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Abstract

The “flexible boundary condition” method, introduced by Sinclair and coworkers in the 1970s, remains among the most
popular methods for simulating isolated two-dimensional crystalline defects, embedded in an effectively infinite atomistic
domain. In essence, the method can be characterized as a domain decomposition method which iterates between a local
anharmonic and a global harmonic problem, where the latter is solved by means of the lattice Green function of the
ideal crystal. This local/global splitting gives rise to tremendously improved convergence rates over related alternating
Schwarz methods. In a previous publication (Hodapp et al., 2019, Comput. Methods in Appl. Mech. Eng. 348), we have
shown that this method also applies to large-scale three-dimensional problems, possibly involving hundreds of thousands
of atoms, using fast summation techniques exploiting the low-rank nature of the asymptotic lattice Green function.

Here, we generalize the Sinclair method to bounded domains and develop an implementation using a discrete boundary
element method to correct the infinite solution with respect to a prescribed far-field condition, thus preserving the
advantage of the original method of not requiring a global spatial discretization. Moreover, we present a detailed
convergence analysis and show for a one-dimensional problem that the method is unconditionally stable under physically
motivated assumptions. To further improve the convergence behavior, we develop an acceleration technique based on
a relaxation of the transmission conditions between the two subproblems. Numerical examples for linear and nonlinear
problems are presented to validate the proposed methodology.

Keywords: Atomistic/continuum coupling; domain decomposition; flexible boundary conditions; discrete boundary
element method; convergence analysis; local/global coupling

1. Introduction

Computational physics has become a valuable tool for studying the material behavior on the nanoscale due to the
vast advances in computing technology over the past 20–30 years. Presently, quantum-mechanical systems of a few
hundred atoms can be simulated with density functional theory in order to predict basic material properties, such as
elastic constants and phase stability. For larger systems, density functional theory becomes too expensive and problems
on the nanoscale are, in lieu thereof, carried out with atomistic models.

However, atomistic models are also limited in size and time, motivating the so-called hierarchical multiscale approach
in which some key parameters are calculated atomistically, such as energy barriers for defect motion, and subsequently
passed to the next higher-scale level, e.g., dislocation dynamics models (see, e.g., [2]). This approach works well if the
relevant mechanisms are confined to a single scale. However, there are situations where the material behavior on the
smaller scale is strongly influenced by processes taking place on higher scales which requires a concurrent multiscale
approach.

The need for concurrent multiscale models has motivated the development of atomistic/continuum (A/C) coupling
methods [17, 36, 31, 32, 16]. Thereby, only the material behavior in the vicinity of crystalline defects, e.g., interstitials,
vacancies, dislocations, cracks or grain boundaries, is treated fully-atomistically. This fully atomistic domain is sur-
rounded by a significantly cheaper continuum elasticity region allowing for much larger computational domains to take
scale-bridging effects into account.

A/C coupling methods can broadly be grouped into energy- and force-based methods [6]. Energy-based methods
define a global energy functional which, ideally, closely reassembles the one of the fully atomistic model. However, the
still existing challenge is the construction of a consistent coupling of the energy between the atomistic and continuum
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domains due to the nonlocal-local mismatch between the two models. To date, a myriad of sophisticated approaches has
been developed but fully consistent methods only exist for two-dimensional problems (e.g., [24]). This motivates the use
of unconditionally consistent force-based methods. In turn, however, their stability properties have not yet been fully
understood [7]. Moreover, force-based methods cannot be formulated as energy minimization problems restricting the
margin of possible numerical solvers.

An important task is thus to construct stable solvers for force-based A/C coupling methods. Dobson et al. [8] have
proposed a monolithic Newton-GMRes method for a linearized toy model which was has been shown to approximate
the stability region of the fully atomistic model. Hodapp et al. [15] have extended this idea to nonlinear problems by
introducing an additional criterion in order to correct the search direction whenever the atomistic Hessian becomes
indefinite—which allows to overcome energy barriers, e.g., during dislocation motion. However, these methods are
difficult to implement and parallelize in practice. A different approach is domain decomposition based on the alternating
Schwarz method [38], where the coupled problem is solved sequentially by means of a fixed point iteration [25, 18]. The
advantage of this method is the iteration between two symmetric energy minimization problems which can be solved with
standard techniques. The disadvantage is, however, its poor convergence behavior which makes the method impractical
as a stand-alone solver since it is potentially even slower than the fully atomistic model.

A fast alternative to the alternating Schwarz method is the “flexible boundary condition method” developed by Sinclair
and coworkers during the 1970s [33, 34, 35]. This method can be described as a fixed point iteration between a local
anharmonic (a.k.a. the fully atomistic) and a global harmonic problem. It can be shown that this splitting gives rise
to significantly faster convergence rates which even compete with monolithic Krylov subspace solvers [15]. The Sinclair
method has been proposed for effectively infinite problems, where the solution of the global problem reduces to a single
matrix-vector multiplication exploiting the Green function of the harmonic operator, and successfully employed to study
the behavior of isolated two-dimensional defects, particularly dislocations (e.g., [28, 40, 11]).

In this work, we generalize the Sinclair method to bounded problems and analyze its convergence properties. More-
over, we present an efficient implementation by correcting the solution of the infinite problem with respect to a prescribed
far-field by solving the global harmonic problem using a discrete boundary element method [21, 19, 15]. This approach is
advantageous over volume-based methods, e.g., finite element methods, since boundary element methods do not require
an explicit discretization of the interior of the domain which is not essential since practitioners are generally interested
in the material behavior solely inside the fully atomistic domain. Moreover, the original Sinclair method is recovered if
the outer boundary vanishes.

The work is organized as follows. In Section 3 and 4, we introduce the atomistic and continuum models which are
subsequently used in Section 5 to formulate the coupled problem. In Section 6, the Sinclair method for bounded problems
is described and a detailed description of the proposed solution algorithm is covered. Section 7 is then devoted to the
convergence analysis of the proposed algorithm. We further show for a one-dimensional problem that the algorithm is
uniformly stable under physically motivated assumptions. We also introduce a technique to accelerate the fixed point
iteration using a relaxation of the transmission conditions. Numerical examples are presented in Section 8 to validate
the convergence analysis and to demonstrate the efficiency of the proposed method.

2. Notation

We begin by setting up some generic notation for defining computational problems on discrete domains. Other
notation will be introduced as required throughout the manuscript.

2.1. Computational problems defined on discrete domains

In the present manuscript, we will work with functions defined on discrete domains Λ ⊂ Rd, where d = 1, ..., 3 is the
dimension. In this section, we exemplify the notation of a computational problem defined on Λ as will be used in the
remainder of this work. We further assert that all tensorial quantities are defined with respect to the usual orthonormal
basis system {ei ∈ Rd | eiej = δij}i=1,...,d.

Let u ∈ V = V(Λ) := { v : Λ→ Rd }. We will denote operators acting on V using calligraphic symbols (L,G, T , etc.).
For example, let L : V → V∗, where V∗ ' V is the dual space of V. In general we have f ∈ V∗ given and are looking for
u such that

L[u](ξ) = f(ξ) in Λ. (1)

If not explicitly required we will drop the argument ξ and write L[u] = f in Λ for brevity. Instead of (1), we additionally
make use of the following two equivalent notations

(i) LΛ|Λ[u] = fΛ, (ii) LΛ|[u] = fΛ. (2)
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The superscripted indices “Λ|Λ” in notation (i) specify that the operator L is acting on functions defined on Λ and
produces functions fΛ defined on Λ . Here, L acts on the entire domain on which it is defined and we may therefore
omit the second index (since this information is already contained in the definition of L) and just use “Λ|” according to
notation (ii).

This notation will prove useful when working with subspaces of V. For example, let Λa, Λc ⊂ Λ such that Λa∪Λc = Λ
and the corresponding decomposition of V as V = V(Λa) ⊕ V(Λc). Let now La| : V → V∗(Λa) and Lc| : V → V∗(Λc).

Then, we can write (1) equivalently as L[u] ≡
(
La|[u]

Lc|[u]

)
=
(
fa

fc

)
. More precisely, the superscripted index “a|” implies

here that the operator is acting on functions defined on the entire domain Λ and produces functions defined on Λa; and
vice versa for the index “c|”.

If (1) is a linear equation, the operator L does not depend on u and can be defined as follows

L : V → V∗

v 7→ L[v] such that ∀ ξ ∈ Λ L[v](ξ) =
∑
η∈Λ

L(ξ, η)v(η), (3)

where L(ξ, η) denotes the kernel of L. Linearity allows us to split also the domain space of L and define L|a : V(Λa)→ V∗
and L|c : V(Λc)→ V∗. Then, we can equivalently write L[u] = L|a[u] + L|c[u] or, using the expanded notation,

L[u](ξ) = L|a[u](ξ) + L|c[u](ξ) =
∑
η∈Λa

L(ξ, η)u(η) +
∑
η∈Λc

L(ξ, η)u(η), (4)

where the superscripted index “|a” here implies that the operator is acting on functions defined on Λa and produces
functions defined on the entire domain Λ; and vice versa for the index “|c”.

This splitting of domain and co-domain spaces naturally leads to the matrix notation

L[u] ≡

La|a La|c

Lc|a Lc|c

ua

uc

 =

La|a[u] + La|c[u]

Lc|a[u] + Lc|c[u]

 =

La|[u]

Lc|[u]

 =

fa

f c

 , (5)

with La|a : V(Λa)→ V∗(Λa), La|c : V(Λa)→ V∗(Λc), Lc|a : V(Λc)→ V∗(Λa), and Lc|c : V(Λc)→ V∗(Λc).
For an overview of all domains and their associate indices, used for functions and operators throughout this work,

the reader is referred to Appendix D.

2.2. Norms

For all v ∈ V we require the usual l2- and l∞-norms

‖v‖ =

∑
ξ∈Λ

|v(ξ)|2
1/2

, (6)

‖v‖l∞ = arg

{
max
ξ∈Λ

v(ξ)

}
, (7)

as well as the inner product

〈v, w〉 =
∑
ξ∈Λ

v(ξ)w(ξ), with w ∈ V. (8)

For norms of functions which are elements of a subspace of V, e.g., va ∈ V(Λa), we write ‖va‖ etc.
In some cases we explicitly consider an operator L as a mapping L : l2 → l2 (cf. Section 7). The corresponding

operator norm, induced by l2, is defined as

‖L‖ = sup
v 6=0

‖L[v]‖
‖v‖ = sup

‖v‖=1

‖L[v]‖ = ρ(L), (9)

where ρ(L) is the largest singular value of L.
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Figure 1: Examples for possible atomistic domains containing crystalline defects, such as in (a) a vacancy, in (b) a substitutional atom, or in
(c) a microcrack

3. Reference atomistic problem

Let Λ∞ be a Bravais lattice

Λ∞ :=

{
d∑
i=1

aivi

∣∣∣∣ ai ∈ Z
}
, (10)

where the set of basis vectors {vi ∈ Rd}i=1,...,d defines the lattice type, e.g., hexagonal, face-centered cubic or body-
centered cubic. A deformation of Λ∞ will be described via displacements u : Λ∞ → Rd and we assume that we can
identify u with some sufficiently smooth interpolant which allows us to define the gradient ∇u.

Our computational atomistic domain is the subset Λ ⊆ Λ∞ which may contain crystalline defects as illustrated for
a hexagonal lattice in Figure 1. In this work, we consider Dirichlet-type problems, that is, the displacements of atoms
outside of Λ are fixed to some ū. Atoms in Λ interact with the set of boundary atoms in ∂Λ ⊂ (Λ∞ \ Λ) whose size
depends on the range of the interatomic potential (see below). The union of Λ and ∂Λ is Λ̄ = Λ ∪ ∂Λ. Hence, we define
the space of admissible finite energy displacements as follows(cf. [20])

V(X ) := { v : X → Rd | ∇v ∈ L2, v = ū in Λ∞ \ Λ }, (11)

where X ⊆ Λ∞ is some generic set. In the following we let V = V(Λ∞).
We emphasize that the construction of V includes infinite problems, i.e., when Λ→ Λ∞. In this case the optimization

problem (14) is not computable. However, the coupled problem we propose in Section 5, which is split into a finite
atomistic and a possibly infinite continuum problem, will be—since solutions to the continuum problem can be obtained
using Green function techniques (cf. Section 6.2).

Remark 1. When considering defects with infinite energy, such as dislocations, and the computational domain Λ is also
infinite, the final solution is not in V. One solution procedure is to impose an initial guess u0 : Λ→ Rd and subsequently
solve the atomistic problem for a corrective (finite-energy) displacement u ∈ V (cf. [10]) such that the final solution is
given by u0 + u. This solution procedure is also possible within the present framework but not explicitly accounted for to
avoid further notation which is not strictly necessary to describe the details of the proposed method.

Every atom ξ ∈ Λ has a site energy Eξ. We assume that Eξ depends on the displacement of atom ξ relative to all other
atoms within its interaction range Rξ which may extend over a few lattice spacings (usually second- or third-nearest
neighbor interactions for metals). This renders the atomistic model nonlocal, but short-range. We write this dependency
as {u(η)− u(ξ)}η∈Rξ\ξ ≡ {u(η)− u(ξ)} such that Eξ = Eξ({u(η)− u(ξ)}).

The total energy of the system reads

Π(u) = Π0 +Πint(u) +Πext(u), (12)

where Π0 is the equilibrium cohesive energy. For convenience we assert that Π0 = 0 in the following. The internal and
external contributions are defined as

Πint(u) =
∑
ξ∈Λ

Eξ({u(η)− u(ξ)}), Πext(u) = −
∑
ξ∈Λ

fext(ξ) · u(ξ), (13)
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where fext ∈ V∗ is an external force with compact support. We point out that the formulation of the method does not
exclude any specific type of interatomic interaction per se. That is, the definition of the internal energy Πint accounts
for the entire class of interatomic many-body potentials.

In this work, attention is drawn to (quasi-)static problems. That is, starting from some initial guess, we seek for local
solutions u ∈ V of the optimization problem

u := arg

{
min
v∈V

Π(v)

}
. (14)

Solutions to (14) solve an Euler-Lagrange equation, subject to the prescribed boundary conditions on ∂Λ, i.e,{
L[u] = fext in Λ,

u = ū on ∂Λ,
(15)

where the nonlinear operator L is defined as

L : V → V∗
v 7→ L[v] such that ∀ ξ ∈ Λ L[v](ξ) = δΠint(ξ),

(16)

where δΠint(ξ) is the functional derivative of Πint(u) with respect to u at ξ. In the ground state, i.e., in the absence of
external forces, we have δΠint(0) = 0. In addition, we require the usual strong stability conditions on the minimizers u
such that

∀ v ∈ V \ 0 〈δ2Πint(u)[v], v〉 > 0. (17)

If (17) holds, it is easy to see that solutions to (15) also solve (14).

4. Continuum model

We will now introduce the continuum model as a linearization of the atomistic site energy.1 The motivation behind
such an approximation stems from the fact that nonlinearities usually only occur in some localized parts of the domain,
typically in the vicinity of defects, such that we can replace the atomistic model in the remainder of the domain with
a significantly cheaper continuum model. In this work we employ a local continuum model which has been successfully
used in many variants of atomistic/continuum coupling methods, e.g., the coupled/atomistic discrete dislocation method
[31, 1] or the coupling of length scales method [29], and is a legitimate choice if the solution in the continuum domain
is smooth and/or the interatomic potential is not strongly nonlocal.

In the following we assume a defect-free continuum model. Hence, for the sake of deriving the continuum model, we
assume in the remainder of this section that every atom has the same (perfect) environment and the site energy Eξ is
therefore independent of ξ.

Our continuum model is based on a linearization around a uniformly deformed state Λ∞ + uF, where

∀ ξ ∈ Λ∞ uF(ξ) = Fξ + C, with F,C ≥ 0. (18)

Consider now u = uF + u′, where u′ is a perturbation of Λ∞ + uF. A Taylor expansion of Eξ to second order around uF

then yields the nonlocal harmonic site energy

Ehnl,ξ({u(η)− u(ξ)}) =
1

2

∑
η∈Rξ

Khnl(ξ − η) ·
((
uF(ξ) + u′(ξ)

)
⊗
(
uF(η) + u′(η)

))
, (19)

where Khnl(ξ − η) =
∑
ζ∈Rξ

∂2Eξ({u(ζ)−u(ξ)})
∂u(ξ)∂u(η) is the interatomic force constant tensor. It should be noted that this

approximation neglects the spurious drift term that arises from the first order term if the deformation gradient is not
uniform, e.g., in the case of rotations, and is therefore only valid for small (nonuniform) deformations.

In addition, if the perturbation remains close to homogeneous, we can also consider a linearization of u′. This requires
a more concrete definition of the gradient of u. To that end, we partition the ideal lattice (10) into a periodic set of

1The convention of using term “continuum model” is not fully precise. In fact, we never use a true continuum model but rather a discretized
continuum model
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simplexes and define an interpolant ϕξ ∈W 1,2(Rd) with compact support on a set Rh
ξ ⊂ Rξ which spans to the nearest

neighbors in the adjacent simplexes. The displacement u and its gradient can then be defined ∀x ∈ Rd as

u(x) =
∑
ξ∈Rh

ξ

ϕξ(x)u(ξ), ∇u(x) =
∑
ξ∈Rh

ξ

u(ξ)⊗∇ϕξ(x). (20)

Having u(x) and ∇u(x) well-defined, we then apply a Taylor expansion to u′ and neglect higher gradients such that

u′(η) ≈ u′(ξ) +∇u′(ξ)(η − ξ), (21)

which is usually referred to as the Cauchy-Born hypothesis. Using the approximation (21) in (19) yields the classical
definition of the local harmonic energy (cf. [15])

Eh,ξ({u(η)− u(ξ)}) =
1

2
C · (∇u(ξ)⊗∇u(ξ))

(20)
=

1

2

∑
η∈Rh

ξ

Kh(ξ − η) ·
((
uF(ξ) + u′(ξ)

)
⊗
(
uF(η) + u′(η)

))
, (22)

where C is the usual fourth-order material stiffness tensor. In the term on the right hand side Kh(ξ−η) can be considered
as a local version of Khnl(ξ − η) which depends on the precise choice of ϕξ.

Using Kh(ξ − η), we then define the linearized version of L as follows

∀ ξ ∈ Λ∞ Lh[u](ξ) =
∑
η∈Rh

ξ

Kh(ξ − η)u(η). (23)

5. Force-based coupled atomistic/continuum problem

When the computational domain becomes sufficiently large, e.g., in order to avoid spurious elastic interactions of
the defect with the far-field boundary, solving the fully atomistic problem (14) can be too costly. This motivates the
introduction of an atomistic/continuum (A/C) coupling scheme which approximates the full problem by restricting
atomic resolution to some small part of the computational domain, containing the defect, surrounded by the significantly
cheaper defect-free continuum elasticity model.

In this work we use a force-based A/C coupling scheme (e.g. [17]) which is described in the following. To that end,
we first decompose the computational domain Λ into an atomistic domain Λa ⊂ Λ and a continuum domain Λc ⊂ Λ such
that Λ := Λa ∪ Λc, as shown in Figure 2. In practical applications we usually have that

diameter(Λa)� diameter(Λc), (24)

meaning that the atomistic domain is well-separated from the far-field boundary.

Figure 2: Decomposition of the computational problem into an atomistic problem (P a) and a continuum problem (P c)

Atoms in Λa are nonlocal and interact with continuum nodes in Λp ⊂ Λc according to their interaction range Rξ.
Vice versa, the continuum problem is assumed to be linear elastic, as described in the previous section, such that its
interaction range Rh

ξ spans up to first nearest neighbors (cf. Figure 2). Therefore, continuum nodes in Λc “interact”
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with atoms from the interface domain Λi. In addition, for finite problems, the outer boundary of the continuum problem
prescribing the far-field boundary condition is denoted by Λo.

Mathematically speaking, by using a linear elastic continuum model we assume that the solution in Λc is sufficiently
regular in the sense that higher gradients do not dominate the coupling error. We will make this more precise in Section
7.2 where we quantify the modeling error of the coupling scheme.

Moreover, it is emphasized that Figure 2 is only a schematic and we do not impose any particular restrictions on the
shape of the domains beyond the previously stated assumptions.

With the above notation, we now state the coupled problem as follows: find u ∈ V such that

(P a)

{
L[{ua, up}] = fext in Λa,

u = uc in Λp,
(P c)


Lh[{uc, ui, uo}] = fext in Λc,

u = ua on Λi,

u = ū on Λo.

(25)

The distinct advantage of force-based methods is the consistency of the coupling, i.e., no spurious forces arise in
the vicinity of the artificial interface due to the nonlocal-local mismatch between the two models. Their disadvantage
is, however, the lack of a well-defined energy functional. This restricts the choice of possible monolithic solvers to
multidimensional root-finding methods, e.g., the generalized minimal residual method [8].

Therefore, another popular choice are domain decomposition solvers based on the alternating Schwarz method which
iteratively solve two energy minimization problems in Λa and Λc, bypassing the concurrent coupling (e.g., [25, 19, 26]).
However, they usually converge very slowly (potentially even slower than a model with full atomistic resolution), even with
sophisticated acceleration techniques, such as overlapping subdomains, which makes A/C coupling counterproductive.
The aim of this work is thus to develop a new domain decomposition solver with improved convergence behavior over
these existing methods.

6. Sinclair method for bounded problems

In the 1970s, Sinclair and coworkers introduced a fast alternative to the alternating Schwarz method to solve atomistic
problems which are embedded in an effectively infinite domain. In [15], we have shown that the excellent convergence
properties of the Sinclair method are due to the particular splitting of the coupled operator into a local finite anharmonic
and a global infinite harmonic problem.

In Section 6.1 we will generalize this splitting procedure to bounded problems. In comparison with the original
Sinclair method, this now requires a global finite harmonic problem to be computed. In Section 6.2, we introduce
a method to compute this finite harmonic problem using a superposition of an infinite inhomogeneous and a finite
homogeneous contribution. Both contributions will be solved using a discrete boundary element method.

This strategy offers two advantages. First, we retain the efficiency in terms of the total number of degrees of freedom
of the original Sinclair method by not requiring a spatial discretization. Second, our analysis in Section 7 can be readily
used for bounded and unbounded problems, i.e., by simply switching off the finite homogeneous contribution.

Implementation aspects of integrating the discrete boundary element method into the computation of the coupled
problem are discussed in Section 6.3.

6.1. Description of the method

6.1.1. Iteration equation

We now derive the iteration equation for the Sinclair method. To do so, we first require a splitting of the coupled
problem (25) into an anharmonic and a harmonic part.

Furthermore, we require that the coupled problem (25) is defined on a defect-free domain Λ since the global harmonic
problem is considered to be defect-free. In what follows, we therefore tacitly assume for analysis purposes that any
incorporation of defects by adding/removing atoms from Λa will be instead achieved by modifying the atomistic
energy (12) (that is, e.g., by switching off interactions with a “vacancy atom”).

Definition 1 (Anharmonic/harmonic operator split). Let Lcpl be the differential operator associated with the
coupled problem (25). We then denote the anharmonic/harmonic operator split as the additive decompositions

Lcpl = Lah + Lh, u = uah + uh (26)

7



into anharmonic parts Lah, uah, and harmonic parts Lh, uh, with

Lah =

{
L − Lh in Λa,

0 else,
uah = 0 in Λ∞ \ Λa. (27)

We remark here that this definition is not well-defined in the sense that uah and uh are not unique in Λa. The
splitting u = uah + uh is used here as a tool which is exploited below to derive the iteration equation. In fact, as we
shall see later on in Section 6.1, we never need to compute uah and uh in Λa in practice.

Using (26) from Definition 1 and exploiting the linearity of the harmonic operator, we can write the coupled problem
(25) as follows

Lcpl[u] = Lah[u] + Lh[uah] + Lh[uh] = fext in Λ, (28)

omitting the natural boundary conditions. In matrix notation we can write thisLa|[u]− La|
h [u]

0

+

La|a
h 0 a|c̄

Lc|a
h 0 c|c̄

ua
ah

0

+

La|a
h La|c̄

h

Lc|a
h Lc|c̄

h

ua
h

uc̄

 =

fa
ext

f c
ext

 , (29)

where the index “c̄” refers to functions defined on the domain Λc ∪ Λo (where uah = 0 according to (27)).
After re-arranging some of the terms and moving fext to the left hand side of the equation, (29) readsLa|[u]

0

−
fa

ext

0


︸ ︷︷ ︸

(AH)

+

La|a
h La|c̄

h

Lc|a
h Lc|c̄

h

ua
h

uc̄

−
La|a

h [uh] + La|c̄
h [u]

−Lc|a
h [uah] + f c

ext


︸ ︷︷ ︸

(H)

=

0

0

 . (30)

Here, the parts labeled as (AH) and (H) are referred to as the anharmonic and the harmonic problem, respectively.
They are coupled through the solution in Λp and Λi and will be computed separately.

To solve (30), a staggered procedure is proposed which iterates between (AH) and (H). Therefore, let us denote
k ∈ N as the global iteration index and fix an initial guess u0. The k+1-th iteration then reads

(AH)k+1

{
L[{ua

k+1, u
p
k+1}] = fext in Λa,

uk+1 = uc
k in Λp,

(H)k+1


Lh[uh,k+1] = L|a[uh,0] + L|c̄h [u0] in Λa,

Lh[uh,k+1] = −L|ah [uah,k+1] + fext in Λc,

u = ū on Λo.

(31)

Note that (AH) is a finite problem, defined in Λa, and (H) is a global problem, defined in the entire domain Λ := Λa∪Λc.
At first glance, it seems natural to choose the global harmonic solution as an initial guess. However, there are

situations where an initial guess is not available or linear elasticity is a bad approximation of the coupled problem.
Fortunately, in such cases we can initialize the algorithm with u0 = 0 without actually influencing the asymptotic
convergence rate. This will be demonstrated, i.a., in Section 7.

6.1.2. Treatment of the source term Lc|a
h [uah,k+1]

In practice, one would like to avoid to work with the source term Lc|a
h [uah,k+1] of (H)k+1, taking into account that

ua
h,k+1 needs to be evaluated in the entire atomistic domain to compute ua

ah,k+1 = ua
k+1 − ua

h,k+1 explicitly. Fortunately,
it is possible to solve (H)k+1 using solely the total solution u. To see this, consider the solution to the harmonic problem
in step k+1 ua

h,k+1

uc
k+1

 =

La|a
h La|c

h

Lc|a
h Lc|c

h

−1  fa
ext

−Lc|a
h [uah,k+1]− Lc|o

h [u] + f c
ext

 . (32)

By subtracting uh,k from uh,k+1 we obtainua
h,k+1

uc
k+1

 =

ua
h,k

uc
k

−
La|a

h La|c
h

Lc|a
h Lc|c

h

−1  0

Lc|a
h [∆uah,k]

 , (33)
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where ∆uah,k = uah,k+1 − uah,k. To obtain an expression of Lc|a
h [∆uah,k] in terms of the full solution u only, consider

Lc|a
h [uah,k] = −Lc|a

h [uh,k]− Lc|c
h [uk]− Lc|o

h [u] + f c
ext, (34)

which can be directly obtained from (32). Now subtract (34) from Lc|a
h [uah,k+1] leading to

Lc|a
h [∆uah,k] = f c

inh,k+1 = Lc|a
h [uah,k+1] + Lc|a

h [uh,k] + Lc|c
h [uk] + Lc|o

h [u]− f c
ext

= Lc|a
h [uk+1] + Lc|c

h [uk] + Lc|o
h [u]− f c

ext

= Lc|a
h [uk +∆uk] + Lc|c

h [uk] + Lc|o
h [u]− f c

ext

= Lc|a
h [∆uk],

(35)

which we denote as the inhomogeneous force f c
inh,k+1 in the k+1-th iteration (cf. [15]). In the latter expression only the

full solution appears and, therefore, Lc|a
h [∆uah,k] can be evaluated conveniently after the anharmonic problem has been

solved. Since the continuum model is local, f c
inh,k+1 will be nonzero only in the domain Λi+, i.e., the layer of nodes which

are nearest neighbors of the interface atoms Λi (see (H) in Figure 3). So, we just need to compute f i+
inh,k+1 in practice.

Remark 2. The name “inhomogeneous force” was coined in the original works by Sinclair (e.g., [35]). The origin of
this name stems from the fact that updating the atomistic solution generates a mismatch between both models—which
vanishes upon convergence. The idea of Sinclair was thus to update the displacements in Λc corresponding to a force

which counteracts Lc|a
h [∆uah,k]; this is why the minus sign appears on the right hand side of (33).

In principle, the harmonic problem can now be solved with any conventional finite element method. However, volume-
based methods require a very fine discretization and can thus become significantly more expensive than the atomistic
problem itself. For the class of A/C coupling problems, boundary element techniques seem preferable since the full
solution in Λc is usually not explicitly required.

6.2. Computation of (H) using a discrete boundary element method

Boundary element methods for lattice problems have been proposed by Martinsson [21] for the discrete Laplace
equation and in the context of A/C coupling by Li [19] and Hodapp et al. [15]. By using a discrete boundary element
method, we do not have to resort back to a “true” continuum model and could consider arbitrary interaction stencils,
i.e., all subsequent developments generically apply to local and nonlocal elasticity models. Moreover, it is worthwhile
noting that fast summation techniques, such as the fast multipole method [12] or hierarchical matrices [39, 13], readily
apply to lattice problems as demonstrated in [22, 15].

6.2.1. Solution procedure

In the following we will drop the subscripted iteration index k+1 and refer to (H) as some harmonic problem with
generic right hand side r and denote its solution by uh. Since (H) is a linear problem we can decompose it into two
contributions as illustrated in Figure 3: an infinite inhomogeneous problem (H∞) and a finite homogeneous problem
(Hhom) which corrects (H∞) for the prescribed boundary condition on Λo. The solution to (H) is then obtained by
superimposing the solutions of (H∞) and (Hhom). Again, the idea behind this decomposition is the possibility to
switch conveniently between unbounded and bounded problems since both classes of problems are important in terms
of applications.

To that end, given some r, we are looking for solutions u∞ and uhom such that

(H∞) Lh[u∞] = r in Λ∞, (Hhom)

{
Lh[uhom] = 0 in Λ,

uhom = ū− u∞ on Λo.
(36)

The full solution is then given ∀ ξ ∈ Λ as uh(ξ) = u∞(ξ) + uhom(ξ).

6.2.2. Computation of (H∞) using the lattice Green function

In order to solve the infinite problem (H∞) we first briefly define the lattice Green operator G, the inverse of Lh, of
which we will make heavily use of in the following sections.
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Figure 3: Decomposition of the harmonic problem (H) into an infinite inhomogeneous contribution (H∞) and a finite homogeneous contri-
bution (Hhom) (only the forces on the Λi+ nodes are visualized)

The lattice Green operator can be formally defined for all v : Λ∞ → Rd such that

∀ ξ ∈ Λ∞ (GLh)[v](ξ) =
∑
η∈Λ∞

 ∑
{ ζ∈Λ∞ | ζ−η∈Rh

ζ }

G(ξ − ζ)Kh(ζ − η)

 v(η)

= I[v](ξ) (≡ v(ξ)) ,

(37)

where the kernel of G is denoted as the Green function G(ξ− ζ) and I is the identity operator. One possibility to obtain
G is by means of semi-discrete Fourier transforms (see, e.g., [37]) but we are not concerned with this aspect here and
assume in the following that G is given.

Using G, the solution of (H∞) can be written as

u∞ = G[r] in Λ∞. (38)

6.2.3. Computation of (Hhom) using the boundary summation equation

In order to obtain the solution to the homogeneous problem (Hhom) we will write uhom solely in terms of degrees
of freedom on the outer boundary Λo. This procedure can be considered as the analog to the “integration by parts” in
continuum mechanics leading to a boundary summation equation, a discrete variant of the boundary integral equation,
in terms of the boundary displacement and forces (as opposed to displacements and stresses in the case of the boundary
integral equation). But instead of multiplying the Euler-Lagrange equation with a test function and integrating by parts
twice, we apply the Green operator and then use the relation (37).

To derive such an expression for uhom we closely follow the derivation in [15] (cf. section 2.5 therein). In the first
step, we define the harmonic problem on Λ̄ = Λ ∪ Λo. That is, we assume some v ∈ V which solves

Lh[v] = 0 in Λ̄. (39)

Using the “superscript notation” (cf. Section 2.1), we split Lh[v] into an inner and an outer contribution as follows

LΛ̄|h [v] = LΛ̄|Λ̄h [v] + LΛ̄|o-h [v], (40)

where the co-domain superscripted by “o-” refers to functions defined on the outer layer of nodes Λo- ⊂ Λ∞ \ Λ̄ which
interact with the nodes on the outer boundary Λo as shown in Figure 3. We now apply the part of the lattice Green
operator GΛ̄|Λ̄, which maps a force in Λ̄ to a displacement in Λ̄, to (40) leading to

(GΛ̄|Λ̄LΛ̄|h )[v] = (GΛ̄|Λ̄LΛ̄|Λ̄h )[v] + (GΛ̄|Λ̄LΛ̄|o-h )[v]. (41)

This formulation is still not particular useful since GΛ̄|Λ̄LΛ̄|Λ̄h appears to be a dense operator, meaning that its associate
matrix is fully populated due to the long-range nature of the lattice Green function. Fortunately this is not the case and
we will rewrite it to reveal its sparsity pattern. To that end, we consider the following decomposition of GLh (eq. (37))

10



in matrix notation

GLh ≡

GΛ̄|Λ̄ GΛ̄|re

Gre|Λ̄ Gre|re

LΛ̄|Λ̄h LΛ̄|reh

Lre|Λ̄
h Lre|re

h


=

 GΛ̄|Λ̄LΛ̄|Λ̄h + GΛ̄|reLre|Λ̄
h Gre|reLre|Λ̄

h + Gre|Λ̄LΛ̄|Λ̄h

GΛ̄|reLre|re
h + GΛ̄|Λ̄LΛ̄|reh GΛ̄|reLre|Λ̄

h + GΛ̄|Λ̄LΛ̄|Λ̄h

 =

I Λ̄|Λ̄ 0 Λ̄|re

0 re|Λ̄ Ire|re

 ,

(42)

where the superscripted domain index “re” refers to functions defined on the outer (infinite) domain, the remainder
Λre = Λ∞ \ Λ̄. Therefore, we can write

(GΛ̄|Λ̄LΛ̄|Λ̄h )[v] = I Λ̄|Λ̄[v]− (GΛ̄|reLre|Λ̄
h )[v]. (43)

In addition, recall that the operator Lh satisfies the following relations ∀ v

(1) L|Λ̄h [v] = 0 in Λre \ Λo-, (2) L|Λh [v] = 0 in Λre. (44)

These relations are due to short-range interactions and can be deduced from the construction of the local version of the
force constant tensor Kh (cf. Section 4): (1) Displacements of nodes in Λ̄ only exert forces on the remainder nodes
Λo-; (2) Displacements in Λ do not exert any forces on nodes in the remainder Λre (only on Λo). With (43) and (44),

(GΛ̄|Λ̄LΛ̄|Λ̄h )[v] now reads

(GΛ̄|Λ̄LΛ̄|Λ̄h )[v] = I Λ̄|Λ̄[v]− (GΛ̄|o-Lo-|Λ̄
h )[v] =

Io|o − Go|o-Lo-|o
h 0 o|Λ

GΛ|o-Lo-|o
h IΛ|Λ

vo

vΛ

 . (45)

Hence, GΛ̄|Λ̄LΛ̄|Λ̄h is obviously at least partially sparse—only the Λ̄|o part is dense.

Turning back to (41), we can also rewrite the second term on the right hand side (GΛ̄|Λ̄LΛ̄|o-h )[v]. Using the fact that

L|o-h [v] = 0 in Λ, i.e., that displacements of the Λo--nodes do not create forces in the computational domain Λ (which,
again, follows from the properties of Kh), it follows

(GΛ̄|Λ̄LΛ̄|o-h )[v] = (GΛ̄|oLo|o-
h )[v]. (46)

Finally, using (45) and (46) in (41), we obtain the boundary summation equation which yields the following expression
for the displacements in Λ̄ after re-arranging some of the terms (cf. [15])

v = F |o[v]− G|o[f ] in Λ̄, (47)

with F |o = G|o-Lo-|o
h and the boundary forces fo = Lo|o-

h [v].
Now, using as boundary condition v = uhom = ū− u∞ of (Hhom) in (47), we can solve it for fo, that is, solving the

linear system

fo = −(Go|o−1
(Io|o −Fo|o))[ū− u∞]. (48)

Having computed fo, the solution to (Hhom) in the entire computational domain Λ is obtained via

uΛhom = FΛ|o[ū− u∞]− GΛ|o[f ]. (49)

Remark 3 (Treatment of the outer boundary). For large computational domains, especially in three dimensions, the
outer boundary contains substantially more degrees of freedom than the inner boundary. Therefore, even with fast
summation techniques, it might be beneficial to seek for solutions in a subspace of V(Λo). A first step in that direction
has been taken by Li [19] who proposed a P1 interpolation of u over a reduced set of nodes on Λo.

6.3. Implementation

We now formulate the implementation of the Sinclair iteration equation (31) using the discrete boundary element
method for solving the global harmonic problem. The implementation of the discrete boundary element method, as
presented in Section 6.2, is shown by Algorithm 1.
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Following Algorithm 2, we first compute the initial guess of the problem, either by using the elastic solution—or
zero. In every iteration k+1 we solve the anharmonic atomistic problem (AH)k+1 and subsequently compute the
inhomogeneous force f i+

inh,k+1 (eq. 35) which arises at the A/C interface due to the mismatch between both models.
Then, we recompute the harmonic problem (H)k+1, noting that we only need the solution in the pad domain Λp in
order to provide the boundary condition for (AH)k+2 (if there are external forces in Λc we also need to account for
them—but we do this only once during the first iteration). The previous steps are then repeated until convergence is
attained, that is, e.g., when the maximum force on each atom or node is below some tolerance.

Algorithm 1: Discrete boundary element method (DBEM)

Input: boundary condition ūo, right hand side r

1 uΛ̄∞ ← GΛ̄|Λ[r] ; // solve (H)∞ (eq. (38))

2 wo ← (Io|o −Fo|o)[ū− u∞] ; // compute right hand side of the linear system

3 fo ← −Go|o−1
[w] ; // solve linear system (48) for the boundary forces fo

4 uΛhom ← FΛ|o[ū− u∞]− GΛ|o[f ] ; // compute solution of (H)hom (eq. (49))

5 uΛh ← uΛ∞ + uΛhom ; // assemble the full harmonic solution

Output: solution uΛh

Algorithm 2: Sinclair method for bounded problems (Sinc)

Input: natural boundary condition ūo, external force fext

1 if initial guess then

2 uΛ̄0 ← DBEM(ūo, fext);

3 else

4 uΛ̄0 ← 0;

5 end

6 k ← 0;

7 while ‖δΠa(uk)‖l∞ < TOL ∧ ‖δΠc(uk)‖l∞ < TOL do

8 ua
k+1 ← arg

{
min
va

Πa({va, up
k})
}

; // solve (AH)

9 f i+
inh,k+1 ← L

i+|a
h [uk+1] + Li+|c

h [uk] ; // compute inhomogeneous force

10 if not initial guess and k = 0 then

11 uc
k ← Gc|c[fext];

12 end

13 uc
k+1 ← uc

k + DBEM(ūo − uo
k,−f i+

inh,k+1) ; // solve (H)

14 k ← k + 1;

15 end

Output: global solution uk

7. Convergence analysis

We now analyze the convergence behavior of the Sinclair method. In this work we focus on analyzing the conver-
gence behavior to solutions around a linearized state. That is, we linearize the coupled problem around some general
displacement uF and seek for a solution u ∈ V such that

Lcpl(uF)[u− uF] =

{
Lhnl[u− uF] = rF in Λa,

Lh[u− uF] = rF in Λc,
with rF = fext − Lcpl(uF)[uF], (50)

where Lhnl is the nonlocal harmonic operator which is obtained after linearizing the atomistic energy. The objective of
this section is to study the convergence to u using the iteration equation (31), starting from some initial guess u0.
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We remark that a linearization, though restrictive, allows us to study the approximate structure of the method in
a more accessible setting in order to benchmark the convergence behavior, in particular, depending on how strongly Lh

differs from Lhnl. Nevertheless, we point out that the techniques which will be developed for the linearized problem can
be generalized in the sense that a nonlinear problem can be considered as a sequence of linear problems. Moreover, in
Section 7.4.2 we shall see that, using the tools from the linear analysis, we are able to improve the convergence behavior
of general nonlinear problems by optimizing the transmission conditions between both problems around intermediate
linearized states.

Our analysis is closely related to domain decomposition methods for partial differential equations (e.g. [38]) and
structured as follows. In Section 7.1 we derive the iteration operator which relates the error with respect to the fully
atomistic reference solution between two consecutive iterations. In Section 7.2 and 7.3 we then investigate the convergence
properties of the Sinclair method by analyzing this iteration operator. In Section 7.4 we further generalize the Sinclair
method by relaxing the transmission conditions between the two subproblems in order to improve the convergence
behavior.

7.1. Iteration operator

In this section we will quantify the error uref − uk+1 in the k+1-th iteration with respect to the reference solution
uref , which solves Lhnl[uref ] = fext in Λ, by deriving an equation of the form

uref − uk+1 = T [uref − uk] + e in Λ, (51)

where T is the iteration operator and e is the modeling error. In other words, it will be shown that the error can be
decomposed into a convergent part T [uref − uk] (provided that our method is stable), which describes the convergence
to u, and a non-convergent part e, independent of uk, which occurs due to replacing Lhnl with Lh in Λc.

Before presenting the result, we will abbreviate the block operator used to update the harmonic problem (H), i.e.,

the “c|c” block of LΛ|Λh

−1
in (32), as Sc|c−1

, where

Sc|c = Lc|c
h − L

c|a
h (La|a

h )
−1
La|c

h . (52)

Equation (52) is nothing but the Schur complement of La|a
h in LΛ|Λh (sometimes in the literature also denoted by LΛ|Λh /La|a

h ).
We will split the derivation of the iteration operator T into two parts. First, in Lemma 1a, we will derive the general

structure of T using the algorithm described in Section 6.1, which is independent of the implementation. Second, in
Lemma 1b we will then recast T from Lemma 1a by replacing Sc|c with the discrete boundary element method from
Section 6.2.

Using the previous definitions, we now state the first main result of Section 7:

Lemma 1a (Iteration operator). Let uref be a unique solution to (14) with L = Lhnl. Then, using the iteration
equation (31), the error in the k+1-th iteration can be written as

uref − uk+1 = T [uref − uk] + Te[uref ] in Λ, (53)

with the iteration operator T : V(Λ)→ V(Λ) and the operator Te : V(Λ)→ V(Λ) given by

T =

0 a|a La|a
hnl

−1
La|c

hnl

0 c|a Ic|c − Sc|c−1
(Lc|c

h − L
c|a
h L

a|a
hnl

−1
La|c

hnl)

 , Te =

 0 a|a 0 a|c

Sc|c−1
(Lc|a

hnl − L
c|a
h ) Sc|c−1

(Lc|c
hnl − L

c|c
h )

 . (54)

Moreover, for the “|c” block of the operator T we have

T |c =

T a|c

T c|c

 =

T a|p T a|c\p

T c|p T c|c\p

 =

T a|p 0 a|c\p

T c|p 0 c|c\p

 , (55)

where the index “c \ p” refers to functions defined on Λc \ Λp.

Proof. To avoid further technicalities, we assume that k > 1 such that the contributions due to the boundary conditions
and the external force are already contained in u1.
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We begin by writing the global solution uk+1/2 in Λ, that is, after (AH)k+1 has been solved, asua
k+1/2

uc
k+1/2

 =

ua
k+1

uc
k

 =

ua
k

uc
k

+

La|a
hnl

−1
0 a|c

0 c|a 0 c|c

fa
ext − La|

hnl[uk]

f c
ext − Lc|

h [uk]


=

ua
k

uc
k

+

La|a
hnl

−1
0 a|c

0 c|a 0 c|c

La|
hnl[uref ]− La|

hnl[uk]

Lc|
hnl[uref ]− Lc|

h [uk]


=

ua
k

uc
k

+

Ia|a La|a
hnl

−1
La|c

hnl

0 c|a 0 c|c

ua
ref − ua

k

uc
ref − uc

k

 .
(56)

Analogously, we can write the global solution uk+1 after solving (H)k+1 asua
k+1

uc
k+1

 =

ua
k+1/2

uc
k+1/2

+

0 a|a 0 a|c

0 c|a Sc|c−1

fa
ext − La|

hnl[uk+1/2]

f c
ext − Lc|

h [uk+1/2]


=

ua
k+1/2

uc
k+1/2

+

0 a|a 0 a|c

0 c|a Sc|c−1

La|
hnl[uref ]− La|

hnl[uk+1/2]

Lc|
hnl[uref ]− Lc|

h [uk+1/2]


=

ua
k+1/2

uc
k+1/2

+

 0 a|a 0 a|c

Sc|c−1Lc|a
h Sc|c−1Lc|c

h

ua
ref − ua

k+1/2

uc
ref − uc

k+1/2


+

 0 a|a 0 a|c

Sc|c−1
(Lc|a

hnl − L
c|a
h ) Sc|c−1

(Lc|c
hnl − L

c|c
h )

ua
ref

uc
ref

 .

(57)

Thus, we can write the multiplicative iterates as

uk+1/2 = uk + Ta[uref − uk] in Λ, (58)

uk+1 = uk+1/2 + Tc[uref − uk+1/2] + Te[uref ] in Λ, (59)

with the operators

Ta =

Ia|a La|a
hnl

−1
La|c

hnl

0 c|a 0 c|c

 , Tc =

 0 a|a 0 a|c

Sc|c−1Lc|a
h Sc|c−1Lc|c

h

 , (60)

and Te as given in (54). Using (58) in (59) now permits to obtain

uref − uk+1 = T [uref − uk] + Te[uref ] in Λ (61)

with

T = I − Ta − Tc + TcTa =

0 a|a La|a
hnl

−1
La|c

hnl

0 c|a Ic|c − Sc|c−1
(Lc|c

h − L
c|a
h L

a|a
hnl

−1
La|c

hnl)

 . (62)

To show that T |c\p = 0 |c\p we use that fact that ∀ v ∈ V we have La|c\p
hnl [v] = 0 since atoms do interact with nodes

outside Λp (cf. Figure 2). Therefore, it follows trivially that T a|c\p = 0 a|c\p. To show that T c|c\p = 0 c|c\p we rewrite
T c|c as

T c|c = Ic|c − Sc|c−1
(Lc|c

h − L
c|a
h L

a|a
hnl

−1
La|c

hnl) = Sc|c−1
(Sc|c − Lc|c

h + Lc|a
h L

a|a
hnl

−1
La|c

hnl) (63)

(52)
= Sc|c−1Lc|a

h (La|a
hnl

−1
La|c

hnl − L
a|a
h

−1
La|c

h ) (64)

and use the fact that ∀ v ∈ V we also have La|c\p
h [v] = 0.
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In the form of Lemma 1a T is not convenient to implement. In particular, for the T c|p block, it would be necessary
to invert the Schur complement Sc|c, that is, inverting a dN c × dN c block matrix, where N c = #Λc, which can be
very costly if N c is large. Following Algorithm 2, we will now derive a more efficient representation of T c|p using the
discrete boundary element method which only involves boundary operators. We point out that this has no influence on
the convergence behavior of the method and, therefore, the reader may already jump to the following section without
missing essential information; should we require any result from Lemma 1b we will explicitly refer to it.

Lemma 1b (Implementation of the block operator T c|p). The block operator T c|p from (54) can be written as

T c|p = T c|p
1 + T c|p

2 , with

T c|p
1 =

(
Sc|c−1)c|iLi|p

h , T c|p
2 =

(
Sc|c−1)c|i+Li+|i

h

(
La|a

hnl

−1)i|p′Lp′|p
hnl , (65)

where the index “p′” refers to functions defined on the set of atoms which interact with the continuum nodes in Λp (cf.
Figure 2), and

Sc|c−1
= Gc|c − Bc|oGo|c, with Bc|o = Fc|o + Gc|oGo|o−1

(Io|o −Fo|o). (66)

We remark here that the expression for Sc|c−1
can be obtained from Algorithm 1. Therein, we denote Bc|o as

the boundary operator which maps some boundary displacement vo to a homogeneous solution in Λc (this operation
corresponds to lines 2–4 of Algorithm 1; or, alternatively, to DBEM(vo, 0)).

Proof. The strategy of the proof is to write T c|p from (54) as T c|p = T c|p
1 + T c|p

2 , with (using (66))

T c|p
1 = Ic|p − (Gc|c − Bc|oGo|c)Lc|p

h , T c|p
2 = (Gc|c − Bc|oGo|c)Lc|a

h L
a|a
hnl

−1
La|p

hnl, (67)

and show that this splitting equals (65).

Block operator T c|p
1 :

We first analyze the block Gc|cLc|p
h . To that end, we recall from (42) that we can likewise write it using

(GLh)c|p = Ic|p = Gc|Λ̄LΛ̄|ph + Gc|reLre|p
h︸ ︷︷ ︸

(44)
= 0 c|p

= Gc|aLa|p
h + Gc|cLc|p

h + Gc|oLo|p
h

= Gc|iLi|p
h + Gc|cLc|p

h + Gc|oLo|p
h ,

(68)

where Gc|aLa|p
h = Gc|iLi|p

h is due to local interactions, i.e., for all v ∈ V, La|p
h [v] = 0 in Λa \ Λi. Thus, using Gc|cLc|p

h =

Ic|p − Gc|iLi|p
h − Gc|oLo|p

h , we can write T c|p
1 as

T c|p
1 = Gc|iLi|p

h + Gc|oLo|p
h + Bc|oGo|cLc|p

h . (69)

Next, we analyze the latter term Bc|oGo|cLc|p
h . To obtain an alternative expression for the block Go|cLc|p

h we again
use (42) and write

(GLh)o|p = Go|iLi|p
h + Go|cLc|p

h + Go|oLo|p
h = 0 o|p. (70)

With Go|cLc|p
h = −Go|iLi|p

h − Go|oLo|p
h , we have

T c|p
1 = Gc|iLi|p

h + Gc|oLo|p
h − Bc|oGo|oLo|p

h − Bc|oGo|iLi|p
h

= Gc|iLi|p
h − Bc|oGo|iLi|p

h ,
(71)

where we have used the relation (Gc|o − Bc|oGo|o)Lo|p
h = 0 c|p which follows from the fact that, for any input vp, both

operators Gc|o and Bc|oGo|o produce the same solution in Λc (since the boundary condition is the Green function).

Block operator T c|p
2 :

The expression for T c|p
2 from (65) can be obtained by recalling the properties of the operators Lhnl and Lh: for all

v ∈ V we have La|p
hnl[v] = 0 in Λa \ Λp′ , Lc|a\i

h [v] = 0 in Λc (here, the index “a \ i” refers to functions defined on Λa \ Λi),
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and Lc|a
h [v] = 0 in Λc \ Λi+.

Now, using Lemma 1b, we can split the iteration operator into a contribution T̃ due to the infinite inhomogeneous
problem (H)∞ and a contribution T̂ due to the finite homogeneous problem (H)hom such that

T = T̃ + T̂ =

0 a|a T a|p 0 a|c\p

0 c|a T̃ c|p 0 c|c\p

+

0 a|a 0 a|p 0 a|c\p

0 c|a T̂ c|p 0 c|c\p

 , (72)

where

T̃ c|p = Gc|iLi|p
h + Gc|i+Li+|i

h

(
La|a

hnl

−1)i|p′Lp′|p
hnl , (73)

T̂ c|p = −Bc|oGo|iLi|p
h − Bc|oGo|i+Li+|i

h

(
La|a

hnl

−1)i|p′Lp′|p
hnl . (74)

Note that the latter vanishes for infinite problems.

7.2. Convergence rate and error analysis

With Lemma 1a we can now prove the convergence rate of the Sinclair method:

Theorem 1 (Convergence rate). Under the assumption that the iteration operator T (eq. 54) admits the eigende-
composition T = QDQ−1, the norm of the error (53) in the k+1-th iteration can be bounded from above as

‖uref − uk+1‖ ≤ σk+1‖Q‖‖Q−1‖
(
‖uref − u0‖ −

1

1− σ ‖Te[uref ]‖
)

+
1

1− σ ‖Q‖‖Q
−1‖‖Te[uref ]‖, (75)

where σ = σ(T ) is the spectral radius of T .
Moreover, the spectral radius of T is equivalent to the spectral radius of the block T p|p, that is, σ = σ(T p|p).

Proof. Using (53), we can write the iterates until the k+1-th iteration as

uref − u1 = T [uref − u0] + Te[uref ] in Λ, (76)

...

uref − uk+1 = T [uref − uk] + Te[uref ] in Λ. (77)

Recursively using the error from the previous iteration(s) in (77), we obtain

uref − uk+1 = T k+1[uref − u0] +

k∑
i=0

T iTe[uref ], where T n =

n≥1∏
i=1

T = QDQ−1QDQ−1 · · · = QDnQ−1. (78)

Taking norms on both sides and applying the Cauchy-Schwarz inequality we get

‖uref − uk+1‖ ≤ σk+1‖Q‖‖Q−1‖‖uref − u0‖+

k∑
i=0

σi‖Q‖‖Q−1‖‖Te[uref ]‖

= σk+1‖Q‖‖Q−1‖‖uref − u0‖+
1− σk+1

1− σ ‖Q‖‖Q−1‖‖Te[uref ]‖,
(79)

which is the expected bound.
The second statement is obtained by noting that only the block T c|p in T is nonzero (cf. Lemma 1a). Shifting indices

such that the “p” column appears on the right gives an upper triangular block matrix and the spectral radius of such a
matrix is equivalent to the spectral radius of the nonzero diagonal block, which is nothing but T p|p.

From (75), it can be seen that the error is bounded by a term depending on k+1 powers of σ and a constant term,
independent of k.

Hence, the first term defines the convergence rate of the method and also its stability, that is, provided that σ < 1,
the method will converge (we turn to this question in the following section). For the special case when the atomistic
and continuum models coincide, the exact number of required iterations can therefore be immediately deduced from
Theorem 1:
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Corollary 1. Let La
hnl = Lah such that Lcpl = Lh. Then, Algorithm 2 converges in two steps.

Proof. It suffices to show that the iteration operator vanishes. Indeed, since Sc|c−1
is now nothing but the inverse of

the Schur complement Lcpl/La|a
h = Lc|c

h − L
c|a
h (La|a

h )
−1
La|c

h (cf. [41]), it follows immediately that

T c|c = Ic|c − Sc|c−1
(Lcpl/La|a

h ) = 0 (80)

and, therefore, u2 − u = 0.

This result is general and holds for arbitrary interaction stencils—provided that we can compute the corresponding
lattice Green function.

The second term in (75) is nonconvergent and bounds the modeling error of the coupled problem. From the structure
of Te (eq. (54)) we see that ‖Te[uref ]‖ is nothing but the mismatch between both models in Λc after applying both Lhnl

and Lh to the reference solution.
If we linearize (50) around a homogeneous displacement uF, we can bound ‖Te[uref ]‖ by the Cauchy-Born modeling

error. That is, assuming that ue solves Lh[ue] = 0 in Λc, given uref as a boundary condition, we may write

‖Te[uref ]‖ = ‖(Sc|c−1
)[(Lc|

hnl − L
c|
h )[uref ] + Lc|c

h [ue]− Lc|c
h [ue])‖

= ‖(Sc|c−1Lc|c
h )[uref − ue]‖

≤ ‖Sc|c−1Lc|c
h ‖‖uc

ref − uc
e‖ . f(∇2uc

ref , ...),

(81)

where f is some function depending on higher gradients of the reference solution (cf., e.g., [9] for some in-depth analysis
of the Cauchy-Born approximation). This is what we expect when replacing the nonlocal atomistic model with the
(Cauchy-Born) elasticity model—if higher gradients remain small in Λc, the coupled problem is supposed to be sufficiently
accurate.

7.3. Stability

7.3.1. General remarks on the stability

We now turn to the question whether the Sinclair method is stable, that is, under which conditions σ < 1 holds for
the general case when Lh 6= Lhnl.

A common strategy to prove such a stability result is to show that σ < ‖T ‖ < 1 (see, e.g., [4]). This requires to
show that T > 0, meaning that T is positive (i.e., all elements of its associate matrix are > 0), and that ∀ v > 0,
T [v] < v. The author is aware of one such related stability result by Parks et al. [25] for the alternating Schwarz method.
However, the proof in [25] assumes that the atomistic Hessian is an M -matrix.2 This is generally not the case since
its off-diagonal components are positive and negative for physically admissible interatomic potentials. Unfortunately,
even if the atomistic Hessian is an M -matrix, the operator T is not strictly positive. To see this, consider T from (62)
factorized to T = (I −Tc)(I −Ta). Assume now that the matrix associated with Lh is an M -matrix. Then we have that

Sc|c−1
> 0 and, therefore, (I − Tc) ≯ 0. Since (I − Ta) > 0, as shown in [25], it follows that T ≯ 0 in general. We have

also observed this in numerical experiments.
Fortunately, in the following section, we will show that in one dimension the situation simplifies because the matrix

associated with T has sufficiently low dimension which allows to place bounds on each of its eigenvalues directly. The 1d
proof requires the stability of Lhnl and certain upper bounds on its inverse matrix elements, and it is likely that similar
results would have to be established for higher dimensions. But this is out-of-scope in the context of the current work.

Yet to give an intuitive understanding of the behavior of the spectral radius in order to provide some practical guidance
for designing a convergent algorithm, we assess σ = σ(∆) = σ(T (∆)) in terms of the perturbation ∆ = Lhnl−Lh. From
Corollary 1 it follows

|σ(0 )− σ(∆)| = σ(∆) = σ(T (0 )− T (∆)) ≤ ‖T (0 )− T (∆)‖. (82)

Equation (82) can be understood as a continuity result. Roughly speaking, for sufficiently small perturbations ∆, there
will be no sudden jump of σ beyond 1.

2A nonsingular matrix is an M -matrix if its off-diagonal components are nonpositive and its inverse is nonnegative (cf. [27])
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Moreover, we may write σ(T (0 )− T (∆)) as

σ(T (0 )− T (∆))
Thm. 1

= σ(T p|p(0 )− T p|p(∆)) = σ
(
Ip|p −

(
Sc|c−1)p|c

(Lc|p
h − Lp|a

h L
a|a
hnl

−1
La|p

hnl)

− Ip|p −
(
Sc|c−1)p|c

(Lc|p
h − Lp|a

h L
a|a
h

−1
La|p

h )
)

Lem. 1b
= σ

((
Sc|c−1)p|i+Li+|i

h

((
La|a

hnl

−1)i|p′Lp′|p
hnl −

(
La|a

h

−1)i|p′Lp′|p
h

))
.

(83)

In particular, the latter term implies that the spectral radius changes with the difference between the solutions to a fully
atomistic and a fully continuum problem—computed in Λa and subject to identical boundary conditions in Λp—on the

interface Λi (since Li+|i
h only acts on this part of the solution). This implies that the elastic solution in Λa may be very

inaccurate in the defect core, but if the defect is sufficiently far from the boundary linear elasticity is usually a good
approximation such that the difference of the solutions in Λi remains small. For such cases we expect that σ < 1.

7.3.2. Stability result in one dimension

In this section, we will show that the Sinclair method is unconditionally stable in one dimension requiring only the
assumption that the atomistic problem is stable.

We will analyze the problem defined on the domain Λ ⊂ Z, shown in Figure 4, where

Λa := {−M,−M + 1, ..., 0, ...,M − 1,M } , Λc := ({−N, ...,−M − 1 } ∪ {M + 1, ..., N }). (84)

Figure 4: Domain decomposition for the one-dimensional problem considered in Section 7.3.2

We assume second-nearest neighbor interactions for the atomistic model and that the linearization takes place around
a homogeneously deformed state. The interaction stencils for the atomistic and continuum problems then read (using
linear lattice interpolants ϕξ, cf. [6])

Khnl(ξ − η) =


−k2 if |ξ − η| = 2,

−k1 if |ξ − η| = 1,

2k if |ξ − η| = 0,

0 else,

Kh(ξ − η) =


−k̄ if |ξ − η| = 1,

2k̄ if |ξ − η| = 0,

0 else.

(85)

where k = k1 + k2 and k̄ = k1 + 4k2. The corresponding Euler-Lagrange equation of the coupled problem is given by

Lcpl[u](ξ) =

{
−k2

(
u(ξ − 2)− 2u(ξ) + u(ξ + 2)

)
− k1

(
u(ξ − 1)− 2u(ξ) + u(ξ + 1)

)
= fext(ξ) ∀ ξ ∈ Λa,

−k̄
(
u(ξ − 1)− 2u(ξ) + u(ξ + 1)

)
= fext(ξ) ∀ ξ ∈ Λc.

(86)

For this particular system, Dobson et al. [7] have shown that k1 > 0 and k2 < 0 for Lennard-Jones-type interactions

and that k1 + 4k2 > 0 is a necessary and sufficient condition to render La|a
hnl positive definite (i.e., stable) and, therefore,

(86) a well-posed problem. Under this assumption, the Sinclair iteration equation (31) converges:

Theorem 2 (Stability in 1d). Let Lcpl be given by (86), with k1 > 0, k2 < 0 and k1 + 4k2 > 0. Then, σ < 1.

Proof. The proof is given in Appendix A.

In Figure 5 (a) the spectral radius σ is shown as a function of k2/k1 ∈ (−0.25, 0.25] for an atomistic domain of size
M = 10. We observe the expected behavior: if k1 + 4k2 is close to 0, σ is close to but still strictly smaller than 1, and
σ → 0 as k2 → 0.

7.4. Relaxation

7.4.1. Static relaxation

Even though the convergence rate of the Sinclair method is far superior than the convergence rate of the alternating
Schwarz method, it is not optimal. This is in particular crucial whenever Lhnl and Lh differ considerably. Although the
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Figure 5: (a) Spectral radius σ of the iteration operator T corresponding to the one-dimensional problem (86) as a function of the nonlocality
ratio k2/k1. (b) Spectral radius of T for the same problem with and without optimal relaxation (cf. Section 7.4.1)

solution in a region of interest in the atomistic domain may still be considered as good enough in such cases, intermediate
solutions in the vicinity of the artificial interface will be non-smooth, slowing down the convergence.

One approach to accelerate the speed of convergence of domain decomposition solvers is relaxation (see, e.g., [38]).
The underlying idea is to control the transmission conditions between both problems in an optimal way by augmenting
the artificial boundary conditions with a relaxation parameter. Here, we will relax the magnitude of the inhomogeneous
force finh. Therefore, we define the relaxation parameter α > 0 and let

finh,k+1 = finh,k+1(α) = αfinh,k+1 (87)

The solution in Λc in the k+1-th iteration is now given by (cf. (33))

uc
k+1 = uc

k+1(α) = uc
k − Sc|c−1

[finh,k+1(α)] = αuc
k+1(α = 0) + (1− α)uc

k. (88)

The anharmonic and the harmonic problem in each iteration are then defined as follows

(AH)k+1

{
L[{ua

k+1, u
p
k+1}] = fext in Λa,

uk+1 = uc
k in Λp,

(H)k+1


Lh[uh,k+1] = L|a[uh,0] + L|c̄h [u0] in Λa,

Lh[uh,k+1] = −L|ah (α)[uah,k+1] + fext in Λc,

u = ū on Λo,

(89)

where

L|ah (α)[uah,k+1] = α

k+1∑
i=1

finh,i in Λc. (90)

Similar to Section 7.1, we now recast the iteration equation (89) into the form u − uk+1 = T (α)[u − uk], where
we consider for brevity only the convergence to the solution u of the coupled problem (eq. (50)) since we are only
interested in modifying the convergence properties of (89). Here, T (α) is the iteration operator which now depends on
the relaxation parameter α. The following Lemma can therefore be considered as a generalization of Lemma 1a and 1b
since T (α) reduces to T as α→ 1.

Lemma 2 (Iteration operator for the relaxed Sinclair method). Let u be a unique solution to (50). Then, using
the iteration equation (89), the error in the k+1-th iteration can be written as

u− uk+1 = T (α)[u− uk] in Λ, (91)
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with the iteration operator T (α) : V(Λ)→ V(Λ) given by

T (α) =

T a|a T a|c

T c|a T c|c(α)

 =

0 a|a La|a
hnl

−1
La|c

hnl

0 c|a Ic|c − Sc|c−1
(Lc|c

h (α)− Lc|a
h (α)La|a

hnl

−1
La|c

hnl)

 . (92)

Moreover, T a|c is given by (55) and

T c|c(α) =
(
T c|p(α) 0 c|c\p

)
, with T c|p(α) = T c|p

1 + αT c|p
2 + (1− α)T c|p

3 , (93)

where T c|p
1 and T c|p

2 are given by (65) and

T c|p
3 = (Gc|i+ − Bc|oGo|i+)Li+/p

h . (94)

Proof (Sketch of the proof). We do not give a full proof for compactness as it would largely resemble the proof

of Lemma 1a and 1b with the difference being that Lc|c
h and Lc|a

h now depend on α. Having obtained (92), the essential
idea is to write the α-dependent operators as

Lc|c
h (α) =

αLi+|c
h

Lc\i+|c
h

 , Lc|a
h (α) =

αLi+|a
h

Lc\i+|a
h

 . (95)

The next step is then to evaluate Gc|cLc|c
h (α) which will be equivalent to Gc|cLc|c

h plus the remainder Gc|i+Li+/c
h , where

Gc|i+Li+/p
h is the finite boundary contribution occurring in T c|p

3 .

From the structure of the iteration operator T (α) it can be immediately deduced from Theorem 1 that the convergence
rate of the relaxed Sinclair method depends on the spectral radius σ of T p|p(α). Thus, the optimal relaxation parameter
is the one which minimizes σ(T p|p(α)), that is,

αopt := arg
{

min
α

σ(T p|p(α))
}
. (96)

The behavior of σ(T p|p(αopt)) is exemplified in Figure 5 (b) for the one-dimensional problem from Section 7.3.2, showing
that σ(T p|p(αopt)) is more than an order of magnitude smaller than σ(T p|p) in the selected interval k2/k1 ∈ [−0.1, 0].

7.4.2. Dynamic relaxation

For nonlinear problems, computing the optimal relaxation parameter in advance may not be the optimal choice since
the atomistic operator L potentially changes in every nonlinear iteration. It seems thus more practical to dynamically
update α after every global iteration.

To compute an approximation of the optimal α, we choose to linearize the problem around uΛk+1/2 = {ua
k+1, u

c
k}. Let

u now be the solution to this linearized problem, it then follows from (91) that

uk+1 − u = T (uk+1/2;α)[uk − u]. (97)

Equation (97) is still not practical since we do not want to solve the eigenvalue problem (96) in every iteration. Therefore,
we convert (97) into a problem which minimizes the difference between two iterates by subtracting (97) from uk+2 − uk
leading to

uk+2 − uk+1 = T (uk+1/2;α)[uk+1 − uk]. (98)

The optimal dynamic relaxation parameter is then defined as the one which minimizes the maximum element of (98)

αdyn
opt := arg

{
min
α
‖T p|p(uk+1/2;α)[uk+1 − uk]‖l∞

}
. (99)

Evaluating αdyn
opt yet requires the additional computation of a continuum and a linearized atomistic problem, which

follows from the definition of T (uk+1/2;α) (cf. Lemma 2). Clearly, to be efficient, this method thus necessitates that
the assumptions

(i) solving (H) is significantly cheaper than solving (AH),
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(ii) solving the linearized atomistic problem is significantly cheaper than solving the fully nonlinear problem (AH),

hold, in which by “significantly cheaper” we roughly mean an order of magnitude. Assumption (i) has been verified in
[15], where the elapsed time to solve (H) using an efficient H -matrix solver [3] was found to be of the same order than a
single evaluation of the atomistic force δΠa. Assumption (ii) can be justified by considering the solution of a nonlinear
problem as a sequence of many linear problems. Moreover, when using a solver which builds Hessians (or approximations
thereof), we can reuse La|a(uk+1/2) and La|p(uk+1/2). Since most of the time is usually spend on building La|a and La|p,
the time for solving the linear system is well-compensated. Furthermore, we can employ the solution to the linearized
atomistic problem as an initial guess to the subsequent nonlinear iteration. In this respect, we can view the proposed
relaxation method as a predictor-correcter scheme in which the linearized (trial) step is used to correct the boundary
condition on (AH)k+2.

Algorithm 3 shows the essential steps to compute αdyn
opt . This algorithm can be directly integrated into Algorithm 2

before line 13. In the results section, we refer to the Sinclair method with dynamic relaxation as SincDynRelax.

Algorithm 3: Dynamic relaxation (DynRelax)

Input: optimal relaxation parameter αdyn
opt,k and solution uk+1/2 from previous iteration,

inhomogeneous force finh,k+1, natural boundary condition uo

1 f i+
inh,k+1 ← αdyn

opt,kf
i+
inh,k+1 ; // relax inhomogeneous force

2 up
trial,k+1 ← up

k + DBEM(ūo − uo
k,−f i+

inh) ; // compute trial solution

3 wp
1 ← T

p|p
1 [utrial,k+1 − uk], wp

3 ← T
p|p

3 [utrial,k+1 − uk],

wp
2 ← T

p|p
2 (uk+1/2)[utrial,k+1 − uk]

4 αdyn
opt,k+1 ← arg

{
min
α
‖(wp

1 + wp
3 ) + α(wp

2 − wp
3 )‖l∞

}
; // update α

Output: optimal dynamic relaxation parameter αdyn
opt,k+1

Remark 4. The dynamic relaxation method is optimal in the following sense

‖up
k+2 − u

p
k+1‖l∞ = ‖T p|p(uk+1/2;αdyn

opt )[uk+1 − uk]‖l∞ ≤ ‖T p|p(uk+1/2;αdyn
opt )[uk+1 − uk]‖

(96)

≤ ‖T p|p(uk+1/2;αopt)[uk+1 − uk]‖
≤ ‖T p|p(uk+1/2;αopt)‖‖up

k+1 − u
p
k‖

. σ(T p|p(uk+1/2;αopt))‖up
k+1 − u

p
k‖.

(100)

8. Numerical examples

In this section, we present some selected numerical experiments for a linear and a nonlinear problem. Thereby, we
focus solely on the convergence properties of the Sinclair method in order to validate Theorem 1. A more detailed
analysis of the modeling error in force-based A/C coupling methods can, e.g., be found in [25, 20].

In the following we consider two-dimensional problems. For various examples in one dimension the reader is referred
to the preprint [14].

Let Λ∞ be a hexagonal lattice with basis vectors

v1 =
(
a0 0

)T
, v2 = 1/2

(
a0

√
3a0

)T
, (101)

where a0 is the lattice constant. Our computational domain Λ is the intersection of Λ∞ with a disc with radius r and
the decomposition of Λ into an atomistic and a continuum domain is given as follows

Λa := {x ∈ R2 | ‖x‖ ≤ ra } ∩ Λ∞, Λc := {x ∈ R2 | ra < ‖x‖ ≤ r } ∩ Λ∞. (102)

Atomic interaction is described by a Morse potential [23] with corresponding site energy

Eξ({u(η)− u(ξ)}) =
∑
η∈Rξ

De−2a
(
d(u(η)−u(ξ))−r0

)
− 2De−a

(
d(u(η)−u(ξ))−r0

)
, (103)
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where d(u(η)− u(ξ)) = ‖(u(η)− u(ξ)) + (η− ξ)‖, with D, a and r0 being free parameters. The parameters of the Morse
potential are chosen as follows

D = 1, a = 4.4, r0 = 1. (104)

It should be noted that these parameters are chosen for testing purposes and not to model a specific material. The same
set of parameters has been used for previous benchmark problems of the flexible boundary condition method for infinite
problems [15]. For our numerical tests we use a cut-off radius up to six nearest neighbors. The lattice constant is then
given by a0 = 0.978. This implies that the atomistic model is slightly nonlocal. More precisely, the ratio between the
maximum absolute values of force constants between second and first nearest neighbors is ≈ 1/43, which is a realistic
value for many metals.

For this potential we construct our “continuum site energy” (22) by triangulating the hexagonal lattice and then use
the standard P1 interpolation to define u(x).

In all of the following numerical experiments the energies and forces are computed using the molecular dynamics
code LAMMPS (lammps.sandia.gov).

8.1. Linear problem: Unit point force at the origin

Our first goal is to validate Theorem 1 for a fully harmonic problem when the atomistic site energy is linearized

around the ground state. We consider a problem subject to a unit point force applied on the atom at
(

0 0
)T

. Thereby,

the point force is rescaled such that the solution remains in the linear regime. For the test problem in this section we
set ra = 5a0 and r = 50a0. As a boundary condition on the outer boundary Λo the continuum Green function is used.

We compare two variants of the Sinclair method, that is, with the relaxation parameter α = 1, denoted by Sinc, and
with α = αopt (eq. (96)), denoted by SincRelax. From Figure 6 it can be seen that the computed convergence rates
σ and σopt are sharp upper bounds, where σopt is the rate obtained when using the optimal relaxation parameter αopt.
The small difference is due to the fact that atomistic problem is not very nonlocal.

1 2 3 4 5 6 7
iteration index k

10−3

10−5

10−7

10−9

10−11

‖δ
Π
‖

σkopt

= 0.018k

σk = 0.035k

Sinc

SincRelax

Figure 6: Convergence behavior of the Sinclair method for the linear problem

8.2. Nonlinear problem: Microcrack

Our second goal is to validate Theorem 1 when the problem is linearized around some arbitrary state. To that end,
we construct a nonlinear problem and check whether the observed asymptotic convergence rate agrees with the computed
one, that is, the spectral radius σas of T (u) when linearizing around the final solution u.

To benchmark this behavior we now consider an effectively infinite problem (r → ∞) without external force but
with some atoms removed as shown in Figure 7 (a), creating some kind of microcrack. The same test problem has been
considered in [30]. Upon relaxation the atoms will move to the positions indicated by the dashed circles.

The nonlinear problem is then computed using Algorithm 2 with the atomistic problem being solved by means of
the Hessian-free Newton-Raphson method implemented in LAMMPS. Further improvements of Algorithm 2 have been
made by not relaxing the atomistic problem (line 8) to very low tolerances in each global iteration k. To be more precise,
let TOL be the global tolerance on the force norm ‖δΠ(uk+1)‖ and, when solving the atomistic problem, let TOLa be
the tolerance on the atomistic force norm ‖δΠa(uk+1/2)‖. We then start with TOL = 100 and TOLa = 10−2. If TOL
has been reached we set TOL = 10−1 and TOLa = 10−3. We proceed in this way until TOL = 10−7 and TOLa = 10−9.
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iteration index k

10−6

10−4

10−2

100

102

‖δ
Π
‖

σkas,opt

σkas

Sinc

SincDynRelax1

SincDynRelax2

Figure 7: (a) Atomistic domain domain Λa (here shown for ra = 5a0) and pad Λp for the microcrack problem (the dashed circles refer to
the relaxed atomic positions). (b) Convergence behavior of the different variants of the Sinclair method for the microcrack problem when
ra = 4a0

By not relaxing the atomistic problem each time to TOLa = 10−9 the number of force evaluations could be reduced by
a factor of 2–3.

In addition to Sinc, we consider two variants of the Sinclair method with dynamic relaxation, one without updating

La|a
hnl and La|p

hnl after the initial guess, denoted by SincDynRelax1, and one which updates La|a
hnl and La|p

hnl every global
iteration k, denoted by SincDynRelax2. The number of iterations Niter and force evaluations NδΠa for each variant are
shown in Table 1 for different sizes of the atomistic domain, alongside with the (optimal) asymptotic convergence rate
and the energy error |Πref −Π| with respect to the reference solution Πref .

Sinc SincDynRelax1 SincDynRelax2

#Λa (ra) σas σas,opt |Πref −Π| Niter NδΠa Niter NδΠa Niter NδΠa

53 (4a0) 0.52 0.38 0.3 34 3384 24 2591 21 2267

83 (5a0) 0.42 0.3 0.2 24 2684 16 1909 15 1666

179 (7a0) 0.29 0.18 0.064 17 2260 11 1589 11 1520

Table 1: converge rates, energy error and number of iterations and force evaluations for different variants of the Sinclair method

All variants converge faster with increasing domain size which is reasonable since the elastic solution is then expected
to be more accurate on the interface Λi reducing the spectral radius of T (cf. Section 7.3.1). The performance of
SincDynRelax2 is slightly better than for SincDynRelax1 in terms of the required number of iterations and force
evaluations. Whether it is also more efficient depends, however, on the implementation (cf. Section 7.4.2). Moreover, in
Figure 7 (b), the force norm is shown as a function of the iteration index k for the coupled problem with #Λa=53. We
observe that the computed asymptotic convergence rates are sharp.

In order to demonstrate the efficiency of the Sinclair method, we compare the results with a fully atomistic simulation
with the far-field boundary condition set to zero. To achieve approximately the same accuracy than the coupled problem
with #Λa=179, a domain with radius r=37.5a0 and a total number of 5117 atoms was necessary. Using the same
Newton-Raphson solver as described above, solving this problem required 1302 force evaluations until ‖δΠ‖ < 10−7.
The ratio of the per-atom force evaluations (number of atoms × number of force evaluations) between the fully atomistic
and the coupled problem with #Λa=179 using SincDynRelax1 is then 5117 · 1302/179 · 1589 ≈ 23.4. Given that the
ratio of the domain sizes is 5117/179≈ 28.6, the Sinclair method can be considered as quite efficient when used as a
standalone solver.

9. Conclusions

We have developed and analyzed a new domain decomposition solver for force-based atomistic/continuum coupling.
The proposed solver extends the method of Sinclair [35], developed in the 1970s for effectively infinite problems, to
bounded domains. The novelty of the proposed method is the splitting of the global differential operator into a local
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anharmonic and an global harmonic part which stands in contrast to classical methods which partition the problem into
separated (local) domains. We have analyzed the convergence properties of the method and shown that this splitting
gives rise to significantly improved convergence rates over classical methods (e.g., alternating Schwarz). Moreover, a
relaxation method has been proposed further reducing the number of necessary iterations.

The present work also incorporates several practical aspects. First, we have developed an implementation of the
global harmonic problem using a discrete boundary element method which does not require an explicit discretization of
the interior domain. In a previous publication [15], we have shown that this method can be efficiently combined with
hierarchical approximations of the dense system matrices, reducing the computational complexity to #DOF log (#DOF )
and allowing for large-scale simulations with possibly hundreds of thousands of real atoms. Second, we have shown that
the harmonic problem does not require a priori knowledge of the exact behavior in the atomistic domain. Although an
initial guess can improve the pre-asymptotic convergence behavior, it is not crucial. Third, we generally remark that
domain decomposition solvers share the attractive advantage to be easily integrable into existing molecular dynamics
codes which is a crucial requirement for practical application.

However, we have not discussed various other points which require additional attention, for example:

• Stability analysis in two and three dimensions.

• Application of other acceleration techniques (e.g., overlapping subdomains).

• Adequacy of the method to be used as a preconditioner for monolithic Krylov subspace solvers.

Currently we are working on an efficient three-dimensional implementation including an approximation of the solution
on the outer boundary (see Remark 3) in combination with an H -matrix solver. Results will reported in a future article.

Moreover, it is worth noting that the proposed method is not limited to atomistic/continuum coupling and can
likewise be used to solve related multi-domain problems, e.g., hybrid quantum/classical mechanics problems (cf. [40]).
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Appendix

A. Proof of Theorem 2

In the appendix we will abbreviate the linearized atomistic operator Lhnl and write simply L.
The strategy of the proof is (1) to derive an explicit representation of σ(T p|p) in terms of the force constants k1 and

k2, the size of the atomistic domain M , and elements of the inverse matrix corresponding to the atomistic Hessian La|a.
Then, in part (2), we will estimate σ(T p|p) without explicitly computing these inverse matrix elements. To that end, we
require two preliminary results, Proposition 1 and 2, which are stated below. The section concludes with the proof of
Theorem 2.

For part (1) of the proof we will use the fact that, for the one-dimensional system, we can show that the convergence
rate only depends on the spectral properties of the inhomogeneous operator T̃ (eq. (73)). This considerably simplifies
the evaluation of σ(T p|p) since we do not have to be concerned with T̂ . We remark that, since we are solely interested
in the convergence rate, we consider only the convergence to solutions of u of the coupled problem (eq. 86); and not the
reference solution uref .

Proposition 1. Let u be the solution to the one dimensional problem (86). For this problem, the convergence rate does
not depend on the boundary operator (66), that is, we can bound the error in the k+1-th iteration as

‖u− uk+1‖ ≤ C1 max {σ̃k+1, C2σ̃
k}‖u− u0‖, (105)

where σ̃ is the spectral radius of the inhomogeneous operator T̃ (73) and C1, C2 > 0 are constants, independent of k.

Proof. See Appendix B.
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For part (2) of the proof we require several results concerning estimates of the elements of the matrix corresponding

to La|a−1
.

For this purpose, we will introduce some additional notation. In what follows, we will denote a real matrix of size
N ×M by italic letters with two underscores, e.g, A ∈ RN×M . An individual element (i, j) of this matrix A will be
denoted by (A)i,j or occasionally, for compactness, Ai,j if it can be done unambiguously. The same holds for vectors.

That is, a real vector of size N will be denoted by italic letters with one underscore, e.g., v ∈ RN , and an individual
element (i) of this vector is denoted by (v)i or vi.

Using this notation, we will denote La|a as the matrix corresponding to the operator La|a. For the one-dimensional

system in Section 7.3.2 La|a is an Na ×Na matrix, where Na = 2M + 1. We define La|a as follows

La|a =


La|a(−M,−M) · · · La|a(−M,M)

...
. . .

...

La|a(M,−M) · · · La|a(M,M)

 , with L
a|a
i,j =


2k if i = j,

−k1 if |i− j| = 1,

−k2 if |i− j| = 2,

0 else,

(106)

where k = k1 + k2. Consequently, the matrix corresponding to the inverse operator La|a−1
is La|a−1

.

Proposition 2. Let La|a be given via (86) and La|a its matrix representation as defined in eq. (106). With k2 ∈
(−k1/4, 0) it then holds

(a) Positivity of the inverse coefficients: L
a|a−1

1,1 , L
a|a−1

1,Na > 0.

(b) Ratio of the inverse coefficients:

(b.1)
L

a|a−1

1,Na−1

L
a|a−1

1,Na

< 3− 3

2M + 1
, (b.2)

L
a|a−1

1,1

L
a|a−1

1,Na

> 1.

Proof. See Appendix C.

With the previous results we can now prove Theorem 2:

Proof (of Theorem 2). First, let us recall that we only need to analyze the spectral radius of the inhomogeneous
iteration operator T̃ p|p, defined in (73), which follows from Theorem 1 and Proposition 1.

Therefore, we begin by defining the matrix representation T̃ p|p corresponding to T̃ p|p. Since the atomistic model

comprises second-nearest neighbor interactions T̃ p|p is a 4×4 matrix (since there are two pad atoms on both sides; cf.

Figure 4). We define T̃ p|p as follows

T̃ p|p =


T̃ (−M,−M) T̃ (−M,−M + 1) T̃ (−M,M − 1) T̃ (−M,M)

T̃ (−M + 1,−M) T̃ (−M + 1,−M + 1) T̃ (−M + 1,M − 1) T̃ (−M + 1,M)

T̃ (M − 1,−M) T̃ (M − 1,−M + 1) T̃ (M − 1,M − 1) T̃ (M − 1,M)

T̃ (M,−M) T̃ (M,−M + 1) T̃ (M,M − 1) T̃ (M,M)

 . (107)

To evaluate the elements of T̃ p|p, we require the lattice Green function G(ξ−η) (eq. (37)). For a one-dimensional lattice

it is given by G(ξ − η) = −| ξ − η |/2k̄. Using the interactions stencils (86) and the Green function, we then construct

the matrices corresponding to the G- and L-operators in (73) and compute T̃ p|p. After performing some algebra, we can
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write the elements of T̃ p|p as

T̃1,1 = T̃4,4 = −k2(La|a−1

1,1 + (2M + 3)L
a|a−1

1,Na )/2,

T̃1,2 = T̃4,3 = −k1(La|a−1

1,1 + (2M + 3)L
a|a−1

1,Na )/2− k2(La|a−1

1,2 + (2M + 3)L
a|a−1

1,Na−1)/2 + 1,

T̃1,3 = T̃4,2 = −k1((2M + 3)La|a−1

1,1 + L
a|a−1

1,Na )/2− k2((2M + 3)La|a−1

1,2 + L
a|a−1

1,Na−1)/2 +M + 1,

T̃1,4 = T̃4,1 = −k2((2M + 3)L
a|a−1

1,Na + L
a|a−1

1,Na )/2,

T̃2,1 = T̃3,4 = −(M + 1)k2L
a|a−1

1,Na ,

T̃2,2 = T̃3,3 = −(M + 1)k2L
a|a−1

1,Na−1 − (M + 1)k1L
a|a−1

1,Na + 1/2,

T̃2,3 = T̃3,2 = −(M + 1)k1L
a|a−1

1,1 − (M + 1)k2L
a|a−1

1,2 +M + 1/2,

T̃2,4 = T̃3,1 = −(M + 1)k2L
a|a−1

1,1 .

(108)

Using (108), it can be readily shown that the matrix has rank 2. Moreover, T̃ p|p is centrosymmetric and, therefore, its
spectrum are the eigenvalues of the 2×2 matrices (cf. [5])

C1 =

T̃1,1 − T̃1,4 T̃1,2 − T̃1,3

T̃2,1 − T̃2,4 T̃2,2 − T̃2,3

 , C2 =

T̃1,1 + T̃1,4 T̃1,2 + T̃1,3

T̃2,1 + T̃2,4 T̃2,2 + T̃2,3

 . (109)

From (108) it follows T̃1,1 − T̃1,4 = T̃2,1 − T̃2,4 and T̃1,2 − T̃1,3 = T̃2,2 − T̃2,3. The eigenvalues of C1 are then given by

λ11 = (T̃1,1 − T̃1,4) + (T̃1,2 − T̃1,3), λ12 = 0. (110)

Hence, at least one eigenvalue of C2 must be equal to zero which implies that the possible nonzero eigenvalue is given
by the trace of C2. Thus, the eigenvalues of C2 are

λ21 = (T̃1,1 + T̃1,4) + (T̃2,2 + T̃2,3), λ22 = 0. (111)

Exploiting the identity

− (M + 1)(k1(La|a−1

1,1 − La|a−1

1,Na ) + k2(La|a−1

1,2 − La|a−1

1,Na−1)− (M + 2)k2(k1(La|a−1

1,1 − La|a−1

1,Na ) = −M, (112)

which can be obtained by applying a homogeneous deformation to the crystal, the eigenvalues can be written as

λ11 = −k2(La|a−1

1,1 + L
a|a−1

1,Na ) + 2k2L
a|a−1

1,Na , (113)

λ21 = −k2(La|a−1

1,1 + L
a|a−1

1,Na ), (114)

from which it follows that λ11 < λ21. Using the statements (a) and (b.2) from Proposition 2, we immediately find that
λ11 > 0 and, therefore, it remains to check whether λ21 = σ < 1.

For this purpose, using the identities (112) and

(k1 + k2)(La|a−1

1,1 + L
a|a−1

1,Na ) + k2(La|a−1

1,2 + L
a|a−1

1,Na−1) = 1 (115)

in (114), λ21 becomes

λ21 = (M + 1)

(
1− 2

(
k2L

a|a−1

1,Na−1 + (k1 + k2)L
a|a−1

1,Na

))
− 2k2L

a|a−1

1,Na −M

= 1− 2(M + 1)

(
k2L

a|a−1

1,Na−1 + (k1 + k2)L
a|a−1

1,Na

)
− 2k2L

a|a−1

1,Na .

(116)
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Clearly, to satisfy stability we require that

2(M + 1)

(
k2L

a|a−1

1,Na−1 + (k1 + k2)L
a|a−1

1,Na

)
+ 2k2L

a|a−1

1,Na > 0. (117)

Setting k1 > −4k2 and solving for L
a|a−1

1,Na−1/L
a|a−1

1,Na , we obtain the condition

L
a|a−1

1,Na−1

L
a|a−1

1,Na

< 3− 1

M + 1
. (118)

Invoking Proposition 2, statement (b.1), completes the proof.

B. Proof of Proposition 1

If we replace uref with u, it follows immediately from Lemma 1a that u− uk+1 = T [u− uk].
Using the additive split T = T̃ + T̂ (eq. (72)), we recall from Theorem 1 that the iteration operator in the k+1-th

iteration can be written as follows (cf. eq. (78))

T k+1 =

k+1∏
i=1

T =

k+1∏
i=1

(T̃ + T̂ ) = (T̃ + T̂ )(T̃ + T̂ ) · · · = (T̃ 2 + T̃ T̂ + T̂ T̃ + T̂ 2) · · · . (119)

We first analyze successive applications of T̂ to itself. Therefore, note that an application of T̂ to an arbitrary vector
v ∈ V gives (in one dimension only!) a homogeneous solution w(ξ) = Fξ + C in Λ, for some F,C > 0, since the
homogeneous problem does not contain any source terms. Since the coupling is consistent, applying this homogeneous
solution w as a boundary condition, i.e, setting up = wp, to the atomistic problem gives the same solution in Λa, i.e.,

(La|a−1La|c)[w] = wa, and, therefore, we have (Lc|c − Lc|a(La|a−1La|c))[w] = Lc|c[w]− Lc|a[w] = 0. This implies that

∀ v ∈ V (T̂ T̂ )[v] = 0 (120)

which can only hold iff T̂ T̂ = 0 . That is, the operator T̂ is nilpotent with index 2.
In addition, since T̂ generates homogeneous solutions, any inhomogeneous force vanishes and, therefore, it also holds

T̃ T̂ = 0 .
With T̂ T̂ = T̃ T̂ = 0 , equation (119) reduces to

T k+1 = T̃ k+1 + T̂ T̃ k. (121)

Assuming that T̃ k+1 has the eigendecomposition T̃ k+1 = Q̃D̃k+1Q̃−1, we can then write the error in the k+1-th iteration
for the one-dimensional system as

u− uk+1 = (Q̃D̃k+1Q̃−1 + T̂ Q̃D̃kQ̃−1)[u− u0], (122)

from which the upper bound follows as

‖u− uk+1‖ ≤ (σ̃k+1 + σ̃k‖T̂ ‖)‖Q̃‖‖Q̃−1‖‖u− u0‖. (123)

With C1 = ‖Q̃‖‖Q̃−1‖ and C2 = ‖T̂ ‖ we obtain (105).

C. Proof of Proposition 2

C.1. Preparation

Without loss of generality we set k1 = 1 in the following. Moreover, for clarity let K = 2M .

C.1.1. Representation of L
a|a−1

i,j in terms of cofactors of La|a

In what follows we make frequent use of the representation of the inverse coefficients

L
a|a−1

i,j =
Ci,j

det
(
La|a

) , with C = (−1)i+jdet
(
M ij

)
, (124)
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where C is denoted as the cofactor matrix of La|a and det
(
M ij

)
is the (i, j)-th minor of La|a. The matrix M ij ∈ RK×K

is obtained by removing the i-th row and the j-th column from La|a.

C.1.2. LU factorization of M1,Na

By definition, the matrix M1,Na , obtained after removing the first row and the last column from La|a, is the upper
Hessenberg-Toeplitz matrix

MNa,1 =



−1 2k −1 −k2

−k2 −1 2k −1 −k2

. . .

−k2 −1 2k −1 −k2

−k2 −1 2k −1

−k2 −1 2k

−k2 −1


. (125)

Let M1,Na = LU , where

L =


1

L2,1 1

. . .

LK,K−1 1

 , U



U1,1 U1,2 U1,3 U1,4

. . .

UK−3,K−3 UK−3,K−2 UK−3,K−1 UK−3,K

UK−2,K−2 UK−2,K−1 UK−2,K

UK−1,K−1 UK−1,K

UK,K


. (126)

The elements of L and U can be computed using the following recursion formulas

U1,j =
(
M1,Na

)
1,j
, Li,i−1 =

(
M1,Na

)
i,i−1

Ui−1,i−1
, Ui,j =

(
M1,Na

)
i,j
− Li,i−1Ui−1,j . (127)

For our proof we further require an upper bound for the diagonal elements of U . For this purpose we compute the
first three components

U1,1 = −1, U2,2 = −2kk2 − 1, U3,3 =
4kk2 + k2

2 + 1

−2kk2 − 1
. (128)

Subsequently, using (127), we can write

∀ i = 4, ...,K Ui,i = −1 +
2kk2

Ui−1,i−1
− k2

2

Ui−1,i−1Ui−2,i−2
− 1

k4
2

Ui−1,i−1Ui−2,i−2Ui−3,i−3
. (129)

From (128) we deduce that for k2 ≥ k∗2 and i = 1, 2, 3, Ui,i(k2) ≤ Ui,i(k
∗
2). To generalize this result, we explicitly

compute the diagonal components Ūi,i = Ui,i(−1/4) for the limiting case when k2 = −1/4, that is,

Ū1,1 =
4

4
, Ū2,2 =

5

8
, Ū3,3 =

6

12
, Ū4,4 =

7

16
Ū5,5 =

8

20
, ..., ŪK,K = −(1 + 3K−1)/4, (130)

where last expression can be readily checked by using UK−1,K−1 = −(1+3(K−1)−1)/4, UK−2,K−2 = −(1+3(K−2)−1)/4
and UK−3,K−3 = −(1 + 3(K − 3)−1)/4 in (129).

It follows that ŪK,K is bounded by {−1,−1/4}. Using (128), it can then be shown inductively, e.g., by employing a
straightforward contradiction argument, that

∀K > 1 UK,K < −(1 + 3K−1)/4. (131)
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C.2. Proof of statement (a)

Using the representation (124), the inverse coefficients read

La|a−1

1,1 =
C1,1

det
(
La|a

) , L
a|a−1

1,Na =
C1,Na

det
(
La|a

) . (132)

Since La|a is positive definite it follows that det
(
La|a) > 0. Therefore, it remains to check that both numerators are

positive. For C1,1 this is trivially true since positive definiteness of La|a holds independently of its size. For the second
term we find that

C1,Na = (−1)1+Na

det
(
MNa,1

)
= det

(
MNa,1

)
= det

(
LU
)

= det
(
U
)
> 0, (133)

where the latter inequality follows from the fact U ∈ RK×K and that ∀ i = 1, ...,K Ui,i < 0.

C.3. Proof of statement (b)

To prove the second statement, we introduce the shift matrix J = M−1
Na,1MNa−1,1 to obtain

L
a|a−1

1,Na−1

L
a|a−1

1,Na

= −
det
(
MNa−1,1

)
det
(
MNa,1

) = −
det
(
MNa,1J

)
det
(
MNa,1

) = −det
(
J
)
. (134)

The matrix J is the upper triangular matrix

J =

 I v

0T det
(
J
)
 . (135)

Again, using the factorized representation of MNa,1 the determinant of J follows as

det
(
J
)

= − 2k

UK,K
+

k2

UK,KUK−1,K−1
+

k3
2

UK,KUK−1,K−1UK−2,K−2
. (136)

Combining (136) and (131) in (134) we obtain the result stated in (b.1).
Statement (b.2) is a corollary of statement (b.1). To prove it, we use the fact that det

(
M1,1

)
can be represented as

det
(
M1,1

)
= det

(
M1,Na

)
+ det

(
A
)
, (137)

with

A = M1,1 + vwT, with v =
(

0, ..., 0, 1
)T

, w =
(

1, k2, 0, ..., 0
)T

, (138)

which can be derived using the properties of determinants. Using the matrix determinant lemma, we can write

det
(
A
)

= (1 + wTM−1
1,1v)det

(
M1,1

)
=
(

1 +
(
M−1

1,1

)
1,K

+ k2

(
M−1

1,1

)
1,K−1

)
det
(
M1,1

)
>
(

1− 4k2

(
M−1

1,1

)
1,K

+ k2

(
M−1

1,1

)
1,K−1

)
det
(
M1,1

)
> 0,

(139)

where the last inequality follows immediately from statement (b.1). Thus, we have

L
a|a−1

1,1

L
a|a−1

1,Na

=
det
(
M1,1

)
det
(
MNa,1

) =
det
(
MNa,1

)
+ det

(
A
)

det
(
MNa,1

) > 1. (140)
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D. Domain indices

Domain Index Description Introduced in

Λ∞ � Infinite Bravais lattice Section 3

Λ •Λ Computational domain Section 3

Λ̄ •Λ̄ Computational domain + boundary Section 3

Λa •a Atomistic domain Section 5

Λc •c Continuum domain Section 5

Λp •p Pad domain Section 5

Λi •i Interface of Λc to Λa Section 5

Λo •o Outer interface of Λc Section 5

Λc̄ •c̄ Continuum domain and outer interface (Λc ∪ Λo) Section 6.1.1

Λi+ •i+ Layer of nodes where the inhomogeneous force is nonzero Section 6.1.2

Λre •re Remainder domain Λ∞ \ Λ̄ Section 6.2.3

Λo- •o- Layer of nodes in Λre which interact with Λo according to Rh
ξ Section 6.2.3

Λp′ •p′ Set of atoms in Λa which interact with nodes from Λp Section 7.1, Lemma 1b

Table 2: Description of the discrete domains and their superscripted indices as they are used for the lattice functions and operators throughout
the manuscript

References

[1] Anciaux, G., Junge, T., Hodapp, M., Cho, J., Molinari, J.-F., Curtin, W., Sep. 2018. The Coupled Atomistic/Discrete-Dislocation
method in 3d part I: Concept and algorithms. Journal of the Mechanics and Physics of Solids 118, 152–171.
URL https://linkinghub.elsevier.com/retrieve/pii/S0022509617310098

[2] Argon, A., Aug. 2007. Strengthening Mechanisms in Crystal Plasticity. Oxford University Press.
URL http://www.oxfordscholarship.com/view/10.1093/acprof:oso/9780198516002.001.0001/acprof-9780198516002

[3] Bebendorf, M., 2008. Hierarchical matrices: a means to efficiently solve elliptic boundary value problems. No. 63 in Lecture notes in
computational science and engineering. Springer, Berlin, oCLC: ocn220011087.

[4] Benzi, M., Frommer, A., Nabben, R., Szyld, D. B., Oct. 2001. Algebraic theory of multiplicative Schwarz methods:. Numerische Mathe-
matik 89 (4), 605–639.
URL http://link.springer.com/10.1007/s002110100275

[5] Cantoni, A., Butler, P., 1976. Eigenvalues and Eigenvectors of Symmetric Centrosymmetrlc Matrlces. Linear Algebra and its Applications
13, 275–288.

[6] Curtin, W. A., Miller, R. E., 2003. Atomistic/continuum coupling in computational materials science. Modelling and Simulation in
Materials Science and Engineering 11 (3), 33–68.
URL https://doi.org/10.1088%2F0965-0393%2F11%2F3%2F201

[7] Dobson, M., Luskin, M., Ortner, C., Jul. 2010. Stability, Instability, and Error of the Force-based Quasicontinuum Approximation.
Archive for Rational Mechanics and Analysis 197 (1), 179–202, arXiv: 0903.0610.
URL http://arxiv.org/abs/0903.0610

[8] Dobson, M., Luskin, M., Ortner, C., Sep. 2011. Iterative methods for the force-based quasicontinuum approximation: Analysis of a 1D
model problem. Computer Methods in Applied Mechanics and Engineering 200 (37-40), 2697–2709.
URL https://linkinghub.elsevier.com/retrieve/pii/S0045782510002203

[9] E, W., Ming, P., Feb. 2007. Cauchy–Born Rule and the Stability of Crystalline Solids: Static Problems. Archive for Rational Mechanics
and Analysis 183 (2), 241–297.
URL http://link.springer.com/10.1007/s00205-006-0031-7

[10] Ehrlacher, V., Ortner, C., Shapeev, A. V., Dec. 2016. Analysis of Boundary Conditions for Crystal Defect Atomistic Simulations. Archive
for Rational Mechanics and Analysis 222 (3), 1217–1268.
URL http://link.springer.com/10.1007/s00205-016-1019-6

[11] Fellinger, M. R., Tan, A. M. Z., Hector, L. G., Trinkle, D. R., Nov. 2018. Geometries of edge and mixed dislocations in bcc Fe from
first-principles calculations. Physical Review Materials 2 (11).
URL https://link.aps.org/doi/10.1103/PhysRevMaterials.2.113605

[12] Greengard, L., Rokhlin, V., 1987. A Fast Algorithm for Particle Simulations. Journal of Computational Physics 73, 325–348.
[13] Hackbusch, W., 1999. A Sparse Matrix Arithmetic based on H-Matrices. Part I: Introduction to H-Matrices. Computing 62, 89–108.
[14] Hodapp, M., Dec. 2019. Analysis of a Sinclair-type domain decomposition solver for atomistic/continuum coupling. arXiv:1912.10530

[cond-mat]ArXiv: 1912.10530.
URL http://arxiv.org/abs/1912.10530

30

https://linkinghub.elsevier.com/retrieve/pii/S0022509617310098
http://www.oxfordscholarship.com/view/10.1093/acprof:oso/9780198516002.001.0001/acprof-9780198516002
http://link.springer.com/10.1007/s002110100275
https://doi.org/10.1088%2F0965-0393%2F11%2F3%2F201
http://arxiv.org/abs/0903.0610
https://linkinghub.elsevier.com/retrieve/pii/S0045782510002203
http://link.springer.com/10.1007/s00205-006-0031-7
http://link.springer.com/10.1007/s00205-016-1019-6
https://link.aps.org/doi/10.1103/PhysRevMaterials.2.113605
http://arxiv.org/abs/1912.10530


[15] Hodapp, M., Anciaux, G., Curtin, W., May 2019. Lattice Green function methods for atomistic/continuum coupling: Theory and data-
sparse implementation. Computer Methods in Applied Mechanics and Engineering 348, 1039–1075.
URL https://linkinghub.elsevier.com/retrieve/pii/S0045782519300775

[16] Kochmann, D. M., Venturini, G. N., Apr. 2014. A meshless quasicontinuum method based on local maximum-entropy interpolation.
Modelling and Simulation in Materials Science and Engineering 22 (3), 034007.
URL http://stacks.iop.org/0965-0393/22/i=3/a=034007?key=crossref.1c71666a6a31fc5b99b546047cf19d95

[17] Kohlhoff, S., Schmauder, S., 1989. A New Method for Coupled Elastic-Atomistic Modelling. In: Atomistic Simulation of Materials.
Springer US, Boston, MA, pp. 411–418.

[18] Li, X., Sep. 2009. Efficient boundary conditions for molecular statics models of solids. Physical Review B 80 (10), 104112.
URL https://link.aps.org/doi/10.1103/PhysRevB.80.104112

[19] Li, X., Jun. 2012. An atomistic-based boundary element method for the reduction of molecular statics models. Computer Methods in
Applied Mechanics and Engineering 225-228, 1–13.
URL https://linkinghub.elsevier.com/retrieve/pii/S0045782512000825

[20] Luskin, M., Ortner, C., May 2013. Atomistic-to-continuum coupling. Acta Numerica 22, 397–508.
URL https://www.cambridge.org/core/product/identifier/S0962492913000068/type/journal_article

[21] Martinsson, P.-G., 2002. Fast multiscale methods for lattice equations. PhD thesis, The University of Texas at Austin.
[22] Martinsson, P.-G., Rodin, G. J., Aug. 2009. Boundary algebraic equations for lattice problems. Proceedings of the Royal Society A:

Mathematical, Physical and Engineering Sciences 465 (2108), 2489–2503.
URL http://www.royalsocietypublishing.org/doi/10.1098/rspa.2008.0473

[23] Morse, P. M., Jul. 1929. Diatomic Molecules According to the Wave Mechanics. II. Vibrational Levels. Physical Review 34 (1), 57–64.
URL https://link.aps.org/doi/10.1103/PhysRev.34.57

[24] Ortner, C., Zhang, L., Sep. 2014. Energy-based atomistic-to-continuum coupling without ghost forces. Computer Methods in Applied
Mechanics and Engineering 279, 29–45.
URL https://linkinghub.elsevier.com/retrieve/pii/S0045782514002059

[25] Parks, M. L., Bochev, P. B., Lehoucq, R. B., Jan. 2008. Connecting Atomistic-to-Continuum Coupling and Domain Decomposition.
Multiscale Modeling & Simulation 7 (1), 362–380.
URL http://epubs.siam.org/doi/10.1137/070682848

[26] Pavia, F., Curtin, W. A., Jul. 2015. Parallel algorithm for multiscale atomistic/continuum simulations using LAMMPS. Modelling and
Simulation in Materials Science and Engineering 23 (5), 055002.
URL http://stacks.iop.org/0965-0393/23/i=5/a=055002?key=crossref.02ff7625c3b88ed47b97e830253f79d1

[27] Quarteroni, A., Sacco, R., Saleri, F., 2007. Numerical mathematics, 2nd Edition. No. 37 in Texts in applied mathematics. Springer,
Berlin ; New York.

[28] Rao, S., Hernandez, C., Simmons, J. P., Parthasarathy, T. A., Woodward, C., Jan. 1998. Green’s function boundary conditions in
two-dimensional and three-dimensional atomistic simulations of dislocations. Philosophical Magazine A 77 (1), 231–256.
URL http://www.tandfonline.com/doi/abs/10.1080/01418619808214240

[29] Rudd, R. E., Broughton, J. Q., 2000. Concurrent Coupling of Length Scales in Solid State Systems. physica status solidi (b) 217, 41.
[30] Shapeev, A. V., Jul. 2011. Consistent Energy-Based Atomistic/Continuum Coupling for Two-Body Potentials in One and Two Dimen-

sions. Multiscale Modeling & Simulation 9 (3), 905–932.
URL http://epubs.siam.org/doi/10.1137/100792421

[31] Shilkrot, L., Miller, R. E., Curtin, W. A., Apr. 2004. Multiscale plasticity modeling: coupled atomistics and discrete dislocation mechanics.
Journal of the Mechanics and Physics of Solids 52 (4), 755–787.
URL https://linkinghub.elsevier.com/retrieve/pii/S0022509603001625

[32] Shimokawa, T., Mortensen, J. J., Schiøtz, J., Jacobsen, K. W., Jun. 2004. Matching conditions in the quasicontinuum method: Removal
of the error introduced at the interface between the coarse-grained and fully atomistic region. Physical Review B 69 (21), 214104.
URL https://link.aps.org/doi/10.1103/PhysRevB.69.214104

[33] Sinclair, J. E., Dec. 1971. Improved Atomistic Model of a bcc Dislocation Core. Journal of Applied Physics 42 (13), 5321–5329.
URL http://aip.scitation.org/doi/10.1063/1.1659943

[34] Sinclair, J. E., Mar. 1975. The influence of the interatomic force law and of kinks on the propagation of brittle cracks. Philosophical
Magazine 31 (3), 647–671.
URL http://www.tandfonline.com/doi/abs/10.1080/14786437508226544

[35] Sinclair, J. E., Gehlen, P. C., Hoagland, R. G., Hirth, J. P., Jul. 1978. Flexible boundary conditions and nonlinear geometric effects in
atomic dislocation modeling. Journal of Applied Physics 49 (7), 3890–3897.
URL http://aip.scitation.org/doi/10.1063/1.325395

[36] Tadmor, E. B., Ortiz, M., Phillips, R., Jun. 1996. Quasicontinuum analysis of defects in solids. Philosophical Magazine A 73 (6), 1529–
1563.
URL http://www.tandfonline.com/doi/abs/10.1080/01418619608243000

[37] Thomson, R., Zhou, S. J., Carlsson, A. E., Tewary, V. K., Nov. 1992. Lattice imperfections studied by use of lattice Green’s functions.
Physical Review B 46 (17), 10613–10622.
URL https://link.aps.org/doi/10.1103/PhysRevB.46.10613

[38] Toselli, A., Widlund, O. B., 2005. Domain decomposition methods–algorithms and theory. No. 34 in Springer series in computational
mathematics. Springer, Berlin, oCLC: ocm56879011.

[39] Tyrtyshnikov, E., Jun. 1996. Mosaic-Skeleton approximations. Calcolo 33 (1-2), 47–57.
URL http://link.springer.com/10.1007/BF02575706

[40] Woodward, C., Rao, S. I., May 2002. Flexible Ab Initio Boundary Conditions: Simulating Isolated Dislocations in bcc Mo and Ta.
Physical Review Letters 88 (21).
URL https://link.aps.org/doi/10.1103/PhysRevLett.88.216402

[41] Zhang, F. (Ed.), 2005. The Schur complement and its applications. No. v. 4 in Numerical methods and algorithms. Springer, New York.

31

https://linkinghub.elsevier.com/retrieve/pii/S0045782519300775
http://stacks.iop.org/0965-0393/22/i=3/a=034007?key=crossref.1c71666a6a31fc5b99b546047cf19d95
https://link.aps.org/doi/10.1103/PhysRevB.80.104112
https://linkinghub.elsevier.com/retrieve/pii/S0045782512000825
https://www.cambridge.org/core/product/identifier/S0962492913000068/type/journal_article
http://www.royalsocietypublishing.org/doi/10.1098/rspa.2008.0473
https://link.aps.org/doi/10.1103/PhysRev.34.57
https://linkinghub.elsevier.com/retrieve/pii/S0045782514002059
http://epubs.siam.org/doi/10.1137/070682848
http://stacks.iop.org/0965-0393/23/i=5/a=055002?key=crossref.02ff7625c3b88ed47b97e830253f79d1
http://www.tandfonline.com/doi/abs/10.1080/01418619808214240
http://epubs.siam.org/doi/10.1137/100792421
https://linkinghub.elsevier.com/retrieve/pii/S0022509603001625
https://link.aps.org/doi/10.1103/PhysRevB.69.214104
http://aip.scitation.org/doi/10.1063/1.1659943
http://www.tandfonline.com/doi/abs/10.1080/14786437508226544
http://aip.scitation.org/doi/10.1063/1.325395
http://www.tandfonline.com/doi/abs/10.1080/01418619608243000
https://link.aps.org/doi/10.1103/PhysRevB.46.10613
http://link.springer.com/10.1007/BF02575706
https://link.aps.org/doi/10.1103/PhysRevLett.88.216402

	1 Introduction
	2 Notation
	2.1 Computational problems defined on discrete domains
	2.2 Norms

	3 Reference atomistic problem
	4 Continuum model
	5 Force-based coupled atomistic/continuum problem
	6 Sinclair method for bounded problems
	6.1 Description of the method
	6.1.1 Iteration equation
	6.1.2 Treatment of the source term 

	6.2 Computation of  using a discrete boundary element method
	6.2.1 Solution procedure
	6.2.2 Computation of  using the lattice Green function
	6.2.3 Computation of  using the boundary summation equation

	6.3 Implementation

	7 Convergence analysis
	7.1 Iteration operator
	7.2 Convergence rate and error analysis
	7.3 Stability
	7.3.1 General remarks on the stability
	7.3.2 Stability result in one dimension

	7.4 Relaxation
	7.4.1 Static relaxation
	7.4.2 Dynamic relaxation


	8 Numerical examples
	8.1 Linear problem: Unit point force at the origin
	8.2 Nonlinear problem: Microcrack

	9 Conclusions
	A Proof of Theorem 2
	B Proof of Proposition 1
	C Proof of Proposition 2
	C.1 Preparation
	C.1.1 Representation of  in terms of cofactors of 
	C.1.2 LU factorization of 

	C.2 Proof of statement (a)
	C.3 Proof of statement (b)

	D Domain indices

