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LOCATING THE BAKING ISOTHERM IN A SODERBERG ELECTRODE: ANALYSIS
OF A MOVING THERMISTOR MODEL

ROBERT A. VAN GORDER*, ALISSA KAMILOVAT, ROLF G. BIRKELAND! AND ANDREW L. KRAUSE'

Abstract. Sgderberg electrodes feature prominently in the operation of metallurgical electrical furnaces. The electrode
material must bake before entering the furnace; failure to bake will lower the efficiency of the process, and may cause physical
harm to the furnace itself through a soft breakage. As such, ensuring that the baking isotherm remains within the region of the
electrode outside of the furnace is essential. We propose a mathematical model for a Sgderberg electrode taking into account the
heat, mass, and current transfer mechanisms at play, along with realistic boundary conditions on the outside of the electrode
that are strongly heterogeneous in height. The resulting model describes a strongly heterogeneous cylindrical “thermistor”
which moves slowly downward and is acted on by current clamps which provide Joule heating. Although it is often ignored in
the literature on thermistor problems, we find that the Péclet number resulting from the downward motion strongly influences
the position of the baking isotherm. Aside from some specific reductions leading to analytical solutions, the general form of
the model is complicated enough to require numerical simulations. Still, our modeling approach provides us with a qualitative
understanding of many aspects of the Sgderberg electrode baking process, and permits us to identify three parameters of key
importance to the positioning of the baking isotherm. In particular, our results suggest desired ranges for the the lowering rate
of the electrode (in terms of a Péclet number), the radius of the electrode, and the strength of the Joule heating due to an
applied current, which are the three aspects which may be controlled (to varying degrees) in industrial applications.
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1. Introduction. The Sgderberg electrode was invented in 1919 by the company now known as Elkem
[45] and is the most commonly used continuously consumed electrode system for providing the energy
necessary for the production of ferroalloys and calcium carbide [3]. The electrodes conduct currents of up to
150 kA to the centre of a smelting furnace, and operate at temperatures of up to 2000°C [23]. Although the
design of Sgderberg electrodes has not been significantly changed, product demand has led to an increase
in the dimensions and current load [20]. The electrode is commonly enclosed in a thin steel casing which is
lowered at specific times. For simplicity, an approximated continuous rate called the slipping rate is used to
describe the speed at which the casing is lowered into the furnace, commonly at about 0.5 m per day [3, 35].
A paste composed of a mixture of pitch tar and binder is the raw material that makes up the electrodes. This
paste is viscoelastic [11, 47] and has been described as a shear thinning fluid [29]. The paste constituting an
electrode can take the form of solid cylinders, briquettes, or blocks. Heat transfer in the electrode is due to
the heat supplied by fans blowing hot air along the walls as well as heat induced by a current supplied by
copper tubes to the current clamps (also called contact shoes) pressed against the outside of the casing. As
the temperature increases into the range 400 — 500°C, the paste softens, flows, and finally bakes [5]. The
flow of the paste is primarily due to the addition of new electrode material at the top of the domain. The
location within the electrode where the paste bakes is referred to as the baking isotherm. There are steel
plates that surround the inside of the casing, referred to as fins. The softened paste fills the space between
the fins and then becomes attached to the fins as it bakes, at which point the fins support the weight of the
resulting baked electrode.

As the paste is baked, it becomes highly conductive and enables the electrode to conduct current to the
tip where the arcs are formed. The arcs are the primary source of heat that powers the smelting process.
Note that the electrode is consumed at the bottom as more material is added at the top. The correct melting
and baking of paste is essential to produce electrodes with the desired mechanical, thermal, and electrical
properties on which the entire production process depends [23, 29]. Various aspects of Sgderberg electrode
operation have been investigated, both numerically and analytically, over the years. The temperature dis-
tribution within Sgderberg electrodes has been studied numerically by [21] and [37], matching observations
made by Elkem [23]. More recently, in [35] a COMSOL model was used to determine that the steel fins fitted
in the casing are indispensable for its heating profile, as the heat conduction by the steel fins counteracts the
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Fig. 1: Detailed schematic of a Sgderberg electrode adapted from [15] to include labels and hot air fan.

induction heating and subsequent current clamp cooling mechanism. The fins also keep the baked electrode
from falling into the furnace too fast, as the softened paste fills the space between the current fins and
becomes attached to them during the baking process [42]. A detailed schematic of the electrode is shown in
Figure 1.

Paste segregation can occur when the paste softening is out of balance. The causes of this phenomenon
are not well understood, but it is known that the segregation problem began to occur more frequently when
changes in design led to a decrease in the space between the copper tubes that supply the current to the
clamps and the electrode casing, resulting in unwanted electrical induction within the cylinder [36]. In
[3], billets of paste were modelled as a highly viscous two-phase particulate medium. The mechanism of
segregation was taken to be the separation between the coarse and fine parts of the paste, and segregation
was assumed to occur near the walls of the electrode casing. It was discovered that segregation occurs
when the paste at the top of the electrode is so viscous that it does not deform from the incoming billets.
Although segregation will not be directly investigated in this paper, it is an issue that leads to breakages
in the electrodes, which are the failure mechanisms addressed in this work. In [12], a briquette model was
derived taking a two-phase slow flow approach in order to understand how the paste briquettes soften while
interacting with the air surrounding them. The results of [12] were compared to an experiment conducted
by Elkem, and it was found that accounting for variations in viscosity is necessary for accurate predictions.

The electrical problem for the Sgderberg electrode has been studied as a thermistor problem, which
describes the heat produced in a conductor by an electric current. An upper bound on the temperature
in such problems for simple boundary conditions was obtained in [9]. Additional posedness and blow-up
results followed in [1]. Thermal runaway as a route to blow-up in the time-dependent form of these problems
was further elucidated in [25, 26]. A transient surge in temperature (similar to thermal runaway, yet self-
saturating) was shown in [13] to lead to cracking of thermistors (cracking is observed in real thermistors). A
geometric reduction like that used in [10] was studied in two space dimensions in terms of a conformal map
from the thermistor domain onto a rectangle [18].

There are two types of breakages that can occur in the operation of Sederberg electrodes, and we
show diagrams of these in Fig. 2. A hard breakage occurs when large parts of baked carbon fall into the
furnace. These are common during furnace shutdowns and are believed to be caused by an increase in
thermal stresses which occur during the cooling and heating of an electrode. Stress levels increase with
longer shutdown times, and have been investigated numerically by [30]. Some control strategies, e.g. shorter
shutdowns, proper thermal insulation of the electrode surface, and allowing the electrode to slip after turning
off the power, were suggested as a result of this study. Furthermore, a partially baked Sgderberg electrode
is especially susceptible to breakages caused by thermal shocks as the raw material of the paste will have
different thermal dimensional behaviours which will impart thermal stress in the electrode [5]. A soft breakage
occurs when the entire baked part of the electrode (and sometimes the whole electrode) plunges into the
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Fig. 2: Graphical representation of the problem to be considered. The target situation shows the normal
operating configuration of the electrode provided that the baking isotherm closes appropriately. If the baking
isotherm fails to close, which is the soft breakage case, paste may seep into the furnace, resulting in costly
damage. A hard breakage is also possible, but we do not consider that case in the present work.

furnace. These are considered more serious than hard breakages and are costly to repair. Case studies have
found that the main causes for soft breakages are a fast slipping rate, a low baking isotherm which fails to
close above the top of the furnace region, and a high current in the steel casing [38].

In recent years, Elkem have dedicated resources to research projects aimed at improving their silicon
production process. With regard to the Sgderberg electrode, Elkem are interested in further improving their
electrode operating strategies with a better understanding of the baking isotherm, in order to prevent the
problems described above. Most of the aforementioned work on the baking isotherm present in the literature
has involved CFD-type simulations, yet there has been relatively little mathematical modelling work done.
While CFD-type simulations can be useful for understanding solutions corresponding to very specific physical
conditions, mathematical modelling is often useful for determining the role that various physical parameters
play in modifying or controlling the salient features of a solution. Elkem and the University of Oxford
have collaborated on a variety of mathematical modelling projects in the past, and the particular project
resulting in the work described herein originated in response to two Study Groups with Industry which
took place in 2018. Work leading to the present paper started later in 2018, out of a desire to explore a
different modelling approach to what was considered in the aforementioned Study Groups with Industry,
with continuing discussions with Elkem and comparisons with data informing the modelling efforts. The
mathematical modelling and analytical results obtained in the resulting collaboration point to a few key
parameter groups which are useful in the control of the electrode baking process. These features are not
always apparent from block-box or CFD simulations. The results are therefore of great practical importance
to Elkem, and to anyone else interested in the operation of Sgderberg electrodes.

Motivated by the application of baking a Sgderberg electrode which is lowered into a submerged arc
furnace, we develop a mathematical model for the heat, mass, and current transfer taking place within a
Sgderberg electrode, highlighting work arising out of the Elkem - University of Oxford collaboration discussed
above. With this modelling work, we aim to bridge the gap between existing simple thermistor and electrode
models and the more complicated yet realistic operating conditions of relevance to industrial applications
(which are at present just approximated through CFD simulations), in order to identify the baking isotherm
location and prevent costly soft breakages. The model is presented in Section 2. The model solutions are then
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studied analytically and through numerical simulations in Section 3. Despite the complexity of the model,
we are able to both qualitatively and quantitatively determine the dependence of the baking isotherm on (i)
the lowering rate of the electrode (through a Péclet number); (ii) the radius of the electrode; and (iii) the
strength of the Joule heating due to an applied current, which are the three aspects that may be controlled
in industrial applications. We discuss these qualitative findings in Section 4, highlighting those findings and
recommendations relevant to furnace operators, and suggesting a variety of extensions of our model for sake
of greater accuracy or other applications.

2. Mathematical model. We consider a model for the melting and the solidification of paste in a
Sederberg electrode under the assumption of cylindrical geometry of fixed radius. Comparing this with the
graphical representation in Figure 2, we consider a model valid for the left and right cases where the furnace
is operating properly, and hence the paste cylinder does not sink into the pool of segregated hot paste, shown
in green, meaning that the cylindrical geometry is a sensible approximation. We treat the entire domain as
one fluid, with very high viscosity in the “solid” regions.

We start with the compressible Navier-Stokes, energy, and current equations

(1) %+v-(ﬁﬁ):o,

(2) ﬁg‘; +pa-va=v- (i (Va+va')) - %vmv-ﬁ) — Vp — pge:

(3) ﬁcp% + pe,a- VI =V - (E(T)VT) + 6 (1) ‘v&f +al @? ey vp)
+ (v- (p(Vva+va')) - %vmv : ﬁ)) :Va,

(4) v (&(T)qu) ~0.

Here @ is the velocity field, p is the density, ji is the viscosity, p is the pressure, T is the temperature, ¢3 is
the electric potential, while ¢, is the heat capacity, a is the coefficient of thermal expansion, and g is the
acceleration due to gravity. The electrical conductivity, 6 viscosity fi, thermal conductivity k are in general
functions of temperature. The fluid system is subject to an equation of state F(p, p, T) = 0. For a more
thorough treatment and derivation of these various terms in (2)-(3), see [2, 28]. We provide a list of reference
parameter values in Table 1. There is Joule heating within the cylinder due to the current clamps, and this
is responsible for the heat source proportional to the norm of the current density, ng, in (3). Although we
consider a time-dependent problem for the heat and mass transfer, we assume that the electrical problem
remains static. This is reasonable, as the time-dependent electrical problem equilibrates instantaneously
relative to the other components of the problem.

We are most interested in using this model to better understand the placement of the baking isotherm
within the electrode. If this isotherm fails to close before it reaches what we designate the bottom of the
electrode, then costly soft breakages may result. The electrode paste begins to melt at between 50 C and
100 C, while baking is completed at between 400 C and 500 C [5]. Thermomechanical analysis was used to
measure the dimensional changes that take place in coal tar pitch in the temperature range relevant to the
determination of the baking isotherm temperature by [41], suggesting that the isotherm for a fully baked
material lies in the range 400 C - 450 C. The precise range will depend on the components of the paste. For
instance, a combination of coal tar pitch, granular anthracite, and organic binder is used in some ramming
paste, and this is usually baked by 400 C [39]. For the material Elkem uses, softening of the paste has been
known to occur near a temperature of 80 C, and baking is believed to begin to take place at 350 C, based
on discussions with Elkem. At this temperature, even if not fully baked, the paste is solid enough to prevent
flow of liquid paste into the furnace below. Furthermore, for the temperature values described above, we do
not include radiation effects, as these are only significant near the bottom of the electrode where the electric
arcs are formed and temperatures are much higher (> 2000 C).

2.1. Boundary conditions in cylindrical coordinates. We restrict our attention to a circular
cylinder, and consider an axisymmetric cylindrical coordinate frame (7, 2). The velocity field is then given
by @ = (&, 0), where @ is the velocity component in the e; direction and ¥ is the velocity component in the
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Notation | Parameter Name Value Reference
H Height of Electrode 7m [42]
R Radius of Electrode Casing 1m (3]

Teool Air Temperature 338 K -
Tnelt Melting Temperature ~ 353 K -
Thake Baking Temperature 623 K -
s Slipping Rate (Velocity Scale) 5x 1070 -3 x 107%m s~ ! (3]
Dref Boundary Pressure 1 atm -
7 Reference Viscosity Scale 8.627 x 102 kg s 'm~! ~
P Reference Density Scale 1.8x10° kgm ™ (3]
k Reference Thermal Conductivity Scale 5Wm 'K ' [4, 34]
Cp Heat Capacity 900 J kg 'K~ ! [12]
h Coefficient of Convective Heat Transfer 15 Wm K ' Elkem
I Electric Current from Clamps 80000 A [31]
T Reference Electrical Conductivity 320002 Tm~? [27, 31]
g Gravity 9.81 ms—? -
a Coefficient of Thermal Expansion O(107%) — 010~ %K * [31]

Table 1: Reference values for dimensional parameters. Parameters without references were obtained through
discussions with Elkem.

e; direction. Boundary conditions for the fluid problem are

00 ou  0v .

(5a) 82:0’ 82+8f:0’ p=prs at Z=H,
(5b) a=(0,—9s) at =0,
(5¢) i bounded at 7=0,
(5d) a=(0,—0,) at 7=R.

The cylinder slips with velocity 05 as the electrode we model is lowered into the furnace. In real furnace
operation, ¥ is a function of time, with the electrode periodically stopped and then slipping with a velocity
of near 9, = O(1073)m s~!. In simulations, a slower averaged slip which is constant in time is employed, in
which case 95 = O(107%)m s~ 1.

Boundary conditions for the thermal problem read

(6a) T=Two at 2=H,
oT .

(6b) 9 0 at 2=0,

(6¢) T bounded at 7 =0,

(6d) RIS = h(z) <Text(z) T) at =R

The electrode temperature is the cool ambient temperature at the top. The condition (6d) is just Newton’s
Law of Cooling at the radial boundary [14]. At the bottom, in practice the electrode reaches a steady
temperature in equilibrium with the furnace, and we assume that there is no change in temperature at
2 = 0. This is not the same as no-flux, as there will in principle be heat transfer from the electrode into the
furnace along with current transfer.

There are current clamps along the boundary of the cylinder (say, within the region 2 € [Hl,HQ]
0< H, < Hy < H at # = = 1) providing a current I, and we assume that the bottom of the electrode is
effectively grounded. This permits current to flow from the current clamps, through the electrode, and into
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Notation | Parameter Group Definition Value
a Aspect Ratio % 0.15—0.25
Stk Stokes Number i O(10%) — O(10°)
Re Reynolds Number Bl O(107%) — 0(1073)
Pe Péclet Number E/%}zp) O(10~1) — 0(103)
h
Nu Nusselt Number & 21%) 5
T _
Po Pomerantsev Number 2y 1) K (o Toom) O(1) — 0(10)
Pr Prandtl Number % 0O(10°)
- —16Y _ 11
Ec Eckert Number = 010~ 1%) — 010~
; XK 11y —6
Br Brinkman Number o Toomd) o101 —0107°
Teool Dimensionless Temperature at z = 0 — 0
Tinelt Dimensionless Melting Temperature % 5.263 x 1072
bake — 4 cool
Thake Dimensionless Baking Temperature - 1

Table 2: Reference values for useful dimensionless parameter groups and other dimensionless quantities.

the furnace below. A sensible set of boundary conditions for the electric potential then takes the form

(7a) &(T)gif =0 at 2=H,
(7b) =0 at 5=0,
I PN
R aq; Y e ——— fOr 2 S [H17H2]7 R
(7¢) U(T)Bf = 27R (H2—H1) at 7=R,
0 otherwise,
(7d) ¢ bounded at 7=0.

For this problem, a current I flows from the clamps, through the electrode, and out the bottom into the
furnace. In (7c), the current is scaled over the area of the current clamp region, 27r]%(1:12 — ﬁl), to obtain a
current density.

In practice, soft breakages may occur if the baking isotherm is very close to the bottom of the clamp,
since there would not be enough mechanical strength to hold the material. We therefore note that, in
practice, the critical height at which the baking isotherm must close may vary slightly. For our study, we
take this critical height to be the bottom of the domain, and hence require that the baking isotherm close
for some z > 0.

2.2. Scalings and dimensionless groups. Heat transfer mechanisms act at the boundary 7 = R
and heating effects penetrate inward. As such, it is sensible to nondimensionalise with respect to the radial
length scale. We introduce the nondimensionalisation and scalings: 7 = Rr,2=H z, t = {)ﬁt, U = Vsu,
0 = 05v, p = pret + pgRp, H(T) = pp(T), WT) = Au(T), k(T) = kk(T), h(2) = hh(2), 6(T) = To(T),
T= Tcool + (Tbake - Tcool) T7 Text = Tcool + (Tbake - Tcool) Texta d) = m(b

These scalings result in multiple dimensionless groups. In Table 2, we list the various dimensionless
groups along with tabulated reference values or ranges. The aspect ratio is defined by a = %. Data and

simulations from Elkem suggest a = O(1) or a = O(1071) for realistic electrode geometries. (A radius of 1m
and height of 7m appear to be most commonly used.)

For 9, of order O(107%) to O(1073), we have that Re ranges from O(107%) to O(1073). In the case
where there is a constant lowering of the cylinder, which corresponds to 65 = O(10~°), the Reynolds number
is at most O(107°), and can be neglected. On the other hand, if the cylinder is quickly lowered, and then
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held still for a much longer duration (as is done in practice), then 9, = O(10~3), and hence the Reynolds
number may be as large as O(1073), in which case there may be some inertial effects. This suggests that we
should ignore inertial terms for the case where the cylinder is uniformly lowered at a small velocity, yet may
wish to retain inertial terms when considering a cylinder which is held in place, then more quickly lowered,
before being held in place again.

The disparity noted in the range of Pe is also due to the wide range of velocities possible. In the case of
a periodically lowered electrode, the instantaneous Péclet number can be as large as O(10%) or O(10%), yet
this is only for a short duration, after which point the electrode is held fixed in place. As we shall discuss
later, this corresponds to an effective Péclet number multiple orders of magnitude smaller. If the process is
instead modelled by a uniform lowering of the electrode over time, then the Péclet number is of size O(10~1)
or O(1).

We have scaled the current like (,ZAS = mdm The Joule heating parameter is then given in terms
of the Pomerantsev number, Po. Standard values of the current I appear to range between 60000A and
150000A [22, 31]. The current is applied via current clamps around the entire radius of the cylinder, between
heights Hy = H, / H and Hy = H, / H. When carrying out numerical simulations, we non-dimensonalise the
electrical problem recalling that H, = 1.5m, H, = 2.5m for the configuration Elkem uses, while H= Tm, so
the non-dimensional range over which the current clamps are applied is z € [Hy, Ha] = [0.214, 0.357].

From available literature, the linear coefficient of thermal expansion, «, for the paste should be of the
order O(1075) [23, 34], hence the parameter group %ﬁs is of order O(1077) to O(10~%) for o, of order

O(107%) to O(1073). Hence, this is a very small parameter group in all scenarios, and will be neglected.

The viscous dissipation parameter may be written as the product of Prandtl (Pr) and Eckert (Ec)
numbers, which is denoted by the Brinkman number, Br, and we shall follow this notation. Note that
Br = O(107%) at most, so it may be tempting to neglect the Brinkman number since we have neglected
the thermal expansion. However, while the thermal expansion parameter is isolated, the Brinkman number
multiplies the viscosity. We have selected the viscosity scale to be such that i = O(10%), making the minimal
value of u(T) an O(1) quantity. However, the maximal order of u(T) will reach values of O(107). Hence,
the product Brp(T') has a possible maximal value which is O(10) in the case where the slip is of maximal
order, 15 = O(1073).

Under our nondimensionalisation, 7.0 is taken to zero (Teoor = 0), Thake is taken to one (Thake = 1),
and Tmelt is taken to Tier = 0.05263. We shall be interested in the behavior of the isotherms corresponding
to the melting and baking temperatures, and in particular, we study how the curves representing these
isotherms change position and structure as various model parameters are changed.

2.3. Reduction of the flow problem. Using the aforementioned parameter ranges as well as the
boundary conditions on the flow, the flow problem simplifies greatly. In order to account for the equation
of state F(p, p, T) = 0, we remark that discussions with Elkem suggest that the density p(T") changes by at
most 10% over the full range of temperatures, and we therefore consider the flow to be incompressible. Our
equation of state then reduces to setting p(T') equal to a constant. We set p(T') = 1, as p holds the constant
value of the dimensional H(T').

The boundary velocity parameter v should be viewed as an average slip rate. In practice, the electrode
is held fixed for a time, and then moved downward over a short interval of time, after which it is then held
fixed again. This process continues periodically. In order to account for the aforementioned time-dependence
of the velocity boundary conditions, we should include inertial terms in the fluid model, which leads us to
consider the incompressible Navier-Stokes system

(8a) V-u=0, Re (gl:—i—u-Vu):V-(M(Vu—i—VuT))—Stk(Vp—|—e2),
Ov Oou Ov

(8b) 520, a§+5=0, p=0 at z=1,

(8C) (U,U) = (Oa _f(t)) at z= Oa

(8d) (u,v) bounded at r=0,

(8¢) (w,0) = (0,—f()) at r=1.

Here f(t) is the function which approximates the motion of the casing over time. When the casing is
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stationary, we have f(t) = 0, while when the casing is moving at its maximal velocity 95, we have f(t) = 1.
The boundary conditions (8b)-(8e) imply a spatially uniform velocity field, and an exact solution to the
fluid problem is then given by

1-=2
o) w=0. v=—f0, p=(1-gefw) 2
where f denotes the time derivative of f. Since Re = O(107?) at most, while Stk = ©(10?) at a minimum,

we therefore have that &‘f{ = O(1079) at most. As such, the inertial term &< is negligible (even for rapid

variations in velocity when slipping motion starts or stops), and the same rezmts would have been obtained
from a quasi-static approximation from the Stokes equations.

It is common practice to consider a continuously lowered electrode, which is lowered at some averaged
rate much lower than the periodic slip rate. In this case, f(t) = 1 for all time, and in this regime 9, is
small and viewed as the time average of a periodic slip velocity; in practice 95 = O(107°) or smaller for this
regime. In this limit, we have Re = O(107%), so we set Re = 0 and neglect the inertial terms, with (8a)
reducing to the Stokes equations. The boundary conditions are the same as those given in (8b)-(8e), with
f(t) =1, and we obtain the simpler exact solution

1—=2

10 =0 =1, p=
(10) u=0, wv P -

Furthermore, for p(T") > uo > 0, a solution to the Stokes equation is unique [7], and hence the exact solution
(10) is the unique solution. This is useful to note, so that we need not worry about a second steady solution.

Note that the viscous dissipation term in equation (3) is identically zero for the velocities specified in
(9) or (10), and we henceforth neglect it, regardless of the particular value of Br. That is to say, we do not
need to use the fact that Br is small to neglect viscous dissipation; rather, the viscous dissipation term is
identically zero due to the spatial uniformity of the exact flow solution.

2.4. Constitutive relations and boundary conditions. The electrical conductivity &(T ) was taken
. . -1
as 6(T) =T (1 + exp ((1048C - T)/3380)) in [27] with reference value is @ = 32000Q 'm~!, corre-

sponding to the value of electrical conductivity at the temperature 2273K [27, 31]. Putting the relation into
non-dimensional form, we find 6(T") = a0 (T'), with

(11) o(T) = .

1+ exp (10.923 — 4.385T)

Similarly, using reference values given in [4, 34] for the thermal conductivity, we choose k(T) = kk(T) with
a reference value k = 5Wm "K' and sigmoid form

1+ exp (1.997)
1+ exp (2.936 — 0.9397) -

(12) k(T) =

Based on operating conditions observed by Elkem at the external boundaries of the domain, we consider
an external thermal profile of the form Text(é) = 1173K for 2 € [0m, 1.5m), which models the hot region near
the bottom of the electrode. The region around the current clamps is cooled, and we have T oxt (2) = 333K for

€ [1.5m, 2.5m), whereas the region above the current clamps is warmer, Toy (2) = 473K for 2 € [2.5m, 3.5m).
Above this, there is a cooling with height, and we have Tuy (2) = 753K — 80£ 2 for 2 € [3.5m, 5m) and finally

Text( ) = 353K for the topmost region where Z € [5m, 7m]. In dimensionless form, we then have

2.930 for z €[0,0.214),
—1.754 x 1072 for z € [0.214,0.357),
(13) Toxt(2) = € 4.737 x 107} for €[0.357,0.5),
1.458 — 1.968z for z € [0.5,0.714),
5.263 x 1072 for z € [0.714,1].

The spatially varying coefficient of convective heat transfer is estimated from Elkem data, and takes
the form h(2) =7 W m 2K~ ! for 2 € [0m, 1.5m), increases strongly in the current clamp region to h(2) =
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75 W m 2K ™! for £ € [1.5m,2.5m), decreases to h(Z) = 15 W m 2K ™! for £ € [2.5m,5m), and finally
decreases to zero above that. The dimensionless coefficient of convective heat transfer reads

& for z€0,0.214),
f .214,0.
(14) h(z) = 5 for z€0.214,0.357),
1 for ze€[0.357,0.714)
0 for z€[0.714,1].

We have taken the dimensional scale factor to be h = 15 W m 2K ™!, which we use as the reference value
for the convective heat transfer in the Nusselt number.

2.5. Moving thermistor model in cylindrical coordinates. Our domain is that of a circular
cylinder of height one and radius one. We take an axisymmetric cylindrical coordinate frame (r, z). We have

(15a) Pe @f - af(t)%f) _ %% (m(T)gf) +a2% (k‘(T)ZZ) +Po o(T) ((Z‘f)Q +a? (g‘i’f) ,
(15b) %% (m:mgf) +a2% G(T)Zf) 0.

Dimensionless boundary conditions for the thermal problem are

(16a) T=0 at z=1,
oTr
1 _— = =

(16b) % 0 at z=0,

(16¢) T bounded at r =0,
or

(16d) Ic(T)a— =Nuh(z) (Text(z) =T) at r=1,

r

and the electrical problem,

(17a) O'(T)% =0 at z=1,

(17b) p=0 at z=0,

1 f H., H

(17¢) O’(T)% = o Ze [Hy, Ha at r=1,
or 0 otherwise,

(17d) ¢ bounded at r=0.

In the case where the slip is uniform, we take f(¢t) = 1 and assume a steady state problem, replacing
(15a) with

(18) —a Pe g—f = %% (rk(T)%f) + aQ% (k(T)gZ) + Po o(T) ((gf)z + a? (gf)j .

We will refer to (18), (15a), (16), (17) as the stationary or steady form of the model. Note that although the
temperature problem (15) is in general time-dependent, the electrical problem is kept static for all cases, as
we assume that the electrical system equilibrates instantaneously relative to the thermal system even on the
timescale of the electrode moving. As we are most interested in static or quasi-static dynamics, we do not fix
the initial data, but comment that in simulations we explored a variety of initial data, all of which appeared
to be within the basin of attraction for the steady (constant f) or quasi-steady (periodic f(t)) solutions.

If we consider the case of a static electrode which is not lowered, Pe = 0, we obtain the steady-state
“thermistor” problem for a finite cylinder. Thermistor problems are well-studied in the literature, and we
mention several relevant studies. An upper bound on the temperature in such problems (although with
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simpler boundary conditions than we employ) was obtained in [9]. For specific boundary conditions, systems
of the form (18) and (15b) have been shown to admit either a unique solution or no solution, depending
on the functions k(T) and o(T) [10]. Additional posedness and blow-up results followed in [1]. Thermal
runaway as a route to blow-up in the time-dependent form of these problems was further elucidated in
[25, 26]. A transient surge in temperature (similar to thermal runaway, yet self-saturating) may lead to
cracking of thermistors (cracking is observed in real thermistors) [13]. A geometric reduction like that used
in [10] was studied in two space dimensions in terms of a conformal map from the thermistor domain onto
a rectangle [18]. Stationary solutions of (18) were further explored in [19] for certain boundary conditions.
The degenerate case where o(T) = 0 for some T was studied by [8]. While mathematically interesting and
useful for motivating some of our findings, none of these studies considered complicated thermal boundary
conditions such as (16). Furthermore, the role of thermal advection through a moving thermistor is ignored
in much of the thermistor literature, yet this will be essential to consider for our study of a lowered electrode.

It has been remarked that convection will not matter in a qualitative sense for thermistor problems [27].
Although this is true for a more abstract mathematical formulation where length scales and boundaries do
not matter, in practical applications the specific rate of lowering of an electrode modelled as a thermistor
will play a strong role in the rate of heating and hence the position of the baking isotherm. In particular,
fast rates of lowering may result in soft breakages, while excessively slow rates of lowering will be inefficient.
As such, there is an interest in determining an optimal lowering rate, where an electrode is fed into a furnace
at a rate which both prevents soft breakages yet preserves efficiency.

3. Qualitative and quantitative analysis of the model. In this section, we study the behavior of
solutions to the model (15), (16), (17) both analytically and through numerical simulations. Our primary
focus is on locating the baking isotherm, as soft breakages will occur if the baking isotherm goes beneath the
bottom of the clamp. Regarding the simulations, we simulate the stationary form of these equations using
the Finite Element solver COMSOL, using a mesh with 111,202 second-order triangular mesh elements to
approximate the domain. A non-uniform mesh is employed with a maximal element size of 3 x 1073 in a
region of width 0.1 around the clamp, and a maximal element size of 5 x 10~3 elsewhere. Convergence in
the spatial discretization is checked by refining the mesh and computing norms of solution differences for
select parameters. In order to determine how transient dynamics evolve into a steady state configuration,
time-dependent simulations are computed using the same discretization as used in the stationary solver,
and a relative error tolerance of 1072, and the default adaptive time-stepping scheme using a generalized
backward-difference formula of orders 1-5. All of the stationary solutions shown appear to be numerically
stable when perturbed slightly and simulated forward in time. We find no evidence of multistability in the
experimentally relevant parameter ranges.

In all simulations we fix Nu = 5, while varying the parameters Pe, a, and Po within ranges of relevance to
real furnace operation. In each case we compute the melting (T' = Tyne11) and baking (7' = 1) isotherms, and
display these where they appear within the dimensionless geometry. In Figure 3 we plot a sample temperature
profile, T, as well as the orders of magnitude of the distribution of the Joule heating, In (1 + [V¢[?). In the
example shown, the baking isotherm closes, and hence the electrode has successfully baked. Note that the
observed drop-off in the electrode current density distribution as it penetrates the interior of the electrode
is akin to observations from more complicated multiphysics simulations and experiments [22].

We first consider exact solutions for two strong simplifications of the model, in order to gain a qualitative
understanding of the role played by the boundary conditions and Joule heating. After this, we consider the
case of periodic slips, where the electrode is periodically lowered in time. We find that the dynamics over
many such slips are akin to those from a stationary model (for reasonable duration slips), and explore the
stationary case in more detail, providing parameter sweeps in the relevant dimensionless groups.

3.1. Exact solutions for two simplifications of the steady problem. We first consider simplifica-
tion of the model (18), (15a), (16), (17), in order to gain better intuition for, and a qualitative understanding
of, the steady problem.

3.1.1. Heat transfer in a lowered electrode in the absence of Joule heating. In order to better
understand the role played by the combination of convective heating at the boundaries and thermal advection
due to the slow downward motion of the electrode, we consider the limit Po — 0. To simplify our analysis, we
take k(T) = 1 and h(z) = 1, since their reference values are already scaled out in the non-dimensionalization

10
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(a) T (cylindrical geometry) (b) T (¢) In (1+0(T)|Ve|?)
Fig. 3: Numerical simulation of the system (18), (15a), (16), (17). (a) A 3D view of the temperature profile
over a 270°-arc of the cylinder. (b) Heat map for the temperature in the r — z coordinate frame. (c)
Heat map for the logarithm of the Joule heating distribution given by In (1 + o(T)|V$|?). All panels show
isothermal surfaces corresponding to melting (white) and baking (black) isotherms. Parameter values are
fixed at a = 0.14, Pe = 3, Po = 3.58. This value of Po corresponds to an applied current of 80kA.

382 presented in Section 2.2. We obtain from (18) the simplified problem
or

2
383 (19) —a Pe or_1o ( 8T> 20T with — =Nu (Text(2) —=T) at r=1,

o9z ror \or “ 52 or

381 subject still to the boundary conditions (16a)-(16c). We transform the dependent variable, T' = exp (—52z) 0,
385 which results in the modified problem for 6:

1o [ 06 ,0%0  Pe?
386 -—r— — - —0=
386 (20a) T <r 8r) Y 1 0,
6 P
557 (20D) %—2—29:0 at 2=0, =0 at z=1,
0 P
388 (20c) f bounded at r =0, 99 = Nu <exp <ez> Text(2) — 9> at r=1.
389 or 2a
390 In order to solve (20), we first separate variables like 6(r, z) = R(r)Z(z), which gives the spectral problem
391
d*Z  Pe’ dZ Pe
302 (21 - —Z=-X2 —-_—Z=0at 2=0, Z=0at z=1
2 (21a) @ 1 T % 0 at z=0, 0 at z=1,
393
1d [ dR
3014 (21b) —— (r— ) =R, R bounded at r =0,
rdr dr

395 for A > 0. Note that the sign of the spectral term is the only possibility; replacing —A? with A2 or A = 0
396 yields only the trivial solution Z(z) = 0. Solving (21a), we find

Pe | Pe\’
307 (22) Zy(z) = cos (Agz) + ah, sin (Aez), Ae=ay/AZ+ (Za) ,
398  where the constants Ay, £ > 1, are the positive roots of A cos(A)+ % sin(A) = 0, arranged in ascending order.
+
309 Rearranging, we have 22A = — tan(A). Since —tan(A) — co as A — {@} and —tan({7) = 0, each
400 root Ay must satisfy @ < Ay < ¢w. While there exist negative roots, these take the form A_, = —Ay,

101 hence Z_(z) = Z(z), and by this symmetry it is sufficient to consider only ¢ > 1. While there is a root
102 Ag = 0, this results in only the trivial solution Z4(z) = 0.
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Fig. 4: Plots of the solution (23) for fixed aspect ratio a = 0.2 and Nusselt number Nu = 5, given the Péclet

numbers (a) Pe = 2, (b) Pe = 5.3, (¢) Pe = 5.5. We plot the level curves corresponding to Tier = 0.05 and

Thake = 1, with white regions corresponding to the solid region T' < T,el4, light red regions corresponding

to the melted region Tier < T < Thake, and dark red regions corresponding to the baked region Thae < T'.

We find from (21b) that R(r) = Io(Asr), where Iy denotes the relevant modified Bessel function of the
first kind, is the solution which satisfies the ODE in the radial coordinate which is bounded for r = 0.
To complete the solution procedure, we write the Fourier series and place it into the remaining convective
boundary condition. Evaluating this at 7 = 1, we determine the remaining unknown coefficients by taking
the Fourier expansion of Text(2) in the basis functions Zy(z) and matching the coefficients. Returning to T'
from 6, we obtain the exact solution in terms of the generalized Fourier series

(23a) T(r,z) = ZAZIO()\W) {cos (Aez) + QGPXZ sin (Aez)} exp (—%z) )

(=1
where
Jy exp (52€) Tuxa (&) {cos (Ae€) + 555 sin (A€) } d

(loMe) + 251 (0) Ji [eos (A0€) + o2 sin (A,6)] de.

(23b) Ay =

In order to better understand the role of the Péclet number and aspect ratio in positioning the baking
isotherm, we plot the series solution (23) in Figures 4-5. To do so, in Figure 4 we truncate the series at 300
terms, having verified that there is negligible difference between the 300 term and 1000 term truncation for
these cases. More accuracy is needed to obtain the results in Figure 5 due to the inclusion of small aspect
ratios which result in rapidly varying exponentials, and we use a 1000 term truncation of the series for the
smallest values of a in this case.

For the parameters given in Figure 4, the baking isotherm fails to close for Pe 2 5.3 (see Figure 4(c)),
and this results in the melted paste region flowing through the center of the bottom boundary (see Figure
4(c)). This means that excessively rapid lowering of the electrode results in the core region warming too
slowly, with electrode paste flowing into the furnace below. Lowering the electrode more slowly allows for
the paste to bake before reaching the furnace at the bottom of the domain.

The smaller the aspect ratio, the more uniform the baking, with wide cylinders more likely to develop a
hole in the baking isotherm which permits electrode paste to flow into the furnace. In Figure 5, we plot the
baking isotherm for multiple values of the aspect ratio, given a fixed value of the Péclet number. We then
calculate the critical Péclet number, Pe*, for a given aspect ratio, such that the baking isotherm lies above
z = 0 for all Pe < Pe*. To do this, we calculate T'(0,0) for specific @ and Pe until 7(0,0) < 0, noting the
value of Pe for which T7'(0,0) ~ 1. We also verify that the boundary remains above the line z = 0 (to make
sure that the minimal value is indeed at r = 0). We find that the baking isotherm does not close for any
a > 0.74, even as we take Pe — 0.
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Fig. 5: (a) Plots of the baking boundaries corresponding to the 7' = 1 isotherm from the solution (23) for
fixed Pe = 4 for various values of the aspect ratio, a = 0.15,0.2,0.25,0.3, with each respective isotherm
decreasing in height. Note that the isotherm corresponding to a = 0.3 fails to close. (b) Critical values Pe*
such that the baking isotherm is closed for all Pe < Pe”*, for a given a. Above this value, the baking isotherm
does not close, resulting in electrode paste flowing into the furnace. Note that the critical value for a = 0.3
is Pe* = 3.25, hence why the baking isotherm corresponding to a = 0.3 is not closed for Pe = 4 in panel (a).
We fix Nu = 5 in both panels.

3.1.2. Simplified problem near the current clamps. To gain a better intuition for the current
problem resulting in Joule heating, we consider a caricature of the region surrounded by the current clamps.
To this end, consider a cylindrical domain r € [0,1], z € [Hy, Hs], with current clamps along the radius
and current flowing from the radial boundary downward toward a grounded bottom of the cylinder. In our
caricature, we assume T = Ty, < 1 at z = Hy and g—z = 0 at z = H;. We approximate Tex(z) = 0
(which is a good approximation of the value —1.754 x 10~2 given by (13) within this region). Near T~ 1,
we approximate o(T) ~ o(1). We define the parameter II = Po o(1), treating II as an O(1) parameter.
We further approximate k(T") = 1, while we take h(z) = 5 in order to agree with (14) within the region
H, < z < Hy. Rescaling z = Hy + (Hs — H1)(, we note that a/(Hy — Hy) = 1. This scales all parameters
out of the current problem, which reads

10 [ 9¢ ¢
(242) r&«(Tar) acz =
(24b) g—?:o at (=1, ¢=0 at (=0, %:1 at r=1, ¢ bounded at r=0.

Separating variables and constructing a solution in the standard manner, we find

I ((2£;1)7r7“> " ((254_ l)ﬂ'C) .

|
(25) o(r,¢) = 2 ; (20 +1)2 I ((2@274-1)#) 2

In order to gain a qualitative understanding of the Joule heating term, we calculate |V¢|? using a truncated
200-term series expansion from (25), plotting the result in Figure 6. The strongest Joule heating is located
very close to the boundary, and is centred near ¢ = 0 and r = 0 in the scaled coordinates. While (25)
results from a number of simplifications, the qualitative finding that Joule heating is highly localized near
the current clamps, which is in qualitative agreement with the simulation shown in Figure. 3 for the full
problem.
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Fig. 6: Plot of the Joule heating term |V¢|? calculated using a 200-term series expansion (25). Contours
are taken at 1, 3, 5, 7, respectively, with darker shading denoting stronger Joule heating. Note that the
strongest Joule heating is adjacent to the boundary, beneath the current clamps, although Joule heating
extends across the radius of the domain. Recall that ¢ € [0, 1] corresponds to the region between the current
clamps, rather than the entire electrode.

One may use (25) to compute |V¢|? in the relevant problem for temperature, which is

or 10 [ oT\ 0°T oo\ [06\°
(262) _Peag_rar<rar)+ag2+n<(ar> +(5) )
(26b) T =Tmin at (=1, ??1;:0 at (=0, T bounded at r=0, Z—T=—5NuT at r=1.
T

Writing Thom (7, ¢) = R(r)Z((), the relevant spectral problem is given by

1d
rdr

r@ =R, R bounded at r=0, 8—7—\{:75Nu7€ at r=1.
dr or

(27)
The solution of problem (27) results in a Dini series, which is a type of Fourier-Bessel series associated with
Robin boundary conditions. For further details, see Chapter 18 of the classical reference [48]. Note that there
is no non-trivial solution for v > 0, so we consider v = —I'2, finding that R(r) = Jo(T¢r), £ = 1,2, ..., where
0<Ty <Ty <---— oo are solutions of the transcendental equation I'.J; (I') —5 Nu Jy(T") = 0. By symmetry
we need only consider non-negative values of I', and we note that I' = 0 is never a solution. For the reference
value of Nu = 5, the first several eigenvalues are I'y = 2.310798161, I'y = 5.306797248, I's = 8.326170092,
Iy = 11.35750185, I's = 14.39961798. The corresponding solution to the problem Z; + Pe Z, = I'?Z,,
Z,(0) = 0 reads

(28) Z4(¢) = 4 cosh (Mé) + \/ijeiwsinh ( Pe? + 4rgg) exp <_Pze<) _
e” + 4l

We can now write Thom(7,¢) = >0y BeJo(Ler)Z6(¢), where the B, are coefficients to be determined
through the final condition T" = Ti,n at ¢ = 1. In order to find the By’s, we observe that at ( = 1 the series
is a function of r alone, which must be constant. Matching coefficients of >, By Jo(I'sr)Z¢(1) with the
Dini series for the constant Ty, in term of the basis Jo(I'pr), we finally obtain

2J1 (L) Jo(Ter) — Z24(C)
Jo(Te)? + J1(Te)?) Z4(1)

14
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The problem for Tjoue will involve a radial basis consisting of {JO(FW)};;, and hence the spectrum
will remain the same. The forcing function |V¢|? may be calculated from (25), and changing the basis of
this function, we write

2 [ rJo(Ter) Vo |2dr
Lo (Jo(Te)? + J1(Te)?)

(30) Vo> = Jo(Ter)@e(C), () =

Separating variables like Tyoue(r, () = Re(r)Ve(¢) with Re(r) = Jo(Ter) for £ = 1,2,..., we obtain the
boundary value problems

d*Ye dYy 2 _ _ _ dye _ _
0 + Pe e T2, + D) =0, Yy=0 at (=1, oo =0 at (=0, £=12,....

Employing variation of parameters, we find that solutions to (31) take the form

(31)

1I
(32) () = EAD) {Zz / Ke(1,7)®(1)dr — Z,(1 / Ke(C, 7)@e(T)dT } , =12,
where the kernels are defined by

2 Pe
\/msmh(Q\/W(C ))exp(—z(c—7)>, £=1,2,...,

Summing Thom and Tieule, Wwe obtain the exact solution

(33) Ke(¢,7) =

o0

2J1 (o) Jo(Ter)  Z6(C)
= Toin 2 (0T 4 5 007) Z)

(34)

n ZJOM< /1@17@[( Var — Z(1 /lCeC, )®()d )

The function multiplying the Joule heating parameter II is non-negative, and takes the greatest value below
the baking isotherm and near the boundary of the domain. So, the baking isotherm will tend to increase in
height with Joule heating, with this increase correlated to a strengthening of the Joule heating parameter
II. Later simulations will better demonstrate the quantitative strength of this effect.

3.2. Effective steady thermal problem. We turn our attention to the case where the electrode slip
is periodic in time. For slips of excessive duration or velocity, the baking isotherm can fall below z = 0,
which is undesirable. Therefore, in practice a succession of slips of short duration are employed to lower
the electrode. In such a case, the system starts at a steady state corresponding to no slip (f = 0), there is
a brief slip or combination of slips which lower the baking isotherm, and then the system evolves back to
the steady state corresponding to no slip (f = 0), with this process repeating in a periodic manner. In this
configuration, we assume that f(t) is periodic with period 7, and that fOT |f(t)|dt < 1. We assume that a
solution to (15a) takes the form

(35) T(r,z,t) = Tmean(7, 2) + Tyar(r, 2, 1),

where Thean(7,2) is a mean value of the temperature field over time, while Ty, (r, z,t) accounts for the

variations around this mean, so that 1 H_T Tdt = Thean and f an Tyardt = 0. If such a mean value does not
exist, then the baking isotherm will tranblently drift down or up over each period 7, which is undesirable.
We shall assume Ty, (7, 2, t) and its derivatives are small relative to Tiean (7, 2). Using (35) in (15a), we have

8I-VVB,I“
ot

(36) Pe - aPef(t)% (Tmean + Tvar) =V- (k(Tmean)vaean) + Po U( mean |V(b| + O( var) )

where the O (Tyar(r, 2,t)) terms on the right hand side depend on Ty, and its space derivatives multiplied
by terms involving the time-independent Tean and its space derivatives. Integrating (36) over a period, and
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assuming that the terms involving T, are small enough to be negligible relative to corresponding terms
involving the mean Tiean, at leading order we obtain an effective equation

8jjm n
(37) —a Peeff azea =V- (k(Tmean)VTmean) + Po O'(Tmean) |v¢7|2 )
where
P T
(38) Peot = — | f(t)dt
T Jo

is the effective Péclet number. Note that a solution Tiean of (37) is equivalent to a solution T of (18) in
the case where Pe in (18) is replaced by Pees. When carrying out simulations, we compare the obtained
solutions to a corresponding steady state of the stationary effective problem (37)-(38).

3.3. Simulation of time-dependent slips and comparison with effective model. Here we pro-
vide numerical simulations of the system (15), (16), (17). We choose reference parameters with guidance
from our industrial partner, fixing Nu = 5, ¢ = 0.14, Po = 9.39 (corresponding to an applied current of
130kA), corresponding to real values used for time-dependent electrode slip. The slip often occurs at a
velocity 75 = 3 x 1073ms ™!, so that Pe = 9.72 x 102. While Pe is very large, the slip takes place over a very
short time interval. We define At to be the duration of a slip, and 7 to be the period between when two
slips are initialized. The duration of a standard slip is 5 seconds, and in dimensionless time this becomes

At = 735 = 2.143 x 1073, Then, we define f(t) to be

® 10={5 f tcianny

The interval between slips is on the order of an hour, which is 1.543 in dimensionless time, so the period 7
is order one. We continue f(¢) over the positive real numbers ¢ > 0 by f(¢t + 7) = f(t); that is to say, f(¢)
is periodic with period 7. One may then modify 7 so that there is a slip every hour, every half hour, and so
on.

Simulations are carried out for 57 units of time (that is, for five slips) from an initial condition computed
with the stationary solver under a constant flow with Pe = Pe.g. Given the form of (39), we anticipated
(and confirmed) that solutions were essentially periodic with maximal isotherms at ¢ = 0,7,27,...,57, and
minima offset from this by At, i.e., at the end of a slip.

In consultation with Elkem, we consider two cases of periodic standard slips of 5s duration, as follows.
Case 1: a slip occurs every 45 minutes (7 = 1.157). Case 2: a slip occurs every 25 minutes (7 = 0.6429).
We compare the baking and melting isotherms for the averaged cases with those of the corresponding
stationary problem. For our choice of slip velocity, and using (39) in (38), we find the effective Péclet
number Pegg = 9.72 X 102%. For each of the cases involving a standard slip, we have Pesg = 1.80 (Case 1),
Peor = 3.24 (Case 2). We show the result of these simulations in Figure 7 by plotting the baking isotherms
only (the melting isotherm behaves similarly).

We remark that over the period of a single slip, there is very little change in the baking isotherm from
its maximal to minimal values. Examining a portion of these isotherms closely, we see that they fall a
distance of O(107%) — O(1073) during a slip, and return exactly (within reasonable numerical tolerance) to
the effective stationary isotherm. This suggests that the problem is indeed effectively periodic, and that the
effective stationary problem described in Section 3.2 is appropriate for the ranges of parameters relevant to
industrial furnace operation.

In addition to making the standard slip more frequent, Elkem is interested in taking longer duration slips
over a fixed time. Motivated by this, in Figure 8 we consider one slip per hour, but increase the duration of
the slip from 5 seconds to 2 minutes. The industrially-relevant slip time of 5 seconds is comparable to the
examples shown in Figure 7, where the effective stationary solution is effectively a maximal isotherm that is
periodically returned to. The solution corresponding to a 2 minute slip is shown after a period of five slips
just before a sixth, with the baking isotherm failing to close at the center of the electrode, leading to a soft
breakage. We remark that the effective stationary model is a good indicator of the feasibility of an electrode
set-up, as the difference between the stationary isotherms for different parameters (as shown in Section 3.4)
is orders of magnitude larger than transient differences observed over the duration of a single slip.
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Fig. 7: Maximal (blue) and minimal (red) baking isotherms for simulations with time dependent slip of
the electrode according to (39) with slip duration of 5 seconds (At = 2.143 x 1073) every (a) 45 minutes
(7 = 1.157) and (b) 25 minutes (7 = 0.6429). We take a slip rate of 95 = 3x10™3ms ™! so that Pe = 9.72x 10?
over the short duration of the slip. The other parameters are fixed at Nu = 5, a = 0.14, Po = 9.39 (130kA).
We also plot the effective isotherms (black) for steady states correspond to solutions of the effective problem
(37)-(38), noting that this is essentially identical to the maximal isotherm in all cases. The insets show a
zoomed in view near r = 0 that that the difference between maximal and minimal extent of the baking
isotherm can be seen.
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Fig. 8: Maximal (blue) and minimal (red) baking isotherms for simulations with time dependent slip of the
electrode according to (39) with one slip every hour (7 = 1.543) yet of varying durations of (a) 5 seconds
(At = 2.143 x 1072), and (b) 2 minutes (At = 5.143 x 10~2). We take a slip rate of 95 = 3 x 107 >ms~! so
that Pe = 9.72 x 102 over the short duration of the slip. The other parameters are fixed at Nu = 5, a = 0.14,
Po = 9.39 (130kA). We also plot the effective isotherms (black) for steady states correspond to solutions of
the effective problem (37)-(38).

3.4. Parameter sweeps for uniform slips. Having shown that time periodic slips result in solutions
akin to those found for an effective uniform slip, we now carry out parameter sweeps using a uniform slip
rate in order to better understand the influence of the dimensionless groups on the position of the melting
and baking isotherms. We set f(¢) = 1 in (15a). Although the fluid mechanics problem is quite simple, recall
that the parameter 0, still enters into Pe, and thus heat is still advected downward with the uniform flow,
despite the simplifications.

In Figures 9-11, we plot the melting and baking isotherms for various values of the Péclet number Pe
(measuring the lowering rate of the electrode), the aspect ratio a (measuring the width of the electrode),
and the Pomerantsev number Po (measuring the strength of the Joule heating). We find that the general
qualitative trends seen in the analytical solutions of Section 3.1 for more idealized simpler cases still hold.
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Fig. 9: Melting (blue) and baking (black) isotherms under a parameter sweep over the Péclet number Pe as
indicated. We fix a = 0.14 and Po = 9.38.
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Fig. 10: Melting (blue) and baking (black) isotherms under a parameter sweep over the aspect ratio a as
indicated. We fix Pe = 15 and Po = 9.38.
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Fig. 11: Melting (blue) and baking (black) isotherms under a parameter sweep over the Pomerantsev number
Po as indicated. We fix Pe = 15 and a = 0.14.
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As the Péclet number increases in Figure 9 (due to more rapid lowering of the electrode), the position of
the baking isotherm falls lower until the point at which it does not close. Meanwhile, as the aspect ratio
is increased in Figure 10 (so that the electrode becomes wider), the position of the baking isotherm lowers,
since it is harder to warm progressively wider cylinders in a fixed time. Within the industrially-relevant
values of the Pomerantsev number Po, there is only a small variation in either isotherm, as seen in Figure 11.
However for no Joule heating (Po = 0), we note a substantial impact on the qualitative behaviour, with the
baking isotherm failing to close for smaller values of Pe, and not forming at all for larger Pe. Additionally,
in the Po = 0 case, we observe the addition of a second melting isotherm near the current clamps, which
forms due to the cold boundary condition near the current clamps when the current clamps are not in use.
In practice, the melting region is more diffuse, and this colder region near the clamps may still behave as a
fluid rather than a solid, and hence this small region does not tend to inhibit the overall flow of the electrode
material.

4. Discussion and extensions. We have formulated a fairly general model for the lowering of a
Sederberg electrode into a furnace, and then studied in some detail two reductions of this model: a case where
the electrode is lowered continuously yet slowly, and a second case were the electrode is lowered periodically,
with the motion being more rapid during the lowering. For reasonable parameter values corresponding to
realistic furnace operation, we find that the effective theory derived from the periodically lowered case gives
results which are in good agreement with the continuously lowered electrode model. Hence, the process of
lowering a Sgderberg electrode is adequately modelled as a steady-state process, provided that the baking
isotherm closes.

We can draw several conclusions regarding optimal furnace operation from our analytical solutions and
numerical simulations. There is an obvious desire to utilize the maximal amount of material in a given
time. However, if the electrode is lowered too fast then liquid paste may seep into the furnace, leading to
soft breakage which results in costly damage. To mitigate this, the operator should choose to lower the
electrode at a rate which permits the baking isotherm to close properly, and hence the electrode to fully
bake, before the paste reaches the bottom of the domain, which corresponds to the point where electrode
material enters the furnace. Our analytical and numerical results suggest that there is a range of permissible
Péclet numbers, Pe € [0, Pe*), with Pe* the critical value at which the baking isotherm barely closes right
at the bottom (z = 0) of the domain. The position of the baking isotherm appears to be monotone in the
Péclet number (fixing all other parameters, of course), and hence so long as the value is below the critical
value, the furnace will continue to operate normally. If the Péclet number exceeds this value, then costly
damage may result. The electrode may therefore be lowered up to some critical effective velocity, before
the process fails. Our findings highlight the key role that the Péclet number plays in realistic thermistor
problems, and complements the expansive literature on static thermistor problems for which Pe = 0.

Similarly, the aspect ratio of the cylindrical electrode will influence where the baking isotherm lies. If the
aspect ratio is small enough, boundary heating due to both the applied current and regions of warm external
temperature, will result in heat flow through to the center of the cylinder, allowing the baking isotherm to
close. On the other hand, if the cylinder is too wide, then these transport mechanisms may not adequately
heat the electrode paste. This is an important consideration if the development of wider configurations is
considered. Combining the parameter dependences, our results suggest that wider electrodes will be viable
only if they are lowered more slowly into the furnace. Due to this reduction in rate of lowering, it is not
clear if a wider electrode would provide more or less material per unit time to the furnace below, and this
likely merits further study.

The Pomerantsev number, Po, is a measure of the effectiveness of the Joule heating due to current applied
to the boundary in a ring around the current clamps. As this dimensionless group increases, the position
of the baking isotherm likewise increases (in height) in a monotone manner. In real applications, there is a
practical limit to the current which may be applied at the clamps, due to both the cost of electricity and
potential damage to the current clamps resulting from excessive current without sufficient heating. Therefore,
although the Joule heating aids in the baking of the boundary, failure of a baking isotherm to close due to
an excessively high effective slip velocity cannot always be mitigated by increasing the applied current.

There are a number of ways in which our results might be extended in future work. In addition to
preventing soft breakages, there is also the possibility of hard breakages (see Figure 2), with melted paste
flowing up past the solid electrode, and segregating. One way to reduce such a problem is by focusing on
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the extreme viscosity variation between the solid electrode and the melted paste, which results in a hybrid
extensional and lubrication flow model coupled to a temperature model through a highly temperature depen-
dent viscosity function. Furthermore, in flows with reacting chemicals, the local chemical concentration is
known to modify the viscosity of the overall flow [33, 46], and viscosity is often modelled through exponential
dependences on the particular quantities of chemicals present [17, 16]. In some sense this is a more precise
way to account for phase changes that are modelled in bulk via our non-monotone viscosity - temperature
relation, and incorporating chemical reactions taking place during baking may lead to a more quantitatively
accurate model.

While the assumption of an incompressible flow implied a spatially uniform velocity field for our geometry,
in real electrodes they may be some degree of non-uniformity due to such density variations. That said,
consideration of fully compressible Navier-Stokes equations may be excessive. As a compromise, one may
consider the Boussinesq approximation, assuming density variations are small and linear. While density
varies with temperature, it does so fairly gradually, with the thermal expansion o = O(107°), with the
result being only a roughly 10% change in density over the entire temperature range considered. Generally,
the Boussinesq approximation is valid when « is small and the temperature variations are sufficiently small.
For our case, not only is a small, but the observed density variations with pressure are linear or sub-linear
(depending upon the thermal regime). The resulting buoyancy term will be most useful in the less viscous
region between the melting and baking boundaries.

There are a variety of other processes of industrial importance which are similar to that we have consid-
ered here. These include flows in a slag-cleaning furnace [49], the smelting of nickel matte in a furnace [40],
the electroslag remelting process [32], the production of ferronickel in electric arc furnaces [24], and electric
smelting furnaces used in the platinum recovery process [6]. Given appropriate changes in the constitutive
relations and parameters, the model we developed in equations (15)-(17) could be applied to such problems.
We have studied part of the process of lowering a Sgderberg electrode into a furnace. In the future, our
model could be coupled to existing models approximating the dynamics within a furnace [44, 43], in order
to more accurately model the energy transfer from the outside current clamps into the furnace via one or
more Sgderberg electrodes.
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