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UPPER ENVELOPES OF FAMILIES OF FELLER SEMIGROUPS
AND VISCOSITY SOLUTIONS TO A CLASS OF NONLINEAR
CAUCHY PROBLEMS

MAX NENDEL'and MICHAEL ROCKNER?

ABSTRACT. In this paper, we consider the (upper) semigroup envelope, i.e. the
least upper bound, of a given family of linear Feller semigroups. We explicitly
construct the semigroup envelope and show that, under suitable assumptions,
it yields viscosity solutions to abstract Hamilton-Jacobi-Bellman-type partial
differential equations related to stochastic optimal control problems arising in
the field of Robust Finance. We further derive conditions for the existence
of a Markov process under a nonlinear expectation related to the semigroup
envelope for the case where the state space is locally compact. The procedure
is then applied to numerous examples, in particular, nonlinear PDEs that arise
from control problems for infinite dimensional Ornstein-Uhlenbeck and Lévy
processes.
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1. INTRODUCTION

Assume that we are given a “nice” Feller process and that there are some fea-
tures, for example some parameters (drift, volatility, etc.), of the process that
cannot be determined precisely. In this case, one typically speaks of model un-
certainty or ambiguity. This topic has been studied extensively in the context of
Economics and Mathematical Finance in the last decades. Prominent examples
include a Brownian motion (Bachelier model) with drift uncertainty (cf. Coquet
et al. [7]) or volatility uncertainty (cf. Peng [30],[31]), a Black-Scholes model with
volatility uncertainty (cf. Epstein and Ji [13], Vorbrink [36]), and Lévy processes
with uncertainty in the Lévy triplet (cf. Hu and Peng [18], Neufeld and Nutz
[25], Hollender [17], Kiithn [22], Denk et al. [10]). Under this type of uncertainty,
worst case considerations together with dynamic consistency requirements lead
to a stochastic optimal control problem, where, intuitively speaking, “nature”
tries to control the system into the worst possible scenario, and to the consider-
ation of so-called nonlinear expectations. In the case of a Brownian Motion with
uncertain volatility within an interval [0y, 0p,] with 0 < 0y < 0y, this leads, for
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instance, to the control problem

t
V(t, z;up) == supE{uo <:L’+/ Os st)}, (1.1)

o€eX 0
where B is a standard Brownian Motion on a suitable filtered probability space
and X consists of all progressively measurable stochastic processes o = (0¢)i>0
with values in [0/, 03]. Solving the optimal control problem (1.1) then results in
the HJB equation

2
Oyu(t,x) = sup U—ﬁmu(t,x) fort >0and z € R, u(0) = uy,
o€loe,on]

which is typically referred to as G-heat equation. We refer to Denis et al. [8]
for a detailed illustration of this relation. Moreover, one can show that the value
function (1.1) admits a representation of the form

V(t,x;up) = 5(U0($ + Xt))a

where &£ is a sublinear expectation, more precisely a G-expectation, and X is a
so-called G-Brownian Motion (cf. Denis et al. [8] and Peng [30],[31]).

Motivated by this example, we choose a semigroup-theoretic approach, formally
separating the space and time variable, in order to prove the existence of viscosity
solutions to abstract Hamilton-Jacobi-Bellman-type equations of the form

Owu(t) =sup Ayu(t) fort >0, u(0)=uy, (1.2)

AeA

where (Ay)xea is a family of generators of Feller processes indexed by a nonempty
index set A. We refer to Engel and Nagel [12] or Pazy [29] for more details on
semigroup theory related to linear PDEs and the idea of formally separating space
and time. Our approach is based on an explicit construction and approximation
of the solution due to Nisio [26], which adds a primal description to the dual rep-
resentation in terms of a stochastic optimal control problem. In a second step, we
discuss how a stochastic process under a sublinear expectation can be obtained
from the nonlinear semigroup which describes the transition of the process, using
a nonlinear version of Kolmogorov’s extension theorem by Denk et al. [9]. Finally,
we link semigroup envelopes to the value functions of abstract versions of Meyer-
type control problems. We thus provide a nonlinear analogue to the classical
relation between Feller processes, partial differential equations and semigroups.
It is worth noting that stochastic optimal control problems and nonlinear PDEs
of the form (1.2) are intimately related to BSDEs (cf. Pardoux and Peng [27],[28],
El Karoui et al. [11], Coquet et al. [7]), 2BSDEs (cf. Cheridito et al. [6], Soner
et al. [32],[33]) and BSDEs with jumps (cf. Kazi-Tani et al. [20],[21]) resulting
in a stochastic representation of solutions to nonlinear Cauchy problems of the
form (1.2). The present paper can be seen as an analytic counter part to these
approaches, which are based on mainly stochastic methods, and the techniques
we use might pave the way for further applications in control theory.
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For two (possibly nonlinear) semigroups S = (S(t))i>0 and T = (T'(t))s>0 on
a Banach lattice X, we write S < T if S(t)x < T'(t)x for all t > 0 and = € X.
For a nonempty index set A and a family (S))rea of semigroups on X we call
a semigroup 7" an upper bound of (Sy)yep if T > Sy, for all A € A. We call .%¥
the least upper bound of (Sy)xea if - is an upper bound of (S))yepa and ¥ < T
for any other upper bound 7T of (S))xea. Then, the question arises under which
conditions the family (S))xea has a least upper bound. To the best of our knowl-
edge this question has first been addressed by Nisio [26], in the case every S is a
strongly continuous semigroup on the space of all bounded measurable functions,
which is why we call the least upper bound . of (Sy)xea the Nisio semigroup
or the (upper) semigroup envelope of (Syx)xea. Due to a Theorem of Lotz [24] it
is known that strongly continuous linear semigroups on the space of all bounded
measurable functions always have a bounded generator, which is why the result
of Nisio is not applicable for most semigroups related to partial differential equa-
tions. However, using a similar approach to the one by Nisio on the space of
bounded and uniformly continuous functions, Denk et al. [10] proved the exis-
tence of a least upper bound for transition semigroups of Lévy processes. In the
present paper, we use the idea of Nisio in a more general framework than Denk
et al. [10] in order to go beyond Lévy processes. Main examples will be transition
semigroups of Ornstein-Uhlenbeck processes and Lévy processes on real separa-
ble Hilbert spaces, Geometric Brownian Motions, and Koopman semigroups with
semiflows in real separable Banach spaces.

A fundamental result from semigroup theory is the fact that for a strongly
continuous semigroup S = (S(t))i>o of linear operators with generator A the
function u(t) := S(t)ug, for sufficiently regular initial data uo, is a solution to the
abstract Cauchy problem

Owu(t) = Au(t) fort >0, u(0)= up. (1.3)

We refer to Engel and Nagel [12] or Pazy [29] for more details on this relation.
Similar as in the work by Denk et al. [10], we show that the semigroup envelope
yields a viscosity solution to the nonlinear Cauchy problem (1.2) if A, is the
generator of Sy for all A € A. On one side, this is interesting from a structural
point of view, since it establishes a relation between the least upper bound of
a family of semigroups and the least upper bound of their generators. On the
other side, this shows that semigroup envelopes are closely related to solutions to
possibly infinite-dimensional stochastic optimal control problems as well as local
and non-local Hamilton-Jacobi-Bellman equations in Hilbert spaces, cf. Barbu
and Da Prato [1],[2],[3],[4], Fabbri et al. [14], Federico and Gozzi [15], Swiech and
Zabezyk [34],[35]. We point out that, in comparison to the standard literature
on control theory and viscosity theory, our approach covers a different spectrum
of applications. While in the standard theory on viscosity solutions very general
types of HJB equations of the form

uy = F(t,z,u(t,z), Dyu(t, z), Dysu(t, z))
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with a suitable function F' are considered, our approach uses very much the par-
ticular structure of the equation (1.2). On the other hand, we allow for very
general forms of generators, which are not covered by standard results. However,
as we discuss in Section 6, in most cases that are covered by, both, the standard
approach and our approach, the solution concepts coincide. We thus propose a
different yet consistent solution concept, which allows to cover a different range
of examples, in particular, completely non-standard control problems. In order
to come up with control problems that are somewhat closer to reality, in the
past decades, an increasing interest has been paid to infinite-dimensional con-
trol problems with a particular focus on infinite-dimensional controlled Ornstein-
Uhlenbeck processes. We refer to Fabbri et al. [14] and the references therein for
a detailed discussion on this topic. Considering a family (A))yea of generators
of infinite-dimensional Ornstein-Uhlenbeck processes, we cover a certain range of
examples for Ornstein-Uhlenbeck control problems. In the standard theory on
controlled Ornstein-Uhlenbeck processes (cf. Fabbri et al. [14]) the drift term
consists of an expression of the form (BXt + m) dt with a fixed unbounded gen-
erator B and a controlled vector m. Under certain conditions, the existence of
mild solutions and Cl-regularity of the related HJB equation can be obtained
using smoothing properties of the linear semigroup related to B and perturba-
tion results from semigroup theory for semilinear equations. Our approach allows
to consider controlled Ornstein-Uhlenbeck processes with bounded generators in
the drift term with controls in terms of B, m and the covariance operator in the
diffusion part (see Example 6.2). In a forthcoming paper with Ben Goldys and
the authors we show that our approach also extends to unbounded operators B

Throughout, we consider a nonempty index set A, a fixed separable metric
space (M, d) and a fixed weight function x: M — (0, 00), which is assumed to be
continuous and bounded. Let C = C(M) be the space of all continuous functions
M — R. We denote the space of all © € C with norm

|t||oo == sup |u(z)| < 0o
xeM

by Cy, and the space of all v € C with seminorm
| u||Lip := inf {L >0|Vr,y € M : |u(z) —uly)| < Ld(x,y)} < 00
by Lip. Finally, we denote the space of all u € C' with norm

[ullx = l[kulloe < o0
by C, and the closure of Lip, := Lip N C;, in the space C, by UC,. If k is
bounded below by some positive constant, then C,, = C}, and || - ||, is equivalent
to ||  ||so- In this case, UC, is the closure of Lip, w.r.t. || ||, which is the space

UC,, of all bounded and uniformly continuous functions M — R. If M has the
Heine-Borel property, i.e if every closed bounded subset of M is compact, and
k € Cy, then UC, = {u € C|ku € Cy}, where Cy is the closure of the space C, of
all continuous functions with compact support w.r.t. || -|«. We refer to Example
5.3 b) for more details. For a sequence (u,),en C UC, and u € UC,, we write
u, S uasn — oo if u, < uyyq for all n € N and u,(x) — u(z) as n — oo for
all x € M. Analogously, we write u,, \, u as n — oo if u, > u,yq for alln € N
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and u,(x) = u(x) as n — oo for all z € M. We are now ready to introduce the
central objects of our discussion.

Definition 1.1.

a) We call a family . = (/(t))>0 of possibly nonlinear operators a Feller
semigroup if the following conditions are satisfied:
(i) .“(t): UC, — UC, is continuous for all ¢ > 0,
(ii)) L (0)u = vand L (s+t)u = L (s). (t)u for all s,t > 0 and u € UC,,
(iii) .~ (t) is monotone and continuous from below for all t > 0, i.e. for
any sequence (u,),eny C UC, and u € UC, with w,, /u as n — oo
it holds . (t)u, /.7 (t)u as n — oo.
b) Let D C UC,. We then say that a Feller semigroup . is strongly contin-
uwous on D if the map

[0,00) = UC,, t— L(t)u

is continuous for all u € D. If D = UC,, we say that .% is strongly
continuous.

Note that our definition of a Feller semigroup is somewhat different from the
standard notion in the literature. First of all, we do not require strong continuity
or linearity of the semigroup a priori, as it is usually the case. Moreover, Feller
semigroups are oftentimes related to functions vanishing at infinity. In order to
treat situations, where the state space M is infinite-dimensional, we do not require
any condition related to compact sets but rather a certain growth condition in
terms of the weight function .

Throughout this work, we assume the following setup:

(A1) For all A € A let Sy be a Feller semigroup of linear operators with Sy ()1 =
1, where 1 denotes the constant 1-function.
(A2) There exist constants «, f € R such that

1Sx(#yulle < eflull. and  [[Sx(H)ullip < lulluip
for all w € Lip,, A € A and ¢ > 0.

At this point, we would like to briefly discuss the assumptions (A1) and (A2)
and explain the key differences between the present paper and the paper by Denk
et al. [10]. First, we would like to mention that the assumptions (A1) and (A2)
are satisfied with kK =1, @ = 0 and § = 0 for Markovian convolution semigroups
(semigroups arising from Lévy processes). Different from [10], we do not make
any assumption on strong continuity of the semigroups (S )ea or their generators
at this point. Strong continuity was a key ingredient in the proof of the dynamic
programming principle (the semigroup property of the semigroup envelope) in
[10] and also in the paper by Nisio [26]. In this paper, we provide an alterna-
tive proof for the dynamic programming principle, which does not require any
strong continuity assumptions, and covers a more general setup. In particular,
we prove the existence of the semigroup envelope of the family (Sy)xea (Theorem
2.5) solely under the assumptions (A1) and (A2). In Section 3, we then provide
three conditions that imply the strong continuity of the Nisio semigroup, which
in turn implies that the Nisio semigroup is a viscosity solution to a nonlinear
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Cauchy problem (cf. Section 4). The key assumption in order to obtain the
strong continuity in [10] and [26] is a joint density assumption on the domains of
the generators, which, in some infinite-dimensional applications, is not satisfied.
In particular, uncertainty in the covariance operator of infinite-dimensional Brow-
nian Motions leads to major restrictions, see [10, Example 3.3]. The conditions
for strong continuity and the generalised setup, we present in this paper, allow
us to treat, both, finite and infinite-dimensional applications (Koopman semi-
groups, geometric dynamics, Ornstein-Uhlenbeck processes and Lévy processes)
in full generality concerning the uncertainty, and to improve [10, Example 3.3]
in such a way that no Lévy triplet is excluded a priori. The assumption in order
to obtain the strong continuity in [10] is a special case of Proposition 3.5 in the
present paper. Finally, we would like to point out that the setup we choose is
also more flexible regarding the tail behaviour of solutions. More precisely, the
choice of the weight function x enables us to consider also unbounded initial data
(contingent claims), which was not possible in the setup chosen by Denk et al.

The paper is structured as follows. In Section 2, we show the existence of
the semigroup envelope .# of the family (S))aea under the assumptions (Al)
and (A2), and provide approximation results for the Nisio semigroup. The main
result of this section is Theorem 2.5. In Section 3, we provide conditions that
guarantee the strong continuity of the semigroup envelope (Propositions 3.4 -
3.6). In Section 4, we discuss the connection between semigroup envelopes and
viscosity solutions to a nonlinear abstract Cauchy problem. The main result of
this section is Theorem 4.5. In Section 5, we give a stochastic representation of
the semigroup envelope via a stochastic process under a sublinear expectation
(cf. Theorem 5.5). Section 6 is devoted to the connection between the results
obtained in the present paper and the field of control theory. In particular, we
explain the link between semigroup envelopes and value functions of abstract
control problems. In Section 7, we apply the results from Sections 2, 3 and 5 to
several non-standard examples.

2. CONSTRUCTION OF THE SEMIGROUP ENVELOPE
Let u € UC,, A € A and h > 0. Then, ||Sy(h)ul|, < e®"||ul|. since the map

Sx(h): UC, — UC, is continuous, which implies that
(Epu)(z) == sup (Sx(h)u)(z)
AEA
is well-defined for all x € M.

Lemma 2.1. Let h > 0.
a) [|Epu — Epv|x < ePju — v for all u,v € UC,.
b) ||5hu||Lip < eﬁh||u||Lip fOT all u € Llpb
c) The map &,: UC, — UC, is well-defined and Lipschitz continuous with
Lipschitz constant e®".
d) &, is sublinear, monotone, and continuous from below with E,1 = 1.

Proof.
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a) Let u,v € UC, and h > 0. Then, for all A € A,
£(Sy(h)u — &) < k(Sa(h)u — Sx(h)v) = kS\(h)(u —v)
< [[Sa(h)(u = v)[lx < €| = v
Taking the supremum over A € A and a symmetry argument imply that

|Epu — Epvl| < eo‘h||u — |-

b) Let u € Lip, and z,y € M. Then, for all A € A,
(Sx(h)u)(x) = (Enu) (y) < (Sx(R)u)(x) = (Sa(h)u)(y) < & |lullupd(z,y).

Taking the supremum over A € A and a symmetry argument yield that

[ () () = (Enu) ()] < ™ ulluipd(x. ).
¢) By part b) and Assumption (A1), we have that E,u € Lip,, for all u € Lip,.
Since Lipy, is dense in UC,, part a) implies that &,: UC, — UC, is well-
defined and Lipschitz continuous with Lipschitz constant e®”.
d) All these properties directly carry over to the supremum.

O

In the sequel, we consider the set P := {7 C [0,00): 0 € 7, || < oo} of finite
partitions of the positive half line. The set of partitions with end-point ¢ will be
denoted by P, i.e. P,:={r € P:maxnm =t}. Let u € UC, and 7 € P\ {{0}}.
Then, there exist 0 =ty < t; < ... < t,, such that 7 = {t¢,t1,...,t,} and we set

57Tu = gtl—to e Etm_t7n71u.

Moreover, we set Egyu = u. Note that, by definition, &, = &gy for h > 0.
Since &,: UC, — UC, is well-defined, the map &,: UC,, — UC, is well-defined,
too.

Lemma 2.2. For all m € P, the operator £, is sublinear, monotone and contin-
wous from below with £,1 = 1. Moreover, ||Exu — Epvl], < ™7 ||lu— ||, for all
u,v € UC, and ||Exul|rip < 2™ ||u||pip for all u € Lip,.

Proof. Since &, is a sublinear, monotone and continuous from below with £,1 = 1
for all h > 0, the same holds for &, as these properties are preserved under com-
positions. The Lipschitz continuity follows from Lemma 2.1 and the behaviour
of Lipschitz constants under composition. (]

Let u € UC,. In the following, we consider the limit of £,u when the mesh size
of the partition m € P tends to zero. First note that, for hy, hy > 0 and x € M,

(Envynou) () = sup (Sa(h1 + ho)u)(z) = sup (Sa(h1)Sa(ho)u) ()

< sup (Sx(hn)Enyu) (2) = (Eny Enyu) (),

AEA
which implies the pointwise inequality
Enu < Eryu for my,my € P with m C . (2.1)
In particular, for 71, m € P and 7 := m; U my it follows that = € P with
(&rlu) Vv (&Tzu) < & u. (2.2)
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Recall that we denote the set of all finite partitions with end point ¢ > 0 by F;.
Fort >0, x € M and u € UC,, we define

() (z) := :161}15) (Eru) (). (2.3)

The family . = (L(t))i>0 is called the (upper) semigroup envelope or Nisio
semigroup of the family (S))xea. Note that, by definition, .%(0)u = u for all
u € UC,. We observe the following basic facts, which are a direct consequence
of Lemma 2.2.

Lemma 2.3. Let t > 0. Then, the map #(t): UC, — UC, is well-defined and
Lipschitz continuous with Lipschitz constant e®*. Moreover, . (t) is sublinear,
monotone and continuous from below with .7 (t)1 = 1.

Proof. By Lemma 2.2,
| (t)u — L (t)v]|. < e*||u—v]|,. forall u,veUC, (2.4)

and || (t)u||Lip < €Y|ul|Lip for all u € Lip,,. In particular, . (t)u € Lip, for all
u € Lip,. Now, the estimate (2.4) implies that .7 (¢): UC, — UC, is well-defined
and Lipschitz continuous with Lipschitz constant e**. The remaining properties
follow directly from the observation that, by Lemma 2.2 they are satisfied by &,
for m € P;, and carry over to the supremum over all 7 € P,. O

In the following, we show that the Nisio semigroup . is in fact a semigroup.
We start with the following lemma, which shows that .%(¢)u can be approximated
by a monotone sequence of partitions depending on u. We would like to point
out that, under additional assumptions, the dependence of the sequence on u can
be dropped (see Proposition 2.7, below).

Lemma 2.4. Letu € UC,, andt > 0. Then, there exists a sequence (7, )nen C Py
(depending on w) with E;,u /. (t)u as n — co.

Proof. Let (zx)reny € M such that the set {z} | k € N} is dense in M. Then, for
every k € N, there exists a sequence (7¥),en C P, with 7% C 7F,, for alln € N
and

(Enr) (z) /(L (t)u)(z) as n — oco.
Now, let 7, := UZ:l 7r'n“ for all n € N. Then, 7r'n“ C 7, C mpeq for all m € N and
ke {1,...,n}. Hence,
Enu<Epu<& u foralln € Nand k € {1,...,n}. (2.5)
Let (Exv)(x) := sup,ey (Ex,v)(z) for all v € UC, and z € M. Then, by Lemma

2.2, the map £,: UC, — UC, is well-defined. In particular, E,u: M — R is
continuous and, by (2.5), &, u / Eu as n — oo. Again, by (2.5),

(L (t)u) (k) = nh_)IIolo (Epru) () < nh_)IIolo (Ernu) (1) = (Exott) (z1) < (L (t)u) (k)

for all k € N. Since, .7 (t)u and E,u are both continuous and the set {zy, | k € N}
is dense in M, it follows that % (t)u = E,u, which shows that

Eryu L (Hu  as n — oo.
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We obtain the following main theorem.

Theorem 2.5. The family . is a Feller semigroup of sublinear operators and
the least upper bound of the family (Sy)xea-

Proof. We first show that, for all s, > 0,
L (s+1t)=S(s)L(t). (2.6)
If s =0 or t = 0 the statement is trivial. Therefore, let s,t > 0, u € UC,, my €
Py, and m:= mo U {s}. Then, m € Py, with mp C 7 and, by (2.1), E,u < Eru.
LetmeN, 0=ty <ty <...t,, =s+twithm={tg,...,tn},andi € {1,...,m}
with ¢; = s. Then, my := {to,...,t;} € Psand my :== {t; —s,...,t, — s} € P, with
gﬂl = gtl—to e gti_tifl and g7r2 = gti+1_ti o ‘gt'm_tmfl'
We thus obtain that
gﬂou < gﬂu = gt1—to o 'gtm—tmﬂu = (gh—to T gti—tiq) (gti+1_ti e 'gtm—tm—lu)
=Ennu < &L (Hu < L(s).7(t)u.
Taking the supremum over all my € Py, yields that .7 (s + t)u < .7 (s).7(t)u.
Now, let (m,)neny C P with &, u 7 7 (t)u as n — oo (see Lemma 2.4) and fix
w9 € Ps. Then, for all n € N,
mo=mnU{s+7:T7em} € Py, with &, =& &
As &, is continuous from below, it follows that

Eny (L (t)u) = nh_)rrolo EnyEru = lim Exu < .S (s +t)u.

n—oo

Taking the supremum over all my € Ps, we get that . (s).7 (t)u < (s + t)u,
and therefore (2.6) follows.

From the definition of . in Equation (2.3) and Lemma 2.3, we now may
conclude that . defines a Feller semigroup of sublinear operators. It remains
to show that . is the least upper bound of the family (S))xea. To this end,
let u € UC,, © € M, and T be an upper bound of the family (Sy)xea, i.€
(Sa(t)u)(z) < (T(t)u)(z) for all A € A, u € UC,, t > 0 and z € M. Then,

(Sa(h)u)(z) < (&u)(z) < (T(h)u)(z) forall A€ A and h > 0.
Since S and T are semigroups, it follows that
(Sa(t)u)(z) < (Exu)(z) < (T(t)u)(x) forall \e A, t>0, and 7w € P,.
Taking the supremum over all m € P, we obtain that
(Sa(t)u)(z) < (L (t)u)(z) < (T(t)u)(z) forall A€ Aandt> 0.
O

The remainder of this section is devoted to show that the approximation result
of Lemma 2.4, where the approximating sequence was dependent on the function
u € UC,, can be made stronger under the additional assumption that the map

[0,00) = UC,, hw— &Eu (2.7)
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is continuous for all u € UC,. More precisely, under this condition every sequence
of partitions with mesh size tending to 0 can be used for the approximation of
the semigroup envelope. Note that (2.7) is, for example, implied by the condition
that

sup [|[Sx(h)u —ull, — 0 as h — 0,
AEA

for all v € Lip,, which, in most applications, is satisfied. The following lemma
shows that &, depends continuously on the partition = € P.

Lemma 2.6. Assume that the map (2.7) is continuous for all uw € UC,. Let
m € N and m = {tg,t1,...,t;m} € P with0 =ty < ... < t,. For eachn € N let
T ={t0,th, .. th e Pwith0=1t) <t} <...<t! andt —t; asn — oo for
alli € {1,...,m}. Then, for all u € UC, we have that

|Exu — Er )l — 0, n — o0.

Proof. First note that the set of all partitions with cardinality m + 1 can be
identified with the set

S™o= {(51,...,sm) eRm‘O<sl <... <sm} C R™.
Therefore, the assertion is equivalent to the continuity of the map
S™ = UCk,  (S15---18m) = E{051,..5m 1 U (2.8)

Since the mapping [0,00) — UC,, h +— &Euu is continuous for all uw € UC,, and
|Epu — Epvl|. < eM|ju —v||, for all b > 0 and u,v € UC,, it follows that (2.8) is
continuous. 0

Let u € UC,. In the following, we consider the limit of £&,u when the mesh size

[Tloo == max (¢ —tj-1)

of the partition 7 = {tg,t1,...,t,n} € P with 0 =ty < t; < ... < t,, tends to
zero. For the sake of completeness, we define [{0}|,, := 0. The following lemma
shows that .7 (t)u can be obtained by a pointwise monotone approximation with
finite partitions letting the mesh size tend to zero.

Proposition 2.7. Assume that the map (2.7) is continuous for allu € UC,,. Let
t >0 and (7p)nen C Py with m, C mpyq for alln € N and |m,| \ 0 as n — c0.
Then, for all u € UC,,

Eryu NS (Hu as n — oo.
In particular,

S (tu=supElu= lim EX.,u  for all u € UC,,
neN n n—o0

where the supremum and the limit are to be understood in a pointwise sense.

Proof. For t = 0 the statement is trivial. Therefore, assume that ¢ > 0, and let

(Exu)(x) :=sup (Er,u)(z) foru e UC, and z € M.
neN
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As in the proof of Lemma 2.4, the map £,: UC, — UC, is well-defined. Let
u € UC,. Since 7, C m,41 for all n € N, it follows that &, u * Eu as n — oo.
Since (7, )nen C P;, we obtain that

Exot < L (t)u.

Let m = {to,t1,...,tm} € P,withm e Nand 0 =ty <t; <...<t, =1t Since
|Tnloo \¢ 0 as n — 0o, we may w.l.o.g. assume that #m, > m + 1 for all n € N.
Let 0 =t <t} <...<ty =tforall n e Nwith 7/, := {ty,t},.... ¢} C 7, and
t —t; asn — oo for all i € {1,...,m}. Then, by Lemma 2.6,

|Exu — Erulle =0 asn — oo.
Therefore,
ot —Eu>Eru—Eu>Epu—Eu—0 asn— oo,

showing that E,u > E;u. Taking the supremum over all w# € P;, we obtian that
oot = L (t)u.

Now, let m, := {£ | k € {0,...,2"}} for all n € N. Then,

S (u= lim & u= lim & .,u < supEilu < .7 (t)u,

m—o0 m—o0 neN n

where we used the basic fact that n = 2™ € N for all m € N. O

3. STRONG CONTINUITY

Let . be the Feller semigroup from the previous section, i.e. the semigroup
envelope of the family (Sy)xea. The aim of this section is to give conditions that
ensure the strong continuity of the semigroup envelope .#.

Remark 3.1. Let D C UC, be the set of all u € UC,, for which the map
[0,00) = UC,, t— (t)u
is continuous. Then, by the semigroup property (2.6),
[0,00) = UC,, s+ L(s5)L(thu=S(s+t)u

is continuous for all u € D. Therefore, the set D is invariant under the semigroup
S ie. L(tue D forall u € D and all t > 0.

Lemma 3.2. Let u € UC,. Then, the following statements are equivalent:
(i) limp_o ||-Z(Rh)u — u||,, = 0.
(ii) The map [0,00) — UC,, t — L (t)u is continuous.

Proof. Clearly, (ii) implies (i). Therefore, assume that limy,_,q |- (h)u — ul|, = 0.
Let ¢ > 0 and ¢ > 0. W.lLo.g. we may assume that in (A2) we have a > 0.
By assumption, there exists some ¢ > 0 such that ||.7(h)u — ul|, < e"*¢ for all
h € [0,9). Now, let s > 0 with |t — s| < 0. Then, for 7 := s At,

17 (t)u = (s)ull = || (1) (L (|t = s])u) = L(T)u]|,
< emHﬁﬂﬂt — s|)u — uH,_C < g,

where we used the Lipschitz continuity of .#(7) with Lipschitz constant e*”. [
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Remark 3.3. Let D C UC, arbitrary, and assume that . is strongly continuous
on D. Then, .7 is also strongly continuous on the closure D of D. In order to
see this, let u € UC, and (uy,)neny C D with ||u, — ul|, — 0 as n — co. W.lo.g.
we may assume that a > 0. Let ¢ > 0. Then, there exists some ng € N such
that [Jup, — ul. < 5e™®. Since u,, € D, there exists some ¢ € (0, 1] such that
|7 (h)tng — Uyl < § for all b € [0,0). Hence, for h € [0,0), it follows that

2e
|7 (h)u —ull, < 3 1 |7 (h)tng — tne | < €.

Now, the previous lemma implies that [0, 00) — UC,, t — ¥ (t)u is continuous.

We start with the first result ensuring the strong continuity of the semigroup
envelope .7.

Proposition 3.4. Assume that, for every § > 0, there exists a family of functions
(p2)eers C UC, satisfying the following:

(1) 0 < u(y) <1 forally € M, p.(x) =0, ¢.(y) =1 for ally € M with
d(x,y) = 9,
(ii) supyens £(2) [ (7 (h)gs) (2)] = 0 as b\, 0.

Then, the semigroup . is strongly continuous.

Proof. Let u € Lip, \ {0} and € > 0. Then, since x is bounded, there exists some
0 > 0 such that

k(y)|u(y) —u(z)] < 55 for all w,y € M with d(z,y) <.

By assumption, there exists a family (¢, ).enr C UC, with 0 < ¢, (y) < 1 for all
y e M, p.(x) =0, p.(y) =1 for all y € M with d(z,y) > J, and some hy € (0, 1]
such that

sup k(z)[ (S (h)gs)(x)] < ——— for all h € [0, hy).

weM Aflulloo
For all h € (0,1] and = € M,

|70 = ealu—u@) | <)@= polu—u@)]],

<e sup kK(y)lu(y) —u(z)| <
yeM
d(x,y)<é

Hence, for all h € [0, hy) and = € M, since . (h)1 =1,

k()| (7 () (2) — ul@)] = £)|( (h)(u - u(z))) ()|
< k() (S (h)|u — u(z)])(z)

<|l7m - e —u@))|
+/{(x)(§”(h) oolu — u(z)]))(2)

<§ + 26(2) [ulloo (7 (P) ) () <

DN ™
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This shows that ||.7(h)u _UHR < e forall h € [0, hy), and therefore . is strongly
continuous on Lipy. Since Lip, is, by definition, dense in UC,;, Remark 3.3 implies
that . is strongly continuous. O

The function ¢,, for x € M, in the previous proposition plays the role of
a cut-off function. Proposition 3.4 is a generalisation of the well-known fact
that transition semigroups of Lévy processes are strongly continuous, where the
strong continuity is intimately related to the convergence in law of the process.
Note that, for transition semigroups of Lévy processes, the translation invariance
together with the convergence in law ensures that the assumptions of Proposition
3.4 are satisfied.

We denote by Dy C UC, the linear space of all u € UC,, for which there exist
L, > 0 and h, > 0 such that

sup |[|[Sx(h)u — ul, < L,h for all h € [0, hy,).
AeA
Proposition 3.5. The semigroup .¥ is strongly continuous on Dx. In particular,
S is strongly continuous if Dy is dense in UC,.
Proof. Let u € Dy and 0 < hy < hy with hy — hy < h,. Then,
(S (h)u) (@) = (Enyu) (2) < (Sx,(h1)u) () — (Sxy(h2)u)(z)

for all x € M and \g € A. Taking the supremum over \y € A, it follows that
(Enyu)(2) = (Enyu)(z) < ?\UE | (Sx(hr)u) (z) — (Sx(ho)u)(z)|
€

for all z € M. By a symmetry argument, multiplying by x(x) and taking the
supremum over all z € M, we obtain that ||y, u — Epullx < supyey [|Sa(hr)u —
Sx(h2)u||,. Moreover,

1Sx(h1)u — Sx(ha)ull, < € [|Sx(ha — ha)u — ullw < Ly (hy — hy).
Taking the supremum over all A € A, we obtain that
1En, 1t — Epyullx < Lye™™ (hg — hy). (3.1)
Next, we show that
|Exu — ul|x < L™ ™ max (3.2)

for all 7 € P with maxm € [0, h,) by an induction on #n € N. First, let 7 € P
with #m =1, i.e. m = {0}. Then,

|Exu — ull = || Efoyu — uf[x = 0 = L,e*™™ " max.

Now, let m € N, and assume that (3.2) holds for all 7 € P with max« € [0, h,,)
and #m = m. Let # € P with #7 = m + 1 and t,, := maxw € [0, h,). Then,
7' =7\ {tn} € P with #7' = m and t,,_ := maxn’ € [0,¢,,). Therefore, by
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induction hypothesis and (3.1), it follows that
[Exu — ullx < ||Eru — Exvul + |Exu — ull,
= [|ExEtp—trmru — Extf| + [|Eru — ull,
S thMil ||gtm_tm71
S Lueat"hl (tm - tm—l) + Lueat"kltm—l

= L, et < L,e* ™™ max .

w—ulls + € = ullx

By definition of the semigroup ., we thus obtain that
|- (h)u — ul|. < L,e®™h =0 as h — 0.
O

The following proposition is somewhat similar to Proposition 3.4. Note that
(ii) in Proposition 3.4 is a condition related to the semigroup envelope .#, and its
verification is typically nontrivial. The following proposition replaces condition
(ii) in Proposition 3.4 by a smoothness condition on the cut-off functions (¢;)zenr,
where smoothness is given in terms of the family of generators (Ay)xea.

Proposition 3.6. Assume that for every § > 0 there exists a family of functions
(p2)zers C UC, satisfying the following:
(i) 0 < @u(y) < 1 forally € M, p.(x) =0, and p,(y) =1 for ally € M
with d(x,y) > 6,
(ii") There exist L > 0 and hy > 0 such that, for all h € [0, hy) and x € M,

sup ||Sa(h) s — @z« < Lh.
AEA

Then, .7 is strongly continuous.

Proof. By assumption, the family (¢,).cas satisfies condition (i) from Proposition
3.4. We now verify that (ii’) implies condition (ii) from Proposition 3.4. Observe
that

for all h € [0, ho) and z,y € M. W.lo.g. we assume that & > 0 in (A2). Then,
by (3.1), we obtain that

(Exlnps) (@) < (Enpr) () + (&‘gh% - %‘)(x)

ahg

K(x)
Lechop,
k()

< (Ergr) (z) +

for all 7 € P with maxm € [0, ho) and h € [0, ko). Inductively, it follows that

Le®" maxm  Le® max

(Extpa) (2) < ulx) + _

k() K(T)
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for all # € P with max7 € [0, hg). Taking the supremum over all 7 € P, for
h € [0, ho) yields that

sup k(z)[ (S (h)es) ()] < Le®™h — 0 as h\,0.

zeM

Therefore, condition (ii) from Proposition 3.4 is satisfied and the strong continuity
of .7 follows. O

4. RELATED HJB EQUATION AND VISCOSITY SOLUTIONS

Let A € A. Then, we denote by Dy, C UC, the space of all u € UC, such that
the map [0,00) — UC,, t — S\(t)u is continuous. Further, let D(A,) denote the
space of all u € UC, for which

Ayu = lim M e UC,
RN\O h

exists w.r.t. || - ||.. Note that, by definition, D(Ay) C Dy. Let u € [,o5 D(Ay)
with C,, = supy¢, ||Aru||x < o0o. Then, it follows that (see e.g. [12, Lemma
11.1.3])

h
1Sa(h)u — ul|x < / 1Sx(s)Ayul|xds < Cue®™h  for all A € A.
0

This shows that u € Dy. Moreover, since sup,c, ||Axul|x < oo, it follows that
(Au)(z) == sup (Ayu)(z)
AEA
is well-defined for all x € M.

Lemma 4.1. Let u € [),c, D(Ax) with

sup |[Ayullx < oo and sup||Sx(h)A\u — Ayul|, -0 ash — 0.
AeA AeA

Then, limpx o H ghz_“ — .Aqui = 0. In particular, Au € UC,.

Proof. Let € > 0. Then, by assumption, there exists some hy > 0 such that

sup || Sxa(s)Ayu — Ayul|, < e forall s € [0, ho).
A€

Hence, for all h € (0, hgl, it follows that

_ Wu —
‘ghu U_Au < sup M—A,\u
h . AeA h .
1 h
:sup—‘ / Sa(s)Ayu — Ayuds
AEA h 0 K

1 h
<supt / 193() Axtt — Ayullo ds < =.
rer b Jo
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Proposition 4.2. Let u € (,oy D(A\) with

sup |[Aullx < oo and sup||Sx(h)Au — Ayul|, -0 ash — 0.
AeA AeA

Then, Au € UC,. and the following statements are equivalent:
(i) The map [0,00) — UC,, t — .7 (t)Au is continuous,
(i) limp o H% - .AuH,i =0, t.e. Au = limy\o %, where the limit
is w.r.t. || ||

Proof. By Lemma 4.1, we already know that Au € UC,. Let D denote the set
of all v € UC,, for which the map [0,00) — UC,, t +— #(t)v is continuous. Our
assumptions imply that v € D,. Therefore, by Proposition 3.5, u € D and, by
Remark 3.1, #(h)u € D for all h > 0. Hence, by Remark 3.3, statement (ii)
implies (i). By Lemma 4.1,

S (h)u —u < Au— Shuh—u

Assuming that the map [0,00) — UC,, t — #(t).Au is continuous, it follows
that

Au — — 0, ash /0.

1t
E/ L (s)Auds — Aul| — 0, as h 0.
0 K
Hence, it is sufficient to show that
t
L (tu —u < / S (s)Auds for all t > 0. (4.1)
0

Let t > 0 and h > 0. Then,

h h t+h
Ehu—u = sup/ Sx(s)Ayuds < / F(s)Auds = / S (s —1t)Auds. (4.2)
0 0 ¢

AEA
Next, we prove that

Exu—u < / S (s)Auds forall T € P
0

by an induction on m = #m. If m = 1, i.e. if 7 = {0}, the statement is trivial.
Hence, assume that

Epvu—u < / S (s)Auds
0

for all 7’ € P with #7n’ = m for some m € N. Let m = {to,t1,...,t,n} € P with
0=ty <ty <...<tpand 7' :=m\ {t,}. Then, it follows from (4.2) that

tm
Extt — Ext < L (b)) (Epp—tyntt — u) < S (tp1) (/ (s — tm—1)Au ds)
tm—1

tm
< / 7(s) Auds,
tm—1
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where the last inequality follows from Jensen’s inequality. By induction hypoth-
esis, we thus obtain that

tm tm—1
Eu—u= (&Tu — &r/u) + (Sﬂ/u — u) < / L (s)Auds + S (s)Auds
tmfl

0

_ / 7(s) Au ds.
0

In particular, E;u — u < f(f Z(s)Auds for every m € P,. Taking the supremum
over all m € P, yields the assertion. 0

We now introduce the class of test functions, which will be used for the defini-
tion of a viscosity solution. Let
- o}.

D= {u € (] D(A)
AEA
In the sequel, we are interested in viscosity solutions to the differential equation
u'(t) = Au(t), fort >0, (4.3)

where we use the following notion of a viscosity solution.

S (h)u —u

N — Au

A d li
iléﬁ | Axul|x < o0 an fim

Definition 4.3. We say that u: [0,00) — UC, is a wiscosity subsolution to (4.3)
if u is continuous, and for every t > 0, x € M, and every differentiable function

¥ (0,00) = UC, with ¢(t) € D, (¢(t))(z) = (u(t))(z) and ¥(s) > u(s) for all

s >0,

(' (1) (z) < (Au(t)) ().
Analogously, u is called a wiscosity supersolution to (4.3) if u: [0,00) — UCy,
is continuous, and for every t > 0, x € M, and every differentiable function

¥ (0,00) = UC, with ¢(t) € D, (¢(t))(z) = (u(t))(z) and ¥(s) < u(s) for all

s >0,

(') (x) > (Ap(t)) ().
We say that u is a viscosity solution to (4.3) if u is a viscosity subsolution and a
viscosity supersolution.

Remark 4.4. In general it is not clear how rich the class of test functions for a
viscosity solution from the previous definition is. However, in the examples in
Section 7, we will see that, in most cases, where M is a Banach space, Lipﬁ cD
with & € {0, 1,2}, where Lipf denotes the set of all k-times (Fréchet) differentiable
functions M — R with bounded and Lipschitz continuous derivatives. For a
function ¢: (0,00) x M — R, which is differentiable w.r.t. ¢t and 91 (0, 00) X
M — R uniformly w.r.t.  Lipschitz continuous in ¢ with Lipschitz constant
L > 0, it follows that

sup W(t+ h,x) —P(t, )
xeM h

—O(t,x)| < Lh —0 ash\0

for all ¢t > 0. Hence, if Lipf C D for some k € Ny, every ¢ € Lipllo’k((O, 00) X M) is
differentiable as a map (0, 00) — UC,, and satisfies ¥(t) € D for all £ > 0. In most
applications, the class Lip]i’k(((), o00) X M ) of test functions is sufficiently large in
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order to obtain uniqueness of a viscosity solution. For more details concerning
our notion of a viscosity solution and the uniqueness of solutions, we refer to
Section 6.1.

We conclude this section with the following main theorem.

Theorem 4.5. Assume that the semigroup . is strongly continuous. Then, for
every ug € UC,, the function u: [0,00) — UC,, t — S (t)uy is a viscosity
solution to the abstract initial value problem

u'(t) = Au(t), fort>0,

u(0) = wup.
Proof. Fix t > 0 and = € M. We first show that u is a viscosity subsolution.
Let ¢: (0,00) — UC, differentiable with ¢ (t) € D, (¢¥(t))(z) = (u(t))(z) and

¥(s) > u(s) for all s > 0. Then, for every h € (0,t), it follows from Equation
(2.6) that

0= S (h).S(t —h)ug — S (t)ug L (h)u(t — h) —u(t)

h - h
_ LMt —h) —u(t) _ L) (L= h) = () + S (W)$(t) - ult)
< - < )
— . (h) (W - h}i - w(t)) N 5”(@1#(2) —%(t) , v(t) - u(t)
Moreover,

— 0 and

K

|0 (MR v

Hy(h)ib(t) —¥(®)
h

— 0.

K

— Au(t)

as h ™\, 0. Since (u(t))( (v(t)) (2), it follows that

x) =
0<—(¥'() (@) + (Ap(t))(2).

In order to show that u is a viscosity supersolution, let ¢: (0,00) — UC, differ-
entiable with ¢ (t) € D, (¥(t))(z) = (u(t))(z) and ¢(s) < u(s) for all s > 0. By
Equation (2.6), for all ~ > 0 with 0 < h < t, we obtain that

S (t)uo — L (W)L (t — h)ug

0=
h
_ u(t) — L (h)u(t — h) - u(t) — L (h)Y(t — h)
h - h
G I A O A G A (O )
h h h
MO0 | 90 TN | (Sl
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Furthermore,

— 0 and

R

Hw(t) - f(h)w(ht)
h

s (HO=01=1)

— 0.

K

+ Ay(t)

Since (u(t))(z) = (¥(t))(z), we obtain that 0 < —(Ay(t))(z) + (¢¥'())(z). O

5. STOCHASTIC REPRESENTATION

In this section, we derive a stochastic representation for the semigroup envelope
< using sublinear expectations. Such stochastic representations are of fundamen-
tal interest in various fields and, in particular, in the field of robust finance. The
prime example for a sublinear expectation arising from a semigroup envelope for
a particular family of semigroups is the G-expectation, cf. Denis et al. [8] and
Peng [30],[31], and the corresponding Markov process, the G-Brownian Motion,
is the analogue of a Brownian Motion in the presence of volatility uncertainty.
More general forms of stochastic processes arising from semigroups are given by
the class of so-called G-Lévy processes, cf. Hu and Peng [18], Neufeld and Nutz
[25], and Denk et al. [10]. In this section, we provide a similar representation
for . under an additional continuity assumption. We point out that our setup
covers the aforementioned existing approaches. We start with a short introduc-
tion to the theory of nonlinear expectations. For a measurable space (€, F),
we denote the space of all bounded F-measurable functions (random variables)
Q2 — R by L>(Q,F). For two bounded random variables X,Y € L£L>(£, F) we
write X <Y if X(w) < Y(w) for all w € Q. For a constant a € R, we do not
distinguish between a and the constant function taking the value a.

Definition 5.1. Let (£, F) be a measurable space. A functional £: L>(Q, F) —
R is called a sublinear expectation if for all X, Y € £2°(Q, F) and A > 0

(i) EX)<EY) it X <Y,
(ii) &(a) = a for all a € R,
(iii) EX 4+Y) <EX)+E(Y) and E(AX) = AE(X).
We say that (Q, F, &) is a sublinear expectation space if there exists a set of
probability measures P on (€2, F) such that
E(X) =supEp(X) forall X € L>(Q,F),
PeP
where Ep(-) denotes the expectation w.r.t. to the probability measure P.
Definition 5.2. Let L C UC, be a linear space. We say that .% is continuous
from above on L if . (t)u, \ 0 for all £ > 0 and all (u,),eny C L with u, N\ 0 as
n — Q.
Remark 5.3.

a) Assume that M is compact. Then, by Dini’s lemma, .¥ is continuous
from above on UC,, = UC;,.
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b) Assume that M satisfies the Heine-Borel property, i.e. every closed and
bounded subset of M is compact, and that k € Cy. Then, UC, = {u €
C| ku € Cp}, where Cy denotes the closure of the space C, of all continuous
functions with compact support w.r.t. || - [|«. In fact, let u € UC,. Then,
there exists a sequence (u,)neny C Lip, with ||u — uy,||. — 0 as n — oo.
Since k € Cy, it follows that v, := ku, € Cy for all n € N. Since C,
endowed with || - || is a Banach space and

|ku — vplloo = Ju — upl|lx = 0 as n — oo,

we find that ku € Cy. Now, assume that xku € Cy. Then, there exists
a sequence (vp)neny C Ce with [[ku — vyl — 0. Defining u, := = for
n € N, we see that u,, € Cy C UC,. Since UC,, C UC, and

[ = unls = [|5u = valoc = 0,

it follows that u € UC,.. We have therefore established the equality UC,, =
{u € C|lkru € Cp}. Let (up)neny C UC, with u,, N\, 0 as n — oo. Since
v, = Ku, € Cy for all n € N with v, \, 0 as n — o0, it follows that
|lunlle = ||vnllec — 0 as n — oo by Dini’s lemma. In particular, the
semigroup . and in fact every continuous map UC, — UC, is continuous
from above on UC,.

¢) Assume that . is continuous from above on Lip,. the space Lip, is
invariant under .(t) for all ¢ > 0. Note that .#(t)u € Lip, for all
u € Lip, and t > 0. Therefore, by [9, Remark 5.4], .%(t) uniquely extends
to an operator . (t): C, — Cy, which is again continuous from above.
Moreover, for every n € N, v € C,(M™!) the mapping

M™ SR, (21, B, Tpgr) = (L (G)0(@1, . T, ) (Tg)
is bounded and continuous.

Continuity from above on Lip, will be crucial for the existence of a stochastic
representation. In Remark 5.3 b), we have seen that, if M satisfies the Heine-Borel
property and x € Cy, then .% is continuous from above on UC,. The following
proposition, which is a generalisation of [10, Proposition 2.8], gives a sufficient
condition for the continuity from above on Lip, in the case that x does not vanish
at infinity and M is (only) locally compact. Recall that Cy is the closure of the
space Lip, of all Lipschitz continuous functions with compact support w.r.t. the
supremum norm || - ||, and that Cy C UCy, C UC,.

Proposition 5.4. Suppose that for every x € M and every § > 0 there exists a
function ¢, € Cqy satisfying the following:

(i) po(r) =1 and 0 < o, <1,

(ii) ¢z € ﬂ)\eA D(Ay) with supyep [[Axgzlls < 6.
Then, .7 is continuous from above on Lipy.

Proof. Fixt > 0, x € M and § > 0. Notice that 1 € D(A,) with Ay1 = 0 since
Sx(t)1 = 1 for all A € A. Therefore, (1 — ;) € (o) D(AN) with Ay(1 —¢,) =
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—Ay\p,. Since ¢, (x) = 1, it follows that
K@) [(L (1 = ¢)(@)] < 1O = @0) = (1= o)llx < te™ SUP [ Axall
< ote™.
Let (un)nen C Lipy, with u, N\ 0 as n — oo and € > 0. Then, there exists some
¢, € Cp satisfying (i) and (i) with § = £5)

2tetc)

where ¢ := max {1, ||u1]|c }. Then,
[tnloo ()1 = 0.)) () < % for all n € N.

Moreover, there exists some n € N such that [|u,p.[|. < § since ¢, € Cy. Hence,

(7 (t)un) (@) < [[tnlloo (L ()1 = @2)) () + (Z () (ungps)) () < e.
This shows that . (t)u, \, 0 as n — oo. Now, let (u,),eny C Lip, and u € Lip,
with w, \,u as n — oo. Then,

|- (t)u, — L (t)u| < L) (uy, —u) (0 asn — oo.
U

Note that, although not explicitly stated in Proposition 5.4, the existence of
a function ¢, € Cy with ¢, (z) # 0 for all x € M implies that M is locally
compact. Thus, Proposition 5.4 is thus only applicable for locally compact M.
The following theorem is a direct consequence of [9, Theorem 5.6].

Theorem 5.5. Assume that M is a Polish space and that . is continuous from
above on Lipy,. Then, there exists a quadruple (2, F,(E")zerr, (Xt)i>0) such that
(i) Xi: Q@ — M is F-B-measurable for all t > 0,
(i) (2, F,E") is a sublinear expectation space with E*(u(Xy)) = u(x) for all
x € M and u € Cy,
(iii) Forall0<s<t,neN,0<t <...<t, <sandv e C,(M"),

E” (U(th, ooy Xt Xt)) =&" ((Y(t —s)u( Xy, oo, Xy, ))(Xs)) . (5.1)
In particular,
(7 (1)) () = € (u(X)). (5.2
forallt >0, € M andu € Cy,.

Remark 5.6.

a) The quadruple (2, F, (E)zens, (Xt)i>0) can be seen as a nonlinear version
of a Markov process. As an illustration, we consider the case, where
the semigroup . and thus £* is linear for all x € M, and choose v =
u(X¢)1p(Y) with u € UC,, and B € B", where B" denotes the product o-
algebra of the Borel o-algebra B. Then, £* = Ep. is the expectation w.r.t.
a probability measure P* on (€2, F) for all x € M. Using the continuity
from above and Dynkin’s lemma, Equation (5.1) reads as

]EIW (U(Xt)lB(Xtu s 7th)) = EP”” [('y(t - S)U) (XS>1B(Xt17 cee 7th)}7
which is equivalent to the Markov property
Eps (uw(Xy)|Fs) = (L — s)u)(Xs) Pas., (5.3)
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where F, := 0({X, |0 < u < s}). On the other hand, if £* = Ep-, the
Markov property (5.3) implies Property (iii) from Theorem 5.5.

b) A natural question, in particular in view of (5.1) is, if the nonlinear ex-
pectation £7 can be extended to unbounded functions satisfying a certain
growth condition. We would like to point out that [9, Theorem 5.6] a
priori only applies to bounded functions. Using the fact that £ admits a
representation in terms of a nonempty set P* of probability measures on

(Q,F), ie.
EX(Y) = sup Ep(Y) forall Y € L%(Q,F),
PePe

allows to define

ENY) = PS;R: Ep(Y) € R

for F-measurable functions Y: Q — R with suppep= Ep(]Y]) < co. On
the other hand, (5.2) gives rise to a well-defined notion of £* for functions
of the form w(X;) with u € UC, and ¢t > 0. Consider a weight function
w € UC, with w(z) > 0 for all 2 € M and a measurable function u: M —
R with |u(z)| < w(x) for all z € M. Then, (5.2) implies that

Ex(|u(Xt)\) < Ex(w(Xt)) = (Y(t)w)(:c) < 00
forallt >0and x € M.

6. CONNECTION TO CONTROL THEORY

In this section, we discuss our results in light of the standard literature and stan-
dard examples in control theory. In particular, we discuss the relation between
the semigroup envelope and the value function of Meyer-type control problems.
We further go into more detail on our notion of a viscosity solution in view of the
standard one and uniqueness results for the latter.

6.1. The notion of viscosity solution and uniqueness. A priori, our notion
of a viscosity solution is somewhat different from the classical one related to
(standard) parabolic HJB equations. The key difference between both notions is
the class of test functions. While in a standard setting, the class of test functions
typically consists of sufficiently smooth functions defined on the parabolic domain
[0,00) x M, in our notion, we formally separate the space and time variable and
consider differentiable functions ¢: [0,00) — UC, taking values in a function
space. Here, time regularity is given in terms of differentiability in ¢ w.r.t. the
norm || - ||, and the convergence of the difference quotient to the derivative is
thus up to the weight x uniform in the space variable. Space regularity is given
in terms of the abstract condition 1 (t) € D, where
_ o}.

S (h)u —
D .= {u € m D(A)) | sup ||[Azul|x < oo and lim HM
AeA
AEA PO h
Let us consider as an illustrative example, the case where M = R, k = 1, and
Ay = %QGM for A € A = 04,04 with 0 < o4, < 0p. That is, our control

N\
parameter is the volatility of a Brownian Motion. In this case, D = UC} is the

— Au
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space of all twice differentiable functions with bounded and uniformly continuous
derivatives. We therefore see that, in the case of partial differential equations, the
set D typically encodes some sort of space regularity in terms of differentiability
in the space variable. This will become also clear in the examples in Section 6.3.

As we point out in Remark 4.4, it is, in general, unclear how rich the class of
test functions for a viscosity solution from Definition 4.3 is. Therefore, uniqueness
is not given a priori and has to be checked on a case by case basis. However, it
is worth noting that, if M is, for example, an open subset of R? with d € N, the
standard notion of a viscosity solution is very robust in view of the considered
class of test functions, cf. Ishii [19, Remark 1.5 and Example 1.2]. Typically,
one chooses functions that are twice differentiable on M x [0, c0) with continuous
derivatives up to order 2 as test functions. However, the notion of a viscosity so-
lution and, in particular, uniqueness is not affected by replacing C*(M x [0, o)),
e.g., by C2(]0,00) x M), i.e. functions that are compactly supported and infin-
itely smooth functions. Roughly speaking this is due to the fact that the notion
of a viscosity solution is a very local solution concept, and therefore only the local
behaviour of test functions matters. We point out that under very mild condi-
tions, e.g., for all § > 0 and x € M, the existence of a cut-off function ¢ € D
with 0 < p < 1, p(x) =0, and ¢(y) = 1 for y € M with d(x,y) > ¢, our notion
of a viscosity solution can also be formulated in terms of local extrema instead
of global extrema; thus leading to a local solution concept as well.

We build on Remark 4.4 in the case that M is an open subset of R? with d € N.
Assume that C* C D, where C2° denotes the space of all infinitely differentiable
functions M — R with compact support, and let » € C°([0, 00) x M). Since )
has a compact support and s is continuous, it follows that

s e[ LH ) = (0,2
reM h

—Ob(t,x)| < Lh — 0 as h\,0

for all ¢ > 0. In particular, the function
1 [0,00) = UC,, t— (t) == (L, )

is differentiable. Moreover ¢ (t) = 9 (t, - ) € C® C D. Therefore, assuming that
(at least) C* C D, any ¢ € CX([0,00) x M) is a test function in the sense
of Definition 4.3. Thus, the notion of a viscosity solution from Definition 4.3
coincides with the usual notion in most cases covered by the standard theory.
As a consequence, uniqueness of viscosity solutions can be obtained from Ishii’s
lemma.

6.2. Semigroup envelopes as value functions to optimal control prob-
lems. In this section, we identify the semigroup envelope as the value function of
a space-time discrete Meyer-type optimal control problem under the additional
assumption that each semigroup S, is a family of transition kernels of a stochas-
tic process. In the following, we describe the broad idea behind the approach
using semigroup envelopes. Assume that, Sy is a semigroup of transition kernels
of a controlled stochastic process (X;*);> (for the sake of a simplified notation
defined on the same probability space) with control set A and control parameter
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AEA, ie.
(Sa(t)u)(z) = E[u(Xt’\x)}

forx € M, A e A, t >0, and u € UC,. Then, for a fixed time-horizon t > 0,
one typically considers a (suitably defined) set of admissible controls Al, and the
value function

V(u,t,x) := sup E[u(XtMC)} (6.1)

AeAt,

of the related Meyer-type optimal control problem. Note that this is usually only
possible if the controlled dynamics satisfy a certain structure. The idea behind
the semigroup envelope is to transform the dynamic optimization problem given
in terms of the value function (6.1) into a series of static optimization problems
with value functions of the form

sup E[u (X?x)} = sup (Sx(t)u)(z) =: (&) (z), (6.2)
AEA AEA
Now, one considers a partition ™ = {to,...,t,} € B with 0=ty < ... <t, =t

of the time-interval [0,¢], and one optimizes after each time-step, leading to the

expression
(Exu) (@) (Evmty *+* Etp—trn_1 1) (). (6.3)

Letting the mesh size |7| of the partition 7 tend to zero or taking the supremum
over all partitions m € P, leads to a formal approximation of the dynamic opti-
mization problem (6.1) in terms of a series of static control problems on a grid
that becomes finer and finer as the mesh size tends to zero.

In the sequel, we will make this approximation rigorous by choosing the set
of admissible controls as space-time discrete controls. To that end, we consider
static controls of the form

AM = {()\Z,BZ)ZeNE(AXB)N BZHBJZQfOI'Z%]aHd UBZ:M}

ieN
One can think of A = (\;, B;)ien € (A x B)Y € Ay, as a function taking the value
A\; on B; for each 1 € N. For \ = ()\i,B)ieN € (A x B)N € Ay, we define

(S = 1p,(2)(Sn(t)u) (x) (6.4)

€N

for all x € M and u € UC,. We now add a dynamic component, and define
Atad = {()\k, hk)kzl ..... m € (AM X [O,t])m ‘ m e N, Z hy = t} (65)

Roughly speaking, the set A, corresponds to the set of all space-time discrete
admissible controls for the control set A. For A = (g, hg)g=1...m € ALy with
m € N and u € UC,, we define

Jyu = Sy, (hy) -+ Sy, (hm)u,

where Sy, (hy) is defined as in (6.4) for k =1, ..., m. Then, for allt > 0, u € UC,,
and z € M,

=1,..

(L (t)u)(z) = sup (Jau)(z). (6.6)

AeAly
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That is, the semigroup envelope is the value function of an abstract analogue of
the optimal control problem (6.1) with A’ given as in (6.5). In fact, by definition
of A, it follows that supyept JSu < F(H)u for all t > 0 and u € UC,. On the
other hand, let € > 0 and m = {to,...,t,n} € P, with 0 =tg < ... <t, =1, and
define hy :=t, —t,_1 for k =1,...,m. By a backward recursion, we may choose
an 5—--optimizer of &, --- &, u for each x € M and k = m,...,1. Since M is
separable, there exist Aq,..., \,, € Ay such that

&Tu = 5h1 - -€hmu S S>\1(h'l) .. 'S)\m(hm)u—FE = JAU—FE

where A := (g, tg — th—1)k=1...m € AL,. Letting ¢ — 0 and taking the supremum
over all m € P, and A € Ay, yields (t)u < supyepe Jru.

Considering standard cases in optimal control, the connection between semi-
group envelopes and the value function of a Meyer-type optimal control problem
can also be established a posteriori, since both lead to a viscosity solution to
the same HJB-equation. In these cases, one thus sees that the optimizing over
space-time discrete admissible controls, which we have discussed in this section,
is equivalent to optimizing over usual admissible controls, which typically possess
a nondiscrete structure.

6.3. Some illustrative examples from control theory. In this section, we
discuss two examples in the context of control theory. For k € Ny, let Lipf
denote the space of all k-times differentiable functions with bounded and Lipschitz
continuous (Fréchet) derivatives up to order k.

Example 6.1 (Geometric Brownian Motion). Let M = R and A be a nonempty
set of tuples (u,0) C R x [0,00) with

2
o

= sup |p|+—=— <oo

(m0)EN 2
Let A= (pu,0) € A, p>1, and W be a Brownian Motion on a probability space
(Q, F,P). Define
X} :=exp (t(,u — 02—2) + O’Wt)
fort > 0 and x € R. Then,

(p—1)o?

1
Bxi P = o) o

Moreover,
E(|X) —1°) =1 -2E(X}) + E(|X}]) =1 — 2" + o2u+a?)t
<1 —2e7Pt 4 e,
Let x(z) := (1 + |2|)® for z € R and Sy be given by
(Sa(t)u) (@) = E(u(zX}))

for u € UC,, t > 0, and 2 € R. Then, it follows that ||S\(t)ul. < eP?!||lul|,. for
t >0 and u € UC,. Moreover, for u € Lipy, |lu|Lip < €||u/|nip and

153w — ulls < JullupE(| X = 1)) < V1 —2e=8t 628t 0 ast— 0. (6.7)
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Therefore, by Theorem 2.5 and Proposition 3.5, the semigroup envelope .# for the
family (Sy)aea exists and is a strongly continuous Feller semigroup. Let u € Lip;
with compact support supp(u) and Ayu € Lip, be given by

oz?

5 u’(z) for z € R.

(Ayu)(z) == pand (z) +

Since supp(u) is compact,

sup [|Axullo <00 and G, = sup || Ayul|L, < oc.
AEA AEA

By Ito’s formula, it follows that

w)(x) — u(x h
(Sx(h) )EL ) —u(z) _ % /0 (Sa(s)Avu) (z) ds

for all A > 0 and x € R, which, together with (6.7), implies that
' Sx(h)u —u

h
It follows that the set of all u € Lip2b with compact support supp(u) is contained
in D. By Theorem 4.5, we thus obtain that u(t) := #(t)ug, for t > 0, defines a
viscosity solution to the fully nonlinear Cauchy problem

— Al < Cu\V1—2eBh 4 e28h () as h \ 0.

K

2.2

Ow(t,z) = sup (,uxamu(t,x)—i-&
(,0)eA 2

u(0,2) = wp(z), zeR.

8mu(t,:c)) . (t,x) € (0,00) x R,

Under the nondegeneracy condition inf(, ,)ea |o| > 0, the above HJB equation
has a unique viscosity solution. By Remark 5.3 b), the semigroup .# is contin-
uous from above. The nonlinear Markov process related to . can be seen as a
geometric G-Brownian Motion (cf. Theorem 5.5).

Example 6.2 (Ornstein-Uhlenbeck processes on separable Hilbert spaces). We
consider the case where M = H is a real separable Hilbert space. Let A be a set
of triplets (B, m,C), where m € H, B € L(H), and C € L(H) is a self-adjoint
positive semidefinite trace class operator, with

(B,m,C)eA

Let A\ = (B,m,C) € A, Ts(t) :==e'B € L(H), for t > 0, and W¢ be an H-valued
Brownian Motion with covariance operator C' on a probability space (2, F,P).
For t > 0, we define

t t
X) ::/ TB(s)mds—l—/ Tp(t —s)dWE
0 0

and Sy by
(Sa(t)u) (z) := E(u(Tp(t)z + X}))
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for x € H, t > 0, and u € UC,. Moreover, let x := (1 + ||z[|*)~! for z € H.
Using basic facts from (infinite-dimensional) stochastic calculus and (7.4), below,
for F(z) = B(z) +m,

1+ E(|Ts(t)z + XM*) <1+ ‘

t 2 t
TB(t)x+/ Tp(s)mds —i—/ IBls |||, ds
0 0

< (1 4 [[z2)e(1BIHImI) e 2181 o)) 4
< (14 o))

for all t > 0 and x € H, which implies that ||S\(t)ull. < e*!||ul|, for all t > 0
and u € Lipy,. By (7.3), below, ||Sx(t)u||Lip < €|Jul|Lip for all ¢ > 0 and u € Lip,,.
For u € Lip}, let

C,, := max{|| Dyull, || D2ulloo, | D2l 1ip},

where D, and D? denote the first and second Fréchet derivative in the space-
variable, and Ayu € C, be given by

(Aau)(z) = Dyu(z)(Bx +m) + % tr (CD}u(z))
for x € H. Then, for all h > 0 and x € H,
|(Sx(R)Ayu) (z) — (Axu)(z)] < CuB( + |lzDE(|ITs(H)z + X, — z|)).
We estimate the last term using (7.4), below, and obtain that
E(|Tp(t)a + X7 —x]) < (WD —1) (14 [|z]]) + /][ Cllit
< (L+llz) (e = 1+ V/Br).
Therefore,

1S5 (h) Ayu — Ayul|,. < CuV2B8(e™ — 1+ \/Bh).
By Ito’s formula, it follows that

Sy(h)u)(z) — u(x 1 [
Bbu)lz) — wl ):E/O (S(s)Au) (@) s
for all h > 0 and = € H, which implies that
)W—A,\u SC’u\/ﬁﬁ(eﬁh—le\/ﬁh)—H) as h \,0.

In order to show that Lip; C D, it remains to show that .7 is strongly continuous.
For this we invoke Proposition 3.6. Note that Lip; is not dense in Lip, if H
is infinite-dimensional. Let ¢ € (0,1] and ¢: [0,00) — [0, 1] infinitely smooth
with ¢(s) = 1 for z € [0,2] and ¢(s) = 0 for s € [§,00). For z,y € H, let
¢s(y) == ¢(lly — x|)). Then, ¢, € Lip, with

3
| Detpallo < H‘P,Hoo and ||D3;Q0:c||oo < EHSD/HOO + ||90”||oo for all x € M.

Hence,

5
| Aseelle < 5 max (' lloo + Il lloc) = L
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for all x € M. Therefore, by Proposition 3.6, the semigroup .% is strongly
continuous. Altogether, we have shown that the assumptions (A1) and (A2) are
satisfied, the semigroup envelope .7 is strongly continuous and Lip} C D. By
Theorem 4.5, we thus obtain that u(t) := . (t)ug, for t > 0, defines a viscosity
solution to the fully nonlinear PDE

Ow(t,z) =  sup (Dxu(t, x)(Bx +m) + 1tr (CDZul(t, :c))) :
(B,m,C)eA 2
(t,x) € (0,00) x H,

u(0,z) = wup(z), x€H.

We point out that, by Remark 4.4, the class of test functions in the definition of
a viscosity solution contains the set Lipllj’2 [0,00) x H). If H= R4, the semigroup
& is continuous from above by Remark 5.3 b), which implies the existence of
an O-U-process under a nonlinear expectation which represents . (cf. Theorem

5.5).

7. FURTHER EXAMPLES

For k € Ny, let Lip{ denote the space of all k-times differentiable functions
with bounded and Lipschitz continuous derivatives up to order k.

Example 7.1 (Koopman semigroups on real separable Banach spaces). We con-
sider the case, where the state space M = X is a real separable Banach space. We
denote topological dual space of X by X’ and the operator norm on X' by || - || x-.
We consider a nonempty set A of Lipschitz continuous functions F': X — X with

PR ( o IF@) = F@)]

FeA \ z,yeM |z — vl
TFY

Let F' € A, and denote by ®p: [0,00) x X — X the continuous semiflow related
to the ODE 2’ = F(x), i.e., for z € X, ®(-,x) is the unique solution to the initial
value problem

)<oo and «:= [+ sup||F(0)] < oo.
FeA

OPr(t,x) = F(®p(t,z)), fort>0, (7.1)
Op(0,2) = . (7.2)

Then, by Gronwall’s lemma,
|®r(t,x) = Pr(t,y)|| < ™|z -y (7.3)

for all ¢t > 0 and z,y € X. Moreover,
t
L+ |z + [ 2p(t, 2) — 2| < 1+ [z +a/ L+ |zl + [ ®p(s,2) — 2| ds
0
for all t > 0 and x € X. Again, by Gronwall’s lemma, it follows that
Lt || 0p(t, o) < 1+ (o] + [|@p(t 2) — 2] < (14 [|2]])e™ (7.4)

for all t > 0 and z € X. Let p € (0,00) and x(z) := (1 + [|z[|) " for all x € X.
For w € UC,, t > 0, and x € X, we define

(Sp(t)u)(z) == u(Pp(t, z)).
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Then, by (7.4), for u € UC,, t >0, and x € X,
[(Se(t)) @)] < lulla(1+ 105 () )" < [l (L + lal))"e™,

which implies that || Sr(t)u|,. < e“?!||u||.. Moreover, Equation (7.3) yields that
1SE()ullp < €ullup for all uw € Lip,. We have therefore shown that the
family of semigroups (Sp)pea satisfies the assumptions (A1) and (A2), so that
the semigroup envelope of the family (Sg)pep exists. We continue by showing
that the semigroup envelope .¥ is strongly continuous. Let 6 := min{1, p} and
u € UC, with
Cug := sup M < 0.
7 syem | —yl°

Again, by (7.4),
[(Sp(t)u) (@) = u(@)] < Cugl|@r(t,z) — 2] < Cup(1+C + [lal])" (e = 1)".

Therefore,

ISE(t)u — ulls < Cup(e —1)". (7.5)
Since the set of all Holder continuous functions of degree 6 is dense in UC;, w.r.t.
| - [l (and consequently w.r.t. || -||.), and UC, is dense in UC, w.r.t. | - |x,

Proposition 3.5 implies that the semigroup envelope . is strongly continuous.
Let v € Lip; with bounded support supp(u) := {r € X |u(z) # 0} C X, ie.
supp(u) C B(0, R) for some R > 0, and let Apu € Lip, be given by

(Apu)(z) == /(z)F(z) for z € X,

where uv': X — X' denotes the (first) Fréchet derivative of w. Since supp(u) is
bounded,

sup [|Artl|ee <00 and  C, := sup [|Apul|Li, < co.
FeA FeA

By the chain rule and the fundamental theorem of infinitesimal calculus, it follows

that X
Sr(h —
(Se0)e) ) L1 (5 ) o) s
h hJ,
for all h > 0 and = € X, which, together with (7.5), implies that
%—AFU SCu(eah—l) — 0 ash\,0.

Hence, D contains the set of all u € Lip}, with bounded support supp(u). By
Theorem 4.5, we thus obtain that u(t) := . (t)ug, for t > 0, defines a viscosity
solution to the fully nonlinear PDE
Owu(t,z) = sup Dyu(t,z)F(z), (t,z)€ (0,00) % X,
FeA
u(0,2) = wy(z), xe€X,

where D, denotes the (first) Fréchet derivative in the space-variable. If X = R,
the semigroup envelope . is continuous from above by Remark 5.3 b). In this
case, Theorem 5.5 implies the existence of a Markov process under a nonlinear
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expectation related to .. This Markov process can be viewed as a nonlinear
drift process.

Example 7.2 (Lévy Processes on abelian groups). Let M = G be an abelian
group with a translation invariant metric d and x(x) := 1 for all x € M. Let
(S(t))i>0 be a Markovian convolution semigroup, i.e. a semigroup arising from a
Lévy process. Then, (S(t)):>0 is a strongly continuous Feller semigroup of linear
contractions (cf. [10]). Moreover, due to the translation invariance, ||.S(¢)u|Li, <
|u||Lip for all £ > 0 and u € Lip,. Now, let (S))xea be a family of Markovian
convolution semigroups with generators (A)aea. Then, the assumptions (Al) -
(A2) are satisfied. We refer to [10] for examples, where the semigroup envelope
is strongly continuous. In particular, all examples from [10] fall into our theory.
In the case, where G = H is a real separable Hilbert space, we can improve the
result obtained in [10, Example 3.3]. In this case, by the Lévy-Khintchine formula
(see e.g. [23, Theorem 5.7.3]), every generator A of a Markovian convolution
semigroup is characterized by a Lévy triplet (b, X, 1), where b € H, ¥ € L(H) is
a self-adjoint positive semidefinite trace-class operator and pu is a Lévy measure
on H. For u € Lipg(H) and a Lévy triplet (b, %, 1), the generator A,y , is given
by

(Ays ) (@) = (b, Doulz)) + %tr(EDiu(x))
~5Lu@+m—u@wwa@xmmmmw

for x € H. Here, D, and D? denote the first and second Fréchet derivative in the
space-variable, respectively, and the function h: H — H is defined by h(y) =y
for |ly|] <1 and h(y) = 0 whenever |ly|| > 1. Let A be a nonempty set of Lévy
triplets. We assume that

Co sup @M+MM+/1AMWMM)<w (7.6)
H

(b,3,m)eA

Note that (7.6) does not exclude any Lévy triplet a priori. Under (7.6), the
semigroup envelope .# is strongly continuous on Lip{. In order to show that
Lip{ C D, by the computations in [10], it suffices to show that .7 is strongly
continuous. For this we invoke Proposition 3.4. For § > 0, we choose the family
(¢2)zen as in the previous example. Since (.7 (t)v)(z) = (< (t)v(z + -))(0) for
allv e UC,, x € H and t > 0, it follows that

(L)1 = @) (@) = (L () (1 = 20))(0)

for all # € H and t > 0. Defining f(t) := (L(t)(1 — ¢0))(0) for t > 0, it follows
that f is continuous with f(0) = 0. Therefore, by Proposition 3.4, the semigroup
& is strongly continuous. Altogether, we have shown that under the condition
(7.6), the assumptions (Al) and (A2) are satisfied, the semigroup envelope .
is strongly continuous and Lip? C D. By Theorem 4.5, we thus obtain that
u(t) == L (t)ug, for t > 0, defines a viscosity solution to the fully nonlinear
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Cauchy problem
wlta) = swp (Apmu()@), (t) € (0,00) x H.
(b,2,n)EA
w(0,2) = wp(z), =€ H.

If H = R? and the set of Lévy measures within the set of Lévy triplets A is
tight, Proposition 5.4 implies that the semigroup envelope .% is continuous from
above, leading to the existence of a nonlinear Lévy process related to .. How-
ever, due to the translation invariance of the semigroups, the continuity from
above is actually not necessary in order to obtain the existence of a Lévy process
under a nonlinear expectation. The nonlinear Lévy process can be explicitly con-
structed via space-time discrete stochastic integrals w.r.t. Lévy processes with
Lévy triplet contained in A. We refer to [10, Proposition 5.12] for the details of
the construction.

Example 7.3 (a-stable Lévy processes). Consider the setup of the previous
example, with G = R? for some d € N and let A, := —(—A)% be fractional
Laplacian for 0 < « < 1. Then, for any compact subset A C (0, 1), condition
(7.6) is satisfied. Hence, the assumptions (A1) and (A2) are satisfied and the
semigroup envelope .# is strongly continuous with Lip; C D. By Theorem 4.5,
we thus obtain that u(t) := . (t)ug, for t > 0, defines a viscosity solution to the
nonlinear Cauchy problem

w(t,z) = ilé}g—(—A)au(t,x), (t,r) € (0,00) x RY,

u(0,7) = wup(w), = €R%
The related nonlinear Lévy process can be interpreted as a A-stable Lévy process.

Example 7.4 (Mehler semigroups). Consider the case, where the state space
M = H is a real separable Hilbert space and x = 1. Let (7, u) be a tuple
consisting of a Cy-semigroup 1" = (7'(t)):>¢ of linear operators on H with ||7'(¢)|| <
e® for all t > 0 and some « € R and a family 1 = (14);>0 of probability measures
on H such that

po =100 and juis = ps* o T(s)”" forall s,t> 0.
We then define the generalized Mehler semigroup S = Sr,) by

(S(t)u) (x) = /H W(T(t)x + ) djuly)

for u € UCy, t > 0 and = € H, see e.g. [5],[16]. Then, ||S(t)ullo < ||u]/s for all
u € Cyp and || S(t)u||Lip < e*||u||Lip for u € Lip,. Hence, for any nonempty family
A of tuples (T, ) with ||T(t)]] < e for all ¢ > 0 the assumptions (A1) and (A2)
are satisfied.

Example 7.5 (Bounded generators on (). Let M = N and k(i) = 1 for all
i € N. Let (Ax)aea C L(£*) be a family of operators satisfying the positive
maximum principle and

sup || Az L(eey < 00.

AEA



32 M. NENDEL and M. ROCKNER

Here, we say that an operator A € L({*) satisfies the positive maximum principle
if A;; <0 forallie Nand A;; >0 for all 7,7 € N with ¢ # 5. Then, the family
(Ax)ren satisfies the assumptions (A1) and (A2) with D = ¢*°. In particular, the
semigroup envelope is strongly continuous. If A 1 = 0 for all A € A, then the
semigroup envelope admits a stochastic representation. This representation can
be seen as a nonlinear Markov chain with state space N.

Example 7.6 (Multiples of generators of Feller semigroups). Let A be the gen-
erator of a strongly continuous Feller semigroup (S(t));>0 of linear operators.
Assume that there exist constants «, 5 € R such that

IS@®)ulls < elullx and  [[S(E)ulluip < e[JullLip

for all u € Lip, and t > 0. For A > 0 let Ay := AA for all \. Then, A, generates
the semigroup Sy given by S, (t) := S(At) for all £ > 0 and A > 0. Then, for any
compact set A C [0,00) the family (S))rea satisfies the assumptions (A1) and
(A2) with D(A) C D and the semigroup envelope is strongly continuous. Hence,
by Theorem 4.5, we obtain that u(t) := .7 (t)uo, for ¢ > 0, defines a viscosity
solution to the abstract Cauchy problem

u'(t) = supNAu(t), fort >0,
AeA

u(0) = wup.
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