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GLOBAL SMOOTH SOLUTIONS WITH LARGE DATA
FOR A SYSTEM MODELING
AURORA TYPE PHENOMENA IN THE 2-TORUS

HERMANO FRID, DANIEL R. MARROQUIN, AND JOAO F.C. NARIYOSHI

ABSTRACT. We prove existence and uniqueness of smooth solutions with large
initial data for a system of equations modeling the interaction of short waves,
governed by a nonlinear Schrédinger equation, and long waves, described by
the equations of magnetohydrodynamics. In the model, the short waves propa-
gate along the streamlines of the fluid flow. This is translated in the system by
setting up the nonlinear Schrédinger equation in the Lagrangian coordinates
of the fluid. Besides, the equations are coupled by nonlinear terms accounting
for the strong interaction of the dynamics. The system provides a simplified
mathematical model for studying aurora type phenomena. We focus on the
2-dimensional case with periodic boundary conditions. This is the first result
on existence of smooth solutions with large data for the multidimensional case
of the model under consideration.

1. INTRODUCTION

We consider the following system of equations modeling the interaction of short
waves, governed by a nonlinear Schrodinger equation (NLS), and long waves, de-
scribed by the equations of magnetohydrodynamics (MHD):

pe + div(pu) =0, (1.1)
(pu); +div(pu® u) + VP =H - VH — L V|H|?

+aV(g' (1/p)h([Y o Y )Ty /p) +divs,  (1.2)
H,+u-VH- H-Vu+ Hdivu = vAH, (1.3)
divH =0, (1.4)
ithy + Ayth = [Y[*¢ + ag(v)h' ([$*)y. (L.5)

Our main goal is to prove existence and uniqueness of solutions with prescribed
large initial data in the 2-dimensional torus.

Let us recall that the MHD equations model the dynamics of a conductive fluid in
the presence of a magnetic field. Accordingly, in the system above, p = p(x,t) > 0
and u = u(x,t) € R? are the fluid’s density and velocity, respectively, and H =
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H(x,t) € R? is the magnetic field; P = P(p) denotes the pressure and S is the
viscous stress tensor given by

S = Adivu)ld + u(Vu + (Vu) "), (1.6)

where A\ and pu are the viscosity coefficients which are, in general, functions of the
density and must satisfy the relations ¢ > 0 and 3\ + 2 > 0; v is the magnetic
diffusivity.

On the other hand, ¢ = ¢(y,t) € C is the wave function, « > 0 is the interaction
coefficient and ¢ and h are smooth functions taking nonnegative values.

The MHD equations above are stated in the Eulerean coordinates (x,t), that
describe the dynamics from an outsider’s point of view, while the NLS is stated in
the Lagrangian coordinates (y, t) associated to the velocity field of the fluid, which
follow the particle paths.

The Lagrangian transformation Y (x,t) = (y(x,t),t) can thus be defined through
the relation

y((I)(X,t),t) :yO(X)v (17)

where yq is any diffeomorphism, which can be chosen conveniently, and ® : 2 — Q

is the flux associated to the fluid’s velocity field, given by
{%(x, t) = w(®(x, 1), 1),

d(x,0) = x. (1.8)

Finally, Jy is the Jacobian determinant det(g—i(x, t)) and v(y,t) is the specific
volume determined by the identity

1
p(x,t)’

The interaction terms in equations (1.2) and (1.5) are an external force term
and a potential due to external forces, respectively, that account for the strong
interaction between the dynamics.

This kind of model of short wave-long wave interactions in compressible fluid dy-
namics was first introduced by Dias and Frid in [10], where, motivated by Benney’s
general theory on short wave-long wave interactions [3], they proposed a similar
coupling where the long waves were given by the Navier-Stokes equations for a
compressible isentropic fluid and proved existence and uniqueness of solutions in
the 1-dimensional setting. They also studied the vanishing viscosity problem. An
extension of Benney’s theory for systems of conservation laws was given in [9].

Later, Frid, Pan and Zhang [14] studied the full 3-dimensional equations proving
global existence and uniqueness of smooth solutions with small data. After this,
Frid, Jia and Pan, extended these results to the model involving the MHD equations,
proving existence, uniqueness and decay rates of solutions with small data, also in
the 3-dimensional case.

More recently, Frid, Marroquin and Pan [13] proposed an approximation scheme
consisting of a regularization of the system above, proving existence of weak so-
lutions and showing the convergence of the sequence to a solution of the limit
decoupled system as the regularizing parameters tend to zero together with the
interaction coefficient, all in a bounded domain of R2.

Finally, in [21] Marroquin extended the results in [10] to the case where the
long waves are given by a compressible, heat conductive magnetohydrodynamic

U(Y(Xv t)a t) -
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fluid, also proving existence and uniqueness of solutions and studying the vanishing
viscosity problem, in the planar (1-dimensional) case.

The system above models an aurora type phenomenon where a small wave, obey-
ing a nonlinear Schrodinger equation, propagates along the streamlines of a magne-
tohydrodynamic fluid. To this end, the NLS equation is stated in the Lagrangian
coordinates of the fluid, which by definition, follow the trajectories of the particles.
However, this poses several limitations, as the Lagrangian transformation becomes
singular in the presence of vacuum. Indeed, it can be shown that the Jacobian
determinant of the change of variables Jy vanishes if and only if the density van-
ishes. As in the multidimensional setting solutions of the fluid equations may not
be regular enough and vacuum may appear in finite time, the study of the model
under consideration is challenging.

In this paper, building on the pioneering work by Vaigant and Kazhikhov [26]
and its posterior improvements, e.g., [24, 18, 16, 22, 23|, as well as on the small gem
classical paper by Brezis and Gallouet [5], we prove the existence and uniqueness
of strong solutions to the full system (1.1)-(1.5) without restrictions on the size of
the initial data, in the 2-dimensional case with periodic conditions. Under certain
hypotheses on the viscosity coefficients, we prove, in particular, that there is no
vacuum, nor concentration, if this is the case initially.

The most important feature of this model is that it is endowed with an energy
identity, which can be stated in differential form as

{10 +) + 3P, + (4Vul + (Ap) + p)(divem)® + o[ VE?)  (L9)
+diva (a(p(3 2 + €) + p+ g/ (1/p)h(16 0 Y)2)
— divy(S-u+ (H® H) - u— u[H + vVH - H))}dx
= GV + TR+ agllt YA YP),

— divy (¥, Vytb + 1, Vy1)) }dy,

where, e = e(p) is the internal energy given by

e(p) := /p ]%j)ds.

Indeed this identity is obtained by multiplying the momentum equation (1.2) by
u, the NLS (1.5) by 1, (the complex conjugate of 1) taking real part and adding
the resulting equations. We omit the details as they follow the same lines as in any
of the references on the model cited above ([10, 14, 12, 13, 21]).

In order to state precisely our results, let us fix some notation. We consider our
spatial domain to be the unitary square in R? endowed with periodic boundary
conditions

O ={x=(21,22) ER%0<21<1,0< 25 < 1},

with opposite sides identified, each point with its antipode, so that one could un-
derstand ) as being the two-dimensional torus Q = T2.

Choosing yo(x) = x, x € €, in the definition of the Lagrangian coordinate
(1.7), we see that y(-,t) is a change of variables from € to itself (provided that
p is strictly positive and finite). However, as we deal with Sobolev norms in the
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different coordinates, we have to distinguish between one from the other and thus
we denote the domain of the Lagrangian coordinate as €.

As aforementioned, the viscosity coefficients are, in general, functions of the
density, and in this work we assume that

u(p) = const. = p >0,

Ap) = bp”, where > 4/3 and b > 0, (1.10)
Regarding the pressure, we assume the following constitutive relation
p(p) = ap?, (1.11)

where @ > 0 and v > 1.

These assumptions agree with those in [26] and in [24] on the 2-dimensional pe-
riodic Navier-Stokes equations; and also with those in [22, 23] on the 2-dimensional
periodic MHD equations.

From a mathematical standpoint, the condition on u ensures that the associated
Lamé operator Lu = divS is uniformly parabolic, whereas the hypothesis on A
hinders singularities in the density p. The latter consequence is crucial to our
model, as the non-degeneracy of the Lagrangian coordinates is intimately linked to
the regularity of the density.

At last, we assume that the interaction coefficient « is a positive constant and
that the coupling functions g and h are smooth and satisfy

g.h:0,00) = [0,50),  g(0) = h(0) =0,
supp ¢’ compact in (0, c0), (1.12)
supp A’ compact in [0, 00)

Under these assumptions we consider the initial value problem for system (1.1)-

(1.5) on the square Q with periodic boundary conditions, and subject to initial
data

(p,u, H)|t=0 = (po, uo, Hp)(x), YPoli=o = Yo(y)- (1.13)
Our first main result reads as follows.

Theorem 1.1. Let m > 3 be an integer and assume, in addition to (1.10), (1.11)
and (1.12), that the periodic data po, ug, Ho and vy on (1.13) satisfy

po € H™(Q),
u € H™(@), (1.14)
Hy € H™(Q),
vy € H™ (Qy)
and the initial data has no vacuum: there exists constants 0 < mqg < My such that
mo < po(x) < My (1.15)

for any x € Q.

Then there exists a unique strong solution to the system (1.1)-(1.5) (p,u, H, )
lying on the space

p € C([0,00); H™()

u e L2 (0,00 H™!

H €L} (0,00; H™!

¢ € C([0,00); H™ ()

~—

N CH([0,00); H™~H(Q)),
) N Hjpe (0,00, H™ 1 (92)),
Q) N Hj, (0, 00; H™ Q)
NCL([0,00); H"2(Q)).

—

(1.16)

—_ =
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And, for any T > 0 we have the estimates

M~ < p(x,t) <M (1.17)
forallxe Qand0<t<T, and
1)l 2z 2y, 1) | 22 2y @) |2 (2) 19 (E) || 1m0y < O (1.18)

for all 0 <t <T, where M is a positive constant depending only on T', |[ugl| g1 (),
IHoll 21 (> 1Yol m2(ay,), mo and My; and C'is a positive constant depending on T,
lpoll zm () [l zrm ), 1H|zm @), 1¥llamy), mo and My.

Furthermore, there is a constant N depending on T, |pollm2(), [vollm2(),
Holl 2> 1Yol 52(0y), mo and My such that

()] a2 () (@) 52 (@), [H@) | 52(9); [V O] 220,) < N- (1.19)
Observe that (1.16) implies that
u, H € C([0,00); H™(2)) N C([0, 00); H™ (1)),

so that the well-posedness statement makes sense.
It may be noted that it implies by an interpolation argument (see Theorem 6.1),
that the solution map

(¢, po, w0, Ho, o) = (p(2), u(t), H(t), (1))

is continuous in the strong topology of [0, 00) x H™(2)3 x H™ () into the strong
topolgy H™™1(Q)3 x H™~1(Qy,), for all integers m > 3.

In particular, if one identifies C*°(Q2) with the Fréchet space NS_,H™(£2), not
only the solution map of (1.1)-(1.5) is well-defined on [0, 00) x C*°(Q)3 x C*°(Qy),
but also turns out to be continuous in its topology.

The proof of Theorem 1.1 consists of a local result and the extraction of a priori
estimates, which serve the purpose of extending the local solutions globally in time.

For the local result we adapt the framework by V. A. Solonnikov [25] on the
Navier-Stokes equations. More precisely, we obtain a local solution of the system
(1.1)—(1.5) as a fixed point of a transformation K defined as follows:

e Given a velocity field u, one solves the continuity equation (1.1) with initial
data p(x,0) = po(x) (observe that the continuity equation is a linear first
order partial differential equation, and thus can be solved ezplicitly by the
method of characteristics);

e Once that p is available, one can solve the equation for ¢ (1.5) (with Y
being the Lagrangian transformation associated to the given velocity u) by
means of a variant of the method of H. Brézis—Th. Gallouet [5];

e One also solves the magnetic field equations (1.3), (1.4) in terms of u. Note
that the magnetic field equation (1.3) reduces to a linear parabolic equation
and can be solved by standard methods.

e Finally, one “returns” Ku = v as the solution of the linear parabolic
problem

{pvt +pu-V)v+ VP = aV (g (1/p)h([¢ o Y[*)Iy/p) + divS, (1.20)
v(x,0) = up(x) |

Clearly, a fixed point of such application will be a solution to the equation we
are investigating.
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Let us point out that, unlike the case addressed by Solonikov, here the viscosity
is not constant; in fact it depends on the densisty (recall (1.10)). This brings new
subtleties to the estimates. In addition to this, the presence of the magnetic field,
the wave function and the coordinate change between Eulerean and Lagrangian
coordinates bring extra difficulties.

In particular, the H™ regularity, with m > 3, in Theorem 1.1 is necessary for
the fixed point argument in the proof of the existence and uniqueness of local
solutions, as, in order to ensure that the application K is a contraction, we require
the wave function and the specific volume to be Lipschitz continuous. This is due
to the coupling terms, where we have a composition of the wave function with the
Lagrangian transformation.

Concerning the extension of the local solution to a global one, as usual, it follows
from a priori estimates which allow reiteration of the construction made for the local
solution. The starting point in the deduction of the a priori estimates is the energy
identity (1.9). After this, we prove the crucial uniform estimates from above and
away from vacuum for the density. This was the decisive step first achieved in
the pioneering paper of Vaigant and Kazhikhov [26], where it was shown that the
prescription A = p?, with # > 3, yielded such bounds; later on the restriction on
the power § was relaxed to 8 > 4/3 by Huang and Li in [16]. Here we build on the
estimates by Yu Mei [22, 23] for the 2-dimensional periodic MHD equations which,
in turn, are inspired by [26] and its improvements by Perepelitsa in [24], Jiu, Wang
and Xin [18] and [16] on the 2-dimensional periodic Navier-Stokes equations.

It is worth while to recall the ingenious way in which the bounds from above
and below for the density were obtained in [26]. In [15], Hoff introduced and
emphasized the striking regularity properties of the effective viscous flux F, which
for the isentropic Navier-Stokes is defined by F = (2u + A(p)) dive — P. In [26],
the transport equation

(0(p))e +u-VO(p) + P(p) +F =0

is considered, where 6(p) = [ L(2p+ A(s)) ds = 2ulog p + %(pﬁ — 1), which easily
follows from the continuity equation. Therefore, the problem of obtaining the
referred bounds for the density is reduced, using the nonnegativity of the pressure,
to that of obtaining a bound for the integral in time of the L* norm of F. Indeed,
one gets first a bound from above for 6(p), which implies a bound from above for
the density, which in turn, together with the bound for F, can be used to give also
a bound from below for 6(p) and so for p. Obtaining the bound for F is not at all
an easy task, but was achieved in [26]. In passing, it also becomes transparent the
importance of the introduction of the dependence of A on p in the form p°.

For the MHD equations, in [22, 23], the desired uniform bounds on the density
follow from key estimates on the commutators [u;, R; R;|(pu;) and [H;, R;R;|(H;) of
Riesz transforms and the operators of multiplication by u; and H;. Such estimates
ultimately depend on a careful analysis of the effective viscous flux F, which, in
turn, relies on some L? bounds on the density. For the system (1.1)—(1.5) considered
here, the definition of effective viscous flux, whose treatment follows closely that of
the MHD case, takes the form (4.6) which, comparing with that for the isentropic
Navier-Stokes system, includes the term —%|H |2, as in the MHD case, and also the
term —ag’(1/p)h(|¢ o Y |*)Jy /p, due to the coupling with the NLS equation, whose
nature is also that of a pressure.
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We stress that the strong coupling between the MHD equations and the NLS
poses a delicate interplay between the mechanics. On top of the nonlinear coupling
terms from the momentum equation and the NLS, the equations are also coupled
through the coordinate change. At this point the regularity of the Lagrangian
transformation comes into play and is crucial in order to close the estimates.

Once we have estimates (1.17) and (1.19), we proceed to prove estimate (1.18)
by induction, thus obtaining the necessary estimates in order to extend the local
solutions to global ones. It should be pointed out, that the lifespan of the local
solutions depends only on the strict positiveness and finiteness of the initial density
as well as the size of initial data in the corresponding Sobolev norms. Thus estimates
(1.17) and (1.18) are sufficient to obtain the global solutions from the local ones.

In this connection, with the estimates (1.17) and (1.19) at hand, we can also
prove the existence of global solutions under weaker hypotheses on the initial data.

Theorem 1.2. Assume that (1.10), (1.11) and (1.12) hold and suppose that the
periodic initial data po, ng, Hy and ¥y on (1.13) satisfy

po € H*(Q),
u € H*Q), (1.21)
Hy, € H?*(Q),
Yo € H*(Qy).
and that there are constants 0 < mqg < My such that
mo < po(x) < My (1.22)

for any x € Q.
Then, there exists a solution (p,u,H,v) to system (1.1)-(1.5) satisfying (1.16),
(1.17) and (1.18) with m = 2.

The proof of Theorem 1.2 follows by a standard compactness argument based
on estimates (1.17) and (1.19). This is achieved by approximating the initial data
by smooth functions satisfying the hypotheses of Theorem 1.1. Then, from es-
timates (1.17) and (1.19) we may find a subsequence (pn,u,, Hy,¢y) of the so-
lutions corresponding to the regularized initial data that converges strongly to a
limit (p,u, H,v), which turns out to be the desired solution. In particular, by
the Sobolev embedding and Aubin-Lions lemma, p, — p in C([0,T]; C(€y)) and
Y, — Y in C([0,T];C(2)). Also, as will become clear in Section 2, where we
prove several regularity estimates on the coordinate change, we also have that the
sequence of Lagrangian transformations associated to u,, converge strongly to the
Lagrangian transformation associated to the limit velocity field u. With this, the
coupling terms in the momentum equation and in the NLS converge in the sense of
distributions to the corresponding ones in the limit. In turn, all the other nonlin-
earities from system (1.1)-(1.5) are accounted for, due to the strong convergence of
the sequence; thus concluding that the limit (p,u, H, ) is indeed a solution.

The rest of the paper is organized as follows. In Section 2 we prove several
estimates on the linear and nonlinear problems associated to equations (1.1), (1.3)
and (1.5), where the velocity field u is given; and also the linearisation (1.20)
of (1.2). We also study the regularity of the Lagrangian coordinate associated
to a given velocity field u in order to deal with the Sobolev norms in different
coordinates. In Section 3 we prove the local existence of strong solutions. Section
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4 is devoted to the proof of the low order a priori estimates (1.17) and (1.19). In
Section 5 we complete the necessary a priori estimates that allow us to extend the
local solutions to global ones. At last, in Section 6 we state a weak stability result,
that follows as a byproduct of the proof of the contractivity of the solution operator
to the linearized system employed in the local result.

2. LINEAR PROBLEMS

As explained above, we construct a local solution of system (1.1)-(1.5) as a fixed
point of the solution operator of the equation (1.20), where p, H and 1) are the
solutions of equations (1.1), (1.3) and (1.5) for a given velocity field u.

For this reason we dedicate this section to the investigation of the linear and
nonlinear problems, corresponding to equations (1.1), (1.3) and (1.5), where the
velocity field u is given; and also the linearization (1.20) of (1.2). We also study
the regularity of the Lagrangian coordinate associated to a given velocity field u in
order to deal with the Sobolev norms in different coordinates.

In the following, we denote by ¢ = ¢(-,--- ,-) a continuous and non-decreasing
real function of its arguments that may change from line to line.

2.1. The linearized parabolic problem. Let us consider the following initial
value problem

{p(x,t)%—‘t‘(x,t) —(Lyu)(x,t) = f(x,t) for0<t<T andx€Q

(2.1)
u(x,0) = up(x) for 0 =t and x € €;

where ) is the bidimensional torus, T is a positive number, the density p(x,t) is a
given function, L, is the associated Lamé operator given by

(Lu)(x) = (Lyu)(z) = —div (A(p)(divw)Id + u(Vu + (Vu) ")), (2.2)

and ug(x) and f(x,t) lie on adequate Sobolev or Lebesgue spaces.

Note that this is a linear parabolic problem and can be solved by standard meth-
ods from the theory of linear parabolic equations, provided that the given density
p is strictly positive and sufficiently smooth. Moreover, we have the following a
priori estimates on the solutions.

Lemma 2.1. Let m > 1 and assume that
p €C(0,T; H™(Q)) N F, 4,
f e L*0,T; H" Y(Q;R?)), and (2.3)
up € Hm(Q; R2)
for some r > 2 and q > 2, where F, , := W1>(0,T; L*(Q)) N C([0,T]; Wh1(Q)).
Assume further that
0 <m(T), M(T) < o0
where, m(t) := minp<y < zeq p(X,t") and M(t) := maxo<p<izen p(X,1).
Then, (2.1) has a unique solution u € H'(0,T; H™~1(Q))NL?(0,T; H™*) and
we have the following estimate

T
/0 (e () s+ () s )t

< o(@m(t) " ol e, gneqomm) I 0wy + [0ollFm)- (2.4)
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Proof. We proceed by induction in m > 1.

Multiplying equation (2.1) by u, integrating by parts and using Young’s inequal-
ity we get
1d
2dt Jo

1
< (IO ey + 0+ Ileornrian) [ fuPix) +5 [ [Fupx

where we have used Gagliardo-Nirenberg inequality in order to estimate

plul2dx + /Q (ulVul? + (A(p) + p)(divu)?)dx

Jal2ar gy < Cellull3agoy + £l ul2)-

with small enough ¢ > 0. Then, using the uniform bounds away from zero for the
density, Gronwall’s inequality yields

t
H)[2d Vu(x, t')|?dxdt’
/Q|u(x t)] x—i—/o /Q| u(x,t')|*dxdt
m(t)~t x, t)[Pdxdt’
< ottty M@ ol ) ([ [ 176c0)Paxar +

Similarly, noting that

/ Lyu-uidx
Q

) [uo(x)2dx ). (2.5)

=5 ar [T+ )+ vy [ A div .
<=5 | IVaP + ) + v )i

HAPell Lo 0,720 [diva@®) 172
multiplying (2.1) by u; and integrating by parts we have

1d .
/ pluePdx + 2L [ (v + () + ) (div w)?)dx
Q 2dt Jo
< elulpsgoy + (e M), 1oe]) [0,

where we used again Gagliardo-Nirenberg inequality to estimate ||div uHiw @
Since L, is uniformly elliptic, one can apply Gagliardo-Nirenberg inequality to

get1
a2 < o([VA(P)llLa) - ([[Lpull2 + [lull2)
< o(IVA)lIza) - (lpuellz + [ 112 + [ull2)-

Thus, choosing £ > 0 small enough, Gronwall’s inequality implies (2.4) for m =1
by virtue of the uniform bounds on the density.

ITo see this, one may argue as follows. Let u € H2(Q) and f € L2(Q) be such that
Lou+u = f. If one uses the classic argument of difference quotients due to Nirenberg, one
can show that pl[V2ull3 + [Vull7, < IfllL2V2ulle + [V2ull L2 IV (A(0) gl divull 2/ a—2) -
Hence, Gagliardo-Nirenberg and Young inequalities, and an elementary H!—estimate assert that
[ullzz < VA lwra) - (IfllL2 + llullz2), as desired.
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Now let m > 2 and assume that (2.4) holds for 1,2, ..., — 1. Then, we apply
the operator V=1 to equation (2.1) to obtain
p(V™lay) — (L, V™ tu) = VL f 4 V™ 2(div (VA(p) (div u)1d))
—-Vm=2(Vp @ uy)
for 0 <t < T and x € (),
(V™ lu)(x,0) = V™ lug(x)
for 0 =t and x € Q.

From the case m =1, we get that

/0 (9™ g ()25 + [V ()| 2.)de
s¢<t,m<t>-1,M<t>,||p|FT,,,>< / /Q V1 f (e, )| 2dxcdt + [[uo]Zm
+ [ 19 (M o) v ue) e
0

+/ IV =2(Vp(t') ®Ut(t’))||§dt’>- (2.6)
0

To estimate the last two terms, let us divide into two cases cases.
i) If m = 2, then
V™ H(VA(p(1)) (div u(®)) 2
< [V2A(p(@)ll2l|divu() oo + [VA(p(0)) || V*u(t)]]p, and
IV =2(Vp(t") @ wi(t')ll2 < [VA(E )l [[ae ()4 (2.7)

where 1/p 4+ 1/q = 1/2. Nonetheless, Gagliardo—Nirenberg inequality implies

Idivu(®)]e < e VZut)l2 + Ce[[Vu(t)|l2, (2.8)
V2@, < el VPu®)|z + Ce[[Vu(#)]2, and
e (t)lq < el Vae(t)ll2 + Cellue(£)]]2;
thus, plugging (2.7) into (2.6), one can deduce the desired conclusion from the
induction hypothesis.
ii) Let us consider now the case m > 3. Once that H™ 1 and H™ 2N L™ are
algebras, we can show that
V™=V A (@) (divu(®) |2 < [(VA(p())) (div u(®) ]| gm—
< Cal[Mp@)l e [u(t)]| frm , and
IV =2(Va(t') @ wi(t)]l2 < [Vo(t) @ w(t'))l| gm-2
< Crn(IVP(t)lloo l[we (8[| zrm—2
+ o) -2 lae(t)]loo)-

Thence, the result follows from the induction hypothesis and a Gagliardo—Nirenberg
inequality similar to (2.8). O
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2.2. The continuity equation in terms of u. We now consider the continuity
equation (1.1) in terms of a given velocity field u. Specifically we consider the
problem:

pt +div(pu) =0 on O x (0,7),
{p(X, 0) = po(x) on Q x {t =0}, (2.9)

where py is positive and belongs to W4(Q) for some ¢ > 2.

It is well known (see, e.g., the article of V.A. Solonnikov [25] and the references
therein) that this problem has a unique solution given by the method of character-
istics. In fact we have that

t
p(t, ®(t;x)) = po(x) .exp{ —/ (divu) (¥, @(t’;x))dt’}, (2.10)
0

where @ is the flow of u given by
AP (1. o) — .
2 (tx) = u(®(t;x), 1), (2.11)
P(0;x) =x

Moreover, p is defined in the interval [0, 7] and satisfies

t
min po(x) exp{—/ ||diVu(t/)||Loo(sz)dt/}
0

x€eN

t
< p(t,x) < max po(x) exp {/ [|div u(t/)”Loo(Q)dt/} ,
x 0
(2.12)
for any (t,x) € [0,T] x Q, provided that divu € L' (0,T; L>()).
Regarding the regularity of p we have the following.

Lemma 2.2. Let m > 1 and assume that

ue L0, T; H™(Q)), with Vu € L*(0,T; L>(Q)),

po € H™(Q), with 0 < po < M,

for some positive constant M.
Then, regarding the solution of (2.9), we have the estimate

o))l 2y < &, [[ull 220,750 ) VUl 210,752 ()5 |0l 2 (02)
llallz20,7;w22(0)), M) - (1 + [[ul| 20,7,5m+1y),  (2.13)

for all 0 <t <T. Furthermore, when m = 1, the dependence of |[u|| 20, 7;w24(0))
above may be dropped.

Proof. Let m > 1. Then, applying the operator V™ to equation (2.9), multiplying
by V™p and integrating by parts we have

mol2d
2dt/|v plde

1
=-3 |Vmp| divudx — / V™ L(Vu- Vp + pVdivu) - V™ pdx
Q

< C||vm H(Vu-Vp + pVdivu)||7zq)

+C(1+ ||vu(t)||Loo(Q))/ V™ p|2da. (2.14)
Q
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With this observation at hand, we proceed with the proof by induction in m.
So, let m = 1. Then, we have that
[Vu-Vp + pVdivu| 20y < [l Lo 0.0 V()| 2(0)
+IVa(®)|| e @) V()22 () -

Hence, by virtue of (2.12) and (2.14), Gronwall’s inequality yields the result for
m=1.
For m = 2, we have that

[V(Vu-Vp+ pVdivu)| 12
< IVu®)|| L@ 1V20ll 220) + 1o 1L @) I VPu(t) || 22(0)
+ Vo)l Laoy [ V2ut) | a0y

On the other hand, applying the operator V to the continuity equation (1.1),
multiplying the resulting equation by p|Vp|?Vp and integrating we have

d
—/ |Vp|tdx = —3/ |vp|4divudx—4/ |Vp[P~2Vp - Vu - Vpdx
dt Jo Q Q

—p/ p|Vp|?Vp - Vdivudx,
Q

so that

d
EHVPHL‘*(Q) < C(IVull @) IVoll ) + IVl La)); (2.15)

which implies the estimate

t
IVpte)l < Cer BTNt (0t ol [ IV50(e)ads). (216)

for universal constants C' and c¢. Consequently, m = 2 follows from Gronwall’s
inequality and the case m = 1.
Finally, we recall that when m > 3 the space H™~! is an algebra so that

V"= H(Vu - Vp+ pVdivu) | 2
< @)l gm@lle@l am @) + o gm-1 @) [l gm @)
thus, once more, Gronwall’s inequality and the case m — 1 imply the result for any

m > 2. O

2.3. The magnetic field in terms of u. We move on to considering the following
problem for the magnetic field in terms of a given velocity field u.

H;,+u-VH-H-Vu+ Hdivu=vAH, onx (0,7),
divH =0, on Q x (0,7), (2.17)
H(x,0) = Hy(x) on 2 x {t =0},

with periodic boundary conditions (recall that € is the 2-dimensional torus). Note

that this is a linear parabolic equation and can be solved by the standard Faedo-
Galerkin method. Regarding the regularity of H we have the following.
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Lemma 2.3. Supose that Hy € H™ () and u € L?(0,T; H™1(Q)), for some m >
1. Then, (2.17) has a unique solution H € LQ(O,T,Herl( )N C(0,T); H™(S2)).
Moreover, we have the following a piori estimate

t
IEE) 20 + / IH 20 ds

< (T, |ull 2o, 750 ) [Holl 3w ) (1 + [l p20, s (y), (2-18)
for a.e. t€10,T).

Proof. We omit the proofs of existence and uniqueness of solutions as they follow
from standard procedures from the theory of linear parabolic equations. On the
other hand estimate (2.18) follows inductively by taking the « derivative of equation
(2.17), for any multi-index « with |a] < m, taking the inner product by 0“H
and integrating by parts. After some standard manipulation, involving Young’s
inequality with &, Gronwall’s inequality yields the result. 0

2.4. The Lagrangian transformation. Before we go into the resolvability of the
NLS in terms of u, we have to establish some properties of the associated Lagrangian
transformation. Since we deal with Sobolev norms in different coordinates it is
very advantageous to have some information about the regularity of the change of
variables.
Let us recall that the Lagrangian transformation Y (¢,x) = (¢,y(¢,x)) can be
formulated for any velocity field u through the identity
y(t, ®(t;x)) = yo(x), x e (2.19)

where yq is a given diffeomorphism and ® = ®(¢;x) is the flux associated to the
velocity field of the fluid, satisfying the the ODE

d® (1. ) — .
& (tx) = u(t, ®(t;x)), (2.20)
P(0;x) = x.
In this opportunity, regarding the SW-LW Interactions model, we choose
yo(x) = x,

Note that if we denote Jy (t,x) := Jy (t, ®(t,x))) = | det %(t, ®(t,x))| then using
(2.19) along with Liouville’s formula for the determinant applied to the gradient of
® we have that

%jy(t,x) = —divu(t, ®(t,x))Jy (t,x); (2.21)

and from the continuity equation (2.9), a straightforward calculation shows that

d Jyt) |
it | 7o >>] =0 422

In other words, the function Jy /p is constant along particle paths.
Taking into account our particular choice for yy we conclude that

B Jy (t,x) _
(meagcpo( X))t < W < (Elelgpo( X)), (2.23)

and this holds for all (x,¢) € Q x [0,00). In particular, we see that, y(¢,-) is a
diffeomorphism from €2 onto {1y, for any ¢t > 0, as long as the density is positive
and finite. Let us recall that that, in fact, Q, = Q is the 2-dimensional torus and
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that y(¢,-) is a change of variables from €2 onto itself. However we distinguish the
domain of the Lagrangian coordinate with the sub-index y as we will deal with
Sobolev norms in the different coordinates.
Moreover, defining the deformation gradient E as E(x,t) := Vxy(x,t), it can be
shown that its entries E;; satisfy the following
A B (t%) + Yoy o (6 X)up(t, %) + Shy Eun(t, %) 52 (%) = 0 (2.24)
E17J(t7 0) - 61]. '
where u = (uq, ..., up).
Indeed, this follows by taking the gradient in (2.19) and differentiating the re-
sulting equation with respect to ¢.
Multiplying (2.24) by 2m|E;;|*™2E;;, for any given integer m > 2, and inte-
grating by parts we get

d m m q: m— = 8Uk
E/Q|E”|2 dX:A|Eij|2 dlvudx—2m/9|Eij|2 2E1J;Elk%dx

J
< OV~ o / BP™dx,
Q

where C' > 0 depends only on on m. Taking the sum over 1 <1, j < 2 we obtain

d m m

= |E[*™dx < C||vu(t)||Lm(Q)/ |E[*™dx. (2.25)
Q Q

In fact, realizing that (2.24) is a transport equation we can obtain, through the

method of characteristics, the following L estimate

t
IE®] e < exp { / ||VU(8)|L°°(Q)dS} . (2.26)
0

Furthermore, through a similar reasoning to that of the proof of lemma 2.2
applied to equation (2.24), we can prove the following.

Lemma 2.4. Let m > 1 and assume that u € L?*(0,T; H™TY(Q)), with Vu €
LY(0,T; L>=(€)).
Then, E € L>(0,T; H™(Q)) and we have the estimate

IE@)] zm ) < O(T, [allLro,rmm+1)), IVl L1000 () (2.27)
forall0 <t <T.

We omit the proof as it goes by the same lines as the proof of lemma 2.2, once
that we realize that the structure of the equations (2.9) and (2.24) is very similar.

To conclude this subsection, let us also analyse the inverse deformation gradient
B(t,y) := g—;‘(t, y), where x(t,y) is the inverse of the Lagrangian coordinate.

From the relation x(t,y(t,z)) = z and using the definition of the Lagrangian
coordinate it can be shown that B satisfies the equation

{%B(t,y) = Veu(t,x(t,y))B(ty), (ty)€.(0,T)x Qy

B(0,y)  Id, (2.28)

where Id is the 2 x 2 identity matrix. Indeed, it suffices to realize that relation
(2.19) implies that x(t,y) = ®(t,y).



SMOOTH LARGE SOLUTIONS FOR AURORA TYPE PHENOMENA IN THE 2-TORUS 15

Using this equation it can be easily shown that

t
IB(t)]| L0,y < Cexp (/ |qu(5)||L°°(sz)dS) ; (2.29)
0

for all 0 < ¢t < T, provided that Vu € L*(0,7; L>°(Q)). Moreover we have the
following result regarding the regularity of B.

Lemma 2.5. Let m > 1 and assume that u € L*(0,T; H™TY(Q)), with Vu €
LY(0,T; L>=(€)).
Then, B € L>=(0,T; H™(Sy)) and we have the estimate

IB()|zm e,y < (T, [ull 20,757+ ), 1Vull 10,705 ) (2.30)
forallO<t<T.

In order to prove this result we need the following observation about L¢ and
Sobolev norms in different coordinates.

Remark 2.1. (i) From equation (2.21) we have that

t
19 )]0y < Coxp [ aivuls)]ds ). (231)
0
Therefore, for any function f € LI(2) we have

1£Ge(t, Dl ocay) = NFOII, O < 6Vl 070 ) | Fllzagen-

(ii) On the other hand, a straightforward combinatorial argument (which can be
made rigorous using induction) shows that there are universal polynomials QF, of
degree k, k =1, ...,m, such that, for any smooth enough function f

IV f(x(t,y)] <
D VEF et ¥R (B Y], [Vy By, oy [V Bt y)]).  (2.32)
k=1
In fact, QL (20,21, s Zm—1) = Zm-1. In particular, if f € H™(Q), Gagliardo-
Nirenberg inequality implies that,
VY f(x(t, )l 2o
< o117l 07500 0) (1B ) 175 £ ()l 20+

HIV IOl VY™ Bllrag) + 1 Ol (o) (1 + ”B(t)”anm*l(Qy)))v

where we have also used part (i) above.
(iii) When m = 2 we may refine this estimate as

HV?,f(x(t, ')HL?(Q)
< ¢(HVUHL1(0,T;L°°(Q)))(||B||?w(9)Hvif(t)ﬂm(ﬂ) + +va(t)||L4(Q)||vyBHL4(Q))7

Proof of lemma 2.5. Applying the operator Vi to equation (2.28), multiplying by
V™B, integrating over {2, and using Young’s inequality we have

d
= [ IVyB(ty)Pdy < |[Vy' [Vau(t,x(t,) - B(t, NlZ2(q,) + 1VyB®)720,)-

dt Jo,
(2.33)
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With this observation at hand, we proceed with the proof of (2.30) by induction
in m.
Note that, for m =1,

IVy[Veu(t,x(t,-) - B(t, )]l 2(ay)
< B[ o) VRt x(E, ) 22(0y) + | Var(t)ll <o) I VyB@) ] 2(0y),

so that, using remark 2.1 and inequality (2.33), Gronwall’s inequality yields the
result.
For m = 2 we see that

V3 [Vou(t, x(t,)B(t, )| L2 (qy)
< B[ 7 0y IVt x(t, ) 2(02y) + [Vt x(8, )| Lo (0,) [ VyBll 22 ()
+ 2| V2u(t, x(t, ) Laay) 1Bl o) I VyB®)l La oy )
<[B(t )||L°°(Qy)Hv3 u(t,x(t, )l 2,) + 1Vxult, x(t, )l L @) Ve Bl L2 (o, )
+ o([IVul[ 210,752 () [[u(t )||H3(sz)||B||Loo(szy)HB(f)HHz(szy)-

Thus, plugging this inequality in (2.33) and using (2.29) together with the case
m = 1 and Gronwall’s inequality we conclude the result for m = 2.
When m > 3 we use the fact that the space H™ is an algebra so that

IV IVeu(t, x(t,-)) - B(t, )2 (o) < [[Vault,x(t ) am @) BE) 27 (0y)-
(2.34)
Since in this case ||Viul|p=(q) < Cllullgm+1(q), then using part (i) of remark
2.1 we have that
IVau(t, x(, )z (oy)

< ¢(||Vu||L1 0,T;L>())> ||B||L°°((O T)xQy)> ||B||L°°(OTHm 1(Qy )||u( )HHMH(Q)-

(2.35)
Gathering (2.34) and (2.35) in (2.33), the result follows by Gronwall’s inequality
and the induction hypothesis. 0

As a corollary of lemmas 2.4 and 2.5, we have the following equivalence between
Sobolev norms in Eulearean and Lagrangian coordinates.

Corollary 2.1. Let m > 1 and assume that u € L?*(0,T; H™(Q)), with Vu €
LY(0,T; L>°(2)). Then, there are positive constants Cy and Co depending on T,
llallz2(0,7;5m )y and ||Vl L1071 )y such that

£ (x(t D lamoy) < Cillfllam@) < C2llf(x(t, ) lam o) (2.36)
for any f € H™(R).

When m = 2, the conclusion remains valid, if V?u € L*(0,T; L*()).

Proof. When m > 3 we may use Remark 2.1 and the fact that |V f[| =) <
C|\IV fllgm(q)- For the case m = 2 we use part (iii) of Remark 2.1 instead. Here

we have to deal with the L* norm of VB. However, applying the operator Vy to
equation (2.28) multiplying by |V,B|*VyB and integrating, we see that

d
EHVB@H%A&(%) < C¢(|qu|\Ll(o,T;Lw(Q)))(||B||%oo(szy))||V>2<u||L4(Q)HVyB||L4(szy)

+ IIqullLoo(sz)HVyBHfAL(Qy))=
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thus, obtaining the following bound, through Gronwall’s inequality

IVyB®)ll 1oy < o([IVxullzio, =) IVullr20,7;040)))-

This takes care of the first inequality in (2.36). The second inequality follows by
similar considerations involving the deformation gradient E instead of B. O

2.5. The NLS in terms of u. Finally, let us analyse the following NLS equation
in the Lagrangian coordinates (t,y) € [0,T] x Qy associated to the given velocity
field u
i+ Ayt = 6%+ g (P on (0,T) x Oy; -
Y =y on {t =0} x Qy, '
with periodic boundary conditions, where g and h are as in (1.12) and v is the
specific volume, which is related u through the the relation

U(Y(Xv t)at) = p(x t);

being p the solution of (2.9).
Lemma 2.6. Let m > 2 and assume that

po € H™(QY), with 0 < py < 00
w e L20,T; H™ (), with Vu € L'(0,T; L™(%))

so that, according to lemma 2.2, p € L*(0,T; H™()).

Then, there is a unique solution ¢ € C([0,T); H™(Qy)) NCH([0,T); H™2(y))
of (2.37).

Moreover, we have the following a priori estimate

[ )| 2y)
< O(T, ol s llpoll e, (min po) =, l[ull 2o 2 (<, IVl 2 0,732 (2))
(L + [[ull 20,7 5m+1 (0))) (2.38)
forallO<t<T.

As it is well known, provided that ¢ is sufficiently regular (for instance 3 €
CH([0,T); L*(Qy))NC([0,T]; H?(y))), (2.37) is equivalent to the integral equation
given by the Duhamel formula

9(t) = S(e)o + + / S(t =) ([W@)P(E) + goE)R ()Pt )dt', (2.39)

where we have denoted by S(t) = exp ( %Ayt) the group of isometries associated to

the linear Schrédinger equation. One can also introduce the momentary notation
1
F(t,) = = (1w + g@)h (1)), (2.40)
so to make (2.39) look more like an ordinary differential equation solution:
t
Y(t) = S(t)o + / St —t)VF (¢, pt'))dt'.
0

Lemma 2.6 will follow from the following classical result.
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Lemma 2.7. Let H be a complex Hilbert space and A : D(A) C H — H a nonneg-
ative self-adjoint operator. For some s > 1 andT > 0, let also F' : [0, T] x D(A®) —
D(A®) be a continuous transformation (where D(A) is endowed with its graph
norm), which is bounded and Lipschitz continuous on its second variable on bounded
sets of [0,T] x D(A?®).

Then, if S(t) = exp{—iAt} is the group of isometries associated to —iA and
Yo € D(A?), there exists a T* > 0 and a unique and mazimal solution b €
C([0,T*); D(A%)) N CH([0,T*); D(A*~1)) of the integral equation

P(t) = S(t)o + /0 St —t)VF (¢, pt'))dt'.

Moreover, one has the following alternative: either T* =T and v may be extended
tot="T; or [|1(t)| pasy — o0 ast — T*.

Proof. We have to show that the successive approximation sequence

vO(t) = S(t)vo,
1/}(71) (t) _ S(t)1/)0 + /tF(t/,1/J(n_l)(tl))dt/
0

converges in C([0,T"); D(A®) for a sufficiently small T’. This is elementary, as we
briefly sketch below.

Let X be the complete metric space of the ¢ : [0, 7] — D(A?®) whose range lie on
the “tube” K = {S(t)1o+y;0 <t < T and |ly|[pcasy < I}, where 6 > 0 is arbitrary
and 7" > 0 will be chosen later. If M > 0 is such that ||F(t,9)||pasy < M for
0 <t<Tandv € K, pick T" being the least between T and §/M, so that the
sequence {w(")} given above is entirely in X (here we used that I + A° commutes
with S(t)).

Now the rest of the argument reminisces the proof of the Cauchy-Lipschitz—
Picard theorem. If

5O(t) = [u M) peas),
8™ (1) = [[™ () = u" D (B[ p(asy,
we can show by induction that
6O (t) < Mt, and
L
() < M=,

n!

so that Sup, 6" (t) < co. By the Weierstrass M-test, 1(") converges uniformly
in C([0,7'], D(A®)) to a 1, which is a fortiori solution of the integral equation.
Observe that a similar reasoning provides the uniqueness of solutions.

Regarding the blow up criteria we can argue as follows: if, by absurd, T* < T
and [|1(t)|| p(a+) remained bounded, one could apply the same argument above at
initial time T* — ¢, for a small £ > 0, to obtain a solution defined at [0, 7" + ¢]; this
is due to the fact that the lifespan of the local solution above depends only how
large is F' on tubes like K. This contradiction settles the proof. O

Observe that, if H = L*(Qy) and A : D(A) C H — H is given by Au = —Au
with D(A4) = H?(y,), then A is nonnegative and self-adjoint; and for any s > 0,
D(A?%) = H?*(Q) (with equivalent norms). In particular, if s = m/2, D(A%) = H™.
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Since m > 2, H™ is an algebra and then the Sobolev inequalities and the equiv-
alence of the Sobolev norms in Eulerean and Lagrangian coordinates established
in the last subsection imply that F' given by (2.40) is in accordance with the hy-
potheses of lemma 2.7. Thence, the preceding abstract proposition guarantees the
existence and uniqueness of local solutions. To conclude the proof of lemma 2.6, we
have to show that the a priori estimate (2.38) holds so that the blow up criterion
of lemma 2.7 is met and the local solutions are actually defined in the whole [0, T].

To prove (2.38) we proceed by induction, wherein the case m = 2, contained in
the following lemma, is an adaptation of an estimate on the Nonlinear Schrodinger
equation due to Brezis and Gallouet [5].

Lemma 2.8. Let 1) be a solution of equation (2.37). Then

(i)

[ (G900 + Jwt0l* + agtonitor) ) dy

Yy

< (T, [[Yol| 1y ) (min po) Y ldivul 2oLz @) (2:41)
(i1)
[+ 1aguR)y

Qy

< (T [oll2(@y): (min po) ™, [ldiv ] 2o iz2(a))- - (2:42)
In particular, for a.e. t € [0,T]

max [ (t)| < &(T, [[voll a2y ), (min po) ™", [|divull 220, 7;22(02)))- (2.43)
YEQy xEQ

Proof. Multiply (2.37) by ; (the complex conjugate of 1), take real part and
integrate integrate by parts to obtain

5 315avty 0+ 1ot iy
=~ [ ooty 0) gty 0y
=—% g(v(y,t))h(lw(y,t)lz)dy+/ W[y, ) g(w(y, t)edy.  (2.44)
Qy Q,

Note that from the definition of Y we have the conversion formula between
Eulerian and Lagrangian coordinates:

Bty = (BoY(t,x)) +u-Vx(BoY(x)),
or synthetically,

B(t,y)e = Bi(t,x) +u- ViB(t,x).
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Then, recalling (1.12) and using the continuity equation (2.9) together with (2.23)
we have

//Q vjvil dyds*/ / l9'(1/p)((1/p)e +u-V(1/p) ]J dxds

2
%/p) ((log p): +u-V(logp))| Jydxds

0
t / 1 2 J
:/ /79( /p) |divu|2—ydxds

<C( mlnpo / / |div u|*dxds
Q

Putting this inequality together with (2.44) we obtain (2.41) upon integrating
in t.

Let us now prove (2.42). First, in light of estimate (2.41) and using Sobolev’s
embedding for H! functions we see from equation (2.37) that there is some C' > 0
that depending on T, [[¢bol| g1 (g, ), (minkeq po) " and ||divul| 120, 7;12(0)) such that

/ hiel2dy — C < / APy < / nl2dy + C. (2.45)

Y Qy Qy

Now, we differentiate equation (1.5) with respect to ¢ to obtain
itbes + Dy = 216200 + 67, + g R (W2)er
g (W) (200 + 675,) + g (W) ),

where the over line stands for complex conjugation.
Multiplying this equation by 1),, taking imaginary part, integrating and using
Young’s inequality we obtain

/|¢t|2dy—/ [vhoe|*dy
Q, Q,

gc/ot (1+||¢(t)||ioo(9y>)/ |44 2dyds+C/ /Q (v)ve|*dyds. (2.46)

Let us recall Brezis and Gallouet’s inequality (see [5], ¢f. [4]) asserting that there
is a constant C' > 0 depending only on 2 such that

ol (o) < C(1+ /loglL + [lwll @),

for every w € H?(Q) with [|w|| g1 o) < 1.
Combining this result with (2.41) and (2.45) we see that

[6(0)ll~0y) < C(1+ \flog[L + [t (1) |2(,))) (247)
With this, the first term on the right hand side of (2.46) is bounded by

t
c / (1+ log{t + [60(5) 12y ) | [60(5) 12, -
Coming back to (2.46) we have

000,y < €+ [ (1 10801+ 106 ) W), 249
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Finally, defining

t
G(t) =1 +/0 (14 1og[1 + [[¢e(s)|[72 g )96 ()] 720y y 55
we see that

d
EG(U = (14 1og[1 + ([ ()72 D¢t ()] [72(q yds
< CG()(1+ log[l + G(1)]).
Thus,

d
pr log [1 + log[1 + G(t)]} <C,

which implies that
G(t) < exp(aexp(Bt), (2.49)
for some «, 5 > 0 depending only on the initial data (note that they depend on the
H? norm of ).
In order to conclude we point out that this estimate and (2.45) imply (2.42),
while (2.43) follows from the Sobolev embeddings. O

Proof of lemma 2.6. Having proved the case m = 2 we proceed by induction in
m > 3. So, let us assume that the result holds for m — 1, aiming to prove the case
m.

By (2.39) we have that

t
[9(Olleniey) < C(IWollmayy + [ (O~ 16Ol mie
g0 @ I PYEE 70
g () s (o 1B ()26 | o)) ) (2.50)

On the one hand, the L°°-norms appearing in this inequality are easily estimated
using the hypotheses on the coupling functions as well as lemma 2.8. On the other
hand, by a similar reasoning to that of remark 2.1 we have that

1B @) )0 | m () < ST b [l Lo 0, :mm-10,) ) L+ [0 [ 5 0y))s (2:51)
and also,
(@)l ()
< ¢(T797 ”quLl(O,T;L“’(Q))? Hp”Lm(O,T;Hm*l(Q))u ”B”L“’(O,T;Hm*l))
(T4 lpllam ) (2.52)

Indeed, it suffices to realize that there are universal polynomials QF, of degree
k, k=1, ...,m, such that for any two smooth enough functions f and ¢ we have

IVy FCD <Y 1FPAOIQE (1Yl -ony [V FF1¢)),
k=1

where QL (21, ..., 2m) = zm and Q2 is of the form Q2 (21, ..., zm—-1) = Cmz12m—1 +
P2 (21, ..., 2m—2) for some constant C,, and another universal polynomial P2 of
degree 2. Then, if m > 3, so that H™ < W1 and all the derivatives of f are
bounded then, by the Gagliardo-Nirenberg inequality we have

V5 F(Oll2(y) < DUy SN mm—1 )+ €l rm (y))-
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Putting (2.50), (2.51) and (2.52) together we obtain the result using the induction
hypothesis, lemma 2.2 and Gronwall’s inequality. O

3. LOCAL SOLUTIONS
Let us state the desired local existence result.

Proposition 3.1. Let m > 3 be an integer and assume, in addition to (1.10),
(1.11) and (1.12), that po, ug, Ho and v satisfy

po € H™(Q),
u € H™(Q),
H, € H™(Q),
o € H™(Qy).
Moreover, assume that there are constants 0 < mqg < My such that
mo < po(x) < My (3.1)

for any x € Q.
Then there ezists T* = T*(mo, [|pol|zrm, [wollm, [|Hollzrm vl az) > 0 and a
unique strong solution to the system (1.1)~(1.5) (p,u, %) such that

C([0,T*); H™(Q)) N C*([0,T*]; H™ (),
€ L2(0 T H™ Q) 0 HY(0, T H™ (),
€ L2(0 T H™ Q) 0 HY(0, T H™ (),
C([0,T*); H™(Q)) N C*([0,T*]; H™*(Q)).

< m e

We dedicate this section to the proof of this proposition. To this end, let us
introduce the space

Er = L*(0,T; H™ Y (Q;R?) N HY(0,T; H™H(Q; R?)),
and let us define the operator
K :Er — Er

where v = Ku is the solution of the following linear parabolic problem on the
2-torus 2

pvi+ (L,v) + p(u-V)v=H -VH - 1VIH> - Vp

+aV(g'(1/p)h(|¥ 0 Y |*)Iy /p), (3.2)
v(x,0) = up(x).

with p, H, Y and ¢ being the corresponding density, magnetic field, Lagrangian
transformation and wave function associated to u, according to the considerations
from the previous section. Then we have the following.

Lemma 3.1. There exists a constant N depending on mo, ||pollam (), [[tollzm (),
[Hollzrm () and |[vo gm () with the following property: given v > N, there is a
positive T* = T*(r,mo, [|po| =, [[aol zm, |¢o mye) for which

K :rBg,. - rBg,.,

where rBg, stands for the closed ball in Er with radius is r.
In other words, rBg,. is invariant under K.



SMOOTH LARGE SOLUTIONS FOR AURORA TYPE PHENOMENA IN THE 2-TORUS 23

Proof. Step #1.
Given u € Ep, lemma 2.1 asserts that

—1
2 .
[Kullz, < ¢(T7 (xeﬂ%gng(Xa f)) 7HPHWLOO(o,T;L2(sz))mc([o,T];Hm))

(llp(a- VYKl Fa 0 g1y + IVE - Bl 20,7 5m-1) + [ VPl 200 7101
2
+[aV(g' 1/ p)h(lv oY)y /o) [ 20 g1y F 100l 7). (3-3)

Note that from (2.22) we have that
J
%(ta X) = pO(y(ta X))v (34)

Then, using the fact that H™~1(Q) is an algebra, as well as the embedding E7 —
C(0,T;CY(R)), together with lemmas 2.2, 2.3, 2.6 and Corollary 2.1 we have

K%, < (T, (mo) =", [|poll e, ol [z, [Holl e, (|40l e, 0l )
(14 ”Ku”%Z(O,T;Hm))' (3.5)

Step #2.
Regarding the term ||Kul|p2(p,7;5m) appearing in the estimate above, we apply
the Gagliardo—Nirenberg inequality to obtain for every ¢ > 0

||Ku||2L2(0,T;Hm) < EQHKUH%?(O,T;HMH) + CE||Ku||2L2(O,T;L2)
< (K ullf, + CellKullZa 1) (3.6)
Choosing appropriately € = e(¢(T), .. .)), (3.5) is somewhat simplified to
[Kul[%, < (T, (mo) ™", lpoll e, 1ol zrm s [Ho| s ([0 a1ye s [l 1)
: (1 + ||Ku||%2(O,T;L2))' (3.7)
To get rid of this final term in the right-side, multiply (3.2) by Ku to obtain

1d
2dt

+ / (1 + A(p(x, 1)) (div Ku(x, t))2dx
Q

p(x,t)|Ku(x,t)‘2dx+,u~/ |V Ku(x, )| dx
Q

:/(H-VH—%V|H|2)-Kudx+/p(x,t)-divKu(x,t)dx
Q Q

— o [ 1o YTy - div Ku(x. i (3.8)

where we have used the continuity equation (2.9) in order to write

1d 1
ia(p|Ku|2) =p(Ku);- Ku+p(u-V)Ku- Ku— gdiv (pu|Kul?).
Thus by virtue of (2.23) and (1.12), using Young’s inequality we conclude that
1d

—— p(x,t)‘Ku(x,t)|2dx+,u/ |VKu(x,t)|dx
2dt Jq Q

< Cu(1+ [Ku(®)|l L2 + Ip(e)ll 220y + I Z 10y IVHIZ 1 ()
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and again, using the estimates from the previous section, Gronwall’s inequality
yields

T
Max/|Ku(x,t)|2dx+/ |Vu(x,t)‘2dxdt
0<t<T Jo 0

< &(T, (mo) ™", ool e, [woll o, [Eho| [, [0l g, [all )

Inserting this estimate in (3.7) we obtain,

K%, < (T, (mo) ", [lpollerm, ol [z, [Holl s (|90l e, [0l 2)- (3.9)

Step #3. (Conclusion)

Let us recall that ¢ appearing on (3.9) is a continuous and non-decreasing func-
tion of its arguments. Moreover, we note that it can be most naturally chosen as
to satisfy

&(T =0, (mo) ™4, |0l zrm, | poll 5w s |0z, 1) < constant independent of 7,
=N
= N(llpollzm, mo, [|¢oll m)-
In that way, for »r > N, by continuity there exists a 7" > 0 such that

o(T*, (mo) ™", 1ol m, |l pollem, ol e, ) < r?.

As a consequence, (3.9) says that K : rBg,.. = rBg,..

Let us now introduce the space
Pr = C([0,T]; L*(;R?)) N L*(0, T; H(; R?)).

Then, we can prove that the constant 7" from lemma 3.1 above can be chosen so
that the application K, restricted to rBg,.., is contractive in the norm of Fr.

Lemma 3.2. Given any 0 < k < 1, one can choose a r,T > 0, depending only on
7, || poll zm , Mo, |10l g, for which, not only

K :rBg, = rBg,,
but also for every u’ and 0"’ in r - Bg,, one has that

|Ku' — Ku”||,, <&k- Hu’—u"HFT. (3.10)

[P
Proof. Step #1.

Let v/ = Ku' and let us denote by p/, H', ¥/ and Y' = (¢,y'(¢,-)) the density,
magnetic field, wave function and Lagrangian transformation associated to u’. Cor-
respondingly, we write v/ = Ku” and denote by p”, H”, " and Y" = (t,y"(¢t,"))
the density, magnetic field, wave function and Lagrangian transformation associ-
ated to u”. Let us further denote v = v/ —v”, p = p/ —p/, H = H — H",
p=1 -y and Y =Y - Y.
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Then, with some effort, we can show that v satisfies the following equation

P+ p (0 V)V — Ly =
—pvi = (Ly = Ly )V" = p'(¥- V)V = p(u’ - V)v"
+H-VH' +H" -VH-VH -H-VH.H"
V(") = p(") +V((g'(1/p") =g (1 o) R o X' [2) Iy /p))  (3.11)
V(g (/") (R(1¢" o XY'[?) = k(| o X" )y /)
V(g'(1/p") (M| o X" [?) = h(|¢" o Y"|*)) Iy /)
V(g (/"R o Y"1*)(Jy /0" = Ty [p").

Multiplying the equation above by v and integrating by parts we arrive at

d 1/ o2 / =12 / .
—3z v|tdx + Vv 4+ (A + 1) (divv)*)dx
Giha | PP [ T ) + i 9))
z—/ﬁvi’-ffdx—/(/\(p')—)\(p”))divv”divffdx
Q Q

— [ P(v-V)V'] vdx — /Qﬁ[(u’ -V)V'] - vdx

+ [ (H-VH +H"-VH-VH -H- VH -H") - vdx

(p(p") — p(p"))div vdx (3.12)
(6/(1/o/) =g/ (/") X [) = i v

Jyr
g'(1/p") (%" o Y'2) = h(|¢" o Y"|?)) p—y,divf’dx

Jy
g'(1/p") (R o Y ) = h(|Y" 0 Y"[%)) p—y,dideX

(1" 0 X (= 2 divvax
P p

|
S~ T — S

Note that, through some applications of Young’s inequality with ¢ and in light
of lemma 3.1, we can arrive at the desired conclusion, provided that we bound
. ~ ry R Y, J,r J,m
appropriately p, H, 1, o=
Step #2. (Analysis of p).
A straightforward calculation shows that p satisfies the following equation

% +div (pu’ + p"" (0’ —u")) =0

p(0,x) =0.
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So, multiplying the equation by p yields
1d

a [
sat ), 70X

1
-3 / (divu’)p?dx — / pVp" - (0 —u")dx — / pp''div (0’ —u")dx
Q Q

Q
1 - -
< Sldiva’ (®)lloe - [AEIE + [IVo" @)oo - 12E)]2 - [T’ () = 0" (B)]]2
+ 1" Ollo - 1p(E)]]2 - [|divu’(£) — diva”(2)]|2;
hence, by Gronwall’s inequality and the fact that u € C([0,7*]; H®) and p" €
c([0,T*); H?),
/952(X7 t)dx < Cllu’ —u"|F2(0, 7,11 () (3.13)

forall 0 <t <T* and some constant C depending on T* and r.
Step #3. (Analysis of H).
Similarly, we see that H is the solution of the following equation
H;,—vAH=—(u -u") - VH' —u-VH-H - Vu - H" - V(u —u")
+Hdivu’ + H"div (u’ — u”),
H(0,x) = 0.
Multiplying by H and integrating, upon integrating by parts and using Young’s
inequality with £ we get
1d
2.dt

SEl\u’llio/QIVHIdeJrOs(IIVH”IIioIIU’—u”|\§+I\H”Iliollv(u’—U”)lli

|H|2dX+V/ |VH|?dx

(1+ | Vo) [FH3)

and choosing € > 0 small enough, by Gronwall’s inequality and the fact that u €
C([0,T*); H) and H” € C([0,T"]; H?),

t
HQ(X, t)dX =+ A L |VH|2dX S C||u’ — u”|\%2(07T*;H1(gl)) (314)

for all 0 <t < T™* and some constant C' depending on 7™ and r.

Step #4. (Analysis of y).

From the definition of the Lagrangian coordinate we see that y’ satisfies the
equation

Q

yilt,x) +u'(t,x) Viy'(t,x) =0, y'(0,x) =x
By symmetry, y” satisfies an analogous equation with u” in place of u’. Then, the
difference y =y’ — y” satisfies

yt=—(u" —u") - Vyy’' —u" - Vy,
y(0,x) = 0.

Multiplying by y and integrating by parts we obtain

d [ : _
E/Qlyl%lxﬁ CIVY' 13l — 0”2 + [ldiv a2 [ 7]13).
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and then, Gronwall’s inequality implies

[ 15ax < Clla = (3.15)

In the interest of estimating the wave functions, we have to analyse also the
inverse Lagrangian transforms x'(¢,y) and x”(¢,y) corresponding to the velocity
fields u’ and u”, respectively. In that direction we have that the difference X :=
x’ — x" solves the following equation

{fw,y) = /(¥ (t.y)) —u(t,x"(t,y)),
x(0,y) =0.

Writing

w(t,x'(ty)) —u'(t,x"(t,y)) =u'(t,x'(t,y)) —u"(t,x'(t,y))
+ u” (tv Xl(tu Y)) - U-H(tv X”(tv Y))v

and multiplying the equation above by X we have

d P
< d
g7 QyIXI y

<c ( [ e ey e ) Py + (14 9 [ |s<|2dy>
Qy Qy
And, therefore, using Gronwall’s inequality together with Corollary 2.1 we obtain

/ &Py < Cllu’ — 0o e ). (3.16)

Yy

Step #5. (Analysis of 1/3)
Now, 9(t,y) = ¢ (t,y) — " (t,y) solves the Schrodinger equation

i+ Ayt = [ PY — [P+ (g(0") — ()W ([0']*)0
+g (") (W (|0 )" = B (["]%)¢"),

¥(y,0) =0,
where, v/ and v" are given by
1 1
ty)=——— "ty) = .
YY) = ) ) = )

Thus, multiplying the equation by z/NJ and taking imaginary parts, after some
manipulation we obtain

G [ wkay <o ([ ipay+ [ Wy -veyPay), @)

dt Qy Yy Qy
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Regarding the last term on the right hand side, using the uniform bounds avail-
able on the densities, we have that

/Q W' (t,y) —v"(t,y)|Pdy

<C [ 10X ) - X k) Py
Qy
< c( |10 ) = ok ) Py

+ HVp”Hoo/ X' (t,y) — X”(t,Y)FdY)

Q
< Ollu" —a"|| 20,0151 ()

where we have used (3.16), (3.13) and Corollary 2.1.
Coming back to (3.17) and using Gronwall’s inequality we conclude

[ 19y <l = s (3.13)
y
Step #6. (Analysis of ‘;y,' - ‘;%7 and conclusion)

Finally, recalling (3.4) we note that pr,/ (t,y)— pr,;/ (t,y) = po(X'(t,y))—po(x"(t,¥));

and reasoning similarly as before we have

/ Jyo o Jgn |?
Q

ARG (t,x)dx < [[u’ - uI/||2L2(O,T*;H1(Q))' (3.19)
Analysing each one of the terms in (3.12) at the light of the estimates above, we
conclude that its right-hand side may be bounded by

g-/ (192 + 199 ) dx + Ce - o’ = 20,720,
Q

where C: = C(e,r,T). Thus, integrating (3.12) from ¢’ = 0 to ¢’ =t < T and taking
a sufficiently small ¢ = e(r, T*, 1) > 0,

¢
/p/(x,t)|\7(x,t)|2dx+/ /|V\7(X,t’)|2dx§C.T.||u—uHFt.
) 0o Jo

€

At last, diminishing T* = T*(r, ¢) accordingly, the desired conclusion follows. O

Proof of proposition 3.1. For, say, k = 1/2, let r and T be as in the previous
lemma. Then, for u(® = 0, define recursively
u™ = Ku",

Since K preserves the ball of radius r in Ep, u(™ defines a bounded sequence in
E7. Moreover, from lemma 3.2 we know that

u™ — u strongly in Fr = C([0,T); L?) N L*(0,T; HY),

where u is a fixed point of K.
By an elementary weak convergence argument,

uec Epr=L%0,T; H" ™Y n HY (0, T; H™ 1),
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and, in fact,
u™ — u weakly in Er.
In particular, by interpolation,
u™ — u strongly in L2(0,T; H™).

Because of this convergence, it is not hard to see that the associated densities
p™ | magnetic fields H™ and wave functions (™) also converge

p™ = p strongly in C([0,T); H™1(Q)),
H™ — H strongly in C([0,T]; H™~1(Q)),
™) — 4 strongly in C([0, T]; H™*(Qy))

for some p € C([0,T]; H™(Q)) (which is positive), H € L2(0,7; H™™(Q)) N
HY0,T; H™1(Q)) and v € C([0,T]; H™(fy)); wherein the limit [p,u, H, 1] is
a strong solution to the system (1.1)—(1.5) with the desired regularity.

This proves the existence part of the proposition. The uniqueness assertion
follows trivially from the lemma 3.2. O

4. LOW ORDER A PRIORI ESTIMATES

In this section we deduce the first set of a priori estimates. These low order a
priori estimates are the starting point for the proof of the existence of global smooth
solutions. In particular, we prove that solutions are away from vacuum, so that the
Lagrangian transformation makes sense.

We point out that the H™ regularity, with m > 3, from Theorem 1.1 was nec-
essary for the fixed point argument in the proof of the existence of local solutions.
Indeed, this is necessary in the calculations that ensure the application K to be a
contraction, where we required the wave function and the specific volume to be Lip-
schitz continuous. This is due to the coupling terms, where we have a composition
of the wave function with the Lagrangian transformation.

The a priori estimates from this section are based on the analogues by Yu Mei
in [22, 23] on the periodic solutions to the 2-dimensional MHD equations, which,
in turn, are inspired by the work of Vaigant and Kazhikhov [26], by the work of
Perepelitsa in [24] and by the work of Jiu, Wang and Xin [18] on the 2-dimensional
periodic Navier-Stokes equations.

The crucial a priori estimates are the uniform bounds from above and away
from vacuum for the density. As delineated in the introduction, these estimates
are achieved by analyzing a transport equation involving a function of the density,
namely, equation (4.11) below. The desired bounds will follow from the key esti-
mates on the commutators [u;, R; R;](pu;) and [H;, R;R;](H,) of Riesz transforms
and the operators of multiplication by u; and H;. Such estimates ultimately depend
on a careful analysis of the effective viscous flux F (given by (4.6)), which, in turn,
relies on some LP bounds on the density.

Note that the coupling term from the momentum equation (1.2) behaves as a
pressure and, accordingly, we incorporate it in the definition of the effective viscous
flux. This is very advantageous for us as the elliptic estimates from lemmas 4.4 and
4.5 turn out to be identical to the analogues in [22]. However, this additional term
has to be accounted for in the subsequent estimates which poses a delicate interplay
between the estimates from the MHD equations and from the NLS equation. At
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this point, the regularity of the Lagrangian transformation comes into play and
is crucial in order to close the estimates. This is most evident in the proof of
Lemma 4.12 where we see explicitly how the regularity of the density depends on
the integrability of the deformation gradient.

In this section, we follow [22, 23], closely making emphasis on the modifications
that have to be made in order to include the short wave-long wave interactions.

4.1. Energy estimates and uniform bounds for the density. Let us begin
with the basic energy estimate, which follows directly from the energy identity (1.9).

Lemma 4.1. Let

E(t) = /Q (p (%|u|2 + e) + %|H|2> dx

1 1
+ [ (3170 Jol 4 agniiv) ) dy

Qy

Then,
E(t) +/0 /Q (1| Vul* + (A(p) + p)(divu)® + v|VH|?) dxds = E(0). (4.1)

In light of estimate (4.1), part (ii) of lemma 2.8 yields the following higher order
estimate on the wave function .

Lemma 4.2.

| G+ 18,010y < c. 4.2

In particular, for a.e. t € [0,T]
)] <C. 4.3
max [p(t)] < (4.3)

Moving on, through some standard manipulation, multiplying equation (1.3) by
p|H[P~2H and integrating we deduce the following L” estimate on the magnetic
field. We omit the details.

Lemma 4.3. For any p > 2, there exists a positive constant C' such that

sup |[H(#)|[1r(o) < C. (4.4)
0<t<T

Note that the momentum equation (1.2) can be written as
(pu); +div(pu®@u - H® H) = uV+w + VF, (4.5)

where, V= is the operator V* := (0/0x2,—0/0z1), w := V- u is the vorticity
and F is the effective viscous flux given by

F = (2 + Alp))div — P(p) — 2 [H +ag'(1/p)h(uo YF)‘%. (4.6)

Applying the divergence operator to equation (4.5) we see that

A (gt +n+F— /QF(sc, t)dsc) =0, (4.7)

/Q <§t+n+F—/ﬂF(5<,t)d5<) dx =0,

with
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where, £ and 7 are the solutions to the following elliptic problems

—A¢ = div (pu), /Q{(x, t)dx =0, (4.8)

—An = div (div (pu ® u — H® H)), / n(x,t)dx = 0. (4.9)
Q
From (4.7) we infer that

§t+n+F—/F(5<,t)d5<:o.
Q

Thus, defining

p A
Ap) = /1 2M—i_f(s)d‘s =2ulogp + %(pﬁ - 1), (4.10)

and using the continuity equation along with the definition of F we arrive at the

following transport equation

(M)~ €+ - V(A(p) — 9 + P+ L (111)

J
—agd’ (1/p)h(|Y oY) L —n+u-VE+ / F(x,t)dx = 0.
p Q

Regarding the functions £ and 7, just as in [22, 26, 18], we have the following
elliptic estimates.
Lemma 4.4.
(1) [|[V€]lam < CmeH%Hqumk, forany k> 1 and m > 1;
(2) IV€la-r < Clipll 222, for any 0 <r < 1;
(3) lInllzm < Cm([pll 2 [[0llF, + 1HIZ,0), for any k> 1 and m > 1,

where C' is a positive constant independent of m, k and r.

Lemma 4.5.
(1) llEllzm < CmM2|VE|| 2 < Cm2||pll?, for any m > 2;

(2) [[ullom < C(m'?(|Vu||2 + 1), for any m > 1;

(3) [VEll2m < Cm* 2k 2| pll 2 6(6) /2 4+ |pl| 2s ) for any m > 1 and k > 1;

(4) llnllzm < C(mkl|pllzms + mllpllzms + m?®é(t) + m), for any m > 1 and
k>1,

where C' is a positive constant independent of m and k, and
00)i= [ (s + 2+ Np)(dvw? +vVHP)x, te 0.T).
Q

Using the transport equation (4.11) and the elliptic estimates above, as well
as Lemma 4.3, we can derive the following LP estimate for the density, which
corresponds to the analogue estimate in [22, lemma 3.5].

Lemma 4.6. Assume > 1. Then, for anyp > 1,
2
sup ||p(t)[|zr) < CpP-T, (4.12)
0<t<T

where C' is a positive constant independent of p.



32 H. FRID, D. MARROQUIN, AND J.F.C. NARIYOSHI

Proof. Fix some m € N and multiply equation (4.11) by p[(A(p) — &)4+]*™1, where

(*)+ denotes the positive part. Then, integrating the resulting equation over Q we
have

. / PIA(D) — )4 Pmdx (4.13)

+ [ pPIA) ~ e Pt & [ pEA) 0t
= a/pg’(l/p)h(lw ° YF)‘%[(A(,}) —6) 4P dx
+ /pn[(A(p) )P dx — /pu. VE[(A(p) — €)4]2™ Ldx

’ </ F(X’”dX) ( / P[(A(P)—§)+]2m_ldx) =

Let us denote

3
K;.
i=0

1) = ( [ sitatn) - §>+12mdx) -

L+ f(t) + (/p|§|2mdx> %1 . (4.14)

Note that, since ¢’ and h are bounded functions, using (2.23) the term Ky can
be easily bounded as

so that

o) 15mp41 < C

Kol <C [ 2 lp(\(p) - 2757 dx (4.15)
2m—1
< Cllol*" llo(A(p) = O3 1™
< CPmNE).
Next, just as in the proof of [22, lemma 3.5], using lemma 4.5, we have that
I+5= om—
K1 < CllpllgmBia 2" (D é(t) +ml, (4.16)
and )
|Ka| < Cllpl3m s F27 1B [mPo(t) +m). (4.17)

Regarding K5 we note that, similarly to (4.15) we have that

/ Pl(A(p) — )42 Ldx < CF2m=L(2),

J
+/de+%/|H|2dx+a/ g’(l/p)h(lonIQ)jy
1/2
820+ [ ohax) 41

< CIO2(8) + 02 (D)ol 50 + 1]

while

dx

<C
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Therefore,

K] < P L O[82(0) + 62Ol pll g1 + 1) (418)
Substituting (4.15)-(4.18) into (4.13) we have
d 1/2 1/2 5 2 Its
/) < CL+72@) + 62 O)llpll3mper + (m70(E) + m)llpllmfia]- (4.19)

Once we have inequalities (4.14) and (4.19) the remaining of the proof follows
from lemma 4.5 and Gronwall’s inequality, wherein the details follow line by line
the proof of [22, lemma 3.5]. O

Lemma 4.7. For any € > 0 there exists a positive constant C(e) such that

sup log(e + Z%(t)) + /T ﬂdt < CPpLTrE (4.20)
0<t<T o etz T T
where Z2(t) := [(pw? + 2#+)\ y + |[VH|?)dx, ©*(t) == [(plu]* + |V*H[*)dx and
Op = ||p||oo + 1
In particular,
sup log(e + ¢(t)) < CPLFe, (4.21)

0<t<T

where, ¢ is as defined in Lemma 4.5.
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Proof. The proof of this lemma consists of bounding appropriately all the terms in
the right hand side of the following identity

d d
— 77 +2¢° = —2—/ H®H: Vudx — u/ w3divudx (4.22)
dt dt Jq 0

dx

+4/FVU1-VLqux+/F2divu
Q Q

P ! P
+2/ Fdivu ( > —
Q P\ 20+ 7o) 2+ Alp)

1 ' 1
+ [ F/H]*divu < )—
/Q Hl [p 21+ A(p) 210+ A(p)

F
—2/7 H-Vu-H+vH. - AH)dx
522M+/\(P)( )

+2/(VAH—Hdivu)-Vu-de—|—2 H -Vu(vAH +H: Vu)
Q Q

g (2u +1A<p>>/ T +1A<p>

dx

dx

+2/(u~VH—H~Vu+Hdivu)~Ade
Q

dx

g <2u +1/\(p)>/ 2 +1A(p)

F 1 J
+2a/ — divu—g¢”"(1p)h(Jy o Y|*)Zdx
o 21+ Ap) P S ") P

— 2a/ Fg'(1/p)h(J¢ o Y|2)J7ydivu
Q

F J
20 [ ————Di(|¢ o Y|?)g'(1/p)l' (|0 Y|?) =X
" a/g 20+ Mp) ([ o Y[%)g"(1/p)h'(|o I)p

d 12
= ——J Ji.
a0 + ;

Here D; = 2 4+ u -V stands for the material derivative and ()’ stands for differen-
tiation with respect to p.

This identity follows after some lengthy and tedious manipulation by rewriting
the momentum equation as

pu=VF + uV+iw +H-VH, (4.23)

where 1 = D;u, multiplying by u, integrating by parts and using the continuity
equation (1.1) in order to deal with the material derivative of some of the terms.
We write divu as

F + P(p) + 3[H[> — ag/(1/p)h(jp o Y|?) 2=
210+ A(p)

divu =

, (4.24)

in order to complete the term on the left hand side and then we use the

F2
214X (p)
magnetic field equation (1.3) to transform some troublesome terms into ones that
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are easier to handle. In particular, we use the following key observation

H-VH-udx:—% H®H:Vudx—i—/(uAH—Hdivu)-Vu-de
Q Q Q

+ [ H-Vu-(vVH+H - Vu)dx.
Q
Another important observation in the deduction of identity (4.22) is that by virtue
of (2.22) we have that D, (J%) =0.

This identity has an analogue in [22] where the terms Jy, ..., Jg are identical and,
once we have lemma 4.6, they may be estimated as

9
Yl < COFFE(L 4 Va3 + [ VH|3) (1 + Z2(1)),
i=1
for any € > 0, where C' = C'(¢) is a positive constant.
Moreover, noting that ||[Vu(t)||3 < C(1 + Z3(t)) (see, for instance, [24, lemma
1]) and using Lemma 4.3 along with Young’s inequality with e, we have

1
[Jo| < 2[[H[[Z][Vull; < Co + 527 (4.25)

In our case, the terms Jyg, J11 and Ji2 appear due to the short wave-long wave
interactions. From the fact that ¢’ has compact support in (0, 00) and using (2.23)
as well as Lemma 4.2 we have

12 F
Ji| <Cl||————m
2 Wil H(2M+/\(P))1/2

=10

{HVHHg—i-/ |Dt(z/JOY)|2Jydx]
2 Q

F
=¢ H ESDIRE
< 021+ |Vl
<1+ Z2()(1 + [Vul3).

IVl + / |wt|2dy]

2 Qy

Thus, we conclude that

L0+ 22() o)+ @2(0) < COFP( + [ Vul + [VHIBI( + 22()  (426)

and, by virtue of (4.25), Lemma 4.1 and Gronwall’s inequality yield the result. O

Before we prove the key uniform estimates for the density we need the following
lemma whose proof is identical to [23, lemma 0.1].

Lemma 4.8. For any p > 4, there exists a positive constant C(p) such that

142 _2
lpull, < Cp)@;* (||Vull2 +1)' 5.

We can now prove that neither vacuum, nor concentration develop in finite time,
which guarantees that the Lagrangian transformation is well defined at all times.

Lemma 4.9. Let 3 > %. Then, there exists a constant C' > 0 such that

™' < p(x,t) <C, for all (z,t) € Q x [0,T]. (4.27)
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In particular,

T
sup /(|Vu|2+ |VH|2)dx+/ S (t)dt < C. (4.28)
0<t<T JQ 0

Proof. As outlined in the beginning of this section, the proof consists in analysing
equation (4.11). First, similarly as in [24, 22] (cf. [15, 20]), from (4.8) and (4.9) we
note that we can write
u-VE§—n = [ui, RiRj|(pu;) — [Hi, RiR;](Hj),
where R; are the Riesz transform and [b, R;R;](f) = bR;R;(f) — RiR;(bf) is the
Lie bracket.
Then, we can rewrite equation (4.11) in the Lagrangian coordinates as
H 2
(Mol 7)) = €27)) + Ploly. ™) + T2 (y.7) — ag/ ()T, v, 7)

+ [ui, RiRj)(pu;(y, 7)) — [Hi, RiR;|(H;)(y,7) +/§2F(>~<77)d>~< =0.
(4.29)

Thus, upon integrating over [0,t], we conclude that, for any (x,t) € Q x [0,T] we
have

2plog 2 207 0, t) = xa)) = €0, + o)

t t t
<C+ / s, RiR;)(puy)(7)dr + / (s, RaRy)(H ) (7)dr — / / F(%, 7)dkdr,
0 0 0 Ja
(4.30)
where xg = y(x,t). Note that we used (2.23) as well as the uniform bounds on ¢’
and h.

Let us recall the result by Coiffman et al. [6, 7, 8] stating that, for any b, f €
C>(9), then for p € (1,00) there exists a constant C'(p) > 0 such that

I[b, RiR;]()llp < Cllbll Barol| f1lp- (4.31)
Moreover, if ¢, € (1,00), k = 1,2, 3 satisfy qil = qiz + q%, then there is a constant
C depending on ¢ such that

Vb, RiR;](f)llgr < [[VOllga [ f1lq- (4.32)

With this result at hand, we can bound the first two integrals on the right hand
side of (4.30). Indeed, for p > 4, the following Gagliardo-Nirenberg type inequality
follows from a well known inequality (see, e.g., [1] theorem 5.9, p.140)

4

1—4 4
i, BiRjl(pu)lloo < Clitui, Rl (pus)llp " [IViui, BBl (pus)ll 7y (4.33)
and, using (4.31), (4.32), we have that the right hand-side can be estimated by

1-2 4
< C(llullsumollpully) 7 ([Vullallpull,)

1+4 2-¢ »
< C®p " ([Vullz +1)7 7 [Vul|f, (4.34)

where the last inequality follows from lemma 4.8.
On the other hand, similarly as in [22], using the following elliptic estimate

Vully < C((|divully + [[wll4), (4.35)
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and writing divu as in (4.24), after some manipulation, for any € > 0 we have that

1+8e+28 p? i
IVull < 0oy ¥ ek [vula + (VI (55 )
(4.36)
2Be+56 5 4%72 8
oay F e ITull + VR (£ ) e

where Z and ¢ are those defined in lemma 4.7. Here we have used the fact that
7° < €% (|[Vull3 + | VH]3)
and that for any € > 0

1—¢
H F
2u+ Ap)

IFII555, < CZ' = |FIEI V2

: F
<O|l—F——
4 V24 Ap) |,
Be 1
< 0z0f (h¢+|VHIxpb).

where, the last inequality follows by a standard elliptic estimate on the identity
AF = div (pu — H - VH), which holds by virtue of (4.23).

Thus, putting (4.34) and (4.36) together and choosing p > 4 large enough we
have that

T
/ [wi, RiRj](puj)|lcdt < CPLHiThe, (4.37)
0

Similarly, using Lemma 4.3, for p > 4, again using the analogue of (4.33) and
(4.31), (4.32), we have that

_4 4
I[Hz, RiRj)(Hj) oo < O (1H| aro |HI,) 7 (I VE||EL|,)?

1-4 4 -2 5 2
<C|VH|, "|VH|] <C|VH[, "[V'H|J
1
2 () \?
<CP2(|V VH —— ) .
< cof(Ivala + [VHI) ( 0
Thus, by virtue of Lemma 4.7 we obtain that
T
/0 I[Hi, RiRj|(H;)||odt < COLTPE. (4.38)
Now, we note that from Lemmas 4.1 and 4.6 we have that
T
/ F(x,t)dzdt < C.
0
Moreover, for a suitably large but fixed m > 1, Lemma 4.4 implies that
1
[€ll2m < CM2||pll2 < C, | VEl2 < [|pullz < C®F.

Also, Lemma 4.5 implies that
IVEll2m < C(1+6(1)2).

Now, we recall the inequality by Brézis and Wainger (see [4, 11]) stating that for
the 2-torus Q (and also for R?), for any ¢ > 2, there is a positive constant C' such
that

[w]| L (@) < ClIVwllL2o) \/10g(1 + IVl Loy + Cllwll L2 o) + €
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for any w € Wh1(Q).
Hence, in light of Lemma 4.7, we have

1€llce < C(lEll2m + IVE][2) log? (e + [|€]lwr2m) < D log? (e + [[€]lw.2m)
1+5

< CB2log" (e + 6(t)) < CDH

Gathering all this information in (4.30) we obtain that,

B 1+ 5486
O, < CP,p * 77,
so that, if g > %, we can choose € > 0 small enough and conclude that

sup  p(x,t) < C.
(x,t)eQ2x[0,T]

In particular, we can apply Gronwall’s inequality in (4.26) to conclude that

T
| wasc
0
which, implies that

T
/nm&wsa
0

Taking this information back to (4.29) we can also derive a positive lower bound
for the density by a similar reasoning. That is,

inf t)y>C L. 4.39
(x,t)elgx[o,:r]p(x’ )2 ( )

O

We can summarize the a priori estimates obtained so far in the following lemma.

Lemma 4.10. There is a constant C > 0 depending only on T, |[uol| g1 (o), Hollm1 (),
1Yol 2,y and the uniform bounds from above and below on py such that

C ! < p(x,t) <C, (x,t) € 2 x [0,T], (4.40)

T
ts[%pT](”u(t”Hl(Q)+|H(t)||H1(Q))+/O (Pl Z2 ) +IIVZH| 7 q))ds < C, (4.41)
€10,

sup ([[¢e(t)lz2(0y) + 1¥(Or2(0y)) < C- (4.42)
te[0,7)

4.2. H? estimates. Now, we turn our attention to the a priori estimates in H? for
the density, velocity and magnetic field.

Lemma 4.11. There is a constant C > 0, depending on (ol g2 (), [[Hollm2(0),
1Yol 722,y and the uniform bounds from above and below on po, such that

T
OiltlgT(llx/ﬁﬁl%2(9)+|Htlli2(n>)+/0 IVl Z () + IVHL|72(q)2dt) < C. (4.43)
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Proof. Let us denote f = ag’(1/p)h(|¢ o Y|2)%. Applying the operator 0/ [9; +

div (u-)] to the j* component of the momentum equation equation (1.2), summing
with respect to j and integrating we obtain

1d p|1'1|2dx:/ﬁj[az.ft—l—div(uaz.f)]dx—/ﬁj[(?x.pt—l—div(uaz.p)]dx
2 dt Q Q J J Q J J

+ 1 / W [0, Aw? + div (uAu?)|dx
Q
+ / W [0y, ((p + A)divu) + div (udy, (1 + N)div u))]dx
Q

+ / W[o(H - V)HY) + div (u(H - V)HY)]dx
Q
5

+ %/Qﬁj [8Ijt(|H|2) + div (uazj(|H|2))]dX . ZNi- (4.44)

i=0

Again, there is analogue identity in [22], wherein the terms Ny, --- , N5 are iden-
tical and, through integration by parts and some manipulation using the continuity
equation, are estimated as

5

o . .
ZNz‘ < —E(Hvuﬂiz(n) + ||Dtd1Vu||%2(sz)) + 5HVHt”%2(Q)
=1

+Cs(1+ HHt”%z(sz) + H\/ﬁ‘iﬂiz(n) + ||Vu||%4(sz))a

for arbitrary § > 0 (to be chosen) and some suitably large Cs.
Regarding the term Ny, due to the short wave-long wave interactions, integrating
by parts, we see that

Q Q
Moreover, using the continuity equation, we have that

fi +div(fu) = Dy f + fdivu

_ —a@huw OYP)Z 4 ag/(1/p)Difn(lv o Y )2

+ fdivu,

and, noting that fQ |Di(¢ oY) |2 Jydx = fQ |¢|2dy < C, using Young’s inequality,
Yy
we obtain that

T
No < gHVUH%%Q) +C.
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On the other hand, applying the operator d; to the magnetic field equation (1.3),
multiplying the resulting equation by H; and integrating we obtain

2
M/ | dx—f—u/ VH, [2dx

:—/utVHthx—l— Htquth+ HVuthdx
Q Q Q

— [ H,*divudx — [ H-divuH,dx
Q Q

= / (H-Vu—uVH — Hdivua) - Hydx + / (H'O;H] — H'9; H})(u - Vu)dx
Q Q

1
+ / (Ht -Vu— §thiVu —u- VHt) thX
Q
. v
< || Vill7 ) + §||VHt||%2(sz)

+Cs(1+ [[He 20y + [VAIIZ2 () + 1Vl Lso)-

Gathering all this information and choosing § > 0 small enough we arrive at

1d
5 dt(”\/ﬁunp @ T IH |7 @)+ HVUHLz @ Tt HVHt||L2(Q

< C(L+ VPl 7z + Hil 72 + VAl 71 0))-
Finally, using (4.35) and standard elliptic estimates on the identities
AF =div(pa—H-VH), and pAw=V"’. (pu—-H: VH), (4.45)
which hold by virtue of (4.23) we see that
||Vu||%4(sz) <C(1+ ”F”%‘l(ﬂ) + ||WH%4(Q))
<C(1+ ||F||%2(Q)HVF||%2(Q) + ”wH%?(Q)vaH%?(Q))
< OO+ IIVpalZa ) + IVPH L q))-
Thus, using Gronwall’s inequality we obtain (4.43). O

Lemma 4.12. Let 2 < p < oo and let E(t,x) = Vxy(t,x) be the deformation
gradient. Then,

T
sup ([[VpllLeo) + [|EllL2r () + / [Vul|Z~dt < C. (4.46)
0<t<T 0
Proof. First, we note that from the estimates from Lemmas 4.10 and 4.11 we have

o0 o) + || VH]|| o) < C(1+ V|| r2(0) + [VZH] 12(0))-

As a consequence, from the standard elliptic estimates on identities (4.45), we
have

[divul| o o) + lwll (@) < CUF| (o) + lwll @) + HI| ) + 1)
< CUTFI gy + 190l ey + IVE iy + 1)
3 3
< OVl g + 197 H gy + 1)



SMOOTH LARGE SOLUTIONS FOR AURORA TYPE PHENOMENA IN THE 2-TORUS 41

Next, applying the operator V to the continuity equation (1.1), multiplying the
resulting equation by p|Vp[P~2Vp and integrating we have

d
— / [VplPdx = —(p — 1)/ [Vp|Pdivudx — p/ |Vp|P~2Vp - Vu - Vpdx
dt Jo Q Q
—p/ p|Vp|P~2Vp - Vdivudx,
Q

so that

d
—IVpl Loy < CUIVUll L) Vol Loy + IVl o(0))- (4.47)
dt

Denoting f = ag’(1/p)h(|t o Y|2)J7y as in the proof of Lemma 4.11 we have

IVl Lro) < C(ldivullLe@) + [Vl Lro)
< C(IVFE|| e + IVwllLr@) + IVPll L) + [HIIVH||| Lr ()
+ IV FlLee + ldivull Lo o) I Vollze(e))-
Now, on the one hand, we have that
IVFE|(Lr) + IVwllzo@) + VDl o) + [HIIVH| Lo ()
+ [[divul| Lo o) Vol Lo
< C(IVallza o) + ||V2H||L2(Q) + 1) (1 4[|Vl Lr))-

On the other hand, recalling identity (3.4), we have

1
IV£fllzr) < CUIVpllor) + IE - Vyb(t, y(t,x))Iy [ r (o)

.
+|E - Vypo(y(t,x)Iy [l Lr @)

< C(IVpllLr) + 1Bl L2r @) (IVy ¥l L2 0y) + [ VypollL2e(0y)))

< C(IVpllLr) + 1Bl L2 ) (1Y 22 (0y) + Vol 20 (02)))

< C(IVpllLr) + [Elz20(0)- (4.48)

Therefore,
V2l o) < CUIVU| 220y + I VH L2 () + 1) (1+ Vol Loge) + | Ell 20 0))- (4.49)

In order to estimate the term [|Vul[(q), we recall the following inequality by
Beale, Kato and Majda (see [2, 17, 22|, ¢f. [19]), asserting, in particular, for the
2-torus Q, if w € L*(Q) with Vw € W9(Q) for some ¢ > 2, then

[Vl 0y < C(l|divw] Lo @)+ 1wl o @) log (14| V2w]| () +ClI Vwl| L2 () +C-
Using the previous estimates we then obtain
IVull L )
< C(||divull Lo (o) + |lwllzoe @) log(e + [IV?ull Lo () + ClVul| L2y + C
< C(IVal[zzo) + ||v2H||L2(Q) + 1) log(e + |Vl ey + 1Bl L2 (02))
+ C([|Vil 2o + IV?H]| 2y + 1). (4.50)
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Coming back to (4.47) we get
d
— IV »
dtH el (Q)
< C((IVall @) + I V2Hl 20 + 1) og(e + [V pll ooy + Bl 2n(e)

+ C(|IVa| 20 + IVPH| 12(0) + 1))(1 +1IVollzr) + IE( £2r(e))-

At this point we recall inequality (2.25) satisfied by the deformation gradient, so
that defining
2(t) i= (1+ IV plzoce + [Elzon),
we arrive at the inequality
d .
9 2(1) < C(IVa 2y + IVH ey + D1+ Z(0) os(1+ 2(),  (451)

which can be rewritten in terms of the function G = log(1 + log(1 + Z(t))) as

d .
£.6(1) < CUIVa 2@y + |V H] 2oy + 1), (4.52)
Therefore, upon integrating in ¢t we arrive at
sup ([[Vplle) + 1Bl 220 ()) < C, (4.53)
0<t<T

and from (4.50) we obtain

T
/0 V()2 i < C.
[l

Lemma 4.13. There is a constant C > 0 depending on ||pollm2(0), l[ollm2(0),
Hollzr2()» 1Yol 2 (0,) and the uniform bounds form above and from below for the
initial density, such that

OiltlgT[ll(p(t), u(t), H(t)) | m2(9) + [[E@)]| L~ @)] < C. (4.54)

Proof. At this point, we may apply estimate (2.26) in order to conclude that
[E®) | ze@ < C. (4.55)

Next, by standard L? estimates on the elliptic equation (1.2), and using (4.48),
we have

lullz2) < Cl[ullz2) + lpallz2@) + Vel L2
+ [[H]|VH]| 22(0) + IV fll2(0)

1
< C(L+[IVH[| ) < 7 IH[|z2(0) + C. (4.56)

Similarly, considering the magnetic field equation (1.3) as an elliptic equation
we have

IH| 20y < C(IH||L2(0) + 1Hell22(0) + [[H|[VUl||22(0) + [[[u][VH]| £2q))
< g lull @) + 31 H ey + € (457)
Combining (4.56) and (4.57) we get
ullz2(q) + [[H|#20) < C. (4.58)
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Next, similar to the proof of the case m = 2 of Lemma 2.2, applying the operator
V2 to the continuity equation (1.1), multiplying the resulting equation by V2p and
integrating we have

%HV%H%%Q) < Cl(IVullz=(o) + DIIV2pllia@) + IVulZeq) +1]. (4.59)

Now we see that

IV2ul| p2) < IVdivul|p2) + V2wl L20)

< C(IV?Fl 2 + IV(IHP) | 22(0) + VPl L2 + IV fll 20
+[|Vp - Vdivu| g2 (q) + ||diVuvszL2(Q) + ||V2WHL2(Q))-

Here we note that

IV2F| L2y + [V2(H) [ £2(9) + VPl 22(0)
+ Vo - Vdivul| 12 () + [[divuV?pl| 2 (o) + [VZw] 20
< CUIV (00 20y + V0l s | V20l ey V20
+ ([[divul| () + DIIVpllL20) + 1)
< e[| V3l r2(0) + C-(|Vull ) + DIIVpllr2) + IVl 220) + 1),

for arbitrary € > 0.
Also, since (4.49) implies that V2u € L2(0,¢; L*(£2)), we may apply Corollary 2.1
with m = 2, in order to obtain

||v2fHL2(Q) < C(||pHH2(Q)”"/J © YHH2(Q)”p0(y(ta ')||H2(Q))

< C(I9%pll 2@ Il oo 1))
< C(IV?pllrz@) +1)
Putting this information into (4.59) we obtain
%”V%H%?(Q) < C((HVUHLOO(Q) + D(IV?pllz2) + 1) + IVl 2o + 1))7
(4.60)
and Gronwall’s inequality yields
V2ol Z2() < C- (4.61)
O
5. HIGH ORDER ESTIMATES, AND CONCLUSION
Moving on to the higher order estimates, we have the following.

Lemma 5.1. For m > 3, there exists a positive constant C depending on T, my,
llpoll s, \[wollzzen, ol sz and [[tholrye), such that

oo, 1;mm), | (W, H)|| 200,75 551y m (0,735 1), |01 Loo 0,75y < C

Proof. Let us argue by induction, observing that the case with m = 2 was already
proven in above. First, using the continuity equation we rewrite the momentum
equation (1.2) as

1
pw,+ Lyu=H - VH - ZVIH[ = p(u- V)u — Vp — V(g (1/p)(|6 0 Y ).
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Applying the tensorial operator V™! on the equation above, one arrives at
1
V™ luy + L,V la = V! (H .VH — 5VIHI2) — V" (Vp @ uy)

+ V" (p(u- V)u) = V™ +aV™(g'(1/p)h(|¢ 0 Y ).
Thus, defining

t
200) = [ 1)y + () s oy
by Lemma 2.1 and the low order estimates proven up to this moment, for 0 < ¢t < T,
Z(t) < C(T,mo, llpoll 22, ol| 2 [[woll z22)
(14 ol + B 220 51y + V0 © w02,
+ (- V)ullZe g gy + 121720 000
+ llag' (/o)1 o Y F e iy ) (5:1)

At this point, in light of Lemmas 2.2, 2.3, 2.6, Corollary 2.1, and the classic
Leibniz rule for Sobolev functions, it is not difficult to estimate each term in the
right-hand side above. Let us just point out how to handle the most interesting —
and illustrating — ones.

First, let us consider the pressure term ||p[|z2(o,1;zm). Once p(p) = ap?, a chain
rule in the same spirit of (2.32) gives

[p) |z < Con ([loE) | 1Az, Ming p(x,£)) (1 + [|p(t) || 2m )
Thus, by (2.13) of Lemma 2.2,
)| (o) < C(T, Jull 20,7587 )5 lpoll #m (), Mo)
(L + llallz20,65m41))
< C(T, |[ull 2(0,7:mm (2))» lpoll 2 (02), Mo, mo) - (1 + Z(t)M/?).
Consequently,

t
1900y < C(1+ [ 205)05).

for some C' = C(T, |[ul| 20, 7;1m(0)) [lpo | zrm (02), Mo)-

The other quantity that poses a curious difficulty is [|[Vp® utH%g(O)t;Hm,z) when
m = 3. Observe that, by Gagliardo—Nirenberg inequality, and Lemma 2.2 — espe-
cially (2.16) —,

IVo(t) @ we(®) | mn < cllVop(®)llallae(®)wra + el V()| 2w (t)]| o
< ellue(t)ll 2 + Ce(1 + [ue(t) | £2),
with Gz = C(e, T, mo, [[uo||m2, [|pol| 2, [[Holl 2, [|4|| #r2). Thus, taking squares and
integrating yield
IVp @ Wl Fa0 piprm—2y < Ce +eZ (1),

with the constant C. depending on the very same parameters as the previous one.?

2All this inconvenience extraordinarily only happens with m = 3. Indeed, when m > 3,
one can make a much easier estimate [|[Vp(t) @ us(t)||gm-2 < ¢||Vp(t)|Loe ||ue ()| gm-—2 +

AV Ol grm—2lluelzoe < ellp®)ll s llae (Ol m—2 + clp®llgrm—1 llue (t)| g2 In virtue of the in-
duction hypothesis, these terms bring no problem.
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In any case, the sum of all terms arising in (5.1) may be majorized in a similar
fashion as

t
%Z(t) O+ c/ Z(s)ds,
0

for some constant C' depending only on T, mg, ||pol|lgm, [[uollgm, ||Ho|g= and
[0 H;,n). Thus, the conclusion follows from Gronwall’s inequality. (]

With this lemma we have the necessary a priori estimates, which combined with
the local result from Proposition 3.1, complete the proof of Theorem 1.1. Note that
the local result holds with m > 3 and the case m = 2 from Theorem 1.1 follows
from the a priori estimates with m = 2 by a standard compactness argument.

6. A CONTINUOUS DEPENDENCE INEQUALITY

As a corollary of Theorem 1.1, coming back to the proof of Lemma 3.2 yields
the following relative energy estimate.

Theorem 6.1. Let m > 3 and let [pW),ul) HU) )] be solutions of (1.1)~(1.5)
with initial data [péj),ugj), Héj),wéj)], 7 =1,2, lying in the appropriate H™ — space
and with the initial densities being positive. Then there exists a constant C' such

that for any 0 <t <T

t
/|p<1>_p<2>|2dx+/p<1>|u<1>_u<2>|2dx+/ V(u® — u®)Pdxds
Q Q 0 Q

t
+/ |H<1>—H<2>|2dx+/ /|V(H<1>—H<2>)|2dxdt'+/ [ — 32y
Q 0 JQ

Y

<C- /Q |p(()1) - p(()2)|2dx +/Qpél)|ugl) _ u82)|2dx I /Q |HE)1) B H82)|2dx

+ / ) — @ Py

Yy

where C' depends only onT', the H™—norm of initial data, min pél) (x) and min p((J2) (x).
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