
A NEW FORMULATION OF COUPLING AND SLIDING MOTIONS
OF GRAIN BOUNDARIES BASED ON DISLOCATION STRUCTURE∗

LUCHAN ZHANG AND YANG XIANG†

Abstract. A continuum model of the two dimensional low angle grain boundary motion and
the dislocation structure evolution on the grain boundaries has been developed in Ref. [48]. The
model is based on the motion and reaction of the constituent dislocations of the grain boundaries.
The long-range elastic interaction between dislocations is included in the continuum model, and
it maintains a stable dislocation structure described by the Frank’s formula for grain boundaries.
In this paper, we develop a new continuum model for the coupling and sliding motions of grain
boundaries that avoids the time-consuming calculation of the long-range elastic interaction. In this
model, the long-range elastic interaction is replaced by a constraint of the Frank’s formula. The
constrained evolution problem in our new continuum model is further solved by using the projection
method. Effects of the coupling and sliding motions in our new continuum model and relationship
with the classical motion by curvature model are discussed. The continuum model is validated by
comparisons with discrete dislocation dynamics model and the early continuum model [48] in which
the long-range dislocation interaction is explicitly calculated.
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1. Introduction. Grain boundaries are the interfaces between grains with dif-
ferent orientations in polycrystalline materials [34]. The energy and dynamics of grain
boundaries play important roles in the mechanical and plastic behaviors of the ma-
terials. These properties of grain boundaries strongly depend on their underlying
microstructures.

The classical grain boundary dynamics models are based upon the motion driven
by a capillary force that is proportional to grain boundary mean curvature [17, 28, 34].
Mathematically, this process is a gradient flow that reduces the total interfacial energy∫

Γ
γds, where Γ is the grain boundary, γ is the grain boundary energy density, and

s is the arclength parameter of the grain boundary, in a two dimensional setting. In
this grain boundary dynamics process, the energy density γ is fixed, and the total
energy is reduced due to the decrease of the grain boundary length. Since the grain
boundary energy density γ depends on the misorientation angle θ between the two
neighboring grains [30, 34], this dynamics formulation implies that the misorientation
angle θ is fixed during the grain boundary motion. There are extensive studies in
the literature on this motion of grain boundaries by using molecular dynamics or
continuum simulations, e.g. [6, 39, 19, 20, 38, 14, 44, 21, 45, 9, 23, 10, 8].

The grain boundary energy density γ(θ) may also decrease to further reduce the
total energy of grain boundaries. In this process, the misorientation angle θ evolves
towards a nearby local energy minimum state. When one grain is embedded into
another, this causes rotation of the inner grain. This process is called sliding motion
of the grain boundaries, which is a relative rigid-body translation of the grains along
the boundary by sliding to reduce the grain boundary energy. Grain boundary sliding
has been observed in experiments and atomistic simulations, and continuum models

∗

Funding: This work was partially supported by the Hong Kong Research Grants Council Gen-
eral Research Fund 16302818.
†Department of Mathematics, Hong Kong University of Science and Technology, Clear Water

Bay, Kowloon, Hong Kong (malczhang@ust.hk, maxiang@ust.hk).

1

ar
X

iv
:2

00
1.

02
08

2v
2 

 [
co

nd
-m

at
.m

tr
l-

sc
i]

  1
3 

Ja
n 

20
20

mailto:malczhang@ust.hk, maxiang@ust.hk


2 LUCHAN ZHANG AND YANG XIANG

based on gradient flow with respect to misorientation angle θ have been developed
[25, 32, 16, 22, 40, 13, 12, 11]. When the misorientation angle is low, the energy
density γ(θ) is an increasing function of misorientation angle θ and the sliding motion
reduces the misorientation angle θ.

There is a different mechanism of grain boundary motion in which the grain
boundary normal motion induces a tangential translation motion proportionally, as a
result of the geometric constraint that the lattice planes must be continuous across the
grain boundary [24, 33, 5]. This is called the coupling motion of the grain boundaries,
and its mechanism was explained by the motion of the constituent dislocations of
the low angle grain boundaries whose number is unchanged during the evolution. In
the coupling motion, the grain boundary energy density γ(θ) may increase, unlike
the motion by mean curvature or the sliding motion in which the energy density
γ(θ) is constant or decreasing, although the total grain boundary energy

∫
Γ
γds is

still decreasing. Cahn and Taylor [5] formulated the phenomena of the coupling
and sliding associated with the grain boundary motion. In their theory, the total
tangential velocity v‖ is the superposition of the tangential velocities generated by
these two effect: v‖ = βvn + vs, where βvn is the tangential velocity induced by the
coupling effect, vn is the grain boundary normal velocity, β is the coupling parameter,
and vs is the tangential velocity produced by the sliding effect. They also discussed
the rotation of circular grain boundaries [5] and proposed a generalized theory for
unsymmetrical grain boundaries based on mass transfer by diffusion [35]. Atomistic
simulations and experiments have been performed to validate the theory of Cahn and
Taylor [33, 5, 4, 27, 37, 42, 26, 43, 31]. A special case of cancellation of coupling and
sliding effects during the motion of grain boundaries has been showed by a dislocation
model and experimental observations [29], and the misorientation angle θ is unchanged
during such motion of grain boundaries.

Previously we have derived a continuum model for the dynamics of low angle
grain boundaries incorporating the coupling and sliding motions [48], from the dis-
crete dislocation dynamics model. The continuum model is based on the theory that
a low angle grain boundary consists of regular arrays of dislocations (line defects)
[30, 18, 34]. The continuum model includes evolution equations for both the motion
of grain boundaries and the evolution of dislocation structure on the grain bound-
aries, and its underlying mechanisms are the motion and reaction of the constituent
dislocations of the grain boundaries. This model is able to describe the increase of en-
ergy density (misorientation angle) due to the coupling motion, the decrease of energy
density (misorientation angle) due to the sliding motion, and in general, a combined
effect when both of these two tangential motion mechanisms are present. This model
can be considered as a generalization of the Cahn-Taylor theory [5] by incorporating
detailed formulas of the driving forces for the normal and tangential grain boundary
motions that depend on the constituent dislocations, their Burgers vectors, the grain
boundary shape and the shape change, and the applied stress. A key ingredient of
this continuum model is the long-range elastic interaction between the constituent
dislocations of the grain boundaries, which maintains stable dislocation structures
on the grain boundaries described by the Frank’s formula (which is an equilibrium
condition equivalent to cancellation of the far-field elastic fields). This long-range
dislocation interaction takes the form of an integral over the entire grain boundaries,
whose calculation is time-consuming in numerical simulations. There are also some
crystal plasticity models available in the literature that include shear-coupled grain
boundary motion [1, 2]. In these models, densities of geometric necessary dislocations
(net dislocations) rather than the actual dislocation structures were used in the phase
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field framework [22] with phenomenological energy of the constituent dislocations.
In this paper, we develop a new continuum model for the coupling and sliding mo-

tions of low angle grain boundaries based on their dislocation structure that avoids
calculation of the long-range elastic interaction of dislocations. In this model, the
long-range elastic interaction in our early continuum model proposed in Ref. [48] is
replaced by a constraint of the Frank’s formula. This approximation is based on the
observation that the long-range interaction between the grain boundary dislocations
is so strong that an equilibrium state described by the Frank’s formula is quickly
reached during the evolution of the grain boundaries. The equations in the constraint
of the Frank’s formula are local, thus the calculation of the long-range elastic inter-
action is avoided. We further solve the constrained evolution problem in our new
continuum model by using the projection method [7]. Recall that in a project method
for constrained evolution problem, the first step is to evolve the system without the
constraint, and the second step is to project the obtained new state in the first step
into the space that satisfies the constraint. We have found an analytical local formula
for the velocity of the grain boundaries after these two steps of the projection method,
thus explicit projection procedure is not necessary in our new continuum model. The
result of the projection gives an evolution equation of the misorietation angle θ, in ad-
dition to the (adjusted) evolutions of grain boundary and dislocation densities on the
grain boundary. This new, local continuum model describes the coupling and sliding
motions of low angle grain boundaries in a simpler form, which is more computation-
ally efficient and more convenient for the analyses of the model and the associated
properties of the coupling and sliding motions.

The continuum model is validated by comparisons with discrete dislocation dy-
namics model and our early continuum model [48] in which the long-range dislocation
interaction is explicitly calculated. In particular, under the pure coupling motion with
dislocation conservation, the velocity formulation in the new continuum model gives
a shape-preserving shrinking motion for a grain boundary in two dimensions, which
agrees with the predictions of our early continuum model [48] in which long-range dis-
location interaction is explicitly calculated and the continuum model in Ref. [35] based
on mass transfer via surface diffusion. As our early continuum model in Ref. [48], the
evolution of dislocation densities at each point on the grain boundary in the new con-
tinuum model (due to motion and reaction of the dislocations) enables a description of
the accompanied shape changes with the evolution of the misorientation angle during
the sliding motion. Except in Ref. [35], such accompanied shape changes were not
considered in most of the available continuum models for the sliding motion, in which
evolution (decrease) of the misorientation angle and evolution of the grain bound-
ary are independent of each other. For a special case of motion and reaction of the
constituent dislocations of the grain boundaries, our continuum model recovers the
classical motion by curvature model of the grain boundaries.

The rest of the paper is organized as follows. In Sec. 2, we describe the two
dimensional settings of grain boundaries with dislocation structures. In Sec 3, the
continuum model for grain boundary coupling and sliding motions with long-range
dislocation interaction presented in Ref. [48] (formulation F0) is reviewed. In Sec. 4,
we present a new continuum model in the form of constrained evolution (F1) in which
the long-range force is replaced by the constraint of Frank’s formula, and further
derive a continuum formulation without constraint (F2) by solving the constrained
evolution in formulation (F1) using the projection method. In Sec. 5, we validate
our continuum formulation (F2) by comparisons with results of the continuum model
with the long-range interaction (F0) and discrete dislocation dynamics simulations.
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2. Grain boundaries with dislocation structure in two dimensions. We
consider a two dimensional grain boundary Γ in the xy plane. The inner grain has
a misorientation angle θ relative to the outer grain. The rotation axis of the grain
boundary is parallel to the z axis, therefore the grain boundary is a pure tilt boundary.
We focus on the low angle grain boundary that consists of arrays of dislocations [30].
Assume that on the grain boundary, there are J dislocation arrays corresponding to J

different Burgers vectors b(j) = (b
(j)
1 , b

(j)
2 ) with length b(j) = ‖b(j)‖ , j = 1, 2, · · · , J ,

respectively. All the dislocations are parallel to the z axis, i.e., they are points in the
xy plane. The densities (per unit length) of these constituent dislocations are ρ(j),
j = 1, 2, · · · , J . We allow the dislocation density ρ(j) to be negative to also include
dislocations with the same Burgers vector but opposite line direction. Examples
of such two-dimensional cases are Burgers vectors b(1) = (b, 0), b(2) = (0, b) for a

plane of {001} type in a simple cubic lattice, and b(1) = (1, 0) b, b(2) =
(

1
2 ,
√

3
2

)
b,

b(3) =
(

1
2 ,−

√
3

2

)
b (in xy coordinates) for a plane of {111} type in a face-centered

cubic (fcc) lattice.

T

n
α

R

O

P (x, y)

Fig. 1. A two dimensional grain boundary Γ with geometric center O. At a point P (x, y) on the
grain boundary, the normal and tangent directions on the grain boundary are n and T, respectively,
α is the polar angle and R is the radius.

We set the geometric center of the grain boundary Γ to be the origin O. The
grain boundary Γ can be parameterized by its arclength s (or sometimes by the polar
angle α). A point P = (x, y) on the grain boundary has radius R, normal direction
n and tangent direction T, see Fig. 1. Using the arclength parameter s, we have

T =
(
dx
ds ,

dy
ds

)
, n =

(
−dyds ,

dx
ds

)
, and κ = dx

ds
d2y
ds2 −

dy
ds

d2x
ds2 , where κ is the curvature of

the grain boundary.

3. Review of the continuum model of grain boundary motion in Ref. [48].
In this section, we review our continuum model for grain boundary coupling and slid-
ing motions with long-range dislocation interaction presented in Ref. [48]. The contin-
uum formulation consists of the motion of the grain boundary and the evolution of the
dislocation structure on the grain boundary. The continuum model is able to describe
the increase of energy density due to the coupling motion and the decrease of energy
density due to the sliding motion. The continuum model is derived from the discrete
dislocation dynamics model for the motion and reaction of the constituent disloca-
tions of the grain boundary, and has been validated by comparisons with simulations
of atomistic models and discrete dislocation dynamics. The driving force comes from
a total energy that consists of the energy of the long-range elastic interaction between
the constituent dislocations of the grain boundary, the grain boundary local energy
(line energy of the constituent dislocations), and the energy due to other effects such
as the applied stress [49]. For simplicity of description, in the review here, we only
consider the driving forces due to the long-range dislocation interaction and the local
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energy of the grain boundary. (See Eqs. (12) and (13) in Ref. [48] for the full model
and the remark on including this driving force in the new formulation in Sec. 4.1.)

With the problem settings described in the previous section, the motion of the
grain boundary and the evolution of the dislocation structure on it are given by [48]:

Formulation with long-range dislocation interaction (F0)

vn =Md

J∑
j=1

|ρ(j)|∑J
k=1 |ρ(k)|

(
f

(j)
long + f

(j)
local

)
· n,(3.1)

∂ρ(j)

∂t
=− ∂

∂s

(
Md(f

(j)
long ·T)ρ(j)

)
−Mr

∂γ

∂ρ(j)
+ vnκρ

(j), j = 1, 2, · · · , J,(3.2)

Equation (3.1) gives the normal velocity of the grain boundary vn, which comes
from the motion of the constituent dislocations in the normal direction of the grain

boundary. In this equation, f
(j)
long and f

(j)
local are the continuum long-range dislocation

interaction force and the continuum local force, respectively, on a dislocation with
Burgers vector b(j), and Md is the mobility of the dislocations 1. The velocity of a
point on the grain boundary is the weighted average of the velocities of dislocations
on the grain boundary with different Burgers vectors.

Equation (3.2) describes the evolution of the dislocation structure on the grain
boundary. This lateral motion of the constituent dislocations is driven by the con-
tinuum long-range interaction force and dislocation reaction. The first term on the
right-hand side of Eq. (3.2) describes the motion of dislocations along the grain bound-
ary following conservation law driven by the continuum long-range elastic force, and
its importance is to maintain a stable dislocation structure. Recall that the equilib-
rium dislocation structure, which is reached if and only if the long-range elastic fields
cancel out, is governed by the Frank’s formula [15, 3, 49]. The second term on the
right-hand side of Eq. (3.2) comes from the driving force due to variation of the grain
boundary energy density γ (when the long-range elastic interaction vanishes) with
respect to the change of dislocation density ρ(j) on the fixed grain boundary, and Mr

is the mobility associated with this driving force.
Note that the first term on the right-hand side of Eq. (3.2) gives a motion by

conservation law of the constituent dislocations, leading to the coupling motion of the
grain boundary; and in the process of dislocation reaction described by the second
term on the right-hand side of Eq. (3.2), the constituent dislocations are not conserved,
resulting in the sliding motion of the grain boundary. The third term on the right-
hand side of Eq. (3.2) is the change of dislocation density due to the change of the
arclength parameter s as the grain boundary evolves, where κ is the curvature of the
grain boundary. More detailed discussion can be found in Ref. [48].

In these evolution equations, f
(j)
long is the force that comes from the long-range

interaction energy Elong (Eq. (19) in Ref. [49]). This continuum long-range interaction
force on a dislocation of the j-th dislocation arrays located at the point (x, y) is

f
(j)
long(x, y) =

J∑
k=1

ρ(j)(x,y)
|ρ(j)(x,y)|

∫
Γ

f (j,k)(x, y;x1, y1)ρ(k)(x1, y1)ds,(3.3)

1As discussed in Ref. [48], available atomistic simulations [33, 42, 26, 43] were performed at high
temperatures to examine the coupling motion of curved grain boundaries, which is purely geometric
[5]. At these temperatures, the dislocation climb mobility is comparable with that of dislocation glide.
Following these simulations, it is assumed in the continuum model that the dislocation mobility Md

is isotropic to fully examine the purely geometric coupling motion of low angle grain boundaries.
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where ds is the line element of the integral along the grain boundary Γ, the point
(x1, y1) varies along Γ in the integral, and f (j,k)(x, y;x1, y1) is the force acting on a
dislocation with Burgers vector b(j) at the point (x, y) generated by a dislocation
with Burgers vector b(k) at the point (x1, y1), which is [18]

f (j,k) = (f
(j,k)
1 , f

(j,k)
2 ),(3.4)

f
(j,k)
1 (x, y;x1, y1) = µ

2π(1−ν)
1

[(x−x1)2+(y−y1)2]2 (F1 + F2 + F3 + F4) ,(3.5)

f
(j,k)
2 (x, y;x1, y1) = µ

2π(1−ν)
1

[(x−x1)2+(y−y1)2]2 (G1 +G2 +G3 +G4) ,(3.6)

where

F1 = [(x− x1)
3 − (x− x1)(y − y1)

2]b
(k)
1 b

(j)
1 , F2 = [(x− x1)

2(y − y1)− (y − y1)
3]b

(k)
2 b

(j)
1 ,

F3 = [(x− x1)
2(y − y1)− (y − y1)

3]b
(k)
1 b

(j)
2 , F4 = [(x− x1)

3 + 3(x− x1)(y − y1)
2]b

(k)
2 b

(j)
2 ,

G1 = [3(x− x1)
2(y − y1) + (y − y1)

3]b
(k)
1 b

(j)
1 , G2 = [−(x− x1)

3 + (x− x1)(y − y1)
2]b

(k)
2 b

(j)
1 ,

G3 = [−(x− x1)
3 + (x− x1)(y − y1)

2]b
(k)
1 b

(j)
2 , G4 = [−(x− x1)

2(y − y1) + (y − y1)
3]b

(k)
2 b

(j)
2 .

Here µ is the shear modulus and ν is the Poisson ratio. The integral in Eq. (3.3)
is over all the grain boundaries if there are multiple grain boundaries in the system.
Note that the long-range interaction force flong and the long-range interaction energy
Elong vanish for an equilibrium grain boundary [34, 18, 49].

The continuum local force on a dislocation of the j-th dislocation arrays in these
evolution equations is

f
(j)
local · n = µb(j)

2

4π(1−ν)κ,(3.7)

This local force comes from the grain boundary energy under equilibrium of its dis-
location structure (which is the line energy of the constituent dislocations; see Elocal

in Ref. [49, 46]), whose density is

γ =

J∑
j=1

µb(j)
2

4π(1−ν) |ρ
(j)| log

1

rg|ρ(j)|
,(3.8)

where rg is a dislocation core parameter. Numerically, log 1
|ρ(j)| can be regularized as

log 1√
ρ(j)2+ε

with ε being a numerical cutoff parameter.

With the continuum model in Eqs. (3.1) and (3.2) for the motion of the grain
boundary and evolution of the dislocation structure on it, the misorientation angle θ
between the two grains at any point on the grain boundary can be calculated based
on the Frank’s formula [15, 3], which is a condition for an equilibrium grain boundary
dislocation structure and is equivalent to the cancellation of the long-range elastic
fields [15, 3, 49]. The misorientation angle θ is calculated by

θ = − 1
L

∫ L
0

∑J
j=1 ρ

(j)
(
b(j) · n

)
ds,(3.9)

where L is the circumference of the grain boundary.
The local energy density γ in Eq. (3.8) is a generalization of the classical Read-

Shockley energy formula [30] that is widely used in the continuum models of grain
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boundaries in the literature. In the Read-Shockley energy formula, grain boundary
energy density depends on the misorientation angle θ as γ = γ0θ(A− ln θ), where E0

and A are parameters. In our formulation in Eq. (3.8), the energy density γ depends
on densities of the constituent dislocations, which are related to the misorientation
angle θ by Eq. (3.9) (due to the long-range dislocation reaction and Frank’s formula).
In the new continuum formulations to be presented in the next section, the dislocation
densities are related to the misorientation angle θ by the constraint of Frank’s formula
in Eq. (4.4) in the formulation (F1) and directly depends on the evolution of θ in
Eqs. (4.7) and (4.8) in the formulation (F2).

Remark. In our continuum model presented in Ref. [48], the dislocation density
per unit polar angle %(j), j = 1, 2, · · · , J , are used as the variables in the continuum
grain boundary dynamics model. The relationship between these two densities is
%(α) = ρ(α) dsdα , where α is the polar angle as shown in Fig. 1. The advantage of using

the dislocation density per angle %(j) is that %(j) does not change directly with the
change of the arclength parameter s as the grain boundary evolves.

Another alternative formulation with the same advantage of independence on the
arclength parameter s is to use the dislocation density potential functions η(j)’s for
the constituent dislocations [49, 48]. A dislocation density potential function η is a
scalar function defined on the grain boundary such that the constituent dislocations
with the same Burgers vector are given by the integer-valued contour lines of η:
η = i, where i is an integer. Using the dislocation density potential function, the
dislocation density per unit length ρ and the dislocation density per polar angle %
on the grain boundary are ρ(s) = dη

ds and %(α) = η′(α). Using dislocation density

potential functions η(j), j = 1, 2, · · · , J to describe the distributions of the constituent
dislocations with J Burgers vectors, the evolution equation of η(j) that is equivalent

to Eq. (3.2) is: ∂η(j)

∂t = −Md

(
f

(j)
long ·T

)
∂η(j)

∂s −
∫ s

0
Mr

∂γ
∂ρ(j)

(u)du, j = 1, 2, · · · , J . This

formulation has also been used in the numerical simulations in Ref. [48].

4. New continuum models. In this section, we present new continuum models
for the coupling and sliding motions of grain boundaries that addresses the limitation
in the calculation of the long-range elastic interaction in our previously developed
continuum model [48] summarized in formulation (F0) of Eqs. (3.1) and (3.2). In the
first new model, the long-range elastic interaction force is replaced by the constraint of
Frank’s formula which consists only of local equations (formulation (F1) in Sec. 4.1).
Based on this constraint evolution and numerical implementation using the projection
method [7], we further derived a continuum dynamics model in which explicit velocity
formulas of the grain boundary and constituent dislocation dynamics are given without
any constraints (formulation (F2) in Sec. 4.2). Finally, we discuss the formulation (F2)
for the pure coupling motion, effect of the sliding motion, and relationship with the
classical motion by curvature model, in terms of the mechanisms of dislocation motion
and reaction incorporated in our continuum models (Sec. 4.3).

4.1. Continuum model in the form of constrained evolution. A key in-
gredient of the continuum formulation (F0) in Eqs. (3.1) and (3.2) is the long-range
elastic interaction between the constituent dislocations of the grain boundaries. In
fact, the long-range dislocation interaction is so strong that an equilibrium state de-
scribed by the Frank’s formula [15, 3, 49] is quickly reached during the evolution
of the grain boundaries. This behavior has been observed in simulations using the
continuum model (F0) and the discrete dislocation dynamics model (from which the
continuum model is derived) reported in Ref. [48].
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Now we make an assumption for simplification that the Frank’s formula always
holds during the evolution of the grain boundaries, which will not lead to significant
change in grain boundary motion based on the above observations. This assumption
is implemented by replacing the long-range elastic interaction by the constraint of
Frank’s formula in the continuum dynamics model. In the new formulation, since
the equations in the Frank’s formula are local, the time-consuming calculation of the
long-range dislocation interaction is avoided. This new continuum formulation is:

Formulation of constrained evolution (F1)

vn =MdCρκ,(4.1)

where Cρ = µ
4π(1−ν)

∑J
k=1 b

(j)2|ρ(j)|∑J
k=1 |ρ(k)|

= µb2

4π(1−ν) if all b(j) = b,(4.2)

∂ρ(j)

∂t
=−Mr

∂γ

∂ρ(j)
+ vnκρ

(j), j = 1, 2, · · · , J,(4.3)

subject to h =θn +

J∑
j=1

ρ(j)b(j) = 0.(4.4)

Here the constraint in Eq. (4.4) is the Frank’s formula. Recall that the Frank’s formula
provides a link between the macroscopic degrees of freedom of the grain boundary and
the microscopic dislocation structure, and is equivalent to cancellation of the long-
range elastic fields generated by the constituent dislocations of the grain boundary
[15, 3, 49].

In fact, after removing the long-range forces {f (j)
long} and keeping only the lo-

cal forces {f (j)
local} in Eq. (3.1) of the continuum model (F0), Eq. (3.1) becomes

vn = Md

∑J
j=1

|ρ(j)|∑J
k=1 |ρ(k)|

f
(j)
local · n. Using Eq. (3.7), we have Eq. (4.1). The evolu-

tion equations (4.1) and (4.3) can be obtained by variations of the grain boundary
energy E =

∫
Γ
γds, see Appendix B in Ref. [48].

Remark. In addition to the terms in the formulation (F0), the continuum model
with long-range dislocation interaction proposed in Ref. [48] (Eqs. (12) and (13) there)
also includes the driving force of applied stress. To include this driving force in the
constrained evolution formulation (F1), there will be one more term in the normal

velocity vn in Eq. (4.1): Md

∑J
j=1

|ρ(j)|∑J
k=1 |ρ(k)|

f
(j)
app·n, and one more term in the evolution

of dislocation density in Eq. (4.3): − ∂
∂s

(
Mdρ

(j) f
(j)
app ·T

)
. Here f

(j)
app is the Peach-

Koehler force [18] on a dislocation with Burgers vector b(j) due to the applied stress

σσσapp: f
(j)
app = (σσσapp · b(j)) × t(j), with t(j) being the line direction of the dislocation:

t(j) = ρ(j)/|ρ(j)|ẑ (where ẑ is the unit vector in the +z direction).

4.2. Formulation based on projection method. The constrained evolution
model (F1) in Eqs. (4.1)–(4.4) can be implemented using the projection method. In
the projection method, the grain boundary and dislocation densities are evolved first
without the constraint, and then the results are projected into a state that satisfies the
constraint. We are able to find solution formula of this two-step projection procedure.
This leads to the following formulation without constraint:
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Formulation of unconstrained evolution based on projection (F2)

v =− 1

θ

dθ

dt
(x, y) +

1

θ

− J∑
j=1

s(j)
η b

(j)
2 ,

J∑
j=1

s(j)
η b

(j)
1

 ,(4.5)

where
ds

(j)
η

ds
= s(j)

ρ = −Mr
∂γ

∂ρ(j)
, j = 1, 2, · · · , J,(4.6)

∂ρ(j)

∂t
=
ρ(j)

θ

dθ

dt
− ρ(j)

θ

dy
ds

J∑
j=1

s(j)
ρ b

(j)
1 −

dx

ds

J∑
j=1

s(j)
ρ b

(j)
2

+ s(j)
ρ ,(4.7)

dθ

dt
=
θ

2A

∫
Γ

MdCρκds−
1

2A

∫
Γ

dx
ds

J∑
j=1

s(j)
η b

(j)
1 +

dy

ds

J∑
j=1

s(j)
η b

(j)
2

 ds,(4.8)

where A = 1
2

∫
L

(xdyds − y
dx
ds )ds.(4.9)

Here v is the velocity at point (x, y) on the grain boundary, ∂ρ(j)

∂t is the evolution
of the density of the j-th dislocation array (with the j-th Burgers vector) on the

grain boundary, s
(j)
ρ is the rate of change of dislocation density ρ(j) due to dislocation

reaction, s
(j)
η (s) =

∫ s
0
s

(j)
ρ ds+ s

(j)
η (0) and s

(j)
η (0) is chosen such that

∫
Γ
s

(j)
η ds = 0, dθdt

is the evolution of the misorientation angle, and A is the area of the enclosed grain
when the grain boundary is closed. Note that in this formulation, v is the velocity
vector, which is not necessarily in the normal direction of the grain boundary. (In

fact, s
(j)
η is the rate of change due to dislocation reaction in the dislocation density

potential function η(j) [49, 48], see the review at the end of Sec. 3.)
For simplicity in formulation, we focus on the case with b(j) = b, j = 1, 2, · · · , J ,

thus we have Cρ = µb2

4π(1−ν) and the first contribution to dθ
dt is θ

2A

∫
Γ
MdCρκds =

Mdµb
2θ

4(1−ν)A (using
∫

Γ
κds = 2π). We also assume that the dislocation density change rate

due to reaction satisfies
∫

Γ
s

(j)
ρ = 0, j = 1, 2, · · · , J , e.g. due to some symmetry of

the grain boundary. The origin O is set to be the geometric center of the initial grain
boundary, i.e.

∫
Γ
xds =

∫
Γ
yds = 0 when t = 0.

In formulation (F2), we have evolution of the misorientation angle θ instead of the
constraint of Frank’s formula in the formulation (F1), in addition to evolution of the
grain boundary and evolution of the constituent dislocations on the grain boundary.
The evolution of the misorientation angle θ is given in Eq. (4.8), which includes the
contribution from the motion of grain boundary by the curvature force (the first term)
and that due to dislocation reaction (the second term).

The formulation (F2) is obtained by projecting the evolution of the grain bound-
ary under the curvature force in Eq. (4.1) and the evolution of dislocation densities
given by Eq. (4.3) to a state that satisfies the constraint of Frank’s formula in Eq. (4.4).
This projection procedure is solved based on the assumption that the average of the
normal velocity obtained by the projection procedure is the same as the average nor-
mal velocity due to the curvature driving force without constraint. This assumption
is equivalent to that the area of the inner grain is unchanged during the projection.
This assumption will be validated by comparisons with results of the full continuum
model (F0) and discrete dislocation dynamics simulation, see Sec. 5. This assump-
tion is also consistent with the theory of Taylor and Cahn based on mass transfer by
surface diffusion [35]. The meaning of this assumption is that the local misorientation
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angle θ calculated by Frank’s formula after direct evolution with the curvature force
and dislocation reaction is unified by the long-range force between dislocations (see
formulation (F0)) with the average normal velocity unchanged. The detailed deriva-
tion of the formulation (F2) from the formulation of constrained evolution (F1) is
given below.

Derivation of the continuum formulation (F2). Assume that some time t,
the Frank’s formula in Eq. (4.4) is satisfied. After evolution of a small time step δt,
when the Frank’s formula is still satisfied, we have the following equations up to linear
order of small changes:

(4.10) δθ · n + θ · δn +

J∑
j=1

δρ(j)b(j) = 0.

Suppose that at time t, a constituent dislocation of the grain boundary has veloc-
ity v = vnn+vTT, where vn is the velocity in the normal direction of the grain bound-
ary which is also the normal velocity of the grain boundary, and vT is the velocity of the
dislocation in the tangential direction of the grain boundary. After the small time step
δt, the point (x, y) on the grain boundary and the dislocation structure on that point
will move to a new position (x̃, ỹ). We have (δx, δy) = (x̃, ỹ)−(x, y) = (vnn+vTT)δt.

Using the arclength parameter s of the grain boundary at time t, the unit normal

vector of the grain boundary at time t + δt is ñ = 1√
( dx̃ds )

2
+( dỹds )

2

(
−dỹds ,

dx̃
ds

)
. It can

be calculated that

(4.11) δn = −
(
dvn
ds + κvT

)
Tδt.

The arclength s̃ of the grain boundary at time t+δt satisfies ds̃
ds =

√(
dx̃
ds

)2
+
(
dỹ
ds

)2

=

1 +
(
−κvn + dvT

ds

)
δt up to linear terms of δt. This gives

(4.12) δ(ds) =
(
−κvn + dvT

ds

)
δt · ds.

The dislocation density ρ̃(j) at t+ δt satisfies ρ̃(j) = ρ(j)/ds̃ds + s
(j)
ρ δt, where s

(j)
ρ is rate

of change of ρ(j) due to dislocation reaction. We have

(4.13) δρ(j) =
(
κvnρ

(j) − dvT
ds ρ

(j) + s
(j)
ρ

)
δt.

Substituting Eqs. (4.11) and (4.13) into Eq. (4.10), using the Frank’s formula

θn +
∑J
j=1 ρ

(j)b(j) = 0 at time t, and dividing both sides by δt, we have δθ
δtn −

θ
(
dvn
ds + κvT

)
T − θ

(
κvn − dvT

ds

)
n +

∑J
j=1 s

(j)
ρ b(j) = 0. Using dT

ds = κn and dn
ds =

−κT, it can be written as

(4.14) δθ
δtn− θ

d
ds (vnT) + θ dds (vTn) +

∑J
j=1 s

(j)
ρ b(j) = 0.

Integrating this equation, and using T = (dxds ,
dy
ds ) and n = (−dyds ,

dx
ds ), we can solving

for vn and vT as

vn = 1
θ
δθ
δt

(
xdyds − y

dx
ds

)
+ 1

θ

∑J
j=1

∫ s
0
s

(j)
ρ ds

(
b
(j)
1

dx
ds + b

(j)
2

dy
ds

)
(4.15)

+ 1
θ

(
C1

dx
ds + C2

dy
ds

)
,
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vT =− 1
θ
δθ
δt

(
xdxds + y dyds

)
+ 1

θ

∑J
j=1

∫ s
0
s

(j)
ρ ds

(
b
(j)
1

dy
ds − b

(j)
2

dx
ds

)
(4.16)

+ 1
θ

(
C1

dy
ds − C2

dx
ds

)
,

where C1 and C2 are integration constants independent of s. The velocity v =
vnn + vTT is

(4.17) v = − 1
θ
δθ
δt (x, y) + 1

θ

(
−
∑J
j=1 b

(j)
2

∫ s
0
s

(j)
ρ ds− C2,

∑J
j=1 b

(j)
1

∫ s
0
s

(j)
ρ ds+ C1

)
.

We solve the constrained evolution problem (F1) by projection method from t
to t + δt. In the first step, the grain boundary Γ evolves to a tentative state under
the curvature driving force given in Eq. (4.1) without the constraint. Note that both
the continuum long-range force and the curvature force in the original formulation
(F0) have averages 0. This is because these continuum forces come from interactions
between the constituent dislocations [49], and the summation of all the interaction
forces between these dislocations themselves should vanish. The obtained velocity
v in Eq. (4.17) after projection, which is proportional to the driving forces between
the constituent dislocations, should also have average 0, i.e.,

∫
Γ

vds = (0, 0). This
determines the two constants C1 and C2.

We first consider the case without dislocation reaction. In this case the ve-
locity in Eq. (4.17) is v = − 1

θ
dθ
dt (x, y) + 1

θ (−C2, C1). It can be calculated from

Eqs. (4.15) and (4.16) that −κvn + dvT
ds = − 1

θ
dθ
dt . By Eq. (4.12), we have d

dt

∫
Γ
xds =∫

Γ
dx
dt ds +

∫
Γ
x
(
− 1
θ
dθ
dt

)
ds = − 2

θ
dθ
dt

∫
Γ
xds. Since initially, the geometric center of the

grain boundary (
∫

Γ
xds,

∫
Γ
yds) = (0, 0), we have

∫
Γ
xds = 0 for all time t. Similarly,

we have
∫

Γ
yds = 0 for all time t. This means that the geometric center of the grain

boundary (
∫

Γ
xds,

∫
Γ
yds) = (0, 0) does not change during the evolution. Using the

condition
∫

Γ
vds = (0, 0), we have C1 = C2 = 0 for all time t. Next consider the

case when there are dislocation reactions, i.e., some s
(j)
ρ 6= 0. In this case, if we de-

fine s
(j)
η (s) =

∫ s
0
s

(j)
ρ ds + s

(j)
η (0) and choose s

(j)
η (0) such that

∫
Γ
s

(j)
η ds = 0, we have∫

Γ
vds = (0, 0), with C1 =

∑J
j=1 s

(j)
η (0)b

(j)
1 and C2 =

∑J
j=1 s

(j)
η (0)b

(j)
2 .

For the changes of dislocation densities, using Eqs. (4.13), (4.15) and (4.16), we
have

(4.18) δρ(j)

δt = ρ(j)

θ
δθ
δt −

ρ(j)

θ

(
dy
ds

∑J
j=1 s

(j)
ρ b

(j)
1 − dx

ds

∑J
j=1 s

(j)
ρ b

(j)
2

)
+ s

(j)
ρ .

As discussed above (in the paragraph before this derivation), the average of the
normal component of the velocity v in Eq. (4.17) obtained by projection should be
the same as the average of the normal velocity vn due to curvature force without
constraint before the projection given in Eq. (4.1), which is

∫
Γ

v ·nds =
∫

Γ
MdCρκds.

This determines δθ
δt as

(4.19) δθ
δt = θ

2A

∫
Γ
MdCρκds− 1

2A

∫
Γ

(
dx
ds

∑J
j=1 s

(j)
η b

(j)
1 + dy

ds

∑J
j=1 s

(j)
η b

(j)
2

)
ds,

where A is given by Eq. (4.9). Letting δt → 0 in Eqs. (4.17), (4.18), (4.19), we have
the equations in formulation (F2).

4.3. Discussion on different kinds of motions.

4.3.1. Pure coupling motion with conservation of dislocations. When
there is no dislocation reaction, in the formulation of constrained evolution (F1),
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the grain boundary moves by the curvature force in Eq. (4.1) subject to the Frank’s
formula in Eq. (4.4), and the dislocation densities change as the length of the grain
boundary changes following Eq. (4.3) with Mr = 0 during the evolution. This is a pure
coupling motion, with the number of dislocations being conserved. The continuum
formulation (F2) in this case is

Pure coupling motion of grain boundary (FC2)

v = −1

θ

dθ

dt
(x, y),(4.20)

∂ρ(j)

∂t
=
ρ(j)

θ

dθ

dt
, j = 1, 2, · · · , J,(4.21)

dθ

dt
=
MdCρπθ

A
.(4.22)

Recall that A is given by Eq. (4.9) and is the area of the enclosed grain when the

grain boundary is closed, and Cρ = µb2

4π(1−ν) .

This motion is in the inward radial direction of the grain boundary, governed by
the velocity in Eq. (4.20). Such behavior of the pure coupling motion agrees with the
theoretical analyses in Refs. [35, 48] and simulations using the full continuum model
(F0) and discrete dislocation dynamics simulations as shown in Ref. [48]. As can be
seen from Eq. (4.22) that the misorientation angle θ increases during the evolution,
which agrees with the feature observed in molecular dynamics/phase field crystal
simulations [33, 37, 42] and discrete dislocation dynamics simulations [48] and that
predicted by theories [5, 35, 48]. This formula of evolution of misorientation angle
θ applies to a grain boundary with any shape, which generalizes the formula for a
circular grain by pure coupling motion that available in the literature [33, 5, 37, 42].
Note that this pure coupling motion of a grain boundary is completely different from
the classical motion by curvature theories reviewed in the introduction section, in
which the misorientation angle θ is fixed during the evolution and the grain boundary
velocity is in its normal direction and proportional to its curvature.

Now we briefly discuss the coupling effect of this kind of grain boundary motion.
The two grains have a translation relative to each other during the motion of the
grain boundary, whose tangential translation velocity is [35]

(4.23) v‖ = R dθ
dt cosλ,

where λ is the angle between the inward radial direction and the normal direction,
cosλ = (− x

R ,−
y
R ) · (−dyds ,

dx
ds ) = x

R
dy
ds −

y
R
dx
ds with R =

√
x2 + y2, see Fig. 1. By

Eq. (4.20), the grain boundary normal velocity of this motion vn = v · (−dyds ,
dx
ds ) =

R
θ
dθ
dt cosλ. Thus we have the relation v‖ = θvn. This agrees with the Cahn-Taylor

theory [5] with coupling parameter β = θ. Recall that the meaning of the coupling
motion is that the normal motion of the grain boundary induces tangential translation
of the two grains.

Next, we discuss some quantitative properties of the coupling motion of grain
boundary described by Eqs.(4.20)–(4.22) of formulation (FC2).

(i) Shape preserving motion. By Eq. (4.20), the velocity of the pure coupling
motion is in the inward radial direction of the grain boundary. Using polar coordinates
(R,α) in which the grain boundary is R = R(α) (recalling that the origin is the
geometric center of the grain boundary), the velocity in Eq. (4.20) can be written as

(4.24) ∂R
∂t = − 1

θ
dθ
dtR.
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From this equation, the ratio ∂R
∂t /R = − 1

θ
dθ
dt is independent of α (location of

the point on the grain boundary). This means that the shape of the grain boundary
is preserved as it shrinks during the evolution. This shape preserving property of
the pure coupling motion agrees with the theoretical analyses in Refs. [35, 48] and
simulations using the full continuum model (F0) and discrete dislocation dynamics
simulations as shown in Ref. [48].

(ii) Relationships between geometric quantities and misorientation an-
gle during evolution. Integrating Eq. (4.24), we have

(4.25) R(α, t)θ(t) = R(α, 0)θ(0).

This relationship between R and θ during the pure coupling motion again agrees with
the theoretical analyses in Refs. [35, 48] and simulations using the full continuum
model (F0) and discrete dislocation dynamics simulations as shown in Ref. [48].

Using the formulas of the total length of the grain boundary L =
∫

Γ

√
R(α)2 +R′(α)2dα

and the area of the inner grain A =
∫

Γ
1
2R(α)2dα, we have

L(t)θ(t) = L(0)θ(0), A(t)θ(t)2 = A(0)θ(0)2.(4.26)

(iii) Velocity in the coupling motion. By Eqs. (4.22) and (4.24), we have

(4.27) ∂R
∂t = −MdCρπR

A .

When the grain boundary is circular, using A = πR2, its velocity is vn = −∂R∂t =
MdCρ
R , which is the same as the velocity of motion by curvature. Same velocity

formula has been used in the explanation of the mechanism of the coupling motion
under the simple setting of a circular grain boundary and each constituent dislocation
has Burgers vector in the radial direction [33, 5, 4, 37, 42]. Our formulation in
Eq. (4.22) or (4.24) applies to a grain boundary with general shape and realistic
settings of Burgers vectors.

Note that although the normal velocity in the coupling motion is the same as
that in the motion by curvature for a circular grain boundary, the energy dissipation
is quite different, see the discussion below. The energy density γ in Eq. (3.8) in the
coupling motion is increasing as the misorientation angle θ and dislocation densities
ρ(j) increase during the motion as described in Eqs. (4.21) and (4.22); whereas in the
motion by curvature, the energy density and misorientation angle are fixed during the
evolution.

(iv) Solution of the coupling motion equations. The formulation (FC2)
of Eqs.(4.20)–(4.22) for grain boundary coupling motion can be solved analytically.

Using Eqs. (4.22) and (4.26), we have dθ
dt =

MdCρπθ
3

A(0)θ(0)2 . The solution of θ is

(4.28) θ(t) =
(

1− 2MdCρπ
A(0) t

)− 1
2

θ(0).

Using other equations in the formulation (FC2) and the equations obtained above,
we can calculate that

R(α, t) =
(

1− 2MdCρπ
A(0) t

) 1
2

R(α, 0),(4.29)

L(t) =
(

1− 2MdCρπ
A(0) t

) 1
2

L(0), A(t) =
(

1− 2MdCρπ
A(0) t

)
A(0),(4.30)
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ρ(α, t) =
(

1− 2MdCρπ
A(0) t

)− 1
2

ρ(α, 0).(4.31)

The formulas hold until R reduces to 0.
(v) Energy dissipation in coupling motion. The total energy of the grain

boundary is E =
∫

Γ
γds, where the energy density γ is given by Eq. (3.8). With

the formulation (FC2) in Eqs.(4.20)–(4.22) for the coupling motion, using the solu-

tion formulas in Eqs. (4.28)–(4.31) and dst =
(

1− 2MdCρπ
A(0) t

) 1
2

ds0 (where st is the

arclength parameter of the grain boundary at time t), it can be calculated that

(4.32) E(t) = E(0) + E1 log
(

1− 2MdCρπ
A(0) t

)
,

where E1 = 1
2

∫
Γ

∑J
j=1

µb(j)
2

4π(1−ν) |ρ
(j)|ds for the grain boundary Γ at t = 0.

For a circular grain boundary under the motion by curvature, its normal ve-
locity is vn = Cκκ with constant grain boundary energy density γ. For such a

motion, we have dR
dt = −Cκ/R, R(t) = R(0)

√
1− 2Cκ

R(0)2 t, and the total energy

E(t) = E(0)
√

1− 2Cκ
R(0)2 t. From this example, we can see that the energy dissipa-

tion in the coupling motion is quite different from that in the motion by curvature.

4.3.2. Sliding motion with dislocation reactions. The dislocation densities
can be reduced by dislocation reaction to reduce the total energy. The point-wise

decreases of dislocation densities described by the rates s
(j)
ρ in Eq. (4.6) lead to point-

wise decrease of the misorientation angle θ, as can be seen from the Frank’s formula
in Eq. (4.4). The point-wise decrease of θ is unified by projection to a Frank’s formula
satisfying state (which is driven by the long-range force in formulation (F0)). This
decrease of misorientation angle θ due to dislocation reaction is the second term in
the evolution equation of θ in Eq. (4.8) of formulation (F2).

Such projection procedure generates contributions in both grain boundary veloc-
ity (which changes the shape of the grain boundary) and dislocation evolution along
the grain boundary, in order to accommodate a unified misorietation angle θ. The
shape change accompanied by grain rotation due to sliding motion has been modeled
by mass transfer via diffusion along the grain boundary in Ref. [35]; in our model, it is
achieved by local motions of the constituent dislocations in both normal and tangen-
tial directions of the grain boundary. In other available models in which evolution of
misorientation angle is considered during the grain boundary motion, the misorienta-
tion angle always has uniform changes (grain rotation) to reduce the total energy by
gradient flow [25, 32, 16, 22, 40, 13, 12]. These models do not explicitly consider the
grain boundary shape change accompanied by the rotation of grain. In our model,
such shape changes are enabled by considering point-wise changes of dislocation den-
sities instead of the uniform change of the misoritation angle in these models in the
literature.

The grain boundary sliding motion, the translation of the two grains along the
grain boundary is not induced by normal motion of the grain boundary [25, 32].
Using Eq. (4.23), and considering the normal component of the velocity in Eq. (4.5)
of formulation (F2), it can be calculated that the translation velocity between the

two grains is v‖ = θvn + vs, with vs = −dxds
∑J
j=1 s

(j)
η b

(j)
1 − dy

ds

∑J
j=1 s

(j)
η b

(j)
2 being

the tangential translation velocity due to sliding. This agrees with the Cahn-Taylor
theory [5] with detailed expression of vs.
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4.3.3. Relation with the motion by curvature. The classical grain bound-
ary dynamics models are based upon the motion by curvature (mean curvature in
three dimensions) to reduce the total grain boundary energy, and the misorientation
angle of the grain boundary is fixed [17, 28, 34]. Here we show that by choosing special
dislocation reaction rates, our formulation (F2) recovers this motion by curvature.

First of all, it can be seen from Eq. (4.8) of formulation (F2) that the misorien-
tation angle θ does not change during the evolution if

(4.33) θMdCρκ = dx
ds

∑J
j=1 s

(j)
η b

(j)
1 + dy

ds

∑J
j=1 s

(j)
η b

(j)
2 .

When Eq. (4.33) holds, dθ
dt = 0, the normal component of the velocity in Eq. (4.5) of

formulation (F2) is

(4.34) vn = v · n = 1
θ

(
dx
ds

∑J
j=1 s

(j)
η b

(j)
1 + dy

ds

∑J
j=1 s

(j)
η b

(j)
2

)
= MdCρκ.

This is the motion by curvature.
Now we focus on the condition in Eq. (4.33). This condition holds if we choose∑J

j=1 s
(j)
η b

(j)
1 = θMdCρκ

dx
ds and

∑J
j=1 s

(j)
η b

(j)
2 = θMdCρκ

dy
ds . Recall that s

(j)
η (s) =∫ s

0
s

(j)
ρ ds+s

(j)
η (0). Taking derivative with respect to the arclength s in these equations,

they become

(4.35)
∑J
j=1 s

(j)
ρ b

(j)
1 = θMdCρ

d
ds

(
κdxds

)
,
∑J
j=1 s

(j)
ρ b

(j)
2 = θMdCρ

d
ds

(
κdyds

)
.

Therefore, if the dislocation density change rates s
(j)
ρ , j = 1, 2, · · · , J , satisfy Eq. (4.35),

our formulation (F2) reduces to the classical motion by curvature model. Note that
the mechanism of dislocation reaction to maintain the motion by curvature has been
discussed in Ref. [29].

5. Numerical simulations. In this section, we validate our continuum formu-
lation (F2) (Eqs. (4.5)–(4.9)) for the motion of grain boundaries and evolution of
their dislocation structures by numerical simulations and comparisons with the re-
sults of the continuum model with long-range dislocation interaction (F0) proposed
in Ref. [48] and discrete dislocation dynamics simulations.

We start from a grain boundary Γ with the equilibrium dislocation structure that
satisfies the Frank’s formula and has the lowest energy, which is calculated pointwisely
using the method in Ref. [46]. We focus on the case that the xy plane is a (111) plane in
fcc crystals, and the directions [1̄10], [1̄1̄2] are chosen to be the +x and +y directions,
respectively. There are J = 3 possible Burgers vectors in this plane: b(1) = (1, 0) b,

b(2) =
(

1
2 ,
√

3
2

)
b, and b(3) =

(
1
2 ,−

√
3

2

)
b. The rotation axis of the grain boundary

is in the +z direction, which is the [111] direction in the fcc lattice. We choose the
Poisson’s ratio ν = 0.347, which is the value of aluminum.

The grain boundary Γ is discretized into 360 grid points in the continuum models
(F2) and (F0). Trapezoidal rule is used to calculate the integrals in the long-range
force in the continuum formulation (F0). In discrete dislocation dynamics simulations
in this two-dimensional setting, each dislocation is a point in the xy plane, and the
force acting on a dislocation with Burgers vector b(j) at the point (x, y) generated by
a dislocation with Burgers vector b(k) at the point (x1, y1) is given by Eqs. (3.4)–(3.6).
These dislocations moves by the mobility law v = Mdf .
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5.1. Pure coupling motion (with dislocation conservation). In this sub-
section, we focus on the evolution of grain boundaries with conservation of disloca-
tions, i.e., there is no dislocation reaction: Mr = 0, and the grain boundary motion
is the pure coupling motion. In this case, the formulation (F2) is reduced to the
formulation (FC2) of Eqs. (4.20)–(4.22).

5.1.1. Circular grain boundary. We first consider the pure coupling motion
of an initially circular grain boundary with radius R0 = 140b and misorientation angle
θ = 5◦. The calculated equilibrium dislocation structure on this initial grain boundary
is shown in Fig. 2a. The distribution of these dislocations are shown in Fig. 2d by the
dislocation density potential functions η(1), η(2), and η(3) for dislocations with Burgers
vectors b(1), b(2), and b(3), respectively. Recall that the dislocation density potential
functions are defined on the grain boundary such that the constituent dislocations
are located at their integer-valued contour lines, and their derivatives with respect
to the arclength parameter s of the grain boundary are the dislocation densities ρ(j),
j = 1, 2, 3. In Fig. 2d, locations of dislocations in the discrete dislocation model are
also shown using the dislocation density potential functions.
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Fig. 2. Grain boundary motion under dislocation conservation. The initial grain boundary
is circular. (a) Equilibrium dislocation structure on the initial circular grain boundary. There are
three arrays of dislocations with Burgers vectors b(1) (red), b(2) (black), and b(3) (blue), respectively.
(b) Motion of the grain boundary (shrinkage) by using our new continuum model (FC2) (red solid
lines) and continuum model with long-range force (F0) (black dashed lines). (c) Motion of the grain
boundary by using the discrete dislocation model. In (b) and (c), the grain boundary is plotted
at uniform time intervals starting with the outer most one. (d) Evolution of dislocation density
potential functions of these three arrays of dislocations on the grain boundary (same colors as in (a)).
The curves show the results of the new continuum model (FC2) (solid lines) and the continuum model
with long-range force (F0) (dashed lines); the dots show the results using the discrete dislocation
model. (e) The curves show the evolution of the misorientation angle θ, using the new continuum
model (FC2) (red solid line), continuum model with long-range force (F0) (black dashed line), and
discrete dislocation dynamics model (stars). The result using the solution formula in Eq. (4.28) is
also plotted (blue solid line), and it is almost identical to the numerical result of model (FC2) (red
solid line) and their difference cannot be seen from the figure. The straight lines in (e) show the
results of Rθ using the three models and the formula in Eq. (4.25) (with the same lines/symbols as
the θ-curves), and the vertical axis is on the right of the figure. (f) Evolutions of the total energy
(curves with blue stars on them, vertical axis on the left) and average energy density (curves with
red stars on them, vertical axis on the right), using the three models and the analytical formula in
Eq. (4.32) with the same lines/symbols as in (e). Evolutions of the total energy and energy density
using the motion by curvature model (dashed lines, blue for total energy and red for energy density)
are also shown in (e).



A NEW FORMULATION OF MOTION OF GRAIN BOUNDARIES 17

We perform simulations using our new formulation (FC2), the continuum formula-
tion with the long-range force (F0) [48], and the discrete dislocation model. Figure 2b
and 2c show the evolution of this circular grain boundary obtained using these mod-
els. Excellent agreement can be seen from these results. During the evolution, the
circular grain boundary shrinks with increasing rate and keeps the circular shape.

Evolution of the dislocation structure during the shrinking of this grain boundary
by using these models are shown in Fig. 2d, based on the dislocation density potential
functions η(1), η(2), and η(3). Again, excellent agreement of the results using these
three models can be seen. We can see from this figure that the dislocation density
potential functions maintain their initial profiles as functions of the polar angle during
the evolution, meaning the conservation of dislocations. This behavior of dislocation
density potential functions also means that the locations of these dislocations with
respect to the polar angle do not change, indicating that all the dislocations move
in the inward radial direction of the grain boundary. This can also be seen from the
result of the discrete dislocation model shown in Fig. 2c.

Results of evolution of misorientation angle θ during the shrinkage of this circular
grain boundary using the three models and the solution formula in Eq. (4.28) are
shown in Fig. 2e. These four results agree excellently. The misorientation angle θ is
increasing during this coupling motion of grain boundary. In Fig. 2e, we also show
the evolution of the radius R by examining the relation Rθ =constant in Eq. (4.25).
The results using these four methods agree excellently, which validates this relation.

Evolutions of the total energy and average energy density are shown in Fig. 2f. It
can be seen that the total energy is decreasing whereas the energy density is increasing
under this pure coupling motion. The results obtained by the three models and the
analytical formula in Eq. (4.32) agree excellently. In Fig. 2f, we also show evolutions
of the total energy and energy density using the motion by curvature model (with
isotropic energy density), in which the total energy of the initial grain boundary is
the same as that in the coupling motion. It can be seen that the energy dissipation
in the motion by curvature is faster than that in the pure coupling motion, and
the energy density remains constant. These agree with the analytical discussion in
Sec. 4.3.1.

These excellent agreements of the results with those of the discrete dislocation
model and our previous continuum model (F0) with long-range elastic force validate
the new continuum model (F2) (reduced to (FC2) in this case), for the coupling
motion of this circular grain boundary.

5.1.2. Elliptic grain boundary. Next, we consider the pure coupling motion
of a grain boundary with initial shape of ellipse and misorientation angle θ = 3.33◦.
The semi-minor axis of the ellipse is 140b and the ratio of the major axis to the minor
axis is 1.5, see the outer most curve in Fig. 3a. We perform simulations using the
new continuum formulation (FC2) and the discrete dislocation dynamics model, and
the simulation results are shown in Fig. 3. Excellent agreement can be seen from the
results using these two models.

Evolution of this elliptic grain boundary is shown in Fig. 3a. The elliptic grain
boundary shrinks with increasing rate and its shape does not change during the evo-
lution. Each dislocation moves in the inward radial direction of the grain boundary.
These numerical results agree with the theoretical predictions in Sec. 4.3.1. Here we
can see that the shape-preserving property predicted by our new continuum formula-
tion (FC2) is validated by discrete dislocation dynamics simulation, and it agrees with
the results using the continuum formulation with long-range force (F0) obtained in
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Fig. 3. Grain boundary motion under dislocation conservation. The initial grain boundary is
an ellipse. (a) Motion of the grain boundary (shrinkage) by using our new continuum model (FC2)
(red curves) and the discrete dislocation dynamics model (discrete symbols). The grain boundary
is plotted at uniform time intervals starting with the outer most one. (b) Evolution of dislocation
density potential functions η(1), η(2), and η(3), which represent dislocations on the grain boundary
with Burgers vectors b(1) (red), b(2) (black), and b(3) (blue), respectively. The curves show the
results of the new continuum model (FC2) and the discrete symbols show the results using the
discrete dislocation model. (c) The curves show the evolution of the misorientation angle θ, using
the new continuum model (FC2) (blue solid line) and discrete dislocation dynamics model (stars).
The result using the solution formula in Eq. (4.28) is also plotted (blue solid line), and it is almost
identical to the numerical result of model (FC2) (blue dotted line) and their difference cannot be
seen from the figure. The straight lines in (c) show the results of Lθ using the two models and the
formula in Eq. (4.26) (with red color and the same lines/symbols as the θ-curves), and the vertical
axis is on the right of the figure. (d) Evolutions of the total energy (curves with blue color, vertical
axis on the left) and average energy density (curves with red color, vertical axis on the right), using
the two models and the analytical formula in Eq. (4.32) with the same lines/symbols as in (c).

Ref. [48] and the theoretical analysis in Ref. [35] by using their model based on mass
surface diffusion. Evolution of dislocation densities are shown in Fig 3b by dislocation
density potential functions, which are unchanged during the evolution. This behavior
is consistent with the shape-preserving motion of the grain boundary.

Fig. 3c shows evolution of the misorientation angle θ, which is increasing during
the evolution. Evolution of θ predicted by the solution formula in Eq. (4.28) is also
plotted in Fig. 3c, and the result is almost identical to the numerical result using
the continuum model (FC2). In Fig. 3c, we also show the evolution of the total
length of the grain boundary L by examining the relation Lθ =constant in Eq. (4.26).
The results using the two models and the analytical formula agree excellently, which
validates this relation. Fig. 3d shows that the total energy is decreasing whereas the
average energy density is increasing during the evolution. Results of the two models
agree excellently with prediction of the analytical formula of energy dissipation in
Eq. (4.32), which is also plotted in Fig. 3d.

Evolution of this elliptic grain boundary is completely different from that by mo-
tion by curvature, in which the ellipse will evolve into a circle and the misorientation
angle and energy density will remain constant during the evolution.
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5.1.3. Grain boundary with other shapes: hexagon and star polygon.
We also consider the coupling motion of grain boundaries with shapes of hexagon and
star polygon. These shapes have the characters of sharp corners or concavities. The
length of the longest diagonal line is 140b in both initial shapes, see the outer most
curves in Fig. 4. We perform simulations using the new continuum formulation (FC2)
and the discrete dislocation dynamics model, and the simulation results are shown in
Fig. 4. Excellent agreement can be seen from these results using these two models.

Fig. 4. Motion of grain boundaries with shapes of hexagon and star polygon under the pure
coupling motion, by using our continuum model (FC2) (red curves) and the discrete dislocation dy-
namics model (discrete symbols, the three colors indicate dislocations with different Burgers vectors).

The simulation results show that under the pure coupling motion, the hexagon and
star polygon also shrink in a shape preserving way. The corners and concavities on the
grain boundary do not change during the evolution. All the constituent dislocations
move in the inward radial direction. Again, the shape-preserving property predicted
by our new continuum formulation (FC2) is validated by discrete dislocation dynamics
simulations, and it agrees with the results using the continuum formulation with long-
range force (F0) obtained in Ref. [48] and the theoretical analysis in Ref. [35] by using
their model based on mass surface diffusion. This shape-preserving, coupling motion
of grain boundaries with hexagon and star polygon is completely different from the
motion by curvature, in which the sharp corners and concavities will be smoothed out
during the evolution and the grain boundary will evolve into a circle.

5.2. Motion with grain boundary sliding (dislocation reaction). In this
subsection, we perform simulations using our new continuum formulation (F2) for
the case in which dislocation reaction is not negligible, i.e., Mr 6= 0, and it generates
sliding motion during the evolution of the grain boundary. Simulation results are
compared with those of the continuum formulation with the long-range force (F0)
[48] and the discrete dislocation dynamics model. Simulation results from an initially
circular grain boundary with radius R0 = 140b and misorientation angle θ = 5◦

are shown in Fig. 5. The grain boundary is discretized into 180 grid points in the
simulations using the continuum models. Excellent agreement can be seen from the
results using these three models, which validates the new continuum formulation (F2).

Fig. 5a and Fig. 5b show evolutions of the grain boundary and the dislocation
structure on it, with the mobility associated with dislocation reaction Mrb

3/Md =
4.74 × 10−6. It can be seen from Fig. 5a that the initial circular grain boundary
gradually changes to hexagonal shape as it shrinks. Each edge in this hexagon is
a pure tilt boundary that consists of dislocations of only one Burgers vector. This
behavior is consistent with the fact that the energy density of the grain boundary is
anisotropic and the pure tilt boundary has the minimum energy of all tilt boundaries
[30, 34, 18, 46]. Results of evolution of the dislocation structure are shown in Fig. 5b
by evolution of the dislocation density potential functions. The amplitude of each
dislocation density potential function η(j) is decreasing, meaning that the dislocations
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Fig. 5. Motion of an initially circular grain boundary under both coupling and sliding (dis-
location reaction mobility Mr 6= 0) effects. (a) Evolution of the grain boundary by using the new
continuum model (F2) (red lines), the continuum formulation with long-range force (F0) [48] (dashed
lines), and the discrete dislocation dynamics model (discrete symbols). The three colors indicate dis-
locations with different Burgers vectors. (b) Evolution of dislocation density potential functions by
using the new continuum model (FC2) (solid lines), and the continuum formulation with long-range
force (F0) (dashed lines). The three colors indicate dislocations with different Burgers vectors. In
(a) and (b), Mrb3/Md = 4.74 × 10−6. (c) Evolutions of the misorietation angle θ with different
values of reaction mobility Mrb3/Md = 0, 1.58× 10−6, 4.74× 10−6 (from the top to the bottom).

react and the number of dislocations of each Burgers vector is reduced. Note that
in the discrete dislocation dynamics simulation, we gradually remove two pairs of
dislocations in each of the three arrays of dislocations with different Burgers vectors
during the evolution according to the reaction rate in the continuum models. (In fact,
the discrete dislocation dynamics model does not include the non-trivial mechanisms
of grain boundary dislocation reactions, e.g. by annihilation of dislocation pairs with
opposite Burgers vectors located on opposite ends of the grain [33], or by a chain of
dissociation and association of the GB dislocations [37].)

Evolutions of the misorietation angle θ with different values of reaction mobility
Mr are shown in Fig. 5c. Evolution of θ in the new continuum formulation (F2) is
given by Eq. (4.8). Recall that the first term in Eq. (4.8) is due to the coupling motion
of grain boundary associated with the conservation of dislocations, which increases
θ; and the second term in it is due to the sliding motion generated by dislocation
reaction, which decreases θ. As can be seen from the simulation results in Fig. 5c,
when the dislocation reaction mobility Mr increases, meaning the sliding effect due to
dislocation reaction is becoming stronger, the increase rate of θ is decreasing during
the motion of the grain boundary, and when the sliding effect is strong enough, the
misorientation angle θ is decreasing.

6. Conclusions and discussion. We have developed simplified formulations
for the continuum model of two dimensional low angle grain boundary motion and
dislocation structure evolution on the grain boundary developed in Ref. [48], by re-
placing the long-range elastic interaction between dislocations in the continuum model
by a constraint of the Frank’s formula. The constrained evolution problem in our new
continuum model is further solved by using the projection method, for which ana-
lytical formula has been found. Effects of the coupling and sliding motions in our
new continuum formulations and relationship with the classical motion by curvature
model are discussed, in terms of the mechanisms of dislocation motion and reaction
incorporated in our continuum models. The continuum model is validated by compar-
isons with discrete dislocation dynamics model and our early continuum model [48] in
which the long-range dislocation interaction is explicitly calculated. We remark that
continuum models for the dynamics of high angle grain boundaries have also been
developed [47, 41] based on a disconnection model and atomistic simulations [36].
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