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HYBRID LOCALIZED SPECTRAL DECOMPOSITION FOR
MULTISCALE PROBLEMS

ALEXANDRE L. MADUREIRA AND MARCUS SARKIS

ABSTRACT. We consider a finite element method for elliptic equation with heterogeneous
and possibly high-contrast coefficients based on primal hybrid formulation. A space decom-
position as in FETI and BDCC allows a sequential computations of the unknowns through
elliptic problems and satisfies equilibrium constraints. One of the resulting problems is non-
local but with exponentially decaying solutions, enabling a practical scheme where the basis
functions have an extended, but still local, support. We obtain quasi-optimal a priori error
estimates for low-contrast problems assuming minimal regularity of the solutions.

To also consider the high-contrast case, we propose a variant of our method, enriching the
space solution via local eigenvalue problems and obtaining optimal a priori error estimate
that mitigates the effect of having coefficients with different magnitudes and again assuming
no regularity of the solution. The technique developed is dimensional independent and easy

to extend to other problems such as elasticity.

1. INTRODUCTION
Consider the problem of finding the weak solution u : {2 — R of
—divAVu=f in(,

1
@ u=0 on 09,

where 2 C R? for d = 2 or 3 for simplicity, and is an open bounded domain with polyhe-
dral boundary 992, the symmetric tensor A € [L>(€)]2%? is uniformly positive definite and
bounded, and f is part of the given data.

It is hard to approximate such problem in its full generality using numerical methods, in
particular because of the low regularity of the solution and its multiscale behavior. Most
convergent proofs either assume extra regularity or special properties of the coefficients [,
2,415,191 20131136, 5158, BIL65HET]. Some methods work even considering that the solution
has low regularity [3,22,35,50,60] but are based on ideas that differ considerably from what

we advocate here and do not cover in depth the high-contrast case.
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As in many multiscale methods previously considered, our starting point is the decom-
position of the solution space into fine and coarse spaces that are adapted to the problem
of interest. The exact definition of some basis functions requires solving global problems,
but, based on decaying properties, only local computations are required, although these are
not restricted to a single element. It is interesting to notice that, although the formulation
is based on hybridization, the final numerical solution is defined by a sequence of elliptic
problems.

The idea of using exponential decay to localize global problems was already considered by
the interesting approach developed under the name of Localized Orthogonal Decomposition
(LOD) [44,46,[56] which are related to ideas of Variational Multiscale Methods [37.138]. In
their case, convergence follows from a special orthogonality property.

Another difficulty that hinders the development of efficient methods is the presence of high-
contrast coefficients [12,221B5[60]. In general when LOD or VMS methods are considered,
high-contrast coefficients might slow down the exponential decay of the solutions, making
the method not so practical. Here in this paper, in the presence of rough coefficients, spectral
techniques are employed to overcome such hurdle, and by solving local eigenvalue problems
we define a space where the exponential decay of solutions is insensitive to high-contrast
coefficients.

We now further detail the problem under consideration. For almost all & € €2 let the

positive constants @i, and an., be such that
(2) amin|v]? < a_(2)|v]? < A(x)v-v < ay (2)|v]* < apax|v|*  for all v € RY,

where a_(x) and ay(x) are the smallest and largest eigenvalues of A(x). Let p € L*>(Q)
be chosen by the user and such that p() € [pmin, Pmax] almost everywhere for some positive

constants puni, and ppax. Consider g such that

f=nrg,

and then the p-weighted L*(Q) norm |[|gllr2) = 11092 = Hf||L§/p(Q) is finite. A
reason to introduce such weight p is to balance u and f with respect to the tensor A,
establishing a priori error results without hidden constants that depend on A. In principle
any weight p can be chosen, and larger p implies in sharper a priori error estimates in the
energy norm, at a larger size and cost of the finite element method. Natural choices are
p(x) € {1, amin, a_ (@), a; (x), amax } or local choices depending also on the triangulation; the

role of p is further addressed at the end of Section [l
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The remainder of the this paper is organized as follows. Section 2] describes a suitable
primal hybrid formulation for the problem (), which is followed in Section [ by its a discrete
formulation. A discrete space decomposition is introduced to transform the discrete saddle-
point problem into a sequence of elliptic discrete problems. The analyze of the exponential
decay of the multiscale basis function is considered in Section Bl To overcome the possible
deterioration of the exponential decay for high-contrast coefficients, in Section the Lo-
calized Spectral Decomposition (LSD) method is designed and fully analyzed. To allow an
efficient pre-processing numerical scheme, Section [ discusses how to reduce the right-hand
side space dimension without losing a target accuracy, and also develops L%(Q) a priori error
estimates. Section [ gives a global overview of the LSD algorithm proposed. Appendix [Al

provides some mathematical tools and Appendix [Blrefers to a notation library for the paper.

2. CONTINUOUS PROBLEM USING HYBRID FORMULATION

We start by recasting the continuous problem in a weak formulation that depends on a
simplicial regular mesh 7y and let Fy be the set of faces on Tg. The extension to polyhedral
regular meshes is straightforward. Without loss of generality we adopt above and in the
remainder of the text the terminology of three-dimensional domains, denoting for instance
the boundaries of the elements by faces. For a given element 7 € Ty let 07 denote its
boundary and n” the unit size normal vector that points outward 7. We denote by n the

outward normal vector on 0f). Consider now the following spaces:

H (Ty) ={ve L*(Q): v|, € H'(7), 7 € Ta},

ANTh) = { H T-n"|g, : T € H(div; Q)} - H H=Y2(0r).

TETH TETH

For w, v € H'(Ty) and p € A(Ty) define

(va)TH = Z wv dz, (:uvv)aTH = Z (/J'av><97'7

T€Tu 7 TETH

where (-, -)s, is the dual product involving H~/2(d7) and H'/?(d7). Then

(u,v)aT:/divavdac—l—/a-Vvda:

for all o € H(div;7) such that o - n™ = pu. We also define the norms by

(3)

ol = 1A 2ol + H2 7 div o o
4 2 _ 1/2 2 _ . i
W ol = DAV e, = nE el

7€TH on"=p on Or,7€Ty
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We use analogous definitions on subsets of Tz, in particular when the subset consists of
a single element 7 (and in this case we write 7 instead of {7}). We note that since amin
and pmin are positive and dmax and puax are bounded, then || - || g, aiv;0) and | - | HY(Ty) are
equivalent to the usual norms || - || giv;0) and | - |1 (7,)-

In the primal hybrid formulation [57], find u € H'(Tz) and A € A(T) are such that

) (AVu, V), — (A v)ar, = (pg,v)7, forall v e H (Ty),
)
(,u, u)aTH =0 for all n e A(TH)

Following [57, Theorem 1], it is possible to show that the solution (u, A) of (H) is such that
u € H}(Q) satisfies [0) in the weak sense and A = AV u-n” for all elements 7.
In the spirit of the Hybrid Multiscale Methods [1,BT,B2/51] and FETT methods [15,25,27,

63], we consider the decomposition
HY(Ty) =P(Ty) & H' (Tar),

where P°(T3;) is the space of piecewise constants, and H'(7Ty) is its L2(7) orthogonal com-

plement, i.e., the space of functions with zero p-weighted average within each element 7 € Ty

PO(Ty) = {v € H'(Ty) : v|, is constant, 7 € Ty},

(©) (T = {5 € H'(Ta) [ ppdw=0.7 € Ta}.

We then write u = u® + @, where u® € PO(Ty) and @ € H'(Ty), and find from (5) that

) A1) ar, = —(pg,v°)7, for all v° € P°(Ty),
7
(:U“’ uO + ﬁ)aTH =0 for all IS A(TH)>
and that
(8) (AV @, V)7, = (\D)or, + (pg,0)7, forall € H'(Ty).

Let T : A(Ty) — H'(T) and T : L*(Q2) — H'(Ty) be such that, for € A(Ty), g € L2(9)
and 7 € Ty,
(9)

/AV(TM) -V odx = (jt,0)sr, /AV(Tg) -V ide = (pg,0), forall o€ H (Tpy).

It follows from the above definition that Tg = 0 if g € P°(Ty), and that, for all u € A(Ty),

(10) (1, T9)ory = Y | AV(Tu)- V(Tg) dx = (pg, Tp)7s,-

T€ETH T
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Note from (8) that @ = TA + Tg, and substituting in (Z), we have that u® € P°(7y) and
A € A(Tg) solve
(11> (:U’v TA)@TH + (:u’v UO)aTH = _(:U’u Tg)aTH for all IS A(TH)7
(A, )7, = —(pg,v°), for all v° € P'(Ty).

We use these unknowns «” and \ to reconstruct the u and the flux o as follows:
(12) u=u+u=u+TA+Tg, o=AV(TA+Tyg).
Remark 1. With the above definitions, it is possible to rewrite the energy norm as below:

|T)‘|§{}4(TH) = Z (AN, TN)or = ||A_1/20'A||%2(Q), where oy = AV TA.

T€ETH
3. HyBRID LocCALIZED FINITE ELEMENTS

Consider F;, be a partition of the faces of elements in Ty, refining them in the sense that
every (coarse) face of the elements in 7y can be written as a union of faces of Fj. Let

Ay € A(Ty) be the space of piecewise constants on Fy, i.e.,
Ay ={pn € A(Tu) : pn|p, is constant on each face Fj, € Fj}.

To simplify the presentation we do not discretize H'(7) and H(div;T) for 7 € Ty. We
remark that the method develop here extends easily when we discretize H (div; 7) by simplices
or cubical elements with lowest order Raviart-Thomas spaces [68], or discretize H'(7) fine
enough to resolve the heterogeneities of A(z) and to satisfy inf-sup conditions with respect
to the space Ay.

We pose then the problem of finding u) € P°(7) and A, € A, such that
(13) (ks TAR) o7 + (ks oy = — (s Tg)om,  for all yuy, € Ay,
(Ans o7, = —(pg, o),  for all v° € P°(Ty).

Since (3] is finite dimensional, it is well-posed if and only if is injective. Assuming that

g = 0, we easily gather that A\, = 0 and u) = 0; see Lemma 8 We define our approximation
as in (I2), by
(14) upy =ud +Thy+Tg,  on=AV(T\, +T9).
Simple substitutions yield that wuy, A, solve ({) if A is replaced by Ay, i.e.,
(AV up, V)7, — (A, v)ory, = (pg,v)7, for all v € H'(Tu),

(15)
(ths Un)oTsy =0 for all uj, € Ay.
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We assume that Aj, is chosen fine enough so that
(16) u— “hﬁ{;(TH) = ()\ — A, T(A = Ah))TH < jsz.gH%%(Q)a

where 77 represents a “target precision” the method should achieve. For instance, one could
choose 7 = H or h®, for 0 < s < 1. It must be mentioned that )\, is never computed, the
main goal of this paper is to develop an efficient approximation of order .77 for A\, using
O(H~4) degrees of freedom.

Above, and in what follows, ¢ denotes an arbitrary constant that does not depend on H,
HC, h, A, or p, it depends only on the shape regularity of the elements of 7.

Taking a further step, we decompose Aj into a space of “constants” plus “zero-average”
functionals over the border of the elements of Tz. For each 7; € Tg, let A € Ay, such that

(17) A 0)or, = [v] dx  for all v € H(Ty),
It

where [ - ] denotes the jump operator, defined as follows. For each face F' belonging to the
boundaries of two different elements 7;, 7;, fix np as the constant unitary normal vector
pointing either inward or outward. If mp is oriented from 7; to 7, let [v] = vi|p — vj|p,
where v; = v|,,, if not [v] = vj|p — v;|p. As usual, if F' belongs to 02, then np = n points

outward and [v] = v.

Remark 2. [t is also possible to define \) explicitly. Let F be a face of an element . If F
does not belong to Ot; then X}|p = 0. If it does, X)|pror, = =} |pro-, = 1 or —1 depending

whether mp points outward or inward of 7;, respectively. Note that \? € Ay,.
Let N be the number of elements of 75 and
A’ =span{)\):i=1,...,N},

(18) -
Ay =PUT)t = {un € Ap: (pn, 0o, = 0 for all v° € P°(Ty)}.

We can now decompose A, = A°@® Ay, as follows [9]. Given i, € Ay, let 4° € A® and ji, € A,
such that

(1,0 o7 = (tn, v o730, (fin v)ors = (ttn, V)or — (17, 0)o73

for all v° € P°(Ty) and v € H'(Ty). Note that i, € Ay, since (fin, v°)or, = (1, v0)o7, —
(:U’Ov UO)@TH =0, and pp = ,U/O + fip.
We also decompose A, = A) @ A/, Basically, the elements of A are constants on each

element face of 7}, but still with zero average over the element boundaries, and the elements



HYBRID LOCALIZED SPECTRAL DECOMPOSITION FOR MULTISCALE PROBLEMS 7
of A£ have zero average on each face:

K?L = {un € Ap : tn|F is constant for each face F' C 01, 7 € Ty},

(19) ~ -
Ai ={pn € Ay, : / pp ds = 0 for each face F' C 1, 7 € Ty }.
F

Considering again (I3)), from the decomposition for Ay, we gather that A\, = \° + 5\2 + 5\£
Thus, u) € PO(Tx), A2 € A% A9 € A? and A, € Af solve
200 a7, = —(pg, "),  for all v° € P°(Ty),
iy TX’ + TAL + TN )ors, = (7}, Tg)or, for all fij, € A],

f

h
A9, TX + TX) +TAD) o, = —(@Y, Tg)or, forall i e AV,
0

(
(20) (
(
(10, TX° + TX) + TN or, + (1, 4o, = —(1°. Tg)om, for all u° € A°.

It is possible to compute the unknowns step-by-step as we detail below. After that we
discuss the well-posedness of each problem. The first equation of [20) determines A°. To
deal with the second equation, we define the operator P : H(Ty) — /N\i such that, for
w e HY (Ty),

(21) (fih, TPw)or, = (jif, w)or, for all fif, € AJ,

ie., (/lﬁ, (I — TP)w)a = 0. Note that PT is an orthogonal projection from Ay to /N\i since

T

(il , TPTN\)or, = (i, TA) o7, for all il € Af.
The second equation of (20) becomes
(22) M = —P(TX\ +TX\) +Tg).

Solving (21)) efficiently is crucial for the good performance of the method, since it is the only
large dimensional system of (20), in the sense that its size grows with order of h=%¢. This
issue is treated in Section Bl by taking into account the exponential decay of PT/(\° + 5\2)
It is also required to compute or to approximate Tg and PTq efficiently. These issues are
treated in Sections Bl and Ml

Now, we can write the third equation of ([20) as
(23> (ﬂ?w T5\9L>8TH = _(/]’27 Tg)aTH - (/]’27 T)‘O - TP(T)‘O + TS\?L + Tg)>8TH
and then

(la?w TS\?L - TPTS\?L)@TH = _(:[L(i)w Tg - TPTg)@TH - (:a(i)w T)‘O - TPT)\O)@TH'
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Since PTH) € A/,

(th — PTjiy, (I =TP)TA})
= —(fiy — PTiy), (I — TP)Tg)ory, — (it — PTiy, (I — TP)TA)or,.

Thus, \) is computed from
(24) ((I = PT)jiy, T(I = PT)X),,. = —((I = PT)fiy, (I = TP)Tg),,

—((I = PT){i8, T(I — PT))\°) for all i) € AY,

Ty

and A/ is recovered from (22).
Finally, the fourth equation of ([20) yields u?, and the post-processing (I4]) recovers the

main variables:
(25) up =uy + T+ X+ M)+ Tg, on,=AV[TA +X) + X))+ Tg).

To show the existence and uniqueness of solutions for ([20), we proceed by parts. The
existence of solution for the first equation follows from Lemmal[8 Solving the second equation
is equivalent to (21I), and such system is well-posed due to the coercivity of (-, 7)o, on ]\ﬁ;
see [1L[31] and [261[421[63]. The same arguments hold for the third equation of ([20), rewritten
in (23). Another way to see this is to consider (24) with zero right hand side. From the
coercivity of (-, T-)o7, on A we have (I — PT)X) = 0. But since A9 N A/ = {0}, then A = 0.
Finally, the fourth equation of (20) is again finite dimension, and if (4%, ul)sr,, = 0 for all

p° € A then, from Lemma8 u) = 0.

3.1. Decaying Low-Contrast. It is essential for the performing method that the static
condensation is done efficiently. We prove next that the solutions decay exponentially fast,
so instead of solving the problems in the whole domain, we actually solve it locally. We note
that the idea of performing global static condensation goes back to the Variational Multiscale
Finite Element Method-VMS [37,38]. Recently variations of the VMS and denoted by
Localized Orthogonal Decomposition Methods-LOD were introduced and analyzed in [44H46],
56].
For K € Ty, define To(K) =0, T1(K) = {K}, and for j =1,2,... let

Tii(K)={r€Ty: TNT; # 0 for some 7; € T;(K)}.

We now establish the following fundamental result for low-contrast. The technique used

for the proof is extended in Lemma [I7 for the high contrast case.
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Lemma 1. Let v € H'(Ty) where suppv C K € Ty, and /1£ = Pv. Then, for any integer
J=1
~f12 2 ~f2
T in s 7 ey < T Bl o7 aop a0y
where o = 7%612{/,” v is a positive constant that depends only on the shape reqularity of Ty,

T

Brm = 1+1og(H/h), k= maxrk", KJT:M, a, . =supay(x), a;. =infa_(x).

e mazx min
’TETH Cl,mm TET TET

Proof. Choose 7/ € A] defined by #/|r = 0 if F'is a face of an element of 7;(K) and

ol | = il | otherwise. We obtain

~f12 _ ~f i~ f
|T:uh|H}4(TH\7}+1(K)) - Z (i, Ty )or
T€TH\Tj+1(K)
=Y @ T)er— Y (TEer+ > (i~ 7 Thfor
T€TH TETj+1(K\T; (K) TE€Tj+1(K\T; (K)
= il |2 S =f S
= —|Tinl i 7 o7 0 T+ Z (i1, = Uy T, )ors

T€Tj+1(EO\T; (K)

where we used that ZTeTH(D}{ ,T ﬁﬁ)(% = 0 due to the definition of 7" and the local support
of v.

Next, let F' be a face of an element 7 € T;1(K)\7;(K) and let xp be the characteristic
function of F being identically equal to one on F and zero on 97\ F. See that xx(jil — )
vanishes for faces F' on 7 € T;41(K)\T;(K) that are not shared by an element in 7;(K)
however it is not known a priori how many, possibly node. For the shared faces, x g ( [Lﬁ—ﬂf ) =
X F/li and denote pup = x F,Zli. Since it is possible that all d faces of 7 share faces of elements
of T;, hence, the following bound always holds:

T (1, — ’7;:)@1}1@) <d) |TXF/3£|§1;‘(T)>
Fcor
and it remains to estimate |Tup| (- Let us first define T7 by @) with A = Z, the identity
tensor, that is, T7 is the classical harmonic extension with Neumann boundary condition.
From Lemma [ and a direct application of [68, Lemma 4.4] since both upr and ,&i have zero

average on 01, we have

1 C1 Co -
‘TNF@}A(T) < o |TINF‘§{1(T) < T |NF‘§171/2(3T) < Cf—.ﬁ%/hluﬁléfm(aﬂ
min min min

y ~ afnax ~
< aT—BI%{/h‘TZ:uiﬁql(r) < VGT—B?J/MT“%L&(T)’

min min

and then the result follows. O
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Remark 3. Fven though the proof of Lemmalll concentrates the analysis to hybrid discretiza-
tion and uy, € H'(Ty), the analysis also extends easily to mixed finite element discretizations
or to finite dimensional approzimations of H'(Ty). We also could have used the flux approach
for the proof, that is, let o' = ANV Tup, o =V Tiup, o = AVT,L]£ and o7 = VTI,ai,
or the corresponding ones arising from the lower-order Raviart-Thomas case (associate to a

triangulation Ty (1) ). We would have

B 1 1 Cy ~
||A 1/20-FH%2(7') < — ||0-§||2L2(7') < —aT |,U/Fﬁqfl/2(8—r) < ar B?{/h“lﬂ?{ﬂ/z(ar)
min min min
< LB lozle) <1228, A ol
= o PHMIOTIIL2 ) =V 7 O/ L2(r)-
man min

Remark 4. We note that [68, Lemma 4.4] is based on H~/?(7) norms and therefore it
holds whether we use H'(t), H(div;T) or corresponding discretized versions inside 7. We
point out that the h in log(H/h) is related to the space Ay, not to the interior. The a in
this paper is estimated as the worst case scenario, that is, using Lemma[9 and [68, Lemma
4.4]. For particular cases of coefficients A and discretizations for H' (1) or H(div; 7), sharper
estimated for o can be derived using weighted and generalized Poincaré inequalities techniques

and partitions of unity that conform with A in order to avoid large energies on the interior

extensions [7,8, 1829142l 52H56,60] .
Remark 5. The result of Lemma (1l also holds if suppv C T;(K) for some positive integer
i< j.
Theorem 2. Let v € H'(Ty) such that suppv C K, and /1£ = Pv. Then, for any integer
J =1

~f12 — s f 2
(26) T hin s iy iy < € 2Tl i o)

Proof. If /1{ = Pv where suppv C K, then using Lemma [Tl we have

~f12 2 ~f12 2 ~f12
T in byt < AT G (73 000y = C AT B (i 75 00500

and then

d*a

~f|2 ~f12 1
Tl o0 < T g il suo) < €

~f 2
ENTAVENCRVATSIE
and the theorem follows. O

Note that if the coefficient A is nearly constant and isotropic inside each element 7, the

exponential decay will depend only mildly on fg/,. However, the decay of Pv deteriorates
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as the contrast x gets larger. In Section [3.21 we modify the method to consider high contrast
and eliminate the o dependence.

We now localize Pv since it decays exponentially when v has local support. We consider
two families of localizations. The first family P is based on elements K € Tz and utilized
to localize Tg, while the second family PFV is based on faces F' € Fy with the purpose to
localize T'\y,.

For each fixed element K and positive integer j, let A{L’K’j C /~X£ be the set of functions
of ]\g which vanish on faces of elements in Ty \7;(K). We introduce the operator PXJ :
H'(Ty) — AL™ such that, for v € H'(Ty),

(i}, TP ) o, = (fi},, vic)or, for all fi] € AL™Y.
where v is equal to v on K. For v € H'(Ty) we define then P/Tv € A by

(27) Ply= )" PMu.

KeTy

We next introduce a new localization, this time based on faces. For a fixed ' € Fg shared by
elements 7{" and 7" or shared by only one element 7%, define To(F) = 0, Ti(F) = {rf', 7'}
or Ti(F)={rF}, and for j = 1,2,... let

Tis1(F)={7 €Ty : 7N7; # 0 for some 7; € T;(F)}.

Let AT < Af be the set of functions of A/ vanishing on faces of elements in Tz \F;(F).
Let us decompose A, € Ay into Ay = Y pcr, A where A" = )\, on the face F' and zero
everywhere else on Fp. The operator PF7 : A, — [~\£F] is defined as

(/]’£7 TPF7jT)‘h)87-H = (ﬂ£7 T)‘i};)a'rlF + (/]’£7 T)‘g)é)TZF for all 1&£ < [\gF’j'
We define then PIT), € Al by
(28) PTh, = Y P™T),
FeFy

Lemma 3. Let X, € A} and P? be defined as above. Then PITA] = \].

Proof. Since
(ﬂ{w T)‘i’f)aﬂ'f + (/j’{w T)‘f’f)arf = (ﬂ£7 T)\ﬂf)aTH
and Sff € [\{LF] . then the results follows from the existence and uniqueness of P’ JTS\i

and (28) O

The reason to introduce P’T' )\, is because we could not prove that ]—T’jTj\i = 5\£ and this

property is fundamental on Theorems [B] and 51
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Lemma 4. Consider v € H'(Ty), and the operators P defined by @I) and P7 by 28).
Then

- . ) =2
(20) IT(P = Pyl ) < ci™ 0 ol o,

Proof. For K € Ty, let il = Pug and fi,"7 = PPNux, and o = S oo (™ — ™).
For each K € Ty, let dh’K € /~\£ be defined by @£K|p = 0 if F'is a face of an element of
T:(K) and )| = ¢! | p, otherwise. We obtain
(B0) T in i = D 2 W = O TG = i ™))or + @ TS = 5E5))or.
KeTg 7€Tu

See that the second term of (B0) vanishes since

S TGS~ = 3 5 TR0, 0

T€TH T€ETH

For the first term of ([B0), as in Lemma [Il we use a direct application of [68, Lemma 4.4]
yielding

7 7 7K 17 7K 17 7K7‘ 7 7 7K " 7K 7 7K7'
> (@) = T = ), <0 Y T = o) o TR = )
€Ty €T 41 (K)

5 KK
< do | T o7 i | TGRS = ) s (7 00 -

Let v]"7 € A}™7 be equal to zero on all faces of elements of 75\ 7;(K) and equal to jil’™
otherwise. Using Galerkin best approximation property, [68, Lemma 4.4] and Theorem 2 we

obtain
K ~fKj fK ~fKj K K,j
\T(Mi - M£ J)E@(Tjﬂ(x)) < |T(N£ - Ni ]>|§‘I}4(TH) < ‘T(”i N V’{ ])ﬁfix(TH)
2 ~ 1K |2 2l fK 2
< & Ty [y oy < e H 7 TR [ o7y

We gather the above results to obtain

K T ~ K 1K
Ty [, (g < e 2070 S TS e TR | (72
KeTy

. 1/2
__gJ-2 ~ ~
< e 2(1+d2a)cjd|T¢h’K|H}4(7~H)( Z |Tﬂh7K|§{}4(TH)) :
KeTy

We finally gather that

‘Tﬂ}f;K‘z}A(TH) - (ﬂi’Kv TPUK>3TH = (lai’Kv UK>8TH = / AV(T/]’£7K) -V (vg) dzx
K
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and from Cauchy-Schwarz, |T,&£’K|H}‘(TH) < vl (), we have

~f,K |2 2
DT iy < Wl
KeTy

Remark 6. For \, € Ay, we have
. ‘ s
(31) [T(P = POT Al iy < €505 [T A3 7

By replacing T;(K) by T;(F) and vk by \L, the same proofs for Lemmall, Theorem 2 and
Lemma ] hold true.

Recall from (22) and @5) that uy, = u) + T\, + Tg, where
A= (I = PT)X\° + (I — PT)\) — PTg.

Motivated by the above decaying results and [20)—(24]), we define the solution of the localized
algorithm by

(32)  wl =uy? + TN +Tg, where X, = (I — PIT)\" + (I — PPT)\)Y — PiTg,
and A° solves the first equation of [20). Also, similarly to @), A% € A9 solves

(33) ((I = P'T)fy, T(I = PPT)N) o = —((I = PPT) iy, (I = TP)Tg) ...
— (I = PPT)jiy, T(I = PPT)X’) .. for all ij € A},
and similarly to the fourth equation of (20), we obtain ug’j by
(1, uy ) or, = — (U, TX + TAY + TN ) or, — (u°, Tg)or, for all u° € A°.
and as in ([22]) we have defined
(34) MA = —pi(TX + T\ — PiTyg.

A fundamental difference between our discretization and some multiscale mixed finite ele-
ments methods such as the ones in [21[44] is that here we avoid solving a saddle point problem
by computing )x%j = A\’ using the first equation of (20), while there the equation ([B3) is ex-

tended to the whole space A” @ K% and solved together with an equation for u}”.

Theorem 5. Let uy, and u], be defined by 28) and B2). Then there exists a constant ¢ such
that

P19 9d 492 __J=2 2 T 12
lun — uplip, (7ryy < c5*d o’e” P (| T A gy 7y + 119150 (730)) -
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Proof. 1t follows immediately from the definitions of u; and uil that
|up, — U?L@;(TH) =[T(An — )\%)ﬁ{;‘(TH) = (M= M) T = M) o
Defining v) = (I — PIT)A\° 4 (I — PIT))\) — PiTg, it follows that
(35) (A= X)TOnw =) o7, = (M= 10) . TOW =) o, + (0 =N TR =) o, -
Since \) — A7 € A) and v — X = (I — PIT)(\) — A\)Y) € A, then by using (B3)

and (20), respectively, the second term of the right-hand side of (BI]) vanishes. Indeed,
from B2), B3), B4),

((I =P, TN,y = —((I = P'T)jip, Tg) . for all jij € A},
and from (20) we have
((I o PjT)lang)‘h)aTH = _(([ - P]T)ﬂgufg)aT
since /i) € A9 and P/T[) € Al Thus, choosing i) = X) — A%,
(7 = M) T = M) o, = (T = PITYRS = X07), T(A = M), = 0.

By Cauchy—Schwarz inequality, we have from (3H) that

[un = 5oy = (On = 20), T = X)) 7, = A = 13t — 4} )7y
< T = V)i 7y [un — |, (7
since A, — ) € Aj,. We now use Lemma B where (P — Pj)TS\£ = 0 and then Lemma [] and
Remark [6l to obtain
lup, — uiﬁﬁ(m) <|T(\, — 1/,{)@}4(7}1) = |T(P — P)TA, + T (P — Pj)Tg\ip T)

< Cj2dd4a e 1+d a(|T)\h|H1 (Tw) + |Tg|H1 (TH) )

[
Remark 7. We note that |T)\h|§{}4(TH) < 2|uh|§{}4(7}{) - 2|Tg|?;[}4(TH)’ therefore
2 P 2 2 x5 19
T Anla 720y + 1T 915 iy < Alu = wnlg 73y + Hulig oy + 317910 (73
Defining global and local Poincaré constants to obtain
lullz20) < Caplulm (7). 79l e, (1) < cpHlul g (7 |9l 22(0)
it follows from Theorem[1 that if j is taken such that

i—2
chddA‘aQe_li_dQ? (4507 +4C} g + 3¢, H?) < A2,
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then, from (IG),
J
(36) lu—up gy (1) < 2709l L2(0)-

Since in general c,H is dominated by Cpg, then j = O(d*klog(Cpa/H)log*(H/h)), and
we have that j is large not only in the high contrast case (a large), but also if h < H. We
also have a lightly log dependence of j with respect to the global Poincaré constant Cpg.

However, if we choose p(x) = sy then Cpa = O(1).

3.2. Decaying High-Contrast. The main bottle-neck in dealing with high-contrast coeffi-
cients is that « also becomes high, therefore j has to be large as well, as seen in Theorems
and To deal with this situation, we use a subspace of /N\i to augment K% by selecting
eigenfunctions associated to a proper generalized eigenvalue problem associated to each face
of the mesh 7. In order to define these generalized eigenvalue problems, we first introduce
some theoretical tools for high-contrast coefficients.

Let 7 € Ty, F a face of 7, and let F¢ = 07\ F. Define

Ap = {finlor + fn € A}, A = {jinlr : fin € AL}, Ay = {inlpe © fn € AL},
For any given jij € A7, denote i = {if, ,&5:} € Al x /NX?, and define
Trr: Af = (A, Trep : A, — (Aff)la
Tipe: Ay — (ALY, Thepe : Ay — (A7),

by

(ins Thin)or =2 ({fih iy - THRE - i }) o,

= (it Trpn )i + (s Tpefiy, )+ (s Tepiin )iz + (g, s Thepefiy s

We remind that 7' : AT — H'(7), satisfies

(37) (AV/(T;), V), = (if, v)e, for all v e H(r).

Note that AV (T}) - n™ = fip, on O7.
It follows from the properties of 1" that both 17, and T}.p. are symmetric and positive
definite matrices, and follow from Schur complement arguments that for any {4l ,&ff} e\,
P o - . _F ~FC _F ~FC
(38) (i, Trpiy)r = win ({fiy, 7,7 1, Ty, 7, }or
orTEALT

~F ~FS ~F ~FS ~r T
S ({:ugnu’h }7T{:U’i};7:u’h })37— = (:u’th:uh>aT7
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where

T;F =Tpp — TI?FC(TI;CFC)_ITI?CFv
and the minimum is attained at 7,7 = —(TFepe) " Thepiik . In what follows, to take into
account high contrast coefficients, we consider the following generalized eigenvalue problem:
Find eigenpairs (o, iy, ;) € (R, A, where ol < ol < af, ... such that

(1) If the face F' is shared by elements 7 and 7" we solve
(7 (T + Trp)ith)) e = of (7f, (Trp + Thp)ith)e for all 77 € Ay
(2) If the face F' is on the boundary 02 we solve
7y, T;Fﬁg,i)F =a/ (7 >TTFﬁinz) for all 7, € ]\5

X AEA o R :
Now we decompose A := A"~ @ A, where, for a given agap, > 1,

(39) ]\f’A = span{[zii : af < Qlstab } 5 ]\f’n = span{[zii : af > Qlstab -

The eigenfunctions fij ; are chosen to be orthonormal with respect to (-, (Trp 4+ TEe))r if
F' is an interior face, and with (-, T}F) r if F C 0f). Note that agy is defined by the user
to replace « in the proof of Lemma [l From (B8) with [155 = 0, we have that af" > 1, and if
we take agiap larger than «, introduced in Lemma [I then Ain is empty.

Generalized eigenvalue problems of this type have appeared in the literature to make
preconditioners robust with respect to coefficients [6L1T,1340,41.474862]. In particular [49)
shows, for a related problem, that the o/ — 1 decays exponentially to zero since, when h goes
to zero, the operators Ty (related to (HY2(F))) and Trp (related to (Hu,*(F))') differ only
by a compact operator. In [28] is shown that the number eigenvalues that are very large is
related to the number of connected sub-regions on 7 U 7/ with large coefficients surrounded
by regions with small coefficients. Generalized eigenvalue problems also have been used on
overlapping domain decomposition solvers [14,23,28[61]. The design of robust discretizations
with respect to coefficients using domain decomposition ideas have been studied in [33]34],30]
assuming some regularity on the solution, and in [28] for a class of problems when the
weighted Poincaré constant (see [I852,53] is not large, otherwise the exponential decay of
the multiscale functions deteriorates. See also [21,22] where a priori error estimates are
obtained in terms of spectral norms.

In order to define our LSD—-Localized Spectral Decomposition Method for high-contrast

coefficients, let us introduce the non-localized version. Let us first define
/NXI;LI = {ﬂh c /’ii : ,ah‘F c ./N\g’n for all I’ € 87}1},

(40) . - "
AS = {fin € A - fin|lp € AP® for all F e 8Ty}
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We now follow the same procedure as in (20]) except that now we replace K?L by
RO R0 g AT
replace A/ by A% and replace P by P2 : H'(Ty) — A. such that, for w € H'(Ty),

(41) (fi, . TP>w)or, = (fiy ,w)or, for all iy, € Ay,
We obtain
up =u) +Thy +Tg, Ao =—P2TXN + T\ + Tg),

(42) ~ B 8 .
A= A AT LA — (T — PATY(AY + X0 — PATg.

Note that uy, u) and \° in ([@2) are the same as in (25). Also, since the space Ap =
A @ Al @ A2 is a direct sum,

(43) JUSLIS (IS (RS VIS VS 1)

where A) and A/ are the same as in (23) and Al € Al
The Lemma [ is now replaced by the following.

Lemma 1°. Let v € H'(Ty) such that suppv C K, and [Lf = P?v. Then, for any integer
J=1

2 ~A\ 2
ITh, ‘Hl A(Te\Tj+1(K)) < d asean| Ty, |H}4(73+1(K)\7371(K))‘

Proof. Following the steps of the proof of Lemmalll it remains to estimate |1y F,&f| HY, (7) for
faces F' of elements 7 € 7,41 (K)\T;(K) which are also shared by an element in 7;(K). Let
iy = {a ", ,u}]j Y e AEA A and consider first the case (1) that the face F is shared
by two elements 7 € T;41(K)\7;(K) and 7 € T;(K)\T;_1(K). Since jii"® € AL* we obtain
using (B]) that

|T(XF/:ZhA)|§‘I}4(T) = (Mh T}FﬁiA) < dzastab(,u (T}F + T}F)ﬁFA)F
< Bagan (i T or + (it T )or) -

Analogous arguments hold also for the case (2) where F' C 0. The result follows using the
same arguments used in the proof of Lemma [l
O

Note that because 7/ € T;(K)\T;-1(K), the bound in Lemma [I1 is with respect to
HY\(T; 1 (K)\T;-1(K)) rather than HY(7;+1(K)\T;(K)), hence as we see below, the term
(7 +1) in Theorem Blis replaced by the integer part of (j + 1)/2 in Theorem 2] The reason
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for that is because on the proof of Theorem 2] we now need to apply recursively Lemma 1]
every two layers of elements instead of every one layer as done on the proof of Theorem

Following similar analysis as before, Theorem Pl holds with « replaced by aggap-

Theorem 2°. Let v € H'(Ty) such that suppv C K, and /lf = P?v. Then, for any integer
J=1

_ G+1)/2]

~ A2 Tor ~ A2
|T,uh |H}4(TH\7}+1(K)) < e Hdostan ‘T,U,h |H}4(TH)7

where [s] is the integer part of s.

Taking advantage of such exponential decay, we define P2 similarly to P/. Fixing K, j,
let Af’K’j - /~\hA be the set of functions of Af vanishing on faces of elements in T\ 7;(K),
and PAKd - HY(Ty) — A" such that, for v € H'(Ty),

(™ TP 90) oy, = (g™ vic)or,  for all ™ € A",
where we again let vx to be equal to v on K and zero otherwise. We define then P2+ by

(44) Priy= Y~ ATy
KeTy

In a similar way to P’/ we define

(45) PAITN, = > PAMTAL
FeFy

where PATIT)\, € ]\A’K’j is such that
(:uha TPA FJT}\h)@TH - (la{w T)‘g)ﬁTH for all ﬁ£ S ]\hA’KJ‘

Then, Lemma [ and Remark [6] hold now with
[(1—3)/2]

(46) T(P2 = P29 Y0lh g,y < c5*d alpe s [0l oy
and

. _1G-3)/2]
(@) IT(P® = PAIYT Ml iy < 702 e o Ty

The LSD method is defined by computing
(48) wPPT = w0 - TNEPT + Tg, NPT = X0 AP A
based on modifications of (B3), [2), and the fourth equation of 20). Indeed, define A" €
]\?L’H from
(49) ((I = PHT) ™, T(I = PAIT)N™) = —((I = PYT)ip", (I = TP Tg) .

((I PA,]T)IUOH T(I — PAJT))\ ) T for all ,uh’ € A?L’H,
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and compute A>7 € A2 and u)""P7 € PO(Ty) from

(50) Al = —PAI(TN 4 TN - pAITyg,
(51) (0, ud P o = — (O, TAY + TAO™ 4 TAST) o — (10, Tg)or, for all u® € A°.
A new version of Theorem [l follows.

Theorem 5°. Let uy, be defined by @2) or @F) and u.°"7 by @R). Then there exists a

constant ¢ such that

[(1—3)/2]
SD]|H1 < UL e o, astab(|T,\h|H1 Ta) +|Tg|H1 TH))

|Uh — U Cgta

Proof. Proceeding as in the proof of Theorem [, however now replacing A£ by AhA and /~\2
by /N\?L’H, it follows that

fun = ™ oy = 1T O = N sy = (On = X727 TOw = 47

Defining v} "7 = (I — PAIT)NO + (I — PAIT)AM — PAITg, then

(52) (= N9), T = X)),

= (O — o), T = AP (A9 D) i, — 2D
Since IJ}I;SDJ — )\I,;SD’] = - PAJT)(S\%H — S\O’H’j) € A, then, as in the proof of Theorem [3,
the second term of the right-hand side of (52) vanishes and

LSD LSD
lun = w™ i oy < 1T O = ) s i lun = w7 | 73
Using similar arguments as in Lemma B to have (P® — P&)TA> = 0, [@G) and (@T), we
obtain
LSD, » -
(53)  |up — uy, J\Hl y < (TP - PAJ)TAhﬁ&(T +T(P> — pA,y)Tgﬁ&(TH))

[(—3)/2] T
2qia? e T+ o (|T)\h|H1 ) T ‘Tgﬁ‘[}“(TH)).

<c¢
O

As in Remark [7, by choosing j such that

[(G=3)/2]
pe HPesan (4907 + ACT  + 3 H?) < A

then Theorem 5] and (I6]) implies
(54) u— Uhs ]|H1 (Tu) = 2<%p|g|L2(Q

Also note that j = O(4d*agap log(Cpa/ ).
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Remark 8. We remark that the post-processed stress on°"7 = ANV [T(A04A0M7 4 X7 4+ Tg)
18 in equilibrium, in the sense that
(55) /U,LLSD’j -Voudr = /pgv dx  for allv € Hy(7).

Indeed, given v € HL(7), let v° be constant and v € H'(T) with zero p-average such that

v=v"4+ 7. Hence

/gvdw:/AVTg~Vz7dw+/gvodw

= / (o7 — AV T + XM 4 APV o da + / g’ dz.

However, v = —v° on 07 since v € Hi(7), and then

—/AVT(A°+5\2’H’j+5\hA’j) : Vﬁdw+/gv0 dx = —()\0+5\2’H’j+5\hA’j,f1)aT+/gv0 dx

T T

= (A AT L AT 0, 4 /gvo dx =0,

T

where the final estimate follows from (). Thus, (B3) holds.

4. FINITE DIMENSIONAL RIGHT-HAND SIDE

We first note that the solution given by the four-steps of (20) is exact, in the sense that it
solves ([I3]) as well, and hence the solution error vanishes. To compute 5\2 and 5\£ is necessary
to compute PTg, and that hampers efficiency, and it is the only part of algorithm that
does not permit exact pre-processing. In order to allow pre-processing, we replace the space
L?)(Q), which contains g, by a finite dimensional one in such a way that the solution error is
O(A). If v; is a basis function of this finite dimensional space, PT; can be built in advance
as a pre-processing computation. To guarantee order .7 convergence in the energy norm, it
is enough to define the basis using elementwise generalized eigenvalues problems. For each
7 € Ty, find eigenpairs (o, v;) € (R, H'(7)), i € N, such that

(56) /Aij-dea::aj/pviwda: for all w € H'(7)

Let us order the eigenvalues 0 = 0y < 09 < 03 < .... First note that o; — oo since H*(7)
is compactly embedded in L?(7) and A and p are uniform positive definite and bounded.
Define J; as the minimum integer such that U}Tl 1 < e?, where A was introduced in (I8,

and define the space

Fy. =span{vy,..., vy, }.
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Then we obtain

1
UG}"JTL’Z’ = /pvzdmgc%Q/AVv-Vvdw.

1.9
Indeed, let v € F JTL” . Using the fact that the eigenfunctions v,; define an orthogonal basis

in both H(7) semi-norm and L?(7) norm, we can write v =3, ,, a;v;, and then

(57) /pv2d:c: Z ozf/pvfd:c: Z afai_z/AVvi~Vvidw§

i>Jr+1 i>Jr+1

o0 Z ozf/.AVvi-Vvid:cg(c%”)z Z ozf/AVvi-Vvid:c

i>Jr+1 i>Jr+1
= (c%)Q/AVU -Voude.

Clearly, F;_ is nonempty since it contains the constant function.

Let F; C H'(Ty) be the space of functions whose restrictions to 7 are in F;_, and let
IT;9 € F; be the Li(Q) orthogonal projection of ¢ on F;. Note that the computation of Tg
becomes now trivial since, on each element 7 and ¢ > 1, Tv; = o, Lv;. This follows from the
second equation of (@), and (Bal).

Lemma 6. Consider uy € H}(Q2) weakly satisfying —div AV uy = pll;g. Then

lu — uJ|H}4(TH) < ijHgHL,%(Q) = c | f|lL2 Q)

1/p

Proof. Note that the error e; = u—uy; € H}(Q) weakly satisfies —div. AV e; = p(I —11;)g,

and note that u; does not necessary belong to F;. We have

|€J|§{;‘(TH) =(AVe;, Ves)r, = (p(I —115)g,e5)m = (p(I —1L;)g,e5 —1Lse;) 7
< lgllzz@lles = sesllrz) < cl|gllrzles — aeslm oy < ¢\ gllz@)les|my i

where we have used that II;e; € F;, and II; is an orthogonal projection in both L%(Q) and
H(Ty) inner-products. O

Remark 9. The above arguments can be extended to the discrete case uy and uyp ; solutions
of @0) with pg and pll;g as the forcing term, respectively. Denote 6g = (I —11;)g. The
solution error ep; = up — upy can be decomposed as ey ; = 627J + ToN, + T(Sg, where
oA = (I — PT)SNY — PTég. Note that 6X° vanishes. Using the definitions of T and T,
and ([I3) we obtain

(58)  lenalip, () = ITON + Tgl 7 (72y) = (€3, P09)r20) < e len,sl b mip) 191l 2200 -
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Remark 10. On Section[3 we have assumed pg as the right-hand side. In case we use pll ;g
as the right hand side, we obtain the same bound since ||IL;g||12) < |l9llz2). Thus, if u{u

is the localized solution of the method with pll;g as the right-hand side , then

[un — uiL,J”H}“(TH) < |Jun — uh,J||H}4(TH) + [Jun,s — ui,JHH;(TH)a

and a final estimate follows from ([B8) and Theorem [d or[2] with g replaced by 11;g.

We now discuss the role of the choice of p based on local arguments. Observe that as p
increases, the eigenvalues o; of (G6) decreases, then the size of the space F; increases, the

error ) decreases, and also note that W&l 12, () decreases. Also see that when H
P

€als2s, 7
gets smaller, the dimension of the space F; decreases. A physical interpretation for that
follows. For the case which A is isotropic on an element 7, that is, A(x) = a(x)I, it has been
shown [22] that an interesting choice is p(x) = a(x) for & € 7, since J, can be estimated
from above by the number of inclusions with large coefficients inside 7, plus the number
channels with large coefficients crossing 7, that is, these are related to explicit modes that
do not satisfy the local weighted Poincaré inequality. As H decreases, some of these modes
disappear and eventually J, vanishes, that is, all functions satisfy the weighted Poincaré
inequality. We note however that decreasing H too much might not be an option since
the upscaled system can becomes prohibitively large. We believe that p(x) = ay(x) is a

judicious choice; it yields sharp estimates and the J, has a physical interpretation.

5. ALGORITHMS

In this section we give a practical guideline on how both “versions” of the method could
be implemented. Actually, the low-contrast case is a particular, simpler, instance of the
high-contrast one, and can be chosen by picking ag., > «. So we highlight the high-contrast

case here, and rewrite some defining equations for the convenience of the reader.

(1) Partition of Q: The starting point is the generation of a partition 7y of € into
triangles (2D) or tetrahedra (3D)

(2) The right-hand side: Define p; see the discussion at the end of Section @l If a
pre-processing as described in Section Ml is desired, then compute I1;g as described in
Lemmal[@, and proceed with the computation replacing g by I1;¢. This is particularly
useful in the case of multiple right-hand sides

(3) Space definitions: Define P°(7) as in (@), A® as in (IR); define A and A/ as
in [[@). Define A" and A2 by @), and set A%™ = A9 @ Al In the low-contrast

A RF RO _ X
case, A2 = Af AOT = A0
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(4) Find \°: Find \° € A° from the first equation of (20,
(A0 a7, = —(pg,v°), for all v° € P°(Ty)

(5) Define P*7 and P: From (@) and {@H), or compute P27 = PJ and P»7 = PJ
from (7)) and (28)) in the low-contrast case, respectively
(6) Find \)™: Find A" € K%H from (9],

(I = P T) ", T(1 = PAIT)NMY) = —((I = PYIT) " (I = TP>)Tg)
— (1= P27y, T(1 = PAIT)N) o for all i e AT

(7) Find A\;*7: Find A2 € A2 from (50),

AT = —PAI(TAY 4 TAM 4 Tg)
(8) Find u)"*"7: Find u)"**?7 € PO(Ty) from (B,

(1, u?LLSD])aTH = — (O, TN + T ¢ Tj\hA’j)aTH — (1°, Tg)or, forall u° e AP
(9) Compute uESD and O'LS 7: From (@R) and Remark 8
W8P _ o LSDOG | pLSDG ALSDS _ 30 | JOILj | §AT

o507 = AV[T(N + 2\ + A7) + Tg]

APPENDIX A. AUXILIARY RESULTS

Lemma 7. Let \? defined as in (IT). Then {\)}X, are linearly independent.

Proof. Assume that there exist constants (1, ..., Sy such that Zf\il BiA? = 0. Consider 7;,
7; two adjacent triangles sharing a face F and let v € H'(Ty) with support in 7; such that
vl =01if F' # F and [, v =1. Then

O—Z@ Vot = Bi+ ;-

If FF C 00N Or; then using the same arguments we have 5; = 0. Then §; = 0 for all
it =1,..., N by using the connectivity of Ty. O

Lemma 8. Let u € Ay. Then the problem of finding u° such that (1° v%)or, = (i, v%)a7,
for all v° € P°(Ty) is well-posed.
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Proof. Since we are dealing with finite dimensional spaces, it is enough to prove that the
N x N matrix with components (A}, v ])8TH is non-singular, where v is the characteristic
function of the element 7;. Note that it follows from the definition of \? that

a7, if § = 4,
00, Dyl = 4177 /
|0, N 07|  otherwise,

and then the matrix is diagonally dominant. Consider now an element 7; such that dr; N0S) #
(). Then,
(X, 0)ary | = [0m:] > > |0m N o).
J#i
We note that the matrix is irreducible since given any two distinct elements 7; and 7, there
exists a path of adjacent faces connecting 7; to 7. Then the matrix is irreducibly diagonally

dominant, and from [64, Theorem 1.11], it is non-singular. O

Lemma 9. Let u € Ay, and 7 € Ty, assume that ([2) holds, and denote by Tr the harmonic
extension defined by @) replacing A by the identity operator. It follows then that

1
\TZMHl(T > |TM|H1 - —— | T3 iy

Proof. First note that, for any non-vanishing A,

inf 1()\ Vou,Vu),— (u,v)s, = inf 1()\V A, VAT) s — (A 0)ar

veH (1) veH(7)
1 1
=— 1nf —(Vu, V), — (,v)sr
A v6H1
Then
(1, Tp)or = nf S(AVY, Vo) —(u,0)o- < inf af,. o (Vv Vu): —(u,v)
veH (1) veH1 (1) 2
1
= — T
5 a?m(u, i)
Similarly,
1 1
_§(M7TM)87— > inf aman(VU VU) (:u7v)a7' = _2 T (:uvTI:U’)aT
veH(7) Qmin
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APPENDIX B. NOTATIONS

Inner products, dualities and norms:

e (-, )75, (,)o1y, (- +)or: inner and duality products; page B
o || [lrz): p-weighted L*(Q) norm; page
o |- HHA(diV;Q)a | - HH}A(TH)a | - HH:/z(TH)I equation (H)

Functional spaces:

e H'(Ty) and A(Tg): piecewise H! functions, and trace of H(div; () functions; equa-
tion (B])

e H'(7): local space; page

o PO(Ty), H Y(Tw): piecewise constants and zero average functions; page @l

e F;: eigenspace generating a finite dimension space for the right-hand side; page

e A,: piecewise constants on the refined skeleton; page

e A% constants flux traces on element boundaries; equation (I8))

o Ay = PO(Ty)L: zero average flux traces on element boundaries; equation (IR)

° K%: constants on faces with zero average on element boundaries; equation (9]

° /N\i zero average flux traces on faces; equation (I9)

o AJ™ < A page[d]

e A7: local space; page [[1]

o AT Afﬁ: restriction of Al to F, F¢; page [

. ]\f’A, Af’n, AE, /~\hA: spectral spaces; equations (39)), (E0)

o A= A9 @ AIl: replaces A9 in the high-contrast case; page [T

Operators

e P: H'(Ty) — Al: non-local operator; equation (21))

o Pi pi pKi pFi pA pii phi pAKi pAFE: pages T 7, I8
e I1;: L2(€) orthogonal projection on F; page 211

o T, T, Thp, Thpe, Thep, Thepe, Thp: local operators; pages A and [I5]

Unknowns:

e \: trace of the elementwise fluxes; equation (&)

e \,: traces of “surrogate” flux; equation (I3])

e X% X0 N decompose \j; page[d

) )\fl, 5\2,3‘ , 5\# : solutions using the P7 operator; equations ([B2)) and (34))

° S\?Z’H, S\hA: components of the solution using the P* operator; equations (), (E2)

° S\?L’H’j , S\hA’j : components of the solution using the P~ operator; equation (4X)
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o: flux; equation (I2)

oy “surrogate” flux; equation (I4)

o°P7: LSD flux; Remark ]

u: solution of the original problem; equation ()

u®, @: average and zero average components of u; equations (7)) and (8)
up,: solution of the “surrogate” discrete problem; equation (I4))

uy: average of uy; equation (I3)

S o ) ) , .
uiL, uh’]: solutions using the P? operator; equation (32))

LSD,j _ 0,LSD,j . . ; .
uhs Iy D7 solutions using the P2 operator; equation (ER)
vy, Vg, U3, ...: eigenfunctions generating a finite dimension space for the right-hand

side; equation (50)

Other notations:

(miny Gmax, A—, Gy, al . al : bounds for the eigenvalues of A; equation () and
page

A: symmetric coefficients tensor; equation ()

Qgeap: controls the decay rate of the solutions to the non-local problems; equation (39)
cp, Cpg: local and global weighted Poincaré inequality constants; page [I4]
Brm =1 +log(H/h): page [

d: dimension; page [

Fn: partition of the faces of elements in Ty ; page

F¢ =07\ F: Ot except the face F'; page

f: right-hand side of the original problem; equation ([I)

g: related to f by f = pg; page 2l

~v: constant depending on shape regularity of Ty; page

H, h: coarse and fine mesh characteristic lengths

: the method’s “target precision”; equation ([I€])

K =maX,ery, k', KT = al,./al. : page

n”: unit size normal vector pointing outward 7; page

Q, 09 bi- or tri-dimensional domain and its boundary; page [

0y Pmins Pmax: Weight and its bounds; page 2

T, OT: typical element in 7y and its boundary

Tr: partition of ; page

T;(K): submesh of Ty; page
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