+a)+(5+%a)—104B—1b(t*)TO‘ _ Cao_4B—15i+%b(t*) 7

54a
4

and hence
(%) — a] < CEYI B (r) o] T

By the same argument as in the end of the proof of Theorem [1} it follows that b < b. Hence, the
claim is proven.
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FiGure 1. Qualitative illustration of the solutions to the discrete porous medium
equation for K = 50: for exponents ¢ = 1.0, 1.5, 2.5, 3.0 from left to right, snap-
shots of the densities p at times ¢ = 0,1,2,3,4,5,10,20 x 1073 are shown on top,
and trajectories of the Lagrangian points directly below.

5. NUMERICAL EXPERIMENTS

In this short section, we present results from simple numerical simulations in which the waiting
time phenomenon is clearly visible. Specifically, we consider the discretized porous medium equa-
tion @ with m = 2, and a variant of the discretized thin film equation with non-equidistant
grid. For these, we study the discrete solutions corresponding to the initial data

i(z) = {Cq cos?(mz) for |z|

<
54
0 for |x| > (54)

)
)

N N

with different values of ¢ > 0, where Cj is chosen to adjust %’s mass to unity. Our theory predicts
the occurence of waiting times for ¢ > 2 in the case of the porous medium equation, and for g > 4
in case of the thin film equation.

For a given number K of nodes, the discretization in mass space is defined as follows: for
k=0,1,...,K, we choose the initial position Z; of the kth point as T, = —% cos(mk/K) — so
that zg = f% and T = +% mark the left and the right edge of %’s support, respectively — and let
& = fj% (x) dz in accordance with (L5)). This guarantees an improved resolution of % near the

edges of support, with a spatial mesh width of order O(K ~2) instead of the mesh width O(K 1)
in the bulk of @.

Simulations have been performed for a variety of different choices of ¢ and K. Qualitative results
for K = 50 and selected values of g below and above the critical value are reported in Figures
and 2] for porous medium and thin film, respectively. In both cases, the top row shows an overlay
of snapshots of the density in physical space at different instances of time, the bottom row shows
the position of the Lagrangian points x(t) as functions of time.

For the discrete porous medium equation @7 the waiting time phenomenon is nicely illustrated
by the trajectories in the last two plots in the lower row of Figure[l} in the beginning, the outermost
points remain at their initial position without any visible movement and then gain momentum
quite abruptly. A more quantitative analysis is difficult since there is no clearly defined distinction
between the occurence of a waiting time and an initially very slow motion of the edge of support
for the spatially discrete solutions. Still, to make some quantitative statement, we have made an
ad hoc definition of an approximative measure for the duration of the waiting time: we use the
supremum 7" of all times ¢ > 0 such that x(¢t) > —%, that is, the first time at which the left-most
mass package has completely left @’s support. The thus obtained values T are in good agreement
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,,,,,,,,,,

FIGURE 2. Qualitative illustration of the solutions to the discrete thin film equa-
tion for K = 50: for exponents ¢ = 1.5, 2.5, 3.5, 4.5 from left to right, snapshots
of the densities p at times t = 0,1,2,3,4,5,10,20 x 10~° are shown on top, and
trajectories of the Lagrangian points directly below.

7
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FIGURE 3. Values of the estimated waiting times for solutions of the discrete
porous medium equation. Left: estimated waiting time in simulations with K =
400 versus exponent ¢ in . Right: double logarithmic plot of the deviation of
the estimated waiting time for fixed exponent ¢ = 2.2 with K = 20, 40,...,200
from the reference value at K = 400; the straight line has a slope of —2.

with the time at which the plots of the Lagrangian trajectories suggest the first significant motion
of the edges of support.

From reference solutions with K = 400, we have computed that approximate waiting time 7" for
different values of g between 1.2 and 2.4, see Figure |3|left. From the theory of the PDE (|1)), one
would expect no waiting time (i.e., T = 0) for g below the critical value ¢* = 2, and then a jump
to a positive value at ¢ = ¢*, followed by a continuous growth of T with ¢ > ¢*. Clearly, such a
sharp transition cannot be expected after discretization, at least not for our ad hoc approximation
of the waiting time, for the reasons that have been explained above. Still, the plot reflects the
expected behaviour quite well: it shows a relatively steep growth of T as g approaches the critical
value ¢* = 2 from below, and once ¢ is above the critical value, T' continuous to grow, but at a
slower rate.

We have further studied the convergence of the estimated waiting time for solutions with different
values of K towards the reference value at K = 400, see Figure [3| right. The approximation error
is of the order O(K~2), which is expected: we have Z; — o = O(K ~2) by construction, and this

1

is proportional to the time that it takes x1(t) to reach position x = —35 once it has gained speed.
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Note that already for K = 20, the approximation of the waiting time differs from the reference
value by only about twenty percent.

In the case of the discrete thin film equation, the qualitative behaviour of solutions is too
complex to admit a similar quantitative evaluation of the numerical results. Instead, we only
briefly comment on the results reported in Figure 2] There is very obviously no waiting time for
q = 1.5 and for ¢ = 2.5, respectively: in the first case, the support spreads immediately after
initialization, in the second, the support recedes, and then expands later. These observations are
in agreement with the expected behaviour for the PDE (2)). For ¢ = 3.5 and g = 4.5, a waiting time
is very clearly observed. For q = 4.5, this is again in perfect agreement with the general theory,
see [16], and our own Theorem [2l On the contrary, the occurence of a waiting time for ¢ = 3.5 is
rather unexpected, but does not contradict Theorem [2] or the available sufficient criteria for the
PDE (2).

APPENDIX A. ELEMENTARY INEQUALITIES

Lemma 7. For any positive real numbers x # vy, and all p € (0,1),

1+p _ ,,14p 1
z Y < +P(

0<
- T —Yy 2p

z+y)P. (55)

Proof. The estimate from below follows by monotonicity of ¢ — t'*P. The bound from above can
be derived via Taylor expansion as follows: let m := ITer’ then

1 1—p? ,
2P = P (14 pymP(x — m) + wm%km(a7 —m)? - %g@w) (z —m)3,

14+p) 1—p?) (o ,
Yy P = P 4 (14 p)mP(y — m) + wm (1-p) (y —m)? — 1%77 (2 p)(y —m)?,

where £ € (0,2) and n € (0,y) are suitable intermediate values. We subtract the second equation
from the first, and divide by z —y = 2(z — m) = —2(y — m):

I+p _ o 14p 1 —p2
TV (1 e — BEEP) (-G Com (- g2 < (14 et
T—y 48

|

Lemma 8. For any positive real numbers x,y, and all p € (0, 1),
|2 — P — (14 p)yP(x — y)| <py~ P (z —y)?. (56)

Proof. After division by y'*? > 0, the estimate becomes

|Zl+p—lf(1+p)(z—1)| Sp(z—l)Z, (57)

where z := x/y > 0. If z > 1, then is directly obtained by means of a Taylor expansion of
2z +— 2P around Z = 1, that is

1
A =14 (1+p)(z = 1)+ 51 +p)pC (= - 1),
where ¢ > 1 is an intermediate value between zZ = 1 and 2. Indeed, it suffices to observe that
0< I#C_H‘p < 1 since p € (0,1), and follows. If instead 0 < z < 1, consider

1

z1+p1<1+p><z1><1+p>/:<1cp>d<p<1+p>/: M n“dn} . ()

We re-write the double integral, performing a change of variables ( =1—(1—2)t,n =1—(1—2)s,

J(z) = /: [/1 Lecyn?™ ! dn] d¢ = (1-2)2 /01 [/01 Locr (1= (1—2)s)"" ds} dt.
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Since p < 1, the integrand is monotonically decreasing with respect to z € [0,1]. Therefore,

(1 —2)72J(2) is decreasing, and so J(z) < (1 — 2)2J(0), which means in view of that

21— (14p) (-1 = +p>/ (1-¢)d¢ < p(1+p)T(0)(1 - 2)* = p(1 - 2)2.

Lemma 9. For any positive grid function f, and all p € (0,1),

A7) = (14 p) f2AF| < pf2 7 [(Dasssaf)” + (D))
Proof. This is an immediate application of (56)):

(59)

AL (FIHP) = (L+p) fEAf| = 072 (fE — 27 4+ F1F0) — (14 p) f2(frtr — 2fn + frmr)|

<SP (fudl = FP) = (L4 ) FE(frrn — 1)

+ 02 (f I = £P) = (L4 p) R (ot — fi)]
<pS 2 (fur1 — Fu)? 4 (faom1 — £)?]
= pfI [(Drgpaf)? + (Do f)?].

Lemma 10. For any positive real numbers xz,y, and all p € (0,1),
(2P =y P)(z — y) < (¥ +y")(z —y)*.
Proof. Without loss of generality, assume that z > y. For , we need to show that
pitr y1+p < (xp + yp)(x _ y) — pltp _ y1+p 4 :pr _ xpy.
This is obviously true since 0 < (zy)P(z!7P — y1~P).
Lemma 11. For any positive real numbers xz,y, and all p € (0,1),
(@7 =y P) (@ —y) > (@' +y ) (@ - y)*.
Moreover, if a,b are non-negative weights, then
(az®*P — by** ) (z — y) = (az"*P + by' ™) (z — y)* — |a — b|(&FP + y**P)|x — y|.
Proof. Without loss of generality, assume that = > y. For , we need to show that
e — PP > (@ 4y ) (@ - y) = 2T - P oy oy,

This is obviously true since 0 > zy(y? — «P). For the proof of , we use as follows:

b —-b
(az?t? — by?+P) (2 — y) > L; (2*1P — y? P (2 —y) — %(zﬂp + 3P|z — y|
a+b a—b
T ad [ L LA P B PR
a—>
> (ax' P + byt P) (@ — y)? — LU @2 2 i ey ey

2
From here, follows immediately since

(P 4y TP |z — y| < 2P 4yt

which is obvious for x = y and follows for x > y by differentiation with respect to x.

(61)

(62)

O

Proof of Lemmal[f} We concentrate on the proof of , and discuss the necessary changes for

afterwards. A first intermediate result is

1er [F1 k*—1/2
max  f20F) < AST (Z (Dkf)25k) D

fa<mshe—1/2"" pary 7
= K=1/2

(63)
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Indeed, thanks to the elementary inequality from the appendix, and recalling that f_./, =0,
we have that

k*—1 k*—1
TS ST = ] <270 YD R+ DRI (6)
- - k=0 k=0

Next, we apply the Cauchy-Schwarz inequality to the sum, and use :

E*—1 k*—1 % k*—1 %
> Uine + Fia) [Drf0k < (2D (L + F200p)0k | | D (Drf)?0k
k=0 k=0 k=0
i b e 1
<(20+8) Y o | | D] (Def)
K=1/2 k=0
After taking the square, we arrive at . From here, is obtained as follows:
k*—1/2 };: k*—1/2
2 < 2(147r) 2r
D i< (1/2@1{2&]351/2& > £k
r=1/2 r=1/2
k*—1 k*—1/2 I;Jr; k*—1/2
< Agr | [ Do Def)0e | | D] 270k > [k
k=0 K=1/2 K=1/2

The argument for follows the same lines: consider with r := 3s, and instead of the
Cauchy-Schwarz inequality, apply Holder’s inequality with exponents 4 and 4/3 to the sums, and
take the fourth power. This produces the following analogue of (63):

iz [ET1 k*—1/2 ’
4(14-3s) < AT D 46 455
— =
Similarly as before,
k*—1/2 1-s L*_1/y
4 a(143s) | T 4
b < : 6
> ik < (1/2<g§}3§1/2fn ) Sf
K=1/2 K=1/2
1-s
E*—1 k*—1/2 B TESS e 1y
<A [| DO ) | D] o D [,
k=0 K=1/2 K=1/2
which is ([28). O
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