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COMPLEX SOLUTIONS AND STATIONARY SCATTERING FOR THE
NONLINEAR HELMHOLTZ EQUATION

HUYUAN CHEN, GILLES EVEQUOZ7 AND TOBIAS WETH

ABSTRACT. We study a stationary scattering problem related to the nonlinear Helmholtz
equation —Au — k*u = f(z,u) in RY, where N > 3 and k > 0. For a given incident free
wave ¢ € L (R"), we prove the existence of complex-valued solutions of the form u =
© + Usc, where ug. satisfies the Sommerfeld outgoing radiation condition. Since neither
a variational framework nor maximum principles are available for this problem, we use
topological fixed point theory and global bifurcation theory to solve an associated integral
equation involving the Helmholtz resolvent operator. The key step of this approach is
the proof of suitable a priori bounds.

1. INTRODUCTION

A basic model for wave propagation in an ambient medium with nonlinear response is
provided by the nonlinear wave equation

(1.1) a;—;f(t,x) — AY(t,x) = f(x,¥(t,x)), (t,r) € R x RV,

Considering nonlinearities of the form f(z,v) = g(x,[|?)w, where g is a real-valued
function, the time-periodic ansatz

(1.2) O(t, ) = e *hy(z), k>0

leads to the nonlinear Helmholtz equation

(1.3) — Au— K*u = f(z,u) in RY,

Assuming in this model that nonlinear interactions occur only locally in space. we are

lead to restrict our attention to nonlinearities f € C(RY x C,C) with | 1|im f(z,u) =0
T|—00

for every u € R. The stationary scattering problem then consists in analyzing solutions
of the form u = ¢ 4 ug., where ¢ is a solution of the homogeneous Helmholtz equation
—Ap — k%p = 0 and ug. obeys the Sommerfeld outgoing radiation condition

Ouge

or

or a suitable variant of it. The function ¢ represents a given incident free wave whose
interaction with the nonlinear ambient medium gives rise to a scattered wave ug.. Usually,
 is chosen as a plane wave

(15) p(z) = vE g g

or as superposition of plane waves. To justify the notions of incident and scattered wave,
let us assume for the moment that the nonlinearity is compactly supported in the space

N—-1

(1.4) r2

—ikuge| = 0 asr=|z| = 0

variable z. Then ug. has the asymptotics ug.(z) = r%eikrg(ﬁ)—i—o(r%) asr = |x| = o0
1
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with a function g : S¥~1 — C (see [4, Theorem 2.5] and [7, Proposition 2.6]). For incident
plane waves ¢ as in (LLB]), this leads to the asymptotic expansion
. _N . T -N
Y(t,x) = eF@E 4 re elk(r_t)g(ﬁ) + o(rlT) as r = |r| — o0
x

uniformly in ¢ € R for the corresponding time periodic solution given by the ansatz (L.2]).
This expansion clearly shows the asymptotic decomposition of the wave function 1 in two
parts, of which one is propagating with constant speed k in the given direction £ and the
other part is outward radiating in the radial direction. For a more detailed discussion
of the connection of notions of stationary and dynamical scattering, we refer the reader
to [16] and the references therein.

In the (affine) linear case f(x,u) = a(z)u + b(z), both the forward and the inverse
stationary scattering problem have been extensively studied and are reasonably well un-
derstood from a functional analytic point of view (see e.g. [4] and the references therein).
In contrast, the nonlinear setting remains widely unexplored, although it appears in im-
portant models driven by applications and therefore is receiving fastly growing attention
in recent years. Specifically, we mention the modeling of propagation and scattering of
electromagnetic waves in localized nonlinear Kerr media as considered e.g. in [3|10,24]. In
this context, the nonlinear Helmholtz equation arises from a reduction of Maxwell’s equa-
tions in the case of a linearly polarized electric field after elimination of the corresponding
magnetic field. As noted in [24], this leads to a special case of equation (3] given by

—Au — k*u = plg|ul*u in RY,

Here Q C RY is the support of the nonlinear Kerr medium and p is the Kerr constant given
as quotient of the Kerr coefficient of the medium and the index of refraction of the ambient
homogeneous medium. Both from a theoretical and an applied point of view, it is of great
interest to understand self-focusing and scattering effects of laser beams interacting with
localized nonlinear media, and computational approaches to these questions have been
developed e.g. in [3L[10,24].

From a theoretical point of view, the current understanding of the stationary scattering
problem for (L3) is mainly restricted to the case of small incident waves ¢ which can
be reduced to a perturbation of an associated linear problem in suitable function spaces.
In this case, existence and well-posedness results have been obtained by Gutiérrez [12],
Jalade [13] and Gell-Redman et al. [I1]. In [13], the scattering problem is studied for a
small incident plane wave and a family of compactly supported nonlinearities in dimension
N = 3. The main result in [I2] yields, in dimensions N = 3, 4, the existence of solutions to
the scattering problem with small incident Herglotz wave ¢ and cubic power nonlinearity.
We recall that a Herglotz wave is a function of the type

(1.6) z— p(x) = / e* @O (&) do(€) for some function g € L2(SV71).
SN-1

Since plane waves of the form (5] cannot be written in this way, they are not admitted
in [I2]. On the other hand, no asymptotic decay of the nonlinearity is required for the
approach developed in [I2]. This is also the case for the approach in [I1], where more
general nonlinearities are considered, while the class of admissible incident Herglotz waves
¢ is restricted by assuming smallness measured in higher Sobolev norms on SN=1.

The main reason for the smallness assumption in the papers [ITHI3] is the use of
contraction mappings together with resolvent estimates for the Helmholtz operator. The
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main aim of this paper is to remove this smallness assumption by means of different tools
from nonlinear analysis and new a priori estimates on the set of solutions. More precisely,
for a given solution ¢ € L>®(R¥) of the homogeneous Helmholtz equation Ay + ¢ = 0
which we shall refer to as incident free wave in the following, we wish to find solutions of
(@C3) of the form u = ¢ + us. € L¥(RY) with us,. satisfying (L4]) or a suitable variant of
this radiation condition. This problem can be reduced to an integral equation involving the
Helmholtz resolvent operator Ry, which is formally given as a convolution Ry f = @ * f
with the fundamental solution

E N\ )
) T HWL (Kl
2

(1.7) By RV\{0} = C,  Dp(z) = i(

27 |x|
associated to (L4). Here H & is the Hankel function of the first kind of order %, see
2

e.g. [1]. It is easy to see from the asymptotics of H (1\}),2 that @ satisfies (L4)), and the

2
same is true for u := Ryh = ®; * h e.g. in the case where h € L®°(R") has compact
support.

By the estimate in [I2] Theorem 8] and the remark following it, an integral variant of
(L) is available under weaker assumptions on h. More precisely, if N = 3,4 and 1 < p <
2(N+1)

N3~ or V> 5 and % <p< 2%\[:31), then, for h € LP(RY), the function u = Ryh is

a well-defined strong solution of the inhomogeneous Helmholtz equation —Au — k?u = h
satisfying the following variant of the Sommerfeld outgoing radiation condition:

1 z |2
(1.8) lim —/ Vu(z) — iku(z)—| dz =0.
R—oo R Br
Hence, under appropriate assumptions on the nonlinearity f, we are led to study the

z|
integral equation

(1.9) u=Re(Ni(u)+¢  in L®RY)

for a given incident free wave ¢ € L°°(R”). Here Ny is the substitution operator associated
to f given by N¢(u)(x) := f(x,u(x)).

To state our main results we need to introduce some more notation. It is convenient
to define (z) = (1 + \x!2)% for x € RY. For a € R and a measurable subset A C RV, we
consider the Banach space L3°(A) of measurable functions w : A — C with

Wl pee(ay = () wl[Loo(a)y < +o0.
In particular, L°(A) = LEF(A). In the case A = RY, we merely write || - ||z in place
of || || oo (mny. For subspaces of real-valued functions, we use the notations LP(A,R) for

1 <p<ooand L¥(A,R). We first note the following preliminary observation regarding
properties of the resolvent operator R;.

Proposition 1.1. Let N > 2, a > ¥ and 7(a) be defined by

a—NH i BH ca <N,
(1.10) T(or) =

N1 if o> N

Then we have

(1.11) Ko = Sup{H|<I>k| wwf v e LERY), Jul = 1} < o0,
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50 Ry defines a bounded linear map L (RY) — L2 (RN). Moreover:

(i) The resolvent operator defines a compact linear map Ry : L°(RN) — L>®(RN).

(i) If a > % and h € L (RYN), then the function u := Ryh is a strong solution

of —Au — k*u = h satisfying (I.8). If « > N, then u satisfies (1.4).
Our first main existence result is concerned with linearly bounded nonlinearities f.

Theorem 1.2. Let, for some o > %, the nonlinearity f : RN x C — C be a continuous
function satisfying

(1.12) sup ()% f(z,u)| < 00 for all M > 0.
|u|<M,zeRN

Moreover, suppose that one of the following assumptions is satisfied:
(f1) The nonlinearity is of the form f(z,u) = a(z)u+b(z,u) with a € LZ (RN, R) and

sup  (z)%|b(x,u)| = o(M) as M — +oo.
|u|<M,zeRN

5) There exists Q,b € LR, R) with ||Ql|r < L, where kq is given in ,
(6% a Ra
and

|f (z,u)| < Q(x)|u| + b(z) for all (z,u) € RY x C.

Then, for any given solution ¢ € L>(RY) of the homogeneous Helmholtz equation Ap +
k%o = 0, the equation (I3) admits a solution u € L= (RN).

Remark 1.3. (i) In many semilinear elliptic problems with asymptotically linear nonlin-
earities as in assumption (f1), additional nonresonance conditions have to be assumed to
guarantee a priori bounds which eventually lead to the existence of solutions. This is not
the case in the present scattering problem. We shall establish a priori bounds merely as
a consequence of (f1) by means of suitable nonexistence results for solutions of the linear
Helmholtz equation satisfying the radiation condition (L.8]). The key assumption here is
that the function a in (f;) is real-valued.

(73) Theorem [[:2]leaves open the question of uniqueness of solutions to (LJ). In fact,
under the sole assumptions of Theorem [[L2] uniqueness is not to be expected. If, however,
for some o > %, the nonlinearity f € C(RY x R,R) satisfies (IIZ) and the Lipschitz
condition

— 1
(1.13) by = sup{(x>°‘ ‘f(x,u) f(@,v) cu,veR, x € RN} < —,
uU—v Ko,
then the contraction mapping principle readily yields the existence of a unique solution
u € L®(RY) of (L) for given ¢ € L>(RY), see Theorem .3 below.

Next we turn our attention to superlinear nonlinearities which do not satisfy (f)
or (f2). Assuming additional regularity estimates for f, we can still prove the existence
of solutions of (LY) in the case where ||¢[| o (gyy is small. More precisely, we have the
following.

Theorem 1.4. Let, for some o > %, the nonlinearity f : RN x C — C be a continuous

function satisfying (I12). Suppose moreover that the function f(zx,-) : C — C is real
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differentiable for every x € RN, and that f':= Oy f : RN x C — Lg(C,C) is a continuous
function satisfying
(1.14) sup  (z)%||f' (2, u)]l e (c.c) < o0
lu|<M,zeRN
Finally, suppose that f(x,0) =0 and f'(z,0) =0 € Lg(C,C) for all x € RN.
Then there exists open neighborhoods U,V C L™ (RN) of zero with the property that

for every ¢ € V there exists a unique solution u = u, € U of (I9). Moreover, the map
V= U, uwr uy, is of class Cl.

The proof of this theorem is very short and merely based on the inverse function
theorem, see Section [l below. It applies in particular to power type nonlinearities

(1.15) fl@,u) = Q) |ufu.
More precisely, if p > 2, and Q € LZ(RY) for some o > %, we find that f(x,-) is

real differentiable for every 2 € RY, and f’ = 9,f € Lr(C,C) is given by f'(z,u)v =
Q) (BlulP~2v + p%z|u|p_4u217), which implies that

1 (2, W)l gaee) < (0= DIQ@)|lufP?  forz e RY, ueC.

From this it is easy to deduce that the assumptions of Theorem [[.4] are satisfied in this
case. In particular, for given ¢ € L>(R¥), Theorem [[4 yields the existence of ¢ > 0 and
a unique local branch (—e¢,¢) — L®(RY), X u, of solutions of the equation

(1.16) u = Ry (QulP~u) + Mo in L= (RY).
In our next result, we establish the existence of a global continuation of this local branch.

Theorem 1.5. Let N > 3, 2 < p < 2%, Q € LLRY,R)\{0} for some a > Y and
o € L=®(RY). Moreover, let

Sy = {(\u) : A>0, ue€ L®RY), u solves (T10)} C [0,00) x L=(RY),
and let C, C S, denote the connected component of S, which contains the point (0,0).
Then Cy \ {(0,0)} is an unbounded subset of (0,00) x L>®°(RYN).

We note that in general the unboundedness of C, does not guarantee that C,, intersects
{1} x RY, since the branch given by C, may blow up in L>®(R") at some value A € (0, 1).
In particular, under the general assumptions of Theorem [[LEl we cannot guarantee the
existence of solutions of the equation (L9). For this, additional a priori bounds on the set
of solutions are needed. We shall find such a priori bounds in the case where Q < 0 in R,
which is usually refered to as the defocusing case. Moreover, we require () to have compact
support with some control of its diameter. In the following, we let L°(RY) denote the
set of functions Q € L>®(R™) with compact support supp @ C RY, and we let L2°(RY,R)
denotes the subspace of real-valued functions in L°(R"™). We then have the following
result.

Theorem 1.6. Let N >3, 2 < p < 2*, Q € L®(RY,R)\{0} and ¢ € L®(RYN). Assume
furthermore that Q@ < 0 a.e. in RN and diam(supp Q) < @, where z(N) denotes the

first positive zero of the Bessel function Y¥ of the second kind of order %

Then the set C, given in Theorem intersects {\} x L¥(RY) for every A > 0. In
particular, (110) admits a solution with A = 1.
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To put the assumption on the support of () into perspective, we note that z(3) = §

since Y1 (t) = —y/2 cost for t > 0. Moreover, z(~) > z(3) for N > 3, see [I, Section 9.5].
2

Consequently, the assumptions of Theorem are satisfied if Q@ € L°(RY,R)\{0} is a
nonpositive function with diam(supp Q) < 5. We also refer to [Il, p. 467] for a list of the
values of z(w~) for 3 < N < 15.

It seems appropriate to compare our results with recent work on the existence of
real-valued (standing wave) solutions of ([L3]). A large class of such real-valued solutions
has been detected and studied extensively in recent years by considering the associated
integral equation

(1.17) u =W (Ng(u)),

where Wy is the real part of the fundamental solution @y, see e.g. [6,[7,9,20] and the
references therein. In particular, a variational approach to detect and analyze solutions
of (II7) has been set up in [7] for the special case where the nonlinearity f is of the
form f(z,u) = Q(x)|u[P~2u with nonnegative Q € L*(R™ R) and suitable exponents
p > 2. Variants of this variational approach have been developed further in [9,20] under
appropriate assumptions on the nonlinearity. However, the variational methods in these
papers are of no use in the context of the integral equation (L.9]) which has no variational
structure. The contrast between real standing wave solutions and complex scattering
solutions is even more glaring as we shall see that the related homogeneous equation u =
R [Q|ulP~2u] admits only the trivial bounded solution v = 0 if p > 2 and Q € L (RY,R)
for some a > % Indeed, we shall prove this Liouville type result in Proposition
below by adapting a nonexistence result due to Kato [15] to the present nonlinear context.

In the perturbative setting where a priori smallness assumptions are imposed, the
detection of real and complex solutions of (L9 follows the same strategy of applying
contraction mapping arguments in suitable function spaces. In this context, we mention
the paper [19] where a variant of the contraction mapping argument of Gutiérrez [12] is
developed and used to detect continua of small real-valued solutions of (L3]) for a larger
class of nonlinearities than in [12]. More precisely, these continua are found by solving
the non-homogeneous variant u = W, * (Q|u|P~2u) + ¢ of (LI7) for a range of given small
real-valued solutions ¢ of the homogeneous Helmholtz equation —Ap — ¢ = 0.

Due to the lack of a priori smallness assumptions and the lack of a variational struc-
ture, our main results given in Theorems 1.2, 1.5 and 1.6 require a different approach than
in the above-mentioned papers. As mentioned earlier, this approach is based on topologi-
cal fixed point theory, and it therefore requires suitable a priori bounds. With regard to
this aspect, the present paper is related to [§] where continuous branches of real-valued
standing wave solutions of (I.I7) have been constructed. However, while the derivation of
suitable priori bounds is the key step both in [8] and in the present paper, these bounds
are of different nature as they relate to different integral equations and to different classes
of solutions. In [§], under suitable additional assumptions on @ and p, a priori bounds are
derived for real-valued solutions of u = Wy, * (Q|u[P~2u) which are positive within the sup-
port of the nonlinearity f. In contrast, here we need a priori bounds for complex solutions
of (L9), and for this we cannot use positivity properties and local maximum principles.
Instead, the approach of the present paper is based on a Liouville theorem relying on
Sommerfeld’s radiation condition and on combining regularity and test function estimates
with local monotonicity properties of the function Wy, see Sections [ and [B] below.
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The paper is organized as follows. In Section 2] we establish basic estimates of the re-
solvent operator Ry, and we prove Proposition [[LTl In Section 3] we show useful estimates
and regularity properties of the substitution operator associated with the nonlinearity
f(x,u). In order to apply topological fixed point theory, we first need to prove the nonex-
istence of solutions to linear and superlinear integral equations related to the operator Ry.
This will be done in Section @l In Section Bl we then prove a priori bounds for solution
of equation (L9) and related variants under various assumptions on the nonlinearity f.
The proof of the main theorems is then completed in Section [6l Finally, in the appen-
dix, we provide a relative a priori bound based on bootstrap regularity estimates between
LP-spaces which is used in the proof of Theorem

2. ESTIMATES FOR THE HELMHOLTZ RESOLVENT OPERATOR

Lemma 2.1. Let N > 2, k > 0 and for o > &L let 7(a) be defined by (II0). Then for

any v € L(RY) and o > &L we have

[kl *vllLee | < Cllvllzge, [Vl *vlLe | < Cllvllze,

where the constant C > 0 depends only on N, a and k.

Proof. In the following, the letter C' > 0 always denotes constants which only depends on
N, a and k. We observe that

Clz*N  if N >3,
| Pk ()| < C o 2 I VO, <clz]*™N for0<|z] <1
Ogm 1 = z,

and
|@5(2)], [VO| < Cla] 2 if 2] > 1.
It then follows that

[(19%] % v)(z)] < /RN [Pk (2)] (2 = 2)| dz

1-N o .
Cllollg ( Sy 12PN (@ = 27 d2 + famipo) AT (@ —2)72dz) if N >3,

1N _ .
Cllollg ( f,0) 108 e = 27 dz + fn ) |2 T (o= 2)7dz) if N =2.
For |z| < 4, it is easy to see that

=N _, .
Clollzze (S 1227 2+ fanipy o 217 dz) i N >3

(2.1) [(|%x] *v)(@)| < 2 NG
Cllv||rg (fBl(O) log 5 dz + f]RN\Bl(O) |z| 2 dz) if N =2

and

_ =N _,
22 Vs )@ < Clelez ([ N / ooy )
1 1

where %—a<—N.
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In the following, we consider |x| > 4. Since a > %, direct computation shows that

I fBl(O) ‘31271\[ (x—2)"%dz if N >3
1= .
JB,(0) 108 |—§| (x—2)"%dz if N=2
<COlz|™* < Clx)™™.

Moreover,

j. / 1 (- )0 de < C\x!o‘/ 125" dz < Cla| o+,
Bl O\B1(0) Bl O\B (0

S

T
Iy = / ’Z‘% <1‘ B Z>—o¢ dz < C’x‘_% / <1‘ _ Z>—Oédz < C‘x’_T(a)
B, (@) By (2)
D) 2
and
I4::/ \z]_TN<x—z>_°‘dz
RN\(B |z| (0)UB |¢| (%))
2 2
N+1

— |a| ot 2|77 |2 — 2 %dz < Cla| 5,
RN\(B%(O)UBL(ex))

ol

where & = . Since —7(e) > max{—+ —a,—a + £}, we may combine these
estimates with (2.1 to see that

4

[(|®5] % v)(z)] < Clv||ze (ij) < Cx) T ||| for all z € RY.
j=1

Moreover, noting that
I = / |2V (2 — 2)"%dz < Ol ™ < Clz) @ for |x| > 4,
B;(0)

we find by (2.2) that

4
(IV®s| *v)(2)| < O]z (L + Zg) < Ox) || e for all z € RV,
Jj=2

The proof is thus complete. U

Proof of Proposition [I1. (i) Clearly, Lemma 2Tl yields (L1I]) and therefore the continuity
of the linear resolvent operator Ry, : LL(RY) — Lo (RY), whereas the latter space is
continuously embedded in L (R¥). To see the compactness of Ry as a map LZ(RY) —

L®(RY), let (uy), be a sequence in L (RY) with

m := sup |lun | Le < oo.
neN

Moreover, let v, := Riu, = @ * u, for n € N. By Lemma 1] we then have

(2.3) an”L?cga) < Cm and ||an||L$<(>a) = ||V x unHLi‘(’a) <Cm
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for all n € N. In particular, the sequence (vy,), is bounded in C} _(RY). By the Arzela-
Ascoli theorem, there exists v € L (RY) with

(2.4) vy, — v locally uniformly on RY.

By ([23)), it then follows that v € L:C(’a) (RV) with HvHLi‘fQ) < Cm.

Moreover, for given R > 0 we have, with Ag := R" \ Bg(0)
Jon=oll gy < lenlliman + ol pam < BT (el ol ) < 20mB—.

Combining this estimate with ([2.4), we see that limsup [[v, — v||eomry < 2CmR~"()

n—oo

for every R > 0. Since 7(a) > 0, we conclude that v, — v in L>(RY). This shows the
compactness of the operator L (RY) — L>®(RY).

(ii) Let a > g(gjvvrf’)) and h € L(RY). Tt then follows that h € L (RN). Conse-
quently, [7, Proposition A.1] implies that u = Ryh is a strong solution of —Au — k?u = h.

Moreover, u satisfies (L.8]) by the estimate in [12], Theorem 8] and the remark following it.

2(N+1)
N+3

Finally, we suppose that o > N. In this case, the linear map

Ry : LORY) — LO% RY), v Ri(v) := d7§:v — ikRyv
is well-defined and bounded by Lemma ZI. Moreover, if h € L*(RY) has compact
support, the fact that @y satisfies (L4)) and elementary convolution estimates show that
u = Ryh also satisfies (IL4)). In the general case h € L°(RY), we consider a sequence of
functions h,, € L°(RY) with compact support and such that h, — h in L (RY), which
then also implies that

(2.5) Rihn — Riph  in L3 (RY).

Moreover, for every n € N we have

limsup 2|2 |[Ryh](x)| < limsup |2]"2 " |[Ryhnl(@)] + [Rih — Rihallzs

= [|Rih — Rihnll

and thus oy N N
limsup\x]THRkh](m)‘ < lim HT\J,]JL—T\%khnHLOJ:L1 =0
|z| =00 n—00 2
by ([2.5). Hence u = Ryh satisfies (L.4). O

3. ESTIMATES FOR THE SUBSTITUTION OPERATOR
Lemma 3.1. Let, for some o € R, the nonlinearity f : RN x C — C be a continuous
function satisfying

(3.1) Stmai= sup () f(z,u)| < oo for all M > 0.
lu|<M,xeRN

Then the superposition operator
Ny L®RY) = LYRY),  Ny(u)(z) = f(z,u(z))

is well defined, bounded and continuous for every o < a.
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Proof. 1t clearly follows from (B.I]) that Ny is well defined and satisfies the estimate
HNf(u)HLZc; < INp(w)|lzee < St Ma for M > 0 and u € L®(RY) with ||Ju|[p-~ < M.

To see the continuity we consider a sequence (uy), C L®(RY) with u, — u in L®(RY),
and we put M := sup{||un|r~ : m € N}. For given R > 0 we have, with Br := Br(0)
and Ag := RN\ Bg,

INf(un) = Ny(u)llosan) < INs(un)lnosag) + 1N (W)l ag)
< R (INp ()l e amy + IV @) s ()
< 287 araRY T

Moreover, since f is uniformly continuous on Dy := {(z,2) € RV xC : ||lz| < R, |2| < M},
we find that

[Nf (un) = Ng ()| (Br) = ‘S‘llg%lf(w,un(l’)) = f(z,u(@) =0 asn— oo

We thus infer that limsup || Ny(un) — Ny(u)|| poomny < 25 ar.a R~ for every R > 0.
n—00 o

Since o/ < a by assumption, we conclude that Ny(u,) — Ny(u) in LS (RY). This shows

the continuity of Ny : L®(RY) — L(RY). a

Lemma 3.2. Let, for some o > %, the nonlinearity f : RY x C — C be a continuous

function satisfying (31]). Suppose moreover that the function f(xz,-) : C — C is real

differentiable for every x € RN, and that f':= Oy f : RN x C — Lg(C,C) is a continuous
function satisfying

(32) Trmea= sup (@)% f(z,0)llgpco) <o forall M >0.
[u|<M,zeRN

Then the superposition operator Ny : L%°(RN) — L (RY) is of class C1 for o/ < o with

(3.3) Nj(u) == Np(u)  forue L®RY),
where Ny (u) € Lr(L®(RY), L% (RYN)) is defined by
(3.4) [Np(w)v)(x) := f'(z,u(z))v(z) forve L®(RY),z e RY.

Proof. For the sake of brevity, we put X := L®°(R") and Y := L%(R"). By assumption
(B2) and a very similar argument as in the proof of Lemma [B.J] the nonlinear operator
Ny X — Lr(X,Y)

defined by (3.4]) is well-defined, bounded and continuous. Thus, it suffices to show that
Ny is Gateaux-differentiable, and that (3.3) is valid as a directional derivative. So let
u,v € X, and let M := |jul|z> + ||v]|z~. For § € R and 2 € RV, we estimate

‘ Ny(u + Hv)(ﬂg) — Ny(u)(z) [Ny (u)v](w)(

|t 00D = Sl gy

= | [ [+ g0(@) = @t ota) de] < @)oo (@)
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go(x) == gi%%}”fl(m? [u + &0v](x)) — f'(m,u(x))HER(C’C) for § € R, z € RY.

Since ||u 4+ Tv||p~ < M for 7 € R, |7| < 1, we have
l90(x)] < sup ||f'(z, [u+ r0)(2)lcece) + 1 (@ ul@)llepco) < 2Tparalr) ™

7€|0,1
for |#| < 1, x € RY. Similarly as in the proof of Lemma B, we now define, for given
R >0, Br := Br(0), Ag := RV \ Bg, and Dp := {(z,2) € RV xC : ||z|| < R, |z| < M}.
From the estimate above, it then follows
HNﬂu+&0—Nﬂw
0

Moreover, since, by assumption, f’ is uniformly continuous on the compact set Dg, we
find that

(3.5) ~ Np(up < 2ol x Tyara R

L%(AR) ~

||gg||Loo(BR) —0 as 0 — 0.
We thus conclude that
HNﬂu+&0—Nﬂm
0

lim sup

—M(u)vH <2lv||lx Tt M,a R for every R > 0.
0—0

L35 (RN)
Since o < a by assumption, we conclude that w — Np(u)vinY as 0 — 0.
The proof is thus finished. O

4. NONEXISTENCE OF OUTGOING WAVES FOR THE NONLINEAR HELMHOLTZ EQUATION

To begin this section, we recall the following nonexistence result for eigenfunctions of
Schrodinger operators with positive eigenvalue. It is a consequence of a result by Alsholm
and Schmidt [2] Proposition 2 of Appendix 3] extending earlier results due to Kato [15]:

Proposition 4.1 (see [2] Proposition 2]). Let u € WIQO’CQ(RN,(C) solve —Au + Vu = k?u
in RN, where V€ L®(RYN) satisfies
(4.1) [V (z)| < Clz)~ ¢ for a.e. & € RY with constants C,e > 0.
If
1
lim inf — / (IVul? + E*ul?) dz = 0,
R—o0 Br(0)

then there exists R > 0 such that u vanishes identically in RN\ Bg(0) for some R > 0.
If, moreover, V is real-valued, then u vanishes identically in R,

Proof. Tt has been proved in [2, Proposition 2] that u vanishes identically in R\ Bg(0)
for some R > 0. Assuming in addition that V is real-valued, we then deduce by a unique
continuation result that u vanishes identically on RY. More precisely, for u; = Re(u) and
ug = Im(u) we have |Au;| < Clu;| on RY with some constant C' > 0. The strong unique
continuation property [14, Theorem 6.3] (see also Remark 6.7 in the same paper) therefore
implies u; = ug = 0 on RY, and this concludes the proof. O

From Proposition 4] we shall now deduce the following nonexistence result for linear
and superlinear variants of the corresponding integral equation involving the Helmholtz
resolvent operator.
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Proposition 4.2. Let N > 3,2 <p < 00, a > %, and let u € L®(RYN) be a solution
of

(4.2) u = Ry [Qlul’~*u]

with a function Q € L (RN R). Then u = 0.

Proof. Let V := QJu[P~2, so that (&2]) writes in the form
(4.3) u=Rg[Vu]
We then have V € LZ(RM R) and also Vu € L(RY) since u € L®(RY). Therefore

Proposition [[LT] implies that u € Lo (RY) with 7(a) given in (LI0). It then follows that

Vu e L2 (RY) with a; = a4+ 7(a) and hence u € LY )(RN) again by Proposition [[.1]

7(a
Defining inductively oy := ag_1 + 7(ag_1) for k > 2, we may iterate the application of
Proposition [LIlto obtain that u € L, (RN) for all k € N. After a finite number of steps,

we therefore deduce from (LI0) that v € LY, (RY) and therefore Vu € LZO_FM(]RN ).
Since o > &L by assumption, this implies that Vu € L=(RN) N LY(RY). It then follows

2(N+1)
e.g. from [7l Proposition A.1] that u € Wi (RY) N L™81 (RY) N L®(RY) for r < oo,
and u is a strong solution of the differential equation

(4.4) —Au—k*u=Vu inRY,

Moreover, by [12, Theorem 8] and the remark following it, u satisfies the Sommerfeld
outgoing radiation condition in the form given in (L8], e.g.

1 2
4.5 lim — dz = 0.
(4.5) Az /B g
We now proceed similarly as in the proof of Corollary 1 in [12]. Expanding the terms in
([£3), the condition can be rewritten as

1 R
46)  lim — /(\Vu!Q—irkz\u]Q)dx—Qk/ Im / V- L do | dpb =0,
R—oo R | /B, 0 3B, ||

Since u € VV120’C2 (RY) solves (&4]) in the strong sense, the divergence theorem gives

/ ﬂVu-idJ:/ |Vu|2dx+/ uAu dx
0B, || B, B,

:/ \Vu]zdac—/ (R2[ul? + V]ul?) de,

p By
where the right-hand side in the last line is purely real-valued, since by assumption V =
Q|ulP~? takes only real values. Consequently, we find

Im / ﬂVu-idJ =0
9B, ||

for all p > 0, and plugging this into (4.0]) yields

Vu(x) — iku(zx) °

]

1
(4.7) dim — ; (|Vul? + k2|ul?) dz = 0.
R
Moreover, since V € LP(RY) and a > ¥ > 1, condition (@) is satisfied for V. Hence
Proposition B.I] implies that v = 0 on R¥. O
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5. A PRIORI BOUNDS FOR SOLUTIONS

The aim of this section is to collect various a priori bounds for solutions of (L.9]) under
different assumptions on the nonlinearity f.

5.1. A priori bounds for the case of linearly bounded nonlinearities. In this
subsection we focus on linearly bounded nonlinearities, and we prove the following bound-
edness property.

Proposition 5.1. Let, for some o > %, the nonlinearity f satisfy the assumption
(5.1) sup (@)Y f(z,u)| < 00 for all M >0

lu|<M,zeRN

and one of the assumptions (f1) or (f2) from Theorem [L.2.

Moreover, let ¢ € L*(RY), and let F C L= (RYN) be the set of functions u which solve the
equation

(5.2) u= u(Rka(u) + cp) for some p € [0, 1].
Then F is bounded in L>°(RY).

Proof. We first assume (f2). Let v € F. By (5.2) and Proposition [T, we then have
lullze < IR.N; ()l + el < (|11 Ny (@) e+ Nz

< wall Nyl + llpllze < ra(IQMullzze + Wlzzs ) + il
< wall @l lullz + malllzg + ilzoe.

Since £q||Q| L < 1 by assumption, we conclude that

-1
Jullee < (1= rallQllzee)  (Kallbllzee + llpllLes ),
and this shows the boundedness of F.

Next we assume (f1). In this case we argue by contradiction, so we assume that
there exists a sequence (uy), in F such that ¢, := [Juy|/r~ — o0 as n — co. Moreover,
we let p, € [0,1] be such that (2] holds with v = u, and pu = p,. We then define
Wy, 1= € L®(RN), so that ||wy||z~ = 1 and, by assumption (f;),

b(x, cpwy(x)) .

(5'3) Wp, = Man(awn + gn) + ?gp with g, € LZO(RN)a gn(x) = c
n n

Passing to a subsequence, we may assume that p, — p € [0,1]. Moreover, by assumption

(f1) we have
gn — 0 in L(RY) as n — oo,
whereas the sequence (awy,), is bounded in L(RYM). Since also o 5 0asn — oo, it

follows from the compactness of the operator Ry : L (RY) — L (R¥) that, after passing
to a subsequence, w, — w € L>(RY). From this we then deduce that

aw, — aw in L°(RY),
and passing to the limit in (5.3]) yields
w = pRi[aw] = Ry[paw].
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Applying Proposition with p = 2 and @ := pa, we conclude that w = 0, but this
contradicts the fact that ||w]e = lim |Jwp||ec = 1. Again, we infer the boundedness of F
n—o0

in L>®(RYN). a

5.2. A priori bounds in the superlinear and defocusing case. In this subsection
we restrict our attention to the case f(z,u) = Q(x)|u[P~?u with @ < 0. In this case, we
shall prove the following a priori estimate.

Proposition 5.2. Let N >3, k>0, 2 <p <2*, Q € LXRY R)\{0} and p € L>®(RY).
Assume that

(Q1) Q <0 a.e RN and

(Q2) diam(supp Q) < @, where z(N) denotes the first positive zero of the Bessel

function Y¥ of the second kind of order %

Then, there exist C = C(N,k,p, ||Q|loo, |supp @) > 0 and m = m(N,k,p) € N such that
for any solution v € L>®(RYN) of

(5.4) u =Ry (Q\u]p_zu) +
we have
(5.5) ko < € (14 20"

For the proof, we first need two preliminary lemmas. The first lemma gives a sufficient
condition for the nonnegativity of the Fourier transform of a radial function. It is well
known in the case N = 3 (see for example [23]). Since we could not find any reference for
the general case, we give a proof for completeness.

Lemma 5.3. Let N > 3 and consider f € LY(RY) radially symmetric, i.e., f(z) = f(|z|),
such that f > 0 on RN. If the function t — 5 f(t) is nonincreasing on (0,00), then
f>=0o0onRY,

Proof. The Fourier transform of the radial function f is given by

f(&) = |£|N22/0 J¥(s|£|)f(s)s% ds.

Let j, ¢ € N denote the positive zeros of the Bessel function Jy_2 of the first kind of
2

order %, arranged in increasing order, and set j(9) := 0. Then, it follows that Jy_2 > 0

2
in the interval (j(zm_z),j@m_l)) and Jy_2 < 0 in the interval (j(zm_l),j(zm)), m € N.
2
For € # 0, we can write therefore
)

/OOO o (slE) f(s)s% ds—Z/;l) stTna(slé])s "2 f(s)ds

N—1 (2m—1) j(2m)

00 (2m—1) 2 j(Zm—l) H ) o s
n;( € > f( H )[/(272—2) S ‘J1\722(8‘§md8—/_(272_1)s |J¥(S‘§D‘ds]

j(2m)

:(2m—1) 2 :(2m—1) 7 j
-3 1] J 1 1
2 ( €] ) fl €] )[/j@m—z) t2 J¥(mdt—/j<zm_1>t2“]¥(t)‘dt}’

Mg

m=1
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using the fact that s — . f(s) is nonincreasing by assumption. To conclude, an argu-
ment which goes back to Sturm [22] (see also [I7,[18]) shows that
j(@m=1) -(2m)

(5.6) / £2] T s (£)|dt > / t2|Jxs (t)|dt, for all m € N,
i(2m—1) 2

j(2m—2) 2

provided N > 3, and this gives the desired result. For the reader’s convenience, we now

give the proof of (5.6]).
Consider for v > I the function z(t) := t%JV(t). It satisfies 2(j®)) = 0 and
(=1)¢2' (D) > 0 for all £ € Ng. Moreover, it solves the differential equation

2 1

(5.7) 2" (t) + (1 Y 2 4)z(t) =0 forall¢>0.

For m € N and ¢ in the interval I := ( j(2m—1) mm{] (2m) 94(2m—1) _ j(Qm*Q)}), consider

the functions y; (t) = —z(t) and y(t) = 2(2j®™~1) —t). According to the above remark,

we have y1,y2 > 0 in I and y(j®™ D) = y(j®™ D) = 0. Moreover, y|(j*™ ) =
yh(52m=1) € (0,00). Using the differential equation (5.7), we find that

% (1 (D)y2(t) = y1(t)ys(t) = ¥ (V)ya(t) — y1(t)ys (1)
2= (3 - ) O
<0 foralltel.
Hence,
(5.8) Y1 (t)ya(t) — yi()ys(t) <0 for all jZ™ 1 <t <minfj ™), 25Cm=0 — jEm=2)y

and since y9(2§™~ 1 — j@m=2)) = 0 and ¢4 (25D — j@m=2)) = _»/(j2m=2)) < 0, the
positivity of y; in I implies that j(?™) < 2;@m=1) _ ;@m=2) jeo | = (j(2m*1),j(2m)).
Moreover, from (5.8]), we infer that the quotient % is a decreasing function in I which

vanishes at the right boundary of this interval. Consequently, yi(t) < y2(t) in I, i.e.,
|z(t)] < |2(25®™=1) — )| for all t € (@D, j2m)) and we conclude that

(2m—1) :(2m)

J J
/ 2(t)] dt > / 12(1)] dt.
j(2m—2) j(2m—1)

In the case v = %, we have z(t) = \/Esmt and j = ¢x, ¢ € Ny. Thus,

it 2 [T 2
/ ]z(t)]dt:\/j/ sintdt:Q\/j for all £ € N,
j(Zfl) ™ Jo s

and this concludes the proof of (5.6]). O

In our proof of the a priori bound given in Proposition 5.2, we only need the following
corollary of Lemma [5.3]

Corollary 5.4. Let N > 3, k > 0 and choose § > 0 such that ko < z(~), where z(N)
denotes the first positive zero of the Bessel function Yn—2. Then,
2

f(@)[(1, V) * fl(x)dx >0 forall f € LPI(RN,IR{), 2 < p< 2%,
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where Wy, denotes the real part of the fundamental solution ®y defined in (1.6]).

N
Proof. Since 15,¥;, € LYRN)N LY > (RY), by the weak Young inequality there is for each
2 < p < 2% a constant C), > 0 such that

L f@IAs Ty * fl(z) dz| < Collflly for all f e LV (RY,R).

Hence, it suffices to prove the conclusion for f € S(R™V,R). For such functions, Parseval’s
identity gives

69 [ F@lnw)  ferde = @nF [ IFOPF(1s%)E ds
It thus remains to show that

(5.10) F(1p,¥y) >0 onRY.

In the radial variable, the radial function 15,V is given, up to a positive constant factor,

by t 7 1[0,5](t)Y¥(kt). Moreover, for N > 3 the function ¢ t%Y¥ (kt) is

negative and increasing on (0,0). Hence Lemma [5.3] implies (5.10), and the proof is

finished. O

We can now prove Proposition

Proof of Proposition [5.2. We write u := v+ ¢ and u = uy + iuo with real-valued functions
uy,uz € LY (RN). Multiplying the equation (5.4) by Q|u[P~2?% and integrating over R¥,
we find

[ ol [ Qupeuds
RN RN
- /]RN Q]u\pﬁ(ul — dug) [Py, * (Q\u]p*Q(ul + zug))] dx

loc

= o Q!u\p_Qul[Cbk * (Q\u]p_zul)] dx + /]RN Q!u\p_ng[Cbk * (Q\u]p_zuz)] dx

i / QlulP~2ur[@ % (QlulP~us)] do — i / QlulP2us [y, (QuP~us )] da
RN RN

= o QlulP 2wy [®4 = (QlulP~uq)] da + /RN QulP2us[®y, * (QlulPus)] da,

where the symmetry of the convolution has been used in the last step. Taking real parts
on both sides of the equality, we obtain

/ Qlul? dzx — / QluP~*Re (1) dx = / QlulP~2uwa [Ty # (QufPur)] do
RN
/ QlulP~ 2uz[\Ilk*(Q\u]p 2uz)]

where again W, denotes the real part of ®;. Notice in addition that settlng 6 =
diam(supp @), the assumption (Q2) implies § < (N) and hence, for all f € Lloc(RN)’

[ Qv @lde= [ Qfl(inm) (@) do > 0

(5.11)
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by Corollary 5.4l Thus, as a consequence of (5.11]), we find
/ Qlul? dx > / Q|uP~?Re (Typ) dz,
RN RN
and, since Q < 0 on RY, by (Q1), it follows that

(5.12) / |Q |ul? dz < ||80||oo/ Q1 [ulP~" da.
RN RN

Using Hélder’s inequality we then obtain the estimate

1

. v o
Loata i ([ i) ([ 10l up )
: NG
< ([, @) (il [ Qi)

/ Q] [ulP~ do < [lg]2 / 1Qldz < 120 [Qllw lll2,
RN RN
where Q = {x € RV : Q(x) # 0}. Using again (5.12)), we deduce that

1 _ /
QU [ufP~ P, = /RN Q] [ul? dz < [ 1@l lloll%-

Since the support @) is compact and since p < 2*, Holders inequality yields the estimates

and therefore

Q"™ [l < 12| QU QI JulP™ |,

1 ’_
(5.13) <191 [QllsollllEs™ =: D.

Lemma [AJ] with a = @ and the estimate (5.I3) imply the existence of constants C' =
C(N,k,p,||Qllx,|2]) >0 and m = m(N,p) € N such that

Iolloo < € (D + D" + gl + ol &™)

QL™ (o) < |2/

Making C' > 0 larger if necessary, we thus obtain (5.5]), as claimed. O

6. PROOFS OF THE MAIN RESULTS
In this section, we complete the proofs of the main results in the introduction.

Proof of Theorem [1.2. Let ¢ € X := L>®(RY). We write (LI) as a fixed point equation
u = A(u) in X

with the nonlinear operator

(6.1) A X — X, Alw] = R (N¢(w)) + ¢.

Since a > %, we may fix o € (%,a). By Lemma B} the nonlinear operator

Ny : X — L%(RY) is well-defined and continuous. Moreover, Ry : LS(RY) — X is
compact by Proposition [LTl Consequently, A is a compact and continuous operator.
Moreover, the set

F:={ueX: u=pAfu] for some p € [0,1]}
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is bounded by Proposition 5.l Hence Schaefer’s fixed point theorem (see e.g. [5, Chapter
9.2.2.]) implies that A has a fixed point. O

We continue with the proof of Theorem For this we recall the following variant
of Rabinowitz’ global continuation theorem (see [21, Theorem 3.2]; see also [25, Theorem
14.D]).

Theorem 6.1. Let (X,|| - ||) be a real Banach space, and consider a continuous and
compact mapping G: R x X — X satisfying G(0,0) = 0.
Assume that

(a) G(0,u) =u < u=0, and

(b) there exists r > 0 such that deg(id — G(0,-), B;(0),0) # 0, where deg denotes the

Leray-Schauder degree.
Moreover, denote by S the set of solutions (A\,u) € R x X of the equation
u=G(\u).

Then the connected components C* and C~ of S in [0,00) x X and (—00,0] x X which
contain (0,0) are both unbounded.

Proof of Theorem [ (completed). Let 2 < p < 2%, Q € L(RY,R)\{0} for some a >
%, ¢ € X := L®(R") and consider G: R x X — X given by
(6.2) G\ w) = Ry (QlwP*w) + g,
Using Proposition [Tl and Lemma B, we obtain that the map G is continuous and
compact.
Moreover, if w € X satisfies w = G(\,w), then w is a solution of (L.I6]).
Furthermore, if w € X satisfies w = G(0,w) = Ry (Q]w]p*Qw), then w = 0 by Proposi-
tion

To compute the Leray-Schauder degree, we remark that G(0,0) = 0 and 9,,G(0,0) =0
by Lemma Hence, we can find some radius > 0 such that ||G(0,w)||ze < 3||w]|pe
for all w € X such that ||w| e~ < r. Therefore, the compact homotopy H (¢, w) = tG(0,w)
is admissible in the ball B,(0) C X and we find that

deg(id — G(0,-), B,(0),0) = deg(id — H(1,-), B;(0),0) = deg(id — H(0,-), B,(0),0)
= deg(id, B,(0),0) = 1.

Theorem therefore applies and we obtain the existence of an unbounded branch C, C
{(Aw) eERx X : w=G(\w) and A >0} which contains (0,0). Moreover, C,,\ {(0,0)}
is a subset of (0,00) x X since w = G(0,w) implies w = 0 by Proposition €2 as noted
above. O

Remark 6.2. The application of Theorem to the function G defined in (6.2]) also yields
a connected component

C, c{(Aw) eRx X : w=CG(\w)and A <0}

which contains (0,0). However, this component is also obtained by passing from ¢ to —¢
in the statement of Theorem [[5] since by definition we have C, =C_,.

We may now also prove Theorem
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Proof of Theorem [L.@. Since, by assumption, @ < 0 in R" and diam(supp Q) < z(,iv), the
a priori bounds in Proposition imply that the unbounded branch C, contains, for each
A >0, at least one pair (A, w), as claimed. O

Next, we complete Theorem [I.4]

Proof of Theorem [1.7) Let again X := L™ (R™), and consider the nonlinear operator B :
X — X, B(u) :== u — RiNy(u). Then B(0) = 0, since N¢(0) = 0 by assumption. Since
Ny : X — L% is differentiable by Lemma [3.2] B is differentiable as well. Moreover

B'(0) = id — R, N}(0) = id € Lr(X, X),

since N3(0) = Ny(0) =0 € Lr(X, L) by assumption and Lemma Consequently, B
is a diffeomorphism between open neighborhoods U,V C X of zero, and this shows the
claim. O

Finally, we state and prove the unique existence of solutions in the case where f

satisfies a suitable Lipschitz condition.
Theorem 6.3. Let, for some o > %, the nonlinearity f : RN x C — C be a continuous

function satisfying (I12) and the Lipschitz condition
>a ‘f(x’u) — f(x,v)

u—v

1
(6.3) by = sup{(x cu,v €R, xE]RN}<—,

Ko
where ko, is defined in Proposition [I1.

Then, for any given solution ¢ € L= (RYN) of the homogeneous Helmholtz equation Ap +
ko =0, the equation (I9) admits precisely one solution u € L= (RY).

Proof. Let p € X := L®(R"). As in the proof of Theorem [[2] given above, we write (L9
as a fixed point equation u = A(u) in X with the nonlinear operator A defined in (6.1).
Assumption (6.3) implies that

[A(u) = A(v) || x = [|Ri(Ny(u) = N§(v))|| < kal[Np(u) = Np(0)||rge < walallu—vllx

with kof, < 1. Hence A is a contraction, and thus it has a unique fixed point in X. [

APPENDIX A. UNIFORM REGULARITY ESTIMATES

In this section, we wish to prove uniform regularity estimates for solutions of (LY) in the
case where the nonlinearity f is of the form given in (ILI5]). These estimates, which we
used in the proof of the a priori bound given in Proposition 5.2 allow to pass from uniform
bounds in L(2")(RM) to uniform bounds in L>(RY). The proof of the following lemma is
similar to a regularity estimate for real-valued solutions given in [8, Proposition 3.1], but
the differences justify to include a complete proof in this paper.

In the following, for ¢ € [1,00], we let LI(RY) denote the space of functions in L4(RY)
with compact support in RV,

Lemma A.1. Let N >3, 2 < p < 2* and consider a function a € L°(RY).
For k>0 and ¢ € L (RY), every solution v € L¥ (RN) of

loc loc

v =P * (alv]P %) + ¢
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satisfies v € W2HRN) for all 2, <t < oo. In particular, u € L>®(RY) and there emist
constants

C =C(N,k,p,llalls) >0 and ~ m=m(N,p) €N
independent of v and ¢ such that

_ _ —1)m™ _ _1\ym
A1) olloe < C (llalol ey + laloP 7" + llelles + el e")
Proof. Since, by assumption, v € L (RY), and since a € LP(R"), it follows that
(A.2) f=all2ve LIRY), foralll<qg<yp.

Furthermore, since v = & * f + ¢, we deduce that

(A.3) |l < 2P72al(|®k * fPH +|p[P7!)  ae. in RY.

We start by proving that v € L>°(RY). For this, we first remark that f € ng*)/(IR{N ),
since p < 2*. Consequently, the mapping properties of ®; given in [7, Proposition A.1]

yield @y« f € L (RN)NW 2,27 (RM) and, for every 0 < R < 2, the existence of constants

loc

Co = Co(N,k,R) >0 and D = D(N, k) > 0 such that
196 Fllwaer ey < Co (19 5 Aoy (myguoy + I ley (Byceop )

< Co(D + D fll+y for all zg € RY.

Setting Cp := Cp (D + 1), we consider a strictly decreasing sequence 2 > Ry > Ry >
. > R; > Rj;1 > ... > 1. From Sobolev’s embedding theorem, there is for each

1 <t < 2% a constant /ﬁgo) = /ﬁgo) (N,t) > 0 such that

0
19k * FlleBr, o)) < 5t Coll Fllerys

where Cj is given as above, with R = R;. Choosing t; := pzf*l, we obtain from (A.3),
there is some constant Dy = Do(N,p) > 0 such that

1 lats 51y oy < Dllallos (198 5 S50 ooy + 1915 5 )
0
éDﬂwa%kmpWNm/+BmﬁWW1)

It then follows as in [7, Proof of Proposition A.1(i)] from elliptic regularity theory
that &= f € I/fo1 (RY) and for some constant C; = C1(N, k,p) > 0,

[Pk * fllwzer (B, (z0)) S 4y (H‘I’k * fllznBr, @o)) + HfHLtl(BRl(xo)))
< Ci[R)Col ey + Dallalloe (52 Cop = 1£1), + 1By |7 ol
<C1 (Ifllry + I + llglB) - for all @ € RY,

where €1 = () (N, k. p, HaHoo). Ift; > %, Sobolev’s embedding theorem gives for each
1 <t < oo the existence of a constant /ﬁgl) = Hgl)(N, q,t) > 0 such that

108 Flleesay oy < 5VCr (1 llaey + IFI) + el
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As a consequence, we obtain
— 1
11243y op < Dalallos (372 (elf)_yy CoP~ (I1£11
p—1 _
+Br,| "7 llellZc").

for all 1 < t < co. As in [7, Proof of Proposition A.1(i)], it then follows from elliptic
regularity theory that ® % f € VV12 N(RN ), and since Ry > 1, there exists some constant
Cy = Cy(N, k) > 0 such that

_1\2
)+ IAIES + el ")

19k * fllw2n (B (2g)) < Co <||(I)k * FlLy (B, (20)) T ||f||LN(BR2(:rO)))
< CofwQCr (1 lay + I£175) + eliZ)
+ Dallallo (372055, 0P (1155} + 111
+1Br,| ' llelizc") }
< Co (Ifllery + UGS + llelles™ + el &™)

for all 2y € RY, where Cy = Cs (N, k,p, Ha||oo). By Sobolev’s embedding theorem, there
is a constant Koo = Koo(IN) > 0 such that

—1)2 _1)2 _
195 % £l oo (81 mo)) < KooCo (I1Fllc2ey + IFIEA + 1ol &0 + |t
(2%)

for all zg € RY. Therefore, ® * f € L>(R") and since v = ® x f, the estimate (AT holds
with C' = 2k5Cy and m = 2.
Ift; < %, we infer from Sobolev’s embedding theorem that

1@k % fllzt By < 5Cr (IFlloe)

1
o3 + el )

oy + 1713, + llizs")

for each 1 <t < Njfgltl, where ng ) — mlgl)(N,p,t). Therefore, setting to := (1\/—2@2%7

we obtain from (A.3)),

HfHLt2(BR2(Z'()))
< Dallallos (372(i31, 1y CoP ™ (11057}, + 11f]

Using again elliptic regularity theory as before, we find that @ x f € Wi’? (R™) and for
some constant Co = Co(N, k,p) > 0,

1 —1)2 =1 _
O+ IRl E™) + 1Bral = lleliZs)-

195 * fllw22 (B, o)) < Co (||‘I’k * f||Ltz (B, (z0)) T HfHLt2(BRQ(xo))>
< Co{ w01 (Ifll ey + I, + lpliZs 1)
+ Dallalloe (3 2(n{3 1,y CO" " (711
-
+ 1B ellist) }
<C (r— 1 p—1 p— 1
<G (Iflary + IA1ESY + ol + el ),

for all zg € RY, where Co = C3(N, k, p, [|al|s)-

_1\2
2 IAIESY” + el D7)
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Remarking that to > t1, since p < 2*, we may iterate the procedure. At each step we
find some constant C; = C;(N, k, p, ||al|s) such that the estimate

—1)J _ _1)J
15 % Flyos oy < C5 (1 ey + IF1G + ol + el &)

holds and where ¢; is defined recursively via ¢t = (2*) and ;41 = (N_;;Z%,

t; < % Since tj11 > ;71/ t; and since t; > p/, we reach after finitely many steps ¢, >

as long as

N
2
where £ only depends on NV and p. Since R; > 1 for all j, using the regularity properties

of ® and arguing as above, we obtain ® * f € w2N

oV (RY) as well as the estimate

—1)e+1 . 141
1@k + Fllwan (zgaop < Cenn (Ifllry + A1 + el + el

where x¢ is any point of RY and Cypy = Cpyq (N, k,p, ||aHoo) is independent of xg. Then,
Sobolev’s embedding theorem gives a constant koo = Koo(N) for which

—1)¢+1 _ _1\4+1
1@k * fllzoo(s(aoy < KooCrsn (I lary + UG + lB™ + ol &)

holds for all 29 € RY. Hence, ® * f € L>°(RY) and choosing C' = kooCpy1 and m = £+ 1
concludes the proof of (A]). We complete the proof. O
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